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Non-stochastic forward I.P. .and D.P. method
in stochastic control

Hideo Yamna:

(Devartment of Mathemstics
College of Engineering
University of COsaka Prefecture)

§ 1. Introduction; R. Bellman has created the dynamic vrogramming
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useful to calculi in many branches. This dynamic programming is

also the most powerful constructive method of the numerical treat-

ment in control theory, because it is needed to choose the suitable
solution from the results ziven as

I
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even dynamic programming is not necessarily effective to the
calculation of controls using the digital computer on line with
regard to some nonlinear system containing the stochastic terms
(see (4] ».1846 in Bnglish translation). Namely, since dynamic
programming is the backward calculation, the future observations
must be used in the calculation of controls for this system. Sirce
these future observétions remain in the optimal control for the
ﬁsn—linear stochastic system, this situation happens, and it
becomes one of the essential difficulties for the control of the
rnon-linear stochastic systen.

In order %o calculate a sort of optimal controls for this
complicated non-linear system containing the stochestic terms we
must give the detailed classification of the mean (i.e. the
expectation) used for the construction of the cost function and a
Ssort of extended treatment of dynamic programming. The above
difficulty and the requirement for the classification of mean

avpearing in non-linear system also appears in the linesr
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stochastic system with bounded control energy in the more simple

form. FHence, at the first stevn we investigate the simple linear
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stocheastic system wit

I

h bounded control energy which also shows the:

essential difficulties appearing in (4) p. 1846 in Fnglish trans-
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ion., One of the above linear models with respect to the cost
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function {1 (T)}z(not Mﬁ,x.m),'; {X(T)}z) shall be shown in §2. Here

X (T) is the terminal value of the state. By using this model
we will show here the numerical treatment for a sort of optimal
control which is attainable by using the future observations
without error for the dynamical system omitted the stochastic
term, comparing with D.P. problem in (5) p.719 [6)p.225. We call
it non-stochastic method. The method for the linear system
developed:h1§2 is the non-stochastic forward L.P. method. It is
based on the thought like one apnearing in the proof of maximal
principle [2] p.100. The non-stochastic forward D.P. method for
the non-linear system containing thq stochastic terms is shown
in § 2.

§£§. Division of the control energy and the determination of the

sizgn of controls; We will show here the simple concrete linear
system with bounded control energy and with the cost-function
{ICTW}l, where X(T) is the terminal state. The calculation of
control for this system by using the method like one appearing in
[5] p.746- p.748 [4] 0.1846 (in English translation) is not

possible, since the cost function in.{IVTﬁﬁ We will develop here ..

the non~stochastic forward L.F. method effective to this linear

iodel 1. Supnose that & ,b and ¢ are constants. Our plant is
; 9

described by the equation X =aX+ U + h(t)... (1) defined on

I
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Eere X isJone dimensionel vh
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0

e coordinate vector,

W is.one dimensional ccantrol vector, and h(t) is a one
dimensional random perturbation vector with mean zero satisfying
I‘«E[h(t)'h* (Tt )Jé?*!(t) -y (5-T )= l:'g(t— T). <the feedback vector for

our plant is 'H,:Cl+ g(t Yeo.o (2) defined on the intervzl[C,’_"J,

®

where g(t) is a cone dimensional random measurement error vector
. *, 2., N
with mean zero satisfying “I[? (t)-g (‘t)]sﬁ,j’(t—‘t ). We:neglect

this 75'(1‘;) in many cases here. Let's take a time sequence

onstant controls Uy in té[‘ch 3 Cpmy 3
k=N,...,0 can be constructed from these Yp; k=K,...,0, where
'yka’g(th) for k=N,...,0. Our purpose is to obtain the contrcl
vector WU ={Uy; k=N,...,0} which optimize (maximize) M4 I,
Mg, %0 Ly Mg,L or L itselfrconstructed from L= {I(T)}l veee (3B) :
under the cordition I:fwaltg I, ee. (&), where My L etc.
are the mean (exvectation) value of L with resvect to h etc..
At the first step, we define the following transformation

The elementary solution of (1) (i.e. the Solvtion of
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-2 §(7,t)with the initial condition §(T,T )=1) is
® = exp {—a.(t—':‘)}. By using this ¢ , let's construct the func-
tion P(t)=i(t)-exp{—a.(t— )}S:‘Z"JlS_L]WYlg the

JI¢)

X(t)rexp{- alt-1)} - & X(t)-exp {-a

e
(t-
iexpk{ a(t-T U +h(t)-exp § - a\t-”ﬂ\} cee (5.

i
~— o

is transformed to (5).

Next let's decompose P(t) into the following sum ,(t)+ﬁ(§:);
Pley=E] bexo f- ale-T)} Ul)at +¥ (XK= P(0); constant)and Rt
is the function satisying ﬁ(t =h{%) exn{—- Q(*-"E‘)} .
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The notations used in [3)141 become Yj (= f W‘*’“[’f‘m‘t“mj"u)
= (it it = (G [npt-280t ™ ~ st
M=M[§h§,,]~!1 , Qutyzhapi-art-T)} end Git)= C expi-at-T)}
in %odel l,and the result obtained in [5] D.746-748 is the
following; the controls Ug ,...,Us satisfying Z::Muaz(tﬁ-tﬁ)g[o
which ovptimize M&Jm,)ﬂx(‘n}lare determined in terms of Ggp = G(ty)
and 9, =2(ty ) by usingﬁ;ﬁx” tions Y, Yya, -0 %o,

The following three tygmﬂ“ols can be considered.

(4) Uy is determined ‘apriori.

(B) %y, -, %a(or ’yk) determines Uy .

(C) A1l Yy ----- Ylor yﬁ,""»'&tc) are needed for the determina-
tion of Ug.
We can easily see in the following that the result in [5]13 46—
748 for 1:-1,”1(,,,‘;{:(('1')} belongs to the case (4).

One of our purposes is to show the difference among the
control problems which optimize (maximize) M_;‘{,P(T)}" R Mm,if’(‘l')}t
M, P(’l")}2~ and { P(T)}z( i.e. Mﬁ{i('i')kl, Mm){I(T)S", Mg,no)iI‘T)}l
and {X(T)}l ) under the condition (4).

The control pro'oiem which optimize Mg p(’r)}‘(i.e. M,‘{JUT)}‘)

-under the condition (4) is equal to the control problem which
optimi;ze {ﬁ(T)}z":(Z:v.'l uﬁL-tHb %P{*a(t“r)&# TK );L ©  under
the condition. Z‘;Nu;(tk_lh—th ) € Io (X=2pP(0)), since
M,\if’(T)r: AT+ Zﬁi"r‘ holds for the real stochastic
function h(t).  HNext supvose that the distribution of X(0) is
normal with mean zero. If M4, wiX(T} is treated instead of
z-zﬁ{x(T)} , (Zg, J me{ —act-D)dt )* must be
used instead of (Zf., u;‘f me{ —alt-T)I M + (K ) , since
Ms. %0 (th-»v MgJ boxp {-a(t-* r)}dt\‘K =(Z,. ,uhj H’q’i‘“(t‘T) M)*Mm}“‘l)
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nolds. Hence we can deternine apriori

: 3 q T 2 1 . o
ovtimize My .0, {1("1')} and ;Vi,‘{:l("f)k_ Furthernmore, we see Iron

the above argument that Iv"is is indepenaent of our problem relating
to Mg. P, (t)= Ltb exm { - (-7 }M,\ must be also used for
the ovptimal oproblem concerning to the cost function Mg fX(T)"
instead of job exp § -a(t- )} U(H)At+K, since My, §FEC.

Difficulties of the control's determination appearing in the
By o

[oh)
D
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case (C) appeers in the optimal problem with regard to Mo
concerning to L itself. But the use of the observations
{yk;k=N,...,O} and the numerical treatment of controls using
the digital computer on line seems to be sufficiently nowerful,
and 1t seenms tokbe enouch to ontimize L itself instead of Eﬁ T
or M-ﬁ,xw: I in a sense. The above arguments brinz to th

following corcl sion.

‘ . . . N b
Theorem 1. (a) The control nroblem which obptimize gv?,hx“,,{ﬂ'l')}
VAN A A w—"

is the special case of the control vprobvlem which cptimize

M,‘{x(“l’)}* -, and they belong. to the case (A4).

(b) The control problem which ontinize Mw,,{ka)} is the
L aues —————

svecilal case of the covx'“"1 problem which optimize {x(T)}l, and.

they belong to the case (C).

(e) M is indevpendent of the vroblem zppearing in (
e ] — o :
fext, let's construct the amended controls W =iUn) &= -, 0

which optimize L E{I(‘l’)} itself by using the already determined

controls ue{uh;ﬁm',v---, 0}. Suvnose that the error of the
observetion can be neglected (i.e. g{t)w_“-_;ﬂ) and

P& = P(t,) becomes Xy, - oxp $-al tﬁ- ) }= s MP{"&(*;;;T)} /¢, ard

N,...,0) are given. Then I‘_«I(iﬁ) becomes '5‘;;/(;)

i
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P(tg - P(tgy ) becomes x(tg’mpi—a(tk-‘T)}-J((t,,_,)-:/xﬂ-a.(t,‘.r‘]?)}
= [t spi-alty-TO} - Yike-)-oxpi- —alte-T) 4
since P(ty)- PlAp)= -ukj b oxp {—alt-T) ot — f “hit) expi-act ~T)dt

........ (6}, then 5 h(“%f’{ —at~-THldt = —[ﬁ(tk)-nr{ a(t,~T)
— Y(te-) oxpi- a(xﬁx'l’)}]/ - “af b,p,xf§-alt - Ty}t
holds from (6) etc. u,,, .o uo becomes the controls which

t ¥ Y , _ _ .
ODtl"m 7e Zh ,\(uﬁf i'b%tof a_(t‘T)}M + K ‘Zfi [{3’(tﬁ) %P{ a—(tﬁ T)}
“j'(tk_) -Z’X‘Di aldp~ T)}}/c + U&L {,mgP a(t—T)} ‘MJ)
........ (7)) under the condition Zﬁsd uk(tﬁq )<L, where K
is the initial value P(0)={Y%v ¥xpaDi L
: -~ tas,
By the transforms 7V = /(t&*—t&)/lo' U, , J b%tﬁ%art—T)}&Z

= {Ba Ay, Ar and =K [M(m oapf-a(4:-T)]
— (A arpi-altn Tl ¢ +uﬁj‘« bexp {~act- T)}obt]

the last eguation (7) (Z'w( AV +C) ... (8). (8) must bve

ovtimized under the condition Z'ﬁ:”V;:l€ 1 ... .

’tﬂ[’é{'\/}l;ﬁzﬁ,-—--,o} which maximize (8) under (9} nust
L N N
satisfy o' Vii -l VyEA AL Ay The signs of Vo, Vi,...,V
Lo

which attsin {1(‘1’)5 can be determined by the sizn of C

which is determl; ed by all g—kand Uft for “=i,...,0. Namely we
obtain the following

Theorem 2. Suppnose thet the vector §\p } { A's/,.(,qof A:} is

dencted by Y and the vector W}; }‘ifAh/(m} is dencted
_ + , . L . 5 A~
oy V- (@) Z2Tr0, A =V Ghe Ue s T e WD)

nexinizés {P(‘l')tand fI(T)§

(b If ) o, E:E-‘*'e N&-J °/t,,-2t Vi ) maxinm lqesff'(‘l’)] fi(‘l’)}‘ 3

The controls which attain the Max Ma, xe fxemy*

Max i k&x(‘f)} an be obtained by the nmethod used in Theoren
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and all controls WUgik=N,...,0) have known, we seg That if
(’\/ 1
T 5 1 ~ & 4 o R At A e
the contrcls wers i"{i‘z. sk=N,...,C0f, the cost function Lecer

Nt

l'f: is the amendment of {u,{, k=N,...,0} in a sense in Model
1. It is not necessarily possible but desirable that ﬁh is
obtained from %n(mﬂ?,... ,k) and from the formule of the system
in C€t< T .

Let's construct a non-stochastic equation omitting the
stochastic terms from the stochastic plant equation. Suppose
that Y (m=N,...,k) are the observations at t=tw , and that
‘a’m m=k-1,...,0) are the estimates of observations at t=tm

for the solution of its non-stochastic equation.

Definition 2. When the control Uy is determined by using the
NN i oo

true observations Wm(m=N,...,k) and the estimates of observa-

tions ym(mﬂ{—l,... ,0), we say that Uy is determined by the non-

B

stochastic method. If linear programning is the nmethod which
determines uﬁ. , 1t is called non-stochastic forward L.P. method.
If dynamic programming is the method which determines W, ,

is called non-stochastic forward D.P. method.

ct

If the controls which meximize L & {I(T)} elf by the
meaning of Def. 2 are required, non-stochastic forward T

method effective for this purpose vecomes the following one

- 7 -



for our Model 1. Namely, the optimal control becomes

’ tj Eﬁ_iu Tu—i 2
| SYJR .T———ﬁ“q TS tvine m ° —at-T )}t
{Ug 3 k=1T,. .. ,C} sut*t“ylng ﬁfﬁwaa (stk u"‘jtm bexpf-a( } :P(ﬁ&))

455 ) -t
2o (50 U b expf-art-To}de + it enpi-aliem T )
mR=T ol Rt —2 _

under the condition Z:%u.i (Fi = L) S To= 2 oy Um (Fins=Lm),
Theorem 3. (EL_) The optimal controls %ﬁh;’sc:?ﬂ,...,o} (in Mod

1) calculated oy the non-stochastic forward L.P. method satisfy

- . ° z

the condition Z;A W (Eny=Em) < (ZepAm /52 A0 ) Lo (i.e.
-2 A}.

U € ‘/Z“ZN A.’:\'I%L‘..-tt) ).

(b) The optimal (maximel) control Upbecomes the following;

. = —-A .

if e >0, U= JLft -t X “/JZM’:N A holds, and if
"G/ <0, Up= I°/(7tH-Tt;,_)xA"/JZm‘:H A holds.

{uh; k=N,...,O} is not necessarily the controls which maximize

I by the meaning of Def. 1, bﬁt ail attainable controls which
meximize T in a sense. The method in [3)p.746-0.748 under the
conditions Up < A‘:/Z 0 An Io/(tg—i'g) does not attain max L
but«max M g 0,3 L. Tt is suitable to obtain the results tonsider-
ing M; ,- but it cannot detérmine the controls which attain ?L&X
I in a sense. It seems to be due to that the method in (3)
D.746-p.748 does not use the expectation of the future
observation. ' :

At last, we will show the relation between D.P. propblem in |
[5} p.719 [6) v.228 and the non-stochastic method in order to

show the theorstical standnoint of our non-stochastic method.

&

T

Here we use the same notations as one used in (6] 1.226. Namely

suppose that S describes the state's svace, 4 describes the

action's space, and Tfn descrives the policy which determine

@€ A from Si@,8:@,--- Su, The purpose of D.P. problem is to
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optimize the sum of reward functions JF,Y (Sa@Sa), These
5,4, Tl and 5, Y (Saq Gn Sn) corresnond to the fellowing ore
in our non-stochastic method. Namely s( & 3) corresvonds to the

solution of X =aX +bU with the initial condition X(tg )=Xg,
a (€ A) corresvonds to Ug under the condition

ng’ Afi/zmi” A’ I%iﬁ_\—tg_) , and [T, corresvonds to the
determination of Mki‘romb X (44 ) obtained through y:cx + g(t)
(in our calculation §(t)§ O)‘. But 3,Y(Sua,4n, Sy ) takes
the more complicated form. The use of the comvlicated 3 and Tla
(but more exa_ct one for our system) gives the more detszil
results (like max' L in a sense) than the uswal D.P. method
(used in (5]. p.746—p.748). Our non-stochastic me}:hod'h‘as’ more
wide application's domain. »Nia‘mely it is also effective to the

non-linear system containing the stochastic term. It seems %o

=

be efféctive for this system under the partial observation.
Even the consideration of g(t) seenms to be poésible.
containing stochastic terms;

Here, by using non-stochastic forward D.P. method, let's
calculate the controls YU ;k=N,...,0} of the following system
which maximize {X(T)}l by the meaning of Def.2.

Model 2.§X =aX(1+kX ) + bu + h(T) for %I
soacl = :
i 'g: CX + S(t)
The Bellman's equ.ation for the Il\’t'ﬁic‘{): (T;p)}l is obta}ined by ‘the

following procedures.

hola, BFP Tt = Mox [’bfi?,“r)ﬂ,{a-pu-eﬁp y+bu] :aft?fT%T.apufk-r)ﬂ,['miﬁ,)

fuist

Namely, since f(p,l")zf(p*{@p(l+k p)+bubat, T- At)+0(Ath)



o (e m+ 90T g faptnhpys bulat - KT at + O =y

1 e - 1t <. ~
where ff.\ml)z;;{.alx {x(1;03} sSince £(v,0)=p*~ holds for T=0, p*
N wlsl * N -
becomes the initisl condition for this equation. The ecquation
WP T r— {aplinhPI b} BB T -

A : 3P is solved r\} using the

solution of 5’53';/ oﬂyfga?gﬁ-&@*‘? = 5{2{2‘:’-”{9 . Hem

£ becomes

constant ’o_z ;?;;/“curveq ,{——ah‘i?“*?/ﬁ"' PAat)y - The graph of
%g = —ah{(Pr Yom)= Yot Yan))
= —ak(P+ on) )+ Y T is
/ 2% shown in the following Fig. 1. The
/ %t graph in Fig.l drawn by the connected
F‘%’ 1. line is one useful to f(p, T):J‘r :\'{I(T D)}

-

e can easily see from Fig.l that Uzsign p- sign b holds.
3ince the sign of p is obtained by the sign of I=‘%for the
pbservation without error (i.e. g(t)z 0), the coﬁtrolu which
optimize {1 (T;p)}L itself by the meaning of non-stochastic
forward D.P. method can be determined easily by the above rela-
tions. ‘

The method obtained in [4) p.1846 which optimize 'M,‘,ms T
can be also applied by using the expected controls Nh and the
expected observations "3& obfained by the relations
%n-t I‘ xm +[ ] L‘x"“"tﬁ‘)f-cxmand Un=—Sign X..._,l sign b
for m=k,...,0, where 1k5 ‘3""%'

At iast, we will show the follawing problems derived from our
results.
L. How much differ Max {x(T)}‘ obtained by non-stochastic

2
forward D.P. (or L.P.) method from T~!a:(:§:(('I)}by the meaning of
73
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true nmaximum?

A sort of experiment seems to be needed for non-linear

By

solve this problem.

¢
ct

stochastic system T

(@]

2. What 1s the calculstion for the system with the higher

J
R
dimensional pnase coordinate vector etc.?

Perhaps 1t will be sinilar a2s one for our one dimensicnal

0
3

Model, to some extend.
3, Can we define the (stochastic) forward b.P. (or L.P.)
o ;
method which more exact results than non-stochastic forward
D.P. {(or L.P.) method?

Perhars 1t will be Doésible. But, sometimes, it needs the
complicated calculations. If new method is the non-stochasti
method, they will not be unified one.

We will try to solve these problems in the next chance.
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