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Generalized Campanato spaces with variable growth
condition

By

Eiichi NAKAT*

Abstract

This is a survey on generalized Campanato spaces with variable growth condition. We
first define generalized Campanato spaces and related function spaces. Then we state the
relations among these function spaces and the characterization of pointwise multipliers on
generalized Campanato spaces. Next we state the boundedness of singular integral operators
and the convolution operator with the heat kernel. We also give an application of generalized
Campanato spaces to the Cauchy problem for the Navier-Stokes equation. Finally, we state
the boundedness of the commutators generated by functions in generalized Campanato spaces.

§1. Introduction

This is a survey on generalized Campanato spaces with variable growth condition.

The Campanato space was introduced and studied by Campanato [4, 5] (1963,
1964), Peetre [39, 40] (1966, 1969), Stampacchia [45] (1965), Spanne [44] (1965), etc.
Since then, the theory of Campanato spaces plays an important role in harmonic analysis
and partial differential equations.

Let R™ be the n-dimensional Euclidean space. We denote by B(z,r) the open ball
centered at x € R™ and of radius r, that is, B(xz,r) = {y € R" : |y — z| < r}. For a
measurable set G C R™, we denote by |G| and x¢ the Lebesgue measure of G and the
characteristic function of G, respectively. For a function f € Li (R™) and a ball B, let

loc

fBz][sz]if(y)dylea/Bf(y)dy-
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Then the Campanato space £, x(R") is defined as follows:

Definition 1.1.  For p € [1,00) and A € [-n/p, 1], let £, A\(R™) be the set of all
functions f such that the following functional is finite:

1 1/p
s = sw (£ 1) - sal )
B=B(x, B
where the supremum is taken over all balls B in R".

We regard £, »(R™) as a space of functions modulo null-functions and constant
functions. Then [|f|[z, ,®n) is a norm and thereby L, \(R") is a Banach space. If
p=1and XA =0, then £, »(R") = BMO(R"). If p =1 and X € (0,1], then £, x(R")
coincides with Lip,(R™) modulo null-functions. By the John-Nirenberg inequality we
conclude that, if A € [0,1], then £, x\(R™) = £1 A(R"™) with equivalent norms for each
p. If A € [-n/p,0), then £, 5(R™) coincides with the Morrey space L, »(R™) modulo
constant functions, which is defined by the norm

/p
oo = s 5 (f vwra)

If A= —n/p, then L, »(R™) = LP(R™). For these relations, see [4, 17, 24, 40].

The generalized Campanato space L, »(R™) with variable growth condition is de-
fined as follows: For a variable growth function ¢ : R™ x (0,00) — (0,00) and a ball
B = B(xz,r) we write ¢(B) = ¢(x,r).

Definition 1.2.  For p € [1,00) and ¢ : R™ x (0,00) — (0,00), let £, 4(R™) be
the set of all functions f such that the following functional is finite:

1 » 1/P
1150y =50 5 (]i ) - Is) dy) ,

where the supremum is taken over all balls B in R".

We regard £, 4»(R™) as a space of functions modulo null-functions and constant
functions. Then ||f|[z, ,@®n) is a norm and thereby L, ,(R") is a Banach space. If
¢(z,7) = r*, then L, s(R™) is the usual Campanato space £, \(R™). For example, let
A(+) : R™ — [—n/p, 1] be a continuous function and

0 on Bq,
$la,r) =, Aw) =41 on By,
—n/p on Bs.
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In this case, if f € £, 4(R™), then f is a BMO function on B, a Lipschitz function on
Bs and an LP function on Bs.

The generalized Campanato space L, »(R") was introduced by the author and
Yabuta [36] (1985) to characterize pointwise multipliers on BMO(R™) and studied in
[22, 23, 25, 27, 28, 31, 36, 48], etc.

Let L°(R™) be the set of all measurable functions on R™. Let By, E; C L°(R™) be
subspaces. We say that a function g € L°(R™) is a pointwise multiplier from E; to Ey, if
the pointwise multiplication fg isin E5 for any f € E;. We denote by PWM(FE1, E5) the
set of all pointwise multipliers from F; to Es. We abbreviate PWM(E, E) to PWM(E).

To consider the pointwise multipliers on BMO(R"™) we introduce a norm

| fllemos ey = [l fllBMO®R) + | fB(0,1)]-
Then BMO!(R") = (BMO(R"), || - |BMos(rny) is a Banach space not modulo constant

functions. We have the following theorem:

Theorem 1.3 ([36] (1985)).  Let

1
~log(r 4+ 1/r + |x])’

o(x,r) x e R" re(0,00).

Then PWM(BMO*(R™)) = £1.4(R™) N L®(R™). In this case, the operator norm of
g € PWM(BMO*(R™)) is comparable to l9llz, ey + gl Loe (r)-

For example,

(1.1) 91(x) = sin (X p(0,1/e) (z) loglog(|z| 1))
and
(1.2) g2(x) = sin (X g(g,¢)e (z) loglog |z|)

are in PWM(BMO®(R™)). Note that g; is not continuous and that lim g(x) does not

|z|—o00

exist. The example (1.1) was given by Janson [15] (1976) and Stegenga [46] (1976) on
the Torus T, and the example (1.2) by [36] on R™.

Twenty years later, Theorem 1.3 was used by Lerner [21] (2005) to study the class
P(R™) of functions for which the Hardy-Littlewood maximal operator is bounded on
the Lebesgue spaces LP() (R™) with variable exponent, and positively solve a conjecture
by Deining [11] saying that there are discontinuous functions belonging to P(R™). He
proved the following theorem:

Theorem 1.4 ([21] (2005)).  Let p(-) be a real valued measurable function. If
p(-) € PWM(BMO®(R")), then there exists a positive constant « such that the Hardy-
Littlewood mazimal operator M is bounded on L*TPC)(R™).
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Later, the author and Sawano [34] (2012) proved that £, 4»(R™) is the dual space
of the Hardy space H p(')(]R”) with variable exponent. In general the predual is not
unique. See [30, 33] (2008, 2017) for another predual of £, 4(R"™).

This paper is organized as follows. In Section 2, we state the relations between
Ly, 4(R™) and Morrey or Holder spaces with variable growth condition. In Sections 3 and
4, we state the characterization of pointwise multipliers on £, »(R™) and their examples,
respectively. In Sections 5 and 6 we consider the boundedness of singular integral
operators and the convolution operator with the heat kernel on £, 4(R"™), respectively.
In Section 7, we give an application of £, 4(R™) to the Cauchy problem for the Navier-
Stokes equation. In Section 8, we state on generalized fractional integral operators on
generalized Morrey spaces with variable growth condition. Finally, in Section 9, we state
the boundedness of the commutators [b, T] and [b, I,,] on generalized Morrey spaces with
variable growth condition, where T' is a singular integral operator, I, is a generalized
fractional integral operator and b € £ 4(R"™).

§2. Related function spaces

In this section, we state the relations between £, ,(R™) and other function spaces
with variable growth condition.

Definition 2.1. For 1 < p < oo and ¢ : R™ x (0,00) — (0,00), the function
spaces C;; s(R™) and L, 4(R™) are the sets of all functions f such that

£l = 1fle,.. + o] < oo,

1 1/p
12, =swp 5 (f @l de) <.

respectively.

We regard Ef), s(R™) and Ly, 4(R™) as spaces of functions modulo null-functions.
Then these functionals are also norms and thereby these spaces are Banach spaces. If
$(B) = |B|~Y/P for all balls B, then

Iz, = 1] ze-

From the definition it follows that

1flleys < 20 lpss Wles < 2+ 60 D),

Definition 2.2.  For ¢ : R" x (0,00) — (0, 00), the function spaces A4(R™) and
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Ai (R™) are the sets of all functions f such that

2|f(z) = f(y)]

[flla, = sup < 00,
¢ z,yeR", z#y ¢(SC’ !x—y|)+¢(y,\y—x|)

11z = [1Flla, +[fO)] < oo,

respectively.

We regard AZ(R”) as a space of functions defined at all z € R", and Ay(R")
as a space of functions defined at all x € R™ modulo constant functions. Then these
functionals are also norms and thereby these spaces are Banach spaces. For ¢(x,r) = r?,
0 < a <1, we denote Ao (R") and A’ (R™) by Lip,(R") and Lip® (R™), respectively.
In this case,

R 1O B ]

z,yER™, z#y ’x - y|a

If ¢(x,r) = min(r®, 1), 0 < a < 1, then

11z ~ [ Flleip, + I Fllze.

For two variable growth functions ¢; and ¢2, we write ¢1 ~ ¢o if there exists a

and ||fHLipna = || fllLip, + [£(0)].

positive constant C' such that
C71¢1(B) < ¢2(B) < C¢p1(B) for all balls B.

In this case, two function spaces defined by ¢, and by ¢2 coincide with equivalent norms.
We consider the following conditions on variable growth function ¢:

1 o(x, s) .1 s
(21) A—1§ gb(m’r) SAl, 1f§§;§2,
1 o(x,r) :
(2.2) A_2 < pYP < Ay, if [x —y| <,
(2.3) d(x,r) < Asop(z, s), if r <s,
(2.4) Agp(z,r) > ¢(x, 9), if r <s,

where A; (i = 1,2, 3,4) are positive constants independent of z,y € R™ and r, s € (0, 00).
The conditions (2.1), (2.3) and (2.4) are called the doubling, almost increasingness and
almost decreasingness conditions, respectively. The condition (2.2) is introduced in
[25] and studied in [34] precisely. In this paper, we call it the nearness or compatible
condition.

Note that (2.2) and (2.3) imply that there exists a positive constant C' such that,
for all z,y € R™ and r,s € (0, 00),

o(xz,r) < Coly,s) if B(z,r) C B(y,s).
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Then we have the following three theorems:

Theorem 2.3 ([30] (2008)).  If ¢ satisfies (2.1), (2.2) and (2.3), then, for every
1 <p<oo, L, 4(R") = L1,4[R") and EE)7¢(]R”) = ,Ci’d)(]R”) with equivalent norms,

respectively.

Theorem 2.4 ([28] (2006)). If ¢ satisfies (2.1), (2.2) and (2.3), and if there
exists a positive constant C' such that

(2.5) /07" ¢($t’t) dt < Co(x,r), ze€R" re(0,00),

then, for every 1 < p < oo, each element in £i,¢(R") can be regarded as a continuous

function, (that is, each element is equivalent to a continuous function modulo null-

unctions) and L, 4(R") = Ay(R") and £° ,(R") = A%(R") with equivalent norms,
P,® o] p,d )

respectively. In particular, if ¢p(z,r) = r%, 0 < a < 1, then, for every 1 < p < oo,

Ei sR™) = Lip? (R™) and L, 4(R™) = Lip, (R™) with equivalent norms, respectively.

«

Theorem 2.5 ([28] (2006)). Let 1 <p < oco. If ¢ satisfies (2.1) and (2.2), and
if there exists a positive constant C such that

(2.6) /00 ¢(xt’t) dt < Co¢(x,r), xeR™ re(0,00),

then, for f € L, »(R™), the limit o(f) = lgm fB(o,r) exists and

1fllzps ~Nf —a(H)lz,.,-

That is, the mapping f — f—o(f) is bijective and bicontinuous from L, 4(R™) (modulo
constants) to Ly 4(R™).

These theorems are valid for spaces of homogeneous type, see [28, 30].

§ 3. Pointwise multipliers on Campanato spaces

Theorem 1.3 was extended to PWM(E; s(R™)) by [25], to spaces of homogeneous
type by [27, 36], to weighted BMO by [48], to Campanato spaces on the Gauss measure
space by [23], to RBMO on non-doubling measure spaces by [22], etc.

In this section, we investigate the pointwise multipliers on generalized Campanato
spaces Ei’d)(R”). We denote L; 4(R™) and Ei’d)(R”) by BMO4(R™) and BMOEZS(]R”),
respectively, for p = 1 and variable growth function ¢ : R™ x (0,00) — (0, 00).
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Theorem 3.1 ([25] (1993)). Let 1 < p < co. Assume that ¢ satisfies (2.1) and
(2.2), that r — ¢(x,7)/r is almost decreasing and that there exists a positive constant
A such that, for all x € R™ and r € (0, 00),

r n/p
(3.1) / % dt < Ad(x,r)r/?.
0
Let
max(2,|z|,r) ¢ max(2,|z|,r) t
(3.2) > (z,7) :/ gb(i’ )dt, o™ (,7) =/ ¢(g;, )dt,
1 '

and let ¢ = ¢/(®* + ®**). Then
PWM(LL ,(R™)) = £,.(R™) N L=(R")

and

lgllop ~ ll9llz, . rny + gl Loo (mr),
where ||g|lop s the operator norm of g € PWM(E?Q@(R”)).

Remark ([25] (1993)).  Under the assumption in Theorem 3.1, let

1
ful) = /| At) gy,

z—al t

Then f, is in £,,4(R") and L ,(R") for all a € R".
For ¢; (i = 1,2), we define &} and ¢ by (3.2).

Theorem 3.2 ([27] (1997)). Let 1 < p < oo. Assume that ¢; (i = 1,2) satisfy
(2.1), (2.2), (2.3) and (3.1) and that r — ¢;(x,r)/r (i = 1,2) are almost decreasing.

Assume also that there exists a positive constant A such that, for all v € (1, 00),

1 d)l('xvt) ¢1(x,7,.>
Let ¢3 = ¢o/(®F + ®*). Then

PWM(BMOY (R"), BMO’, (R")) = BMOy, (R") N Ly,4, /¢, (R")

and

lgllop ~ ”gHBMO%(R") + ||9||L1,¢2/¢1 (R™)»

where ||g|lop s the operator norm of g € PVVM(BMOE)1 (]R”),BMOZ52 (R™)).

In the above L 4,/4, (R™) is the Morrey space.
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Theorem 3.3 ([27] (1997)). Let 1 < py < p1 < 0o and p1 + p2 < pip2. Assume
that ¢; (i = 1,2) satisfy (2.1), (2.2), (2.3) and (3.1) with p = p;. Assume also that
o1 and ¢y satisfy (3.3) for p = pa and that (D5 + ®5*) /P < C(PF + P1*) /1. If
¢3 = P2 /(P] + PT*) is almost increasing, then

PWM(LE , (R™), L], (R™)) = BMOgy, (R™) N Ly, /4, (R")

and

lgllop ~ llgllmato, @) + lgllz, o, . @)

where ||g||op s the operator norm of g € PVVM(Lh L(R™), Efw 5, (R™)).

Proposition 3.4 ([27] (1997)).  Suppose that ¢1 and ¢o satisfy the doubling con-
dition (2.1). Let ¢3 = ¢2/(P7 + D7*). If 1 < ps < p1 < 00 and py > p1p2/(p1 — p2),
then

PWM(L"

P1,$1 (Rn) ‘6572 ¢2( )) 2 'C:iz,%( ) n Lp4v¢2/¢1 (Rn)

and

lgllop < Cllgllz,, o + 119120, 0,70, )5

where ||g|lop s the operator norm of g € PWM(E? o (R, Ei%@( ™).

Corollary 3.5 ([38] (to appear)). Letl <py <p; <ooandl/py=1/pa—1/p;.
Suppose that ¢ satisfies the doubling condition (2.1) and that there exists a positive
constant Cy such that

(3.4) / o t) dt < Cy for all x € R",
(3.5) / ¢ dt < Cpo(z,r) forallz e R" and r > 1.
Let
(. r) ¢(z,r) r<l,
x,r) =
d(x,m)? r>1.

If f € L}, 4(R"), g € £}, 4(R") and o(f) = o(g) =0, then fg € L} ,(R"), o(fg) =0
and

3.6 <C
(36) I£oles <Ol Nalles
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For example, we can take p; = ps = 4 and po = 2.

§4. Examples of pointwise multipliers on Campanato spaces

Let X = (X,d, u) be a space of homogeneous type in the sense of Coifman-Weiss [8,
9], i.e., X is a topological space endowed with a Borel measure p and a quasi-distance
d such that d(z,y) > 0, d(x,y) = 0 if and only if z =y, d(x,y) = d(y, x),

(4.1) d(z,y) < Ky (d(z,2) +d(z,y)), =z,y,z€ X,

the balls B(z,r) = {y € X;d(z,y) < r} centered at x and of radius r > 0 form a basis
of open neighborhoods of the point x, and

(4.2) 0 < u(B(z,2r)) < Kou(B(z,r)) <oo, ze€X, r>0.
We assume that there are constants agy (0 < ap < 1) and K3 > 1 such that
(4.3) |d(z,2) — d(y, 2)| < K3 (d(z, 2) + d(y, 2))' "*d(z,9)*°, w9,z € X.

If d is a distance, then (4.1) and (4.3) hold for K1 = K3 = o = 1.

In the results in the previous section we can replace R™ with spaces of homogeneous
type (X,d,p). If u(X) < oo, then we can omit the condition (3.3). For example, X is
a cube @ C R™ or T".

§4.1. The case u(X) < oo.
Example 4.1 ([27] (1997)). For0<fg<a <1,

(X), BMO? (X)) = BMO?

h
PWM(BMO (log(1/r))~? (log(1/r))a—A-1

(log(1/r))~ (X).

For a =1/2 and 8 = 0 in particular,

; _ ;
PWM(BMO{ 1 1172 (X), BMO*(X)) = BMO{, (1 /ry)—172(X)-
Example 4.2 ([27] (1997)).
y _ y
PWM(BMO{,, 1 -1 (X), BMOH(X)) = BMOF, _ 101 /)1 (X)-

Example 4.3 ([27] (1997)).

PWM(BMO?

(log log(1/r))—1 (X); BMO*(X))

= BMOii(10g(1/r)))~1 (X) N L1, (1og 1og(1/r)) (X),

where li(R) = [71/(logt) dt.
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Example 4.4 ([27] (1997)).
PWM(BMO®(X)) = BMO (15¢(1/r))-1 (X) N L*=(X).

If X =T", d(x,y) = | —y| and u is Lebesgue measure, then the example above is
known (Janson [15] and Stegenga [46]).

Example 4.5 ([27] (1997)). For a > 1,

PWM (BMO?

Cog(1 /) (X), BMOF(X)) = BMO#(X).

Example 4.6 ([27] (1997)). For 0 < 8 < a < ay,
PWM(Lip4 (X), Lip} (X)) = Lip}(X).
Example 4.7 ([27] (1997)). For—1<a<p<a+l, 1<py<p; <oo, pip2 >
P1 + P2,

= BMO®

b b
PWM(L (X), L (log(1/r))#=a=1

p1,(log(1/r))> pz,(log(l/r))B(X)) (X).

§4.2. The case u(X) = oo, fix zg € X.
If X =R", d(z,y) = |xr —y| and p is Lebesgue measure, then we can take xg is the
origin in R".
Example 4.8 ([27] (1997)).
PWM(BMOF (X), BMOF (X)) = BMO(tog(a(an. 41/ (X) 1 L (X).

If X =R", d(z,y) = |xr —y| and p is Lebesgue measure, then the example above is
Theorem 1.3.

Example 4.9 ([27] (1997)). For 0 < g < a < ay,

PWM(Lip, (X), Lip§(X)) = BMO___ s (X)N Ly ps-a(X).

(2+d(zg,=)+r)«

Example 4.10 ([27] (1997)). ForO0<a<agy, >0, f—a+d6 >0,
;
(X)> BMO(2+d(m0,x)+T)B (X))
= BMO (31 a0y 8- (X) N Ly, 24 d(wo,a)+r)s—= (X).

log(d(zg,z)+r+1/7)

b
PVVNI(BN[O(2-i—d(gco,:c)—&—r)‘1

Example 4.11 ([27] (1997)). For 1 < p < oo,

: : _ :
PWM(BMO(X), £5 | oy 4rs1/m (X)) = BMO*(X).
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Example 4.12 ([27] (1997)). Let w be an A,-weight on R™. Then

ola,r) = (/B(a,,r) w(x) dm)

satisfies the assumption in Theorem 3.1 for —1/(pp’) < a < 1/(np’), and is almost
increasing for av > 0. Let

di(a,r) = (/ w(x)dx) 0 =1,2, 0<as <ay.
B(a,r)
Then (95 + ®3*)/¢2 < C(D] + ©7*) /1.

§ 5. Singular integral operators

Let 0 < k < 1. We shall consider a singular integral operator 1" with kernel K on
R™ x R™\ {(z,x) : = € R"} satisfying the following properties:

(5.1) K (2,y)] < F— for x #y,
K(a) — K o) + 1K) — K 2)| < 5 (22
(5.2) ’ ’ ’ ’ 2 —y|* \|z -yl
for |x—y|> 2|z — 2|,
/ K(w,y)dy=/ K(y,xz)dy =0
(5.3) Jr<la—yl<r r<le—y|<R

for 0 <r < R<ooand z € R",
where C' is a positive constant independent of x,y, z € R™.

For n > 0, let
10 = [ Kwfe)dy
|lz—y|>n

Then T), f(x) is well defined for f € Cg,,,(R™). We assume that, for all 1 < p < oo,
there exists positive constant (), independently 7 > 0 such that,

1Ty fllze < Cpllfllze for  f € CGp(R™),

and T, f converges to T'f in LP(R™) as n — 0. By this assumption, the operator T can
be extended as a continuous linear operator on LP(R™). We shall say the operator T'
satisfying the above conditions is a singular integral operator of type k.

Now, to define T for functions f in Campanato spaces we first define the modified

version of T}, by

B0 D@ = [ fwKE ) - KO0 o) 4
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If ¢ satisfies (2.1) and ;™ @ dt < oo, then we can show that the integral in the

definition above converges absolutely for each x and that Tn f converges in LP(B) as
n — 0 for each ball B. We denote the limit by Tf. If both Tf and T'f are well defined,
then the difference is a constant.

Theorem 5.1 ([31] (2010)). Let0 <k <1 and1l < p < oco. Assume that ¢
satisfies (2.1) and that there exists a positive constant A such that, for all x € R™ and
r e (0,00),

(5.5) r

If T is a singular integral operator of type r, then T is bounded on L, s[R™) and on
CED’ ¢(R”), that is, there exists a positive constants C' such that

ITf ey < Clflepar 1Al < CUSls

Moreover, if ¢ satisfies (2.2) and (2.3) also, then T is bounded on Ly 4(R™) and on
£, (R™).

For example, ¢(z,r) = rM®) with —n/p < inﬂ{ A(z) < sup A(z) < 1 satisfies the

condition (5.5).

Corollary 5.2 ([31] (2010)).  Under the assumption in Theorem 5.1, if ¢ and
Y satisfy (2.2), (2.3) and (2.5), then T is bounded from Ag(R™) to Ay(R™) and from
AL(R™) to A% (R™).

For Morrey spaces L, 4(R™), we have the following.

Theorem 5.3 ([26] (1994)). Let1 < p < oo. Assume that ¢ satisfies (2.1) and
that there exists a positive constant A such that, for all x € R and r € (0, 0),

/00 d)(ﬁ’t) dt < A¢(x,r).

If T is a singular integral operator with kernel satisfying (5.1), and if T is bounded on
LP(R™), then T can be extended to a bounded operator on L, »(R™).

For example, ¢(z,r) = r*®) with —n/p < inﬂ{ A(z) < sup A(z) < 0 satisfies the
reR™ rER™

above condition.

Next we state the boundedness of the Riesz transforms particularly, which are
singular integral operators of type 1. For f € Cg5,,,(R"™) the Riesz transforms of f are
defined by

Rf(z) = gl_r%ijgf(x), j=1,...,n,
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where

T —Yj n—+1 _nt1
R"fxzcn/ ]—fydya Cn:F< >7T 2.
3f (@) Re\B(ze) |T — Y[ (®) 2

Then it is known that, for all 1 < p < oo, there exists a positive constant C, indepen-
dently € > 0 such that,

[Rjcfllzr < Cpllfllr for [ e CGum,(R),

and R;.f converges to R;f in LP(R™) as ¢ — 0. That is, the operator R; can be
extended as a continuous linear operator on LP(R™). Hence, we can define a modified

Riesz transforms of f as
R;if(x) = lim R f(z), j=1,...,n,
e—0
and

|z — y[n Tt |y|n

Rjcf(z) =cn /

R\ B(z,e)

( Tj—Yj (—y;)(1 — XB(0,1)(?J))) Fy) dy.

We note that, if both R; f and ij are well defined on R", then R; f — ij is a constant
function. More precisely,

Rf(o) = Byf(a) = e [ W X000 0 5

Theorem 5.4 ([38] (to appear)).  Let 1 < p < co. Assume that ¢ satisfies (2.1)
and that there exists a positive constant A such that, for all x € R™ and r € (0,00),

(5.6) r /:O W; )

t

dt < A¢(z,r).

Assume also that there exists a growth function ¢ such that ¢ < ¢ and that é satisfies
(2.1), (2.2) and (2.6). If f € C;’(b(R”) and o(f) = Tlglgo B, = 0, then, for each
j=1,2,....n, R;f is well defined, o(R;f) = rlggo(ij)B(O’r) =0, and “ij|’£i,¢> <
CHfHﬁEw’ where the constant C' is independent of f.

Remark.  From Theorem 5.4 we conclude that, under the assumption, if f €
£} (R") and o(f) = lim fp(, =0, then R;R; f is well defined and
) —00

IBB; Sy, <CIfles o i =Lowoim
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§ 6. Convolution with the heat kernel

Let
1 _l=? n
(61) ht(x) = We for ze€R s te (O, OO)
For f € Li (R™), let
(6.2) o(f) = lm fro..

Theorem 6.1 ([38] (to appear)).  Let1 < ps < p; < co. Assume that ¢ satisfies
(2.1) and (5.6). Then there exists a positive constant C' such that, for allt € (0,00) and

f € £P2,¢(Rn)7

e * flle,, o < CQUA WPy fl1p
1(Vhe) * fllz,, , < CUH2(L 4 = WPmtpon2) | £

P29

where 0(x,r) = (1 4+ r(/P2=1/P)n g (2 1), Moreover, if there exists a positive constant
Cy such that, for all x € R", floo w dt < Cy, then there exists a positive constant C

such that, for allt € (0,00) and f € EL@(R"),

R * f”gilﬂ <CO(1+ t_(l/m_l/’“)”/Q)HngiM,

(The) s fll s < O1V2(1 402y,

Further, if lim sup [°° M dt =0, then o(f) = 0 implies o(hyxf) = o((Vhe)xf) = 0.

T—>00 TER™M

Theorem 6.2 ([38] (to appear)).  Let1 < py < p; < co. Assume that v satisfies
(2.1) and (5.6) and that there exists a positive constant Cy, such that, for all x € R,
[ Y@t) g < Cy. Assume also that lim sup froo M dt =0. Let

0 t r—00 rER™

() r<l,

o(x,7) = S ps L,

Then, for f € Ei%w(R”) with o(f) =0, then o(hy * f) = o((Vhe) x f) =0 and
Ihex fllgs < CQ+ = WRmURR) | fl| L,
P11, P2,

H(Vht)*fﬂgiw < Ct—1/2(1+t—(l/pz—l/pl)n/2)HfHC,;2

X
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8§7. An application: The Cauchy problem for the Navier-Stokes equation

The Navier-Stokes equation is expressed as

v+ (v-V)v—Av+Vp=0 inR"x[0,7T),

(7.1) V-v=0 in R™ x [0,7T),

V|t=0 = vo in R"™,
where v = (vy,...,v,) is a vector field representing velocity of the fluid, p is the pressure,
and

V"U:Zn:aj’l]j, v~V:Zn:vj8j, A:Zn:a?
j=1 j=1 j=1

It is known that the pair of solutions (v, p) satisfies the relation

p= Y RiR;(vivy),

4,5=1

where the operators R; (j = 1,...,n) are the Riesz transforms (see [13, 18, 37] for exam-
ple). Therefore, to estimate the solutions in some function space we need the properties
of the Riesz transforms and pointwise multipliers (pointwise product operators) on the
function space. Namely, we need the following norm boundedness:

7.2 <C ,
(72) 179l < CUfllee Nl

(7.3) HijHggw < C||f||£§w,

for Campanato spaces ,CE) & and [,2 " with variable growth condition.

To solve (7.1) we consider the following equations:
u(t) = e®ug + Gu(t),

Gu(t) = — /Ot Ve 2Py @ u)(s) ds,

where P is the Helmholtz projection; P = (01 + R;jRi)1<jk<n- Then we also need the
estimate of the convolution with the heat kernel.
Using Theorems 5.4, 6.1, 6.2 and Corollary 3.5, we have the following theorem:

Theorem 7.1 ([38] (to appear)). Let max(2,n) < p < oo, ¢ : R™ x (0,00) —
(0,00) and
oz, r)  r<l,

vla.r) = ¢z, r)? r>1.
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Assume that ¢ and 1 satisfy (2.1) and (5.6) and that

@dt <Cy foralzeR",

0
/°° ¢(z,t)
.t

lim sup ¢(xz,r) = 0.

r—00 rER?

dt < Cy ¢(z,r) forallz e R" andr > 1,

Assume also that there exists a growth function ¥ such that ¥ < v, that 1 satisfies
(2.1), (2.2) and (2.6). Then, for all uy € (ﬁi’é(Rn))n such that V -ug =0 and o(ug) =

lim (uo)p(o,r) = 0, there exist a positive constant T (depending only on the norm of
r—00
initial data) and a unique solution u € C([0,T); (E;;’d)(R”))") to (7.1).

For example, let p > max(2,n), a(:) : R — (0,1), 8(-) : R* — [-n/p,0), and let

re@) 0 <r <1, re@) < r <1,
P(x,r) = Y(x,r) =

rﬁ("’:), r>1, 7"2*3("3), r>1,

and ¢ (z,7) = r20+, where a(-), () and B, satisfy

0< inf a(r) < sup az) <1,

—n/p < inf B(z) < sup B(z) = B+ <0.
reER™ rER”"

Then ¢, ¢ and v satisfy the assumption in Theorem 7.1.
For other applications of generalized Campanato spaces, see [37, 38].

8§ 8. Generalized fractional integral operators on generalized Morrey
spaces

In this section we state the boundedness of generalized fractional integral oper-
ators on generalized Morrey spaces. We also state on generalized fractional maximal
operators.

In this and the next sections, we use the symbols £P¥)(R") and L®%)(R") instead
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of L, 4(R™) and L, 4(R™):

11, =swp - (f If(y)—fBlpdy>1/p,

B

)
B 1 pd 1/p
Hfl!um—S%p(@—B) ) — f3l y) ,
1

B
1/p
12,0 =50 )( If(y)l”dy) ,

1 1/P
Il = sup (@ ]i |f(y)|pdy) .

Note that £; ,(R") = L39)(R™) and L, ,(R™) = LE#")(R™).
We say that 0 is almost increasing (resp. almost decreasing) if there exists a positive
constant C' such that, for all z € R™ and r, s € (0, 00),

O(z,r) < CO(x,s) (resp. CO(xz,r)>0(x,s)), ifr<s.
In this and the next sections we consider the following classes of ¢:

Definition 8.1. Let G4°¢ be the set of all functions ¢ : R™ x (0,00) — (0,00)

n

such that ¢ is almost decreasing and that r — (z,r)r™ is almost increasing. That is,

there exists a positive constant C' such that, for all x € R™ and r, s € (0, 00),
Co(z,1) = p(x,5), @(z,r)r" < Cp(z,s)s", ifr<s.

Definition 8.2. Let G be the set of all functions ¢ : R” x (0,00) — (0,00)
such that ¢ is almost increasing and that r — ¢(z,7)/r is almost decreasing. That is,

there exists a positive constant C' such that, for all z € R™ and r, s € (0, c0),
p(z,1) < Cp(z,s), Coz,r)/r=p(z,5)/s, ifr<s.

If ¢ € G4 or ¢ € G'"°, then ¢ satisfies the doubling condition (2.1).
First we state the boundedness of the Hardy-Littlewood maximal operator M. It
is defined by the following: For f € Li (R™), let

loc

Mf(z SUP][If ) dy, = €R",
B>x

where the supremum is taken over all balls B containing x.

Theorem 8.3 ([32] (2014)). Let 1 < p < oo and ¢ € G4°°. Then the operator
M is bounded from LP%)(R™) to itself.
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For a function p : R™ x (0,00) — (0, 00), we consider generalized fractional integral
operators I, defined by

Pz, T —Y
8.) it = [ PR )
where we always assume that
1
(8.2) / p(:i, H dt < oo for each x € R",
0

and that there exist positive constants C, K7 and Ky with K; < K5 such that, for all
r € R™ and r > 0,

dt.

(8.3) sup p(z,t) <C L)

r<t<2r Ko 0
The assumption (8.2) is needed so that I,,f is well defined for all f € Lg5,,,(R™). The
condition (8.3) comes from [41, p. 664 (D)].

If p(z,r) = r®, then I, is the usual fractional integral operator I,. It is known as
the Hardy-Littlewood-Sobolev theorem that I, is bounded from LP(R™) to LY(R"™), if
a € (0,n),p,qg€ (1,00) and —n/p+a = —n/q. Ifa(:) : R* = (0,n) and p(z,r) = ro@),
then I, is a generalized fractional integral operator I, (,) with variable order defined by

fy)
Ty f(z :/ ——Z—dy.
(z) ( ) . |:L,_y|n—a(x)
Theorem 8.4 ([32] (2014)). Letl1l < p < ¢ < oo and p, : R® x (0,00) —
(0,00). Assume that p satisfies (8.2) and (8.3) and that o is in GI°¢ and satisfies
(8.4) lim p(z,r) =00, lim @(z,r)=0.

r—0 7—00

Assume also that there exists a positive constant C such that, for all x € R™ and
r € (0,00),

T o 1/p
(85) / p(il;,t) dth(l’,T)l/p+/ p(xat)got(xat) dt < Cgp({]?,r)l/q-
0 T

Then I, is bounded from LP®)(R™) to L(4:¥)(R™).

To prove the theorem above we use Hedberg’s method in [14] and the boundedness
of the Hardy-Littlewood maximal operator.

Next, we consider fractional maximal operators. For a function p : R™ x (0,00) —
(0,00), let

(3.6) M, f(2) = sup p(B) ]é FWldy, @eR",
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where the supremum is taken over all balls B containing . We do not postulate
the condition (8.2) or (8.3) on the definition of M,. The operator M, was studied by
Sawano, Sugano and Tanaka [43] (2011) on Morrey spaces in case of p : (0,00) — (0, 00).
If p(B) = |B|*/™, then M, is the usual fractional maximal operator M,. If p = 1, then
M, is the Hardy-Littlewood maximal operator M.

If p(z,7r)/r™ < Cp(zx,s)/s™ for 0 < s < r < oo, then

(8.7) M, f(x) < CL|f|(z), =ecR"

Hence, the boundedness of M, follows from the boundedness of I,. For example, the
Hardy-Littlewood-Sobolev theorem yields that M, is bounded from LP(R™) to LI(R"),
if « € (0,n), p,q € (1,00) and —n/p + a = —n/q. However, for example, if

B (log(e+1/r))=7 (0<r<1)
pla.m) = (log(e + 1) (r>1), F>L >0,

then it turns out that the boundedness of M, is better than the boundedness of I, by the
following theorem. Actually, (8.5) cannot be replaced by (8.8), see [12, Theorem 1.1].

Theorem 8.5 ([1] (2018)). Letl <p < g <oo andp,p:R"x(0,00) — (0,00).
Assume that ¢ is in G and satisfies (8.4). Assume also that there exists a positive
constant Cy such that, for all x € R™ and r € (0,00),

(8.8) p(a,r)p(z,r)P < Cop(,r)'/,

Then M, is bounded from LP#)(R™) to L(@¥)(R™).

§9. Commutators of integral operators with functions in Campanato
spaces with variable growth condition

It is known that any Calderén-Zygmund operator 7' is bounded on LP(R"™) for
1 <p < oo. Let b € BMO(R"™). In 1976 Coifman, Rochberg and Weiss [7] proved that
the commutator [b, ] = bT' — T'b is bounded on LP(R™) (1 < p < o0), that is,

1o, T1fle = (6T f = T(0f)|[» < ClbllB7MOILSf |2,

where C is a positive constant independent of b and f. For the fractional integral
operator I,, Chanillo [6] proved the boundedness of [b, I,] in 1982. That is,

I[6, Ia)fllLe < C|lbllB7MOl fll e

if « € (0,n), p,qg € (1,00) and —n/p + o = —n/q. These results were extended to
Morrey spaces by Di Fazio and Ragusa [10] in 1991.
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In this section we state the boundedness of the commutators [b, T'] and [b, I,] on gen-
eralized Morrey spaces with variable growth condition, where T is a Calderén-Zygmund
operator, I, is a generalized fractional integral operator and b is a function in generalized
Campanato spaces with variable growth condition.

First we recall the definition of Calderén-Zygmund operators following [47]. Let
be the set of all nonnegative nondecreasing functions w on (0, c0) such that fol @) gy <

t
.

Definition 9.1 (standard kernel of type w). Let w € Q. A continuous function
K(z,y) on R™ x R™\ {(z,z) € R?"} is said to be a standard kernel of type w if the
following conditions are satisfied;

(9.1 K@yl < = for 2z

—K(z,z T)— Nz, ¢ w v
(K (@,9) = K2, 2)| + [K(y,2) = K2 2)| < — <Ix—y!)

for 2|y —z| < |z —yl.

(9.2)

Definition 9.2 (Calderén-Zygmund operator). Let w € €. A linear operator
T from S(R™) to S’'(R™) is said to be a Calderén-Zygmund operator of type w, if T'
is bounded on L?(R") and there exists a standard kernel K of type w such that, for
f € Cop (R,

(9.3) Tf(z)= - K(z,y)f(y)dy, =« ¢ supp f.

It is known by [47, Theorem 2.4] that any Calderén-Zygmund operator of type
w € Q is bounded on LP(R™) for 1 < p < oc.

This result was extended to generalized Morrey spaces LP¥)(R") with variable
growth function ¢ by [26] as the following: Assume that ¢ € G4°¢ and that there exists
a positive constant C' such that, for all x € R™ and r € (0, 00),

(9.4) /OO go(a;,t) dt < Co(x,r).

For f € L(P#)(R™), 1 < p < 0o, we define T'f on each ball B by

(95) Tf(@) = T(fxen)@) + [ K(@o)f)dy, =€ B.

R"\2B
Then the first term in the right hand side is well defined, since fx2p € LP(R™), and
the integral of the second term converges absolutely. Moreover, T'f(x) is independent of
the choice of the ball containing x. By this definition we can show that 7" is a bounded
operator on LP#)(R™). For the definition of T'f, see also [35, Section 5] and [42].
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For functions f in Morrey spaces, we define [b, T|f on each ball B by

06) T =BT Pen)@ + [0 - b)K )by, we B
Then we have the following theorem.

Theorem 9.3 ([1] (2018)). Letl <p < g < oo andp,y: R"x(0,00) — (0,00).
Assume that ¢ € G and ¢ € G, Let T be a Calderén-Zygmund operator of type
we€ N andbe L (RY).

loc

(i) Assume that 1 satisfies (2.2), that ¢ satisfies (9.4), that fol w dt < oo
and that there exists a positive constant Cy such that, for all x € R™ and r € (0,00),

(9.7) b(x, )z, r)/P < Copla, 1)1,

Ifb € LEY)(RY), then [b,T]f in (9.6) is well defined for all f € LP¥)(R™) and there
exists a positive constant C', independent of b and f, such that

116, T fll Leaer < Clbll o || fll Lo -

(ii) Conwversely, assume that ¢ satisfies (2.2) and that there exists a positive constant
Co such that, for all x € R™ and r € (0, 00),

(9-8) Cotp (@, r)p(a, )P > p(x,r)!/1.

If T is a convolution type such that

(9.9) Tf(x) = p.wv. - K(x—y)f(y)dy

with homogeneous kernel K satisfying K(z) = |z| "K(z/|z|), [¢oi K = 0, K €
C®(S™ 1) and K # 0, and if [b,T] is bounded from L®P#)(R™) to L% (R™), then
be LUY)N(R™) and there exists a positive constant C, independent of b, such that

1l vy < Clb, TN L) a0
where ||[b, T]|| 1o o) 5 the operator norm of [b, T] from LP#)(R™) to L(9:¥)(R™).

In the above theorem, if 9 = 1 and ¢(x,r) = r~", then £L1¥)(R") = BMO(R")
and L®P®)(R") = LP(R™) with p = ¢. This is Coifman, Rochberg and Weiss’s result
in [7]. If ¢(z,7) = r*, 0 < a < 1, and ¢(z,7) = r~, then L&¥)(R™) = Lip,(R"),
LP#)(R") = LP(R") and L(¢¥)(R™) = LI(R") with —n/p + o = —n/q. That is,

116 TTf Ml 2o S Nblleip, 112

This is Janson’s result in [16, Lemma 12].
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Example 9.4 ([1] (2018)). Let 1 <p <g < oo and 5(-),A(-) : R = (—o0, 00).
Assume that

0< inf f(z) < sup f(z) <1, 0<p. <1,

—n < inf A(z) < sup AM(z) <0, —n< A <O0.
TER™ x€R"
Let
rﬂ(x), r’\(f‘), 0<r<li,
v =4 e =4
i T, 1 <r<oo.

Y

Let T be a Calderén-Zygmund operator of type w € 2 with fol w dt < oo. If
B(-) is log-Holder continuous and

B(x) + Az)/p > ANzx)/q, Bs+ A/ < A/q,

then 1) and ¢ satisfy the assumption in Theorem 9.3 (i) and then the inequality

116, T fl Lcacer < Clbll o 1| Lo

holds. Conversely, if A(-) is log-Holder continuous and

B(x) +Ax)/p < ANzx)/q, Bs+ A/ > A/q,

and if T is a convolution type with homogeneous kernel K satisfying K (z) = |z|"" K (z/|z]),
Jon-1 K =0, K € C>®°(5"1) and K # 0, then we have

||b||£(1,w) < C’H[b, T]HL<P»¢>—>L<(I’¢)-

We also consider the cases

P (1) log(e/r) ), 0 <r <1,

w(xar) =
P (log(er))ﬁ**, 1<r<oo,

etc.

For the commutator [b, I,] we have the following theorem.

Theorem 9.5 ([1] (2018)). Let1l < p < q¢ < o0 and p,p,? : R® x (0,00) —
(0,00). Assume that ¢ € G4°¢ and ¢ € G™°. Assume also that p satisfies (8.2) and
(8.3). Let p*(z,r) = [, 2@t gt and b € L _(R™).

t loc
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(i) Assume that p, p* and 1) satisfy (2.2), that ¢ satisfies (9.4) and that there exist
positive constants €, C,, Co, C1 and an exponent p € (p,q| such that, for all x,y € R"
and r,s € (0,00),

(9.10) c,” ﬁf’_f) > 7 if_s) ifr <s,
plz,r)  ply,s) p*(z,7)
01 PP o oy D
1 T
zf§§ g§2 and |x —y| < r/2,
" t > t t)t/p -
(912) / 10('7;7 )dt(p<x’7,.)1/p_|_/ ,0(33, )Sot(:]j? ) dtSCOQO(x,T)l/p7
0 r
(9.13) P(z,r)p(z, )P < Crp(a, )/,

If b€ LEY)(R™), then [b,I,)f is well defined for all f € LP?)(R™) and there exists a
positive constant C, independent of b and f, such that

110, o) f | Leaer < ClB|| ooy | £l Lo -

(ii) Conwversely, assume that ¢ satisfies (2.2), that p(x,r) =%, 0 < o < n, and
that

(9.14) Cotp(, r)r p(z, r)P > o(x,r)!/1.

If [b, 1] is bounded from L®P#)(R™) to L(@¥)(R™), then b € LILY)(R™) and there exists
a positive constant C, independent of b, such that

||b||£<17¢> < C||[b7 Ioz]”L(P’v)aL(qvv)a
where ||[b, Ia]|| 1w s 1(ae) 18 the operator norm of [b, 1] from LP#)(R™) to L(9:¥)(R™).

In the above theorem, if p(z,r) =r%, 0 < a < n, ¥ = 1 and p(x,r) = r~", then
I, = I,, LYY (R") = BMO(R"™), L(P¥)(R") = LP(R") and L(®¥)(R") = L¢(R™). This
is Chanillo’s result in [6]. See also [20].

Example 9.6 ([1] (2018)). Let1l <p <p <g < oo and a(-),5(:),A(:) : R" —
(—00,00). Assume that

0 < inf a(z) < sup a(x) <n, 0<a,<n,

zeR” rER"
0< inf B(z) < sup f(z) <1, 0<B, <1,

—n < inf A(z) < sup Mz) <0, —n<A\ <O0.
rER™ TER™
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Let

Ta(””), rﬁ(“’), r/\(m), 0<r<l,
pla.r) = bla,r) = par)=4"
ro rﬁ*, rox 1 <r <o

If «(+) is Lipschitz continuous, 3(-) is log-Ho6lder continuous and

xsgﬂgl(a(af) + Alz)/p) <0,

a(x) + M) /p > Mx) /P, s+ A/p < A/D,
B(x)+Az)/p>Nx)/a, Bs+A/D < N/a,

then
116, L] fll ooy < Clbll g 1 f | Lwer -

Conversely, if A(-) is log-Holder continuous, « is constant and

a+B(x) + M) /p < ANx)/q, a4 B+ A/p > A/qg,

then
16| cawy < CNb, Lol Lvoo) 5 Lo -

We also take the cases

ra(f‘)(l/log(e/r))al(x), 0<r<l,

plz,r) =
= (log(er))®==, 1 <r<oo,

TO‘(UC), 0<r<i,
p(z,r) =
e (=D 1 <r< oo,

etc.

To prove Theorems above we use the following three propositions and a corollary.
For f € LL (R™), let

loc
(9.15) M?f(z) = sup f F(y) - foldy, =R,
B>x JB

where the supremum is taken over all balls B containing x.

Proposition 9.7 ([1] (2018)).  Let p,n € (1,00), ¢ € G4 and ¢ € G"°. Let T
be a Calderén-Zygmund operator of type w. Assume that 1 satisfies (2.2), that ¢ satisfies
(9.4), that fol M dt < oo and that [ w dt < oo for each x € R™ and
r > 0. Then there exists a positive constant C such that, for all b € E(l’w(R”),
f € LPP)(R™) and 2 € R,

(9.16) MU, T]f(x) < Clbl o ((Mw(|Tf|”)(w))1/" + (Mw(lfln)(w))l/")-
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Proposition 9.8 ([1] (2018)).  Let p,n € (1,00), ¢ € G4¢ and ¢p € G™°. As-
sume that p : R™ x (0,00) — (0,00) satisfies (8.2) and (8.3). Let p*(x,r) = for @ dt.
Assume that p, p* and i satisfy (2.2), that ¢ satisfies (9.4) and that there exist positive
constants €, C, such that (9.10) and (9.11) hold. Assume also that

(9.17)
[T [TV ([ el N

t U

for each x € R™ and r > 0. Then there exists a positive constant C' such that, for all
be LLY(RY), fe LP9)(R™) and x € R”,

0.18) ME(b,L,1f)(x) < Clbl g ((Mw(lfpﬂ")(w))l/ T (Mo (1)) )

Proposition 9.9 ([1] (2018)). Let1 <p < oo and ¢ : R" x (0,00) — (0,00). If
© satisfies the doubling condition (2.1), then, for f € Li (R™),

loc
(9.19) 1Fllcwer < CIMEfll Lo
where C' is a positive constant independent of f.

By Theorem 2.5 we have the following corollary.

Corollary 9.10 ([1] (2018)). Let1 < p < 00 and ¢ : R™ x (0,00) — (0,00).

Assume that ¢ € GI°° and that ¢ satisfies (9.4). For f € L (R™), if lim fBm) =0,
r—00

then

(9-20) ||f||L<Pv<P> < CHMﬁfHL(Wh

where C s a positive constant independent of f.

Then, using Propositions 9.7 and 9.8, Corollary 9.10 and the boundedness of T', I,
and M, (Theorems 5.3, 8.4 and 8.5, respectively), we have
116, T1f |y S UMEB, TIH e S N0l caw [ f |nwes
10, Lo fll taer S IME(D, L) )| Lo S N0l a1 1] Lo

These shows Theorem 9.3 (i) and Theorem 9.5 (i). The parts (ii) in Theorems 9.3 and
9.5 are proved by Janson’s method in [16].
We also have the compactness of [b, 7] and [b, ,] on LP#)(R"), see [2, 3].
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