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Abstract 

We consider the optimal price to use in off-exchange transactions, taking into account 

both exchange and off-exchange transactions. Generally, when referring to the closing price 

of the exchange in off-exchange transactions, there is a possibility of market manipulation 

by both the institutional investor (principal) and the broker-dealer (agent), so the desirable 

pricc hcrc is a pricc that climinatcs thc possibility of markct manipulation. Spccifically, 

we take the standpoint of the institutional investor in particular and show that VWAP is 

optimal under certain conditions, and consider the possibility of market manipulation when 

the conditions are relaxed. 

1 Introduction 

Institutional investors generally execute large volumes of securities. Therefore, when executing 

only on a stock exchange, it is necessary to take into account the price impact, which is the 

fluctuation in price per unit trading volume. Many optimal execution papers have shown that 

when executing on an exchange, the cost of this impact can be reduced by dividing a large 

amount of execution (see [1] and [3] for seminal papers). On the other hand, if there is a 

counterparty outside the exchange that will accept large volumes of securities without the price 

impact, many institutional investors will consider using the off-exchange trading venue first, 

and then execute the rest on the exchange. These off-exchange executions may be conducted 

under the system of an exchange as off-floor trading, or may take place in a trading venue such 

as a dark pool where no execution information is made public. Tradings between institutional 

investors and their counterparties (securities companies) are formulated as a principal-agent 

problem, with the institutional investors (clients) as the principals and the securities companies 

(dealers) as the agents. In agency trading, the agent is generally a broker, and the broker decides 

the execution price while considering the benefit of the client. In principal trading, the client 

forms the contract, and the agent is generally a dealer, so the client decides the transaction price 

while considering the profit of the agent. As stated in many publications, e.g. [7], using multiple 

trading venues makes it possible, in principle, to manipulate prices. For example, if a contract 

is made to purchase 100,000 shares at the closing price on the stock exchange on that day, it is 

theoretically possible to intentionally influence the closing price and significantly lower the price. 

Such tradings are prohibited by regulators, but it is practically difficult to penalize them when 
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they are not obvious. When considering off-exchange trading venues, (1) institutional investors 

can manipulate prices in exchange tradings to get an advantage in OTC(off-exchange) tradings, 

and (2) broker-dealers can manipulate prices to get an advantage in OTC transactions when 

procuring a specific amount on the exchange after a contract is conducted, so it is necessary to 

set an appropriate price for both parties. It is therefore desirable to include in the contract both 

positive and negative incentives to discourage market manipulation. 

In this paper, an institutional investor (client) who wishes to make a large purchase first 

demand a specific amount of volume on a trading venue set up by a dealer outside the exchange. 

When the dealer does not have the securities, he or she procures the securities on the exchange. 

Then within the framework of principal trading, we consider the price to be used in an alternative 

(off-exchange) trading venue in which the client minimizes its own costs, taking into account 

the dealer's profits. 

The remainder of this paper is organized as follows. We set up a market model on the 

exchange and formulate principal trading, and also discuss the VWAP strategy in section 2. 

In Section 3, we show that the dealer's optimal strategy on the exchange is the VWAP in the 

framework of Baldauf et. al (2022), which does not consider permanent impact, then derive a 

second-best trading strategy for off-exchange trading venue, and show that the optimal execution 

price off-exchange is the VWAP on the exchange. Then, we consider the effect of permanent 

impact on off-exchange prices. Finally, we conclude this paper in Section 4. 

2 Model setup 

We consider a principal trading between a single client, who is a single institutional investor, 

and a single dealer, who is a securities firm. Before the opening of trading on the exchange, 

the client and dealer trade a predetermined amount (I unit for simplicity) at a pre-determined 

price after the closing time of trading on the exchange. Then, we assume that the client, an 

institutional investor, can only purchase 1 unit through OTC trading. The price determined by 

the client may be the closing price[6] and [10], VWAP[2], TWAP, etc., of that day. The exact 

pricing is not yet known, but the price to be used has been decided in advance. In a similar 

situation, [11] is considering agency transactions using the closing price and taking commission 

into consideration. We assume that the dealer procures one unit during the trading time on the 

exchange on that day, t = I ~ T, while taking into account the cost of market impact at the 
exchange, before selling one unit to a client in the OTC trading. 

2.1 Market model 

Let the execution price of the dealer at the exchange at time t be Pt, and the trading volume 

(purchase volume) be qt. Then, for the trading volume qt we have 

T 

区qt= 1. (2.1) 
t=l 
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In [2], they define the trading volume of noise traders in the exchange at time t as a deterministic 

value'T/t・ Then, let v be the trading volume at time t between a dealer who procures a large 

amount of securities and a noise trader at the exchange, we have 

乃＝ qt+T/t・ (2.2) 

Then, 
T T T T 

こ乃＝どnt+Lqt＝LTJt+l (2.3) 
t=l t=l t=l t=l 

In addition, it is assumed that large volumes of execution on the exchange can be executed 

instantly with price impact. Therefore, the execution price model on the exchange is given by 

Pt=Po+f（塁）＋Gげ） ＋€ぃ (2.4) 

where f represents the temporary impact on the exchange, G represents the cumulative perma— 

nent impact to which it remains to some extent, and E represents the public news effect, and 

N ~ (μ,(J";) for all t. Also, it is satisfied 

lE [(ct -Et+i)ITJ, Et-1] = 0. (2.5) 

The simplest price model, used in [1], [8], and [9], when temporary and permanent impacts are 

both linear is: 
t-1 

Pt =po十入（塁）＋苔ーい（塁）＋Et, (2.6) 

where入representsthe price fluctuation per unit execution (its inverse is depth) and a represents 

the rate at which the temporary impact returns to its previous level. 

2.2 Client problem 

The risk-neutral client determines the off-exchange execution price, denoted by S, so that the 

risk-averse dealer accepts the client's offer (IR constraint) and maximizes the dealer's expected 

profit (IC constraint), maximizing the client's own expected profit -lE[S(p, v)]. At that time, 

the dealer's strategy is also determined. That is, 

111m lE[S(p, v)] 
S,q 

s.t. lE[u(S(p, v) -p ・ q)] 2 u(O), 

lE[u(S(p, v) -p ・ q)]：：：： lE[u(S(p, v) -p ・ q)], Vq. 

(2.7a) 

(2.7b) 

(2.7c) 

Where, (2.7b) represents individual rationality constraints (participation constraints), and (2.7c) 

represents incentive compatibility constraints. In addition, in the constraints, S(p, v) -p ・ q 

represents the dealer's payoff, and this problem is a second-best problem. 
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2.3 VWAP 

VWAP stands for volume weighted average price, and when a large amount of stock is executed 

on the exchange, it is represented by 

T 

VWAP= 
Lt=1 lltPt 

区i=1lit. 
(2.8) 

When a dealer executes at an exchange with the VWAP target strategy, he or she will use the 

POV strategy represented by 
μt 

qt= 
四仁μt.

(2.9) 

In the next section, we show that under certain conditions, similar to [4], the target VWAP 

minimizes costs at the exchange. 

3 No permanent impact model 

In this section, based on [2], we introduce a model for calculating OTC (off-exchange) trading 

prices using a price model that does not take permanent impact into account. From the price 

model in (2.4) of the previous section, if we set G = 0 and Po = 0, then the execution price at 

time tis 

Pt= f（塁）＋ Q． (3.1) 

3.1 First-best trading strategy 

Consider the case where a client can observe the dealer's execution on the exchange and the 

dealer's knowledge of prices. In this case, the optimal strategy is to find a strategy in which 

equality holds in the IR constraint (2. 7b), that is, a strategy satisfies S(p, v) = p ・ q. Therefore, 

the problem of the client's optimal trading strategy is 

rpin lE[S(p, v)], 
S,q 

and trading strategy q is first-best if it satisfies 

T 

arg炉inlE［苫Ptqtl'T/]. (3.2) 

Therefore, we seek an execution strategy q* = {q1,q2, ・・・,qr} that minimizes the following 

expectation, 

lE ［言（f（塁） qt+咽 t)ITJ]＝言lE[!（塁） qtITJ]＋言lE[ Etqt ITJ] (3.3) 

Here, since 

lE[(Et —ET)qt IT/, Et-1] = JE[（臼一Et+l+ Et+l -・ ・・十 ET-1-ET)qtlT/,Et-1] = 0, (3.4) 
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then 

T 

LlE[ttqtlrJ] 
t=l 

T 

lE [Er IT/]＋LlE [(Et —汀） qtlT/l
t=l 

T-1 

μ十 L lE[lE[(Et —け） qtIT/, Et-1]171] 
t=l 

μ. 

Secondly, since ;!; f心）． functint nt is a convex function, by Jensen's inequality, 

T 

> lE[f （塁） qtITJ] lE [（言りs)（口［：lns)言忍f（塁）りtlri]

2: lE[（土ns)(立;：lns芦克T/t)f(立;：lns言塁rit)lri] 

(3.5) 

lE [（喜 ns) （口：国~tqt) f(区[：げ:tqt) lri]. (3.6) 
Therefore, using (2.1), we get 

lE ［名（f(塁） qt＋咽t)171]＝言lE[f信） qtlTJ]+ μ 2 J (6,) + μ (3.7) 
The equality in (3. 7) holds when 

qt l 
-＝ ⇔qt= 

nt 

nt 江→＝1ns 江→＝1ns,
(3.8) 

and in this case q is optimal. This first-best strategy qfb =-血-isequivalent to (2.9) and 
江＝1ns

is a POV strategy. Using the market trading volume乃＝ qt+‘りt,also this can be expressed as 

follows: 
fb 乃
qt = 
四＝1ぃ'

3.2 Second-best trading strategy 

(3.9) 

Similarly, consider problem (2.7). With氾＝ 'T/+ qfb, the necessary and sufficient condition for 

S to be optimal is that both of the following are satisfied, 

(1) S(p, v) = p ・ qfb (3.10) 

(2) Vq, lE[u(S(p, vfb) -p ・ qfb]：：：： lE[u(S(p, D) -p ・ q)]. (3.11) 

For more details, see [2]. 

Proposition 1 ([2]) 

The optimal off-exchange trading price S is the intraday VWAP (SVP) on the exchange. 
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We confirm that the previous conditions are satisfied. Then, 

lE[u(SVP_p・q)] = lE[u（言：：：凶一言扇t)]

lE [u （言（f（亡；t)乃一言（f(塁）＋,,) q,) l ・ (3.12) 
Now, using induction, we can show that 

言f（塁）乃s（言Vt)（言f（塁） qt) (3.13) 

Using this and from Jensen's inequality for the concave dealer's utility function, 
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(3.15) 

then, we have, 

lE [u (SVP -p ・ q)] ~ u (lE［ド己ll:ll8一塁］）＝u(O). (3.16) 

In other words, to maximize this expected payoff, 3VP = p • q is satisfied. Also, from the 

previous condition (1), it must be equal to p • qfb for S(p, 11) to be optimal, 

3VP = p. qfb 

と戸．
t=1こs=1凶

(3.17) 
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We can also see that (SVP, q州 satisfiesthe IC constraint. Additionally, we find that even if 
there is drift in the public news effect, this does not affect strategies on the exchange (first-best 

trading strategies). 

3.3 Permanent impact effects 

In this subsection, we consider the effect of off-market trading prices when taking into account 

the permanent impact on the exchange, which we have set to 0. Consider the following price 

model: 

Pt= f（塁）心（塁） + €t (3.18) 

For simplicity, we assume a simple price model in which both the temporary and permanent 

impacts are linear, as shown in equation (2.6). Then, up until now, we have set a = 1, but 

from now on we will consider O :::; a < 1. In this case, as shown in [1] and [9], the optimal 

procurement strategy for the dealer at the exchange is a monotonically decreasing strategy that 

executes more at the initial stage. This is because the effects of execution are cumulative, so 

it is less costly to execute more early stage. At this time, the off-exchange contract price may 

be affected by drift due to public news on the exchange, so it is generally higher than when 

a = 1. On the other hand, if we use the model of [3], which assumes that price fluctuations due 

to large volume executions cannot be reversed (therefore a=  0), it is shown that equal volume 

execution is optimal. In particular, if the trading time interval is constant, this strategy is a 

TWAP strategy. Then, as S = S(TW AP)= 5TP, 

T 

豆＝ p砂＝こ四
T 

t=l 

In this case, it can be seen that the off-exchange trading price will be relatively high. 

4 Conclusion 

(3.19) 

In a simple pricing model that does not consider permanent impact, it can be shown that 

the optimal off-exchange contract price determined in advance for the principal trading is the 

VWAP. This means that the optimal execution strategy for a dealer to procure at the exchange 

at the lowest cost is the VWAP, and the solution to the first-best problem reduces to an optimal 

execution problem. When permanent impact is taken into account, additional costs are incurred 

when procuring, so the optimal off-exchange trading price is higher than when only temporary 

impact is considered. Generally, this additional amount is added as an off-exchange fee, but the 

derivation of an analytical solution for this is left as a future research. Furthermore, while we 

treated the noise trader's volume T/t for all t as deterministic, we also leave it as a future work 

to treat it as stochastic. 
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