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A Mathematical Theory"of Prolog

Shigeo Oyagi

(Electrotechnical Laboratory)

Abstract

We’present a reflexive domain E, which is very similar-
to the Plotkins TY. Flat subspace Ey of E is selected which
has a regular open topology. Prolog prOCedﬁre is shown to be
continuous on the open subset of Ez. It is also shown
that any function which is continuous on the open subset of
E, can be extended to a continuous function on E. So Prolog
procedure is continuous on E and semantics of Prolog can
be defined on E.

Finally it is shown that functions of E, which can be
approximated by step functions coincides with the
continuous function of E on EN A where A is a nowhere dense

subset of Eo'
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Introduction

This pépervprovides a mathematical theory for "Prolog”.
Semantics of Prolog has logical,denotétianal and |
interpretive‘aspécts.b Wholevaspeéts can be derivéd from
one mathematical object is desierable.

:The‘logiCai semantics of Proloé can be obtained‘from
‘Herbrand model. However it is not sufficient if programmer
use cut primitive. Cut primitive is related to bofh
logical and procedural semantics. It reduces the search
Space of proof sequeﬁces and directs how to short-cut the
search. |

Kowalski—Emden'approach to the procedural semantics of
Prolog cannot treat cut—operator. ‘Johnes;Mycroft approach
is notilogical.

So no one is known which succeeds to give both logical
and procedural semantics of Prolog.

Prolog procedure gets a term and produce another term. A
term denotes the set of constant terms. So Prolog is a function
from the sets of constant terms to the sets of constant
terms.

Let Ed bé\the bower set of the constant termé. Prolog is
shown to be a continuous function on the épen éubset of E,

which has regulér bpen topology; From the logical point of
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view, Prolog procedure is identified with its invariant
set. So it is comparable with invariant set-of or-parallel
evaluator of Horn sentence.

To assign program construct a higher order function,

a reflexive domain is required.

This is a denotational wéy of describing the semantics
of programing laﬁguage.

The space E which is very similar to the Plotkin's T% is
introduced. The element of E is a pair <x,y> where x and y
are sets of constant terms satisfying XNy =)‘. The space
E is shown to be reflexive.

Ey can be embedded into E by identifying x and <x,x")>
where x¥ is the largest element of {y; YAX =ﬂ} .

The key point is that a continuoﬁs function on the open
subset bf Eq can be extended to a continuous function on E.

Prolog procedure is a continuous function on the open
subset of Ey. So it can be extended to a conﬁinuous function

on E.
1. Prolog procedure on the space E,
In this section the space E; is described and Prolog

procedure is defined as a function on this space. It is

proved that Prolog procedure is defined and continuous on
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the open subset of Eg.
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The set of finite trees, FT, is defined inductively as

follows.

[ Definition 1 ]
FT is a minimal set satisfying the following
conditions.
(i) Cq € FT where n 2 1
(ii) If o, --» X, € FT ﬁhen

n
Er (/g s Xgy) € FT

m)
for n,m : 1L n,m<£ N
Here cy 1s a constant symbol
and f;.is a function symbol
FT(N) is the set of elements of FT in which only

constants with index not larger than N appear.

[ Definition 2 ]

A finite tree FeFT which has constants Cmyr--*1Cq
r

. np > N) as subexpressions is denoted as

F = F(Cqp, s+ 1Cpn_) -
1 n,

Define function b and its extension b as

b : FT=» P(FT(N))

4]
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; b(F(c“x""'C“v)) =
{F Gy ixp) | oxgoeeeixy € FTOD]
b : P(FT) ~> P (FT(N))
; b(x) = U b(F)
Fex
Let o« and E be subsets of FT then above () and under(@)
is defined as
above (x) =fxl x )oi}
under (e) =f x] x( e}
respectively.
Finally define Za as
i,= | above () N under (ec)
X is a finite subset of?FT(N)
and there exists a finite subsét’@‘ of
FT such that
B=b( &)
E, is a sapce P(FT(N)) with the topblogy generated by

~~

i;[
Example 1
Define function fail (p(f(x)),z) as
(fail(p(£(x)),2z)) (u) : c
={ z incase u C {p(£(x))| xerT(V)]
g else
‘then fail(p(f(x)),2z) is continuou;.

Example 2

Define function ]Sq(x,f(x),y)g:q(f(x),x,y)“
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as

Ha(x, £ (x),y)Eq(£(x),x, 7))} ()

={q<f<x>,x,y) q<g;f<x>,y>eu§.

Then lq(x f(x),y)&=q(f(x),x y) is continuous.

Here we define some functions to construct Prolog

procedure.

[ Definition 3 1
Let ff inéI} be a set of partial functions on the space

E, and (I,X) be a dlrected set. Then flnlte limit of

1}
Ef nél } is defined as follows.

= { fN(x) in caseAthere exists N&I such that
fn(x) is defined and

falx) = fN(x)ffOr n > N

\ undefined otherwise

[ Definition 4 ]
If F{(x,,...,xn(u) is a partial function of u on the
space Ep for arbitrary partial functions KyreoerXpy

then the notation
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xl(u)=Fl(xi,...,xﬂ,u)

v xﬁ}u)=Fﬁ(xi,...,xn,u)
denotes functions

xl‘u)=F'llmF1([XL]dj"”[Xth(u)
for i=1l,...,n

where [X‘Lﬁ,...,[xnlﬂ‘are defined as follows.

[Xi ]Eb(.(i)h) =F 1_( [X‘L]o(l 1oy [X“]o(r\lu/)
[XR]FY\(O\\(}:I‘)OU\) =Fn.( [Xl]“l rency [XY\,]Q'{u)

and [XL% ,...,[xn% are totally undefined

functions.
[ Definition 5 ]

While sentence is defined as follows.

(While Exp do S end) (x)
=1{ (While Exp do S end) (S(x))ux

in case Exp{x) D fO,l}

(While Exp do S end) (S(x))
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in case Exp(x)>{1] and Exp(x)}{0]
X in case Exp(x)}fO} and Exp(x)&?l}

undefined otherwise

[ Definition 6 ]
Case construct is defined as follows.
zn;end)(u)

(Case x of Yy i Zygieee¥,

=U 2z (u)
yie x(u)

where x and z:

. i=1,...,n are functions on E

[ Definition 7 ]
If z; are functions for i=l,...,n then
zj_;...zll_l;zn=znc..oz2°zi

and

begin S end = S

[ Definition 8 ]
Natural numbers are defined as follows.
0 = c
_ 1
1 = fL(O)
£/ (n-1)

n

The set of natural numbers are denoted as Nat.

[ Proposition 1 ]

(8l
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A partial function f on FT(N) can be extended to a

continuous function £ on P(FT(N))'as

f(zL,..,,zn) = 'if(xl,..h,xn)§xlezi for i=l,...,n}

The notation f shall be used instead of f.

[ Definition 9 ]
Pair function <x,y> and assignment
ucv are defined recursively as folloWs.;‘
[x,¥] = fé(x,y)
(>=10,01, <x>=[x,,< >1

<xl,...,xn>=[xi,<xa,...,xn>]

1éngth(<xi,;;.,xm>)=n
Push(a,<xi,...,x@9=<a,x(,.;.,xn> |
Pop({xl,...,x“>)=<x1,...,xh>
iﬂ<x1,...,xn>)=x£ |

>)

(iev) Kx 5

{ e X

=<XL""'XL-L'V'X;+1""'xh>
(i.uev) (z)=(ic(wev) (z;)) (2)
(i.u) (z)=u(i(z))

[ Definition 10 ]

"if x then y else z fi"
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means if x=1 then y and if x=1 then z.

"if x then y"

is an abrieviation of "if x then y else fi"

[ Definition 11 ]

"let x = v in F(x)"
= F(v)
"F(ki where xr= v'"
=F(v)
Pure Prblog with no assert statement'ana evaluable
predicate can be defined'syntactiCally as follows.
Program S:# Clause—groups | |
Clause-groups ::= Clausé—g:oup}
| Ciause—gfoﬁp Clause—groups
Ciause—groué 1:= Clauses(i,j>v
Clauses(i,j}::=Clause<i,j>?
Claused{i,j> Clauses<{i,j>
Clausedi,J> ::=‘Clause—Head<i,j> :- And-part

And-part ::= terms|/||terms| terms!

terms ::=term§termsftermsjterms,terms
term ::= cl|...qu]fl(arg))...IfN(arg,...,arg)
arg ::= term|x, |x,| - | x| -
F
Clause~Head<{i,j) ::= f: (arqg,. ,arg)

Prolog program is a list of Ciause—groups. A clause-
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group is a list of Clauses which have heads that starts
from the same predicate symbol.
A Clause is a list of the form

"Head:- a list of terms"
and the list of terms has cut symbol} or, as delimitters.

If a program has a clause-group
d; 4 ---d, |

we can specify the next clause. This function we denote

by next(d).

next (d;) d for i = 1,...,n-1

ord
next (d,) = undef

The head(d) is a Clause-Head part and the tail (d)

is an And-part for Clause d.

The pred-name(d) is the name of the clause group of d.

The first(<i,3j>) denotes the first clause of the Caluse

group<i,j).

Let d bé a clause

d = "p:=¢p .- P, g“ﬂ "
where £;=1 or ,
The term P. is specified by term(d,i)
We define functions Cal, Ret, Fail, Suc, Unif

on P(FT(N)) as follows.

il

Cal(d,1i) | p=p; i

Ret (d,1)

I

P <P
Fail(d) = fail(p) (1)

Suc(d) = | p<l |

(11]



Unif(d) = (| pep]|

[ Proposition 2 ]

Cal, Ret, Fail, Suc, Unif are continuous functions,

For Prolog program we shall define a function on E;
which we call Abstract Prolog. First we will consider

the data structures which shall be handled by the

Abstract Prolog.
stack : list-of stack-element
stack-element :<<clause—name, stack-pointer-of
caller, logical-state, subprocess-status >
subprocesséstatus : list of <clause—name,
stack-pointer, logical-state)
state:(local-stack,mode,stack)
local-stack : list of local-state
local-state : list of variable-assigiment

variable-assignment

<{stp, stpl,
We assign integers to the selecters.

clause-name = 1
stack-pointer-of-caller = 2
logical—state‘= 3

subprocess-status = 4

(12]
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stack-pointer

Il
w

logical-state
local-stack =1
mode = 2

stack = 3

If u has a data type of state then
(stack.clause-name<¢d)

replaces the clause-name slot of the stack part of u
by d if it is applied to u.
Let clause group <i,j> be given. The process of its
execution we call "process". The process. status is
composed of the clause name it is currgntly executing,
the position of the process-status in the stack and the
state descriptions of the subprocess which it should call.

Subprocess status is made of three components. First one
is the next alternative clause of the clause under execution;

The second is the base point of data for‘the'process in
the stack.

The third one retains the partial return value of the

process.

If input Prolog sentence d; is ":-p," then the corresponding

element u, of E, is Cal(d;) (1).
The element u, is an input for the Abstract Prolog.

. . /
We define the function pred-name as

(13]
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pred-name (W)= U [ £2 (¢, ..., x <A, (w)
Ls;,(‘)sN

v “ CL¢<1>H (u)

I ={=N

The initial state of the stack becomes

u <<pred—namé(ui1),l,ul,<first(pred—name(ui«),undef,

3 j j
undef »>

- where

QTP o
ul§—§ “fi(xt""’xayrf?xi’""xl)” (u)

for i,3=1,...,N
fes&c |l (u) for 3=0 and j=1,k...',N

It is depicted in the figure 1.

-

QL7 )]

undef

pred—namé(uﬁ )

7/
first(pred-name(u;;))

J

fig. 1
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In case

/
first(pred—name(ul;))=d=upf—pL,ppfpS"

and Suc(d)(uié)el

the stack becomes as in the figure 2.

. . /
Unlf(d)(ukj) flrst(pred—name(p‘)) first(pred—namé?ps))

///// first(pred—namerz))

A NaAYNAUNA
Wiy \/I/-L J
| _J

/ \

/
pred-name (u;; ) next (d)

Y

J.=undef

fig. 2
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A procedure which define "process" has four parameters.
First one is the kind of process. A "process" has two kinds.
One is clause selectidn process usually called "or-process".
The other is subprocess monitoring process called "and-
process". They are further descriminated by clause-group
names and clause names respectivly.

Second parameter is the stack ‘base position for the
process. This is specified by pt. The third one is the
position of thekcurreﬁt term in the clause description.

The last parameter is the mode of execution,"normal"
order or "reverse" order.

Procedures require "local-stack" for local variables and a
mode parameter "mode".

"The local stack should not be confused by the local stack
of the usual Prolog interpreter.

We introduce here the procedure declaration.

[ Definition 12 ]

"Procedure m(xi,...,xn)

dcl a,,...,ay, local
Body

end" -

[16]
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m(xL,...,xn)

=local-stack¢ePush ((undef,...,undef >, local-stack) ;

Body
ljocal-stack ¢~ pop(local-stack)

where ai=local~staék.l.l

amflocal—stack.l.m

Abstract Prolog is defined as follows.
init i (u)=<{loc,undef 'Sij >

where loc= (D

/
skj=<<pred—name(uQé)1lru‘

< first ({i,3>) ,undef ,undef >>

-

g

NE] (kg eevx et x g, x )] (W)

for i,j=1,...,N

Lﬂc

a%c(j “ (u)

for i=0,j=1,...,N

(17]



Main (w) _ - |
=y [if kié(stack.l.logical—state(w) then
i, : '
J stack.l.logical-state(

process (<i,j»1,1,norm) (w))]

where
k.. = (fé( X~)é—f"i(x ))
*J~ S IRERRNS C(Xreeaxg

for i,j=1,...,N

procedure process(q,pt,ix,norm)
dcl d local
destack.pt.subprocess-status.ix.clause-name;
if dkundef then
begin-
stack.pt.subprOCess—status;ix;clause—namevnext(db;
if Suc(d) (stack.pt.logical-statel) £hen
begin
process (dl,pt,ix,norm) ;
if mode=fail then
process (q,pt,ix,norm)

end tbeging;

(18]



if Fail(db(stack.pt.logical—statéﬁ then

process (q,pt, ix,norm)

end Ebegin}

end Eprocedure}

procedure process(q,pt,ix,reverse)
dcl stpil,d,r,dl local
stpk%stack.pt.subprocess—status.ix.stack—pointefE
destack.sthLclause—naméE
r<length (d) ;
if r¥%0 then
process(dﬁstplﬁundef,reverse);
if mode=fail then
begin
dk&stack.pt.subprocess—status.ix.clause-naméE
stack.pt.subprocess—status.ix.clause—nameenext(dIB;
While dﬂ%undef and modé=fail
do
stack&Pop(stackﬁ;
process(pred-name(diﬁ,pt,ix,norm)
end |while}
end Ebegin}

end fprocedure}

procedure process(d,pt,ix,t)

(191



= dcl stp,ixl,r,dl,/,stpl local
Case t of |
norm:
stack&Push(<d,pt,v,(<first(pred—name%pL)),
undef, undef},-'=,<first(pred—namé%pr))}}},
stack)

where v = Unif(d)ecCal (stack.pt.clause-

namétix)(W)'W=stack.pt.sUbﬁdecess—status.
._,(ixfl).logical—stateT in case ix¥l,

stack:pt:logical—stateT in case ix=1
pL=term(d,i) for i =1,...,r1,

rl=length(tail (d)) ;
stack.pt.subprocess-status.ix.stack~-pointer
é—length(stackﬁ;‘
if length(tail(d)) = 0 then
begin
mode+suc;
stack.pt.subprocess-status.ix.logical-state
eRet(stack.pt.clause—nameﬁix)(
stack.length(stackb.
logical—statéB
end fbegin}
else
begin
stpelength(stacﬁb;

ixlel;

(20]
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r<length(d) ;
modeésuc;
while-sentence
fi
-reverse;
ixls<length (tail (d)) ;
if ixI=0 then
begin
mode¢fail;
stack&Pop(stackﬁ,
end ?begin}
else
begin
mode4fail;
stp Glength(stackb;'
réixiﬂ
while-sentence
’end.?Case}'_
where while-sentence=
while 1<ixikdl
do
dlsstack.stp.subprocess-status.
ixl.clause—naméE
if le=! and modék=fail then

begin

[21]



J@k—-length(stackﬁ;
While stpT4 4T
do
stackePop(stackB;
Le-LT-1
end }while};~
stackéPoP(stacéB;
stack.pt.subprocess-status.ix.
' clause-namesfirst (head (d));
‘ixLeﬂ;Z
: end ?begin}.
else
begin
Cif da1T=] and model= suc then
begin
if ix1T= 1 then
begin
stack.stpl.subprocess-status.
ixltlogical-stateestack.
stp.logical—statéE
ixleixihl
end ibegin}
else
begin
stack.stpltsubprocess—status.
ixltlogical—state

estack.stpltsubprocess—status.

(22]



(ixﬂll);logical—statéﬁ .
CixleixIhl
end ibegin}
fi
end %begin%
else

if modeT= suc then

process(pfed—name(dfb,stpitixitnorm)
else _
process(pred—name(diﬁ,stpiﬂixiﬁreverse)
£i;
Case modeTof
suc:
ixleixifl
fail:
ixleixifl
end }Case}
fi
end fbegin}
£i |

end ?whilei

[23]



]
[

case ixllof

0: mode<£fail;
stackvPop(stackb;
stack.pt.subprocess-status.ix. -
clause—name «—first (head (d))

1 mode<suc;
stack.pt.subprocess-status.ix.
logical-state<Ret (d,ix) (stack.
stp .subprocess-status.r.
logical—statéﬁ

fﬁZ:

~ end fCaseS
end {procedure]

Some properties of Prolog procedure shall be stated here.

[ Lemma 1 ]

Let £ be a partial function on E,.
If for any xeD(f) there exists an open neighborhood U
of x such that £ is continuous on U then D(f) is

open and f is continuous on D(f).

[ Lemma 2 ]

Let u,e,U,S are totaly defined cqﬁtinuous functions on

E, and Im(d)=Im(€)=?fl§,%}.

If d(xN\P(xX&l'then the function defined as

[24]
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£(x)=if x((x) then f£(¥(x));

if @(x) then §(x)
has an open domain and it is continuous.

(Proof)
Let x be an element of D(f).
Define U? and U, as
U§=Tu|€hnal} ‘
and
U, =f{u|x(u)21].
From xe¢D(f) xeU, or xéU?.vk
In case x&U§, f(u) is defined for uéU@ and f coincides
with a continuous function { on U@.
f is continuous on U@. \

If xéU% then there exists N such that

Mx)eUg, Wx)eU, for i=1,...,N

and f(x)=g(5N(X))

by the definition of recursion.

Define V as

v=Un (Y U n A (N
: VLS SN .

[25]
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[V

then V is an open neighborhood of x and
£(v)=S (3N (v)) for vev.

So £ is continuous on V.

From Lemma 1 and the above fact, the Lemma 2 holds.

q{e.d.

Extended version of Lemma 2 can be easily obtained and if
we apply it to the Abstruct Prolog then the following

proposition will be shown.

[Proposition 3 ]
Abstruct Prolog has an open domain and it is’

continuous,

2. Reflexive domain E

In this section a space E is introduced. It shall be shown
that E is a continuous lattice, E is reflexive and the
paradoxical combinator coincides with the least fixed point
operator. This section 1s a preparation forlthe next

section in which the relationship between E and E0 shall be

[26]



discussed.

[ Definition 13 ]

Let above' (X) be the set
. above'(q)=?x[x)qoxCFT}
for a finite subset &L of FT.
We introduce the topology:z' into P(FT) which is

generated by the sets

7 '={above' ()| ¢ is finite].
™~

[ Definition 14 ]
In case a finite tree F has constant symbols

cnl,...,cnr for nl,...,ng>N on its leaves,

F is denoted as
F=F(cn1,...,c“r).

Define function b' : FT-P(FT) as
b'(F(an,...,c“r))

=tF(XL"‘"Xr)lxi""'xr&FT}'

[27]
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Further the extention b' of b' is defined as

b'(x)=uU b'(F)

Fex

[ Proposition 4 ]

b' is a continuous retraction map.

[ Proposition 5 ]
The map r defined as

r : P(FT(N))xb (P (FT))>P (FT (N))xb (P (FT))

X, YD when xny=%

r(<x,y>)=

T else
is a retraction map.

[ Definition 15 ]
Define space E as

E=r (P (FT(N) )xb (P (FT))) .

The first element of the pair <x,y> of E represents

positive information and the second element represents

[28]



negative one.
[Definition 16 ]
Let @ and ¥ be as
(3 ={F,b"' (G)), »\’=<\é‘F“ . g‘b' (Gy)
for F,F;,leFT(N) G,G,¢FT

A pair function g(@,a) for such pair (Q,q)s is

defined as follows.

9(8:0() =

i

<#E,<F,b'(G),d; (By),ennsdy (Fp) e, (B'(G)) unu,epn(d' (Gy))D

0

where d;=(£’) " ,e =(f

w)
t

i
R
~,

i=l,...,max(l,m)

To assure the uniqueness of the function values, the order
of arrangement of F, ,G; must be determined.

Let n(£}(¥,,...,5.)) be as

n(r,) n(F)
Py )

n(EX(r, ... M) =0 (E])

(29]
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where n(ff)=PrG%(i+j)(i+j—1)—i+l).
and Pr(n) denotes a n-th prime number

Then the order is defined as

n(Fy)<...<n(F,)

and n(Gy) <...<n (Gy)

Using this pair function g the graph of a continuous

function of E can be defined as in the following.

[ Definition 17 ] .
<
Let @=<F,b' (6 and X= i <F; ,b'(G;)).
=

Define the function Zf<as‘follows.

( @- if «xEx
Ti(X)=

L else

Then the graph of arbitrary continuous function f is

defined as

AXE(x)= g g((;’uq')

Zigf

[ Proposition 6 ]

[30]



‘Define function ¥ as

¢
(=4

Tu)=L_2 7Y (u)

}\2”1‘-1.(2)53
for any u€E.
Then
| 1) § is continuous.
2) [Azf(z)] (u)=£(u)

To assure the soundness of this graph interpretation, we

will show the fixed point theorem.

[ Proposition 7 ]

The paradoxical combinator Y defined as
Y=Aulx u(x(x)) (\xu(x(x)))

coincides with the least fixed point operator fix

defined as
Fix(x)=wf (x)
1S

in the graph model of E.

[31]



todm
-.x

(Proof)
Let N be a functién bn D=?b'(G)iGéFT} defined as
N(b'(G))=the number of nodesvin the tree G.
Then trivialy
N (g (XF,G) KuF, ,uG,>)) > NI(F,), N (Gy)
holds.

From Scott{4], this is a sufficient condition for

the theorem.

3. The relationship between E;, and E

In this section how E0 can be embedded into E shall be

clarified and the following properties of Ey shall be shown.

(i) Any continuous function on the open suBset of E,
can be extended to a continuous function on the
space E.

(ii) Any lower semi-continuous function on the space

EO can be extended to a continiuous func¢tion of E

[32]



except for some nowhere dense subset.
From the fact (i) we can conclude that Abstract Prolog

can be extended to a continuous function on E.

[ Definition 18 ]

Define E: as

Ez=$xjx is maximal in E\?T}}

[Proposition 8]
The map I : E§*>Eo,<x,y>k>x
is homeomorphic
(Proof)
L is clearly one to one.
<x,y>esabove&x»3above(e)
& x€above (x) and yJG

So

y)@@ngT(N))@mFT( N)
' N -
éXﬁ\‘:’)ﬂFT (N)-—)X,
=xC ({%nFT (N) )C
That is <x,y>eabove«xy\above(§)
implies

xeabovegq)ﬂunder((%QFT(N))L)-

[33]



Conversely if xéabove(dhqunder((%nFT(N))C)

then
annFT (N)y=f4,
Trivially
XN (§3 \FT:(N) )=%
So

xnp=g,

If <x,y>eEo then

Y){S
because y is a maximal element satisfying

XN y_—:)'ﬁl.
This shows

<x,y>eabove(u)mabove(§)_

g.e.d.

We can identify the space E, with the spéce'Et.

[Definition 19]

r
The function Xw is defined as

“{

where 7y~ are finite sets of FT(N)

| #  else. '

[34]
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and@ is a set described as
CEEen
for some finite subset @' of FT.
[Proposition 9]

dﬁis a continuous function

\

on E;.
(Proof)

[0(,%?)“]—__— ?xl x)x and x(§c}

is both open and closed.

. So this is trivial.

[Proposition 10]
Xuy 1is continuous on E;
{Proof)

It is possible to select finite sets & x,

such that

N = &, o, and x)azl,y)o(Z .
Trivially

Xe[-dl’i\sc-] /yeidl’(scj
hold and

uyv € '\:Ox %CJ

for any ué[a}f:l and any V ele,, g°]

\

[35]
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g.e.d.

[Proposition 11]
If £, is continuous on E, for n>1
then the function
Ufa
nW=q
is lower semi~-continuous.
(Proof)
Assume
(vEy) (x)€ [, FT (N)]
for open set [N}FT(N)].
Trivially there exists a number N
such thét.
U £, (x) e[, FT ()]
N<EN
From the continuity of uf, there exists
a neighborhood [7r §¢] ni: x such that
UEaly) € [, FT(N)]

nLy
for any yé[zzgcj
This shows

(E,) (Ly,5°]) C [, FT(0)]

g.e.d.

[36]
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[Proposition 12]

If £ is lower semi-continuous on E,

then
T
f==u'xd
i ,
‘Xu,,ng
(Proof)

Let x be an arbitrary element of E,.
For any finite subset X, of f(x) there

exist ¥ and & such that.

xel[¥,°]
and £(I7.5DO «, .
So
o4
£
| X5
It means
{
£(x)D U Ny (x) D
. ok c° ’
X”;‘JCT
While f£(x) cén be written as

f(x)= U

A

for finite sets «; with 1=¢,

So

> ngx) du = £ (x)
XegCf "

f(x)

[37]
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[Definition 20]
. . "
Define the function ﬁd? as
S ¥¢  in case xé[d,@cj

VZ: (5@)\) = 1
FT(N) else.

[Proposition 13]

-
;?XPlsbcontlnuous.

[Proposition 14]
If f is lower semi-continuous then
the closure of the set ?xlf(x)# 4 JW 7;€x)}
| %,@f .
does not include any open set except}f.
(Prbof) | |
Let U be the set
U =fx[ftx 0 "Z:(?x) }
| =R .
For any xél}wércan sel;ctﬂc(k)éFT(N)

Sucﬁ that

f(x)¥c(x) and N Wd.e(x)ﬁc(x)
nr ‘
L“@D f ) . |
Assume the closure of {J includes a non-null

open set.

[38]
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Then there must exist an open set

[, §}¥¢ such that
[, g71C T

The function c¢ determines a partition<A

defined as

A= § C'C | ')(GU}

We denote ('c(x) by [qu).

Then

Clx)

[NO,PO ] C. )\chU

The set {fjk

u)\xé[l}is'coﬁntable. So we can
denote the element by'V, .

Assume there exists index n such that

Vi includes an open set.

Then there exists an open set [£,5°] such

that

V. > le,5¢]

So there exists an element X, such

that

(391



Uccxo) is dense in Le,5°]
From the lower semi-continuity of f this
implies |
£(x)yc(x,) in [§, 5]

So
$C(x,)}

7[2,5‘1 Jf

This shows
T , . 3
N MNagx)dcixy) in[t,§]
Tf |
This contradicts.
So V, does not include any non empty open
set for any n.

Vy, does not include any non empty open

set. So

[o(o,?:]\’\/;#}?f

and there exists non-empty open set

[d,,ﬁf] such that

[dl, {31(] C ‘:do, Q:J \ \]t:

This procedure can be applied successively for

any natural number n.

)

So there exists D%m?ﬁ] for n20 so that

[om.ﬁf}] C Lotny, @:.,] V.,

[40]
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are satisfied.

Iif

A Lotw, Ff 1= holds
n=0 .
then

Mm=g

0 : '
v oc,,ng,\#;z( .
must be satisfied.

T
Let a be the element of umr\€“
TWe=p

Then there exists a number N such

that
N=¢g -

This means

m(_:‘: [O('v\, ?-«c ]=;g
So ‘
bﬁ.?:]“ﬂ

This contradicts.

This shows

Qt Lota, ﬁ«f]*ﬂ‘

[41]



However
Ot pr 10 ) (T, LNV

CUNV V,=F

This also contradicts.,.
g.e.d.
[Definition 21}
A continuous function ¥ from E to

E is defined as

8 x 1
%o( () = @
. X  else

Further the function £ is'defined as

; yJw.w y/<;=f,(7>~‘>">
= U % u -
SxE et (et T fc’zf? Set (g >

for a lower semi~-continuous function f.
[Proposition 15]
. /\ . ) 3
(i) £ is continuous
. /N
(ii) The closure of €x|er0 and'f(xk#f(xg includes

no non-empty open set.

[Proposition 16]

[42]



If function f is defined and continuous
on the open subset of E; then f can be

extended to E as a continuous function

(Proof)

Let f be as follows.

f(x)=) £(x) if x€ D(f)

jod else
The function 8 defined as

-n “?:
3 1:%)f7 e

" is upper semi-continuous.

Moreover
g=f on D(f)

f' is lower semi-continuous because
D(f) is open.
So
v
V) ); =f on D(f)

2ot

[43]
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Define H as

KT, 2> <¢,(zf‘)">
A=Y Sb<o< ey Y oo x D <a, ey
r ’ , , .
XI,%C{ % {C’)?n(,e %

H is continuous and H=f on D(f).

[44]
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