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Families of K3 Surfaces in the Smooth Fano 3-folds

M a ki ko M ase Tokyo Metropolitan University

1 Introduction
Varieties assume irreducible, reduced, algebraic and complex.
X : smooth Fano 3-fold, i.e., —K x is ample.

By(X) : the second Betti number of X,

P(A) : (projective) toric variety associated to
afan A C R®.

Classification of smooth Fano 3-folds

By(X) > 2 : Mori-Mukai [3][4],

X = P(A) : Batyrev [1], Watanabe-Watanabe [5].

Family of K3 surfaces
S € |=Kx]|: general member. and S : K3surface,
|— Kx| : family of K3 surfaces.

{ Definition 1 The Picard lattice Pic(F) of a N
family F of K3 surfaces is the Picard group of
generic member with a cup product.

"Definition 2 A surface S is Gorenstein K3 if
Kgs ~ 0,h}(S,05) = 0 and S has at worst RDP
\ (S is birational to a K3 surface). J

F,F'. families of K3 surfaces in the smooth Fano 3-folds.
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he families F and F’ “generically
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PROBLEM

birationally corresponding” if Pic(F) ~ Pic(F")?
1 line
2 Preliminari i P3
reliminaries Fix P*2 H > 7 jrredycible smooth cubic

plane
& X' := Bl(P?), X := Blg(P?).
¥ X' is toric and X is not toric.
ard g Pic(|—Kx|) ~ Pic(|-Kx|).
## X depends on the blow-up centre.

Are any Gorenstein K3
surfaces in |—Kx/| birational to Gorenstein K3 in
/|-Kx| ? (see Theorem )

PROBLEM. | (secial case)
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3 Main Result
Families of K3 surfaces in the smooth toric Fano 3-folds

We obtain a partial answer to the Problem:

Proposition The Picard lattices of families of K3
surfaces in the smooth toric Fano 3-folds are mutually
distinct .

w Families of K 3 surfaces in the smooth toric Fano 3-folds are mutually distinct.

Families of K3 surfaces |~ Kyx/| and |—Kx]|

@.’Fl =15 € |"KB1,(P3)i ;51 is Gorenstein K3},
& f2 = SQ e U . |—KBIC(P3)| ,52 is Gorenstein Kg} 3
CcP?

where C' C P? in the union run all the elliptic curves.

H C P? : plane,
S : Gorenstein K3,
SN H = (line) U (

(S,H)
€ |[=Kps| x |Ops(1)]

V=

smooth
cubic

)

Theorem There exists a correspondence (V, Fj, F>)

between the families F; and F> of K3 surfaces.
The projections V' — F; are surjective.

The period domains of the families are isomorphic.

Sketch of proof. C' ¢¢ C : elliptic curve.

Step 1. Any Gorenstein K3 surface S; € |_KBlc( Pa)| is
birational to a Gorenstein K3 Sy € |—KBIC/( P3)|'

Step 2. Any Gorenstein K3 surface S’ € |—K x| is birational
to a Gorenstein K3 surface S € |-Kx]|.

Step 3. Define R by S1 ~p Sg if S; € Fi is birational to
Sy € Fa. The relation R defines a correspondence (V, Fi, Fo).

4 Remarks

(1) By the Theorem, we are expecting to compute the Gromov-
Witten invariants of the family |—K x| of K3 surfaces via the
family |—K x|

(2) We expect another proof of the Theorem via a “small toric
degeneration” of non-toric Fano 3-fold X.

(3) We may try to construct correspondences among the 88 families

of K3 surfaces in the smooth Fano 3-folds.
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