Mirror symmetry of nonabelian Landau-Ginzburg orbifolds
with loop type potentials

Daichi Mukai

ABsTRACT. We study the bigraded vector space structure of Landau-Ginzburg
orbifolds with the permutation symmetries of variables. We calculate the for-
mula of the Poincaré polynomial for a certain loop polynomial orbifoldized by a
semidirect product of a diagonal symmetry group and cyclic permutation group
and check that the generalization of Berglund-Hiibsch transpose gives mirror
symmetric pairs for these cases.

1. Introduction

The Landau-Ginzburg mirror symmetry conjecture predicts that for a poten-
tial polynomial W with its symmetry group G, there exist the dual potential
W and the dual symmetry group G such that the Landau-Ginzburg A-model
of (W, G) is isomorphic to the Landau-Ginzburg B-model of (W, G). Historically,
this conjecture was studied by physicists to verify mirror symmetry of Calabi-Yau
manifolds using Calabi-Yau/Landau-Ginzburg correspondence conjecture. The
Landau-Ginzburg mirror symmetry is more general because not every Landau-
Ginzburg theory has a corresponding geometric object.

A potential polynomial is called invertible if the number of monomials equals
the number of variables. For an invertible polynomial W and its diagonal sym-
metry group G, Krawitz [6] suggested the method to construct the dual pair
(WT,GT) based on the Berglund-Hiibsch transposed potential WT and proved
Landau-Ginzburg mirror symmetry conjecture at the level of bigraded vector
spaces.

Compared to the diagonal case such as above, there are not too many efforts on
the case where a symmetry group is nonabelian. In [8], the Poincaré polynomial
of the Landau-Ginzburg orbifolds for a quintic potential and its certain symmetry
group which is possibly nonabelian is computed. There, in addition to mirror
pairs predicted by the result of Krawitz, one can find several nonabelian mirror
symmetric pairs. In [1], Ebeling and Gusein-Zade suggested the method which
generalize Krawitz’s construction of mirror pair to the case having the symmetry
group of the form G X S where G is a diagonal symmetry group and S is a
permutation group of variables preserving W. They conjectured, and proved for
certain cases [2, 3], that (W, G % S) and (WT, GT % S) have the same orbifold Euler
characteristics of the Milnor fiber up to sign if S satisfies a condition called the
parity condition.

We try to verify that there is the mirror symmetric relation between Landau-
Ginzburg models of (W, G x S) and (WT,GT x S). Priddis, Ward and Williams [9]
studied mirror maps of such pairs for Fermat type potentials and constructed
mirror isomorphism between some kind of subspaces of A- and B-model. In
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this article, we consider the potential W = x” _1x2 +F x5_1x1 where p is an
odd prime. W is invariant under cyclic permutations and the group S generated
by such permutations satisfies the parity condition. We prove a formula of the
Poincaré polynomial for (W, G x S) from which we can observe mirror symmetry

at the level of bigraded vector spaces.

Acknowledgment The author would like to thank his supervisor Toshiya Kawai
for many discussions and valuable comments without which this article would
not be appearing in its present form.

2. Landau-Ginzburg Orbifolds

Let us recall some basic facts about Landau-Ginzburg orbifolds. See [8] and
references therein for more details.

Definition 2.1. Let W be a polynomial in C[x3, ..., x,] with a critical point at the
origin. The Jacobi ring Qw of W is defined by the quotient

Ow =C[xq,...,xa)/Ivw
where Iy is the gradient ideal
tow = (G )
0xq 0xp

The critical point at the origin is said to be isolated if Qyy is finite dimensional as
a vector space over C.

Definition 2.2. Let W be a polynomial in C[x1,...,x,]. W is said to be quasiho-
mogeneous if there exist g1, ...,q, € Q= which satisfy

WA xq, .., AT xy,) = AW(xq, ..., x,)
for all A € C. g; is called the charge of x; and

¢= > (1-2¢;)
i=1

is called the central charge. A quasihomogeneous polynomial with an isolated
critical point at the origin is called nondegenerate.

In what follows, let W be a quasihomogeneous nondegenerate polynomial.
Let V be an n-dimensional vector space over C with a basis x1,...,x,. We
define the action of GL,(C) on V by

n
§Xi = Z 8ijXj

j=1
for ¢ = (gij) € GLx(C) and extending linearly. This action induces the action on
Clx1,...,xs) by

(& F)x, o xn) = f(g- %100, 8 Xn).
Definition 2.3. The maximal symmetry group Gy and maximal diagonal symmetry
group Gg\}ag of W are defined by
Gw ={geGL,(C)|g-W=W, gij=Oifqi7éqj},
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and
GCllag { g€ Gw | g is a diagonal matrix } .

The age of g € Gy is defined by

age(g Z log A;

where A4, ..., Ay are the eigenvalues of g and the branch of the logarithmic func-
tion is chosen to satisfy 0 < 5 r logz <1 for |z| = 1.

Note that age(g) + age(¢™!) = n — ny where g € Gy and ny is the multiplicity
of eigenvalue 1 of g In fact, if A is an eigenvalue of g, A~
of ¢~!. One has #(log)t +logA™1) equals 0 if A = 1 and 1 otherwise, so

is an eigenvalue

age(g) +age(g ') is equal to the number of eigenvalues other than 1.
In what follows, let G be a subgroup of Gy.
Gy is not trivial since it contains the exponential grading operator

] := diag (eznﬁql, .. ,eznﬁq”> .

J is an element of Gf,l\i,ag and, in particular, the center of Gy. J is contained in
SL,(C) if and only if the (generalized) Calabi-Yau condition

n
Zqi e”Z
i=1

is satisfied.

Lety,...,yn be eigenvectors of g which correspond to the eigenvalues /\f Lo AS
of g. Since g;; = 0 if g; # q;, we can assume that y; is a linear combination of
xj’s which have the charge g;. Let W’ be a polynomial satisfying W’ (y1,...,yu) =

W(x1,...,x,). Put I8 ={1<i<n| /\g =1}so ng = #I8. We define a polynomial
WS in RS := C[y;|i € I¢] by Wg(yll,.. ,ylng) = W'(y1,-..,Yn)|re, that is, setting
yi = 0if i ¢ I8,

Let ()¢ be a one dimensional vector space generated by a symbol dy; A --- A
dyl-ng and define the action of i € C5(g) on Q¢ by

h-(dyi, ~ - ~dyi,, ) = det(hlgng(ker(E,—g)) ) (@Yiy A -+ A @Y, )-

Definition 2.4. Let C be a set of representatives of conjugacy classes of G. The
(state space of) Landau-Ginzburg orbifold Hy ¢ for a pair (W, G) is defined by

Hwc = D(RE/Igws ® Q) e,
geC

The left and right charge of f ® v € R8/Igws ® ()¢ are defined by charge(f) +

age(g) — Xigs 9i and charge(f) +age(g~!) - 2.ig1s qi respectively where charge(f) =
Sicis aigi for f = ;¢ yi'. The dimension of the homogeneous subspace with the
left and right charge (p, q) is called the Hodge number h?1(W, G). The generating
function

Pyc(tE) = >, hPA(W,G)tH

pqeQ
of the Hodge numbers is called the Poincaré polynomial.
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Proposition 2.5 ([8]). The Poincaré polynomial of the pair (W, G) is given by
Pyt E) = ). Pwglt,D)
geC
where

1 tt)l qi

Pw co(t ) = rage(8) fage(g™ tt 2igi8 i
8 #C(g) hECZG: ) ,gg 1— ALty

Here, Al;’g,. c Ay "8 are the eigenvalues of h which are chosen so that the eigenvector
corresponding to A, hs belongs to the eigenspace of )\ig .

3. Mirror Symmetry of Invertible Polynomials

In this section, we review mirror symmetry of invertible polynomials by Krawitz.
See[6] and references therein for more details.
. . m n ai . .
A quasihomogeneous nondegenerate polynomial W = >3;=; ¢; [ [j_; x jl is in-
vertible if the number of monomials equals the number of variables, that is, m = n
and A := (a;;) is invertible. In what follows, we assume ¢; = 1 without loss of

generality rescaling the variables if necessary.
Theorem 3.1 (Kreuzer-Skarke [7]). Any invertible polynomial is a decoupled sum of
one of the following atomic type polynomials:
Fermat type : x“,
Chain type : xj'xp + -+ xn” T xn A+ xy (n=2),
Loop type: x{'xp + -+ X" Jxy + xi'xp (1 =

Let p;; be the (i, j)-component of A~L. Then Gg;ag is generated by

Qi = diag(emﬁpﬂ, eV 1y
In fact, if h = diag(ezmﬁhl,. .., etV =Ty ¢ Gf,lviag then we see
hy
Al 1 |eZ".
hn

So (hy,..., hn)T is a Z-linear combination of columns of A~1.

Definition 3.2. Let W be an invertible polynomial and G be its diagonal symme-
try group. The Berglund-Hiibsch transpose (WT,GT) of (W, G) is defined by

Ty ym) Z]_[y]

i=1j=1

{ H 5i ¢ dlag

where g; = dlag(ezﬂrplz, . ,IEZN\Epm').

n
(r, .t A" Yaq, ..., a,)T € Z for all Hg?‘i eG }
i=1

Note that (W')T = W and (GT)T = G. Besides, ] € G if and only if GT <
SL,(C).



Theorem 3.3 (Krawitz [6]). Let W be an invertible polynomial and G be a admissible
group of diagonal symmetries of W. There is a bigraded vector space isomorphism between
the FJRW ring of (W, G) and the Landau-Ginzburg orbifold of (W', GT).

See [4] for details of FJRW rings. The FJRW ring of (W, G) is isomorphic to the
Landau-Ginzburg orbifold of (W, G) as a vector space, but the definition of the
right charge is different. The right charge is defined as ny — charge(g) + age(g) —
2 ers 9i — Digis qi for f®@v € (RE/Iyws ®C)g). Using the fact that G is admissible
if | € G, we see the following corollary.

Corollary 3.4. Let W be an invertible polynomial and G be a group of diagonal symme-
tries of W containing |. Then we have

PwT’GT(t, E) = {CAPWlG(t, Eil).

In [1], the conjectural method to find mirror pairs based on the Berglund-
Hiibsch transpose is suggested. This method is applicable if G is a semidirect
product G428 x S of a diagonal symmetry group G428 GS\}ag and a subgroup S
of the group of permutations. Then the mirror pair is given by (W7, (G428)T x S).
The data in [8] shows that this method finds mirror pairs in some cases, but fails
in some other cases. Ebeling and Gusein-Zade conjectured that this method gives
mirror symmetric pairs if S satisfies a certain condition, called the parity condition,
and presented its evidence by proving duality of the orbifold Euler characteristics
of Milnor fibers associated to (W, G % S) [2, 3].

In Section 5, we focus on the case of W = x7 "xp 4+ -+ xfg}*lxl where p is
an odd prime. W has symmetry group S of cyclic permutation of variables. S
satisfies parity condition, so it is natural to expect (W,G x S) and (WT,GT x S)
to be a mirror pair.

G % S is some kind of a semidirect product of two cyclic groups also known as
split metacyclic groups. In the next section, we calculate conjugacy classes of split
metacyclic groups isomorphic to G x S.

p—1

4. Split Metacyclic Groups

A finite group G is called metacyclic if there exists a cyclic normal subgroup
N <1 G such that G/N is also cyclic [5]. Then G can be written G = SN where S
G and N < G. Such a factorization is called a metacyclic factorization. If SA N =1,
this metacyclic factorization is called split and G is called split metacyclic.

It is known that a group is metacyclic if and only if it has a presentation of the
form

Goppr:=<ablal=1,bF =4, bab™1 = a?y
where q,p € Z~o, ¢, € Z, (,¢) = 1,9 | ¢ —1 and q | r(¢ —1). Note that
Ga,pp = Gg,p,0 is split metacyclic.

Consider the split metacyclic groups Gpeq o Where (p,q) = (¢ —1,9) = 1 and

0 < e < 2. Then g satisfies the following lemma.

Lemma g4.1. Let p be a prime and let q, ¢ satisfy ¢ =1 (mod q) and (p,q) = (¢ —
1,q) = 1. Then every prime factor q' of q satisfies p | ¢’ — 1.

Proof. Let q = [];4;" be the prime factorization of q. ¢ generates the subgroup
of order p in Z;. Since (¢ —1,¢;) = 1 for all g;, images of this group of the
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isomorphism

zy = Hz;?.

1
followed by projections should be a group with order p. Since g; # p for all g;
and #Z;i = qf-"*l(ql- — 1) must be a multiple of p, we have p | q; — 1. O

Let us calculate conjugacy classes and centralizers of Gpeg p ¢. If € = 1, one has
¢ =1 (mod p) by Fermat’s little theorem, so balb~! = a% = a4, i.e, a’ is a central
element. Hence Gy, = <a%,a?,b) = (a7) x (aP,b) = Z, x Ggpe. Similarly, if
e=2and ¢ =1 (mod p?), one has Gpagpp = <a‘7,a”2,b> = Z,» % Ggpg. The
conjugacy classes of these two cases could be calculated from those of Ggp 4.
Lemma 4.2. Let p be a prime and q, ¢ be positive integers satisfying (p,q) = (¢ —
1,9) =1, ¢P =1 (mod q). Then ¢ — 1 is coprime to q and q divides

r—1
WG
j=0

fori=1,...,p—1

Proof. When g = 1 the statement is trivial. Assume q # 1. Let [ be a minimum
positive integer satisfying (¢' —1,9) # 1. By the assumptions, [ satisfies 2 < I < p.
Since ¢ — 1 is coprime to g, we have (ZE;}) #',q) # 1 and Zf:
Putp=ml+n, n=0,1,...,1 -1

p-1 m—1 -1 n—1
2= (Z ¢”> (Z ¢f) A2
i=0 i=0 j=0 i=0

The both sides must be divided by (¢' —1,4), so does Z;:Ol ¢'. By the minimality
of | we have n = 0 and by the primality of p we have | = p.
By the assumption we have

01 ¢ =0 (mod q).

. . p_l .o
¢p7—1=(¢' 1) ). ¢ =0 (mod gq).
j=0

From the discussion above, ¢’ — 1 is coprime to g. This completes the proof. [

Lemma 4.3. Let G = Gy, ¢ be a split metacyclic group where p is a prime and (p,q) =
(¢ —1,9) = 1. The conjugacy classes and centralizers of G are as follows:
o Aclass [b'] of length q fori =1,...,p — 1 with the centralizer (by =~ Z,,
o A class [a'] of length p for every coset representative i (Z4\{0})/{p) with the
centralizer {ay = Z4, and
o The class of the identity element.

Proof. The conjugation of a general element a“b? is
a*BYa b b Ve = g4 @Y,

First take v # 0. Since by Lemma 4.2 ¢ — 1 is invertible modulo g, we can
choose x so that u¢¥ — x(¢* —1) =0 (mod g). Then the element 4"b” is conjugate
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to b¥. This conjugacy class has g elements. The centralizer should have the order
p, so this is generated by b.

Next take v = 0 and u # 0. Then a* is conjugate to a*?’, so a conjugacy class is
{a%,a"0,...,a"" "} If "' = 0“9 where 0 <i<j<p—1,then ug'(¢y= —1) =0
(mod g). Again by Lemma 4.2, we have i = j. So, the conjugacy class containing
a" has p elements. The centralizer should have the order g, so this is generated

by a.
Finally, v = 0 and u = 0 gives the identity element of G. This completes the
proof. O

Lemma 4.4. Let p be an odd positive integer. If ¢ € Z satisfies =1 (mod p), then

p—1

Y of

i=0
is divisible by p but not by p? for all j = 0
Proof. By the assumption we can put ¢ = np +1, so

-1 ij i
24)11 2 i =YY (7)o
i=0 k=0

= Z (ijnp +1) = jup?P 2 4 p
i=0

p (mod pz).

O

Lemma 4.5. Let G = G2 be a split metacyclic group where p is an odd prime,

P2a.p.¢
(p,q) = (¢—1,9) =1, ¢ # 1 (mod p?). The conjugacy classes and centralizer of G

are as follows:
o Aclass [b/] of length pq for j = 1,...,p — 1 with the centralizer {a?1,b) = Z2,
e A class [a'bl] of length pq fori = 1,...,p—1and j = 1,...,p — 1 with the
centralizer a'bl) = Z,5,

e A class [a'] of length p for every coset representative i € (szq\ qupzq) Ky
with the centralizer {a)y = Z,,, and
o A central class [aPT] fori=0,...p — 1.

Proof. The conjugation of a general element a“b” is
AV a b Vg = auq)y—x((p”—l)bv'
First take v # 0. ¢Y — 1 is divisible by p but not by p?. Hence (¢¥ —1)/p
is coprime to p. Besides, ¢* — 1 is coprime to q by Lemma 4.2, so (¢ —1)/p is

coprime to pq and invertible modulo pg. Choose x so that it satisfies x(¢” —1)/p =
1 (mod pgq). Then setting y = 0 we have

ug? —x(¢* ~1) =u—p (mod p*).
This shows that the element ab? is conjugate to a'b” where i = u mod p and the
corresponding conjugacy class has pq elements. The centralizer has order p? and
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contains a7 and a'b/. For i = 0, the centralizer is clearly (a"1,b) =~ Z%,. Fori # 0,
we have

(@'bl)P = ai koo 9 pPi — @i oo 9",
Zi:é ¢/* is divisible by pg but not by p? from Lemma 4.2 and Lemma 4.4. Hence
(a'b/)P is not the identity and contained in the group generated by 4. This shows
that the centralizer is the cyclic group generated by a'b/ with order p?.

Next take v = 0 and pq { u. Then a* is conjugate to a"¢’, so a conjugacy
class is {a",a"?,.. L ahr! }. Assume "’ = a"? where 0 <i < j < p—1, then
u¢' (=" —1) = 0 (mod p?q). If p | u, then g { u, so we need ¢/ = 1 (mod q).
This is satisfied if and only if i = j by Lemma 4.2. On the other hand, if p fu,
we need ¢/ ' —1 = 0 (mod p?) which implies i = j from ¢ # 1 (mod p?). So,
the conjugacy class containing a* has p elements. The centralizer should have the
order p?q, so this is generated by a.

Finally, v = 0 and pq | u gives the central elements of G. This completes the
proof. O

Remark 4.6. In [10], it was shown that the number of conjugacy classes of Gy,,¢,r

is given by
9(d)
P 2
dlg "

where ¢ denotes Euler’s totient function and u is the order of ¢ in Z. For the
situation of Lemma 4.3 for d|p°q, ¢ has order 1 if d = 1 and order p otherwise.

Hence
o(d) _ o(d) 1
P% 2 P(% P2 +(l Pz)q)(l))
_9-1

p

Similarly, for the situation of Lemma 4.5, ¢ has order 1 if d = 1, p and order p
otherwise. Hence we have

+ p.

d
P %:pqﬂﬂz—l-
dlp2q d

These values agree with what we expected from Lemma 4.3 and Lemma 4.5.

5. Main Theorem

Let p be an odd prime. In this section, we assume W = xf_lxz + -4 x,’g_lxl,

Gc G%ag and S is the cyclic group generated by the cyclic permutation of vari-
ables ¢ : x; — x;;1 where the index is considered modulo p. Every variable x;

has charge %, sol=p—2. Gf,l;ag is generated by

diag (Ca, s éff”“)p_l)

where « := #GS\}‘Elg =(p-1DP+1land f, = emﬁ, whose determinant is {,,. Note

that « is divisible by p? but not by p®. G is a subgroup of SL,(C) if and only if
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#G is not a multiple of p?. Since the exponential grading operator | has order p,
J € G if and only if p | #G. In particular | ¢ G implies G < SL,(C).

Let g be the greatest divisor of #G which is coprime to p, i.e., #G = p°q for
e = 0,1,2. W is invariant under the action of the group generated by G and S.
This group is semidirect product G x S, and has a presentation

&0 gpfq =10 =1, (7g¢7*l = g*P+1>,

which shows that G X' § = Gpeg 4 —p+1. In what follows, we fix ¢ by
. —p+1)p1
g = diag (gpeq, . ..,g;gqp ) ) _

Since WT = /'y, + vy + o yz_lyp_b W and WT coincide up to
change of indexes. Note that at least one of G and G contains the exponen-
tial grading operator. In fact, if | ¢ G, then GT ¢ SLy(C), so GT contains the
exponential grading operator by the discussion above.

Let us define P&V,st(t, ) and Pf?vL,G wg(t, t) as follows:
P 1 Z tzfli-_pflfl (] c G)

—1

il g .
(p—1) Y (thr" 2 (otherwise)

p
p-1 X ! (G = SL,(C))
(otherwise)

By some calculation, we can show the following lemma.

Lemma 5.1. The following relation holds:

p/

A _ gpsL 1
W7 GTs (B E) = E PR Gus (8 E7).

Lemma 5.2. Let h = diag(hy,...,hp) € GLy(C) and j = 1,...,p — 1. Every root of
XP — deth = 0 is an eigenvalue of ho’.

Proof. Let r be a root of X —deth = 0. Define a] recursively fori =1,...,p by
af = },
af = ;le’;]‘hi.

where the index is considered modulo p. «] is well-defined since j is coprime to
g hence there exists k which satisfies i = 1 + jk. The latter relation is also valid for
i = 1 by the definition of r.



Then the vector v = Zp | &fx; is the eigenvector of ho' with the eigenvalue r:

p P
ho! -v=h- (Z le’-xiﬂ) = Z aihig Xy
i=1 i=1
P

— r P
= Z Ty jXitj = T0.
i=1

Lemma 5.3. The following relation holds:

1 LPe _
) —Pwca(tt) +— Z /1),
Py Gusa(t,f) = ’17 Poia
?PW,G,l(t/ £) (e=2).

Proof. By Lemma 5.2, for j # 0 the eigenvalues of ¢'o7 are roots of X —detg’ = 0,
.1
that is, g’;(detgl)? where k =0,...,p — 1. One can see

1 NOE
Pw,xsa(tE) = —Pwcal(t, T Zn T 1
P P ko 1—§k<detg>ﬁ< ik

j#0

. ] (tP~1 — detg'
= P tt i 1F i
y w,ca(t f) + petlg ]Z:/ detg! tf—detg™'
g

j#0

Ife=0o0re=1,G c SL,(C). Then the summand of the second term is

_ —1
Hr-1-1 'S,
= L

k=1

hence

- 1
Py Gus(tt) = ;chl(tt e+1 > Ztt

h g(ﬂk 1
j#0

1 _ 1 N
= “Pwci(t B+ —palp—1) Y. (tH*!

p p-q =1

1 i} —1k
= EPW,G,l(t/ pn+F

On the other hand, if ¢ = 2, one can show det gi =( ;, because one has

(p—1)P+1 o

+1)J  (—p+1) Sl ;
detg = Hg 2 —f;"’ =, =0"=0
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where the last equality can be shown by using Lemma 4.1. Then

3 1 (P! —detg _ _1)”2q’1 1 ()Pt =g,

b detg! tf—detg~! = @ T g;i
j#0
-1 -2
g —i g —i(p—1-2) 1 \I
P=1q>.0," > (tt)
i=0 1=0
p—2 p—1 .
— ; 1
p-Dg 20" Y 5 =0
1=0 i=0
This completes the proof. O

Proposition 5.4. With the above assumptions, one has

_ 1 _ _ _
() PuGus (D) = Pt F) + Ply crus(tF) + Pk s (D).

Proof. If h is conjugate to 1, one can show Pjy Gy (t E) = Py gws v (f, F). Hence

_ 1 -
PW,GNS(t/ t) = Z 7“]PW,G>qS,g7'0']' (t’ t)

igi
gioieGxS #ls'o
= Pw,Gxsa(t, +Z Py Gusgi(t D) + ) Py G s gici (£ F)
w* (']
j#0

where the last sum runs over all conjugacy class of the form [¢'c”] for j # 0.
First, assume e = 0. For all conjugacy class of the form [¢'] one has #[g'] = p
and Cgus(g) = Co(g') = G by Lemma 4.3, so

1

> am Pw s gi (B ) = prcg (t, ).
Zo1'] Pizo

Again by Lemma 4.3, ¢/’s are representatives of conjugacy classes of the form

[¢'c7]. The eigenspace of ¢/ with the eigenvalue 1 is spanned by x1 + -+ + xp.
Since Cgxs(07) = S and any element of S acts xq + - - - + xp, by 1, we have

p—1

> Py Gus,gici () = > P s i (B 1)

[g'o] j=1

j#0
— 1 p-1_p1 P Llp_ll _pT
ZfT Fr ( P 7]
=P k=0 1—(th)?

-1 p_l _
—(p-DETET ()T N0 T

—_
—_



Summarizing the above calculations, one has

Py Gus(t, )
—1 p—1 .

1 . 17t 1 B _igpr-l_ g
= —Pwga(tt)+ P (t - Z Py () +(p—1) (tFyr ™2

P P P iz i—1

1 _
_ -1 4 iyp=1l g

= 1PW,G(t, n+ P Z (th)rt 2

P P i=1 i=1

Recall that e = 0 if and only if | ¢ G = SL,(C). This shows the asserted relation
(*) holds for e = 0.

Second, assume e = 1. For all conjugacy class of the form [g'], one has #[¢'] = p
and Cgyus(g') = Cg(g') = G if g 1i. Otherwise g’ is a central element, so #[g'] = 1
and Cgyxs(g') = G x S. Hence

% Py tD - ZP (£, + Lot (4,7)
i;&o#[g] W.GxSg! P W,Gg! - WGl
-1
1 T =
= = Y Pt D+ E= Y #r !
Pizo p =
—1
1 - ke
) Z PW,G,gi(t/ t) + L tl_ltp_l_1.
Pizo P ia

A conjugacy class of the form [¢"0/] where j # 0 has a representative of the
form ¢7¢/ and Cgs(g7) = (g9,0) by Lemma 4.3. By Lemma 5.2, the eigenvalues
of g7ig) are 57}‘7 fork=0,...,p — 1. Define y; by

P
ge = 3 g0,
I=1

fork =1,...,p. yx is an eigenvector of o7 with eigenvalue ¢ ’;,_1 and an eigenvector

of ¢'o/ because

P i (k=1 i+(k—1)j
gl -y = gy = 4y
In particular, y_;;—1,, is an eigenvector with the eigenvalue 1 where we denote

the inverse of j modulo p by j~!
Now, one can see

(z 1)(k—1) Z 5( )1

":HH ":HH

1l Mw ! M“

z+mxm Z C';(lfm)
k=1

I
2
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Then

4 p-1 4
SN - 5 (3R] (04 ).

k=1

Setting yx = 0 for k # —ij~! + 1 one has

1 -1 1 -1
weo — 1 Zg(l D(=ij= ) (p—D)+1(=ij )yriij*hrl

S S B
- pp_l Cp ]/_,-j—1+1'

- -2
So we have RS U]/IVWX i ® qu ~ Cly]/ (y*~!) ® Cdy = PF_;y*dy as a vector
space, but no elements are invariant under the action of g7. This shows

Py G s gioi (:E) = 0.

Summarizing the calculations above, we have

Py Gxs(t,f)
1 - 0
= pwea(h+ P2 2 () & = 3 Py gt + P 3 fimtpmict
P i3 T i#0 Poia
e p—1
*PWG () +— ) () pimtgp—icl
p P Z

Recall e = 1 if and only if ] € G = SL,(C). This shows that the asserted relation
(*) holds.

At last, assume e = 2. By Lemma 4.5, for conjugacy classes of the form <],
one has #[¢'] = p and Cg.s(8') = Cg(g') = G if pq 1 i. Otherwise ¢’ is a central
element, so #[g'] = 1 and Cgxs(g’) = G % S. So as in the case of e = 1, we see

-1

1 P—1'0 i

> wm Pw s i (B ) = ZPWtht) =yt
i#0 #ls'] Pizo Poia

Since detg’ = g;‘, as shown in the proof of Lemma 5.3, ¢ has eigenvalue 1 if
and only if p | i. By Lemma 4.3, conjugacy class of the form [¢ 0/] where j # 0
are represented by g‘c’/ fori = 0,...,p—1. Fori = 0, Pw,GNS,a.]‘(t, f) = 0 as in
the case of e = 1. Otherwise the eigenvalues of giaf are roots of X7 — Q, =0,1ie,
g;zg’;, fork=0,...,p —1. Then one has

) = Pop-1
age(g'c’) Z< ) p+ >

and

. i
age((g'0’)™") = p —age(g'!) = T =

13



Hence we have

Z chxsg(ﬂ (t, ) Z 2 rage(g'o’) page((g'e7) ~ )(t{)—l

[s']
i,j#1

The calculation above and Lemma 5.3 show

Py Gus(t, )
1
= —Pwca(t D)+ prcg (t,F)
p pl#O
— p_l . . _ i — i +1
+ p 1 Z tl_lfp_l 1 Z ? Ti ffﬁ prl
Poia i=1
p—1 p—1 ,
1 _ -1 i A igp=l g __ i ptl
= ?PW'G(t't)JFL DN e e N (I DI S Ay A

i=1 i=1

Recall that e = 2 if and only if | € G ¢ SL,(C). This completes the proof.

Theorem 5.5. The following relations holds:

Pyt 6T as(tF) = EPy Gus(t,E1).

Proof. Recall that at least one of G and GT contains the exponential grading op-
erator. This theorem follows from Corollary 3.4, Proposition 5.4 and Lemma

O
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