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TL2

- q 2 3 4 5
P =1 =1 2 3 5 7
(q) +2;(l*®%1*¥V-~O*QW2 +q+2¢* + 3¢ +5¢" + 7¢° +

— S q"’2
falg) =1+ Z 14921+ ¢2)2---(1+¢)?

n=1

=14+9¢—-2¢°+3¢>—3¢" +3¢" +---.

BIERICELE - 72 KRS X o TERINT WS, BIFIDEEORBBKTH D, ¢/ n(r)~! 2 dRRIN,
(g2 2R T HX —1/2 DFABRE 22 Z e ISR TWS. ZOWFERIER ICEWVEL 2R,
#l 21X Dedekind 12 & 2 fRBUZFRI D5 [20] %2, Hardy—Ramanujan & X % #HE288NC B3 2 858 [28)
Y, BFIUIEDDRVIZEETH S, i THREDHENE Ramanujan DE v 7 7 — X BB L WX 5 0}
BT, KT ¢/ R THI o722 LTHHIER D & 5 7 RO 72 2 20 (Watson [60] 12X 3) .
ZD/dh, TDEy 7T —XEIE 1920 FICEZBIL TR 6B O, HF DFEMIICHIZEENTI%
ol koTbHR 5.

TRb & 72 5 7o DIE 2002 £ D S. Zwegers [65, 66] DXL TH A 5. ik Appell-Lerch f13 X A Al
7 — X B, AR Jacobi JEXOMERDBICHEA, JEERITH 2 MEIEHEZ MR 2 e TEY 7 7 —
ZBBE GEEAZ) R CTE 2 22 2 RA L. hedEe LT, Ramanujan DEv 77 —X
BIE R B IICZ IR ¢ B UD THEHEI NS L5k, RAEA L oD D O CiiFIciffi s s
RO TELDTHS. LRI D 20 4EMD ¢ B2 D B ST, TEFLOMMHZEL TS,

XT, A 202241 A 27 H RIMS 12T - 723#{# “Modular transformation formulas for homological
blocks” DIEFLHTH b, FIRK L1T o 72 F L [45] IO WT WS, FlHE 725 DU Rogers [56] 12
WA IET 5 [T — X%, Witten [61], Reshetikhin-Turaev [54] IZ X > CHA I TRTFAEE,
Z L TZAUTHE LT Zagier [64] IC ko THAEIN: ThFEY 27— THD, YO E—
ST 3% & Homological block (WRT BI#) &I 2 Hi/z72 ¢ I DRI RIS/ w5 2
LIl b, AREOWMBUILIFOMED 35 Ak [BFEY 27— KlFT 29 —~14 2175, Z
CCIERHCAE A IRERT, Zagier [64] SHUD EIF TV R NED—HB LU Z DBDFEREICDOWTHIC
Frorwv. 2L TRFCBOW TP [45] ONFICOWTHIN T 5 Z 2123 5.

1 E2FEVa5-FR

Zagier [64] 2L 2k, BTEY 27 —BRLiE, HINGORTMCBENS & 55 FRkDRMcZ
Fib, FUHR 3 CE RO R TFARERICHRT 5 X 5%, Hilwas 7oEINREKcH 5. #
MD7zDI—DEREEEL XS e THUE, UTFTDXIWEDZ I LNTES.

Definition 1.1 ([13, Definition 21.1]). »2%& S C QU {ico} WXL, B f : QU {ico} \ S — C
M < SLo(Z) 1ICBIT 2 EX k € 37, (multiplier system € 2#f0) 8FETVa7—FRTH2 2 1E, %
y=(2Y) eT I LTESE 2B

m@%=ﬂw4€”wxw+@%7<312)

*Supported by JSPS KAKENHI Grant Number JP20K14292 and JP21K18141.
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MR DD % HES EOFEMATIIBIE RIUIIG T CHEYIZZ#E SR ENS) WKWIEREAE 205,

LU, Zagier D LIFT0 2 EFEY 2 7 —JEXDEMABIOE O, Zh s BAfloZ DD
EEEPkD 5 22T, ZOSRbRHBT 22 HIET. MU, EROEEKa t ¢ <1 BLTE-n
WL, g-Pochhammer 85 % (a;¢)0c = [[5 (1 — ag™) BEL (a5¢)n = (45¢)00/(aq™;q)oc TED .
1.1 Ramanujan @ o BREEYIT—2EHROER
1 2HDHNE, Ramanujan ® Lost Notebook [7] 128853 2 BI%K

TH5. HlZ1F Ramanujan 12 & o TROFADH SN TWS GEAE Andrews [7] 12X %) .

_ 1+Z n 1 n n717 (11)

oo

> ((*q; Do = (=45 q)n) =(—q (7 S Z

n=0

ZOER (1.1) A2 TH, BINHN LI 200 ¢ 85 P(q), f3(q) £ DRERENEFANS Z
EDTES. ETER P(g) I3AHEMIC Dedekind D= —XBTH D, EHRTITBWTHIEROZ L H
HoftTwd (0FDh, ¢ — 2 1 DFMISEDT 2 & X112, Pq) ISR T 3) . RiZ, ZAUSHIL T
AZNIEy 77— ZBEBO—D2DRHNIH, KD 3EMNTHoZ 2 BWIHEZS.

Definition 1.2 ([66, Chapter 4] 3 & U [13, Definition 9.1]). ¢ #&# F(q) DSRDE&M%Hi7z T L &, Ra-
manujan DERTOEY I T—RERTHZ 20 5.

(1) REM7T 1 OFM ¢ DR ET 3 | ¢ B FERICH o T CAEST 3 & 212, Fg) BRRT 3.
(i) %1 DFMR CISH L, BEHEY 25 —JR Mc(q) ¥ ac € Q BFELT, KA D 1o

F(q) —q*M¢(q) = O(1) (¢ — Q).

) L), (12)

1—qn

(i) EEE0D 1o LCAHF (i) 27T £ 5%, B OFENEY 25—k M 37HE LA,

Ramanujan 23R1ZDFHL (8, Section 14] THEHEL L Watson [60] 2R L TW2 K512, & L IF LOK

B IDRET 2 X512, f3(q) d Pq) L ARRICIEBD A AT ICBNTHERD (722022 EY T
T RO D DFH T H D) .
Remark 1.3. Zagier [63) DRIKTOE Y 7 EY 27 —JBR (JIH] Maass IFADEHIES, H#C Ramanujan
DE v 77 —XBED » Definition 1.2 DZ&F (iii) 2z 3 Z 1%, 2013 42 Griffin-Ono-Rolen [25] 12
o TRENT. —J5T, Definition 1.2 D 3 &2/ LTWTH, Evr/EV 27K, 3hbb, #
1 Maass JERXDIERIFE 3T & 5 I2BABMFEIE T % Z & 2% Rhoades [55] 1IZ & o THED D 51TV S

—JiTo(q) DFER (1.1) ITBVTIE, ¢=CXBVWTHUOHDPERME 25720, B o(q )ci%ﬁx
FICBNT GHEWEER) ARMEEZES. ZOEKRT, B o(q) & P(q) ° f3(q) & Bz 2 Rz R0
Thdr x5, FRMEBNEERD 1 OB T LT, (1.2) Ok ¢ — (2522,

a(Q)=-2> (-G On (1.3)
n=0

LWHEKRHFSND. UL Section 1.5 TN T % “strange identity” OFARL %2 X5 45FEATH 3.



1.2 ocBHROEFES 25—
B 0% (q) 12DV T (1.1) kAo RT

o0
o"(@) = -2 ¢"" (g% ¢")n
n=0

%3 Cohen [19] IZ X o TRENTHED, X HITRDFRDHLD LD,
Lemma 1.4 ([64]). 1 DFMR 2L, o(¢) = —o*(¢1) AL DD,

O THRATTHBMIERS ) 2 VIREINWT, I f: Q — C & f(x) = e™/125(20) =
—emE/ 2% (e72mE) TED D L E, Zagier [64] IIRDZ L ZFEL, ;AL TV,

Proposition 1.5. ' <SLy(Z) % (3 1), (5 Q) TERINZHMARL T2 &, B f(x) 3T 1T 2 H
1R TEY25—BRTH2. KT fa+1) —e™/2f(2) =0TH D, Bk

hz) = f( d )—e“'“?f(r)

T+’ \or 1
Far=—-1/2 ZRWVWTR LD C® MEBUCEE XN S.

ROEE Zagier [64] 1IC&2DDTH 5. flz) HTATAELIESRMMEISZ /5T, a4 A 27N h(2)
BIEEICH OPIHRZHES e PHETE S, ZOARERBHGIE, Definition 1.1 DX S5 RETFEY 27—
FEROEHREEZ L 20T THL VR XS,

al. "( 15

e /\\

1.5, 1 - ;.5 - | & ’—1:7,/41/ % 1
T P | | I
L
¥ =21 V.
I -1
S B
Figure 1. Graph of R(f(z)) Figure 2. Graph of R(h(z)) and

S(h(=))

Figure 1: /RN f(z) DFEEICEET 2 T ay b, ARG h(x) IR EHO Ty b i, 2 e [-1.7,1.1]
DHIPIT, 53R 100 LU F OATBUCH LTliiZ 71y R LTW3.

1.3 o BRCABTFEET - 2B
ZDo(q) ITDWT, b S3D LRI ERN Lz, Andrews Dyson-Hickerson [9] & Cohen [19] {&EH%L
o(q) & o*(q) DIFRBUZOVWTII 2 TR o TWa. 222 X, ROMAEMT —XBEBFRRTH 5.

. n(@Bn4l) 2
alg) =Y (1)t (L= g2, (1.4)

n>0
[il<n
0'*(q) —9 Z (71)n+jqj2_n(3721+1) (1 + q2(j—n)). (1.5)
n>0
2j>3n+1

ZAUZ [9, Section 4] D X 51T ¢ WD ETEZ AW THEHINTRT Z & TE 523, Z ZTIE Bailey Ofifii
Z Tz XD IR 7R DN 2 E A L 72,

Lemma 1.6 ([11]) @iﬁﬁ” (an)ru (Bn)n, (A/n)nv (5n)n7 (Un)n, (Un)n iﬁ

n o
/))n = § A Un—kUn+k, Tn = E 5kukfn’uk+n
k=0 k=n
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itz (L, DL T OFEHP ORI DNEFEZAEAT & 2 & 5 LB RIMCRE i) 32 &, KA D D,

o0 0
Z AnYn = Z ﬁno.n

n=0 n=0

Proof. EIEFHHICED,

Z QnYn = Z Qp Z 5kuk nVk+4+n = Z 5lc Z AUnUk—nVk4n = Z Bkék

n=0 n=0 =i n=0
DFEALDTH 5. O
Lemma 1.6 T uy = 1/(¢;¢)n, vn = 1/(ag;q)n (@ €C) B L E, Bl a= (an)n,...,0 = (6n)n 1&

I et D (19
k=

— (6 Dk (ag; Dtk = (6 Dk Qkin

Ziiie 3. ZOBHIOH (a, 8), (7,0) DZrxkZNEN (alCBF %) Bailey 3, #1& Bailey Xt & M.
BIZAXEFI p1, p2 € C EIFEER N > 01T/ L,

= (/P10 (ag/pri @)y (*1)n(pIQQ)n(p2§q)n(q_N§Q)n) (ﬂ)"qnmw7

(ag; q)n(qa/prp2; Q)N (aq/p1; O)n(aq/p2; )n(ag¥ 1 q)n \ p1p2
N

n

5 = (PLDn(p2i )nla™59)na
" (p1p2g=N /aiq)y,

EHAE Bailey W22 T e HMSATVWS, T2 Tn>NODEE, v, =0,=0223Z L IEET 3.
Z UL g- BRI 300 11T B g-Pfaff-Saalschiitz Al ([23, (I1.12)], [3, (3.3.12)])

n(abg =N/ q)n (c;q)n(c/abiq)n
ZHWS Z TSR ENS. DK Bailey M (v,6) 120 L Lemma 1.6 Z#H T 5 2 & TRERS.
Theorem 1.7 (Bailey i [4]). Bailey %f (o, 8) WXL,

(o1 a2 (72)"
(aq/p1; @)n(aq/p2; @)n

i n(b; q Jala i @)ng" _ (c/aiq)n(c/bia)n

Q,, = s

aq

J
1:9); (P23 q )(aq/mpz;q)nfj(m) 8

J

_Zp

= (@9)n-jaa/pi;a)nlaq/p2; a)n

rBLL, T0 (o) bER Baley ERT. Tibb, ROERKD IO,

n

W e i 1)
k=

— (@ On—k(aq; Dk

ZHUE (L.7) OIS of, DEFRZIRALUTEHEL, L THR 7% Bailey 5t (v,6) 1 LT Lemma 1.6
ZHEH S 5 Z e THEp®» 5415, Theorem 1.7 Dt LWEEHIZOWTIE [6, Section 3] Z 2 & R,

Bailey Qi X % &, Bailey ¥t (o, 8) =2 2T 27N 2 DOMDROFHFERMGF 5N, £ L TH
7274 Bailey X (o/, 8') B TUTAS. Bailey [11] D7 4 771, V)7 Bailey X% JLH 3 Z & T, Rogers—
Ramanujan {HEFAXD (H2FOTHIL) FHHEITS, 2WVWHIHDTH o7, EEED XS ICHH XN H
WS ¥, Theorem 1.7 XBWVWT, a=1,n,p1,p2 +00 8T 5L X,

i #5905 _ (=) (L —pg)--- (1= pg’™t)

p—o0 p7 p—00 pj

= (-1
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WWIERT % &, Bailey Xf (a, ) 252 572002, EX

SN 1 e
> B = S (1.8)
= @oe
B X 7272 Bailey %f
;o R
"= ay, - : 1.9
G o ; (¢ Q)n—jﬁ] (1.9)

= .

DEeNG. BIZIEEG] Ba)n % fo =1, Bu=0(n>0) LiEHKTZLE, AL Bailey MEHRT LI %
B (an)n 1 0p = 1Ly = (—1)¢" 5> (1+¢") (n>0) THBILDHHB. TOLE(1.9) kb, Hir
75 Bailey

/ n? 1 if n=0,
«, = apy = n(3n
T T gt () ifn >0,
n -2
/ q’ 1
= B; =
" JZ (G D (G Dn

DHFENB DD, ZOH 7272 Bailey K (o, 8) ISH L TEHR (1.8) #5256 I T,

f: qj <1+Z “”1+q)>
j:O

:(Q1q)oo(q7Q)OC(Q1q)oo: 1
(4 9)s (450°)0e (4% ¢°) 0
DHES. ZTHUIE— Rogers Ramanujan [HENNTH 5. Z 2 T3 2HDEFTIX Jacobi ZHAEZE LT
%. Bailey OMBEDEELS Bailey MO H2 5 BIICOWTIE, [6,50] % Sills D7 % 2 b [57] (G —Ric
X 2RE &KoY v —X « 7= XY v VEFER SH) IFFELV.
Tl& (1.4) OaEHZAITS. (1.7) WS (1 —aq/p1) Z2FT, a=1,p1 =q,ps = 00,n =0 &5 5
e, &K

k(5k—1
k EEE-L)

D (-1)'q

(@D

o]

S k1) ;iG=n
Z Vg (1= g => (1) 7 (¢:0),8
=0 =0

2135, H Y% Bailey X (o, ) ZADTIUIRWDTH %23, Andrews—Dyson-Hickerson [9] 137
DD ¢ DL 2175 Z LT,

5 . 5 _ A\
Qp = Cp — Cp—1 (cn = qn o Z (_1)Jq_] )7 ,Hn = (2Q)

—n<j<n (q

3 Bailey WfZ27% 5 Z &R L, ZOhikie LT (14) Z/RLTWA.
(14) TiFbNizo(q) DERERZ &, REM_XERcT 2 () 72D L5 H-BEZL
TW2 Z2iZ&hoL. FEBE, Andrews '511?1 CORTPPORDPEBIHNED T BIEHLTWA.

Theorem 1.8 ([9, Theorem 2, Theorem 5]). ¥ n =1 (mod 24) IZxfL,
P, = {u+oV6 | u? - 60> = n}/Z[V6]*
LEE (22T, ZWVE)* = {(£(6+2V6) | r € Z) ZIHIECTH 2)
T(n) = #{u+vV6 € P, | u+3v==£1 (mod 12)} — #{u+vV6 € P, | u+ 3v = +5 (mod 12)}
BEDD. DL X,

i ARVASH
Z DFERIZZ DE Cohen [19] 12 & 5T, Maass IEENERIB LT Artin L IO SHTHIRE TN 2
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1.4 o BRrZTOROER
TR L7z Andrews-Dyson-Hickerson [9] & Cohen [19] DBFFEOREM L LT, 20154 Lovejoy—Osburn [42]
7 121D ¢ JECEIBEAL TS, —DffiNT 5L,

(¢ @)n—1(—1)
(@ Dn—k (@ Dr—1(1 — ¢**~1)

n+kq n(n2+1) 4 k(k;l)

Lilg)= Y
1<k<n
LWIOEE L CHITH S, ZOWBITKL, 2 XE Bailey Xt (o, 8) RO 5 Z 2T, BAEME
7 — ZBBEFOR

2 -2 . 2 -2 . 2 2 2 2
Ll(q) _ E (q8n —n—45°—37 +q8n +n—4j —3]) + E <q8n +7n+2—-45—j +q8n +9In+3—-4j5 —])
>1 >0
~n<ien-1 —nZi<n
(1.10)

2BTED, ZORE LT, EoXEK = Q(V2) B3 3%

Z qN(a)

aCOxk
N(a)=15 (mod 32)

BIENTWS, G [42] ORI, B L (q) 2B DmTFEY 27— Maass IFIER & DBRIZO
WTOREPEE I N TS A, ZAUIRIA Bringmann-Nazaroglu [16] 12 & o T—2D[EIEMN G X 57T
Wa, S bDIE, (1.4) % (1.10) TER T &S B REHT — XBEBERTH D, Zwegers [66] 1IZ & 5
R T — X BB O ¢ Bringmann-Nazaroglu [15] 12 & 2 47— X B DHER, 2 LT Zwegers [67] &
X% %€y 7 Maass 7 — X B OfEiE 5 FLMHAGDES I LIC& 2T, Maass EIEA OBIRE L O
P ARENTT — 2 BB O Z idA L, ZORE LTH FEY 2 7 —ME2IS2ICL TV S.

F7z, Section 1.1 1IZBWVWT, o(q) ¥ Ramanujan DE v 77— XEABUILITIFRZHNRTH S, WD
ZERMALID, Ty /T XL HZERTERTFEY 2 7 —BAOHHATHAZ 2 TE 3.
—D®J7%F Ramanujan DERTDE v 77— XBE (Definition 1.2) DEFICVTBR-72E XL, £H
¥z eQiznfl, HB3EAEY 27 —JEX M (q) e HHE ar € QBIFAEL T, kR

N —

qLi(¢*) =

i (Pl -0 01c). (=)
q—¢

PIFET 5. BIZIZEINHEN LIzE Y 77— XL f3(q) 122V TIE, Ramanujan HEH D REZDOTFH [8,
Section 14] D TEZE L TW2 X518, ¢ A1 DA 2k FtR 7% 513

Al - 0 I o) (=

DD LD, K DIEREICIE, Folsom-Ono-Rhoades 23X Z/RLTW5.
Theorem 1.9 ([21]). 1 DJ54A 2k FMR (1T L, FREITIH o 7R ¢ — ¢ 2F X 25 L RDELD LD,

. k 1/24 n(r)? Sy +1( )2
tim (fa) - (1R = AZ TGO

ZHUIH xS X (1.1) R (1.3) KWHTAZRRTHZ. ZOLHBDBE L KITHENT % Kontsevich B %
fi— LTk U 7z 2 28005

Ug;0) =Y (€ 0)n(C g )ng" ™ (1.11)
n=0
& F AR B0 S A BITEIThR TS, ZhoD X DFELWERES, unimodal 5172 ¥ D
FAGDEINRE ORFRER ZICOWTE, [21] % [13, Chapter 14, 21], BXULZITEHHATH
ZBELMERS £ RV,

Ty 77— WES TIENIBEE S 2 R 72700 ) SR 572 2 2 oBily LT, £ v 2 Maass 7 — X [4%d Laplacian
DEFRBIE DRI R F 270 KO BRMRTHS.




1.5 Kontsevich O
BFEY 27 —BAERES LTRPERVDD, Kontsevich D EEEL

o]

F(g) = (g:0)n

n=0

TH3. THETIKESELEFHE ILBTHEH, ZOBBMOKRE RO 2%, Flq) 13 C DEED
B EA ETICR L2 WA, ¢ 251 OFEBOLAITEINPERE 2D ENEE S THS. ¢:Q—C
% p(z) = ™/ 12F(2Ti) YED B Y E, TN SLy(Z) KHTAEX 32 0RTEY 2T BRIk s
EDRFIENT WS, E 51T Zagier [62] 1%, (1.2) W L7, MAEXE O X D EENZBIFREZIHS LT
W3,

Theorem 1.10 ([62, Theorem 2]).

ad JI— n 1 1
; ((q;q)oo - (q;q)n> = (q;q)oo( -5 ;::1 lf—qn> + 54 20(9). (1.12)
Z 2T, 7(q) \& Dedekind n-BI%K
ng)=q= [Ja-qm)=>" (g) g%
n=1 n=0
D ) W5 (Bichler F877) DERULE
_ = 12\ .2
77(@22?%(;)(1“ q? (1=5¢—T7¢° +11¢° +---)
n=0

ThHs.

ZONHR (1.12) i |¢| < 1 ETHZT 2GR TH 22, 22T (1.3) ZERARL ELNIZ g% 1 D%
REANERRZIS &,

Pl0) = —3 lm (o)

PEHN5. DF D Kontsevich DBIE & \EARBEIIIC Dedekind 7-BIE(D Eichler 47 77(q) D 1 DFRAD
MR Ath 7z 5720, Zagier [62] 1325 LTS ohzEERoz v %

:,%i:: < ) = (1.13)

rill, strange identity ¥ FEATW 3. [strange) DEKT 2 & Z A1, T OFEXDMLAHEIRF I ZIK
2R T, 1 DFMRADOWRIC X o TOAERZFD, EWHIKRNTH S, T (1.3) IZBWT, ofq) H
¢=C CHHRERZEDTVIRI L IR 5TV 3,

Remark 1.11. —f2 P 8E X DAL R D Eichler #7), BXUOZDEFEY 27 —MHicoWTiI,
Bringmann-Rolen [17] KBV THEHINTWS. ¥/ 1 ORI ¢ = CI12BWT, (1.11) THR-B8%H
WT F(()=U(("11) eRRTE S Z 22 Bryson-Ono-Pitman—Rhoades [18] IZ ko T/REINTWVWS. T
AUT K o TBIF U (g; ¢) % Kontsevich B D “ZHIL L AT e B TE 5.

Remark 1.12. (1.2) & (1.12) Z#—7 % & 5 7 LR %

o S} qn oo qn(171 o 0o ,n ﬂ(n+1)
3 (e ) = (3 70+ 3 s - ) 3 G
n=0 n=1 n=1 n=1

B X OH R 2H59RDY Andrews—Jiménez-Urroz—Ono [10] IZ X > THIS N TWAS (F 7= [52, Section 10.3] I
HFELHLNATVD) .
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1.6 Kontsevich DB B{FF Jones ZIER

Z @ Kontsevich B¥ F(q) ZHUCHREELRBIREMES b WS 20T, MTHOARZER L OM#ED S b
BRAHIEDM TN TS, ZO—ONBFALRD O TH 3B E Jones FER L DMK THS. B
WHREFRE T ZTIERERS 200 (FIFTHAUIKM 1], B E 4742, BIZEETHEIL 7440
Ti2,3) WXAS % N {4 Jones ZIHA

N
IN(Tesid) =0 > ™ (g ;)

n=0

DFRREFFOZEDHILNT WS ([35] BLUZDOHOBE L ESK) . 3SREMPMEL X511, 10 (i
4) N FMR g = (v KBWVT In(Tia3); ) = (v 2ono(CniCn)n = CVEF(Cv) DS D VLD ZHZHRT
3¢, Kk [29] B XK F-Lovejoy [35] 1& (2,2t + 1)- M —F AAEEICHIG T % & 5 7% Kontsevich B

ODES%( t—1
o N
Filg=q¢" Y. (q;q)kthk’('“’“){k.l}
v dq

0<k1<-<k¢ i=1
BIU(1.11) OIERTH %

ki1 +ki—i+2Y 1k

t—1
Ug;O)=a" D> (Cak-1(C" G0k 1" Hq’“f{ b k.

1<ky <<k i=1
EEHAL, L7 A4 NVDEEDRIICHIZERERLTWS.
In(T(2,2e41);Cn) = Fi(Cn) = Ut(Cﬁlv 1).

Hy, [, = (qq)% - —HRETH B, X H1HE R [30] IKBWT Fi(q) DETEY 2 7%

k() k
(1.13) krﬁ“ﬂ_é strange identity 8 RLTW5. DED,

(0) 2_(2t-1)2

a'Fi(q)* = __ZnX8z+4 )g FEe (1.14)
Th3. TIT,
1 ifn=2t—1or6t+5 (mod 8t +4),
X)) =4 =1 ifn=2t+30r6t+1 (mod 8t+4),
0 Zoft
EBVTW3S.

it Lovejoy [41] 13 Bailey O Z T AICH WS Z I &k 2T, 3 strange identity ® HE L %2175
TWs. 0% Jones BEADMALEREMAVS ZET, (3,20 F— 2GEOH [12] 2 EY 4 2
MREDH K py [43, 4] RS 28 F(q) DLW DIRRBTORT0S. E 512 fkD +—F AKOH
Tio) WX B0 & Jones ZIHI Iy (150 Cv) DRIEPEICOWTS, fill -Kirillov [33, 34] & X 2 HF%E
%% (Eichler fi %W 3) .
Remark 1.13. {04 % Jones ZHizN ¥ Bailey MOBIRICOWTHRRTIH L. 4% 27, (6.5)] L FDOFRE [32,
Appendix B] ZZ) 12 k- T, fiH K O E Jones 2R Jn (K;q) XL, 5 C,(K;q) € Zlq, ¢ 1]
PFEL T,

IN(K;q) =D CulK;0) (@ )nld" Vi 0)n

n=0

DIEDERD DALD. ZOFRRE (ZDFLETIFHN L TWRWNDY) & XIZ Bailey MO (1.6) %
WOWTHEIMLZEEZ LTED, DFD,
(1 _ qn+1)(1 _ q2n+2) n nn=D)
"= -1 7 Jnta1 (K q),
0 = S T e ()
Bn = qincn(K; Q)

M a=q* T 3 Bailey W2 R TILERLTNS.




2 WRTARZE=

DR LARENCA D, SMDITE [45] TR - 72050, WRT REE (M) LIS 3 KILEZ K
DRTFAERTHS. ZHE Witten [61] B & O Reshetikhin-Turaev [54] IZ Xk > TEAINIZAEETDH
H (Ohtsuki [50, Chapter 8] % Lickorish [40, Chapter 13], &R [FO HEGRME &b SR |, FcZ
ZTIE, n KORFR T 7 £ N—%$5D Seifert AEB Y BRI M (= M (p1,...,pn)) = M(p1/q1, -, 00/ qn)
WCIRELTEEEED S, 22T, p1,...,pn > 2 21X pairwise coprime 7% kyfl‘f?é D, BHlq,...,qn %

.
1~m§:i:1
=P

Zitile T X2 o TS, MIFRD S? NOFEAE LyU Ly U---U Ly, IZift o 7z Dehn FiIC X o THS

N3 3XKILERIKETH 5.
n/a nle Pn/tn

0

2D E, Lawrence-Rozansky [38, (4.2)] 12 & 5T WRT NERDOHRNARXDILITTEZ BN TV
(Z ZTo#EFE [31, Proposition 1] 2Z8&) .

Tik _ mik
_ @iy i 2PK -1 Hn_ (eKT’J —e K”J)
e 2K K _ k Jj=1
T (M) = T E e~ TKP : ——%~ €C (K € Zso).
2¢2P k i (e — e
Ktk

L, P=pi-pn,© =3—1/P+1237  s(qj,p;) BWVTED, F7 s(a,c) & Dedekind Al [53] T
HY, s(P/p;j,pj) = s(qj,p;) DEZHZITD L‘Tbi [53, (33¢)] Z HWT WA,
2021 4, W IR EPl [22] 13 WRT BB FEIEN S || <1 ETafdNn s g

1)rq~ 190 - metn— :
N e A R o <m+”3 3>q £ (amn—2+53, 32) (2.1)
2(¢* —¢7%) (e10mmen)E{£1}n e

AL, XOMRAREEHLTWSE. HL (g =2/ K TH Y, W ERICH->7b 0T 5.
Theorem 2.1 ([22]). limy_,¢, Par(q) = 75 (M).

ZOEHIZED, WRT BIE @)/ (q) 2 WRT AZEROHEAIH |¢) <1 EAOIRRE 2 Z M TES
725 5. %7 Andersen-Mistegard [2] I, Gukov-Pei-Putrov—Vafa [26] I & o THA 417z homological
block X IHIN 2 ALERZAWT, FHROMIRARE (S 213822 7ET) IR LTED, £
WRT B8%¥ homological block DSABEINCHE L WZ L 2B L TV 5.

2.1 FREMEIRERD

Section 1 T, WL 25D ¢ D (ET) Y 27 —MHITOWTHN Lz, ¢ REBORENERZ 27
HBRERATH 2D, —DOJFHE LTE TREIRNELBICL o TT — XKD RITRmEEE S LR,
#il 21X Ramanujan D€ v 27 7 — ZBIROAIMEE, Andrews [5] 12 & o T Bailey Offiiih &5 REBET— 4
BEE (M= XIEA DT — ZIE) LRAGZ 654, Zwegers [66] 12 & o TN T — X BB DRI DM
Pxhi=Z T, 2O MAAHIHX 72, Ramanujan @ o BEICOWT S, RIiE D Bailey O
fillidl 5 (1.4) 0)1?%71(@1137'—955& (xiﬂﬁ:ﬁ%fﬁ@?v—&ﬁaﬁ“ﬁﬁofﬂ@ﬁﬁﬁi‘%ﬁﬁj\ﬁ’ﬂ, HLLIE
sen-JHZ 1) FOREMER L72A, Bringmann—Nazaroglu [16] & Z 4% FWT Maass I8 ¥ OBHR%E
HEPIZ LTV, SREEREZ 72 WHINO WRT BIE @ (g) 1, BhictaT—2BEE (EEH_XE
HAD 7T — X T D > THIDOHFFEIEDH, UL Ik sgn-lHZZL) ODELTWELD, EDHAT
N L DZEIZRETR L, T — X BB OB Z RS 2 C e HIE L 725,
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2.2 Poincaré ‘REOS—REDES

FAx DDA L 72 5 DIk, Poincaré &E R Y —ERA M(2,3,5) ® WRT RERICH T % Lawrence—
Zagier [39] DI TH 5. £FTI1EE oL D WS DI EIR DK > TH . Poincard KE 1 Y —ERHNI 0
5% WRT B @0 (q) 1%

o0
—ZQ%((]% _ q’%)<1>M(q) _ Z 16083 Z qlé—o(60m+30+1551+1062+663)2
(e1,62,83)€{£1}3 m=0
2

1 m
= *2(]% + 5 Z £1€2€3 Z sgn(m)qﬁ (2.2)
(e1,e2,e3)€{£1}3 m=¢ (60)
e 1

:42q”“+wﬁ(1+q+q3+q7fq87q“fqu‘~>

CFERTBIENTES, HL, sgn(0)=0%1L, P=2x3x5=230,
K—E(El,...,an)—P<n—2+Z%) (mod 2P) (2.3)
j=17

EBVTWE. ZOHUDKENE [39, p.102] 1283 5 04 (1) EF L L, F7 Theorem 2.1 DRERAH
RENTVE. &, fu(z) = limy,enie Oar(q) LEDD LT, fur:Q—CEBZIENTESN,
D far B (DFED WRT AZLED) BFEY 27— WA THB I 2mRT, L5 DA Lawrence—Zagier D
—ODMRTH 2. WHLDTATFTTIZRDMED TH % © Y FHEH OB O, (1) REMIC @p(q) DT
LTH3) REX 3207 2B O, (1) D PEBEEZ ) Eichler e H2 22 TE%. DL &,
O4 (1) IR R TOMEE R ICE R 5720, ZhentEi s k574 FEFE H- Lok GRE
W Eichler i1 & IHEN2) O3 (1) BFA D I EMNTE, Rehizd.

o T a LI EDO,L() & 0% (r) DUNEEEIN T 5.
o ©% (1) DTV H- FOWAZHHIZ, oL (r) DS ERVTHATE 3.
L7hoT TEL ook BETFED S O lim,—, O4(7)) % [ &< 005 FE TP o omiR

lim,,, ©% (7)) KEWEAZZ 2T, WHOMRTH 3 fi(z) DN, DFDRTFEY 27 &R
TEBZLWVWH I THB. ZLT—2ODRELTREHTNWS.

Theorem 2.2 ([39, (18)]). WRT AZ®E 7y (K) XL, K — 0o IZBIF 2 RDWHENHKDIALD 1D,
B2 12 2 K omirgt o (T e I
(G = G )T (K) ~ VAR *™ K 120 sin (3) + 2™ K720 sin =)
ZHUF VbW 5 Witten (Andersen) DT ERFAH [49, Conjecture 7.7, [1, Conjecture 1.1] ® 2 2EIH
THY, e DIFFUTHNTWVS {—1/120,-49/120} 1F Chern—-Simons FE R MW 2 ETH 5.

Remark 2.3. —f&® Seifert KE 1Y —ERIH M (p1,...,pn) R LTS, LawrenceZagier D7 A 7 7 %4k
RS 5L, Bk [31] 1 Theorem 2.2 DL, b B Witten OMBIIEH PAZAHL TWE. 22
Tlx WRT BI% (homological block) ¥ 1Z5745 ¢ BB HOWLAT WS,

2.3 WRT BE#icEr—2EH

EAEFE OMEE TR FEHOMEANE S WX % Z & TfF 517z Lawrence Zagier So8E_EDFSHR %, EHH%
WRT B @y (q) D (EEFETO) REMEE/RT Z 2 THIFAT 2, 205 OBIR-SFIR [45] OA7ERT
ks, T, ToXEREB IR T - KXHEREERTS.

Definition 2.4. 8 M > 0L, # L =VMZ BXERHE - L' = (1/VM)Z 2l 5. 2o
%, %kGZZO X}LEL//L L:;ﬁj‘b, 7_'—’5(55&, %?—QE@&%%%%‘%’L
Oea(r) = 3 nbe,  Guur) = 3 sgn(n)nte’
neLl+p neLl+p

TEDS.



Remark 2.5. —fDA% T ¥ IEEME_IGBRITH LT H ERICERTE 2, SlNE 1 X0 T LA
V. F72, BIZIE Vignéras 58] 1k B Y, L=+vMZIZxL, JEERIZT — & B

Oru(r) =vE 3 Hi(nVB) g% (r=u+iv)

neL+p

FHEX k+ 1/2 ORMEERAI R 3. 22T Hy(z) 1%
G tk —27t(2z+t)
Z Hk(f)ﬁ =e
k=0

TEFR SN S Hermite ZIHRTH D, EHIOBIAZ Ho(z) = 1, Hi(z) = —4d7z, Hao(z) = 167222 — 4m, ...
THAONS. Opu(r) & Opu(r) DIEHIEDTH 2 DT, &7 Zagier [36] ICHIZ L5, k>2DLE,
Op (7)) FHET — ZBIEL, 0, (7) W BUET — X BIEL, LIERRENRTH A 5D
Z D & Poincaré &E 1 Y —EREOBE L kI, WRT B8R b7 — ZBIECE W TRD X 5 I& R
THILNTES.
Lemma 2.6. (= ((cq,...,e,) % (2.3) LABUCEFRT 2 £ %, H2WRINAZIER Py (q) € Q¢=r) B
KA c. (k) € Q DBMAEL T, KA D D,
n—3
1g,, 1 _1 1 ~
(4W%ﬁWwfq2mM@mew=§ > 5y~&§]%W”MM%%%ﬂ.@@
e=(e1,..en)E{£1}" k=0
FoT [0y (q) DRBIZHERIZ152 1 &0 S FEIEAE RN @,H(T) DIRMZER 215 ) Z it
ET5.

2.4 AT -XEBOREEERA

k=0 DO%EORT — 2B O AEIZAEANE, 2019 4F1C Bringmann-Nazaroglu [15] I X > THZ 5TV
3. ZITE, BEOTAFTREAILT, k>0 DBAICSH 6, (r) OIZEREIZ AT 3 725 O
HERMN LW,

Py 7 — R D 3% Definition 2.4 B WTHRMEZH LTV 2 EED—DIF, sgn-BDIFETH 5.
Bringmann—Nazaroglu \& Zwegers [66] DAEE T — X PABOMER 2 F A Tsgn-Ti%E T 7 — BT HE i
2% EWHET, REMEOMTEEIToTWwS. 3T —M#H%

erf(z) = %/0 e dt
WWEoTEHT .

Figure 2: ZEMIE sgn(z) D7'F 7, HMIZ erf(z) DZF 7 TH 5.

ZOeEIEE L >0 (r,w,x) € Hx H x RIZHL,
Fiora(z) = Vi(w — 7)a* erf (fi\/ml(w — T)x) emiT (2.5)
BERT DL, RO ILD.
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Lemma 2.7. F % Fourier Z#2 3% 2 &, »2WHRNBRZHEX ¢ p, (1), c i, (7, 7') DEFIEL T,

_( )1/2 —1/2 = 1 miz?w
]:(Fk.—%ﬁ—,‘%)(x):T Zcsz V(@ )+§Cl,m(ﬂw*ﬂxe (2.6)
DD, Fihe, “EKT — KRR
@kHT’lU = Z FkTu (27)
nel+up
TEFRTILE, {TEDe>01THL,
17 e 0 R

=00 i(it + €)
DIRDALD. FHC k=00 &, F(Fy_1 _1)(x) = —(=) 2w Fy . (2) TH 2.
DF DT — REIEL Oy (1) DERHSE L 13,

o HilziCw e HEWHIEREBIMNL, sgn-THE T —BIRICESIZ 22T, 7 —XBofMoh
% o) figs 3 (2.5).

o Fourier Z4 (2.6) Z VT, &+ LOFI (2.7) 12 Poisson DFAREEHT 5 2T, “AHT—X

B oD PR ZE 4|
3 11y —(=)1/2 w2 2mipw
s (53) -~ T R
. . (2.8)
x (Z L (T)OL(rw) + Y cr g, (1w — T)el,,,(w)>
=0 1=0
2155.

ew=r+it+e (€>0) LBEt oo LHIREIS Z LT, FIUDHT — XM 0, (1) 2145, 2
2T e DFENK, /i(w — 1) D branch cut & DMEMNIFTH 5.

DI DODEEDBR->TWVS. HlIZIEEk=0DL %,
- 1 1 7( )1/2 —1/2 9
O0,u (——,——) = — Z T, (1, w)
T w \/_ veL'/L

THBZeh5, w=71+it+e (e>0) KIFHA> TR w — ico ®EZX 5 Z LT,

1
lim O, " ( —,w) Z 2”“"90 (2.9)
w—0 T \/ Ve /L
B85, DY LT, n/4< |6 < 3r/4 16 LT,
. —ir?sin 2¢ 1 5
erf(re'®) ~ fe\/_w;efr cos2¢ (r — o)

DR D DT (BRI [24, 8.254)) , BT w =0 2RA LKL BN LMY, erf (—iv/—mirn) ™"
IR L TWRWE Y ICEET 5. 20 RIS &R

Oeslr) e —r) [ L@ g (e |
i(w—1) gn(Re( ))‘T mﬁ (Re( ) #0) (2.10)

%ﬁméﬁ%f,:@t%ﬁAﬂﬁiésﬂ®ﬁﬂﬁ Frbb
9 ( 1) 5/2 Z 2712;141/9
Lp |\ — =
' T \/7 vel'/L

2T Iens, 7= 01ZBWT 6y ,(7) PHEBEIRENCEA L, (2.10) 1I2BVWTk=0w— 0¥ L7
FEODBNERT 2. LidoT, (29) OLEUDMIRZZHEL, ﬂ@ﬂ&%%ﬁ%ié ZETRBEHNS.




Proposition 2.8. Re(7) #0 D& &, XHHKILT 5.
(71‘7)1/2

~ 1 61,
0o, (7—) + sgn(Re(7))——= Z 2’”“”90 / _ uls)
T M veL'/L \/—Z 2) +

E>00t &, —fIT Opy1,,(7) 13 7 = 0 XBWTREIMAT 2 DI TIER W2 [ Uil THERE L 72w
ESICRZED, 5EZ TS Lemma 2.6 D7 —REBO THl) 12BWTIE, 20 &5 %IFRDIENF +
VRN T B0, FOHmEEIT AN TES. L, I I THRAT 2 ICIEHEMN S &2 7205
BT 22127 5.

Theorem 2.9 ([45)). Lemma 2.6, Lemma 2.7 LIAMOLED S L, (24) OFL%E Uy (r) LEHL,
j>0,0<k<n-31ZxfL,

2P-1

1 v
njvk(T) = 5 Z EnCs Z e g )
e=(e1,...,en)E{£1}"
1 2P—-1 ~
hik(T) = 5 > cence(k) Y MG, (1)
e=(e1,...,en)E{£1}" v=0

LB TOLE Re(r) £ 0ICH L, ROFRIEHABH D 5.

k—l k .
G 1 = [ 1)
W | —— —sgn(Re(7 T)/? E E +i LR g3
“( T) gn( O nik(r) +1 | JiG 1)

UlLZzgedst, ROWBDTHS. 3R L-<FIE [22] pEA L7 WRT BIEL @1 (q) 12 WRT
AZ iy (K) D gl <1 EADILETH 5727, Z4Uk Lemma 2.6 IZBW AT T — X ORI
ARSIz, Lawrence-Zagier [39] DWIED & 20 -7z o T BUHE TR T — X BIED F - REE oA T
Wxohs X512, BERWNICIE Zwegers, Bringmann-Nazaroglu D7 4 77 2R3 % Z £ T, WRT
BRI D IRV Z Gl 5 5 Z 2T kI) L 7=,

Theorem 2.9 D% ¥ LT, Witten (Andersen) OWLLEHTAEDELEILAGEEHAEL 5225 2 TE 3.

Theorem 2.10 ([45]). Seifert "€V Y =Kl M (p1,...,pn) D WRT AZ N 7 (K) XL, K — 00
B 2 ROWBENADFLD V2D,

n-3_. —10, 2P n
2 . (71') on=2 grn—3,— % 3’”CK“ N Jpp— m . [(Tm
—sin (= ) 7 (K) ~ (—1)""e* ™R =P B, o (—) sin [ — .
VE ™\ K (n— 2P Z; 2p ll Pj

Z 2T Bp(z) 1En FHOD Bernoulli ZTHATH 5.

Z ORERHME L [31, Proposition 4] £ —~H L TWA Z 2 ICHER L THEL. AR TREHO 2 DIEN
LTWaD, K — oo IZB9 2 FEIAZ TS, WLEMECHoATVS. 72, e DfFBICHIN
w3 {— m2/4P} {3 Chern-Simons A AR TH % (Kirk-Klassen [37, Theorem 5.2] 35 X Uf Andersen—
Mistegard [2, Propositoin 8] ) .

Remark 2.11. Gukov—Pei—Putrov—Vafa [26] @ homological block &, Seifert FEB Y —EKMICR 5T, X
D —f% D plumbed ZRRARICH L TERINTWVWAS., ZDE X Theorem 2.1 & [Af£IZ, homological block @
1@%@«@@@ﬁﬁ&bf“&T$§%t%bm#,tmiﬁ%ﬁ%i%h%.:@ﬁ%ﬁomfﬁ%ﬁ

AT E [46] BE R E 48] DN DLEAED S L TRILTWS. —/5T, Seifert & 19 —ERIliC%
L‘if% @ homological block DIREMEICDWTIE, Bringmann—Mahlburg—Milas [14] DB H 25 b DD,
FREREIEER E, RIETRD TILKTH 5.
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