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1 Introduction 

The study of subgroup complexes has long provided deep insights into 
the interplay between algebraic and topological properties of finite groups. 
Originating in the work of Quillen [9] and others, these simplicial complexes, 
constructed from the lattice of subgroups satisfying certain conditions, have 
played a central role in understanding the cohomology and homotopy type of 
groups. In particular, subgroup complexes serve as a bridge between group 
theory and algebraic topology, often encoding delicate information about the 
structure of finite groups through their homotopy-theoretic invariants. 
On the other hand, the theory of finite topological spaces, initiated by 
Alexandroff, offers a combinatorial model of topology that is particularly well 
suited to the study of spaces with a finite underlying set. Every finite poset 
naturally gives rise to a finite topological space, and conversely, the topology 
of such spaces can be entirely recovered from the associated order structure. 
This duality has made finite spaces a powerful tool in combinatorial and 
algebraic topology, providing discrete models for continuous phenomena and 
enabling explicit calculations of homotopy-theoretic properties. 
The aim of this paper is to investigate the homotopy properties of p-
subgroup complexes from the viewpoint of finite topological spaces. Here, p 
is one prime factor of the order of a finite group. By translating subgroup 
complexes into finite spaces, we gain access to methods from poset topology 
and Alexandroff spaces, which allow for a finer analysis of their homotopy 
properties. In particular, we focus on how classical constructions in finite 
topology, such as minimal finite models and homotopy reductions, can be 
applied to subgroup complexes to clarify their structure and relations to 
group-theoretic data. 
Our approach highlights the advantages of working within the category 
of finite spaces: it permits the application of combinatorial techniques, ex-
plicit homotopy constructions, and order-theoretic tools to problems that 
traditionally arise in algebraic topology and group theory. We also demon-
strate how this perspective connects with known results, while providing new 
insights and simplifications in the study of subgroup complexes. 
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2 Notations and preliminaries 

For a partially ordered set (simply, a poset) P, the symbol△(P) is the 
order complex of P; this is the simplicial complex whose k-dimensional sim-
plices are the non-empty chains x。<x1< • • • < xk of P. Also, by considering 
the topological space I△(P) I, which is the geometric realization of the order 
complex△(P), we can discuss homotopy on|△(P) 1- Throughout this pa— 

per, let G be a finite group and p be a prime皿 mberdividing its order. 
Here we focus on nontrivial ~subgroup posets ordered by set inclusion. In 
particular, Sp (G) andん(G)consisting of nontrivial p-subgroup families are 
fundamental: 

名(G):={PI Pis a nontrivial p-subgroup of G}, 

Ap(G) :={PI Pis a nontrivial elementary abelian p-subgroup of G}. 

△(Sp(G)) and△(Ap(G)) are respectively called a Brown complex and a 
Quillen complex of G at p. Such an order complex formed from a p-subgroup 
poset is called a p-subgroup complex. The purpose of this paper is to review 
the research on homotopy types of p-subgroup complexes and to introduce 
the latest results. 
Let P, Q be finite posets. An order preserving map f :'P→Q induces 
naturally a continuous map|△U)I : I△(P)I→ 1△(Q) 1- Also, if two order 
preserving maps f, g :'P→Q satisfy f(x) :=;; g(x) for any x E P, then|△(f)| 
is homotopic to|△(g) I-Note that in many combinatorics papers, I△U) I is 
often simply written as f. If a finite poset P has a maximal or minimal 
element, I△(P) I is immediately contractible. More generally, the following 
holds. 

Proposition 2.1. Let P be a finite poset and let x。bean element of P. If 
there is an order preserving self-map f :'P→'P such that x :=;; f(x)~x。for

any x E'P, then|△(P) I is contractible. 

The above contractibility is especially said to be conically contractible. 
Next, we write the intercept of the poset P with the following symbols: 

匹 X := {y E'PI y :=;; X }. 

九x）'P2:x,P>x, etc. are defined similarly. Under this symbol, the following 
theorem, which is fundamental in the homotopy theory of order complexes, 
is stated. 

Proposition 2.2. Let P, Q be finite posets. If there is an order preserving 
map f:'P→Qand|△（f-1(Q：：：：y) I (or|△(f―1 (Q2:Y) I) is contractible for any 
y E Q, then|△U)I : I△(P)I→ 1△(Q) I is a homotopy equivalence. 
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This theorem was first discovered by Quillen [9] and is called Fibre Lemma. 
The proof is given using the'Acyclic Carrier Theorem'. As a direct appli-
cation of this proposition, the following is well known. 

Proposition 2.3. Let P be a finite poset and let 

p<  := {x E P 11△(P <x) I is not contractible}. 

Let Q be a subposet of P such that PくこQ~ P. Then Q is homotopy 
equivalent to P, where the inclusion map induces a homotopy equivalence 
map. 

Now, let P =ふ（G).By definition, 

ふ(G)<= { p E Sp (G) 11△(Sp(G)<P)I is not contractible}. 

Then we have the following proposition. 

Proposition 2.4. Ap(G) = Sp(G)< 

Proof. Let P E Sp(G) is not an elementary abelian p-subgroup, then there 
exists a nontrivial Frattini subgroup <I>(P), and so the map f : Sp(G)<P→ 
ふ(G)<P;Q→Q<I>(P) is well-defined. Furthermore, QこQ<I>(P);;;2 <I>(P). 
By Proposition 2.1, I△(Sp (G) <P) I is contractible. Therefore, we obtain 
Ap(G) ;;;2ふ(G)<. Conversely, let P E v4p (G) be an elementary abelian 
p-subgroup, and P seems to be a vector space over勾 Notethat Sp(G)<P = 
ふ(P)<P,and this set is a bundle of families of proper subspaces of the vector 
space P. Hence, from the Solomon-Tits theorem, I△(Sp (G) <P) I is homotopy 
equivalent to some spherical bouquet or empty set. In any case, it is non-
contractible. Thus, AP(G) ~ふ(G)ペ

Corollary 2.5. I△(Ap(G))I is homotopy equivalent to|△(Sp(G))I-

Needless to say, the Quillen complex△(AP (G)) is characterized by the 
homotopy term'contractible'in the Brown complex△(SP (G)). The following 
question naturally arises. 

Problem 2.6. Is there any other p-subgroup complex like this? 

There are some known p-subgroup complexes on this problem. For ex-
ample, there is the following p-subgroup poset by Bouc: 

ふ(G):= { P E Sp(G) I P = 0瓜況(P))},

where the symbol Op(Nc(P)) denotes the maximal normal p-subgroup of the 
normalizer況 (P)of P in G. As can be seen from its definition, it contains 
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the set Sylp(G) of all Sylow p-subgroups of a finite group G. The order 
complex△（応（G))is called a p-radical complex, or Bouc complex. 
Now, let仰(P)be the centralizer of P in G. Then we consider that p-
subgroup poset Cp(G) := { P E Sp(G) I any p-element of C,叫P)belongs to P}. 
The order complex of this poset is called a p-centric complex: We write the 
intersection of科(G)andら(G)by the symbol B~en(G). That is, 

Bデ（G):=均(G)n Cp(G). 

The geometric realization|△(B百(G))I of the order complex△(B戸en(G))is 
homotopy equivalent to the geometric realization|△(Cp(G))I, but it is not 
homotopy equivalent to|△(Bp(G))I in general [11]. 

3 Examples of p-subgroup posets 

We shall present some examples of p-subgroup posets. 

Example 3.1. Take G = D6, the dihedral group of order 12, and p = 2. We 
can give the abstract presentation of G by the generators and relations: 

D6=〈a,b I a6 = b2 = 1, b―1ab = a―1〉;

where these represent a rotation and a reflection, when D6 is regarded con-
cretely as the group of a regular hexagon. We find three Sylow 2-subgroups of 
order 4:〈a凡b〉,〈a3,ab〉,〈a3,a2b〉,andthe minimal members are generated 
by 7 involutions:〈a3〉,〈b〉,〈ab〉,〈a2b〉,〈a3b〉,〈a4b〉,〈a5b〉.Thusthe poset 
diagram for S2 (Dり(=A2(D6)) is given by: 

〈a汽b〉 〈a3,ab〉

〈a4b〉

〈a叫a2b〉

！＼ 〈a2b〉〈a5b〉
Observe that each of three Sylow 2-subgroups is not the normal sub-
group of D6 and the center Z(D6) of D6 equals〈a3〉.ThereforeB2(D6) = 
{〈a汽b〉,〈a3,ab〉,〈a3,a2b〉,〈aり｝． Whenp = 3, we easily have S3(D6) = 
ふ(Dり＝凡(D6)={〈aり｝．
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Example 3.2. Take G = Q8, the quaternion group of order 8, and p = 2. 
We can give the abstract presentation of G by the generators and relations: 

G=〈a,b I a4 = 1, b2 = a汽b―1ab= a―l〉.

We find three Sylow 2-subgroups of order 4:〈a〉,〈b〉,〈ab〉,andeach of these 
three Sylow 2-subgroups contains the unique cyclic subgroup〈a2〉.Thusthe 
poset diagram for S2(Q8) is given by: 

〈a□¥b〉
＼似〉／

Since any subgroup of Q8 is normal, so that B2(Q8) = {Q叶． Notethat 
A2(Qs) ={〈aり｝．

Example 3.3. Take G =如，thealternative group of letter 4. We find one 
Sylow 2-subgroup of order 4 and four Sylow 3-subgroups of order 3. The 
subgroups diagram for如isgiven by: 

汎4

＞
 

{e} 

Here V is a Klein group, each Cj (i = 1, 2, 3, 4) is a distinct cyclic group 
of order 3, and each cg (j = 1, 2, 3) is a distinct cyclic group of order 2. 
Then S2（糾） ＝A2（北） ＝ ｛V,CJ, Cふ◎｝ andB2（如） ＝ ｛V}.Furthermore, 
S孔叫）＝ん（北） ＝ B孔如） ＝ ｛CJ, C名， Cj,Ci}.
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4 Finite It。-spaces

A finite space is simply a finite set with a topology, and any finite space is 
homotopy equivalent to a finite T;。-space(namely, for any two distinct points, 
there exists a finite space which is an open neighborhood of one of the finite 
space that has one open neighborhood that does not contain the other). 
Hence, homotopy-theoretically, finite space theory is sufficient to target a 
finite T;。-space. Furthermore, since a finite T;。-spaceis in correspondence 
with a finite poset, bothふ(G)andん(G)are finite Ti。 spaces.A finite space 
X is weakly homotopy equivalent to the corresponding compact polyhedron 
I△(X) 1-Here, weak homotopy equivalence means that the homotopy groups 
of every dimension are isomorphic. Let a be a point in|△(X)I, that is, 

a=  t1X1 + t2必＋・..+ trXr whereどti= l, ti > 0 for every 1 ~ iさ rand
i=l 

mく四<...<Xr is a chain of X. Then μx : I△(X)I→X by μx(a) = x1 
is a weak homotopy equivalence. Then we obtain the following commutative 
diagram: 

叩） 1 巴倶 1△(Y)I

μx』』四
X ―→ Y, 

where f is a continuous map between finite Ti。 spacesX and Y, and|△(f)| 
is also a continuous map between polyhedra|△(X)I and|△(Y) I-These were 
first discovered by McCord [7]. In the above diagram, f is a weak homotopy 
equivalence if and only if|△(f) I is a homotopy equivalence. Let us consider 
an application top-subgroup complexes. Let X = Ap(G), Y = Sp(G) and 
f = l(= inclusion map). Then l is a weak homotopy equivalence. Stong 
found that I△(l) I : I△(Ap(G))I→心（ふ(G))I is a homotopy equivalence. 
However the homotopy type of the Quillen complex or the Brown complex 
is still unknown. His result is the following. 

Proposition 4.1. ([13]) A finite Ti。-spaceSp(G) is contractible if and only if 
Op(G) is non-trivial, where Op(G) denotes the maximal normal p-subgroup 
of G. 

Therefore, the Quillen conjecture can be rephrased as follows: If|△(Sp(G))I 
is contractible, then the finite Ti。-spaceSp(G) is contractible. From a topolog-
ical point of view, this problem deals with a difference between weak homo-
topy equivalence and homotopy equivalence. We consider a finite Ti。-G-space
which is a finite Ti。-spacewith a G-action. In particular, for a p-subgroup 
poset, we give the G-action by conjugation. 
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5 Main results 

We shall recall the Bouc poset比(G)={PE Sp(G) IP= OP(Na(P))}. 
Note that Bp(G) contains Sylp(G). Then we obtain the following. 

Theorem 5.1. If G is a nilpotent group, then|△（店(G))I is contractible. 

Proof. By assumption, Sylp(G) is the set consisting of a unique element. By 
Sylow's theorem, the Bouc poset屁(G)has the maximal element. The finite 
T。-space氏(G)is contractible, and so|△(BP(G)) I is contractible. 
Corollary 5.2. Let p and q be prime皿 mberssuch that p > q. Let G be a 
finite group whose order is pq. Then|△（屁(G))I is contractible. 

Proof. Similarly the proof of the above theorem, Sylp(G) is the set consisting 
of a unique element. 

Theorem 5.3. A finite Ti。-spaceBp(G) is contractible if and only if Op(G) 
is non-trivial. 

Proof. If OP(G) is non-trivial, the Bouc poset Bp(G) has the minimal element. 
Thus a finite Ti。-spaceBp(G) is contractible. Conversely, if a finite Ti。-space
応(G)is contractible，科（G)has the G-invariant core which consists of a 
unique element. Its element is the normal subgroup of G. 

Let X be a finite Ti。-G-spaceand let x and y be points of X. If x E Uか
then gx E gUy = U9y. Therefore a G-action on a finite Ti。-spaceX preserves 
the order. Thus△(X) is a G-simplicial complex (in short, G-complex). Let 
N。bethe union set of natural numbers {1, 2, 3, • ・ ・} and {O}. A CW-
complex Z with a G-action is called a G-CW-complex if it satisfies the fol-
lowing conditions: 
(i) The G-action determines a cellular map, that is, for any g E G, gZi C zi 
for each i EN。,wherezi denotes the union of cells of dimension :::; i and is 
called the i-skeleton of Z. 
(ii) Let e is a cell of Z. If g(e) = e, then g is trivial one, that is, Z9コe,
where e is the closure of e. 

We obtained the following theorem. 

Theorem 5.4. ([3]) Let X be a finite Ti。-G-space.Then|△(X) I is a finite 
G-CW-complex. 

Remark that p-sugroup posets Sp(G），Ap(G) and均(G)are G-posets by 
conjugation. Therefore their order complexes are G-complexes. The three 
polyhedra|△(Sp(G))I, I△(Ap(G))I and|△(Bp(G))I are all G-CW-complexes. 

Next we shall state the result about orbit space. We also got the following. 
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Theorem 5.5. ([3]) Let X be a finite 7'。-G-space.Then|△(X)I/G is homo-
topy equivarent to|△(X)/GI. 

Since the orbit map p : X→X/G is continuous, it is an order-preserving 
map. It determines a simplicial map△(p) :△（X）→ △(X/G) and also a 
continuous map|△(P)I : I△(X)I→ 1△(X/G)I-Noting that I△(X/G)I is a 
G-space with a trivial G-action, we have a continuous map p : I△(X)I/G→ 
I△(X/G) I such that the following diagram commutes: 

I△(X)I 

q1 ¥ 

I△(X)I/G一心(X/G)I,
p 

where q is the orbit map from|△(X)I→ 1△(X)I/G. By McCord's result, 
there is a weak homotopy equivalence μx : I△(X)I→X. Then μx deter-
mines a continuous mapかX:I△(X)I/G→X / G such that the following 
diagram commutes: 

叩）1/G_J_→1△(X/G)I 

~ !μX/G 
X/G. 

Thereforeりisa weak homotopy equivalence if and only if JJ,x is ao. In 
general, JJ,x is not a weak homotopy equivalence. According to Symond's 
result [14], I△(Sp(G))I/G is contractible. 

Let us have a terminology: a topological space is homotopically con-
tractible if and only if all its homotopy groups are trivial. 

Theorem 5.6. If G is a nilpotent group. If|△(Bp(G))I/G is homotopically 
contractible, it is contractible. Then|△(Bp(G))/GI is also contractible. 

Proof. Let { *} be a finite space consisting of a single point. Since Bp(G) is 
contractible,屁（G)/ G is also so. Hence we have a diagram: 

l~(Bp(G))I/Gニ-I△(Bp (G)/G)|王凶{*})I
三!μ的（G)/G, !四＊｝

屁(G)/G~{*0},

where f is a homotopy equivalence. By McCord's theorem, there exists 
a homotopy equivalence I△(f)| : I△(Bp(G)/G)I→ I△({*})I- Therefore 
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I•(~p ~G)/G)I i~ con~~ctible. ~Y. assumption, ~的(G) is a weak homotopy 
equivalence, and so p is a weak homotopy equivalence. Now, since both 
I△(Bp(G))I/G and|△(Bp(G)/G)I are CW-complexes,りishomotopy equiva— 

lence. Thus|△(Bp(G))I/G is contractible. Then it follows immediately from 
theorem 5.5, I△(Bp(G))/GI is also contractible. 
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