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A Radon transform in monogenic function theory .

Franciscus Sommen (*)
State University of Ghent

Abstract. In this paper we study the multiple Taylor series expan-

————— ;;;; of a monogenic function, by making use of a Radon trans-
form in monogenic function theory.

Introduction. Im (3)), Hayman proved that every harmonic function
zZ = X + 1y, admits a multiple Taylor series expansion which
converges absolutely in the domain which is given by

{(X, y) EQ‘IHXH(yR R}..
In the several dimensional case Siciak studied this problem
in (5), by making use of the complex extension of a harmo-
nic function in the unit ball.
In this paper we generalize the result of Hayman for holo-
morphic functions to the theory of monogenic functions;
a theory which has been studied by Delanghe and Brackx in
(2) and which is a generalization of the theory of holomor-
phic functions to several dimensions.
We shall prove that every analytic function, of which the
multiple Taylor series converges in the interval
1-R,, R{x ...x]-r, R [, R,> 0, ..., R > O,
admits a unique left monogenic extension to the domain

{u ElRwMu )uo‘ + lu4l< R, ...,luol+‘um‘< Rm}.
Furthermore the multiple Taylor series of the extension
converges absoiﬁtely*innthis domain, and this domain is

optimal with respect to this type of convergence.

(*) Aspirant N.F.W.0. Belgium
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To this end, we construct a generalization:
Bu, 3), (u, ) ¢ R™ " x ™

of the function
(1-uz )™, (u, z) eCxC |

which is holomorphic in Z and monogenic in u, and which is

used to generalize the classical Radon transform:

n R (Bo,1))— H(BO,1)), which is given by

MM =<7, (4-uz) >,

to the theory of monogenic functions.

Preliminaries. In the'sequel we always work with modﬁles of func-

tions with values in a complex Clifford algebra.

M
The complex Clifford algebra over ﬂ% is defined as follows:

Az{z—— aAeA“aAe(,}

Ac Yyo..,m

where €)= eq1... eqh , When A ={a4,...., qh} H u1<... <0Lh ’
and %p: €e,= 1, e{k&= er k= 15000, . m .
The involution in 4 1is defined by a-= 2 a, EA ,

Ac{1ye..,m} ™
e,= e‘d... e“h, where €)= e“h... %ﬂ and ewj= -ewj..

™
s A is isomorphic to ¢t , We may provide }i with
Q.M
the (f, - norm.
) 4/1

Hence, |a|= ( 2 \aAl ) T

A(:*1’oo',m
Furthermore it is easy to show that for any a, b € AL ,

la. b} g ™ alib] .

s
A point (xo vese 3 xm)fof W shall be identified with
m
. -»
-the Clifford number X, + X = X+ b xj e’j .

A1 j=4
In this way R is imbedded in A .

-



There are several ways to define a product in a Clifford
algebra, In our theory the product in /i is defined by the
. 8
relations: ey = -1 and ey eJ + ej e, = 0, whenever
k#j,k,j:'t,...,m.
M EA
ret S < R be open and let f € C4(ﬂ,4), .

Then f is left ( resp. right) monogenic in JL if
m

f=0 (resp. £ D=3 2 fe.,=0)
J j=o 9%y Y

~in §) .

The right/A—-module of left monogenic functions in L is
denoted by Mi(ﬂ,»i ). Tt is a Fréchet module for the
topology of uniform convergence on the compact subsets

of (1 . |

For the basic elementary function theoretic theorems

we refer to (2).

For any open subset L of CM ’ qf(l)(_()_,@) (resp.
ZC(I,>(IL,A) ) is the left (resp. right ) module of A -
valued holomorphic funstions in fl . Hence its dual

modulezgeél)(ﬁ_,ﬁ() , consists of left linear A -valued

analytic functionals.

m+ 14
Wy, is the area of the unit sphere in iR .
I. Special monogenic functions .
Mg
-2 i -7 m
let u=u_+u belongto‘R let ?=;+iy=2'_'e.z

@)

w ~ o
belong to €™ and put <u7, 2> = Zuj zJ. .
J=1

. ‘ -
Then one easily shows that the functions ( <ff, ;> - u, z
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- W4 dw
which are defined for (u, z) € R * 8% _ are left and right
w4 - m
monogenic for u € R and holomorphic for 1z € C.
Furthermore, when f is a € -valued holomorphic function

in {z e Cll )zl < f} »f > 0 , admitting the Taylor series ex-

M .
pansion f(z) = El Cy 2K , then the function f(u.z) ,

=0

Q' .

(u, z) € E., can be generalized immediately to the function

M+ 14 om
—.’
2, e R xC,

[Y-4
1) F(u,';) - 2 Cy (<3,-;> - u,
k=0

-
which is left and right monogenic in u and holomorphic in Z,

In the fol]owimg theorem we study the convergence of the
o2

series 2. Cy (<E: > -u_ 2 )k .
o
K=0 o0 v
Theorem I. let f(z) = 2: Cy zk be holomorphic in
—_— k=0
{ z el |z| < f} , P > 0 . Then the series
o
2 Cx (<G§ Z> - uo’Z )k converges absolutely as a multiple
k=0

Taylor series of Uy seessUp in the domain

M+ 4 m 'R, n
o @I F et S Elaglisgd <]

X e IQ , this domain is optimaly

-y
In the case 2z =

Proof. As f is holomorphic for =z :¢ C , 1z <P and as

k m k
= -k ! >
(<&, B> -y DF - T = (ug2) ° Tl (uy 29 9
| j‘g’okj-—-k ko;ncokm. J:{

the domain of absolute convergence of the multiple Taylor

(>
. - - - A
series Z:_ck (<u, z> - u, z)k . is determined by the
k=0

condition
®© k k m k.
Sl Z— X qu 042 TT (Jusf(zd]) d < = (0.
k=0 & m o : shizgl
= Z ky=k  kglealkg! J=A
j=o0 ;

T
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o . A: &
For k_ = 2s , s GIN = (=4)" (7 =z, )8
o ica 9
kK . n 4 —
and for kg = 2s + 41 , s ¢ ﬂv,~; L (-1 (¥ 2 S 2.
J=n ©
k m ko
-» D3 2
Hence, for any k_ ¢ mn ,,\z Dl < (7| Zj\ y &
d=1
L - m ke
and when ;=§€‘R ,\x °\ - (I xa.y”)L.
j=

Hence (*) is satisfied as soon as (u, Z) satisfies the in-
equality n
\u0\<z)z\2> + Todwllzglo<p

:and when Z = X € ﬂ? (*) is equivalent with this in-
equality. ®

We give two important examples.

Example I.

—_——® v Ao <d B> -u 7
P(u, z) » 2 (<u, z> - u, z) = o
k=0 (1 - <T, z>) + u Iz
J:
is the generalization of (1 - uz)'1 , (u, 2) € d:

Obviously P(u, z) is defined in the open domain

MEq 0
U = (R x€C")y\ 5, where s is given by the equations

1 2

(4 - <u, x>) + u \xl = <T, ¥+ u(}\?]

(4 - <O, 2>) <0, y> = u09'<§’, —§> .
Example 2.
e o0

- -
Exp(u, 2) = 2. L (<, 2> - u, DF
k=0 k!
<, z>
= e~ 27 cos(u :L z )y -

51n(u ) ) .

J= ’z J=
J=1 .

m
The function Exp(u, D_ ej) has been studied explicitly
J=4
by Brackx in (4).



In (8) we introduced another way to generalize holomorphic
functions. let f be holomorphic in {z eCll (2] < f&

and admit the Taylor expansion f(z) = 2: i 2% .

k=0
Then the function % f(%%) , (u, z) ¢ @ x (€ \.{ok )

is genmeralized to the function

oo

-k n ? k¥
2 F Y = _— ]
@ 2y ) = 25 e 2wy 5 )

which is defined for (u, y) € ﬂf“+;( ﬂvm*1\{o§ )

such that |ul| < ¢ly| , and which is left and right mono-
genic in both variables u and y separately.

In the following theorem we give a relation between the
above introduced generalizations of a holomorphic function.

Theorem 2. Let f£(z) = 2; Cy uk be holomorphic for \z| < f
S — k=0

and let F(u, ?) and F(u, y) be the generalizations
of f(u.z) and % f(%}) , introduced in (1) and (2)
respectively. Then for sufficiently small r > 0 and

\u\ <pr ,
2 f R(u, ¥) d6, P(y, 2) .
wm*l'" B(O’ r)

Proof. Let \z | <R 3 J=4y, seey I .

F(u, 2) -

Then P(u, z) is left monogenic in

A a‘u € “hl\(ﬁ + E:\u | < r™ 4} .

Choose 1r > 0 such that B(O, r) = {u E(R “lu‘ < r} c A .

A f
F(u, y) 46, P(y, 2)
Wm+a ~3B(0O, T) ’ ¥ ’

is defined for |ul < pr and in view of (7) it admits a

Then

Taylor series expansion which is exactly equal to
00

2 e, (<8, Z 7 )k
c, (<u, z>-u_2z ) . B
k=0 k o
—-6-



2., The Radon transform

In this section we study the monogenic version of the

Radon transform.

M
Definition I. Let L < ¢ be a domain of holcmorphy
! ,

Then we defime the Radon transform by

T(T)(u) = <Ty , P(u, 2) > .

wmt 4
Definition 2. Let £l <« YR be open and let T ¢ M:(ﬂ ,A) .

Then we define the converse Radon transform by

A(DY(Z ) = <T,, P(u, 2) > .

Observe that both T and «1\/ are generalizations of ‘the
clagsical Radon transform

T(T(2) = €1, (4 - wz) > 0 e R,
and that Tl (T.a) = 1 (T).a and /p,(a.‘l‘) = ax‘l{’l‘)\-
for all a € /4 .
Il maps complex analytic functionals into left monogenic
functions and 1\, maps analytic functionals in the mono-
genic sense into holomorphic functions.
In this paper we study the image of the transforni T in
some special interesting cases.
Let R, >0, ¢.., Rm >0 . Then we put:
a. B(R,, ++es Ry) =2 ¢ ¢™i lzjl < RJ.}
b: P(Ryy ++ey Ry) = ju e R j% Ry |ugl + jzia} |u,| < 4}

c. b(Ray «oey Rp) SZ e I J'Z=4 R, lzj' < 4}

de p(Ryy ey By) = B (RN .. ipp(RY)

where pJ.(Rj) = {u e K™ ]ujl + luo\ < RJ’J .

iy



Furthermore we put

K 1y (BRy, oeey RY)

and

H o (13(B(Rys weey BRYD)

lém)igd %(1)(B(R1 +£ y ecey Rm 4‘(8 )1‘4’)

(]

11 i d b s 999 + ”'J‘

In Theorem 3 and Theorem 4 we give a characterization
l
of ‘!T(?C(l)(ﬁ—(R“ se ey Rm>)) .

Theorem 3. Let T € qu)(E(R“ veey R

Then T (T)(u) 1is left monogenic in P(R,, ..., Rm) and

its multiple Taylor series converges absolutely

in P(R1, cesy Rm) . Furthermore P(R,, ..., Rm) is optimal
for the absolute convergence of multiple Taylor series of
monogenic functions.

Proof. Let T € ’jfkl)(E(R1, «++y» R )) . Then for each £E>0

there exists CE > 0 such that

<, y>| g ¢ lw(z
Bl <G R T

for every \§ e 3@1)(E(R‘ + 26y «eey Ry + 28)) .

Let u € P(Ry, «s0e, Rm) be fixed and choose £ > 0 such
that u € P(R4 + 2E, ..oy R+ 2€) . Then for fixed u ,
P(u, 2) € H1y6B(R, + 2¢, ..., Ry + 28)) and hence,
T(T)( u) is defimed in P(R,, ..., Rm) .

Furthermore,

<Ty» , (<ﬁ: Z> - u, ;')k>
:Z: k k k m k.
1
= 4 Kkt u ... u B <TZ , (-2) 0 z. 9>
Z k !oo-k ! 0 n '-4 J
jzokj o m Jd=



and

k k.
<1z <-Z>°frz33>l

- k m k.
< C sup >1 o I
' ¢ B(Rﬁa,...,me)‘z JTI \ZJ\

m L Kk m k.
$C(Y (R, v£)) %) (R, +£) 9

LS FYI =1 Y
Hence,
. k k k m k.

i_'_—'_‘ K Ju, | °... Ju| o \<T5 » -Z)° 1T 2, J )
2 k.=k ko!f...km! J=1
J=43 _

m m 14/1 k
€0 (X Iugl(Ry + &)+ fug| (T (Ry + £

S

< 02(1 - 8& )k , for some 88 > O ; which implies that
the multiple Taylor series of T (T)(u) converges
absolutely in P(R1, oo ey Rm) .

h § ¢ T (BR Ry))
Furthermore, (R“....,Rm) 76(1) Ry eeey Ry

and m 21_1;__‘
(8 Yuy = 2T Bi 85 T Y g By oy
-(R,‘a'",Rm) “ %. R 2 L RQ,
-5 By Uy ¥ g Ry

admits a multiple Taylor series, which, in view of

Theorem I, converges absolubely in P(Ri, ooy Rm)
. ?
¥

but not in any point outside of P(R,, ecey Rm) .
This means that P(R,, -+, Rm) is optimal for the ab-
solute convergence of multiple Taylor series of monogenic

functions. W

Theorem 4. let f be left monogenic in P(R,;, -.., Rp)

such that the multiple Taylor series of f converges

absolutely in P(R,y +-+y R ) . Then f =T(T) for
EA

SOme T € (l)(E(R1, LB ] Rm)) [ 3

-9—
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froof. In view of (4), one easily shows that the mapping

T Tp—— <Tp, (4 - z;
g9

I
is a topological isomorphism between :%Ql)(B(R coey Rm)zb

2, )7 = T (@)

and iie(r)(b(ad, «es» R)) . ( and also between

1B, vy By, and HS(BR,, ey BRY) L)
On the other hand, f‘u =0 admits a multiple Taylor series
o)

expansion: X : N
f (u .,.,u)az. Z— ‘11 a0 uma
u, =0 kOZk o 14 m _k1,...,km
Ja
which converges absolutely in { u G‘R I Z; [u | Ry < 4}
J=1
e 1
f e s e ‘;“'
Hence, (}4, . ézb } aka""’km ,
324 ky=k

which is the holomorphic extension of f‘u o(ua’ seey U ) R
belongs to (a%rj(b(R ceey Rm)) .

Hence fl O(u4, ceey up) = <To, P(u, 2) >Iuo=o , for
some T € tﬁ%l)(E(R4, ceey R )) e

As analytic functions in open subsets of ”{ admlt unique
left monogenic extensions to open subsets of‘R ( Theorem 6.),
we obtain that f(u) = <Tp , P(u, 2) > . @

In view of Theorem 3. and Theorem 4 , TT('agi)(B(RA, ooy Rm)))
coincides with the right module of left monogenic functions

in P(Ryy eeey Rm) of which the multiple Taylof series
converges absolutely in  P(R,, ..., Rm) .

In an analogous way one shows:

-T10~
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{
Theorem BLTT(38(1>(B(R1, ceoy Rm))) coincides with the
right module of left monogenic functions in p(R,, ..., Rm)
of which the multiple Taylor series converges absolutely

in p(RA, l..’ Rm) L]

3, The Cauchy-Kowalewskil extension theorem .

M ~ a1
Let Jl < @ be open. Then an open subset Nl of §%> is
Mt
called a normal open neighbourhood of L oin R when
for each point u € fL |, u = u, + Ity , the set
A4 ~o
\x em Hx =X, + @ and x € fl% is connected and con-
tains one point of fL .

In (6) we showed the following Cauchy-Kowalewski type

extension theoremn.

™
Theorem 6. Let {1 c;ﬁi be open and let f TDe an.li- valued
analytic function in S . Then there exists a.) normal open

~ w1
neighbourhood Nl of fL in m and a left monogenic

[

function f’ in {1 such that f£/(¥ + xo)‘%:b__ £1(¥) .
Furthermore, if f, and f; are left monogenic extensions
of f 1in open normal neighbourhoods EL, and ?1‘ of Jl,
thenjﬁqf\filis a normal open neighbourhood of fL ana
ﬂ\ﬁmﬁ: f:“ﬁﬂﬁ; Hence there exists a unique left monogenic
extension of f which is defined in a maximal open and
normal neighbourhood of fL .

In the following theorem we give a characterization of the

multiple Taylor series convergence of the’Cauchy—Kowalewski

extensions of a special class of analytic functions.

-TI-



12

Theorem 7. Let f(z1, ey zm) be an ‘A/— valued holo-
morphic function in B(Ry, «.., Rm) and let f(X,, «osy X )
be its restriction to IRM. Then f(X,, ceoy xm) admits a
unique left monogenic extension. f(xo + ;’) in
P(R,y «.+y Ry) , which admits an absolutely converging
multiple Taylor series expansion in p(R‘, oy Rm) and
which is given by .

f(xo+¥)=z (GaD) xé’k A:\( F(Xgs eeny X))

k=0 (2k)!
Zw (-1)¥ 1k+q4 , B 3 Kk
- . X + (Z’ e.——— )A f(x * e o x )o-
ko (2k +1)! © Gea 99X T TRTAC 'm

Furthermore D(R,, «.., Rm) is optimal.
Proof. As f(z1, ceay zm) € zgrq(B(R1, ceey Rm)) ,

n ~1
f LI 3 = < hnad . . > f
(z,, s 2Zp) fP? y (1 3%% }J z5) > , for some

!

T € 57@(1)(5(34., ceey B2 .

Hence by Theorem 5, f(x‘, cesy xm) = <T?l, P(x,?') >‘X -0
o

admits the left monogenic extension:

- < .
f(x, + X ) = <Y P(x, + %,1) > in P(R,y «ees Ry)
which admits an absolutely converging multiple Taylor
series expansion in p(Rﬂ, ooy Rm) .
On the other hand, one can easily show that

) o0 K
- z (=1) 1k k
fl = f LI ]
(g + %) k=0 (2k)! X A £0xs » )

f_ (-DX  _axsq B ?_y AK
- —_— . x e. f(x cee
k=0 (2k +1)! ° (32::; J 3"3) w % » *n)

is left monogenic in p(R,, «e., Rm) and that

, -
f(x1, ooy xm) = f (xO + X )\x0=0 .
-12-
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Hence by Theorem 6, f = f' ,
We now show that D(Ry, «.., R ) 1is optimal.
Let u £ p(R,y eeo, Rm) . Then for some Jj = 4, seey I
u f pj(Rj) . One can easily show that the function
f(x) = (Rj - (xj - X, e‘j))"‘l is left monogenic in
P(R s ceey Rm) and that its multiple Taylor series,
which is given by RE‘ Efi (Rgi(xj - %, ej))k .

=0

converges absolutely for any x € p(R,; so0, Rm) s

but not for x = u . @
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