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Abstract

The authors study the efficient generation of multi-photon parallel states from her-
alded single-photon sources for realizing large-scale photonic quantum circuits. Photonic
quantum circuits can be implemented with a multi-photon multi-port interferometer, and
will contribute to research on quantum computation, quantum communication, and quan-
tum metrology. The multi-photon multi-mode interferometer can also serve as a platform
for Boson sampling for showing quantum supremacy.

To further scale up quantum circuits, it is essential to efficiently generate a multi-
photon parallel state consisting of highly indistinguishable single photons. To date, mul-
tiple heralded single-photon sources (HSPS) via nonlinear processes have been widely
used because they can generate highly indistinguishable photons at room temperature.
However, a problem with HSPS is that occasionally more than two photons are generated,
which may cause errors in the operation of quantum circuits. This is a critical problem
for multi-photon interference experiments when there are many input photons.

To solve the problem of unwanted multi-photon generation from an HSPS, we propose
combining two methods: multiplexing of multiple HSPSs (multiplexed-HSPS) and pho-
ton pair number discrimination. In Chapter 3, we report the realization of multiplexed
heralded single photon sources using photon number resolving detectors. For this, we
adopt a photon number resolving detector (PND) using cascaded detectors. We also de-
velop a theory to describe multiplexed-HSPS with PNDs considering a limited number
of cascaded detectors. We find that even a small number of detector cascades are very
effective in reducing excess photon emission in certain circumstances. With the realized
multiplexed-HSPS with a PND equipped with two SPDC sources and a PND consisting of
two on—off detectors, we found that the two-photon components are reduced to 44.24+0.7%
compared to a normal HSPS.

Next, we studied more efficient and compact preparation of the multi-photon parallel
state. For this, serial-parallel conversion is a strong candidate since the converter can
route a stream of N photons at successive intervals from one source to N different spa-
tial modes. However, the previously used method of applying a serial-parallel convertor
is not efficient with an increasing number of photons. In Chapter 4, we theoretically
demonstrate that serial-parallel conversion for HSPS can be more efficient than for the
unheralded photon source. The authors report the experimental realization of a serial—
parallel conversion system for two photons with heralding signals. In the experiments, we
achieved a conversion efficiency of 0.533 4+ 0.003, which exceeds the maximum achievable
efficiency of 0.5 for serial-parallel conversion using unheralded photons, and is double the
efficiency of 0.25 for that using beamsplitters.

Developing on the previous investigations, we studied the efficient generation of a

multi-photon parallel state in which the probability of having more than two photons in



one mode is suppressed. We propose a new method to produce a multi-photon parallel
state by using active spatial routing. In Chapter 5, we demonstrate a method to efficiently
generate a multi-photon parallel state by active spatial networking (ASN) and compare
the procedure to the simple method using N single-photon sources. First, we consider
how the proposed method allows us to exponentially increase the efficiency in preparing
an N-photon parallel state when compared with the simple method of N HSPSs. Second,
we present a proof-of-principle demonstration of ASN using two HSPSs for generating a
two-photon parallel state. With the realization of an active spatial 2 x 2 network and a
fixed delay, we achieved an enhancement factor of 1.59 + 0.14, compared with a source
using two HSPSs.

The multi-photon interferometer with a linear optical circuit will become a key tool
for producing entanglement in multi-mode and multi-photon systems. The entangled
state between two optical systems is a useful resource for various quantum technologies.
Usually, entanglement is experimentally evaluated by quantum state full tomography.
However, the required resources exponentially increase as the number of photons or modes
increases. To solve this problem, our collaborator has recently proposed a novel method to
verify the generation of entanglement between two multi-mode and multi-photon optical
systems using mode discrete Fourier transform (DFT) circuits. This method exponentially
decreases the number of resources required for tomography. In Chapter 6, the authors
report the first demonstration of three-photon entanglement between two three-mode
optical systems. For this experiment, we implemented a pair of super-stabilized optical
DFT circuits by using displaced-Sagnac architecture and hybrid polarizing beamsplitters.
We successfully achieved correlation of the photon number statistics between the two
systems with and without DFT circuits, and the sum of the fidelities F;, + Fx = 1.555 +
0.018 exceeded the lower bound 4/3 for verifying the generation of entanglement with
12.3 standard deviations.

In Chapter 7, this dissertation is summarized.
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Mathematical Variables

d; Creation operator of the j-th (input) field

a; Annihilation operator of the j-th (input) field

a(wp) Pump envelope function

I;; Creation operator of the j-th (output) field

b; Annihilation operator of the j-th (output) field

C; Count rate of detected photons at mode j

C(n) Rate of events where n photons are successfully detected
when the series of heralding signals are generated

Ch(n) Rate of events where a series of n heralding signals is generated

Cn(N) Generation rate of N-photon parallel state

X Overall quantum efficiency of mode j

x® Nonlinear susceptibility tensor

dp Cardinality of the pattern class p

D Cascading level

Dy, j-th detector at system A

Dg; J-th detector at system B

Ej Quantised field operator of j field

3 j(~+) Positive frequency component of the quantised field of j field

E§_) Negative frequency component of the quantised field of j field

D Over all detection efficiency of the detector

Nsw Switching efficiency defined as the average probability

M Loss in N x N network

n Loss in 2 x 2 network

g Loss of the delay fiber in N x N network

Mh Trigger-mode system detection efficiency including the detection

efficiency of a detector, coupling efficiency of photons into a fiber,
and losses of optical components

f(ws, wy) Joint spectral amplitude

| f(ws,w;)|?  Joint spectral intensity

f(wy) Spectral distribution function of the j-th field
F(r) HOM dip function
Flate Quantum state fidelity

Fyj(w) Function of a band pass filter of j- signal photon with the frequency of w
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Fidelity given by the probability of the observed distribution,
and summing over the probability of all correctly correlated
combinations of photon number distributions without DFT's
Fidelity given by the probability of the observed distribution,
and summing over the probability of all correctly correlated
combinations of photon number distributions with DFT's
Photon pair creation rate at x in the crystal

Difference of the effect of GVD between two mediums
Hamiltonian of spontaneous parametric down conversion
Intensity of the pump laser

k-value of photon number distribution at system A

k-value of photon number distribution at system B

Wave vector of j-photon

k-value of photon number distribution of n

Effect of group velocity dispersion

Length of the crystal

Wavelength of photon

Bandwidth of ban pass filter

Length of ¢-th dispersion medium

Total number of photons for entanglement between two systems
Number of photons of the mode ¢

Fock state of photon number distribution of n; photons at mode j
Number of photons

Mean number of photon pairs

Ordinary refractive index of wavelength A

Extraordinary refractive index of wavelength A

Number of photons containing multi-photon parallel state
Group velocity of ordinary ray

Group velocity of extraordinary ray

Maximum parameter of the interference signal

Minimum parameter of the interference signal
Multi-dimensional vectors describing the photon number distribution
of the local multi modes at system A with DFT’s
Multi-dimensional vectors describing the photon number distribution
of the local multi modes at system B with DFT's

Number of photons in multi-photon parallel state
Multi-dimensional vectors describing the photon number
distribution of the local multi modes without DFT's
Frequency of photon j

Central frequency of j-photon

Poisson distribution

Thermal distribution

Conditional probability to detect n photons from m photons at the input
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Conditional probability of heralded single photon with n photons
Experimental heralding probability

n photons detection probability at the output when heralding signals is emitted
General photon pair number distribution

Heralding probability for N-photon parallel state

N-photon output probability

Bipertite entanglement state between two optical

multi-photon multi-mode systems

Pattern probability represented by the photon
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Reflection amplitude coefficient of beam splitter

Repetition rate of pump pulsed laser
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Experimental generated state of entanglement

Conversion efficiency for a stream of n single photons

of routing a single photon into the desired modes
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Cyclic mode shift operator

Full width at half maximum bandwidth of the pump laser
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Visibility of the interference signal
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Chapter 1

Introduction

1.1 Quantum technology with single photons

Quantum technology is an emerging field of physics and engineering that uses novel and
powerful applications, such as quantum computing [1], quantum sensing [2], quantum
cryptography [3], quantum simulation [4], 5], quantum metrology [6], and quantum imag-
ing [7]. These technologies are based on quantum mechanical properties, especially quan-
tum entanglement and quantum superposition. Quantum technology offers fundamental
improvements over classical information processing and measurement. One of the most
celebrated quantum technologies is quantum computers, which can solve given problems
much faster than classical computers and will assist research, such as solving integer
factorization problems [§], searching a database for a single target address [9] and calcu-
lating the ground state energy of molecules [10]. Quantum sensing, which uses a quantum
system, quantum properties, or quantum phenomena to measure a physical quantity, is
another technology that offers great advances for research. While the advances that quan-
tum technology offer will help address global problems for the next generation, the advent
of quantum technology also provides an opportunity to revisit existing applications. For
example, quantum computers will lead to breakthroughs in the field of cryptography by
means of the method of key exchange known as RSA using factoring integers, which is
difficult for classical computers. In this way, various kinds of cryptographic protocols

become vulnerable to quantum computers.

Quantum technology is currently in an emerging stage, but is developing steadily.
Quantum devices of physical systems are constructed using various kinds of quantum
architectures, such as atoms [I1], 12], trapped ions [13| 4], nuclear magnetic resonance
[15], and superconducting circuits [16], as well as single photons [17]. Among these various
approaches, photons have advantages for realizing photonic quantum applications, such
as low-loss light-speed transmission and easy manipulation with high precision by simple

optical components at room temperature. One feature of photons is that they do not
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readily interact with the environment, and hence photonic systems are decoherence free.
These features are also attractive for the realization of quantum key distribution, providing
security based on the laws of quantum mechanics [I8, 19, 20, 21, 22]. However, the
lack of interaction with the environment limits the development of quantum information
processing with protons because the interactions between quantum states encoded with
single photons are too weak. While quantum gates using the nonlinear effect have been

developed for interacting photons, it is difficult to achieve a sufficient success rate.

As an alternative approach, in 2001 Knill, Laflamme and Milburn (KLM) demon-
strated an implementation of photonic universal quantum computers achieved using linear
optical elements, single-photon sources, and photon detectors [23]. The KLM protocol ex-
ploits the photon bunching that occurs in quantum interference between indistinguishable
single photons, and the post-detection event. Multi-photon quantum interference with a
multi-port interferometer is a key to the operation of a universal set of quantum gates
implemented with the KLM scheme. Furthermore, a photonic circuit using multi-photon
quantum interference can be a platform not only for quantum computation [24], but also

for quantum metrology [25, 26], 27, 28, 29] and communication [30} 31, 32].

In the last twenty years, we have studied multi-photon interference using single pho-
tons and a linear optical quantum circuit for realizing quantum technologies. We have
demonstrated the realization of several unique photonic quantum devices. In the field
of quantum information processing, we have demonstrated quantum gates implemented
using the KLM scheme [33] B4]. There are several kinds of quantum gates between two
quantum states, such as the C-NOT gate and C-SWAP gate. The development of quan-
tum gates is important since a universal quantum computer can be realized by combining
quantum gates. In the field of quantum metrology, we reported beating the standard
quantum limit by a phase super-sensitive interferometer in the NOON state [25, 26]. In
this paper, we show that quantum entanglement enables higher precision than would
otherwise be possible. This research opens the way for high-precision measurement ap-

plications using quantum entanglement.

To scale up quantum information processing with single photons, it is essential to
increase the number of photons in the quantum interference. This is because the dimension
of Hilbert space which describes the multi-photon parallel state exponentially increases as
the number of photons increases [35]. Numerous studies have been conducted to develop
quantum technologies with many photons [34]. Furthermore, the efforts to prepare multi-
photon parallel states is also useful for Boson sampling for quantum supremacy [36]. If a
multi-photon parallel state can be prepared with 70-80 photons [37], quantum supremacy
can be shown by a multi-mode interferometer [38, 39, 40] and single-photon detectors [41].
Thus, to scale up the multi-photon interference experiments it is important to prepare a

multi-photon parallel state.
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Increasing the number of photons used in multi-photon quantum interference makes
it possible to perform large-scale experiments with a huge Hilbert space. Few studies
have focused on the coherence information of the output state of multi-photon quantum
interference. Boson sampling only focuses on the output photon number distribution, not
the coherence information. If the coherence of a quantum state with many photons can be
controlled by a multi-mode interferometer, it is expected that unknown high-dimensional
quantum entanglement or more efficient evaluation of complex quantum state can be
generated.

For the experimental realization of a source producing a multi-photon parallel state,
high visibility in the interference between photons from multiple independent sources
is crucial, which means that precise control of generated indistinguishable photons is
required. To date, spontaneous parametric down-conversion (SPDC) was considered a
convenient source of pairs of photons for testing quantum information [42], [43], [44] [45] [46].
However, a problem with SPDC in a source is that events are occasionally generated
with more than a two-photon pair, which can cause errors in the operation of quantum
circuits. This is a serious problem for multi-photon interference experiments with many
photons included in the input state of the interference, multi-photon parallel state. In
this research, we aim to realize a source to generate a multi-photon parallel state in which

the probability of having more than two photons in one mode is suppressed.

1.2 Research purpose and outline of this thesis

In this thesis, we study the efficient generation of a multi-photon parallel state from
heralded single-photon sources for realizing a large-scale photonic quantum circuit. A
photonic quantum circuit can be implemented with a multi-photon multi-port interferom-
eter that can be used for quantum computation, quantum communication, and quantum
metrology. It is also an attractive platform for Boson sampling for showing quantum
supremacy. Furthermore, a multi-mode interferometer with a complex unitary matrix
may be able to evaluate the quantum state more efficiently than quantum full state to-
mography, as shown in the theoretical paper [47]. Based on this background, we focus
on two topics. In the first, we develop experimentally a method to efficiently generate a
multi-photon parallel state as the input state of a photonic quantum circuit. Secondly,
we demonstrate a novel method [47] to verify the generation of entanglement using mode
discrete Fourier transform circuits consisting of linear optical components.

In Chapter 1, we present a brief introduction to the research background and the
purpose of this study.

In Chapter 2, we introduce the basic theory of a heralded single-photon source (HSPS)

and multi-photon interference between indistinguishable single photons.
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In Chapter 3, we report the development of the HSPS employing suppression of the
probability of having more than two photons input as a pulse. Unwanted multi-photon
generation is a critical problem for scaling up photonic quantum circuits. In this re-
search, we combine two methods to decrease the multi-photon probability: multiplexing
of multiple HSPSs and photon pair number discrimination. In this chapter, we report
the realization of multiplexed HSPSs using photon number resolving detectors. Then, we
adopt photon number resolving detectors using cascaded detectors.

In Chapter 4, we detail the efficient preparation of a multi-photon parallel state from
an HSPS. Serial-parallel conversion is an appropriate method to generate the state. The
converter can route a stream of N photons at successive intervals from one source to
N different spatial modes. We report the experimental realization of a serial-parallel
conversion system for two photons with heralding signals. We also theoretically show
that serial-parallel conversion for an HSPS can be more efficient than for an unheralded
photon source.

In Chapter 5, we present a study of the efficient preparation of a multi-photon parallel
state from multiple HSPSs. We propose a new method to convert randomly generated
multiple heralded single photons into the desired multi-photon parallel state by active spa-
tial networking (ASN). Compared with the results in Chapters 3 and 4, our new method
can reduce the effect of unavoidable losses in the active router because of the optimized
routing rules. First, we consider how the proposed method allows us to exponentially
increase the efficiency of preparing N-photon parallel states compared with the simple
method of N HSPSs. Second, we present a proof-of-principle demonstration of ASN
using two HSPSs for generating a two-photon parallel state.

In Chapter 6, we report the first demonstration of the novel method to generate en-
tanglement between two multi-photon and multi-mode local systems using mode discrete
Fourier transform (DFT) circuits. This method exponentially decreases the number of re-
sources required for tomography compared with quantum full state tomography. We verity
generated three-photon entanglement between two three-mode optical systems. For this
experiment, we implement a pair of super-stabilized optical DF'T circuits using displaced-
Sagnac architecture and hybrid polarizing beamsplitters.

In Chapter 7, this dissertation is summarized.



Chapter 2

Heralded single photon source and
multi-photon interference

2.1 Generation of single photons and multi-photon
parallel state

It is essential for the large-scale quantum interference experiments to prepare the state
of multi-photon in parallel (Multi-photon parallel state) with large number of photons.
Therefore, the quality of single photon sources to emit single photons one by one is required
to be high. In the field of photonic quantum information processing, an ideal single photon
source would have such characteristics; a single photon can be emitted deterministically,
the probability of emitting a single photon in a pulse is 100%, the probability of emitting
multiple photons is 0%, the emitted photons are indistinguishable, and the generation
rate is fast. In this section, firstly, we introduce the brief background and principal of
modern techniques for realizing such an ideal single photon source, by use of single photon
emitters consisting of one source of emission such as a quantum dots, and heralded single
photon source via the nonlinear process. Secondly, we also express the method and current
problems about the generation of multiple single photons in parallel for photonic quantum

interference experiments.

2.1.1 Single photon emitters

There are various kinds of optical systems that have been investigated for use as on-
demand sources of single photons. Until now, a lot of efforts to build single emitter have
been performed using color centers [48], quantum dots [49] 50], single atoms [I1}, [12], single
ions [51], single molecules [52]. Although the approaches of these emitter depend on the
material system, most of them utilize the same principle to generating a single photon.
In general, external driving field is used to put the two-level system into an excited state,

and a single photon will be emitted upon relaxation to ground state.
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In the optical experiments, the coupling a material with an optical cavity is used to
operate the emission characteristic (direction, frequency, and so on) of a photon emitter.
By coupling the single emitter to the cavity, the photons is collected into only the field
modes of the cavity. As the results, the emission of photons is close to being deterministic.
However, for realizing an ideal single photon source, the current single photon emitters
have still some challenges to overcome; high-efficiency collection of emitted photons into
a single spatial mode, indistinguishable output photons from different sources, cryogenic
cooling, and their limited wavelength and bandwidth. Here, we will introduce the some
current development of the single emitter.

Semiconductor quantum dots with the artificial atomic system are well developed to
produce high brightness and indistinguishable single photons [49, 50]. QDs emit single
photons by recombining the electrons and holes when the QD is excited. Until now, various
efforts have been made to control the emission from QDs by use of cavities; a photonic-
crystal cavity [53], micropillar cavity [54], elliptical micropillars [55], a bragg grating taper
fiber [56]. When the emission field of photons is matched to the cavity, the spontaneous
emission rate of QDs can be increased due to the Purcell effect. As the recent dramatic
development, it is reported that optical systems of QDs in electrically controlled cavities
can generate highly indistinguishable single photons efficiently because the electrical bias
on the structure reduces charge noise [57]. Furthermore, Wang reported the near-unity
single photon emitter with single-photon efficiency of more than 0.5 since they optimized
the coupling emitted photons into a fiber [55]. However, it is still challenging to achieve
the spectral indistinguishability of photons between two independent QDs, and this way
is required cryogenic temperature.

A nitrogen vacancy (NV) color center is formed by an atom and a vacancy at an
adjacent lattice position in diamond [58]. NV centers have some advantages. It can be
worked at room temperature although some atoms are operated at cryogenic tempera-
ture. The spin coherence of NV center is long. NV centers apply to optically detected
magnetic resonance [59]. Recently, a silicon vacancy center have developed to overcome
some disadvantage of NV center for utilizing a single photon source because of narrower
bandwidth of spectrum [60].

2.1.2 Heralded single photon source (HSPS)

As the alternative method, a heralded single photon source (HSPS) based on the process of
spontaneous parametric down conversion (SPDC) [61],62] or four wave mixing (FWM)[63]
64], has been especially widely used. The photons are created in pairs (called signal and
idler photon), and one photon (the heralding photon) can be used to herald the creation
of the other photon (the heralded single photon). For the case of SPDC, when the pump

laser (wp, kp,) passes through a nonlinear crystal, the photon pairs (ws;, ks;) are generated
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Heralding
Photon pair generation '.’. signal
Pulsed in a nonlinear crystal
laser Output
)((2)')((3) ~@—————— (heralded)

photon

Figure 2.1: Heralded single photon source.

under the energy conservation and phase match condition,

wp = ws+wi, (2.1)

k, = ky+ki, (2.2)

where wj, k;j (j = p, s, 1) is the frequency and wave vector of pump, signal or idler photon.
The photon pairs via the process of SPDC are generated from a non-linear crystal, for
example, KDP (potassium dihydrogen phosphate), BBO (beta barium borate), LiNbOs
(lithium niobate). Furthermore, periodic poling is promising as the way to engineer
the desired phase matching condition and wavelength of photon pairs. This technique
benefits the optimization of the state produced, such as no spectral correlation [65], 66] or
broadband spectral correlation between signal and idler photons [67]. Until now, quantum
optics experiments have typically used this nonlinear optical parametric source due to
experimental convenience and their stable performances at room temperature and high

indistinguishability of generated photons.
The process of SPDC is inherently probabilistic, and so there is no knowledge of when

the events of heralding will occur. For utilizing a HSPS as single photon source, by use of
a ultra-short pulsed laser, photon pairs can be produced only within the certain duration
time of the pulsed laser. However, because of the nature of SPDC, in addition to the gen-
eration of only one pair, there are the finite probability of generating more than one pair,
which decreases the purity of heralded photons. This probability of generating unwanted
photon pairs increases non-linearity with the interaction strength of the pump laser and
the nonlinear crystal. To limit the generation of unwanted multi-photon generation, a

HSPS has to be operated with a low probability to generate a single photon pair.

To date there have been various kinds of heralded single photon sources using SPDC
or FWM, which can generate high indistinguishable photons [68], 69]. Furthermore, it
is reported that a HSPS can be implemented with the integrated optical platforms [70].
For realizing an ideal single photon source, however, the conventional HSPS have still
some challenges to overcome; probabilistic generation of photons, unwanted multi-photon

generation. In this thesis, we report some demonstrations for solving these problems.
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Figure 2.2: (a)Multi-photon generation from multiple independent deterministic single
photon sources. (b) Multi-photon generation from multiple independent non-deterministic
single photon sources.

2.1.3 Generation of multi-photon parallel state from indepen-
dent HSPSs

In this section, we would like to talk about the method and current problems about the
generation of multiple single photons in parallel.

For multi-photon interference experiments, it is important to realize the source to gen-
erate indistinguishable multiple single photons in parallel (Multi-photon parallel state).
Figure 2.2)(a) shows the multi-photon emitter with independent deterministic single pho-
ton sources, where requiring all sources to fire simultaneously. Multi-photon parallel state
is existed in the yellow box. Therefore, the probability of having a single photon per pulse
of the laser is unity to be one. The rate generating the multi-photon parallel state is also
one at the same time. As the results, when the repetition rate of the laser is R,¢,, we can
obtain the results R,., times per a second. Note that the required number of generating
multi-photon state per a second depends on the quantum algorithm to calculate faster
than the current supercomputer when the interference is optimized perfectly. See the
following paper and book for details [23] [71] [72].

However, as discussed, the single photon sources based on SPDC and FWM have the
fundamental limitations of spontaneous emission of photons. Therefore, the probability of
having a single photon per pulse of the laser is not unity to be p (0 < p < 1). Figure2.2(b)
shows the multi-photon emitter with independent non-deterministic single photon sources.
To decrease the unwanted multi photon pair emitted from the source, p is typically limited
to low. As the results, even if the HSPS produces perfectly indistinguishable photons, the
rate of generating the multi-photon with N sources is p?V. And the waiting time ¢ for
firing N photons simultaneously is,

1

Lwait = NR_-
rep

(2.3)
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Figure 2.3: Approximate waiting time to produce N, photons from N, independent
sources. The repetition rate of the pump laser is 82MHz. Blue, Red, Green lines are
the time for p = 0.001,0.01,0.25. The current experiments usually use multiple HSPSs
with low p (=0.001,0.01). The maximum p of a HSPS via the nonlinear process is 0.25.
Orange line corresponds to the deterministic multi-photon emitter pgei=1.

where Ryep = 82 X 10° that is the same with the repitition rate of our fs pulsed laser.

Figure shows ty.; with varying p. As the probability to emit one photon in a pulse
p decreases, tya is exponentially increased with the number of photons. When a HSPS
via the SPDC process is used, the maximum heralding probability which corresponds to
p is 0.25. However, as we mentioned before, the generation of unwanted multi photons
in a pulse can not be ignored if p is large. This is a crucial problem for multi-photon
interference experiments when there are many input photons. Therefore, p is usually
limited up to 0.1 for performing multi-photon interference experiment. Furthermore,
when the experiments is quite sensitive to the generation of unwanted multi photons such
as high-fidelity quantum gate operation, p is much less than 0.01. If p is 0.01, the waiting
time for producing the ten-photon parallel state (N=10) is the order of 10000 years. This
results shows that the development of single photon sources a essential key to increase the
number of photons. Especially, it is necessary to overcome the upper-bound of p of 0.25
while suppressing the unwanted multi-photon generation for the multi-photon interference
experiments utilizing a HSPS via SPDC or FWM.
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2.2 Spectral property of indistinguishable single pho-
tons from HSPS

Here, we introduce the spectral property of generated photon pairs via spontaneous para-
metric down conversion (SPDC), for emitting high indistinguishable heralded single pho-
tons. The process of SPDC can be given as the spontaneous annihilation of one pump
photons and the creation of two photons (signal photon and idler photon). The frequency
of generated photons is correlated due to the energy conservation. However, it is known
that the visibility of two-photon interference between independent HSPS to have such a
spectral correlation is decreased. Thus, it is necessary to remove the spectral correlation
for achieving high indistinguishable heralded photons. In this section, we introduce the
meaning of indistinguishable single photons, and the way to generate the indistinguishable

single photons from a HSPS using a nonlinear crystal.

2.2.1 Indistinguishable single photon

In the multi-photon interference toward quantum information processing or metrology,
we need to know well about experimental grasp of an essential phenomenon called ”indis-
tinguishable photons”. This is because the quantum state encoded by single photons are
usually assumed indistinguishable each other for the interaction between photons. Here,
we introduce the indistinguishability of single photons.

A single photon can be described as the single excitation of the electromagnetic field,
and can be written in terms of the creation and annihilation operators of the j-th field
[73],

1) = allo), (2.4)
0) = a[1), (2.5)

where |1) is the state to describe a mode containing one photon, and |0) is the vacuum
state. If the independent single photon sources can produce the indistinguishable photons
each other, the relations between the creation operators become dj = d} (1 # j). And
it is also necessary for a single photon source to generate a stream of indisitinguishable
single photons. However, for single photon state, this description is incomplete because
any information requiring for single photons is not be contained such as frequency, polar-
ization, and so on. Furthermore, since the photon is also wave, it is necessary to have the
property of wave function such as infinite spectral bandwidth. For example, the photon

with the spectral property can be written as,

6(w;)) = / duo; f (w3l (w7)[0), (2.6)
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Figure 2.4: (a) The process of spontaneous parametric down conversion. (b) Schematic
illustration of a noncollinear photon pair source

where f(w) is the spectral distribution. This is not enough to describe the indistinguish-
able single photons since it still only define the spectral degrees of freedom for a single
photon. A highly ”indistinguishability” requires almost complete wave-packet overlap, or
perfect photon matching, of energy, space, time and polarization. For this, we have to
control absolutely over the all degree of freedoms in order to utilize single photons for
quantum information processing. In the next sections, we express the method to generate
frequency-correlated photon pairs, and indistinguishable single photons from a heralded

single photon source via the nonlinear process.

2.2.2 Photon pair generation from a nonlinear crystal

Here, we express the way to generate frequency-correlated photon pairs from a nonlinear
crystal. We focus on the generation of photon pairs from a bulk crystal (Type-I and
non—colinear) which is used in our experiment. As shown in Fig. [2Z4a), the state of the
generated two-photon via SPDC can be given by calculating the time evolution of the
initial state |¥(0)) into the final state |¥(7)) under the SPDC Hamiltonian H,(t) [74],

w0) e (5 [ @) wo, (27)

This two-photon state can also be expressed approximately as,

(1)) ~ (1 +%/OOO dtﬁl(t)> |T(0)). (2.8)



12 Chapter 2. Heralded single photon source and multi-photon interference

In the process of interaction, the effective Hamiltonian of SPDC ﬁl(t) can be given
as,

H(t) = / XBdrE,(r,t)Ey(r, t)Ei(r, t), (2.9)

where E; are the quantised field operators for the pump (p), signal (s) and idler (i) re-
spectively. © = (z,y, z) is the position vector in the crystal. x(? is the non-linear suscep-
tibility tensor. After decomposing the operators into positive and negative components,

Ej(r,t) = E’](-Jr)(r, t)+ EJ(-_)(T, t), the SPDC Hamiltonian is expressed as,

A

() = e / NOdr B (r, ) B (1, 1)

A

(e, 1) + He, (2.10)
The each components of the field operators using annihilation and creation operators are,
B (r,t) = (B (r,0)f (2.11)

= /000 dw;jAj(wy)aj(wy)expli(k(w;)r — w;t)],

where we simplified A;(w;) = iy/hw;/2eon?(w;)Vg and Vg is the quantization volume.
k(w;) is the wavevector in the bulk crystal. As the field of the pump has to be strong, it
allows the electric field operator treated classically. The positive frequency component of
the pump is replaced with,

EA;JF)(r,t) = Eé”(r,t) = Ap/ dwpa(wp)expli(k(w;)r — w;t)], (2.12)

0

where A, is the amplitude of the pump and a(w,) is the spectral property of the pump
laser (called pump envelope function). Substituting Eqs 2. I02.1T2.12] into Eq2Z.8, the
two photon wave function of signal and idler photons after the SPDC interaction can be

described as,
| W (ws, wi)) = 77// dwsdwia(ws + wi) d(ws, wi)as(ws) @i (wi)[0), (2.13)

where 1 = egx® As(ws) Ai(w;) A, L is the integrated parameter related to the length of the
crystal L. The zero photon state is removed because of the coincidence measurement.

The phasematching function ¢(ws,w;) is given by,

d(ws, wi) = exp {ZA;L} sinc {AkL] , (2.14)

2

where Ak is the phase mismatch between the fields. The correlated frequency amplitude of
the two-photon state is found by calculating the product of the pump envelope function

a(ws + w;) with the phasematching function ¢(ws,w;). The function is called the joint

spectral amplitude f(ws,w;), and | f(ws,w;)|* is the joint spectral intensity (JSI).
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For the case of a Type - I SPDC (Fig. 2.4[(b)), the pump photon (extraordinary ray)
is converted to signal and idler photons (ordinary ray). This nonlinear process have to
satisfy the phase match conditions and the energy conservation,

ks+k = kp, (2.15)
Ws+wi = wyp, (2.16)
where k;(j = p,s,1i) is the vector of pump, signal and idler photon. However, the phase
match condition can not always be satisfied perfectly due to the some experimental prob-

lems. The term is called phase mismatch Ak. For the Type-I noncolinear condition, Ak
is calculated to be [75],

Ak = Ey(Np, T) — k:S(AS)\/l - <:?§O)) - ki()\i)\/l - (i—>2 (;”gio)) (2.17)

where k, (A, U) is simplified from 27ne(wp, ¥)/Ap. o, Ne is the ordinary and extraordinary

refractive index of the bulk crystal. ¥ is the angle of the optic axis with respect to the
direction of the pump laser. From the energy conservation, the pump envelope function

can be expressed as follows,

au(ws + wi) = exp [— (ws Rl 2%0)2] , (2.18)

Op

where o, (= 2mcop,A/Apo v/ 2In2) is the full width at half maximum bandwidth of the pump
laser. c is speed of light.

2.2.3 Spectral property of heralded single photons

Photon pairs without spectral correlation are required for a heralded single photon source.
Even if most of the current photon detectors can not discriminate the frequency of gener-
ated photons, the state of two-photon state is projected into a mixture of spectral state
after one of the photon pairs are detected for heralding. This mixed state reduces the
visibility of the two-photon interference because of low indistinguishability of photons.
Thus, it is necessary to eliminate the frequency correlation of signal and idler photons.
Also, the frequency correlation decreases the visibility of the two photon interference due
to the group velocity mismatch of the photons [68, [69).

In general, there are a simple way to generate the frequency non-correlated photon
pairs. That is to use narrow band spectral filtering to reshape the JSI. For the filtered

JSI, the spectra of signal and idler photons is Gaussian frequency profile,

) = ey (%) | (219)
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Figure 2.5: Schematic illustration of a heralded single photon source.

where wy is the central of the frequency. The state of heralded single photons of high
purity is,

6) = / dio ()3} (@)]0). (2.20)

This spectral profile improves the high pure heralded single photon state. Note that the
effect of group velocity mismatch is reduced as the narrower filter [68, [69]. Note also
that the spectral correlation can be eliminated by controlling the quasi-phase matching

condition of the "periodic poling” crystal [65] [66].

2.3 Photon number distribution of generated her-
alded photons

Photon number distribution of generated single photons from a HSPS is one of the most
important characteristics for a single photon source. This is because the measurement
time depends on the probability to produce single photons in a pulse, and the error in
photonic quantum operation is caused by the unwanted multi-photon generation. This
section consists of two topics; theory of photon number distribution of a HSPS and the

way to obtain absolute experimental parameters for estimating the distribution.

2.3.1 Theory of photon number distribution

The output photon number distribution from a conventional HSPS can be described by use
of some parameters. In this section, the general method of the photon number distribution
is introduced.

Figure shows a conventional HSPS. A nonlinear crystal (NLC) is pumped by a
pulsed laser and generates a photon pair via an SPDC process. One of the photons in a
pair is detected by an on—off detector, which generates a heralding signal upon detection.

In this paper, we call the photon detected to generate heralding signals ‘idler photon’
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and the photon to be selected and emitted ‘signal photon’. We can calculate the output
photon number distribution from a heralded single photon source P, (n), where n is the
number of output photons. The photon number distribution produced by a photon pair

source is,
T) =Y anlng,mi), (2.21)
n=0

where |a,|> = P(n) is the probability to generate n photon pairs simultaneously. For

spectrally correlated photon pairs, P(n) is given by Poisson distribution Pp,(n),

Nnre—N

n!

P(n) = Ppo(n) = (2.22)

where N is the mean number of photon pairs in a pulse. For spectrally uncorrelated
photon pairs, P(n) is given by a Thermal distribution Py,(n) as discussed in next section,
Nn

P(n) = Py(n) = ESSER

(2.23)
When the pulse duration of the pump laser is much shorter than the measurement time of
the single detector, the probability P(n) of generating n photon pairs per pulse is Thermal
distribution [76]. Note that the number of photons in the measurement time window of
the detector is needed to be negligibly low.

One of the photon pair from the NLC is detected by a single photon detector for gen-
erating heralding signals which indicates the presence of another photons. It is assumed
that the detector at the heralding arm is an on—off detector. An on—off detector generates
only one detection signal, even when more than one photon hit the detector. Therefore,
in some cases where multiple pairs are generated in one pulse duration time, more than
two photon signals will be produced for one heralding signal because the on-off detector
cannot distinguish such events. The heralding measurement performed by the detector is
described by two kinds of positive operator value measure elements when m photons are

inserted into the on—off detector,

Pp("trigger”|m) =1 — (1 — )™, (2.24)
Pp("no — trigger”|m) = (1 — nu)™, (2.25)

where 7, is the over all detection efficiency of the detector which include all losses at the
heralding arm.

The probability of heralded n-photons can be characterized by the coincidence prob-
ability Pc(n) that n photons are detected at the output when the heralding signal is
emitted, and the heralding probability A, that a heralding signal is produced. The con-
ditional probability of heralded single photon with n photons are given as,
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Figure 2.6: Experimental setup to couple the generated photon pairs into single mode
fibers, and to measure the coincidence events between two detection signals from the two
detectors.

Py(n) = , (2.26)

Py=) Pk){1—(1—m)"}, (2.27)

Z Pm){1 — (1 — m)* o Cot™(1 — t)™ (2.28)

The single-pair generation probability of Py,(1) peaks at only 25% due to the non-
negligible likelihood of unwanted zero- and multiple-pair generations. The unwanted
multi-photon emission is a crucial problem for multi-photon interference experiments
when there are many input photons. This results that Po(n) is also limited. Hence

the performance of sources is far from the ideal single photon source.

2.3.2 Obtain the absolute experimental parameters for estimat-
ing the output photon number distribution

For estimating the photon number distribution of a HSPS it is necessary to achieve some
experimental parameters. Here, we will explain how to achieve these parameters. They
are detection efficiency for heralding signals (np), optical losses (), and mean number of
photon pairs generated from a NLC (NN), as mentioned in the previous section. Figure
shows the experimental setup for obtaining required parameters by use of a photon pair
source. For various experiments using photon pairs, the pair of photons are coupled into
single mode fibers. Therefore, the losses include optical component’s losses and coupling
photon pairs into single mode fibers.

The efficiency of optical losses and detection efficiency is named as overall quantum

efficiency x; (j = s,i). x; can be characterized by some parameters; Cs; is the rate of
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detecting the number of signal or idler photons, and Cj; is the coincidence events among

the detection signals from the two detectors.

C1s - XSOO + C'darka (229)
Ci = xiCo + Caarx, (2.30)
Cs = XxsxiCo, (2-31)

where Cga is dark counts of the detector, assuming negligible small. Note that these
equations can be used when the mean number of photon pairs N is very low. Cj is the
rate of generating photon pairs from a NLC without any losses. The efficiency of coupling

photon pairs into single mode fibers is defined as,

(2.32)

If the heralded photons are idler photon, x; is the product of ¢ and detection efficiency,
and x; corresponds to np. The mean number of photon pairs (N) corresponds to Cp/ Ryep,
where R, is the repetition rate of a pump pulsed laser. For utilizing such parameters,
we can estimate the probability to have n photons in a pulse from a HSPS.

Finally, we would like to say that achieving the optimal coupling efficiency is signifi-
cantly important way to enhance the performance of a HSPS. Now, the maximum overall
detection efficiency (xsi) is up to about 15% for quite narrow bandwidth of 2 nm, and
up to about 25% for narrow bandwidth of 4nm. For the future large-scale experiments,
the optimization of photon pair sources (xs; =~ 1) is required by referring the recipes

[T, [78, [79], the reports [65, 80, 8I] and the useful application spdcalc.org.

2.4 Multi-photon interference

For performing quantum information processing, quantum information is needed to be
encoded in quantum state of given degree of freedom of photons (for example, path, time-
bin, polarization), and to be interacted between the encoded quantum states. Single
photons are powerful candidate of quantum information processing because quantum
states of photons can be easily manipulated with high precision by use of passive linear-
optical devices, including beam splitters, polarizing beam splitters, wave plates, and phase
shifters. For the interaction between photons, quantum interference is important. Here,
we introduce one of the famous two-photon interference (Hong-Ou-Mandel interference),

and general multi-photon interference using a multi-port optical circuit.
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Figure 2.7:  (a)lllustration of the input and output modes of a beamsplit-

ter(BS).(b)Illustration of four patterns corresponding to the interference between two
single photons at a 50:50 beamsplitter.

2.4.1 Hong-Ou-Mandel interference

Hong-Ou-Mandel (HOM) interference is an effect of qunatum interference between two
single photons at a beamsplitter [82]. This effect of HOM interference is dependent on
the indistinguishability of photons, and is the most elementary optical effect for the KLM
scheme.

The beamsplitter is one of the most important optical elements. It has two spatial
input modes and two output modes (FiglZT(a)). For a 50:50 beamsplitter, a photon inci-
dent into one of the input ports can be found in either output port with equal probability
(50%). In general, the beamsplitter can be written by a reflection coefficient R and a

transmission coefficient 7. The transformation by use of the beamsplitter is given by,

by = Ray+ Tas, (2.33)
by = Tay — Ras, (2.34)
where a; (i = 1, 2) is the annihilation operator for the i’th input mode of the beamsplitter,
and b, (1 = 1,2) is the annihilation operator for the i’th output mode of the beamsplitter.

As the energy conservation (R*+T? = 1) and 7 phase shift on reflection, the relation can

be converted to that described by creation operators,

al = Rbl +Tbl. (2.35)
al = Tbl — RbI. (2.36)
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When two single photons are input to the beamsplitter, the input state and output state
can be described by Fock state,

[v) = ajallo) (237)
= (Rb] + Tb)(Tb] — Rb})|0)

(RTHIB! + T3t — R2bIbS — T RbIBY)|0),
where |0) is the vacuum state that no photons are existed. Now, as the beamsplitter is

balanced (R = T = 1/v/2), and b! and b} commute ([b}, b}]=0), the above equation is,

1
V2

Therefore, when two photons enter a 50:50 beamsplitter, they will always exit the beam-

o (1D — B5b3)|0). (2.38)

splitter in the same output mode. This results also shows that HOM interference will
only occur if the two photons are pure and indistinguishable.

Figure 2.7(b) shows the two photons in the output modes in a superposition of four
patterns from a beamsplitter. The effect of HOM interference arise as the phase shift
that occurs on reflection at the face of the beamsplitter. The term corresponding to
both photons reflected changes 7 phase relative to the transmitted term. When the
input photons are indistinguishable, the terms corresponding to photons transmitted and
reflected destructively interfere and cancel out. Finally, only two terms, which both
photons in either output mode, are left.

The Hong-Ou-Mandel interference provides a powerful tool to estimate the degree
of indistinguishability of two separately emitted photons [83]. The visibility of the HOM
interference dip signal is degraded mainly due to the distinguishability of the two photons,
for example in the spatial or temporal domain. Only if one photon is perfectly the
same with another photon, both photons always output in the same mode. This HOM
interference is the unique technique to confirm the indistinguishability of generated single
photons.

2.4.2 Multi-photon interference using a multi-port optical cir-
cuit

Multi-photon interference using a multi-port optical circuits is essential to realize an
universal quantum computer [23] or generate high-dimensional entanglement [35]. Then,
the multi-photon interferometer can be realized by a linear optical circuit which describes
an unitary operator [38]. Arbitrary unitary operators can be implemented mathematically
on optical modes [84] 85, 86, 87]. Figure 2.8 shows the schematic illustration of photonic

quantum circuits. In general, a multi-port interferometer conserves energy, which the
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Figure 2.8: Schematic illustration of a multi-photon interference using a multi-port optical
circuit. The input state is [1,1,---).

total input energy equals the total output energy. The circuits consists of multiple single
photons,a linear optical multi-port interferometer, and single photon detectors.

The unitary operation in the circuit is described by unitary transformation of input
Fock state. The general quantum state of multiple indistinguishable single photons in the
Fock space can be defined as [88],

mma =) =] Yo (2.39)

where dj is the creation operators of photons in the mode i, satisfying bosonic commu-
tation. mn; is the number of photons in the mode 7. A passive linear-optical device is

described by a unitary transformation of creation,

bf = " Uyal, (2.40)

where U denotes the unitary matrix of linear circuit. An arbitrary unitary circuit with
multiple inputs and outputs can be obtained with such devices, as the general theory
in [84]. Finally, the output results can be obtained by post-selected detection of output
photons from the circuit [23], [71].

Until now, various kinds of quantum gates with optical linear circuits and a few single
photons have been demonstrated. For example, as the smallest circuits with KLM pro-
tocol, various quantum gates have been demonstrated; C-NOT gate [33], C-SWAP [34],
Square root of Swap gate [89], and so on. Furthermore, some kinds of quantum algo-
rithm with small scale photonic quantum linear circuits have also been realized; Shor’s
factorization [90], Grover’s algorithm [91, ©2], Deutsch—Jozsa algorithm [93], and so on.

Integrated re-programmable and universal linear optical circuits have already realized,
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and quantum calculation with small scale has been already done by the integrated uni-
versal circuit [38, 94], [05]. Multi-port interference with multi single photons or multiple
nonlocal photon pairs is also useful to produce specific quantum state; NOON state [25],
W state [96], GHZ state [97], cluster state [91], graph state [98], or Qudit [99]. Differ-
ent from an universal quantum computer, photonic quantum simulator using the method
of variational quantum eigensolver is also attractive attention due to relatively practical
method by use of a hybrid classical-quantum algorithm [100, [L0T].

Next, we introduce alternative ways to implement multi-photon interference circuits.
Recently, the quantum interference between different color photons with a nonlinear in-
terferometer is proposed and demonstrated [102]. This uses the mode mixing by fre-
quency conversion instead of a beam splitter. Also, three photon interference using dif-
ferent color photons and multi-port linear optical circuits has been attractive attention
[103), 104. [105, 106l T07]. This uses the mode mixing by complex linear operation. These
ways are expected to be one of the practical methods because it is not necessary to prepare
multiple indistinguishable single photons.

Despite the recent developing technologies, the implementation of an universal quan-
tum computer is still challenging. Boson sampling becomes hot topic since the calculation
of the photon number distribution of single photons with a given linear photonic network
is believed to be classically hard task (NP-hard) and will be a promising candidate for
the quantum supremacy [36]. To date, some kinds of Boson sampling experiments with
3-6 photons have been demonstrated [108, 109 110, 111, 1T2].






Chapter 3

Suppressing the generation of
undesired multi photons from a
heralded single photon source

3.1 Introduction

As we mentioned before, heralded single photon sources (HSPS) using spontaneous para-
metric down conversion (SPDC) have been widely used for generating photons with neg-
ligibly small jitter, which makes it possible to achieve high visibility for quantum interfer-
ence at room temperature [68]. However, for scaling up the photonic quantum circuit with
multiple single photons and multiple modes, the unavoidable generation of multi photons
from a HSPS is a crucial problem for multi-photon interference experiments when there
are many input photons. The multi-photon generation is one of the problems for a HSPS
that occasionally events that generate more than two photons occur, which may cause
errors in the operation of quantum circuits.

To solve this problem, two methods have been proposed. The first method is called
the multiplexed heralded single-photon source (Multiplexed-HSPS). A Multiplexed-HSPS
consists of multiple SPDC sources, and upon the detection of an idler photon from one
of the sources, the corresponding signal photon is selected and emitted [113], 114, [115]
116, 117, 118] 119 120, 121) 122]. The second method uses a photon-number-resolving
detector (PND) to monitor the number of generated photon pairs from a SPDC source
and select cases for which only one pair is created [118, 123], 124, 125] 126]. To evaluate
the performance of these methods, Shapiro and Wong conducted a theoretical analysis
assuming a Poisson distribution for the generated photons from the SPDC source [115],
and D. Bonneau et al. conducted an analysis assuming a thermal distribution of the
generated SPDC [118]. However, in these theoretical analyses, the PNDs are assumed to
be able to distinguish a number of photons up to infinity. Although the development of

PNDs is under investigation, there are still limitations in the detection efficiencies and
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response times. Furthermore, the realization of multiplexing of heralded single photon
sources using photon number resolving detectors (Multiplexed-HSPS with PND) has not
yet been reported.

In this section, we report the experimental realization of Multiplexed-HSPS with PND.
For this, we adopted a PND using cascaded detectors. We also developed the theory to
describe such Multiplexed-HSPS with PND considering a limited number of cascaded
detectors. We found that even a small number of detector cascade is very effective in
reducing excess photon emission in certain circumstances. With the realized Multiplexed-
HSPS with PND equipped with two SPDC sources and a PND consisting of two on—off
detectors, we found that the two-photon components are reduced to 44.240.7% compared
to a normal HSPS.

3.2 Methods to suppress unwanted multi-photon emis-
sion

In this research, we focus on the methods of photon pair number discrimination and
spatial multiplexing for suppressing unwanted multi-photon emission from a HSPS. We

introduce them.

3.2.1 Photon pair number discrimination

Here, we introduce the method of photon pair number discrimination to suppress un-
wanted multi-photon emission from a HSPS. For a conventional HSPS using an on—off
detector (Section [Z1.2]), the multi-photon emission can not be discriminated. To prevent
multiple photon signals from being produced, a HSPS using a photon number resolving
detector (PND) [Fig. Bl(a)] generates a heralding signal only when the PND detects only
one photon. The excess-photon emission can thus be suppressed.

Although considerable effort has been put into realizing PNDs, the current devices are
well short of being an ideal detector that can distinguish a number of incident photon up to
infinity. As a more practical approach, we consider a PND using cascaded on—off detectors.
As shown in Fig. BJI(b), an incoming mode is divided equally into 2° paths using 50:50
beam splitters (BS) and directs them into 2 on—off detectors, where D is the number
of detector cascade. Figure B.II(b) illustrates an example of such a cascaded detector
[D = 2]. Note that recently developed PNDs consisting of multiple superconducting
nanowire single-photon detectors can be considered such a type of cascaded detector,
with D = 6 [127]. If D — oo, an ideal cascaded detector is able to distinguish a number
of photons up to infinity.
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Figure 3.1: (a)Scheme of HSPS using a PND [S = 1,D = 1]. (b)cheme of a cascaded
detector [D = 2]. The detector consists of 50:50 beam splitters (BS) and on-off detectors.

3.2.2 Spatial multiplexing

Here, we introduce the method of multiplexing of heralded single photon sources to sup-
press the unwanted multi-photon emission. Until now, spatial [113] 114] 115, 116, 117,
128], temporal[120, 122], frequency[129], and orbital momentum angular multiplexing
[130] have been proposed and demonstrated. In this research, we focus on spatial multi-
plexing.

Spatial multiplexed-HSPS is an approach to reduce the two or more photon probability.
A Multiplexed-HSPS consists of two SPDC sources. Figure shows a schematic of a
simple Multiplexed-HSPS for two SPDC sources and a 2 x 1 optical switch, S = 2, where S
is the number of SPDC sources per Multiplexed-HSPS. The pump laser is split equally by
a BS, and injected into each NLC. The heralding signals to detect idler photons are used to
identify which source has created a photon pair. The signal photon of the generated pair
is guided to an output port by an optical switch. Even if each idler photon is detected by
an on—off detector, the unwanted multi photons are suppressed. By replacing the on—off
detectors with PNDs, the performance of Multiplexed-HSPS with PND is improved.

The reason why the method of multiplexing can reduce only the probability of un-
wanted multi photons is because each photon pair sources in parallel is pumped by the
pump laser with reduced intensity. Here, we compare the photon number distribution of
a conventional HSPS and a multiplexed HSPS when the intensity of the pump laser is /.

Approximately, the photon number distribution of a conventional HSPS is,

P(1) = al, (3.1)
P(2) = BI° (3.2)

P(1) is proportional to I. P(2) is the square of I. The photon number distribution of a
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Figure 3.2: Scheme of Multiplexed-HSPS [S = 2| with on-off detectors/ Multiplexed-
HSPS with PND [D = 2] with PNDs.

multiplexed HSPS consisting two photon pair sources is,

I I

P2) = p (é)Q + B, (§>2 = BI;. (3.4)

Therefore, only P(2) is decreased by half compared with that of a conventional HSPS.
The strict photon number distribution and numerical analysis are introduced in the next
section.

For further suppressing the probability to generate the unwanted multi-photon in a
pulse, the spatial Multiplexed-HSPS can be extended to multiple number of sources by
cascading them [115].

3.3 Numerical analysis of photon number statistics

Here, we express the numerical analysis of the output photon number distribution of our
suggested multiplexed-HSPS using cascaded on-off detectors.

3.3.1 Theory of photon number statistics

Here, we derive the photon number distribution of a Multiplexed-HSPS using cascaded
detectors P,(n) under non-ideal experimental conditions. For such conditions, we consider
that a cascaded detector has a non-unity detection efficiency (7,), and optical switches
exhibit losses ().
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A SPDC source is characterized by the mean number of photon pairs in a pulse (N), the
probability that a heralding signal is produced Peraig and the probability that n photons
are detected at the output when the heralding signal is obtained Px(n). We derive Pierala
and Pc(n) using a cascaded detector. The output state P(n) of a single-mode SPDC

follows a thermal distribution Py, (n):

]\_/‘n

P(n) = Pu(n) = 1+ Ny’

(3.5)

where N is the mean number of photon pairs in a pulse. For a multi-mode SPDC, P(n)

follows a Poisson distribution Pp,(n):

Nnre—N

n!

P(n) = Ppo(n) = (3.6)

When only one of the on—off detectors is activated, a cascaded detector produces a herald-

ing signal with a probability of

By =Y_ P(m)Pp(1|m), (3.7)

where
Poso(1lm) =1~ (1 =)™ (39
Po(1m) = gy - wCal Po-a(1]a)(1 — m)™ "}, (39)

wherePp_q(1|m) is a probability of one detector triggered by one or more photons and
generate a detection signal when m photons are incident to the detector. Note that for
Eq. B8 the number of detector cascade D is 0, meaning that there is only one detector.
Similarly, Pp(1|m) denotes the probability where only one detector in the detector cascade
generates the detection signal when m photons are incident to the detector cascade. ny,
is detection efficiency of a cascaded detector. ,,C, is used for the combination selecting
a items from n distinct elements. In the case of D — oo, the cascaded detector can
distinguish a number of photons up to infinity with Pp_..(1]m) ~ mm,(1 — n,)™ .

The coincidence probability Pc(n) that n photons are detected at the output when

the heralding signal is obtained is given as

Pe(n) =Y P(m)Pp(1m)yCpt™(1 — )™ ", (3.10)

where t is the transmittance between the SPDC sources and the output.
Py (n) is the n-photon output probability for a heralding signal for a Multiplexed-HSPS
using cascaded detectors, and can be derived using Eqs. B.7 and BI0
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Po(n) + (1 = B)(PE(n) + (1 = BY(PE(n) +---))

1-(1=-F)A-F)1—-F)- ’
where P is the probability that the idler photon is detected with the cascaded detector for
the ith SPDC source, and P}(n) is the coincidence probability for the cascaded detector

By(n) = ( (3.11)

for the ith SPDC source. Here, we used the mean number of photon pairs per one SPDC
source, which is given by N/S.

If P(n) follows a Poisson distribution and D — oo, our model is consistent with the
theory in [II5]. If P(n) are output follows a thermal distribution and D — oo, our model
is also consistent with the theory in [I1§].

Depending on the experimental setup, an produced photon from an SPDC source
contains just a few modes, and the produced photon is neither single nor multi-mode
[76, [131]. To analyze this condition, we use the following photon number distribution
consisting of the thermal and Poisson distribution connected with a parameter v (0 <
v <1):

P(n) = 7Pu(n) + (1 = 7)Pro(n). (3.12)

When the mean number of photon pairs is small (N < 1), the two photon probability
PyL(2) in Eq. BI1 can be approximated to the following linear function of N:

(0+2)PPo(12) | o

Ph(2) ~ 2nhS

(3.13)

3.3.2 Numerical analysis of the suppression of the two-photon
probability

Here, using our theory in previous section, we numerically analyze the suppression of the
two-photon probability [F,(2)] for an HSPS using a cascaded detector, a Multiplexed-
HSPS and a Multiplexed-HSPS with PND. For this calculation, we assumed a thermal
distribution Py, (n) for P(n). Note that a smaller P,(2) indicates a higher quality single-
photon source.

Figure B.3(a) shows P,(2) versus the mean photon pair number N, which corresponds
to the generation rate of the HSPS. We assumed a detection efficiency of the detector
cascade of m, = 0.5 and an overall transmittance between the SPDC sources and the
output of ¢ = 0.5. The solid black lines for S = 1 and D = 0 in Fig. B3|(a) correspond to
the conventional HSPS. The solid lines colored red, blue and purple indicate P, (2) for S
= 1 (no source multiplexing) and D = 1, 2 and oo, respectively. Note that two and four
detectors are used for D = 1 and D = 2 at each SPDC sources. These lines show that
P, (2) decreases with increasing D. The results also show that P,(2) rapidly approaches
the value for D = oo when we increase D, suggesting that we can effectively decrease

P, (2) even with a relatively small D.
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Figure 3.3: Two-photon probability from the Multiplexed-HSPS with PND versus the
mean number of photons pairs for (a) n,=0.5, t=0.5, (b) 7,=0.9, t=0.5. Black line:
S=1,D =0; red line: S =1, D = 1; blue line: S =1, D = 2; purple line: § =1,
D = oo; black dashed line: S = 2, D = 0; red dashed line: S = 2, D = 1; blue dashed
line: S =2, D = 2; purple dashed line: S =2, D = oo.

By multiplexing two SPDCs [S = 2|, we could halve P, (2) for D = 0 (black dashed lines
in Fig. B3(a)) compared with the conventional HSPS (solid black line). The dashed lines
colored red, blue and purple indicate P,(2) for S = 2 and D = 1, 2 and oo, respectively.
These lines show P,(2) at the output of a Multiplexed-HSPS with PND. A Multiplexed-
HSPS with PND suppresses B,(2) more efficiently than a Multiplexed-HSPS. However,
since B, (2) for S = 2 and D = 0 is lower than that for S = 1 and D = oo, the effect of
source multiplexing is higher than that of detector cascading in the case of 1, = 0.5.

If we can achieve a higher detection efficiency, n, = 0.9 (¢t = 0.5), the situation changes
as shown in Fig. B3|(b). The solid lines correspond to no source multiplexing (black) and
detector cascade numbers of D = 2 (blue) and oo (purple). The blue and purple solid
lines achieve lower P, (2) than the black dashed line, corresponding to source multiplexing
[S = 2] and no detector cascading [D = 0]. Thus, the effect of the suppression using
the detector cascading method increases with 7. On the other hand, the effect of source
multiplexing does not depend on 7.

Figure 3.4] shows how the suppression ratio depends on the detection efficiency ny,
where we assume the case of N = 0.05, ¢ = 0.5. The suppression ratio Ry is defined
as the ratio of the two photon probability of a Multiplexed-HSPS with PND to that of a
normal HSPS, and smaller Ry, indicates better performance as a heralded single photon

source. Rg,, can be derived using Eq. B.ITk
h(2)[5, D]
Rowy = , 3.14
P PSS =1,D =0 (3:.14)

where P;,(2)[S, D] is the two-photon probability of Multiplexed-HSPS with PND. The
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Figure 3.4: Suppression ratio versus detection efficiency. Ratio between HSPS [S =1, D =
0] and Multiplexed-HSPS with PND [S, D] for N= 0.05, t = 0.5. Black curve: S = 1,
D = 0; blue curve: S =2, D =0; red curve: S =4, D = 0; black dashed curve: S =1,
D = 1; blue dashed curve: S =2, D = 1; black long dashed/short dashed curve: S =1,
D = o0; blue long dashed/short dashed curve: S =2, D = oc.

results show that Multiplexed-HSPS [D = 0] gives a suppression ratio of about 1/S re-
gardless of 7,. On the other hand, for HSPS using a PND [S = 1, D = 1], the suppression
ratio decreases with increasing detection efficiency. Without source multiplexing, to re-
duce the two-photon probability by 0.51 (the ratio of Multiplexed-HSPS [S = 2]), detector
cascading for D = 1 and oo requires 7, = 0.99 and 0.65, respectively. With n, = 1.0,
Multiplexed-HSPS with PND [S, D] gives a suppression ratio of about 1/(S x 27).

In the theoretical analysis, the detection efficiency is an important parameter deter-
mining the ability of a cascaded detector. On the other hand, it is found that a source

multiplexing system does not depend on the detection efficiency.

3.4 Experiment

3.4.1 Experimental setup

A schematic illustration of the experimental setup is shown in Fig. B.5. We implemented
a Multiplexed-HSPS with PND consisting of two SPDC sources (SPDC-A and SPDC-B),
each of which is equipped with two cascaded detectors [S = 2, D = 1]. A femtosecond
pulse laser (repetition rate of 82 MHz and central wavelength of 390 nm, Spectra-Physics,

Tsunami) is used to pump a BBO crystal. The injected pump pulses generate photon
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Figure 3.5: Schematic diagram of experimental set up. BBO: beta-barium-borate crystal
(Type-I); DM: dichroic mirror; FC: fiber coupler; SPCM: single-photon counting module;
XOR: XOR gate; AND: AND gate; EOM: electro-optic modulator; PBS: polarizing beam
splitter; HWP: half wave plate; BPF: band pass filter (AX = 4 nm); PMF : polariza-
tion maintaining fiber; 50:50 FBS: 50:50 fiber beam splitter; AMP: high-voltage pulsed
amplifier; fiber delay is 65 m.

pairs in the forward direction (SPDC-A). After passing through the crystal, the pump
pulse is reflected back by a dichroic mirror (DM) and generates photon pairs in the
backward direction (SPDC-B). For each of the sources (SPDC-A and SPDC-B), idler
photons are detected by cascaded two single-photon counting modules (SPCMs, Excelitas
Technologies, SPCM-AQR), and the signal photons are sent to the optical switch via long
polarization maintaining fibers. A long fiber (65 m) is necessary to compensate the delay
caused by the electric signal processing. A heralding signal-A or signal-B is generated
when only one of the two SPCMs monitoring SPDC-A or SPDC-B, respectively, detects
the idler photon. The final heralding signal is generated when either both heralding
signal-A or heralding signal-B is generated.

According to whether heralding signal-A or heralding signal-B from the SPDC sources
is generated, the signal photons are appropriately routed and gated by the optical switch.
The optical switch consists of an EOM and two PBSs. The optical switch passes the signal
photons from SPDC-A (SPDC-B) when the heralding signal-A from SPDC-A exists (non
exists). Note that when signal-A and signal-B are generated, only the signal photon
generated by SPDC-A is produced and the photon from SPDC-B is cut.

In the next section, we evaluate the two-photon probability at the output P (2) to
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Figure 3.6: (a)Schematic illustration of a polarization rotater. (b) Active 2 x 1 switch.
EOM : Electro-optical modulator, HWP : Half wave plate, PBS : Polarizing beam splitter.

check the performance of our single-photon source while changing the mean number of
photon pairs. The conditional two-photon probability for the final heralding signal was
estimated using three fold coincidence events among the detectors (D1, D2) and the
final heralding signal. Note that the detection efficiencies of the detectors (D1, D2) and
the effect of the 50:50 FBS are compensated, and we assumed that all of the three-fold

coincidences are due to P;(2).

3.4.2 Optical implementation of an active spatial router

We explain the method to route the photons into desired modes with heralding signals
and the optical implementation. Figure B.6l(a) shows the polarization router consisting of
an electro-optical modulator (EOM) and half wave plates (HWP). The arbitrary process
to rotate the polarization of the input photon |p);, into [H) or |V) is,

P = [H) (3.15)
1

H) +[V)), Via=0
H> - ’V>)7 ‘/;/01 - V7T

|H>7 ‘/vol =0
|v>a ‘/vol = Vﬂ'

&
Q
<

To pass the horizontal (H) polarization of the photon, the EOM is biased to zero rotation.
To pass the vertical (V) polarized output, the half-wave bias voltage V; is applied to rotate
the polarization by 90 degree. Normally, the bias voltage set to zero. For the experiment

of spatial multiplexing, the polarization of photons from different input (Inputl,2) is
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changed to the same polarization. The last PBS corresponds to the filter to select H-
polarized photon.

We show our way to realize such an active switch. To manipulate the polarization
of heralded photons one by one, the speed of active router is required to be high. The
EOM is a high speed device with high throughput efficiency. The PBS and HWP are the
passive linear optical components. The active router with these components matches to
the requirement of this research. Then, the transmittance, the rising time, the extinction
ratio, and speed of EOM is quite important parameters for our research. The transmit-
tance of our EOM (LM0202, LINOS) is over 96% and the extinction ratio is over 100.
Compared with these values, the rising time and speed depends on the amplifier (AMP).
In this experiments, We used a high speed pulse amplifier LIV-20 (LINOS) because the
rising time is less than the duration time of pulses and high speed of a few MHz (this
value depends on the amplified voltage.). And we use the optimized EOM with the small
size of Pockels cell of 3mm because the gain of the AMP is limited. For adjusting the
timing to apply voltage and the pulse of rectangle controlling signals, we used a digital
pulse generator (DG645). If the pulse width of controlling signals increases, undesired
events are occurred that the repetition rate of active switch is decreased with the inverse of
the pulse width, and the uncontrollable time is occurred after manipulating the heralded
photon. Therefore, we set the pulse width as small as possible, the inverse of the speed
of the amplifier (3MHz). Note that these setup were used in our another experiments as
shown in Chapter 4 and Chapter 5.

Finally, we introduce the alternative way to implement the active router. Different
from our experimental setup, there are some reports to use noticeable devices. Kaneda
used the Pockels cell device with quite high transmittance (99%) and low rising time (4ns)
[132]. Zhang used the fiber integrated device with relatively high transmittance (2dB)
[133]. And the products of AGILTON and Bergmann Messgeraete Entwicklung KG will

be developed better to use as the router.

3.5 Experimental results and discussion

Figure B.7 shows the two-photon probability B,(2) at the output of our Multiplexed-
HSPS with PND versus the coincidence rate. The horizontal axis shows the number of
events where only one of the two detectors (D1, D2) detects a photon when the final
heralding signal is produced. The two-photon probability was measured with various
pump powers. The blue and red circles indicate HSPS [S = 1,D = 0] (SPDC-A) and
HSPS using a cascaded detector [S = 1, D = 1] (SPDC-A), respectively. The blue and red
squares indicate Multiplexed-HSPS [S = 2, D = 0] and Multiplexed-HSPS with PND [§ =

2, D = 1], respectively. These data points show that P,(2) increases with the coincidence
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Figure 3.7: Experimental results: The vertical axis is the two photon probability at the
output. The horizontal axis shows the number of events where one of the two detectors
(D1, D2) detects a photon when the final heralding signal is produced. HSPS (SPDC-
A) [S=1, D=0] (blue circles), HSPS (SPDC-A) using PND [S=1, D=1] (red circles),
Multiplexed-HSPS [S=2, D=0] (blue squares), a Multiplexed-HSPS with PND [S=2,
D=1] (red square), where all contain the optical switch. The dashed lines are based on
our model.

rate. For constant coincidence rate, Multiplexed-HSPS has a two times lower two-photon
probability than HSPS. We achieved further suppression with the Multiplexed-HSPS with
PND.

The dashed lines in Fig. B.7 show the theoretical curves calculated with Eq. B 11l For
n, and transmittance t, we used the separately measured values (Table B.I]). Since we
used the BPFs which have a relatively broad bandwidth of 4 nm in order to increase the
detection efficiency of the cascaded detectors, the output state of the SPDC follows neither
the thermal distribution nor the Poisson distribution. Thus, for the photon number
distribution P(n), we adopted the intermediate distribution in Eq. BI2 The dashed
lines are the theoretical curve when ~ is 0.59, 0.72. The theoretical lines are in good
agreement with the experimental results. Note that plotted curves are derived from Eq.
Bl not from the approximated one shown in Eq. BI3l Note also that we compensated
a small effective loss in the optical switch which appeared when we used the multiplexing
method. The effective loss was caused by the deadtime of the electrical amplifiers used
for driving the EOMs.

Note also that, in our experiment, the detector darkcounts (~ 200 counts/s) does not

impact the results since it is negligibly small when compared to the average count rates
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Table 3.1: Separately measured parameters. n, a/p: detection efficiency of the detector
in SPDC-A/B. t4/p: transmittance of the single photon between the SPDC-A /B and the
output.

Th,A h,B ta 155!
HSPS (SPDC-A) 0.137 +0.002 n/a 0.0305 £ 0.0004 n/a
HSPS with PND (SPDC-A) | 0.141 % 0.001 n/a 0.0293 % 0.0003 n/a
FSPS (SPDC-B) n/a 0.192 = 0.005 n/a 0.0411 £ 0.0004
HSPS with PND (SPDC-B) n/a 0.194 £ 0.002 n/a 0.0405 £ 0,0005
Multiplexed-HSPS 0.137 £ 0.002 | 0.192 £ 0.005 | 0.0275 4 0.0004 | 0.0361 4 0.0004
Multiplexed-HSPS with PND | 0.141 £ 0.001 | 0.194 4+ 0.002 | 0.0263 4 0.0003 | 0.0355 + 0, 0005

of each of the detectors in the cascade (~ 1.5 x 10° counts/s). Note also that the effect
of the deadtime of the detectors is also negligible. In more detail, the average count rate
at the heralding arm was about 1.5 x10° counts/s and is much smaller than 2.5 x108,
which is the inverse of the deadtime (40 ns) of our detector.

To confirm the suppression clearly, we calculated the suppression ratio R, in Eq3.4]
defined as the two-photon probability ratio between a normal HSPS (SPDC-A) [S =
1, D = 0] and the other HSPS. The suppression ratios of HSPS using PND, Multiplexed-
HSPS and Multiplexed-HSPS with PND were found to be 91.1 £ 0.7%, 47.6 + 0.7% and
44.2 £+ 0.6%, respectively. Thus, a Multiplexed-HSPS with PND exhibits a significant
improvement, compared to the normal HSPS.

Due to the limited effective detection efficiencies (about 0.14 for SPDC-A, about 0.19
for SPDC-B) in our experiment, the suppressions of two photon probability with the help
of cascaded detectors were not as significant as shown in Fig. where the detection
efficiencies were assumed to be 0.5 and 0.9. However, we would like to note that the
experimental result is consistent with Fig. [3.4] for the given detection efficiencies. It is
important to improve the effective detection efficiencies by adopting highly efficient single
photon detectors [127, 134] and highly efficient coupling of down converted photons into
single mode optical fibers [135, 136].

3.6 Summary

In conclusion, we realized a Multiplexed-HSPS with PND using cascaded detectors. We
also developed the theory for describing such a Multiplexed-HSPS with PND considering
a limited number of cascaded detectors. We found that even a small number of detector
cascade is very effective in reducing the excess photon emission in certain circumstances.
With the realized a source equipped with two SPDC sources and a PND consisting of two

on-off detectors, we found that the two-photon components were reduced to 44.2 4+ 0.6%
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of that of a HSPS.



Chapter 4

Efficient preparation of multi-photon
parallel state from a stream of
heralded single photons

4.1 Introduction

In the previous section, we studied for multiplexed heralded single photon source (HSPS)
which can maintain the probability of generating one photon while suppressing the prob-
ability of having more than two photons. Many researchers also pay attention to the
multiplexing of HSPSs for increasing the number of photons of multi-photon parallel
state [116], 117, 120, 122], 137]. However, when this scheme is used for the multi-photon
interference experiments, it is necessary to construct a lot of multiplexed HSPSs. This
scheme requires considerable resource overhead in terms of multiple optical switches and
heralded SPSs, since a multiplexed heralded SPS requires multiple nonlinear crystals,
detectors and other elements. This is still challenging. A further alternative method com-
prising a single photon source using single emitters such as quantum dots (QD) has been
developed recently [57, [I3§], although achieving multiple and identical single emitters is
still a challenge.

To address this difficulties in multiple single photon sources, a serial-parallel conver-
sion method has been proposed by us in 2015. The converter can route a stream of n
photons at successive intervals from one SPS to n different spatial modes. Until now, a
converter using a passive router consisting of a balanced beam splitter has been widely
used [139]. Recently, Lenzini et al. [140] and Wang et al. [110] have realized active serial-
parallel conversion for single photons generated from a quantum dot, where photons were
produced without heralding signals.

In this section, we report the experimental realization of a serial-parallel conversion
system for two photons with heralding signals. We theoretically compared the conver-

sion efficiency for n heralded photons with that for n unheralded photons and found that
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Figure 4.1: Scheme of serial-parallel conversion for four photons generated from a her-
alded single photon source n = 4. A nonlinear crystal is pumped by a pulsed laser and
generates photon pairs via the SPDC process. A stream of photons (Red dots) is intend-
edly routed into different spatial modes by a convertor consisting of the routers and delay
lines. The controller generates the n-photon heralding signal and the signal of controlling
the routers when a stream of n photons is detected at the heralding arm. Red lines con-
necting the routers represent the path of photons. The dotted arrows from the controller
to the router represent the path of electrical signal.

serial-parallel conversion for the heralded photon source could be more efficient than for
the unheralded photon source. With the realized two-photon serial-parallel converter,
we confirmed the efficacy of serial-parallel conversion for the case where a series of two
heralding signals is detected. We achieved a conversion efficiency of 0.533 + 0.003, which
exceeds the maximum achievable efficiency of 0.5 for serial-parallel conversion using un-
heralded photons, and is double the efficiency of 0.25 for that using beamsplitters. The
efficiency of current setup can be increased up to 0.996 4+ 0.006 when the losses in the

optical converter are corrected for.

4.2 Model of serial-parallel converter with heralding
signals

Figure 1] shows an example of the scheme for a serial-parallel converter, where four
photons are converted into four different spatial modes. A nonlinear crystal is pumped by
a pulsed laser and generates photon pairs via the SPDC process. When one of the photons
in the pair is detected, a heralding signal is generated. Using the heralding signals, the
controller identifies which pulses have corresponding photons, and generates an n-photon
heralding signal when a stream of n photons is detected. In this example, a series of four
photons from a heralded SPS n = 4 is routed into the four different spatial modes by
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Figure 4.2:  (a) Heralded SPS and serial-parallel converter. A heralded SPS emits a
stream of four photons and the corresponding heralding signals. (b) Unheralded SPS and
serial-parallel converter. An unheralded SPS emits a stream of four photons and the
clock signal of the pump pulse laser. The clocking is derived from the pump laser. The
converter operates according to the interval of a four-clock cycle. The conversion succeeds
only when the first clock from the divided line corresponds to the first photon among the
four photons.

the serial-parallel converter consisting of three optical routers and delay lines. Note that
for n-mode output, the number of required routers is n — 1. The converted photons are

output to the four modes at the same time using optical delay lines.

4.3 Conversion efficiency of a stream of single pho-
tons

Here, we compare the conversion efficiency S(n) for a heralded SPS with that for an
unheralded SPS. S(n) is a parameter that represents how efficiently an arbitrary n-photon
stream is converted into different spatial modes using a serial-parallel converter.

In the case of heralded photons, we consider the conversion efficiency S(n) for the
case where a series of n photon heralding signals is detected. Then, the optical routers
are driven using the heralding signals, which indicate the presence of the corresponding
photons. When the heralded SPS emits a stream of n photons, the n-photon heralding
signal identifies the presence of the generated n photons precisely. For example, figure
[d2(a) shows that a heralded SPS emits a stream of four photons, and the corresponding
heralding signals. The ideal converter perfectly transfers a stream of heralded single

photons to different optical modes. For the case where a n-photon heralding signal is
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Figure 4.3: Theoretical comparison of the efficiencies of serial-parallel conversion using
active routers with heralding signals (red line), active routers without heralding signals
(blue line) and passive routers (black line). Here an ideal switching efficiency is assumed.

generated, the conversion efficiency for a stream of n photons is given by

S(n) = NSw: (4'1)

where ngw is the switching efficiency defined as the average probability of routing a single
photon in the desired modes.

Next, let us consider the case of single photons without heralding signals [140] [Figl2(b)].
In this case, the serial-parallel converter routes the photons automatically according to
the clock signals provided by the source (e.g., a pumping laser) [see FiglL2(b)]. However,
in this case, the routing of a stream of four photons is only successful when the ‘1st clock
signal’ by chance coincides with the existence of the first photon among a stream of four

photons. For this case, the conversion efficiency is given by

S() =~ [ntr + (0 — (=), (42)

Finally, if a beam splitter is used as a passive router, [I39], the efficiency for heralded

photons is at most

S(n) = (1/n)", (4.3)

which can only be attained when the loss of the beamsplitters is negligibly small.

Figure L3 shows the plots of eqgs.(1) — (3) for an ideal switching efficiency nsw = 1. As
n is increased, conversion efficiencies S(n) of the passive router (black line) and the active
router without heralding signals (blue line) degrade, while S(n) of the active router with

heralding signals (red line) is maintained. Comparing these conversion efficiencies shows
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that serial-parallel conversion using active routers with heralding signals is more efficient

than those using active routers without heralding signals, or passive routers obviously.

4.4 Experimental setup of serial-parallel conversion
for two photons
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Figure 4.4: Schematic diagram of experimental setup. BPF: band pass filter, HWP: half
wave plate, FC: fiber coupler, 50:50FBS: 50:50 fiber beam splitter, AND: AND gate, PMF:
polarization maintaining fiber, AMP: high-voltage pulsed amplifier, PBS: polarizing beam
splitter, EOM: electro optics modulator. Optical fiber delay 1 is 65 m long. Optical fiber
dealy 2 is 2.5 m long.

We implemented a serial-parallel converter for two photons with heralding signals.
A schematic of the experimental setup is shown in Fig. [£4l A femtosecond pulse laser
(Tsunami with second harmonic generation, Spectra Physics, repetition rate of 82 MHz
and central wavelength of 390 nm) is used to pump a beta barium borate (BBO) crystal
(Type-1, thickness of 1.5 mm), and generates photon pairs (signal photons and idler
photons). For the SPDC source, the idler photons are detected by two detectors (SPCM-
AQR, Excelitas Technologies) because the detector’s deadtime (40 ns) is larger than the
interval (12.5 ns) between the pump pulses. Using the electrical delay line and an AND
logic gate, we select the cases where a series of two heralding signals exist. Then the
electric signal (final heralding signal) is sent to the coincidence circuit (SR 400, Stanford
Research Systems) and an electro optics modulator (EOM, LM0202, LINOS).

The signal photons are sent to an optical converter consisting of half wave plates
(HWP) and the EOM. Optical delay 1 (65 m) is inserted to correct for the delay caused by
the electric signal processing mentioned above. With an appropriate timing adjustment,
the EOM rotates the polarization of the second photon just after the first signal photon
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passes the EOM. Then, the first and second signal photons are routed into different spatial
modes after a polarizing beam splitter (PBS) and are detected by detectors D1 and D2.
Optical delay 2 corresponds to the “delay line” in Fig. [4.1]

We estimate the conversion efficiency S(n) of our converter based on the experimen-
tally obtained parameters P, (1), the probability of having one photon in a pulse when the
heralding signal is generated, C},(n), the rate of events where a series of n heralding signals
is generated, and C'(n), the rate of events where n photons are successfully detected at
the same time at each of n detectors when the series of n heralding signals are generated.

The conversion efficiency is thus given by

~ C(n) 1
~ Cu(n) [Pu(1)np]™’

where the non-unity efficiency of the source (P,(1)) and the photon detectors (np) are

S(n) (4.4)

corrected to evaluate the performance of the serial-parallel converter.

4.5 Experimental results and discussion

Using Eq. 4] we evaluated the conversion efficiency S(2) for the case where a series of
two heralding signals is detected, to check the performance of our serial-parallel converter.

In our experiment, the rate of the measured coincidence events C'(2) between the final
heralding signals and the two output signals from detectors D1 and D2 was 2.62 + 0.15
cps, indicating that the photons are sent to both D1 and D2 simultaneously with this
rate. Note that the coincidence rate was 0.006 & 0.003 c¢ps when EOM was not operated
by the final heralding signal, indicating that both photons are sent to only one of the two
detectors (D1) with these results. We confirmed the successful operation of the serial-
parallel conversion.

The rate of the n-photon heralding signal C},(2) is 785 4+ 8 cps, and the one-photon
probability from HSPS, including the detection efficiency, P, (1)np is 0.079 + 0.001. For

these measured parameters, we evaluated the conversion efficiency, using Eq.(4), to be

Table 4.1: Theoretical conversion efficiencies S(n) for an ideal switching efficiency (nsw =
1), using Egs.(1)-(3): an active router with heralding signals, an active router without
heralding signals, a passive router using balanced beam splitters.

Active router Active router Passive router
with heralding signals | without heralding signals
S(n) 1 1/n (1/n)"
S(2) 1 0.5 0.25
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Figure 4.5: (a) Sketch of an optical router. This routes photon 1 into output 1 with
routing efficiency 7,, and routes photon 2 into output 2 with efficiency 7,. (b,c,d) Routing
efficiency. (b) Theoretical efficiency for a passive router using a balanced beam splitter.
(c) Theoretical efficiency for an active router with heralding signals. (d) Experimental
efficiency for an active router with heralding signals.

S(2) = 0.533 £ 0.003. To confirm the advantage of our serial-parallel converter, we
compared the conversion efficiency using routers for unheralded photons with the ideal
switching efficiency (nsw = 1) . For n = 2, the optical converter would enable a maximum
conversion efficiency of 0.5 [Table 4]. The conversion efficiency of our optical converter
is 0.533, which exceeds the maximum achievable efficiency for serial-parallel conversion
using unheralded photons, and is double the efficiency (0.25) for that using beamsplitters.

The experimental losses and measured /compensated conversion efficiency are written
in Table The average transmittance (¢) of the converter was 0.731 in the actual
experimental setup. The corrected conversion efficiency is estimated to be 0.996 4+ 0.006

when the optical loss in the converter ( between a single mode fiber (Optical delay 1)

Table 4.2: Experimental losses and measured/compensated conversion efficiency in this
work.

Description Symbol | Value in this work
Observed conversion efficiency S(2) 0.533 = 0.003
Average transmittance of the converter t 0.731 £ 0.003
Transmittance-compensated conversion efficiency | S(2)/t> 0.996 £ 0.006
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and the output ) is compensated. The corrected conversion efficiency of 0.996 is in good
agreement with ideal value S(2) =1 for active router with heralding signals [Tabled.T].
This result also confirms the success of our serial-parallel conversion for a series of two
heralding signals.

To verify the successful operation of our router, we further measured the routing
efficiency n; or 1y which is defined as the probability of routing photon 1 or 2 into output
1 or 2, respectively, whereas the probability of routing photon 1 or 2 into output 2 or 1,
respectively, is 1 — n; or 1 — 19, as shown in Fig. @5(a). Figure f5(b) and E5|(c) show
the theoretical routing efficiencies using (b) a passive router (1, = 17, = 0.5) and (c) an
active router (n; = 12 = 1). In our experiment, the routing efficiency is estimated using
coincidence events between the series of two heralding signals and the detection signal
from detector D1 or D2, and found to be n; = 0.99 +0.01 and 7, = 0.98 + 0.01, shown in
Figl5(d). Note that the routing efficiency is corrected based on the optics components
and detection efficiency. This measured value is in good agreement with the predicted
value in Fig. [L5(c). Thus, it can be said that our router can properly guide photons
into the appropriate spatial modes. Note that, for our experimental setup, the switching
efficiency new =t X (m +12)/2 = 0.72.

We note that our serial-parallel converter can be easily expanded for n photon streams
by adding EOMs and PBSs. For n photons, n — 1 EOMs will be required. The next
challenge will be to generate a state of multiple photons in parallel. For such experiments,
improving the heralded source with higher P,(1) and suppressing excess photon emission
is important. Recently, a B, (1) of about 0.7 has been reported [141] using type-II beamlike
conditions [121], [T4T), 142]. Furthermore, the suppression of multi-photon component has

been reported using various schemes [116], 117, 120} 122].

4.6 Summary

In conclusion, we realized a serial-parallel conversion for two photons with heralding sig-
nals. We theoretically compared the conversion efficiency for n heralded photons with
that for n unheralded photons and found that a serial-parallel conversion using heralding
signals could be more efficient. With the realization of the two-photon serial-parallel con-
verter, we confirmed the success of serial-parallel conversion for the case of two heralding
signals. As a result, we achieved a conversion efficiency of 0.533 4+ 0.003, which exceeds
the maximum achievable efficiency of 0.5 for serial-parallel conversion using unheralded
photons, and is double the efficiency (0.25) possible using beamsplitters. The efficiency of
current setup can be increased up to 0.996 +0.006 when the losses in the optical converter

are corrected for.



Chapter 5

Efficient generation of multi-photon
parallel state from multiple HSPSs
by active spatial networking

5.1 Introduction

Efficient preparation of the multi-photon parallel state while suppressing the undesired
multi-photon components is essential for further scaling up the multi-photon multi-port
interference experiments. To do this, we worked for a multiplexed heralded single photon
source with cascaded on—off detectors, and serial-parallel conversion for a stream of single
photons with heralding signals, as shown in the previous sections. As the next step, it is
expected to combine the two methods.

Compared with our two independent works, recently, the attractive method called
relative time multiplexing is proposed and demonstrated [132] 133], 143]. This method is
focused on the enhancement of heralding probability of the multi-photon parallel state di-
rectly by use of active time loop switches. The scheme uses quantum memories consisting
of an active router and an optical delay for synchronizing the output timing of heralded
photons from different single photon sources. The most interesting advantage is that the
number of controlling heralded single photons can be decreased. In other words, we can
reduce the number of passes photons through lossy active routers for producing the multi-
photon parallel state. Reducing the loss from the router is crucial for efficient generation
of multi-photon parallel state. To date, compared with the relative time multiplexing, no
method has been proposed to convert photons randomly generated from multiple HSPSs
directly to the multi-photon parallel state using active spatial routers. We believe that
these two methods are complementary to each other.

In this section, we propose and demonstrate the alternative method to efficiently gen-
erate the multi-photon parallel state by an active spatial networking (ASN) when com-

pared to a naive method using N single photon sources. ASN may be more achievable
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Figure 5.1: (a)Conventional way to generate multi-photon parallel state from multiple
heralded single photon sources. For this case, four-photon parallel state of Fock state is
produced only when all sources emit single photons simultaneously. (b)This is the case
where the power of pump laser is increased.

with emerging integrated optics platforms. Firstly, we also consider how the proposed
method allows us to increase the efficiency to prepare N-photon parallel state exponen-
tially when compared with the naive method of N HSPSs. Secondly, we present proof
of principle demonstration of ASN using two HSPSs for generating two-photon parallel
state. With the realization of an active spatial 2 x 2 network and a fixed delay, we achieve
enhancement factor of 1.59 4 0.14, compared with the naive source using two HSPSs.
When the losses in the setup are corrected for, the enhancement factor of current setup
can be increased up to 3.99 £ 0.49. That compensated value is in good agreement with

the theoretical prediction.

5.2 Generation of multi-photon parallel state

5.2.1 Previous method: Use of multiple heralded single photon
sources

The conventional optical system consisting of only N HSPSs generates the heralding sig-
nals of N-photon parallel state with the probability pV [Fig. 5.Il(a)], given the probability
to generate heralding signals (heralding probability) p. Furthermore, as the practical way,
some groups including us proposed serial-parallel conversion of a stream of single photons
from only one source [106] 140], 144]. However, the heralding probability of parametric
sources p is limited due to the thermal distribution of the output photon number statistics
and the requirement to suppress the multiple-pair generation negligibly low. As increas-
ing the intensity of the pump power to enhance p, the probability to generate unwanted
multi-photon state is also increased rapidly [Fig. BII(b)]. Even if an ideal photon number
resolving detector is available, a maximum heralding probability p is 25% [145]. For quan-
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Figure 5.2: Scheme of the setup for generating N single photons simultaneously into
different spatial modes (N=4). (b)Our proposed nested active network consisted of 2 x 2

routers. A N x N network includes two N/2 x N/2 networks. (¢)A 2 x 2 router. EOM:
Electro optics modulator. HWP: Half wave plate. PBS: Polarizing beam splitter.

tum circuits requiring more single photons, the probability of emitting /N single photons

simultaneously using N HSPSs decreases with increasing N.

5.2.2 Proposed method: Active spatial routing of multiple her-
alded single photons

Figure (.2)(a) shows a schematic setup of ASN using N HSPSs to efficiently generate N-
photon parallel state by a N x N network and fixed delays. The N nonlinear crystals are
pumped by pulse lasers and generate photon pairs. When one of the pairs from each HSPS
is detected, a heralding signal is generated with the probability of p. Using the heralding
signals from N HSPSs, the logic circuit identifies the spatial and temporal mode of the
heralded photons and control a N x N network which is used to relocate a single photon
from an input mode to a desired output mode. When a stream of N heralding signals from

N HSPSs is generated (at least one heralding signals is existed at time tx(k = 0 ~ N —1)),
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Figure 5.3: (a)The output rate of 30-photon parallel state. Blue, orange, and green lines
correspond to the rate for ASN of n = 1, 0.95, and 0.9. Red line corresponds to the
rate for NASN. (b) Minimum threshold of the loss including a 2 x 2 router 7 to achieve
R(N) > 1.

a heralding signal of N-photon output are generated. Note that time-bins are labeled as

tx, where %, is the time for the first signal of the stream of heralding signals.

When a heralding signal of N-photon output is generated, N photons emitted from
N HSPSs are converted into the desired N photon parallel state, as shown in Fig. E.2)(a).
There are two steps. By use of a N x N network, the photon located at time ¢, from
one of the HSPSs is routed into the output mode k. After passing through the N x N
network, a photon in the output mode k propagates into fixed delays with the matched
length kr, where r is the length between pulses from a pump laser. Finally, N photons
are emitted into different spatial modes simultaneously. As shown in Figl5.2(b), a N x N
network consists of two N/2 x N/2 networks. The minimum unit of the network is a
2 x 2 active switch, as shown in Fig. B.2(c). The 2 x 2 switch can be implemented
using one controllable electro-optics modulator, two half wave plates, and two polarizing
beam splitters. Note that total number of 2 x 2 active switches is N[log, N|/2, and the
depth of N x N network is [log, N|. Although this architecture is similar with that of
the combined active switching of a serial-parallel convertor [I10] 140, [144] and a spatial
multiplexed HSPS[116, [146], the depth of our proposed network is reduced to half.

Firstly, to express the enhancement of generation rate of the N-photon parallel state
by use of ASN, the approximate N photon output rate is calculated. Here we assume that
the single photon in a pulse from each HSPS is existed with probability P, (1) of 1 when a
heralding signal is generated. The network loss for each photon is given by 7, = n''°g2 Ny,
where 7 is the transmittance of a 2 x 2 switch and 7 is the average transmission of delay
lines. For the case of ASN using N HSPSs, the approximate N photon output rate is
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given by,

R (11— )™)Y
L+ (N =1{1 -1 —-p"}

where R, is the repetition rate of pulsed laser, and the generation rate of photons from

each HSPS is Ryepp (= RreppFiu(1)). Note that the approximate N-fold coincidence count

rate is Ry, NVpVnY, assuming Np < 1.

Cin(N) (5.1)

Figure £.3(a) shows one example of the 30-photon output rate Cy,(IN) versus the
probability of emitting photons from a HSPS p , for the case of ASN or no use of ASN
(NASN). NASN corresponds to a naive method of 30 HSPSs. p is limited up to 25% due to
the probabilistic sources. The repetition rate is assumed Ry, = 8.2 x 107 Hz, which is the
same with our pulsed laser (Tsunami, Spectra Physics). Blue line indicates the 30-photon
output rates for an ideal system for n = 1 and 7 = 1. These lines increase exponentially
with increasing p, and saturate up to R,.,/n. Orange and green lines indicate the rate for
the case with practical routers to have losses 7 = 0.95 and 0.9. These results also show
that this ASN system can enhance the rate generating the multi-photon parallel state
dramatically even though each HSPS cannot generate photons efficiently. This saturation
is occurred when 1 — (1 — p)™ ~ 1. This result means that even if the number of output
photons is increased, the number of HSPSs is enough for N when 1 — (1 — p)¥ ~ 1. In
comparison, for the case of NASN, the 30-photon output rate increases slowly as increasing
p (Red line). As the conventional HSPS limits p, this NASN method is not practical for
large N. Thus, we found that this method of ASN has scalability to increase the number
of photons for realizing a large-scale photonic quantum processing, even if p is limited for
suppressing the multi-pairs generation from photon pair sources.

Secondly, we consider the generation rate of N-photon parallel state when B (1) is
not 1. The generation rate of N-photon parallel state is Cy,(N)Py(1)Y. The rate is
degraded as P, (1) is decreased. However, B,(1) can be improved with current technologies.
Experimentally, P, (1) is the product of detection efficiency of the detector, collection
efficiency to couple photons into a fiber, and transmittance of optical components. As
the recent development, detection efficiency and collection efficiency can overcome 90%,
respectively [65, T11]. Obviously, it is easy to achieve the ideal transmittance of optical
components. Thus, the enhancement of heralding probability for the multi-photon parallel
state by use of ASN may becomes the final key for realizing large-scale photonic quantum
circuits.

Finally, to confirm the enhancement of generation rate of the multi-photon parallel
state, the enhancement factor R(NV) is defined as the ratio between the generation rate

of ASN and a conventional way, given as,

(5.2)
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where the generation rate of N-photon parallel state from a naive method using N single
photon sources is Ryepp”™ Bu(1)Y. Figure E3(b) shows the minimum threshold of 7 for
achieving enhancement, R(N) > 1, where we assume p = 0.01. When the transmittance
of a 2 x 2 router is higher than the blue dots, the rate generating N-photon parallel
state can be enhanced when compared to the method of NASN. For example, for the case
that the number of photons is four, the minimum threshold of n is 0.5. Note that the

enhancement factor is written as N¥n" when assuming Np < 1.

5.3 Theory of ASN method

Here, we show theoretical description of ASN system using N heralded single photon
sources for generating NN single photons in different output modes in parallel. We first
define the photon number distribution of {th HSPS,

Nn

Pin(n) = 1t N

Zpth 1 — (1 — )™} (5.4)

zah ML~ (1= m)™Hm)" (1 — t)™ ", (5.5)

where n is the number of photon in a pulse, Py (n) is the output probability that a
photon pair source generates n photon pairs. N is the mean number of photon pairs from
SPDC. For single mode SPDC, it follows a thermal distribution. P is the probability
that a heralding signal is produced. mn, is the trigger-mode system detection efficiency
including the detection efficiency of a detector, coupling efficiency of photons into a fiber,
and losses of optical components. Pg) (n) is the probability that n photons are generated
from the N x N router when the heralding signal is obtained. ¢ is the transmittance
between the SPDC source and the output of the HSPS, and 7, is the transmittance
of the active network. For our scheme, the value is given by the transmittance of the
router including the fibers. Using these equations, the heralding probability Peraia(NV)
for N-photon parallel state is,

Praa(N) = - (- IL (- RO (5.6)

+(N = D{1 =TI, (- ROy

In this experiments, the mean number of photon pairs u is negligibly low. Therefore, the

Poeraia(IV) and the N-photon output probability Pr(N) are given as,
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Figure 5.4: Experimental setup of ASN using two heralded single photon sources for
efficiently generating two-photon parallel state. FPGA: field programmable gate array.
FBS: fiber beam splitter. DM: dichroic mirror. BBO: beta barium borate. PBS: polarizing
beam splitter. BPF: band pass filter (2nm). EOM: electro optics modulator. HWP: half
wave plate. FC: fiber coupler. SPCM: single photon counting module. AMP: high voltage
pulsed amplifier.

N

Prerale(N) = {1 = JJ(1 = B")}, (5.7)

=1

ﬁp ), (5.8)

k=1
Po(n) = (PM () + (1 = BOYPE (n) + (1 = BOYPE (n) + ). (5.9)

Pa(n) is the output probability of having n photons at the output port & of the ASN
system. The coincidence rate for N-photon parallel state is Ryep Pr(N)nd .

In our experiment for N = 2, we extended the equation to calculate the rate generating
of undesired two-photon parallel state from our ASN system. The probability of having

two photons at one output and zero photon at another output is given by,

Pai = PH(2)P2(0) + PA(0)P3(2) (5.10)

5.4 Experimental setup of optical system for two-
photon parallel state

We implemented the source using ASN for N=2. A femtosecond pulse laser (Tsunami

with second harmonic generation, Spectra Physics, repetition rate of 82 MHz and central
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wavelength of 390 nm) is used to pump a nonlinear crystal (beta barium borate, Type -
[, thickness of 1.5mm). The pump laser generates photon pairs in the forward direction
(SPDC -A). After passing through the BBO crystal, the laser is reflected by a dichroic
mirror (DM) and generates photon pairs in the backward direction (SPDC-B). For each
photon pair source, one of the photon pairs are detected by a cascaded detector consist-
ing two single photon detectors (SPCM-AQR, Excelitas Technologies) and a fiber beam
splitter, because deadtime (40ns) of the detector is larger than the interval (12.2ns) be-
tween the pump pulse. The time-bin information of heralding signals from four detectors
is recognized by the field programmable gate array (FPGA, National Instruments). The
FPGA generates EO controlling signals and two-photon heralding signals when the target
photons to be controlled are generated from two sources. For this experiment, the target
photons are composed of the four patterns that at least one detection signal appears at
each time o and t; (t; — to = 24.4ns). The details are written in Appendix [Al

The heralded photons from two HSPSs are sent to the two input port (Inl and In2) of
the 2 x 2 router consisting of an electro-optics modulator (EOM), polarizing beam splitters
(PBS), and half wave plates (HWP). Long polarization maintaining fibers (85m, Fiber
delay 1) are used for compensating the delay caused by the electric signal processing. The
active 2 x 2 router is driven by the EO controlling signals from FPGA when the heralding
signals of the target photons are generated. After passing through a fiber delay line (5m,
Fiber delay 2), the target photons to be controlled are routed into the desired two photon
parallel state, which two single photons are emitted in parallel from different output ports
(Outl and Out2). Finally, the two photons are detected by two detectors (D1, D2) . The
4-fold coincidence counts are measured among the detection signals from two SPCMs and
the two-photon heralding signals from the FPGA.

5.5 Experimental results and discussion

5.5.1 The output photon number distribution

To check the performance to experimentally enhance the generation rate of two-photon
parallel state by use of the method of ASN, we implement a four-fold coincidence measure-
ment and compare the four-fold coincidence rates between the method of ASN and NASN.
In Fig. B.5(a), we summarized the observed or estimated coincidence rates between the
heralding signals of two-photon output and the two detection signals at the output, which
corresponds to the generation rate of the heralded two photon parallel state.

Firstly, we evaluate the performance of two HSPSs (HSPS-A and HSPS-B). HSPS-A
and HSPS-B correspond to the source using SPDC-A and SPDC-B, respectively. We
estimate the heralding probability and the probability to generate one photon when the

heralding signal is produced from the experimental parameters B, (1). The heralding signal
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Figure 5.5: (a) Measured 4-fold coincidence counts per a second for the cases of ASN and
NASN (Filled red bars). Meshed red bars corresponds to the estimated value of measured
values when losses of routers are corrected for. (b) Undesired 4-fold coincidence count
rate Cpa + Cyg versus desired 4-fold coincidence count rate C;;. Red and blue dots show
the case of NSAN and SAN. Red and blue lines show the theoretical predictions.

of HSPS-A and HSPS-B p is (3.62 + 0.01) x 1073 and (4.63 & 0.01) x 1073, respectively.
The two-fold coincidence rate from SPDC-A and SPDC-B is (1.44 + 0.02) x 10* and
(2.07£0.03) x 10* cps. Therefore, P,(1)np of HSPS-A and HSPS-B are (4.87+0.01) x 1072
and (5.46+0.01) x 1072 , where np is the detection efficiency of the detector and we assume
1np=0.6.

In our experiments, the measured four-fold coincidence events between heralding sig-
nals and the detection signals from detectors D1 and D2 is 5.79 4+ 0.09 cps, shown in red
bars in Fig. [B.5(a). This result indicates that the two photons are sent to the different
output ports simultaneously with this rate. The coincidence counts is 1.8440.22 cps when
EOM is not operated, indicating that only one of the four target photons (Pattern B) is
emitted. Thus, we confirm that our source enhance the generation rate of the two-photon
parallel state.

To evaluate the enhancement of the generation rate of the two-photon parallel state,
we estimate the enhancement factor R(2) of Eq[5.2l The four-fold coincidence events per
a second can be estimated 3.65 + 0.08 cps from two kinds of the two-fold coincidence
rate from SPDC-A and SPDC-B, (1.44 +0.02) x 10* and (2.07 & 0.03) x 10* cps (the red
mashed bar of NASN in Fig. (5(a)). The enhancement factor is found to be 1.59 £ 0.14,
which exceeds 1. The results indicates that the generation rate of two-photon parallel
state is enhanced by use of the method of ASN. The red meshed bar of ASN indicates

the loss compensated four-fold coincidence count rate 14.574+1.64 cps. Then, we consider
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two kinds of losses; the transmittance of 2 x 2 router written in Table 5.l and the success
probability of detecting a stream of two single photons by a cascade detector consisting of
two bucket detectors and a beam splitter of 50% [146]. When these losses are compensated,
the ratio between the red meshed bar of ASN and NASN is found to be 3.99 + 0.49. The
loss-compensated enhancement factor is in good agreement with ideal value 4(= N?) for
the case of N = 2.

The source to generate the multi-photon parallel state, consisting of multiple HSPSs,
emits occasionally the undesired multi-photon state with the same number of photons
due to the thermal distribution of the output photon number statistics of SPDC. In
the case of N=2, the undesired two-photon state corresponds to the case where two
photons are existed at either output, no photons are existed at another output. To
confirm the generation rate of the undesired two photon state, we further measure the
4-fold coincidence events (Cao + Cp2). C,p indicates that a detector at Out 1 detects a
photons and a detector at Out 2 detects b photons. Figure B5(b) shows Cy+ Cp o at the
output of the ASN and NASN systems versus the desired state C;;. Here, we assumed
that Cy; and Cs are ignored because the mean number of photon pairs from photon pair
sources are small. The rate of generating undesired state using the method of ASN (blue
dots) is suppressed by about half when comparing to the method of NASN (red dots).
The observed results show that we can confirm the suppression of the undesired state
by use of active spatial routing using multiple heralded single photon sources. This is
because the generation rate of the two-photon parallel state is increased by not increasing
the intensity of the pump laser. The obtained experimental results are in good agreements
with the theoretical predictions (blue and red curves). The results are predicted from the

observed experimental parameters summarized in Table 5.1

For the realization of the practical source to emit the multi-photon parallel state, it
is necessary to improve the performance of each HSPS, like as P, (1) = 1. In additional,
if a controllable active network which relocate single photons in the arbitrary spatial and
temporal modes into the arbitrary modes can be achievable, the generation rate of N
single photons is expected to be enhanced up to p. This ideal and deterministic source is
the key to the realization of large-scale photonic quantum computation, communication,

and metrology.

5.5.2 Test of the two-photon interference experiments

Figure shows the Hong-Ou-Mandel (HOM) dip signals between the two photons from
the two outputs from the ASN system. The result in Fig. [.6(a) indicates measured
four-fold coincidence events of HOM dip (Pattern A and Pattern B). The result in Fig.
(.6(b) indicates measured four-fold coincidence events of HOM dip (only Pattern B). The
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Table 5.1: Observed parameters. Each small alphabet of A and B corresponds to HSPS-A
and HSPS-B.

Description Symbol | Value in this work
Mean photon number per pulse (HSPS-A) N 0.063
Mean photon number per pulse (HSPS-B) N 0.116
Trigger-mode system detection efficiency of HSPS-A Mh 0.058(1)
Trigger-mode system detection efficiency of HSPS-B M 0.040(1)
Optical transmittance of HSPS-A t 0.081(1)
Optical transmittance of HSPS-B t 0.091(1)
Assumed detector efficiency D 0.60
Transmittance of 2 x 2 router (Inl - Outl) M 0.683(1)
Transmittance of 2 x 2 router ( Inl - Out2) T 0.726(2)
Transmittance of 2 x 2 router ( In2 - Outl) T 0.743(2)
Transmittance of 2 x 2 router ( In2 - Out 2) T 0.699(2)

visibility of obtained HOM dip is defined as,

N, max ~ N, min

V=
Nmax 7

(5.11)

where Npax and N, is the maximum and minimum parameters of the fitted Gaussian
functions (red curves). The visibilities of the two dips are 72 % and 74%, subtracting
multi-photon pairs. We achieved quantum interference signals which is exceeding the
classical limit (50%). However, the visibility is not ideal. Here, we discuss the reason why
the visibility of HOM dip is decreased. The main reasons which we focus on is the effect
of group velocity mismatch and group velocity dispersion of a single mode fiber.

The effect of group velocity mismatch (GVM) is written in [68]. GVM is due to the
group velocity dispersion in the nonlinear crystal. The HOM dip function by accounting

for the effect of timing jitters between the two photons is,
LAu LAu ! Law) 2
F(r) = / / g(2)g(x) (1 _ () ) ded, (5.12)
0 0

1 1
Au = - (5.13)
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Figure 5.6: (a) Measured four-fold coincidence events of HOM dip (Pattern A and Pattern
B).(b) Measured four-fold coincidence events of HOM dip (Pattern B).

In this experiments, the crystal length of BBO is 1.5um, and the bandwidth of heralded
photons is 2 nm. v, () and v,,(A) are the group velocity of the extraordinary and ordinary
rays for the wavelength A\, which is the down converted photons. g(x) is the photon pair
creation rate in the crystal. 7o is the coherence time of the input photon. As the results,
the estimated visibility from the paper [68] Voyw is 0.929.

The four-fold coincidence events of HOM dip function by accounting for the effect of
group velocity dispersion of single mode fibers between the two photons (see Apendix [B))
is,

1 1 —0%(1 + 2Twp)? + 40°Twy (7 + Twy)
Pio(r) = 1 1P 3
41+ ol 4(1 4 01?)

where I';y = k@ (L; — Ly)/2 is the effect of group velocity dispersion of a fiber (In this
experiment, Ly — Ly = 2.5m). The experimental effect of GVD in the PMF fiber is 225
fs? /mm. wy is the central wavelength of heralded photons 780nm. As the results, the
calculated visibility Voyp is 0.770.

The approximately estimated visibility of the observed HOM dip is,

(5.15)

V =~ VGVMVGVD = 0.715. (516)

This predicted value is almost agreement with the experimental observed values. The
slight differences are due to the mode mismatch between input photons and a non-zero
pump pulse duration [68]. Vgym can be improved by referring [68, [65]. Voyp can be im-
proved by compensated the unbalanced GVD or use of photons with narrower bandwidth.
We think the indistinguishabliity of photons from the QD with micropiller keeps high even
after serial-parallel conversion because of the very narrow bandwidth of generated photons
[110)].
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5.6 Summary

In this section, as the way to increase the heralding probability of the multi-photon
parallel state, we propose the method to efficiently generate N-photon parallel state, by
an active spatial networking (ASN) using a N x N network and optical delay lines. We
show that the proposed method allows us to prepare N-photon parallel state with an
efficiency exponentially greater than N HSPSs with no active routers. We also show an
experimental demonstration of ASN using two HSPSs for generating two-photon parallel
state with the realization of an active spatial 2 x 2 network and a fixed delay. We achieve
enhancement factor of 1.59 + 0.14, compared with the naive source using two HSPSs.
When the losses in the setup are compensated, the enhancement factor of current setup

increases up to 3.99 £ 0.49, which is in good agreement with the theoretical prediction.






Chapter 6

Evaluation of bipartite entanglement
between two optical multi-mode
systems using mode discrete fourier
transform circuits

6.1 Introduction

As we mentioned in the introduction of this thesis, the multi-photon interferometer with
linear optical circuit has been applied for quantum computation [23], quantum communi-
cation [30, 31, 32], quantum sensing |25 26]. Then, one of the most important fundamental
phenomena is entanglement. Until now, various kinds of experiments with entanglement
between two-mode and two-photon systems are reported [88]. As the next step, it is
well known that high dimensional entanglement between two multi-mode multi-photon
local systems can be useful for various quantum applications, such as quantum repeater
[21], 147, [148] or remote state preparation [149].

Photons become a promising platform to encode high-dimensional entanglement in
various degree of freedom, such as polarization mode [141], frequency mode [150} 99|, or-
bital angular momentum mode [I51], 152} [153], temporal mode [154], path mode [I55], the
combination of two modes called hyper entanglement [156]. High-dimensional entangle-
ment with photons have been demonstrated recently in various degree of freedom as not
only fundamental interest but also available state. However, the evaluation of the high-
dimensional entangled state by use of quantum full state tomography (FST) [157, [158] is
a crucial challenge since it is difficult to characterize its non-classical features that scale
up exponentially the dimension of its Hilbert space as the number of photons and modes
increases. FST quickly becomes impractical in higher dimensional entanglement. Thus,
it is desirable to develop more specific theories that make use of convenience to quantify

the observed entanglement.



Chapter 6. FEvaluation of bipartite entanglement between two optical multi-mode
60 systems using mode discrete fourier transform circuits

Recently, the easy and scalable way to verify entanglement has been proposed for
photons, from Wu and Hofmann [47]. Their new proposal is that we can efficiently
evaluate the characteristic signatures of the bipartite entanglement between two multi-
mode systems that is generated by propagating multiple single photons through beam
splitters, one of the high dimensional entanglement. According to their method, we
can verify generated entanglement experimentally just by achieving the photon number
statistics before and after passing through their proposed discrete mode fourier transform
circuits. This results in the exponential decrease in the measurement setups for verifying
entanglement. Note that this method is attractive attention since it can expand to verify

other various kinds of entanglement.

Here, we report the first demonstration for verifying the generated bipartite entan-
glement between two local multimode-multiphoton modes. As the smallest non-trivial
case, we evaluated the entanglement that is generated by propagating three single pho-
tons through three beam splitters. The verification of entanglement is realized using two
super stable 3-mode DFT circuit which are made of linear optics. Then, we use two key
technical approaches; a displaced-Sagnac architecture [25], 34] 159] and a hybrid polar-
izing beam splitter [34]. As the results, we successfully achieved the correlations of the
photon number statistics between the two systems with and without DF'T circuits, and
the sum of the fidelities F;, + Fx = 1.555 £ 0.018, which exceed the lower bound 4/3 for
verifying the generation of entanglement with 12.3 standard deviation. Compared with
the previous method to efficiently obtain the multi-photon tomography [160} 161} 162],

our method is more practical since it can directly verify the generation of entanglement.

6.2 Method to verify the generation of bipartite en-
tanglement

To verify the experimentally generated bipartite entanglement between two optical sys-
tems pexp, it is necessary to confirm correlation between two complementary optical sys-
tems A and B. Our collaborators, Wu and Hofmann, proposed the novel method to verify
the generation of entanglement just by two measurements instead of Full state tomogra-
phy. They have reported that the entanglement can be verified from two sets of output
photon number correlation results between two optical systems by use of discrete fourier
transform (DFT) circuits. In this section, firstly we introduce the state of entanglement
and the method proposed by Wu and Hofmann [47]. Secondly, we explain the case of

verifying three-photon entanglement between two three-mode systems.
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Figure 6.1: Schematic illustration of setup to generate the bipartite entanglement between
two optical systems A and B. The total number of photons is M. M detectors in mode
A detect N photons, and M detectors in mode B detect M — N photons.

6.2.1 Bipartite entanglement between two optical multi-mode
systems

Here, we discuss the generation of entanglement between two local mode A and B. As
shown in Fig. 6.1l M photons in M input modes is split by M beam splitters (BSs) and
divided into two local separate modes A and B. Then, the photon number state [1y) =
(1) 5 0)g + 10) 5 |1)5)/V2) “M is obtained. However, the Hilbert space existed in [¢y),
between mode A and mode B, includes many different photon number distributions. For
accessing the entanglement subspaces of each local mode A and B, it is useful to postselect
the total numbers in the local modes by detecting the distribution of N photons in mode
A, and M — N photons in mode B within each local system. Then, the entanglement

state |pnar—n) is given by,

PN pp—— <SS (6.1)

(1)

where n are the M-dimensional vectors describing the photon number distribution of the

local M modes, and |n) , |m) 5 satisfies n +m = (1,1,...,1).

6.2.2 Verification of generating entanglement

First, the photon number statistics of generated entanglement pey, is measured. The
schematic setup is shown in Fig. [6.Jl Then, we just get the correlation when N photons
are detected in the system A and M — N photons are detected in the system B.
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Figure 6.2: Schematic illustration of setup to achieve the photon number distribution
between the output modes of DFTs.

Secondly, it is important to obtain the parameters of coherence in the generated en-
tanglement pey,. The coherence of the generated state have to be achieved to verify the
state as the quantum state. Although it is necessary to identify the quantum coherence
of the generated entanglement between the mode A and B, the detected photon number
distribution in Fig. does not include the information. To solve this problem, as shown
in Fig. [6.2 it is useful to use the application of discrete fourier transforms (DFTs) to
relate two sets of modes to each other, which is proposed in Wu'’s paper [47]. The DFT
Ur consisting of the matrix elements that connect the output photon number distribution
in output modes k to the input photon number distributions in input modes m is given
by,

M-1
LSt Al ]. 227
TbTU _ Z —i2Zkm At 6.2
FYEYF —C Ay - ( . )
m=0 M
According to DFT, the state of entanglement pey,. is transformed to,
ﬁexp. — UF & UFﬁexp,leJ;r\ ® U];F‘ (63)

This state has the information of coherence in the real part. Thus, the second step for
verification is to achieve the photon number distribution between the output modes of

DFTs. Note that this measurement is also postselection for N photons in mode A and
M — N photons in mode B.
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As the next step, the fidelity are calculated from the observed two photon number
distributions. The observed correlation in the poseselected photon number distribution
between input modes without DFT can be evaluated by the fidelity F},. F,, is given by the
probability of the observed distribution, and summing over the probability of all correctly
correlated combinations of photon number distributions (n,7) (the bases of Eq. [G.1)

between mode A and B,

Fo =Y (n7 pexp. InM), (6.4)
where peyp. is the density operator of the experimentally generated state. Similarly, the
observed correlation in the postselected distribution between the output modes of DFT's
can be quantified by the fidelity Fx. Fk is given by the probability of the observed

photon number distribution, and summing over the probability of all correctly correlated

combinations of photon number distribution (14, n5) between mode A and B,
FK = Z <’I’LATLB| UF & UFPAGXP.O; X U;L |’I’LA’I’I,B> . (65)

Based on the relation between photon number distributions before and after the DFTs,
we can verify the observed entanglement between two multi-mode systems. When the

generated state is at least entangled, the lower bound of F,, + F is given by,

Fo+Fx>1+ (6.6)

miny, d,,’
where 0 < F,, <1, 0 < Fxg < 1. The detail discussion of the value is given in [47]. Any
state that exceeds this bound is entangled. We can verify the M-photon entanglement
between the two-mode local system by evaluating the the correlations between the posts-
elected photon number distributions in the input modes and the output modes of DFTs.
If the experimental state peyp. exceed the lower bound, the generation of entanglement
is verified. Note that if the generated state is not entangled (separable state or mixed

state), F, + Fix can not overcome the bound, max F,, = 1, max Fx = 1/ min, d,,.

6.2.3 k-value

Here, we introduce the k-value, and the correlation of k-value between two system. But
the detail definition of k-value can not be written here because it is so complicated.
Therefore, please see ref [47].

The operation of DFT is based on the cyclic ordering of the modes between input and
output. This cyclic operation can be used to define the cyclic mode shift operator ST,
The cyclic mode shift operation that transforms the creation operator of the nth mode
into the operator of the (n+1)th mode,

S, ST = Ginsy, (6.7)
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where Gy_1 is transformed into do. For example, S]110) = |011). This shift operator
applies to the output state after DFT. The effect of the output mode shift operation is
given by,

SUHm) = KU n). (6.8)
k-value K (n) is the value of the total mode index of the photon number state |n) is given
by,

K(n) = Z_: ngk  (modM). (6.9)

For the case of [1100), K'is 1 (=0 x 14+ 1x1+2x 043 x0).

According to the k-value correlation between two systems A and B, we can estimate
the output photon number distribution of DFT. If the input state is ideally entangled,
the bunching effect of the output photon number distribution of DFT is appeared when
K4 + Kp=0. For our experiments of M = 3, the bunching effects are appeared when
Ky=Kp=0,Ky=1and Kg=2,0or Ky =2and Kg=1.

6.2.4 Specific case for three-photon entanglement between two
three-mode systems

As the non-trivial case, we performed the experiment for the three photons, and verified
the generated three-photon entanglement between two three-mode systems. Then, the
ideal entangled state between two optical systems A and B is,

1
V3

This state |¢o1) indicates entanglement with the eighteen dimensional Hilbert space

|po1) = (|110) 4]001) g + |101) 4]010) g + |011) 4|100) ). (6.10)

between the six dimensional Hilbert space of two photons in the three modes of A
{|110) 4, |101) 4, |011) 4, |200) 4, |020) 4, ]002) 4}, and the three dimensional Hilbert space
of the single photon in the three modes of B {|100) s, |010) 5, |001) 5}. In the experiments,
there is a possibility that two photons in the system A are detected in the same mode
due to the unwanted multi-photon pair generation from the sources. According to the

equation [6.4] F), consists of three of eighteen possible outcomes for the case of |2 1),
Fp, = Peyp. (110,001) 4+ Peyp.(101,010) + Peyp. (011, 100), (6.11)

where Pexp (pa, PB) (€X. Pexp (110,001) = (110001 |pexp.|110001)) is the pattern probability
represented by the photon number distribution in A and B. When DFTs are applied to
|¢2.1), the the ideal state between the output of DFTs is,

- V2
UpUp|da1) = ~=(]002) 4|001) 5 + |020)4]010) 5 + [200) 4|100) 5)

N 3 (6.12)
+ §<|110>A’001>B + ’101>A’01O>B + ‘110>A‘001>B)-
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Then, the six outcomes are related to the correlation of the two k-value K, and Kz in A
and B. In other words, the outcomes of Eql6.12]is appeared in K4 + Kg = 0. According

to the equation [6.5] F consists of six of eighteen possible outcomes,

Fx = Py (110,001) + Payy.(101,010) + Py, (011, 100) (6.13)
+ Py (200, 100) 4 Payp.(020,010) + Py (002, 001).

For the case of three photons, d, is 3. Therefore, generation of entanglement can be
verified if,

4
Fn+ Fg > g (614)

Note that the maximum of F,, + Fk is 4/3 when the generated state is separable state.

6.3 Experimental setup

Mirror

Figure 6.3: The experimental optical setup of generating and evaluating entanglement.
Input three photons are generated from a heralded single photon source and a photon pair
source. A heralded photon and a pair of photons is input into a polarization independent
mode DFT. After 3 photons enters a polarization independent mode DF'T, the output
photons are detected with a heralding signal.

Figure shows the experimental setup to verify entanglement. This consists of the
three photon source, a super stable polarization independent discrete fourier transform

circuit, and the measurement system. In this section, we explain them on detail.

6.3.1 Construction of a three-photon source

Figure (a)/(b) shows the schematic setup of a 3-photon generating source and the

optical implementation of the source. For the 3 photons required for the entanglement
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Figure 6.4: (a)The schematic setup of a 3-photon generating source consisting a heralded
single photon source and a photon pair source. When two independent sources fire si-
multaneously, the three-photon parallel state is generated. (b) Optical implementation
of a photon pair source and a heralded single photon source. BPF : Band pass filter (A
=2nm), FC : Fiber coupler, PMF : Polarization maintaining fiber.

generation, we constructed a heralded single photon source and a photon pair source.
A femtosecond pulsed laser (Tsunami with second harmonic generation, Spectra Physics,
repetition rate of 82 MHz and central wavelength of 390 nm) is used to pump a beta barium
borate (BBO) crystal (Type-I, thickness of 1.6mm). The injected pump laser pulses
generate photon pairs via the process of spontaneous parametric down conversion, in the
forward direction. After passing through the BBO crystal, the pump laser is reflected by a
mirror and generates photon pairs in the backward direction. The generated photons are
coupled into the polarization maintaining fibers, after removing the scattered pump light
by using an interference filter (center wavelength of 780 nm, full width at half maximum
of 2nm). One of the photon pair is used for a heralded single photon source, and another
is used for a photon pair source. Then, the heralded photons and the pairs of photons

were delivered to the input of the DF'T circuit or directly to the measurement system.

6.3.2 Super stable polarization independent discrete fourier trans-
form circuit

As referred to ref [84], we designed and constructed the 3-mode discrete fourier transform
circuit. Figure 2(a) shows our designed 3-mode DFT, consisting of some kinds of linear

optics; balanced beam splitters (R=1/2), a unbalanced beam splitter (R=1/3), and phase
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Figure 6.5: Optical quantum circuit for evaluating entanglement. (a) Design of optical 3-
mode discrete fourier transform. which are consisted of linear optics. BS : Beam splitter.
UBS : Unbalanced beam splitter (Reflectance of 1/3). PS : Phase shifter. (b)Photonic
scheme using two DFTs Red arrow corresponds to mode A (T : Transmittance mode of
BS, and H : Horizontal mode of polarization of photon). Blue arrow corresponds to mode
B (R : Reflectance mode of BS, and V : Vertical mode of polarization of photon).(c)
A semi-simplified circuit of Figl6.B(a), made by polarization independent DFT circuit.
PBS : Polarizing beam splitter. HWP : Half wave plate. (d)A final simplified circuit of
Figl6.hl(a). This system includes one super stable optical interferometer realized by using
displaced Sagnac architecture. A hybrid beam splitter (HBS) includes two planes, the
reflectance of them is 1/3 and 1 (mirror).
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shifters. The matrix of 3-mode DFT Uy is given as,

™

(6.15)
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Figure [6.5I(b) shows a schematic of the optical quantum circuit for generating and
evaluating the bipartite entanglement between two local modes. Input 3 photons are split
by 3 beam splitters (BSs), and are divided into two local systems A (transmittance side)
and B (reflectance side). The generated state passes our two designed 3-mode DFT circuits
which is consisted of linear optics. Finally, for accessing the entanglement subspace, we
measured the postselected events by detecting the distribution of 2 photons in mode A,
and 1 photon in mode B within each local system. Note that three phase sifters on the
input side are removed because of over all phase for the bipartite entanglement, and three
phase shifters on the output side are also removed because of no interference between
modes after them.

To realize the optical circuit of Figlo.5(b), it is necessary to stabilize the drafts and
vibrations of the optics between the two 3-mode DFTs. Then, we designed a stabilized
quantum circuit, using a polarization independent optical DFT circuit. By replacing BSs
with half wave plates (HWPs), it is possible to realize the system of Fig. [6.5(c) with only
one polarization independent DFT circuit (Figlo.5l(c)). Furthermore, in order to stabilize
the path difference inside the interferometer, we realized a highly stable photonic quantum
circuit for the simplified 3-mode DFT for evaluating the bipartite 3-photon entanglement
between the horizontal(A) and vertical(B) modes (Figlehl(d)), by using the technologies
of polarization independent displaced-Sagnac architecture [25, 159, 34] and a hybrid beam
splitter (HBS) [34] which contains an unbalanced BS (R=1/3) and a mirror. In this setup,
all the input 3-photon pass though the same optical components inside the interferometer
so that all the modes are super-robust against any drafts and vibrations of the optical

components.

6.3.3 Measurement of photon number distribution

Here, we measured the photon number distribution of the generated entanglement and the
output state of DFTs. As the measurement system in Fig. 6.3, we used 3 fiber polarizing
beam splitters (FPBS), 3 fiber beam splitters (FBS), and 10 detectors. A FPBS is used
for separating the each output mode to horizontal and vertical modes. A FBS is used
for counting 2-photon in one mode events at the mode A arm. Using the system, the
distribution was measured with postselected detection using the 4-fold coincidence counts
among 2 photons in mode A (Horizontal mode), 1 photon in mode B (Vertical mode), and

the heralding signal from a heralded single photon source. Then, we can obtain the 18
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possible combinations of four-photon coincidence events by use of Multi channel photon
counter (DPC-230, Becker & Hickl GmbH).

6.4 Details of our DFT circuit

6.4.1 Hong-Ou-Mandel interference at each beam splitters

(a) Mirror Block (b) Mirror

@

ety \ Block

Beam splitter

— R=1/3 Hybrid beam
—»  Mirror splitter

Half wave plate

Phase shifter

Block = . Detector

Figure 6.6: Schematic illustration of Hong-Ou-Mandel (HOM) interferometer using hor-
izontal (H) or vertical (V) two photons at one of the beam splitters consisting of discrete
mode fourier transform (DFT) circuit. Then, the unwanted optical path is blocked. In
the DF'T circuit, HOM interference using two photons have been occurred three times.
(a)HOM interference using photon pairs from a photon pair source at the balanced BS.
(b) HOM interference using two photons from independent two heralded single photon
sources (HSPS) at the HBS. (¢) HOM interference using two photons from independent
two heralded single photon sources (HSPS) at the BS.

Figure shows a schematic illustration of Hong-Ou-Mandel (HOM) interferometer
using horizontal (H) or vertical (V) two photons at one of the beam splitters consisting
of discrete mode fourier transform (DFT) circuit. At the first BS, we measured the two-
fold coincidence counts using two photons from a photon pair source, as shown in Fig.
B.0(a). At the second HBS and BS, we measured the four-fold coincidence counts using



Chapter 6. FEvaluation of bipartite entanglement between two optical multi-mode
70 systems using mode discrete fourier transform circuits

(a) [x103/s] (b)  [x 102 /240s] (c) [x102/300s]
2.5F T T T 5 T T ARSI T IAARRS 1.0 T

—_
N
-
.

2-fold coincidence counts
»»
‘.
4-fold coincidence counts
4-fold coincidence counts

o
ol
o
o
o
ol
o
o
O
~
o
o
J ok
~
o
o
o
~
o
o
o
~
o
o

[Ned

o

7O
—

[N

—

N

L T e Mty

4-fold coincidence counts
4-fold coincidence counts
N

2-fold coincidence counts

o
, ©
e
o

Delays [um] Delays [pm] Delays [um]

Figure 6.7: (a)Two-fold coincidence counts at the BS using photon pairs. The upper
figure shows the signal using two horizontal (H) photons, and the lower figure shows the
signal using two vertical (V) photons. (b)Four-fold coincidence counts at the HBS using
heralded photons. (c¢)Four-fold coincidence counts at the BS using heralded photons.

two heralded photons from different heralded single photon sources, as shown in Figs.
(b)/(c).

Figure shows the observed dip signal of HOM interference. Then, we evaluated
these visibilities on the basis of H and V. As the results, the visibilities are 0.928 + 0.008
and 0.930 £ 0.008 at the first BS on H and V polarization (Fig. [6.7(a)), 0.869 &+ 0.095,
0.871 £ 0.066 at the second HBS on H and V polarization (Fig. [67(b)) (this value is
compensated using the ideal visibility 0.866), 0.864 +0.016, 0.895 +0.095 at the third BS
on H and V polarization (Fig. [67(c)). Note that they are subscribed the multi-photon

generation.

6.4.2 Experimental behavior of the custom hybrid optic ele-
ments

We measured each reflectance of a BS and a HBS, assuming the same reflectance on the
basis of H and V. It is found that the reflectance of the first BS is 0.52, that of the second
HBS is 0.36., and that of the third BS is 0.46.

6.4.3 Stability of optical DFT circuit

To confirm the stability of our constructed optical DF'T circuit, we measured the detection

signals from the Mach—Zehnder interferometer (MZI) with changing the phase of one path
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Figure 6.8: (a)Optical setup to confirm the stability of our DFT circuit. (b)Schematic
detection signals of MZI.
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Figure 6.9: (a)The location of the step number of the mechanical moter for the glass
plate. Black dots corresponds to the case of ¢n.. Blue dots corresponds to the case of
¢x/2.- Red dots corresponds to the case of ¢uin. (b)The visibility of MZI.

for a few days. Figure[6.§|(a) shows the schematic setup of MZI of our DFT. Single photons
at 780nm are inserted into one input mode, and the output photons are detected by a
single photon detector. As changing the phase ¢q cyclically, we measure the detection

fringe signals for over 5000 minutes [Fig. [68(b)]. Once a eight minutes, we check the
visibility of MZI Vyz1 given as,

Nmax - Nmin

6.16
Nmax + Nmin - 2Ndark, ( )

VMZI =

where Ny, Nmin, Naark 18 the counts for the maximum, minimum, and dark counts of
the detector. Ngax is 518 counts per a second. In our experiments, we rotate the grass
plate as the phase shifter with the mechanical system. The angle of the grass plate is
changed with 0.000125 degree per one step. Figure [6.9(a) shows the step number of the
mechanical moter for the glass plate for the patameters ¢uax, Pmin, ¢r/2. Black, red, and
blue dots correspond to Gmax, Pmin: Pr/2- @x/2 is setted to the average step of ¢pax and
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Gmin- This results means that the step number of the mechanical moter for ¢pg = 7/2 is
stabilized for over 5000 minutes. Figure[6.9(b) shows the obtained visibility Viiz for over
three days. As the results, we could confirm the stability of our optical DFT circuit for

over 5000 minutes. The average Vyiz is 1.008 4= 0.007.

6.5 Experimental results and discussion

6.5.1 Experimental verification of generating entanglement

(a) (b)

SjuLAy
Afiqeqoig

200 %
o
=
3 Z
r
Q\P —— : 0 01)3
S @’@i@v@‘* — /1/(')01)3)3 @Xi?
15, 4\\ IS K=y
\2 /t; §1

Figure 6.10: (a)Experimental photon number distribution of the entanglement |¢q1).
(b)Ideal photon number distribution of the entanglement |¢2 ;). (c)Experimental photon
number distribution of the output modes in a DFT. (d)Ideal photon number distribution

of the output modes in a DFT.

Figure shows (a)/(b) the experimental/ideal photon number distribution of pho-
ton number detection events for the state |¢o1), and (c)/(d) the experimental /ideal photon
number distribution of photon number detection events for the output state of a DFT.
K4 and Kp are k-value in the system A and B. For the case before DFTs in Fig.4(a), 3
bunching effects were appeared almost equally on the basis {|011) 4]100) g, |101)4]010) 5,
|110) 4]001)p}. For the case after DFTs in Figlo.I0(c), 6 bunching effects were ap-
peared biaselly on the basis {]|200)4]100)p, [020)4|010)5, |002)4]001)p |011)4]|100)z,
|101) 4|010) g, |110)4]001)5}. Each raw data is tables Both results in Fig.
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Figure 6.11: Loss-compensated photon number distribution of Fig. [6.10(c).

6.10(a)(c) agree well with theory in Fig. B.I0(b)(d). From these measurement, we calcu-
late the fidelities F;, and F to the ideal target state |¢21) of Figle.I0(b) and ZA]F(AJF|¢271>
of Figl6.10(d). As a result, we found F;, = 0.843 £0.011 and Fx = 0.712 4+ 0.014, respec-
tively. The sum of them is F}, + Fx = 1.555 + 0.018. The value exceeds the lower bound
4/3 with 12.3 standard deviation. We hence can verify that the generated state is entan-
gled in this way. Note that the asymmetry in the counts is due to a slight misalignment in
the experiment. Errors in the fidelity are calculated by using statistical Poissonian errors
in count rates. With this method, it is possible to judge whether the generated state is
entangled, using two kinds of measurement, nonscalably.

Figure shows the loss-compensated output photon number distribution. Here,
we estimate the distribution before coupling into fibers (FPBSs and FBSs). As the total
losses of the measurement system including fiber couplers are unbiased, the amplitude of
the bunching of Fig. [6.10(c) is slightly unbiased.

Table 6.1: The experimentally observed raw data of a set of the 18 combinations of
four-photon coincidence events after 3-mode DFT’s.

| [ 1200)4 [ [011)4 [ ]020)4 [ [101)4 [ ]002)4 | [110) 4 |

1100)5 || 186 7 18 27 16 29
010)5 || 20 56 276 05 30 58
001)5 || 30 54 22 A7 | 238 | 139

6.5.2 Photon number distribution for the case that k-value is
not correlated

To confirm the photon number distribution and the fidelity when the k-value is not corre-

lated, we measured the output photon number distribution when the timing of inputting
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Table 6.2: The experimentally observed raw data of a set of the 18 combinations of
four-photon coincidence events before 3-mode DFTs.

| [ 1200)4 [ [011) 4 [ ]020)4 [ [101)4 [ ]002)4 | [110) 4 |

[100)5 [ 22 296 12 18 2 22
010)5 || 8 14 2 307 0 19
001)5 || 14 12 10 7 0 270

Table 6.3: The experimentally observed raw data of a set of the 18 combinations of
four-photon coincidence events after DFTs in the case of mode mismatch.

| [ 1200)4 [ [011)4 [ ]020)4 [ [101)4 [ ]002)4 | [110)4 |

1100)5 | 20 64 22 46 20 73
010)5 || 38 95 40 112 | 48 129
001)5 || 42 112 | 48 87 38 124

three photons to the circuit is completely shifted. When the k-value is not correlated, the

output state is given by,

UpUr| ) = (]002) 4|001) 5 + ]002) 4|010)

1

3v3

+1002) 4/100) 5 4 ]020) 4|001)

+]020) 4|010) 5 + ]020) 4|100) 5

|200>A\001>B +1200) 4/010) 5
)a

[100)2)+ (6.17)

2 (]110) 4|001) 5 + |110) 4]010

gf(! )4|001) 5 + [110) 4[010) 5

+[110) 4/100) 5 + |101) 4]001)

+]101) 4|010) 5 4 |101) 4| 100) 5

+]011) 4|001) 5 + |011)4|010)
)a

+1011) 4/100) ).

Figure [6.12(a)/(b) shows the observed/ideal correlation of the output state for the case
of three mode mismatch. We found Fx = 0.344 £ 0.014. Fyx + F,, = 1.187 £ 0.018
is smaller than the bound of 4/3 with 8.1 standard deviation. We emphasize that the
entanglement emerges only as a result of photon bunching. This bunching effect can also
be seen in the high probabilities for two photons in the same mode. Without this effect
of multi-photon interference, the correlation of k-value disappears and the probability of
finding the photons in separate modes increases to twice that of finding the photons in
the same mode. Note that when losses of the measurement system are corrected, the

unbiased bunching effect of Fig. [6.12]is almost changed.



6.5 Experimental results and discussion 75

Aniqeqoug

Figure 6.12: (a)Experimental photon number distribution of the output modes in a DFT
for the case of three mode mismatch.(b)Ideal photon number distribution of the output

modes in a DFT for the case of three mode mismatch.
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Figure 6.13: Loss-compensated photon number distribution of Fig. [6.12)(a).

6.5.3 Estimated photon number distribution

Here, we estimate the effect of possible error sources on the performance of the circuit,
and the reason of the non-unity fidelities F),, and F. The degradation in the observed
visibility of the two photon interference is due to the spatio-temporal mode mismatch of
the photons. Based on the analysis similar to ref. [163], we found the fidelities before
and after the 3-mode DFT (F,=0.867 and Fx=0.729), where the multi-pair emission
events from two photon pair sources and the actual reflectivity of the BSs are taken into
account. The sum of them is 1.596. These three values are good agreement with the
measured fidelities. Figure shows the calculated output photon number distribution
,which is relatively similar to the observed distribution in Fig
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Figure 6.14: Estimated photon number distribution between two three-mode systems
with and without DFTs.

6.5.4 Tighter bounds of quantum state fidelity

Here we evaluated the robustness of the state |¢2 1) in terms of the quantum state fidelity

Fitate to potential error sources [47].
The qunatum state fidelity gives a lower bound for both fidelities.

mln(Fn + FK) = 2Fstate- (618)
If we apply the entanglement criterion of eq6.14] the lower bound for separable states is,
min(F, + Fx) = 4/3. (6.19)

We find that this limit is always exceeded for Fy.e > 2/3. A quantum state fidelity of
more than 2/3 guarantees entanglement verification using the criterion of eq. Note
that the sufficiency of 2/3 fidelity for the generated entanglement is derived from the

worst case for M=3.

6.6 Summary

In this section, we first demonstrated the novel method to verify the generation of bipartite
entanglement between two optical multi-photon and multi-mode systems by use of mode
fourier transform circuits. The experiment for verifying entanglement was realized using
two super stable 3-mode DFT circuit which are made of linear optics. Here, we used
two key technical approaches; a displaced-Sagnac architecture [25, [34] [159] and a hybrid
polarizing beam splitter [34]. As the results, we successfully achieved the correlations of

the photon number statistics between the two systems with and without DFT circuits,
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and the sum of the fidelities F},+ F = 1.55540.018, which exceed the lower bound 4/3 for
verifying the generation of entanglement with 12.3 standard deviation. Our experimental
results pave the novel way to understand the entanglement with high dimensional degree

of freedom by use of a few resources for evaluating the quantum state.






Chapter 7

Summary of this study

In this thesis, the author studied about two research for quantum technologies using
multi-photon interference. The first topic is the efficient generation of the multi-photon
parallel state as the input state of the quantum circuit (Chapter 3-5). The second topic
is the first demonstration of the novel method to evaluate high-dimensional entanglement
between multi-photon and multi-mode systems (Chapter 6).

In Chapter 3, we reported the realization of a multiplexed heralded single photon
sources using photon number resolving detectors, for suppressing the probability of gen-

erating more than two photons in a pulse. As below, we summarize the results.

e We developed the theory of the photon number distribution of multiplexed HSPSs
using cascaded on—off detectors. According to our numerical analysis, we found that
even a small number of detector cascade is very effective in reducing excess photon

emission.

e We realized the multiplexed HSPS using cascaded on—off detectors. Compared to
the conventional HSPS, the two-photon probability was reduced to 44.2+ 0.7 %.

In Chapter 4, we reported the serial-parallel conversion for single photons with herald-
ing signals. The convertor can route a stream of single photons from only one source into
different spatial mode, and emit the multi-photon parallel state. As below, we summarize

the results.

e We theoretically compared the conversion efficiency for multiple heralded photons
with that for unheralded photons, and found that a serial-parallel conversion using

heralding signals could be more efficient.

e With the realization of the two-photon serial-parallel converter, we confirmed the
success of serial-parallel conversion for the case of two heralding signals. As a result,

we achieved a conversion efficiency of 0.533 4 0.003, which exceeds the maximum
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achievable efficiency of 0.5 for serial-parallel conversion using unheralded photons,

and is double the efficiency (0.25) possible using beamsplitters.

In Chapter 5, we reported the generation of multi-photon parallel state using actively
spatial routing network. We proposed and demonstrated the alternative method to effi-
ciently generate the multi-photon parallel state by use of an active N x N network. As

below, we summarize the results.

e We found that the proposed method allows us to increase the efficiency to prepare
N-photon parallel state exponentially when compared with the naive method of N
HSPSs.

e With the realization of an active spatial 2 x 2 network and a fixed delay, we achieved
enhancement factor of 1.59+0.14, compared with the naive source using two HSPSs.

We confirmed the performance of our proposed method.

In Chapter 6, we reported the evaluation of bipartite entanglement between two optical
multi-mode systems using mode discrete fourier transform circuits. This method was
proposed by our collaborators. The method decreases exponentially the resources for

verification of generated entanglement. As below, we summarize the results.

e The verification of entanglement was realized using two super stable 3-mode DF'T
circuit which are made of linear optics. Then, we used two key technical approaches;

a displaced-Sagnac architecture and a hybrid polarizing beam splitter.

e We successfully achieved the correlations of the photon number statistics between
the two systems with and without DFT circuits, and the sum of the fidelities F,, +
Fx = 1.555 4+ 0.018, which exceed the lower bound 4/3 for verifying the generation

of entanglement with 12.3 standard deviation.

Recently, Kaneda and Kwiat reported the high efficient single photon generation via
active time multiplexing on active time multiplexing [164]. Remarkably, their source emits
single photons with the probability of 67% when heralding signals are generated. This
is the most efficient source of the world, including single emitters. In their paper, they
also mentioned the possible improvement about suppression of unwanted multi-photon
generation and the way to do multi-photon interference experiment using their single
photon source. These problems can be solved by our research written in Chapter 3 and
Chapter 4. These recent results indicate that the active routing of single photons with
heralding signals has the possibility to realize the deterministic single photon source and

the deterministic source to generate the multi-photon parallel state in the near future.
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Detail on 2 x 2 router

Routing the two photons from two HSPSs
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Figure A.1: (a)Schematic illustration of our 2 x 2 router. There are four patterns
(A,B,C,D) as control targets, and one output pattern as controlled target. (b)Electrical
pulse sequences from FPGA as EO controlling signals. These sequences are obtained by
an oscilloscope.
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In this appendix, we show the performance of our 2 x 2 router about the details of the
control targets which are converted to two-photon parallel state and the electrical pulse
sequences from the FPGA.

Figure[A.T|(a) shows the schematic illustration of the 2 x 2 router that we made. In the
main text, the generated photons from a HSPS in the forward direction (HSPS-A) and
a HSPS in the backforward direction (HSPS-B) are emitted into the inputs (Inl, In2) of
the 2 x 2 router. Then, there are four patterns as control targets calling Pattern A,B,C,D.
Patten A is the case where HSPS-B generates a stream of two single photons. Pattern B
is the case where HSPS-A generates a photon at time ¢, and HSPS-B generates a photon
at time ¢;. Pattern C is the case where HSPS-A generates a stream of two single photons.
Pattern D is the case where HSPS-B generates a photon at time ¢ty and HSPS-A generates
a photon at time t;. After the routing, all the patterns are converted to the desired two-
photon parallel state, which two single photons are generated in different spatial modes
(Outl, Out2) in parallel. Note that the illustration of filled pulse means the existence of
a single photon in a pulse, and the illustration of unfilled pulse means the no existence of
any photons in a pulse.

Figure [A.Tl(b) shows the electrical pulse sequences from the FPGA as EO controlling
signals. These sequences are obtained by an oscilloscope. The horizontal axis indicated
the time from the detection signal of the first photon from a SPDC. According to the four
patterns (A,B,C,D) as shown in Fig[A.T|(a), the number of the patterns of EO controlling
signals is also four. When a HSPS-A (-B) direction generates a stream of two single
photons, FPGA emits an EO controlling signal of ON (OFF) at ¢, and OFF (ON) at ;.
When a HSPS-A (-B) direction generates a photon at ¢, and a HSPS -B (-A) direction
generates a photon at ¢;, FPGA emits the signal of ON (OFF) at t, and ON (OFF) at

t;. Fach EO controlling signal corresponds to the pattern of control targets.

Testing FPGA controlled switching scheme

To confirm the operation of the FPGA program which we made, we measure the two
output signals; heralding signals and EO controlling signals when two TTL signals from a
digital pulse generator (DG645) are input. Figure [A.2] shows the schematic setup to test
the FPGA controlled switching scheme. The pulse width o signal A and signal B is 40
ns, and the relative time between the rising edge of the two signals are changed. The two
TTL signals, Signal A and Signal B, are converted to LVDS signals, and are connected to
the FPGA system. The two output signals from the FPGA are converted to TTL signals
again, and are measured by an oscilloscope (OCS). In DG645, the two input signals are
copied, and input to OCS. In the main experiment, the heralding signals of HSPS-A are
input into the ports (input 1 and input 2), and the signals of HSPS-B are input into the
ports (input 3 and input 4).



83

Digital pulse FPGA system WVDSSSTTL
generator Input 1
TTL-LVDs Heralding 77774,’33
DG645 Signal A j:jfﬁ Input 2 signal _— 0Cs
s Input 3 EO controlling ,7,,%3:: \j
— signal o

. | t4
Signal B LS

Signal A (Copy)

Signal B (Copy)

Figure A.2: Schematic setup for testing FPGA controlled switching method. The two
input signals are emitted from a digital pulse generator (DG645). LVDS : Low voltage
differential signaling.

Figure [A.3 shows the obtained signals from OCS. The signals in Fig. [A.3[(a)/(b)
indicates the case where signal A and signal B input to input 1 and input 2, respectively.
This corresponds to Pattern A. The signals in Fig. [A.3[c)/(d) indicates the case where
signal A and signal B input to input 3 and input 4, respectively. This corresponds to
Pattern C. The signals in Fig. [A.3(e)/(f) indicates the case where signal A and signal B
input to input 1 and input 3, respectively. This corresponds to Pattern B and Pattern D.
Note that if the delay is applied to signal A, the heralding signals are disappeared.

Finally, I comment about the configuration of the FPGA program. First, the addi-
tional fluctuation of the rising time of 1/Rppga is occurred, where Rppga is the sampling
rate of the FPGA. This is because the FPGA read the input analog signal in the digital
signal. Therefore, in the experiments of FPGA, the rising time of the active switch in-
cludes 1/Rppga. Note that reading the time of only the rising edge of the input signal
is better for stable behavior than reading the time of both the rising and falling of the
signal. Secondly, the sampling rate of the FPGA has to overcome the repetition rate
of the pump pulsed laser with the difference of two times. Thirdly, I used basically the

method of pipeline as the structure of the program which I made.
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Figure A.3: Two kinds of TTL signals (A,B) from DG645, and heralding signals and EO
controlling signals from the FPGA, obtained by an oscilloscope (OSC). (a)(b) The signals
are obtained for input 1 and 2. (c)(d) The signals are obtained for input 3 and 4. (e)(f)
The signals are obtained for input 1 and 3.



Appendix B

Theory of two photon interference
between photons with the effect of
group velocity dispersion

Unbalance GVD medium
(PMF, Length of L; — L,)

HSPS Active -
convertor -
Pump Detector
pulses BPF Controller > :.
OD BS Detector
-1—1—1—< I elay
e -o—o—H- EOM H > ® —@-»
A stream of o\ /‘ PBS Tunable

two photons HWPs delay HOMI

Figure B.1: Schematic illustration of two-photon interference experiment between two
photons from a serial-parallel convertor. Unbalanced GVD medium causes the degrada-

tion of the visibility of HOM interference.

Here, we calculate the theory of two-photon interference between independent heralded

single photons with the unbalanced effect of group velocity dispersion. This equation is
developed with reference to the papers [165] [166], [167] and the advice of Prof. Okamoto. In

our experiments, the multi-photon parallel state consists of multiple photons which pass

through various optical path. Especially, each photon propagates into fibers with different

length. In our calculation, we assume that the delay fiber has group velocity dispersion

which we can not ignore. Note that we use the model of serial-parallel conversion as

non-trivial case.
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Figure [B.1l shows the schematic setup of Hong-Ou-Mandel (HOM) interferometer by
use of a two-photon serial-parallel convertor. The initial four photon state |¥,) is the

product of two independent heralded single photons,

’\Ij4> = //// dwildwidesldWSQfl(wibwsl)fQ(wQ?wSQ) (B].)
T

diTl (wit)ag, (Wi2)dg1 (wSl)dZQ (ws2)[0)

where the label of operators and joint spectral amplitude and frequency indicates the
first(1) or second(2) photons of a stream of two photons at the arm of signal(s) or idler(7)
photons. Here, we assume that the signal photons are used as heralding photons.

To estimate the dip of HOMI between output two photons from a serial-parallel con-
vertor, we calculate the four fold coincidence probability with the relative time delay
7. Then, the heralding photons are labeled hl, h2 and the heralded photons are labeled
d1,d2. The detection operator that four photons are detected at the times ty1, tho, tq1, ta2

respectively is,

TLyc(tn1s thos tass taz) = ES (ta2) BN (b)) B (the) B (801)]0)

E(+) E(+) E(+) E(+) (B'2>
<0| hl (thl) h2 (ch) d1 (tdl) d2 (tdZ)

The relation between the input and output positive field operators of the beam split-
ter(BS) can be described as,

E}(lir)(thl) = /000 dwny Fyy (wn1)asr (wiy Je ™" (B.3)

EyY) (t) = /0 ) dwna Fyo(wn2) s (wha )&~ 122 (B.4)

ng) (ta1) = % /OOO dwd1[ﬁ5n (war)ai (wag )e™ a7 B.5)
+ iV Rb;y (war ) i (war ) Je "t

B (tar) = % /0 ) dwas[iV RO (was) i1 (wao e~ 027 (B.6)

+ ﬁeiQ(wd2>d12 (wqg)]e ™ waztaz

Fy() = exp (—M> (B.7)

O'Sj

:1.(2)
ik;" L (w— wij0)2> (B.8)

0j(w) = exp (— 5

where Fy;(w)(j = 1, 2) is the function of a band pass filter (BPF) with the bandwidth of oy
at the signal (heralding) arm, and 6;;(w)(j = 1, 2) is the term of group velocity dispersion
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of the first(1) or second(2) photons. L;(j = 1,2) is the length of the medium with the

dispersion. The four-fold coincidence probability Pyc(tn1, the, ta1, taz) can be found as,

Pac(tur, tha, tar, taz) = (4[| Wy) (B.9)

where the detection speed is assumed to be slower than the pulse width. From Exp[2.20]
the spectra of high pure heralded photons with negligible group velocity mismatch is

Gaussian frequency distribution,

Filw) = \/%Ujexp (%ﬂ;’”ﬂ])?) (j=1,2). (B.10)

where wjo(j = 1,2) is the mean frequency of heralded photons (1 or 2), and o; is the
bandwidth of the spectra. From the above equations, we can calculate the four fold

coincidence probability as varying the time delay 7,

P4C(T) :// dwdldwd2 (B 11)
’Tfl (wd1)€2<wd2) - Rfl (wd2>£2(wdl)efi(w@*“’dl)T 2

fj(w) = fj(w)eij(w>’ (j - ]-7 2) (B12>
If the beamsplitter is balanced (7" = R = 1/2) and the spectra of two heralded photons
are the same (f(w) = fi(w) = fo(w) and wy = w19 = wa), Pic(T) is given as,
1 2 1 * JWT ?
Pyc(r) = 5 |g1(w1)ge(w2)|” dwidws — 3 & (w)& (w)e™ dw (B.13)

2

= 1o g| flsapetre s,

where I';y = kl(f 'Ly /2 — k1(22 'L, /2, and w, is the central frequency of heralded photons.

The function of four-fold coincidence counts is,

P4C (7') =

2 2 | 452T
1 o?(1 4 2Twy)? + 4o wO(T—i-Fwo)} (B.14)

1
1 irome P [ 41+ 0'T?)

where wc is assumed to be wy.
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