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Abstract. We study the bigraded vector space structure of Landau-Ginzburg
orbifolds with the permutation symmetries of variables. We calculate the for-
mula of the Poincaré polynomial for a certain loop polynomial orbifoldized by a
semidirect product of a diagonal symmetry group and cyclic permutation group
and check that the generalization of Berglund-Hübsch transpose gives mirror
symmetric pairs for these cases.

1. Introduction

The Landau-Ginzburg mirror symmetry conjecture predicts that for a poten-
tial polynomial W with its symmetry group G, there exist the dual potential
W̃ and the dual symmetry group G̃ such that the Landau-Ginzburg A-model
of pW, Gq is isomorphic to the Landau-Ginzburg B-model of pW̃, G̃q. Historically,
this conjecture was studied by physicists to verify mirror symmetry of Calabi-Yau
manifolds using Calabi-Yau/Landau-Ginzburg correspondence conjecture. The
Landau-Ginzburg mirror symmetry is more general because not every Landau-
Ginzburg theory has a corresponding geometric object.

A potential polynomial is called invertible if the number of monomials equals
the number of variables. For an invertible polynomial W and its diagonal sym-
metry group G, Krawitz [6] suggested the method to construct the dual pair
pWT , GTq based on the Berglund-Hübsch transposed potential WT and proved
Landau-Ginzburg mirror symmetry conjecture at the level of bigraded vector
spaces.

Compared to the diagonal case such as above, there are not too many efforts on
the case where a symmetry group is nonabelian. In [8], the Poincaré polynomial
of the Landau-Ginzburg orbifolds for a quintic potential and its certain symmetry
group which is possibly nonabelian is computed. There, in addition to mirror
pairs predicted by the result of Krawitz, one can find several nonabelian mirror
symmetric pairs. In [1], Ebeling and Gusein-Zade suggested the method which
generalize Krawitz’s construction of mirror pair to the case having the symmetry
group of the form G o S where G is a diagonal symmetry group and S is a
permutation group of variables preserving W. They conjectured, and proved for
certain cases [2, 3], that pW, Go Sq and pWT , GT o Sq have the same orbifold Euler
characteristics of the Milnor fiber up to sign if S satisfies a condition called the
parity condition.

We try to verify that there is the mirror symmetric relation between Landau-
Ginzburg models of pW, Go Sq and pWT , GT o Sq. Priddis, Ward and Williams [9]
studied mirror maps of such pairs for Fermat type potentials and constructed
mirror isomorphism between some kind of subspaces of A- and B-model. In
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this article, we consider the potential W “ xp´1
1 x2 ` ¨ ¨ ¨ ` xp´1

p x1 where p is an
odd prime. W is invariant under cyclic permutations and the group S generated
by such permutations satisfies the parity condition. We prove a formula of the
Poincaré polynomial for pW, G o Sq from which we can observe mirror symmetry
at the level of bigraded vector spaces.

Acknowledgment The author would like to thank his supervisor Toshiya Kawai
for many discussions and valuable comments without which this article would
not be appearing in its present form.

2. Landau-Ginzburg Orbifolds

Let us recall some basic facts about Landau-Ginzburg orbifolds. See [8] and
references therein for more details.

Definition 2.1. Let W be a polynomial in Crx1, . . . , xns with a critical point at the
origin. The Jacobi ring QW of W is defined by the quotient

QW “ Crx1, . . . , xns{I∇W

where I∇W is the gradient ideal

I∇W “

ˆ

BW
Bx1

, . . . ,
BW
Bxn

˙

.

The critical point at the origin is said to be isolated if QW is finite dimensional as
a vector space over C.

Definition 2.2. Let W be a polynomial in Crx1, . . . , xns. W is said to be quasiho-
mogeneous if there exist q1, . . . , qn P Qą0 which satisfy

Wpλq1 x1, . . . , λqn xnq “ λWpx1, . . . , xnq

for all λ P C. qi is called the charge of xi and

ĉ “
n
ÿ

i“1

p1´ 2qiq

is called the central charge. A quasihomogeneous polynomial with an isolated
critical point at the origin is called nondegenerate.

In what follows, let W be a quasihomogeneous nondegenerate polynomial.
Let V be an n-dimensional vector space over C with a basis x1, . . . , xn. We

define the action of GLnpCq on V by

g ¨ xi “

n
ÿ

j“1

gijxj

for g “ pgijq P GLnpCq and extending linearly. This action induces the action on
Crx1, . . . , xns by

pg ¨ f qpx1, . . . , xnq “ f pg ¨ x1, . . . , g ¨ xnq.

Definition 2.3. The maximal symmetry group GW and maximal diagonal symmetry
group Gdiag

W of W are defined by

GW “
 

g P GLnpCq
ˇ

ˇ g ¨W “ W, gij “ 0 if qi ‰ qj
(

,
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and
Gdiag

W “ t g P GW | g is a diagonal matrix u .
The age of g P GW is defined by

agepgq “
1

2π
?
´1

n
ÿ

i“1

log λi

where λ1, . . . , λn are the eigenvalues of g and the branch of the logarithmic func-
tion is chosen to satisfy 0 ď 1

2π
?
´1

log z ă 1 for |z| “ 1.

Note that agepgq ` agepg´1q “ n´ ng where g P GW and ng is the multiplicity
of eigenvalue 1 of g. In fact, if λ is an eigenvalue of g, λ´1 is an eigenvalue
of g´1. One has 1

2π
?
´1
plog λ ` log λ´1q equals 0 if λ “ 1 and 1 otherwise, so

agepgq ` agepg´1q is equal to the number of eigenvalues other than 1.
In what follows, let G be a subgroup of GW .
GW is not trivial since it contains the exponential grading operator

J :“ diag
´

e2π
?
´1q1 , . . . , e2π

?
´1qn

¯

.

J is an element of Gdiag
W and, in particular, the center of GW . J is contained in

SLnpCq if and only if the (generalized) Calabi-Yau condition
n
ÿ

i“1

qi P Z

is satisfied.
Let y1, . . . , yn be eigenvectors of g which correspond to the eigenvalues λ

g
1 , . . . , λ

g
n

of g. Since gij “ 0 if qi ‰ qj, we can assume that yi is a linear combination of
xj’s which have the charge qi. Let W1 be a polynomial satisfying W1py1, . . . , ynq “

Wpx1, . . . , xnq. Put Ig “ t 1 ď i ď n | λ
g
i “ 1 u so ng “ #Ig. We define a polynomial

Wg in Rg :“ Cryi|i P Igs by Wgpyi1 , . . . , ying
q “ W1py1, . . . , ynq|Rg , that is, setting

yi “ 0 if i R Ig.
Let Ωg be a one dimensional vector space generated by a symbol dyi1 ^ ¨ ¨ ¨ ^

dying
and define the action of h P CGpgq on Ωg by

h ¨ pdyi1 ^ ¨ ¨ ¨ ^ dying
q “ detph|EndpKerpEn´gqqqpdyi1 ^ ¨ ¨ ¨ ^ dying

q.

Definition 2.4. Let C be a set of representatives of conjugacy classes of G. The
(state space of) Landau-Ginzburg orbifold HW,G for a pair pW, Gq is defined by

HW,G “
à

gPC
pRg{I∇Wg bΩgq

CGpgq.

The left and right charge of f b v P Rg{I∇Wg b Ωg are defined by chargep f q `
agepgq´

ř

iRIg qi and chargep f q`agepg´1q´
ř

iRIg qi respectively where chargep f q “
ř

iPIg αiqi for f “
ř

iPIg yαi
i . The dimension of the homogeneous subspace with the

left and right charge pp, qq is called the Hodge number hp,qpW, Gq. The generating
function

PW,Gpt, t̄q “
ÿ

p,qPQ

hp,qpW, Gqtp t̄q

of the Hodge numbers is called the Poincaré polynomial.
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Proposition 2.5 ([8]). The Poincaré polynomial of the pair pW, Gq is given by

PW,Gpt, t̄q “
ÿ

gPC

PW,G,gpt, t̄q

where

PW,G,gpt, t̄q “
1

#CGpgq
tagepgq t̄agepg´1qptt̄q

ř

iRIg qi
ÿ

hPCGpgq

ź

iPIg

λ
h,g
i ´ ptt̄q1´qi

1´ λ
h,g
i ptt̄qqi

.

Here, λ
h,g
1 , . . . , λ

h,g
n are the eigenvalues of h which are chosen so that the eigenvector

corresponding to λ
h,g
i belongs to the eigenspace of λ

g
i .

3. Mirror Symmetry of Invertible Polynomials

In this section, we review mirror symmetry of invertible polynomials by Krawitz.
See[6] and references therein for more details.

A quasihomogeneous nondegenerate polynomial W “
řm

i“1 ci
śn

j“1 x
aij
j is in-

vertible if the number of monomials equals the number of variables, that is, m “ n
and A :“ paijq is invertible. In what follows, we assume ci “ 1 without loss of
generality rescaling the variables if necessary.

Theorem 3.1 (Kreuzer-Skarke [7]). Any invertible polynomial is a decoupled sum of
one of the following atomic type polynomials:

Fermat type : xa,
Chain type : xa1

1 x2 ` ¨ ¨ ¨ ` xan´1
n´1 xn ` xan

n pn ě 2q,
Loop type: xa1

1 x2 ` ¨ ¨ ¨ ` xan´1
n´1 xn ` xan

n x1 pn ě 2q.

Let ρij be the pi, jq-component of A´1. Then Gdiag
W is generated by

gi “ diagpe2π
?
´1ρi1 , . . . , e2π

?
´1ρinq.

In fact, if h “ diagpe2π
?
´1h1 , . . . , e2π

?
´1hnq P Gdiag

W then we see

A

¨

˚

˝

h1
...

hn

˛

‹

‚

P Zn.

So ph1, . . . , hnq
T is a Z-linear combination of columns of A´1.

Definition 3.2. Let W be an invertible polynomial and G be its diagonal symme-
try group. The Berglund-Hübsch transpose pWT , GTq of pW, Gq is defined by

WTpy1, . . . , ynq “

n
ÿ

i“1

n
ź

j“1

y
aji
j

GT “

#

n
ź

i“1

ḡri
i P Gdiag

WT

ˇ

ˇ

ˇ

ˇ

ˇ

pr1, . . . , rnqA´1pα1, . . . , αnq
T P Z for all

n
ź

i“1

gαi
i P G

+

where ḡi “ diagpe2π
?
´1ρ1i , . . . , e2π

?
´1ρniq.

Note that pWTqT “ W and pGTqT “ G. Besides, J P G if and only if GT Ă

SLnpCq.
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Theorem 3.3 (Krawitz [6]). Let W be an invertible polynomial and G be a admissible
group of diagonal symmetries of W. There is a bigraded vector space isomorphism between
the FJRW ring of pW, Gq and the Landau-Ginzburg orbifold of pWT , GTq.

See [4] for details of FJRW rings. The FJRW ring of pW, Gq is isomorphic to the
Landau-Ginzburg orbifold of pW, Gq as a vector space, but the definition of the
right charge is different. The right charge is defined as ng ´ chargepgq ` agepgq ´
2
ř

iPIg qi´
ř

iRIg qi for f b v P pRg{I∇Wg bΩgq. Using the fact that G is admissible
if J P G, we see the following corollary.

Corollary 3.4. Let W be an invertible polynomial and G be a group of diagonal symme-
tries of W containing J. Then we have

PWT ,GT pt, t̄q “ t̄ĉPW,Gpt, t̄´1q.

In [1], the conjectural method to find mirror pairs based on the Berglund-
Hübsch transpose is suggested. This method is applicable if G is a semidirect
product Gdiag o S of a diagonal symmetry group Gdiag Ă Gdiag

W and a subgroup S
of the group of permutations. Then the mirror pair is given by pWT , pGdiagqT o Sq.
The data in [8] shows that this method finds mirror pairs in some cases, but fails
in some other cases. Ebeling and Gusein-Zade conjectured that this method gives
mirror symmetric pairs if S satisfies a certain condition, called the parity condition,
and presented its evidence by proving duality of the orbifold Euler characteristics
of Milnor fibers associated to pW, G o Sq [2, 3].

In Section 5, we focus on the case of W “ xp´1
1 x2 ` ¨ ¨ ¨ ` xp´1

p x1 where p is
an odd prime. W has symmetry group S of cyclic permutation of variables. S
satisfies parity condition, so it is natural to expect pW, G o Sq and pWT , GT o Sq
to be a mirror pair.

G o S is some kind of a semidirect product of two cyclic groups also known as
split metacyclic groups. In the next section, we calculate conjugacy classes of split
metacyclic groups isomorphic to G o S.

4. Split Metacyclic Groups

A finite group G is called metacyclic if there exists a cyclic normal subgroup
NCG such that G{N is also cyclic [5]. Then G can be written G “ SN where S Ă
G and NCG. Such a factorization is called a metacyclic factorization. If SX N “ 1,
this metacyclic factorization is called split and G is called split metacyclic.

It is known that a group is metacyclic if and only if it has a presentation of the
form

Gq,p,φ,r :“ xa, b | aq “ 1, bp “ ar, bab´1 “ aφy

where q, p P Zą0, φ, r P Z, pq, φq “ 1, q | φp ´ 1 and q | rpφ ´ 1q. Note that
Gq,p,φ :“ Gq,p,φ,0 is split metacyclic.

Consider the split metacyclic groups Gpeq,p,φ where pp, qq “ pφ´ 1, qq “ 1 and
0 ď e ď 2. Then q satisfies the following lemma.

Lemma 4.1. Let p be a prime and let q, φ satisfy φp ” 1 pmod qq and pp, qq “ pφ´
1, qq “ 1. Then every prime factor q1 of q satisfies p | q1 ´ 1.

Proof. Let q “
ś

i qei
i be the prime factorization of q. φ generates the subgroup

of order p in Zˆq . Since pφ ´ 1, qiq “ 1 for all qi, images of this group of the
5



isomorphism
Zˆq

„
ÝÑ

ź

i

Zˆ
q

ei
i

followed by projections should be a group with order p. Since qi ‰ p for all qi

and #Zˆ
q

ei
i
“ qei´1

i pqi ´ 1q must be a multiple of p, we have p | qi ´ 1. �

Let us calculate conjugacy classes and centralizers of Gpeq,p,φ. If e “ 1, one has
φ ” 1 pmod pq by Fermat’s little theorem, so baqb´1 “ aqφ “ aq, i.e, aq is a central
element. Hence Gpq,q,φ “ xaq, ap, by “ xaqy ˆ xap, by – Zp ˆ Gq,p,φ. Similarly, if
e “ 2 and φ ” 1 pmod p2q, one has Gp2q,p,φ “ xaq, ap2

, by – Zp2 ˆ Gq,p,φ. The
conjugacy classes of these two cases could be calculated from those of Gq,p,φ.

Lemma 4.2. Let p be a prime and q, φ be positive integers satisfying pp, qq “ pφ ´

1, qq “ 1, φp ” 1 pmod qq. Then φi ´ 1 is coprime to q and q divides
p´1
ÿ

j“0

φij

for i “ 1, . . . , p´ 1.

Proof. When q “ 1 the statement is trivial. Assume q ‰ 1. Let l be a minimum
positive integer satisfying pφl ´ 1, qq ‰ 1. By the assumptions, l satisfies 2 ď l ď p.
Since φ´ 1 is coprime to q, we have p

řl´1
i“0 φi, qq ‰ 1 and

řp´1
i“0 φi ” 0 pmod qq.

Put p “ ml ` n, n “ 0, 1, . . . , l ´ 1.

p´1
ÿ

i“0

φi “

˜

m´1
ÿ

i“0

φil

¸

¨

˝

l´1
ÿ

j“0

φj

˛

‚` φml
n´1
ÿ

i“0

φi.

The both sides must be divided by pφl ´ 1, qq, so does
řn´1

i“0 φi. By the minimality
of l we have n “ 0 and by the primality of p we have l “ p.

By the assumption we have

φip ´ 1 “ pφi ´ 1q
p´1
ÿ

j“0

φij ” 0 pmod qq.

From the discussion above, φi ´ 1 is coprime to q. This completes the proof. �

Lemma 4.3. Let G “ Gq,p,φ be a split metacyclic group where p is a prime and pp, qq “
pφ´ 1, qq “ 1. The conjugacy classes and centralizers of G are as follows:

‚ A class rbis of length q for i “ 1, . . . , p´ 1 with the centralizer xby – Zp,
‚ A class rais of length p for every coset representative i P pZqz t 0 uq{xφy with the

centralizer xay – Zq, and
‚ The class of the identity element.

Proof. The conjugation of a general element aubv is

axbyaubvb´ya´x “ auφy´xpφv´1qbv.

First take v ‰ 0. Since by Lemma 4.2 φv ´ 1 is invertible modulo q, we can
choose x so that uφy´ xpφv´ 1q ” 0 pmod qq. Then the element aubv is conjugate
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to bv. This conjugacy class has q elements. The centralizer should have the order
p, so this is generated by b.

Next take v “ 0 and u ‰ 0. Then au is conjugate to auφy
, so a conjugacy class is

t au, auφ, . . . , auφp´1
u. If auφi

“ auφj
where 0 ď i ď j ď p´ 1, then uφipφj´i´ 1q ” 0

pmod qq. Again by Lemma 4.2, we have i “ j. So, the conjugacy class containing
au has p elements. The centralizer should have the order q, so this is generated
by a.

Finally, v “ 0 and u “ 0 gives the identity element of G. This completes the
proof. �

Lemma 4.4. Let p be an odd positive integer. If φ P Z satisfies φ ” 1 pmod pq, then
p´1
ÿ

i“0

φji

is divisible by p but not by p2 for all j ě 0.

Proof. By the assumption, we can put φ “ np` 1, so
p´1
ÿ

i“0

φji “

p´1
ÿ

i“0

pnp` 1qij “
p´1
ÿ

i“0

ij
ÿ

k“0

ˆ

ij
k

˙

pnpqk

”

p´1
ÿ

i“0

pijnp` 1q “ jnp2 p´ 1
2

` p

” p pmod p2q.

�

Lemma 4.5. Let G “ Gp2q,p,φ be a split metacyclic group where p is an odd prime,
pp, qq “ pφ´ 1, qq “ 1, φ ı 1 pmod p2q. The conjugacy classes and centralizer of G
are as follows:

‚ A class rbjs of length pq for j “ 1, . . . , p´ 1 with the centralizer xapq, by – Z2
p,

‚ A class raibjs of length pq for i “ 1, . . . , p ´ 1 and j “ 1, . . . , p ´ 1 with the
centralizer xaibjy – Zp2 ,

‚ A class rais of length p for every coset representative i P
´

Zp2qz pqZp2q

¯

{xφy

with the centralizer xay – Zp2q, and
‚ A central class rapqis for i “ 0, . . . p´ 1.

Proof. The conjugation of a general element aubv is

axbyaubvb´ya´x “ auφy´xpφv´1qbv.

First take v ‰ 0. φv ´ 1 is divisible by p but not by p2. Hence pφv ´ 1q{p
is coprime to p. Besides, φv ´ 1 is coprime to q by Lemma 4.2, so pφv ´ 1q{p is
coprime to pq and invertible modulo pq. Choose x so that it satisfies xpφv´1q{p ”
1 pmod pqq. Then setting y “ 0 we have

uφy ´ xpφv ´ 1q ” u´ p pmod p2qq.

This shows that the element aubv is conjugate to aibv where i “ u mod p and the
corresponding conjugacy class has pq elements. The centralizer has order p2 and
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contains apq and aibj. For i “ 0, the centralizer is clearly xapq, by – Z2
p. For i ‰ 0,

we have
paibjqp “ ai

řp´1
k“0 φjk

bpj “ ai
řp´1

k“0 φjk
.

řp´1
k“0 φjk is divisible by pq but not by p2 from Lemma 4.2 and Lemma 4.4. Hence

paibjqp is not the identity and contained in the group generated by apq. This shows
that the centralizer is the cyclic group generated by aibj with order p2.

Next take v “ 0 and pq - u. Then au is conjugate to auφy
, so a conjugacy

class is t au, auφ, . . . , auφp´1
u. Assume auφi

“ auφj
where 0 ď i ď j ď p´ 1, then

uφipφj´i ´ 1q ” 0 pmod p2qq. If p | u, then q - u, so we need φj´i ” 1 pmod qq.
This is satisfied if and only if i “ j by Lemma 4.2. On the other hand, if p - u,
we need φj´i ´ 1 ” 0 pmod p2q which implies i “ j from φ ı 1 pmod p2q. So,
the conjugacy class containing au has p elements. The centralizer should have the
order p2q, so this is generated by a.

Finally, v “ 0 and pq | u gives the central elements of G. This completes the
proof. �

Remark 4.6. In [10], it was shown that the number of conjugacy classes of Gq,p,φ,r
is given by

p
ÿ

d|q

ϕpdq
u2

d

where ϕ denotes Euler’s totient function and ud is the order of φ in Zˆd . For the
situation of Lemma 4.3 for d|peq, φ has order 1 if d “ 1 and order p otherwise.
Hence

p
ÿ

d|q

ϕpdq
u2

d
“ p

¨

˝

ÿ

d|q

ϕpdq
p2 `

ˆ

1´
1
p2

˙

ϕp1q

˛

‚

“
q´ 1

p
` p.

Similarly, for the situation of Lemma 4.5, φ has order 1 if d “ 1, p and order p
otherwise. Hence we have

p
ÿ

d|p2q

ϕpdq
u2

d
“ pq` p2 ´ 1.

These values agree with what we expected from Lemma 4.3 and Lemma 4.5.

5. Main Theorem

Let p be an odd prime. In this section, we assume W “ xp´1
1 x2 ` ¨ ¨ ¨ ` xp´1

p x1,

G Ă Gdiag
W and S is the cyclic group generated by the cyclic permutation of vari-

ables σ : xi ÞÑ xi`1 where the index is considered modulo p. Every variable xi

has charge 1
p , so ĉ “ p´ 2. Gdiag

W is generated by

diag
´

ζα, . . . , ζ
p´p`1qp´1

α

¯

where α :“ #Gdiag
W “ pp´ 1qp ` 1 and ζα “ e

2π
?
´1

α , whose determinant is ζp. Note
that α is divisible by p2 but not by p3. G is a subgroup of SLppCq if and only if
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#G is not a multiple of p2. Since the exponential grading operator J has order p,
J P G if and only if p | #G. In particular J R G implies G Ă SLppCq.

Let q be the greatest divisor of #G which is coprime to p, i.e., #G “ peq for
e “ 0, 1, 2. W is invariant under the action of the group generated by G and S.
This group is semidirect product G o S, and has a presentation

xg, σ | gpeq “ 1, σp “ 1, σgσ´1 “ g´p`1y,

which shows that G o S – Gpeq,q,´p`1. In what follows, we fix g by

g “ diag
´

ζpeq, . . . , ζ
p´p`1qp´1

peq

¯

.

Since WT “ yp´1
1 yp ` yp´1

2 y1 ` ¨ ¨ ¨ ` yp´1
p yp´1, W and WT coincide up to

change of indexes. Note that at least one of G and GT contains the exponen-
tial grading operator. In fact, if J R G, then GT Ć SLppCq, so GT contains the
exponential grading operator by the discussion above.

Let us define PJ
W,GoSpt, t̄q and PSL

W,GoSpt, t̄q as follows:

PJ
W,GoSpt, t̄q “

$

’

’

’

’

’

&

’

’

’

’

’

%

p´ 1
p

p´1
ÿ

i“1

ti´1 t̄p´i´1 pJ P Gq

pp´ 1q
p´1
ÿ

i“1

ptt̄q
i
p`

p´1
2 ´1

potherwiseq

PSL
W,GoSpt, t̄q “

$

’

’

’

’

’

&

’

’

’

’

’

%

p´ 1
p

p´1
ÿ

i“1

ptt̄qi´1 pG Ă SLppCqq

pp´ 1q
p´1
ÿ

i“1

t
i
p`

p´1
2 ´1 t̄´

i
p`

p`1
2 ´1

potherwiseq

By some calculation, we can show the following lemma.

Lemma 5.1. The following relation holds:

PJ
WT ,GToSpt, t̄q “ t̄ĉPSL

W,GoSpt, t̄´1q.

Lemma 5.2. Let h “ diagph1, . . . , hpq P GLppCq and j “ 1, . . . , p´ 1. Every root of
Xp ´ det h “ 0 is an eigenvalue of hσj.

Proof. Let r be a root of Xp ´ det h “ 0. Define αr
i recursively for i “ 1, . . . , p by

#

αr
1 “ 1,

αr
i “

1
r αr

i´jhi.

where the index is considered modulo p. αr
i is well-defined since j is coprime to

q hence there exists k which satisfies i “ 1` jk. The latter relation is also valid for
i “ 1 by the definition of r.
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Then the vector v “
řp

i“1 αr
i xi is the eigenvector of hσi with the eigenvalue r:

hσj ¨ v “ h ¨

˜ p
ÿ

i“1

αr
i xi`j

¸

“

p
ÿ

i“1

αr
i hi`jxi`j

“

p
ÿ

i“1

rαr
i`jxi`j “ rv.

�

Lemma 5.3. The following relation holds:

PW,GoS,1pt, t̄q “

$

’

’

’

&

’

’

’

%

1
p

PW,G,1pt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ptt̄qi pe “ 0, 1q,

1
p

PW,G,1pt, t̄q pe “ 2q.

Proof. By Lemma 5.2, for j ‰ 0 the eigenvalues of giσj are roots of Xp´det gi “ 0,

that is, ζk
ppdet giq

1
p where k “ 0, . . . , p´ 1. One can see

PW,GoS,1pt, t̄q “
1
p

PW,G,1pt, t̄q `
1

pe`1q

ÿ

giσj

j‰0

p´1
ź

k“0

ζk
ppdet giq

1
p ´ ptt̄q

p´1
p

1´ ζk
ppdet giq

1
p ptt̄q

1
p

“
1
p

PW,G,1pt, t̄q `
1

pe`1q

ÿ

giσj

j‰0

1
det gi

ptt̄qp´1 ´ det gi

tt̄´ det g´i .

If e “ 0 or e “ 1, G Ă SLppCq. Then the summand of the second term is

ptt̄qp´1 ´ 1
tt̄´ 1

“

p´1
ÿ

k“1

ptt̄qk´1,

hence

PW,GoS,1pt, t̄q “
1
p

PW,G,1pt, t̄q `
1

pe`1q

ÿ

h“giσj

j‰0

p´1
ÿ

k“1

ptt̄qk´1

“
1
p

PW,G,1pt, t̄q `
1

pe`1q
peqpp´ 1q

p´1
ÿ

k“1

ptt̄qk´1

“
1
p

PW,G,1pt, t̄q `
p´ 1

p

p´1
ÿ

k“1

ptt̄qk´1.

On the other hand, if e “ 2, one can show det gi “ ζ i
p because one has

det g “
p´1
ź

j“0

ζ
p´p`1qj

p2q “ ζ

řp´1
j“0 p´p`1qj

p2q “ ζ
pp´1qp`1

p

p2q “ ζ
α

p2q
p “ ζp

10



where the last equality can be shown by using Lemma 4.1. Then

ÿ

giσj

j‰0

1
det gi

ptt̄qp´1 ´ det gi

tt̄´ det g´i “ pp´ 1q
p2q´1
ÿ

i“0

1
ζ i

p

ptt̄qp´1 ´ ζ i
p

tt̄´ ζ´i
p

“ ppp´ 1qq
p´1
ÿ

i“0

ζ´i
p

p´2
ÿ

l“0

ζ
´ipp´l´2q
p ptt̄ql

“ ppp´ 1qq
p´2
ÿ

l“0

ptt̄ql
p´1
ÿ

i“0

ζ
ipl`1q
p “ 0.

This completes the proof. �

Proposition 5.4. With the above assumptions, one has

(‹) PW,GoSpt, t̄q “
1
p

PW,Gpt, t̄q ` PJ
W,GoSpt, t̄q ` PSL

W,GoSpt, t̄q.

Proof. If h is conjugate to h1, one can show PW,GoS,hpt, t̄q = PW,GoS,h1pt, t̄q. Hence

PW,GoSpt, t̄q “
ÿ

giσjPGoS

1
#rgiσjs

PW,GoS,giσjpt, t̄q

“ PW,GoS,1pt, t̄q `
ÿ

i‰0

1
#rgis

PW,GoS,gipt, t̄q `
ÿ

rgiσjs
j‰0

PW,GoS,giσjpt, t̄q

where the last sum runs over all conjugacy class of the form rgiσjs for j ‰ 0.
First, assume e “ 0. For all conjugacy class of the form rgis one has #rgis “ p

and CGoSpgiq “ CGpgiq “ G by Lemma 4.3, so
ÿ

i‰0

1
#rgis

PW,GoS,gipt, t̄q “
1
p

ÿ

i‰0

PW,G,gipt, t̄q.

Again by Lemma 4.3, σj’s are representatives of conjugacy classes of the form
rgiσjs. The eigenspace of σj with the eigenvalue 1 is spanned by x1 ` ¨ ¨ ¨ ` xp.
Since CGoSpσ

jq “ S and any element of S acts x1 ` ¨ ¨ ¨ ` xp by 1, we have

ÿ

rgiσjs
j‰0

PW,GoS,giσjpt, t̄q “
p´1
ÿ

j“1

PW,GoS,σjpt, t̄q

“

p´1
ÿ

j“1

1
p

t
p´1

2 t̄
p´1

2 ptt̄q´
p´1

p

p´1
ÿ

k“0

1´ ptt̄q
p´1

p

1´ ptt̄q
1
p

“ pp´ 1qt
p´1

2 t̄
p´1

2 ptt̄q´
p´1

p

p´1
ÿ

l“1

ptt̄q
l´1

p

“ pp´ 1q
p´1
ÿ

l“1

ptt̄q
l
p`

p´1
2 ´1.
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Summarizing the above calculations, one has

PW,GoSpt, t̄q

“
1
p

PW,G,1pt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ptt̄qi `
1
p

ÿ

i‰0

PW,G,gipt, t̄q ` pp´ 1q
p´1
ÿ

i“1

ptt̄q
i
p`

p´1
2 ´1

“
1
p

PW,Gpt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ptt̄qi ` pp´ 1q
p´1
ÿ

i“1

ptt̄q
i
p`

p´1
2 ´1.

Recall that e “ 0 if and only if J R G Ă SLppCq. This shows the asserted relation
(‹) holds for e “ 0.

Second, assume e “ 1. For all conjugacy class of the form rgis, one has #rgis “ p
and CGoSpgiq “ CGpgiq “ G if q - i. Otherwise gi is a central element, so #rgis “ 1
and CGoSpgiq “ G o S. Hence

ÿ

i‰0

1
#rgis

PW,GoS,gipt, t̄q “
1
p

ÿ

i‰0

PW,G,gipt, t̄q `
p´ 1

p

p´1
ÿ

i“1

PW,G,gqipt, t̄q

“
1
p

ÿ

i‰0

PW,G,gipt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ti t̄p´iptt̄q´1

“
1
p

ÿ

i‰0

PW,G,gipt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1.

A conjugacy class of the form rgi1σjs where j ‰ 0 has a representative of the
form gqiσj and CGoSpgqiq “ xgq, σy by Lemma 4.3. By Lemma 5.2, the eigenvalues
of gqiσj are ζk

p for k “ 0, . . . , p´ 1. Define yk by

yk “

p
ÿ

l“1

ζ
p´k`1qpl´1q
p xl

for k “ 1, . . . , p. yk is an eigenvector of σj with eigenvalue ζk´1
p and an eigenvector

of giσj because

gqiσj ¨ yk “ gqiζ
pk´1qj
p yk “ ζ

i`pk´1qj
p yk.

In particular, y´ij´1`1 is an eigenvector with the eigenvalue 1 where we denote
the inverse of j modulo p by j´1.

Now, one can see

1
p

p
ÿ

k“1

ζ
pl´1qpk´1q
p yk “

1
p

p
ÿ

k“1

ζ
pl´1qpk´1q
p

p
ÿ

m“1

ζ
p´k`1qpm´1q
p xm

“
1
p

p
ÿ

m“1

ζ´l`m
p xm

p
ÿ

k“1

ζ
kpl´mq
p

“ xl .
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Then

W “

p
ÿ

l“1

xp´1
l xl`1 “

p
ÿ

l“1

˜

1
p

p
ÿ

k“1

ζ
pl´1qpk´1q
p yk

¸p´1 ˜
1
p

p
ÿ

k“1

ζ
lpk´1q
p yk

¸

.

Setting yk “ 0 for k ‰ ´ij´1 ` 1 one has

Wgiσj
“

1
pp

p
ÿ

l“1

ζ
pl´1qp´ij´1qpp´1q`lp´ij´1q
p yp

´ij´1`1

“
1

pp´1 ζ
´ij´1

p yp
´ij´1`1.

So we have Rgiσj
{I

∇Wgiσj bΩgiσj
– Crys{

`

yp´1˘bCdy –
Àp´2

k“0 ykdy as a vector
space, but no elements are invariant under the action of gq. This shows

PW,GoS,giσjpt, t̄q “ 0.

Summarizing the calculations above, we have

PW,GoSpt, t̄q

“
1
p

PW,G,1pt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ptt̄qi `
1
p

ÿ

i‰0

PW,G,gipt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1

“
1
p

PW,Gpt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ptt̄qi `
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1

Recall e “ 1 if and only if J P G Ă SLppCq. This shows that the asserted relation
(‹) holds.

At last, assume e “ 2. By Lemma 4.5, for conjugacy classes of the form rgis,
one has #rgis “ p and CGoSpgiq “ CGpgiq “ G if pq - i. Otherwise gi is a central
element, so #rgis “ 1 and CGoSpgiq “ G o S. So as in the case of e “ 1, we see

ÿ

i‰0

1
#rgis

PW,GoS,gipt, t̄q “
1
p

ÿ

i‰0

PW,G,gipt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1.

Since det gi “ ζ i
p as shown in the proof of Lemma 5.3, gi has eigenvalue 1 if

and only if p | i. By Lemma 4.3, conjugacy class of the form rgi1σjs where j ‰ 0
are represented by giσj for i “ 0, . . . , p ´ 1. For i “ 0, PW,GoS,σjpt, t̄q “ 0 as in
the case of e “ 1. Otherwise the eigenvalues of giσj are roots of Xp ´ ζ i

p “ 0, i.e.,
ζ i

p2 ζk
p for k “ 0, . . . , p´ 1. Then one has

agepgiσjq “

p´1
ÿ

k“0

ˆ

i
p2 `

k
p

˙

“
i
p
`

p´ 1
2

and

ageppgiσjq´1q “ p´ agepgiσjq “ ´
i
p
`

p` 1
2

.
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Hence we have

ÿ

rgiσjs
i,j‰1

PW,GoS,giσjpt, t̄q “
p´1
ÿ

i“1

p´1
ÿ

j“1

tagepgiσjq t̄ageppgiσjq´1qptt̄q´1

“ pp´ 1q
p´1
ÿ

i“1

t
i
p`

p´1
2 ´1 t̄´

i
p`

p`1
2 ´1.

The calculation above and Lemma 5.3 show

PW,GoSpt, t̄q

“
1
p

PW,G,1pt, t̄q `
1
p

ÿ

i‰0

PW,G,gipt, t̄q

`
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1 ` pp´ 1q
p´1
ÿ

i“1

t
i
p`

p´1
2 ´1 t̄´

i
p`

p`1
2 ´1

“
1
p

PW,Gpt, t̄q `
p´ 1

p

p´1
ÿ

i“1

ti´1 t̄p´i´1 ` pp´ 1q
p´1
ÿ

i“1

t
i
p`

p´1
2 ´1 t̄´

i
p`

p`1
2 ´1

Recall that e “ 2 if and only if J P G Ć SLppCq. This completes the proof.
�

Theorem 5.5. The following relations holds:

PWT ,GToSpt, t̄q “ t̄ĉPW,GoSpt, t̄´1q.

Proof. Recall that at least one of G and GT contains the exponential grading op-
erator. This theorem follows from Corollary 3.4, Proposition 5.4 and Lemma
5.1. �
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