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Abstract 

For a fan I: in町m and r-tuple D = (d1, • • •, dr) of positive integers, let Poly;? (JF) 
denote the certain affine variety over lF called the space of non-resultant systems of 
bounded multiplicity of type (I:, n), where r is the number of one dimensional cones in 
I: andふ denotesthe toric variety over (C corresponds to the fan I:. This space was 
first defined by B. Farb and J. Wolfson [10] whenふ isthe complex projective space, 
and it was originally studied for investigating the homological densities of algebraic 
cycles in a manifold [11]. In this note, we shall report about the recent results 
concerning the homotopy stability of the space Poly;?汽lF)for the case lF = C This 
result is based on the joint works with A. Kozlowski [19]. 

1 Basic definitions and notations 

Let N be a set of all positive integers. For connected spaces X and Y, let Map(X, Y) 
denote the space consisting of all continuous maps f : X→Y with the compact open 
topology. Let Map*(X, Y) C Map(X, Y) be the subspace of all base point preserving maps 

f: (X,＊）→ (Y, *). For a based homotopy class DE  1r0(Map*(X, Y)) = [X, Y], we denote 
by Mapb(X, Y) C Map*(X, Y) the path component containing the homotopy class D. 
When X and Y are complex manifolds, let H鳴 (X,Y) C Mapb(X, Y) denote the 
subspace consisting of all based holomorphic maps f E Mapb(X, Y). Then we have the 

natural inclusion 

(1.1) iD :H鳴 (X,Y)二 Mapb(X,Y). 

Now recall several definitions and notations. 

Definition 1.1. (i) A convex rational polyhedral cone in股m is a subset of股m of the form 

(1.2) a=  Cone(S) = Cone(m1, ・ ・ ・, m』=｛苫入K叫：入k~ O} 
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for a finite set S = { m1, ・ ・ ・, ms} C Z匹 Thedimension of a is the dimension of the 
smallest subspace of ]Rm which contains a. 

(ii) A convex rational polyhedral cone a is called strongly convex if an (-a) = {Om}, 

where we set Om = 0 = (0, 0,・・・，0)E股匹 Aface T of ace T of a convex rational polyhedral cone 

a is a subset T c a of the form T = a n｛XE股m: L(x) = 0} for some linear form L on 
応， suchthat a C｛XE応： L(x)~ O}. 
If we set { k : 1さ： Kさ s,L(m砂＝ O}= { i1, ・..,幻｝， weeasily see that T = 
Cone(”1.-;1'...'7nj』.Hence,if a is a strongly convex rational polyhedral cone, so is any of 
its faces.1 

(iii) Let E be a finite collection of strongly convex rational polyhedral cones in賊匹

Then it is called a fan (in艮門 ifthe following two conditions (1.2.1) and (1.2.2) are 
satisfied: 

(1.2.1) Every face T ofび EE belongs to E. 

(1.2.2) Ifび1,a2 E E, a1 n a2 is a common face of each ak and a1 n a2 E E. 

(iv) An m dimensional irreducible normal variety X (over q is called a toric variety if 
it has a Zariski open subset巧＝ （(C*r and the action of 11'四onitself extends to an action 
of雰 onX. The most significant property of a toric variety is that it is characterized 
up to isomorphism entirely by its associated fan E. We denote byふ thetoric variety 
associated to a fan区口

Definition 1.2. Let K be a simplicial complex on the index set [r] = {1,2,・・・,r},2 and 
let (X, A) be a pairs of based spaces. 

(i) Let I(K) denote the collection of subsets a C [r] defined by 

(1.3) I(K) = { u c [r] : u tf_ K}. 

(ii) Define the polyhedral product ZK(X, A) with respect to K by 

(1.4) 忍 (X,A)= LJ (X, A)", where 
c,EK 

(X, Af = {(xi,・・・ ，叫） Exr : Xk E A if k足(Y}. 

(iii) For each subsetび＝ ｛i1, ・ ・ ・, is} C [r], let Lu(C門denotethe subspace of cnr 
defined by 

(1.5) Lu(C門＝｛（X1,・・・,xr) E cnr: Xi E (:叫 Xii=... =Xis= On} 

1 When Sis the emptyset 0, we set Cone(0) = {Om} and we may also regard it as one of strongly convex 
rational polyhedral cones in股匹
2Let K be some set of subsets of [r]. Then the set K is called an abstract simplicial complex on the 
index set [r] if the following condition holds: if T Ca and a E K, then T E K. In this paper by a simplicial 
complex K we always mean an abstract simplicial complex, and we always assume that a simplicial complex 
K contains the empty set 0. 



87

and let Ln(E) denote the subspace of cnr defined by 

(1.6) L心）＝ uLa(Cn) = u La(C門．
咋 I(K) ac[r],a~K 

Then it is easy to see that 

(1. 7) ZK(C叫(C門＊） ＝ C加＼い(~), where (<C門＊ ＝で＼｛O叶・ ロ

Remark 1.3. It is well known that there are no holomorphic maps (CP1 = S2→ T翌
except the constant maps, and that the fan E of 11'翌isE = {Om}-Hence, without loss 
of generality we always assume that x~ ヂ T四 and that any fan E in ]Rm satisfies the 

condition {Om} ~ E. 
＃ 

口

Definition 1.4. Let E be a fan in町 suchthat { Om}呈E,and let 

(1.8) I;(l) ={pi,・・・, Pr} 

denote the set of all one dimensional cones in区

(i) For each 1 :S k :S r, we denote by nk E zm the primitive generator of Pk, such that 
Pk n左＝ Z::,o・ nk. Note that Pk = Cone(n砂
(ii) Let応 denotethe underlying simplicial complex of E defined by 

(1.9) 応＝ ｛｛i1,・・・,is} C [r]: n紅，ni2,・ ・ ・, nis span a cone in E }・ 

It is easy to see that KE is a simplicial complex on the index set [r]. 

(iii) Define the subgroup GE C'lI'c = (C*Y by 

(1.10) G~ = {(µぃ•.．，几） E冥：II伍）〈nk,m〉=1for all m Eか｝，
k=l 

where〈u,v〉＝こにlU叫 foru = (uぃ・・・,um)and v = (v1,・・・,vm) E良匹
(iv) Now consider the natural GE-action on Z/Ci:;(C叫(C門＊） givenby coordinate-wise 
multiplication, i.e. 

(1.11) 伽，•.．，凸）・（X1,···,Xr) = (μ心1,...,μ心r)

for ((μ1, ・ ・ ・, μふ（Xi,・・・,Xr)) EGE X ZKE((C尺(Cn)*),where we set 

(1.12) μx = (μxぃ...,μx砂 if(μ,x) = (μ, (x1, ・ ・ ・,xn)) E (C x (C匹

Then define the space X叫） bythe corresponding orbit space 

(1.13) X叫）＝知(C叫（で）＊）/GE・ ロ
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Remark 1.5. (i) Let E be a fan in町mas in Definition 1.4. Then the fan E is completely 

determined by the pair (ICE, { n叶k=l)(see [16, Remark 2.3] in detail). 
(ii) Note that the group G1:: acts on Zr:,E((C叫(C門＊） freely(cf. [25, Proposition 6. 7]). 
Moreover, one can show that X叫n)is a toric variety. ロ

The following theorem plays a crucial role in the proof of the main result of this paper. 

Theorem 1.6 ([7], Theorem 2.1; [8], Theorem 3.1). Let E be a fan in恥mas in Definition 
1.4 and suppose that the set｛四｝k=lof all primitive generators spans罠m(i.e. L~=l 股・
nk=｛冗rk=1ふnk:ふ E艮｝ ＝応）．
(i) Then there is a natural isomorphism 

(1.14) x刃竺互(C,C*)/GE = XE(l). 
(ii) If f : (Cps→XE is a holomorphic map, then there exists an r-tuple D = (dぃ・ ・ ・, dr) E 
(Z::::oY of non-negative integers satisfying the condition江=ld叫＝ Om,and homogenous 
polynomials fi E C[zo, ・ ・ ・, Zs] of degree di (i = 1, 2, ・ ・ ・, r) such that the polynomials {fihEu 
have no common root except Os+l E cs+l for eachび El（応） andthat the diagram 

(1.15) 

cs+l ¥ {Os+1} ~ 

/S』
zkE(C,C*） 

吋
cps ~ ZKE(C,C*)/GE = XE 

is commutative, where we identify XE = XE(l) as in (1.14) and the two map'Ys : cs+i ¥ 

{Os+l}→ cps and qE：互（c,c*）→ふ＝ふ(1)denote the canonical Hopf fibering 
and the canonical projection induced from the identification (1.14), respectively. In this 

case, we call this holomorphic map f a holomorphic map of degree D = (d1, ・ ・ ・, dr) and 
we represent it as 

(1.16) f =[Ji,...'f』.

(iii) If gi E (C[z0, ・ ・ ・, Zs] is a homogenous pol ・ ・ ・, Zs] is a homogenous polynomial of degree山（1：：：：：： t ：：：：：：り such
that f = [Jぃ•.．， frl = [g1, ・ ・ ・, g叶， thereexists some element (μ1, ・ ・ ・, μr) E GE such that 
Ji = μi ・ gi for each 1：：：：：： i：：：：：： r. Thuふ the仁 tuple(11,・●・＇fり1homogenous pol of homogenous polynomials 
representing a holomorphic map f is determined uniquely up to G刃-action. ロ

From now on, let L) be a fan in Rm as in Definition 1.4, and assume thatふ issimply 
connected and non-singular. Moreover, we shall assume the following condition holds. 

(1.16.1) There is an r-tuple D* =(di,・・・, d;) E罰 suchthat ~~=1 d国＝ 0加

Remark 1. 7. It follows from [9, Theorem 12.1.10] thatふ issimply connected if and only 
if the fan L) satisfies the following condition (*): 

(*) The set { nk }%=1 of all primitive generators spans左 overZ, i.e. 
江＝1Z・ nk = Z匹

Thus, one can easily see that the set { nk凰 ofall primitive generators spans町 ifふ is
simply connected. In particular, we can see thatふ issimply connected ifふ isa compact 
smooth toric variety. ロ
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2 The space Poly戸(]F）
Let XE be a simply connected non-singular toric variety satisfying the condition (1.16.1), 

and from now on we identifyふ＝ Z/Cx（C,C*）／伍＝ふ(1).
Now consider a base point preserving holomorphic map f = [fぃ•.．， Jrl : CPS → X刃
for the case s = 1. In this case, we make the identification <CP1 = S2 = <C U oo and choose 
the points oo and [1, 1, • • •, 1] as the base points of <CP1 and XE, respectively. 
Then, by setting z =喜 foreach 1 :'.'::'. k :'.'::'. r, we can view f k as a monic polynomial 
fk(z) E <C[z] of degree dk in the complex variable z. Now by using Theorem 1.6 we can 
define the space of holomorphic maps as follows. 

Definition 2.1. (i) For a filed IF, let Pi denote the space of all IF-coefficient monic poly-

nomials g(z) = z d d-1 +a戸 ＋・・・ + ad_1z + ad E IF[z] of degree d, and we set 

(2.1) Pf =P魯X ・ ・・ X pば ifD = (d1, ・ ・ ・, dr) E団

Note that there is a natural homeomorphism ¢ : Pi竺 JFdgiven by の（砂＋区~=1 伍zd-k) = 
(aぃ・ ・ ・, ad) E JFd. When lF = C, we write pD = Pf?, and pd= Pも
(ii) For any r-tuple D = (d1, ・ ・ ・, dサ€評 satisfying the condition (1.16.1), we denote 
byH鳴 (S汽X叫thespace consisting of all r-tuples f = (J1(z), ・ ・ ・, fr(z)) E pD satisfying 
the following condition (t叫：

(t叫 Forany O" = {i1, ・・・,is} E I(K砂 thepolynomials fi1 (z), ・ ・ ・, Ji. (z) have no common 
root, i.e. (A(a),・・・,A(a))-:/ Os= (O,・・・,0) for any a EC. 

By identifyingふ＝互(C,C*)/Gi: and CP1 = S2 =CU oo, one can define the natural 
inclusion map iD : H鳴 (S叫X叫→ Map*(S叫X叫＝炉ふ by

(2.2) 叫 f)（a)＝ {い（a）， f2(a) ，•.．， fr(a) ］
[1, 1,.. ・, 1] 

ifa E C 

ifa = OO 

for f = (fi(z), ・ ・ ・, fr(z)) E Hol~(S汽 X叫， where we choose the points oo and [1, 1, ・ ・ ・, 1] 
as the base points of S2 and XE・

Since the representation of polynomials in pD = Pどrepresentinga base point preserving 
holomorphic map of degree D is uniquely determined, the space Hoら(S叫XE)can be 
identified with the space of base point preserving holomorphic maps of degree D. Moreover, 

since H鳴 (S汽X叫 ispath-connected, the image of iD is contained in a certain path-
component of伊x刃， whichis denoted by瑞XE,Thus we have a natural inclusion 

(2.3) iD :H鳴 (S汽X叫→ Map;(s汽X叫＝ ％XE. 口

Now consider the space Poly戸(IF)for IF = (C_ For this purpose, we need the following 
notation. 
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Definition 2.2. For a monic polynomial J(z) E pd of degree d, let Fn(J)(z) denote the 
n-tuple of monic polynomials of the same degreed given by 

(2.4) Fn(f)(z) = (f(z), f(z) +『（z),f(z) + f"(z), • • •, f(z) + Jtn-ll(z)). 

Note that a monic polynomial f(z) E pd has a root a E (C of multiplicity 2 n iff凡(f)(a)= 
on € C匹 □

Definition 2.3. Let lF be a filed with its algebraic closure匝

(i) For each D = (d1,···,dサ€阿， n E N and a fan ~ in応， letPoly~汽lF) denote 
the space of r-tuples (!1 (z), ・ ・ ・, fr(z)) E P{? of lF-coefficients monic polynomials satisfying 

the following condition (t刃，n):

(tE,n) For any(J'＝ ｛i1, ・・・,is} E J(K,叫， polynomialsfi1 (z), ・ ・ ・, fis (z) have no common 
root a E lF of multiplicity 2 n (but they may have common roots of multiplicity 
< n). 

Note that the condition (t叫coincideswith the condition (h,n) if (lF, n) = (C, 1). 
From now on, we only consider the case lF = C 
(ii) When lF = (C and 江~=ldknk = On, define the map iD : Poly戸(C）→炉ふ(n)by 

(2.5) 辺）（a)＝｛ ［凡(fリ（a），F凸）（a),...，凡(fサ(a)l if a E C 
[e, e, ・ ・ ・, e] if a=(X) 

for f = (fi(z),・・・,fr(z)) E Poly~ぶ (C) and a E C u oo = S汽wherethe space XE(n) is 
the space defined as in (1.13) and we set e = (1, 1, • • •, 1) E (C匹
Since Poly~汽C) is connected, the image of iv is contained some path-component of 
伊応(n),which is denoted by噂ふ(n).Thus we have the map 

(2.6) iD :Poly作'E(C)→Qtふ (n). 口

Remark 2.4. (i) By using the classical theory of resultants, one can show that Poly~汽lF)
is an affine variety over lF which is the complement of the set of solutions of a system of 
polynomial equations (called a generalised resultant) with integer coefficients. This is why 

we call it the space of non-resultant systems of bounded multiplicity of type（江n).
(ii) Whenふ isa simply connected non-singular toric variety (over C) satisfying the 
condition (1.16.1), one can show that Poly〖ぶ (C) = Holb(S叫X叫ifn = 1 (see Definition 
2.1 for the details)．ロ

3 The space Poly戸(C)
Before stating the results for the space Poly戸(q,we need to define the positive integers 
rmin(E) and d(D; E, n). 
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Definition 3.1. We say that a set S = { niu・・・ ，叫｝ isa p面mitiveif Cone(S) ¢'. ~ and 
Cone(T) E ~ for any proper subset T S: S. Then we define d(D, ~, n) to be the positive 

＃ 

integer given by 

(3.1) d(D; 1:, n) = (2nrmin(I:) -3)ldmin/n」-2,

where rmin(:E) and dmin = dmin(D) are the positive integers given by 

(3.2) 

(3.3) 

Tmin（E) = min{ s E N : { niu ・ ・ ・, nd  is primitive}, 

dmin = dmin(D) = min{ di, d2, ・ ・ ・，山｝． ロ
Definition 3.2. Let f : X→Y be a based continuous map, and let Ni。ENbe a fixed 
positive integer. 

(i) The map f is called a homology (resp. homotopy) equivalence through dimension Ni。
if the induced homomorphism 

(3.4) J. : Hk(X; Z)→凡(Y;Z) (resp. J. :匹（X）→叫Y))

is an isomorphism for any k ~ Ni。.
(ii) Similarly, the map f is called a homology (resp. homotopy) equivalence up to 

dimension Ni。ifthe induced homomorphism f* (given by (3.4)) is an isomorphism for any 
K < N。andan epimorphism for k = Ni。 ．ロ
For connected space X, let瑾X denote the path-component of炉X which contains 
null-homotopic maps and recall the following result. 

Theorem 3.3 ([16]). Letふ bean m dimensional simply connected non-singular toric 
variety such that the condition (1.16.1) holds. Then if D = (dぃ•．．，心） €阿 and

江=1dknk = Om, the inclusion map 

iD: H鳴 (S汽XE)→瑞X刃～瑞X刃～炉互（D2,Sり

is a homotopy equivalence through dimension d(D; E, 1) = (2rmin(E)-3)dmin-2 ifrmin(E) 2 
3 and a homology equivalence through dimension d(D; E, 1) = dmin -2 if rmin(E) = 2. ロ

The main result of this paper is a generalization of the above theorem (Theorem 3.3) 
to spaces of non-resultant systems of bounded multiplicity. 

Theorem 3.4 ([19]). Let D = (d1, ・.., dr) E閃， n2 2 and let XE be an m dimensional 
sim?~Y :"o'!!!:recte~ non-s~ngul~r fo~ic variet~ such that the condition (1.16.1) holds. 
(i) If江=1dk灰＝ Om,then the natural map 

iD: Poly戸(C)→瑞XE(n)~Q応 (n)c::::炉互（D2n,32n-l) 

is a homotopy equivalence through dimension d(D; E, n). 

(ii) Ifご~=ldknk -/-Om, there is a map 

JD : Poly~'E(<C) →炉互（D2n,32n-l) 

which is a homotopy equivalence through dimension d(D; E, n). 口
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Corollary 3.5 ([19]). Let n :2'. 2, D = (d1, • • •, dr) E Nr, and let XE be an m dimensional 
compact non-singular toric variety over <C such that the condition (1.16.1) holds. Let刃(1)

denote the set of all one dimensional cones in ~, and let ~1 be any fan in罠m such that 
~(1) C江呈 X.
Then XE1 is a non-compact non-singular toric subva加 tyof XE and the following two 
statements hold: 

(i) If 区~=1d叫＝ Om,the map 

iD : Poly戸 (C）→瑞X叫n)'::::'炉z/CEi(D2n, 32n-l) 

is a homotopy equivalence through the dimension d(D;均 n).

(ii) If区rk=1dknkヂOm,there is a map 

知： Poly戸 (C)→炉z/CEi(D2n, 32n-1) 

which is a homotopy equivalence through dimension d(D;喜 n). ロ

Remark 3.6. We would like to study about the homotopy stability of the space Poly~汽lF)
for the case lF = JR in our future paper. However, note that the homotopy type of the space 
Poly四直） wasalready studied whenふ isa complex projective space in [20] (cf. [21], 
[26], [27]). We would like to generalize these results for more general toric varieties XE・
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