
Quantum Entanglement, Fidelity
Susceptibility, and Scrambling from AdS/CFT

correspondence

Yukawa Institute for Theoretical Physics, Kyoto University

Masamichi Miyaji



Abstract

In this thesis, I will study several phenomena and quantities which are related to
quantum information theory, using AdS/CFT correspondence. AdS/CFT correspon-
dence is the conjecture on the equivalence between quantum gravity and quantum field
theory. I will first study fidelity susceptibility, which measures distance between quan-
tum states, using AdS/CFT correspondence. I will propose a holographic dual of fidelity
susceptibility, as volume of maximal volume time slice, extended into AdS. Then I will
use fidelity susceptibility to study the phenomenon called scrambling. Scrambling de-
notes the status that initial excitation is completely mixed with the environment. I will
show that the particular fidelity susceptibility can capture scrambling, and describe
how this picture is consistent with the proposed holographic dual of fidelity suscep-
tibility. Finally, I will consider non local operation in both CFT and gravity. Such
operation corresponds to changing entanglement structure. And I will study how the
entanglement structure is changed, and how averaged null energy condition is violated
by those operations.
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1 Introduction

Despite of decades of efforts by numerous researchers, nature of quantum gravity has remained
yet unrevealed. This is mainly because general relativity is not renormalizable, which implies
that it is necessary to fix infinite number of parameters in the effective action in order to
construct a consistent theory. Such procedure is difficult to handle theoretically and exper-
imentally. Since the effective action may contain infinite number of parameters, it requires
infinite amount of effort to determine UV theory of quantum gravity from experiments, if
there were no top-down constraints on the underlying UV theory.

String theory is such a candidate theory that realizes UV completion of general relativity[1][2].
In string theory, fundamental elements are not point particles but strings and branes, which
moderate UV behavior of the theory beyond string scale, freeing theory from UV divergence
at least at perturbative level. Beyond perturbation theory, there are several observations
that supports that sting theory is a consistent theory of quantum gravity. One fact is that
string theory can explain Bekenstein-Hawking formula[3][4] of black hole entropy[5],

SA =
A

4GN

(1)

where A stands for the area of black hole horizon, and GN is Newton constant. Bekenstein-
Hawking formula was originally motivated by analogy between second law of thermodynamics
and area theorem of black hole. However, because black hole does not have microscopic
structure classically (called no hair theorem), large entropy of black hole has been a big
mystery in general relativity since then. It was surprising and became a strong support
of string theory, that string theory can indeed explain the origin of non trivial black hole
entropy.

Another evidence that supports string theory is that consistent unitary quantum gravity
should contain infinite tower of massive particles, which is typical characteristic of string
theory[8]. This implies that string-like theory is inevitable, as long as one sticks to causal
unitary quantum theory which can be described by effective action. These facts motivate us
to study string theory in more detail.
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Figure 1: Interior of the cylinder corresponds to AdSd+1, and the boundary, which is the
cylinder, is where the CFTd lives. AdS/CFT predicts that they are identical.

However, detailed non-perturbative properties of string theory is still hard to study, and
up to now we know little beyond perturbative quantities or highly protected quantities. In
order to go beyond, it is useful to consider holography, which conjectures that gravity can
be described by the degrees of freedom at the boundary of the spacetime[6][7].

Holography or holographic principle is motivated by Bekenstein-Hawking formula of black
hole entropy. Since GN has dimension (length)d−1 in d + 1 dimensional spacetime, one can
define a length scale

lP := (4GN)
1

d−1 , (2)

which is called Planck length. This length scale corresponds to that of the quantum gravity.
Using Planck length, Bekenstein-Hawking formula can be interpreted as the statement, that
order 1 degrees of freedom of black hole are contained in unit Planck area of black hole event
horizon.

AdS/CFT correspondence is the most tested, concrete realization of holography[9][10][11].
AdS/CFT correspondence predicts that string theory on Anti de Sitter space (AdS) is equiv-
alent to a conformal field theory on the boundary of AdS. AdS space is the Einstein manifold
with constant negative scalar curvature, which is a vacuum solution of Einstein equation with
negative cosmological constant. In Poincare coordinate, d+ 1 dimensional AdS is given by

ds2 = R2
AdS

dz2 − dt2 +
∑

1≤i≤d−1 dx
idxi

z2
(3)

where z > 0 and z = 0 corresponds to the boundary of AdS which is d dimensional Minkowski
space, and R is AdS radius. In global coordinate, it is given by
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ds2 = R2
AdS

1

cos2ρ
(−dt2 + dρ2 + sin2ρ dΩ2

Sd−1) (4)

where ρ > 0 and ρ = π/2 corresponds to the boundary of AdS which is R× Sd−1.

Let us assume ϕ(z, t, x) is a bulk real scalar field living on AdS, and the CFT action is
deformed by external field

∫
dtdxϕ0(t, x)O(t, x), whereO(t, x) is real scalar primary operator.

The precise statement of AdS/CFT in terms of partition function is called GKPW relation,

ZAdSd+1
[lim
z→0

z−(d−∆)ϕ(z, t, x) → ϕ0(t, x)] = ZCFTd [

∫
dtdx ϕ0(t, x)O(t, x)] (5)

where ∆ is the conformal dimension of the primary operator. Although AdS/CFT correspon-
dence has not been proven, it has proven to be valid in many concrete, non trivial examples.

Recent developments in AdS/CFT have revealed that quantum entanglement plays im-
portant role in AdS/CFT, therefore quantum gravity. The first achievement in this direction
goes back to Bekenstein Hawking formula,

SBH =
A

4GN

, (6)

which says the entropy of black hole SBH is given by the area A of black hole event horizon.
The generalization of Bekenestein Hawking entropy to entanglement entropy, called Ryu-
Takayanagi (RT) formula[12], for subregion A of boundary timeslice dual to static asymp-
totically AdS spacetime (AAdS) is

SA = Min
δΣ=δA

Area[Σ]

4GN

(7)

where Σ is codimension 2 surface in AAdS which is anchored from ∂A. We assume A and Σ
are homologous to each other, meaning they can be identified with continuous deformations.

One can see that Ryu-Takayanagi formula satisfies correct properties of entanglement
entropy, such as positivity, subadditivity, and strong subadditivity from simple geometric
considerations[13]. It is known that Ryu-Takayanagi formula can be derived from AdS/CFT,
using replica trick.

Importantly, Ryu-Takayanagi formula captures the equation of motion of gravity[15][16][17][18].
More precisely, let us consider first order perturbation of pure AdS spacetime, and assume
that entanglement entropy of subregion A is given by the minimal value of the functional
F [γ] associated with a codimension 2 surface γ anchored from ∂A. F [γ] depends only on
fields on the surface γ. Once one assume F [γ] is the area of γ, the assumption implies the
linearized Einstein equation in the bulk. This fact implies that, the entanglement structure of
the boundary CFT may be enough to capture the dynamics of gravity in the bulk, although
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Figure 2: HRT surface in pure AdS. Black line at the cylinder corresponds to the timeslice
of the CFT, and subregion A is expressed as blue line. Red curve γ is corresponding HRT
surface.

Figure 3: RT surface in BH geometry. This figure describes a timeslice of BH geometry. The
boundary of the circle is the timeslice of CFT, and blue line is the subregion A. Red curve γ
is the RT surface.
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Figure 4: The geometry of two sided, asymptotically AdS black hole.

it is known that there are so called entanglement shadow where RT surface cannot probe,
and also the argument only applies to linearized equation of motion.

There are also observations that imply spacetime connectedness comes from quantum
entanglement[20]. Let us consider two sided asymptotically AdS black hole. The dual CFT
is a tensor product CFTL ⊗ CFTR, and dual CFT state is Thermofield double state[21],

|ΨTFD⟩ =
1√
Z(β)

∑
i

e−
βEi
2 |Ei⟩L ⊗ |Ei⟩R, (8)

where β = 1
T
is the inverse temperature and |Ei⟩s are eigenstates of the CFT Hamiltonian.

The entanglement entropy between two CFTs is given by thermal entropy,

SCFTL = SCFTR = Stherm(β), (9)

which approaches to zero when we take β → ∞, and increases when we decrease β. The
question is what happens to the geometry when we change quantum entanglement between
two CFTs. The answer to this question is that, as one decreases the entanglement, the
distance between two CFT increases, and when there are no entanglement, the two spacetimes
are completely decoupled. This observation attempts us to interpret quantum entanglement
is closely related to how the connectedness of the spacetime.

The generalization of Ryu-Takayanagi formula for time dependent situation is called
Hubeny-Rangamani-Takayanagi (HRT) formula[19], which says

5



SA = Ext
δΣ=δA

Area[Σ]

4GN

(10)

where Σ is codimension 2 surface in AAdS which is anchored from ∂A. We assume A and
Σ are homologous to each other. In this time dependent extension, one can again prove
inequalities of entanglement entropy, using so called max-min construction[22]. One starts
with timeslice of bulk which contains A, and consider minimal surface anchored from ∂A
which is contained in the time slice, then maximize that area by variating the timeslice.
Then, it turned out that such max-min surface corresponds to HRT surface. Assuming
null energy condition and Raychaudhri equation, one can prove inequalities such as strong
subadditivity.

In this thesis, I will first review some basic facts about AdS/CFT correspondence and
entanglement measures. Then I will propose a holographic dual of a quantum information
theoretic measure, called fidelity susceptibility based on my paper[29]. Then I will propose an
application of fidelity susceptibility to scrambling phenomena, and show how such application
is related to dynamics of gravity in AdS/CFT based on my work [30]. Finally, I will consider
non local operation in both CFT and gravity, which corresponds to changing entanglement
structure using external operations based on my research [31].

2 AdS/CFT correspondence and Quantum Informa-

tion Theory

In this section, I will review some basic facts about AdS/CFT correspondence and measures
of quantum entanglement.

2.1 AdS/CFT correspondence

Let us first explain various coordinates of Anti de Sitter space. Anti de Sitter space can be
considered as the universal cover of submanifold of flat space with metric

ds2 = −(dX0)2 − (dXd+1)2 +
∑
1≤i≤d

(dX i)2, (11)

with the condition

−(X0)2 − (Xd+1)2 +
∑
1≤i≤d

(X i)2 = −R2
AdS. (12)

The global AdS is given by the relation
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X0 =
√
R2
AdS + ρ2 sin(

t

RAdS

)

X i = ρ Ωi
Sd−1

Xd+1 =
√
R2
AdS + ρ2 cos(

t

RAdS

), (13)

where Ω1≤i≤d denote the coordinate on d− 1 dimensional sphere, so they satisfy∑
1≤i≤d

(Ωi
Sd−1)

2 = 1. (14)

Note that global AdS defines the universal cover of the manifold (12). In this language,
Poincare patch is actually a submanifold of global AdS, and it is given by the condition

X0 =
z

2
(1 +

R2
AdS +

∑
1≤i≤d x

2
i − t2

z2
)

X i =
RAdSxi
z

Xd =
z

2
(1−

R2
AdS −

∑
1≤i≤d x

2
i + t2

z2
)

Xd+1 =
RAdSt

z
. (15)

Let us consider another submanifold of global AdS, called Rindler-AdS. Rindler coordinate
is given by

X0 = ξ sinh(
t

RAdS

)

X1 = ξ cosh(
t

RAdS

)

X i =
√
R2
AdS + ξ2 sinh(

η

RAdS

)Ωi
Sd−2 (i = 2, · · · , d)

Xd+1 =
√
R2
AdS + ξ2 cosh(

η

RAdS

) (16)

with
∑

i(Ω
i
Sd−2)

2 = 1. Rindler-AdS is then given by

ds2 = − ξ2

R2
AdS

dt2 +
R2
AdS

R2
AdS + ξ2

dη2 +
R2
AdS + ξ2

R2
AdS

(
dξ2 +R2

AdS sinh
2(

η

RAdS

)dΩ2
Sd−2

)
. (17)
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These AdS spacetimes are called pure AdS, since they do not contain any excitations nor
matter, and are indeed corresponding to vacuum state of gravity.

Once we consider excitations in both CFT and AdS, we need to consider asymptotically
AdS spacetimes, with non trivial matter interior.

2.2 Entanglement Entropy and Entanglement Measures

In this section, I will review various measures of quantum entanglement that appear in
quantum information theory [23].

2.2.1 Von Neumann Entropy

Here I list some basic but important properties of von Neumann entropy, for reference.
Quantum state ρ is a Hermitian operator with nonnegative eigenvalues on Hilbert space with

Tr[ρ] = 1. (18)

And von Neumann entropy S(ρ) of this state ρ, is given by

S(ρ) = −Tr[ρlogρ]. (19)

Von Neumann entropy is always non negative, and zero if and only if the state under con-
sideration is pure. Also, von Neumann entropy is concave, meaning∑

i

piS(ρi) ≤ S(
∑
i

piρi) (20)

for any pi ≥ 0 with
∑

i pi = 1, and ρi are states. Von Neumann entropy is also additive,
namely,

S(ρA ⊗ ρB) = S(ρA)⊗ S(ρB) (21)

holds.

2.2.2 Entanglement entropy

Let us assume Hilbert space of the whole system H can be decomposed into the tensor
product of subsystem Hilbert space H and its compliment Hilbert space HB, such that

H = HA ⊗HB. (22)
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Figure 5: Time slice is divided into two regions A and B. We assume corresponding Hilbert
spaces factorizes. For QFT ground state, leading term of entanglement entropy of A is
proportional to area of ∂A.

Then, for quantum state ρ on H, the quantum state on HA

ρA := TrHB
(ρ) (23)

is the unique quantum state which can reproduce all the expectation values of operators
living in HA. Note that even if ρ is pure, ρA is not necessarily pure. The entropy of ρA is
called entanglement entropy of the subsystem A, and it measures how the subsystem and its
compliment are correlated to each other quantum mechanically as well as classically. Note
that even if one starts with pure state which has no classical correlation, ρsub can be mixed
state due to quantum correlation.

In quantum field theory, we often consider Hilbert space on subregion as a subsystem,
and assume Hilbert spaces for the subregion and the compliment to be factorized. In general,
entanglement entropy of subregion A, of the ground state of QFT in leading order is

SA = c
Area[∂A]

ϵd−2
+ · · · (d > 2) (24)

SA =
c

3
log

|A|
ϵ

(d = 2, critical) (25)

SA = c · Num(∂A) (d = 2, Non critical) (26)

where ∂A is the boundary of the subregion A, ϵ is UV lattice spacing, c is a positive constant
which is proportional to the number of degrees of freedom of that field theory, and Num(∂A)
is the number of boundaries of A[24]. In particular, entanglement entropy is a divergent
quantity in quantum field theory in general.

Entanglement entropy satisfies various important properties, inherited from von Neumann
entropy,
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SA ≥ 0 (Positivity) (27)

SA+B + SB+C ≥ SB + SA+B+C (Strong subadditivity) (28)

SA + SB ≥ SA+B (Subadditivity) (29)

where H = HA⊗HB ⊗HC , and entanglement entropy is zero if and only if the state is pure.
There are number of applications of entanglement entropy in physics, in particular it

is used to classify phase of quantum matter[25][26]. This is because entanglement entropy
is a global quantity of a state, which can capture topological nature of ground state. In
these applications, one can consider sum of entanglement entropy of subregions so that those
divergent, non universal contributions cancel with each other.

Entanglement entropy is monotonically non increasing against Local Operations and Clas-
sical Communications (LOCC). Local operation is a transformation which acts locally on HA

and HB. And classical communication is an exchange of classical bits between two systems,
which is generically much cheaper than transfer of quantum bit since classical information can
be amplified to any extent. More quantitatively, by classical communication, one can send
the results of measurements at one system to another, and one can operate local operation
which can depend on these results.

In general, it is known that any LOCC operation Λ can be written as following form;∑
i

Ai† ⊗Bi† · Ai ⊗Bi = I

ρ→ Λ(ρ) =
∑
i

Ai ⊗BiρAi† ⊗Bi† (30)

though not vice versa. The operators Ai⊗Bi are called Kraus operators. Operators satisfying
this condition are called separable operations.

2.2.3 Axioms of bipartite entanglement measures

It is worth noting that entanglement entropy can not capture pure quantum entanglement.
In other words, entanglement entropy also contains classical correlation, which is apparent
when we consider thermal density matrix.

In this section, I will consider bipartite entanglement measures that can capture pure
bipartite quantum entanglement. For this purpose, it is important to characterize and de-
fine quantitatively what are unentangled mixed states. It is clear that product states are
unentangled states, so it is natural to define the states that can be obtained by LOCC from
product states, as unentangled states. These states are called separable states. Bipartite
entanglement measures capture how the state under consideration differs from separable
states.
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Equivalently, a quantum state ρ onH = HA⊗HB is called separable, if one can decompose
ρ as

ρ =
∑
i

piσ
i
A ⊗ τ iB (31)

where ∑
i

pi = 1 (32)

with pi ≥ 0. And σiA and τ iB are quantum states on HA and HB respectively[27].
One interesting necessary condition of separability is Positive Partial Transpose(PPT)[28].

For quantum state ρA,B living on Hilbert space H = HA ⊗HB, we define partial transpose
of ρTA,B by

⟨e(1)i| ⊗ ⟨e(2)a| ρTA,B|e(1)j⟩ ⊗ |e(2)b⟩ := ⟨e(1)i| ⊗ ⟨e(2)b| ρA,B|e(1)j⟩ ⊗ |e(2)a⟩ (33)

where |e(α)i⟩ denotes complete orthonormal basis of Hilbert spaceHα. Note that the definition
of partial transpose is independent from the choice of basis, as long as transformation matrix
on basis is real.

The spectrum of partial transposed density matrix ρTA,B is independent from the choice
of local basis and exchange between A and B. PPT condition requires the spectrum to be
non negative. This condition is necessary condition for the separability of ρAB, and is indeed
a necessary and sufficient condition in Hilbert spaces of the forms like 2⊗ 2 and 3⊗ 3.

Bipartite entanglement measure E(ρ) is axiomatically defined to satisfy following prop-
erties (I)(II).

(I) Monotonicity of entanglement measure, is defined by the condition

E(ρ) ≥ E(Λ(ρ)) (34)

for any LOCC Λ. Note that for any finite dimensional bipartite system, we have the state
that any state on that system can be obtained by LOCC on that state, called maximally
entangled state. The monotonicity of bipartite entanglement implies that E(ρ) is maximized
on that state.

It is easy to see that local unitary transformation does not change E(ρ).
(I’) This condition is often satisfied by actual entanglement measures though it is not

required, in order to be an entanglement measure. The statement is, for any LOCC such
that

Λ(ρ) =
∑
i

piσi (35)
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where pi ≥ 0 and σi are states, we have

E(ρ) ≥
∑
i

piE(σi). (36)

Clearly this condition is stronger than (I), since one can simply take p1 = 1 and σ1 = Λ(ρ).
(II) For every separable state ρ,

E(ρ) = 0. (37)

Note that by mapping from separable state to other separable state, one can show E(ρ) must
be constant on separable states only using property (I).

2.2.4 Various bipartite entanglement measures

One way to evaluate quantum entanglement of mixed state, is to calculate minimal distance
between a set of separable states S which is closed under LOCC operations, and the given
state. This can be realized by

E[ρ] := inf
σ∈S

D(ρ, σ). (38)

for some distance function D satisfying

D(ρ, σ) ≥ D(Λ(ρ),Λ(σ)), (39)

for any LOCC Λ. It is easy to see that E(ρ) indeed satisfies conditions of bipartite entangle-
ment measure (I)(II). Also, if D satisfies

D(ρ, σ) ≥
∑
ii

piqjD(Λ(ρi),Λ(σj)). (40)

for Λ(ρ) =
∑

i piρi and Λ(σ) =
∑

j qjσj, it is clear that E(ρ) satisfies the condition (I’) as
well. This stronger condition is known to be satisfied by square of Bures distance and relative
entropy.

Relative entropy between ρ and σ is defined by

S(ρ||σ) = Tr[ρlogρ]− Tr[ρlogσ]. (41)

Relative entropy satisfies various important properties.

S(UρU †||UσU †) = S(ρ||σ) (Unitary transformation) (42)
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S(ρ1 ⊗ ρ2||σ1 ⊗ σ2) = S(ρ1||σ1) + S(ρ2||σ2) (Additivity) (43)

S(ρ||σ) ≥ 0 (Positivity) (44)

S(ρ||σ) ≥ S(Λ(ρ)||Λ(σ)) (Monotonicity) (45)

where Λ is any completely positive trace-preserving map. Completely positive means, for
any nonnegative integer k and k dimensional complex Hilbert space,

idk ⊗ Λ (46)

maps positive operator to positive operator.

Bures distance is defined by

dB(ρ, σ) =
(
2(1− Tr[

√
ρ1/2σρ1/2])

)1/2
. (47)

Bures distance indeed defines a distance on the manifold of quantum states. Bures dis-
tance satisfies several remarkable properties, it is monotonous under the action of completely
positive trace preserving map Λ,

dB(Λ(ρ),Λ(σ)) ≤ dB(ρ, σ). (48)

Bures distance also bounds the trace distance from below and from above,

dB(ρ, σ)
2 ≤ Tr[|ρ− σ|] ≤ [1− (1− 1

2
dB(ρ, σ)

2)2]1/2. (49)

Further, Bures distance is joint convex, for η1 + η2 = 1 with η1, η2 ≥ 0,

dB(η1ρ1 + η2ρ2, η1σ1 + η2σ2) ≥ η1dB(ρ1, σ1) + η2dB(ρ2, σ2). (50)

Entanglement of formation

In general, if E is defined on pure states, one can generalize E to mixed states, by

E(ρ) = inf
ρ=

∑
i pi|ψi⟩⟨ψi|∑

i pi=1, pi≥0

∑
piE(|ψi⟩). (51)

This method of generating entanglement measure on mixed states is called convex roof. Note
that we do not require |ψi⟩ are orthogonal to each other. When one takes E as von Neumann
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entropy of reduced density matrix of pure states, E(ρ) is called Entanglement of formation,
and it is denoted as

EF (ρ), (52)

and it is known to satisfy conditions (I’) and (II).

Distillable entanglement

Let us consider a Hilbert space H(2) spanned by two vectors |0⟩ and |1⟩ and its tensor
product H(2) ⊗H(2). The maximally entangled state

|ϕ+
2 ⟩ :=

|0⟩|0⟩+ |1⟩|1⟩√
2

(53)

forms a Bell pair. One naive way to quantify bipartite entanglement is to count the number
of Bell pairs between two systems, by acting LOCC on the system so that Bell pairs are
manifest. Entanglement of distillation is designed to count such number of Bell pairs, but in
copies of state under consideration.

Entanglement of distillation is defined by

ED(ρ) = lim
n→∞

sup
(
r : inf

Λ:LOCC
||Λ(ρ⊗n)− (|ϕ+

2 ⟩⟨ϕ+
2 |)⊗rn||1 = 0

)
(54)

which counts the number of Bell pairs in each ρ. Here we defined trace norm as ||A||1 :=

Tr|A| := Tr
√
A†A. One can show that entanglement of distillation satisfies (I’) and (II).

Quantum mutual information

Quantum mutual information between systems A and B is defined by

I(A,B) := S(ρA) + S(ρB)− S(ρAB), (55)

where ρAB is a quantum state on HA ⊗HB, and TrHA
ρAB = ρB, TrHB

ρAB = ρA. In terms of
relative entropy, we can write

I(A,B) = S(ρAB||ρA ⊗ ρB). (56)

This implies many inequalities of relative entropy carries over to quantum mutual infor-
mation. In particular, it is monotonically non increasing against completely positive trace
preserving map. However, quantum mutual information is not zero unless ρAB = ρA ⊗ ρB,
which implies it is not zero even if ρAB is separable.
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Negativity

Since partial transpose maps separable state into operator with nonnegative spectrum,
one can quantify bipartite quantum entanglement by measuring negative spectrum of partial
transposed density matrix.

Negativity is defined by the spectrum (λi) of partial transpose ρ
T
A,B as

N (ρ) =
∑
i:λi<0

λi. (57)

Note that TrρTA,B = 1. Logarithmic negativity is defined by

EA,B(ρAB) := logTr|ρTA,B| = log(−2N (ρAB) + 1), (58)

and is designed to be additive. Note that negativity does not depend on choice of local basis
nor exchange between A and B.

Note that negativity is zero if ρA,B is separable, and also negativity and logarithmic
negativity are monotonically non increasing under LOCC . It is known that logarithmic
negativity gives an upper bound of distillable entanglement,

ED(ρAB) ≤ EA,B(ρAB). (59)

Negativity can be computed using replica method[32]. Consider even integer n, then we have

tr[(ρTAB)
n|even n] =

∑
λ

λn =
∑
λ>0

|λ|n +
∑
λ<0

|λ|n, (60)

therefore, if we analytically continue even integer n, we have

EA,B(ρAB) = lim
n→1

tr[(ρTAB)
n|even n]. (61)

In 2d conformal field theory, if we take subregions A = [a1, a2] and B = [b1, b2] at t = 0
with a2 ≤ b1, we can express

tr[(ρTAB)
n|even n] = ⟨σn(a1)σ̃n(a2)σ̃n(b1)σn(b2)⟩ (62)

using twist and anti twist operator. The conformal dimension of σn and σ̃n is

∆σn = ∆σ̃n =
c

12
(n− 1

n
), (63)

and when two (anti)twist operators merge into one operator σ2
n, the conformal dimension is,
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because the field moves from jth sheet to j + 2th sheet when orbiting around the operator,
and the Riemann surface decouples into two,

∆σ2
n = ∆σ̃2

n =
c

6
(
n

2
− 2

n
). (64)

This fact enables us to compute negativity for adjacent intervals. Since we have

tr[(ρTAB)
n|even n] = ⟨σn(−l1)σ̃2

n(0)σn(l2)⟩ = c2n
Cσnσ̃2

nσn

(l1l2)∆σn(l1 + l2)2∆σn−∆σ̃2
n
. (65)

By taking the limit n→ 1, we obtain

EAB =
c

4
log

l1l2
l1 + l2

+ Const. (66)

Squashed entanglement

Another measure is (bipartite) Squashed entanglement Esq[ρA,B]. It is defined by

Esq[ρA,B] :=
1

2
inf

TrHE
ρABE=ρAB

I(A : B| E) (67)

where
I(A : B| E) := S(AE) + S(BE)− S(ABE)− S(E) (68)

is the conditional mutual information for the extension ρA,B,E which satisfies TrHE
ρABE =

ρAB.

Squashed entanglement satisfies (I’) and (II), as well as it is convex, so for any state ρ
and σ and 0 < λ < 1, we have

Esq(λρ+ (1− λ)σ) ≤ λEsq(ρ) + (1− λ)Esq(σ). (69)

Note that if I(A : B| E) = 0 and dimension of total Hilbert space is finite, then ρAB is
separable. Squashed entanglement is also super additive, namely

Esq(ρAA′,BB′) ≥ Esq(ρA,B) + Esq(ρA′,B′), (70)

as well as additive on tensor product,

Esq(ρAA′ ⊗ ρBB′) = Esq(ρA,B) + Esq(ρA′,B′). (71)
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Squashed entanglement is bounded from above by entanglement of formation, and is bounded
from below by distillable entanglement,

1

2
(I(A : B)− S(AB)) ≤ ED(ρAB) ≤ Esq(ρAB) ≤ EF (ρAB). (72)

Entanglement of purification

Entanglement of purification is defined by

EP [ρAB] := Min
TrHA′⊗HB′ |Ψ⟩⟨Ψ|=ρAB

S|Ψ⟩(AA
′). (73)

Entanglement of purification is monotonously non increasing in the sense that for any com-
pletely positive trace preserving map ΛA on HA, we have

EP ((ΛA ⊗ IB)(ρAB)) ≤ EP (ρAB). (74)

It is known that entanglement of purification is not necessarily zero even if ρAB is separable.
There are several inequalities satisfied by entanglement of purification.

1

2
I(A : B) ≤ EP (ρAB) ≤ min[S(ρA), S(ρB)]

EP (ρAB) ≤ EP (ρA(BC))

EP (ρA(BC)) ≥
1

2
(I(A,B) + I(A,C)). (75)

3 Holographic dual of Fidelity susceptibility

One of the conceptual problems of holographic entanglement entropy is that, there exist
regions in spacetime which Ryu-Takayanagi surface can not probe, even if we take arbitrary
subregions. Such region in AdS is called entanglement shadow. Existence of entanglement
shadow implies that, it is impossible to reconstruct AdS spacetime only from entanglement
entropy of subregions at the boundary CFT. Therefore, it is necessary to seek for other
information theoretic quantities which has gravity description. One interesting gravitational
object is codimension one time slice in AdS. Such time slices inevitably probe the whole AdS
spacetime, so there should be no issues such as entanglement shadow.

In this section, I will assert that, qualitative behavior of fidelity susceptibility can be
captured by the volume of maximal volume codimension one time slice, based on [29]. I will
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compute fidelity susceptibility for static state via field theory as well as via holography. Then
I will explain the proposal for holographic fidelity susceptibility, and compare the results with
field theory results.

3.1 Fidelity susceptibility in field theory

In this thesis, we will focus on the fidelity susceptibility for pure states, though it can be
defined for mixed states as well. Let us consider one parameter family of quantum states
|Ψ(λ)⟩. We consider inner product between |Ψ(λ)⟩ and perturbed state λ → λ + δλ. Then
the fidelity susceptibility Gλλ is defined as follows:

|⟨Ψ(λ)|Ψ(λ+ δλ)⟩| = 1−Gλλ · (δλ)2 +O((δλ)3). (76)

The fidelity susceptibility measures the distance between quantum states with two infinitesi-
mally different parameters. Because |1−|⟨Ψ(λ1)|Ψ(λ2)⟩|| can be regarded as distance between
two states, Gλλ defines a metric on the manifold of quantum states. This quantity diverges
at quantum critical points and thus we can use it as an order parameter of quantum phase
transitions (see e.g. [38] ).

Now we introduce the fidelity susceptibility for ground states in QFT on Rd+1. We denote
Euclidean time and space coordinates by τ and x. We consider the inner product ⟨Ω1|Ω2⟩
between two states |Ω1⟩ and |Ω2⟩. |Ωi⟩ (i = 1, 2) are ground states for the two Hamiltonians
Hi (i = 1, 2). We define their Euclidean Lagrangians by Li (i = 1, 2) and their partition
functions by Zi (i = 1, 2). The inner product is described by the Euclidean path-integral:

⟨Ω2|Ω1⟩

= (Z1Z2)
−1/2

∫
Dϕ exp[−

∫
ddx(

∫ 0

−∞
dτL1 +

∫ ∞

0

dτL2)].

(77)

Let us assume the difference L2 − L1 is infinitesimal and can be written by the operator
O(τ, x) as

L2 − L1 ≡ δL = δλ(x) ·O(τ, x). (78)

Then we rewrite (77) by using the expectation value of the operators in the vacuum state
|Ω1⟩:

⟨Ω̃2(ϵ)|Ω1⟩ =
⟨exp[−

∫∞
ϵ
dτ
∫
ddxδL]⟩

(⟨exp[−(
∫ −ϵ
−∞+

∫∞
ϵ
)dτ

∫
ddxδL]⟩)1/2

, (79)
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where δL ≡ L2 − L1. Here we introduced the UV regularization ϵ by replacing the ground
state |Ω2⟩ by

|Ω̃2(ϵ)⟩ ≡
e−ϵH1 |Ω2⟩

(⟨Ω2| e−2ϵH1 |Ω2⟩)1/2
. (80)

By performing perturbative expansions of (79) in λ up to quadratic terms, we obtain

1− ⟨Ω̃2(ϵ)|Ω1⟩

=
1

2

∫ ∞

ϵ

dτ

∫ −ϵ

−∞
dτ ′
∫
ddx

∫
ddx′⟨δL(τ, x)δL(τ ′, x′)⟩,

where we assumed the time reversal symmetry relation ⟨δL(−τ, x)δL(−τ ′, x′)⟩ = ⟨δL(τ, x)δL(τ ′, x′)⟩.
In this way, the fidelity susceptibility with respect to the constant λ perturbation (78)

can be computed as

Gλλ =
1

2

∫ ∞

ϵ

dτ

∫ −ϵ

−∞
dτ ′
∫
ddx

∫
ddx′⟨O(τ, x)O(τ ′, x′)⟩. (81)

Note that up to now, our argument can be applied to any local operator O in any QFT.
From now on, for simplicity, we will focus on the case where O is a scalar primary operator
with total conformal dimension ∆.

The normalized two point function of the primary field is universal and given by

⟨O(τ, x)O(τ ′, x′)⟩ = 1

((τ − τ ′)2 + (x− x′)2)∆
. (82)

By plugging (82) into (81), when d+ 2− 2∆ < 0 we obtain

Gλλ = Nd · Vd · ϵd+2−2∆, (83)

where Nd = 2d−2∆πd/2Γ(∆−d/2−1)
(2∆−d−1)Γ(∆)

and Vd is the infinite volume of Rd. In particular, we have
d+2−2∆ = −d for marginal deformation. On the other hand, when d+2−2∆ ≥ 0, we have
IR divergence in the integral, and we need an IR cut off L for both τ and x integrals. This
leads us to Gλλ ∝ Vd ·Ld+2−2∆ for d+2−2∆ > 0(agreeing with [38]), and Gλλ ∝ Vd · log(L/ϵ)
for d+ 2− 2∆ = 0.

3.2 Fidelity susceptibility in holography

In this section, I will argue that Gλλ in d+ 1 dimensional holographic CFT deformed by an
exactly marginal perturbation λ, is estimated by
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Figure 6: Janus geometry. Colored line corresponds to constant y slice of the geometry. The
geometry interpolates two CFTs with different marginal couplings.

Gλλ = nd ·
Vol(Σmax)

Rd+1
, (84)

where nd is an O(1) positive constant and R is the radius of AdS. The surface Σmax is the
d + 1 dimensional space-like time slice in the AdS, which ends on the time slice at the AdS
boundary and has maximal volume among these timeslices.

Such maximal volume time slice can indeed probe entanglement shadow, therefore it
conveys information of gravity different from Ryu-Takayanagi surface. There is another
conjecture of CFT dual for such maximal volume as complexity of CFT state[34][35]).

In the case of CFT ground state with exactly marginal deformation, we can compute fi-
delity susceptibility from field theory and from AdS/CFT. In AdS/CFT computation, gravity
backgrounds dual to both of |Ωi⟩ (i = 1, 2) are the pure AdSd+2 with the same AdS radius
R, since we are considering exactly marginal deformation. Such spacetime which interpolates
two AdS spaces with different scalar couplings is called Janus solution [39]. The massless
bulk scalar field which is dual to the exactly marginal operator O will be denoted by ϕ.

Let us study AdS3 Janus solution introduced in [40]. The action is given by:

S = − 1

16πGN

∫
dx3

√
g

(
R− gab∂aϕ∂bϕ+

2

R2

)
. (85)

The Janus solution is the metric
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ds2 = R2
(
dy2 + f(y)ds2AdS2

)
,

f(y) =
1

2
(1 +

√
1− 2γ2 cosh(2y)), (86)

with the dilaton field

ϕ(y) = γ

∫ y

−∞

dy

f(y)
+ ϕ1, (87)

where γ (≤ 1√
2
) is the parameter of the deformation, which is related to the difference between

couplings of the two CFTs. The metric of AdS2 slice is ds
2
AdS2 = (dz2+dx2)/z2. ϕ1 = ϕ(−∞)

is dual to the coupling constant of the exactly marginal deformation for the ground state
|Ω1⟩, and the value ϕ2 = ϕ(∞) for the other ground state |Ω2⟩. ϕ1 and ϕ2 are related by

ϕ2 − ϕ1 =
√
2 arctan

[
1−

√
1− 2γ2√
2γ

]
(88)

which is ≃ γ when γ ≪ 1. By comparing and matching the asymptotic behavior of the
metric (86) at the infinity y = y∞(→ ∞), which corresponds to the second CFT with
marginal coupling ϕ2, with the undeformed metric (γ = 0)

ds2pure = R2

(
dŷ2 +

1

2
(1 + cosh(2ŷ))ds2AdS2

)
, (89)

one can find the following condition√
1− 2γ2e2y∞ = e2ŷ∞ . (90)

On the other hand, the on-shell action of (85) is evaluated as

S(γ) =
R

4πGN

VAdS2 ·
∫ y∞

−y∞
dy

{
1

2
(1 +

√
1− 2γ2 cosh(2y))

}
=

R

4πGN

VAdS2 ·
{
y∞ +

1

2

√
1− 2γ2 sinh(2y∞)

}
, (91)

where VAdS2 =
∫
dx
∫∞
ϵ

dz
z2

= V1
ϵ
is the volume of AdS2 with a unit AdS radius. Then by using

the condition (90) at y = y∞(→ ∞), we have
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S(γ)− S(0) =
R

4πGN

VAdS2 · (y∞ − ŷ∞)

=
RV1

16πGNϵ
· log

(
1

1− 2γ2

)
> 0. (92)

For small γ2, we finally find using GKPW relation

| ⟨Ω2|Ω1⟩ | = e−(S(γ)−S(0)) ≃ 1− RV1
8πGNϵ

γ2. (93)

Therefore the fidelity susceptibility is estimated as

Gγγ =
cV1
12πϵ

, (94)

where we used the holographic relation for d = 2 CFT central charge

c =
3R

2GN

. (95)

Since the normalization convention of scalar field in (85) leads the two point function of O
to be proportional to c (i.e. δλ ∝

√
cδϕ =

√
cγ) , we indeed obtain the formula (84), where

Σ is the AdS2 slice ρ = 0 in pure AdS3.
To generalize and to study higher dimensional, time dependent fidelity susceptibility

universally, I will consider a simple holographic model, which turns out to give an excellent
(hard wall) approximation to various examples including time dependent cases. Although
fidelity susceptibility for ground states is simply given by integration of two point function,
it is not an easy task to generalize the arguments to general time dependent cases. However,
with the holographic model I will propose from now on, can be computed in straight forward
manner and indeed gives consistent result with known field theory calculations.

Let me first approximate sudden change of exactly marginal deformation in CFTd+1,
which can be considered as defect in CFT, by a d + 1 dimensional defect brane Σ with a
tension T at τ = 0 timeslice. Holographically, such defect brane extends to the bulk, from
the AdS boundary. This is similar to the holographic constructions in [41, 42, 43], to the
hard wall model of AdS/QCD [44]. Therefore it should be regarded as a phenomenological
model rather than a precise prediction from AdS/CFT with controllable approximation.

In the gravity setup such prescription is realized by adding the defect brane action

Sbrane = T

∫
Σ

√
g, (96)
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to the Einstein-Hilbert action. This prescription is consistent with the boundary (or defect)
conformal symmetry in a similar way to that of AdS/BCFT [43].

Again we can describe the perturbation (78) by the profile of a massless scalar field ϕ.
When the deformation δλ is infinitesimally small, we have

T ≃ nd ·
(δλ)2

Rd+1
AdS

, (97)

where nd is an O(1) constant which is fixed from the normalization of two point function
(82). The Einstein equation shows that T is proportional to (δλ)2, as the bulk stress tensor
is quadratic with respect to the scalar field. The dependence on R can be explained by the
dimensional reason or by comparing with the Janus computation. In this limit, we can treat
the brane as a probe, ignoring its back-reaction. Finally we impose the equation of motion
with respect to the brane embedding. This requires that the action (96) is extremal and thus
in the Lorentzian signature, Σ is the maximal area surface Σmax which ends on the time slice
τ = 0 at the AdS boundary. Together with (97), we reach our claim (84).

For CFTd+1 on Rd+1, the holographic prescription (84) leads us to

Gλλ = ndVd

∫ ∞

ϵ

dz

zd+1
=
ndVd
dϵd

, (98)

which indeed agrees with the CFT result (83).
Similarly we can analyze the global AdSd+2 also. Global AdS is described by the metric

ds2 = R2

(
−(r2 + 1)dt2 +

dr2

r2 + 1
+ r2dΩ2

d

)
. (99)

Then the fidelity susceptibility for a CFTd+1 on R× Sd is

Gλλ = ndVd

∫ r∞

0

rd√
r2 + 1

dr =
ndVd
dϵd

+ · · ·, (100)

where r∞ ∼ 1/ϵ corresponds to the UV cut off of the CFT. It is clear from (100) that Gλλ is
smaller than that of flat space (98), due to the mass gap in CFTs on a compact space.

Another interesting example is the AdS Schwarzschild black hole, whose metric is given
by

ds2 = R2

(
dz2

h(z)z2
− h(z)

z2
dt2 +

∑d
i=1 dx

2
i

z2

)
,

(101)

h(z) ≡ 1− (z/z0)
d+1, (102)
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and which is dual to the finite temperature CFT. The parameter z0 is related the temperature
T by z0 =

d+1
4πT

. The fidelity susceptibility is computed as

Gλλ = ndVd

∫ z0

ϵ

dz√
h(z)zd+1

(103)

=
ndVd
d

(
1

ϵd
+
bd
zd0

)
,

(104)

bd ≡ −1 + d

∫ 1

0

dy
(
1− yd+1 +

√
1− yd+1

)−1

(105)

= (d− 1)

√
π

2

Γ
(
1 + 1

d+1

)
Γ
(
1
2
+ 1

d+1

) ≥ 0. (106)

For example, we have b1 = 0, b2 ≃ 0.70, b3 ≃ 1.31.
In this thermal example (106), we are actually considering fidelity susceptibility for mixed

states. The fidelity susceptibility for mixed state can be defined in several ways. One possi-
bility is

Tr[ρ(λ)ρ(λ+ dλ)]√
Tr[ρ(λ)2]Tr[ρ(λ+ dλ)2]

= 1− 2Gλλ(δλ)
2. (107)

Also it can be defined by relative entropy

S(ρ(λ)||ρ(λ+ dλ)) = Gλλ(δλ)
2. (108)

In general those definitions of distance between states are not equivalent to each other, so
we have ambiguity in generalizing our holographic formula for mixed states, though these
definitions are equivalent for pure states. However, we can describe the thermal state as a
pure state in the doubled Hilbert space by purification. In this equivalent description, our
result (106) can be interpreted as (a half of) the fidelity susceptibility for the purified state
as we will see later.

Finally we study a time-dependent example in order to confirm our holographic prescrip-
tion (84) can be applied to such non-trivial setup. For this objective, we consider thermo-field
double (TFD) state in a two dimensional (2d) CFT:

|ΨTFD(t)⟩ ∝ e−i(H
(A)+H(B))t

∑
n

e−
β
4
(H(A)+H(B))|n⟩A|n⟩B, (109)

where H(A) and H(B) are the identical Hamiltonians for the first and the second CFT, and
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Figure 7: A time slice in the Penrose diagram of eternal AdS black hole which connects the
two boundaries dual to the thermofield doubled CFTs.

the states |n⟩A,B are the normalized energy eigenstates in each CFTs. Tracing out one CFT
Hilbert space yields thermal mixed state with inverse temperature β in another CFT. This
TFD system is dual to the maximally extended eternal AdS black hole depicted in Fig.7.

We are interested in the overlap

⟨Ψ′
TFD(t)|ΨTFD(t)⟩ (110)

and the fidelity susceptibility

Gλλ. (111)

Here, the state ⟨Ψ′
TFD(t)| is the TFD state, and it evolves with the Hamiltonian H ′(A)+H ′(B)

deformed by infinitesimal exactly marginal λ-perturbation (78) on each of H(A) and H(B)

simultaneously. We argue that this deformation is dual to introducing a defect brane Σ in
the two sided black hole as in Fig.7. Note that the defect brane connects two boundaries,
through the Einstein-Rosen bridge.

Let us compute Gλλ purely from Euclidean path-integral in 2d CFT. Two point function
on S1 ×R, where S1 is the thermal circle whose periodicity is β, is

⟨O(x1, τ1)O(x2, τ2)⟩=

(
π
β

)2∆
(
sinh2

(
π(x1−x2)

β

)
+sin2

(
π(τ1−τ2)

β

))∆ .
Then, Gλλ at the Euclidean time τ is expressed as
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Gλλ =
1

2

∫ ∞

−∞
dx1dx2

∫ 3β
4
−τ−ϵ

β
4
+τ+ϵ

dτ2

∫ β
4
+τ−ϵ

−β
4
−τ+ϵ
dτ1⟨O(x1, τ1)O(x2, τ2)⟩.

(112)

Using the formula (for 0 ≤ t ≤ π)

∫ ∞

−∞
dx
(
sinh2 x+ sin2 t

)−2
=

1

sin2 t · cos2 t
+ (t− π/2) · 2 sin

2 t− 1

sin3 t cos3 t
, (113)

we can evaluate the fidelity susceptibility (112) when ∆ = 2, up to finite terms in the ϵ→ 0
limit. It is given by

Gλλ =
πV1
8ϵ

−πV1
2β

+
2π2V1
β2

· τ cot
(
4πτ

β

)
. (114)

When τ = 0, we simply find Gλλ =
πV1
8ϵ

. This is consistent with the holographic result b1 = 0
in (106).

To study fidelity susceptibility in real time, we need to analytically continue the Euclidean
time τ → it, and we obtain

Gλλ =
πV1
8ϵ

− πV1
2β

+
2π2V1
β2

·
cosh 4πt

β

sinh 4πt
β

· t. (115)

At late time t≫ β, it grows linearly

Gλλ ≃
πV1
8ϵ

+
2π2V1
β2

· t. (116)

We now turn to the holographic computation in the two sided black hole, where the region
(I) in Fig.7 is described by the metric (we set β = 2π for simplicity)

ds2 = R2(− sinh2 ρdt2 + dρ2 + cosh2 ρdx2). (117)

We can continue into the region (II) by analytically continuation κ = −iρ and t̃ = t+ πi
2
. In

the region (II), if we parametrize Σ by κ = κ(t̃) of Σ, its volume is

26



Vol(Σ) = R2V1

∫
dt̃ cosκ

√
sin2 κ− (∂κ/∂t̃)2. (118)

We define κ∗ (0 ≤ κ∗ < π/4) as the value of κ when ∂κ/∂t̃ = 0. We can maximize the
volume (118) and extend the solution into the region (I) in a similar way as in [46]. Finally,
we obtain the following expression of Vol(Σmax) as a function of t, in terms of the parameter
κ∗

Vol(Σ)

Rd+1V1
= 2 sinh ρ∞ + 2

∫ κ∗

0

dκ
cosκ√

sin2(2κ∗)/ sin
2(2κ)− 1

(119)

−2

∫ ρ∞

0

dρ

cosh ρ

(√
sinh2(2ρ) + sin2(2κ∗)− sinh(2ρ)

)
√

sinh2(2ρ) + sin2(2κ∗)
,

(120)

t =

∫ κ∗

0

dκ

sinκ
√

1− sin2(2κ)/ sin2(2κ∗)

(121)

−
∫ ρ∞

0

dρ

sinh ρ
√

1 + sinh2(2ρ)/ sin2(2κ∗)
, (122)

where ρ∞ is corresponding to the UV cut off, and is given by eρ∞ ∝ 1/ϵ. In late time (i.e.
κ∗ → π/4) we find the finite part

Volfinite(Σ)

Rd+1
→

κ∗→π/4
V1 · t, (123)

which agrees with 2Gλλ in (116). This linear t growth comes from the growth of Einstein-
Rosen bridge as already noted in [34]. In Fig.8 we plotted the holographic result versus
the CFT result. In the plot, we have order one deviation numerically, but the deviation is
small. Moreover, the holographic result reproduces the CFT result qualitatively, and late
time behavior coincide exactly as we noted earlier. The deviation exist in early time, in the
limit t → 0 (or κ∗ → 0) we find Volfinite(Σ)/(R

d+1V1) ≃ 2
π
t2, while 2Gλλ/V1 ≃ 2

3
t2, so there

is an order one, but tiny deviation in early time.
Note that the holographic prescription (84) computes the fidelity susceptibility at each

time. In the standard AdS/CFT, the original, undeformed gravitational spacetime and de-
formed one are dual to each corresponding quantum states: |Ψ(λ, t)⟩ and |Ψ(λ+δλ, t)⟩, which
are time evolved by two infinitesimally different Hamiltonians. The fidelity susceptibility is
defined by taking the inner product of these two states at each time.
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Figure 8: We compare the finite part of our holographic result Vol(Σ)/(Rd+1V1) (blue) with
that of our CFT result 2Gλλ/V1 (red) as a function of the time t for the TFD state. They
deviates only slightly. We set β = 2π.

In summary, in this section, I introduced fidelity susceptibility in CFTs and proposed
its holographic formula based on a simple probe, hard wall model. I presented non-trivial
evidence supporting the proposal.

4 Relation between fidelity susceptibility and quantum

chaos

The study of chaos in terms of AdS/CFT correspondence [9] has revealed new perspectives
on quantum field theory and gravity. Its relations to black hole information paradox [47] [48]
and Fast scrambling conjecture [49][50][51] are particularly interesting.

Let us consider scrambling of local excitation. Let me consider a thermal system at
equilibrium is excited by a local operator W . Sometime after the excitation, the excitation
will lose its identity, so that it can not be distinguished from other excitations by local
measurement. We can distinguish these states only by measuring total system, so in such case
the excitation is called scrambled. One way to measure indistinguishability quantitatively is
to measure complexity of the excitation W (t). When the perturbation W (−tw) is scrambled,
then it should be a complicated sum of a varieties of local operators, which is hard to
distinguish from other scrambled operator as long as one is focussing on small number of
coefficients. One way to measure complexity of operators is via growth of expectation value
of commutator square

⟨[W (t), V ][W (t), V ]†⟩β (124)

for all local V with [W, V ] = 0. The expectation value is small at early time, and grows as eλLt

at late time, where λL is called Lyapunov exponent. Such growth of commutators was first
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considered in [52], and was interpreted as diagnosis of chaos recently, because semiclassically,
the commutator ⟨[q(t), p(0)][q(t), p(0)]†⟩ is equal to the square of Poisson bracket

{q(t), p(0)}2P = (
δq(t)

δq(0)
)2, (125)

whose exponential growth implies high sensitivity of trajectories to initial configurations. In
this case, Lyapunov exponent from the commutator square is equal to twice the Lyapunov
exponent in classical mechanics. λL is known to obey a bound λL ≤ 2π

β
in large N the-

ory [51]. The bound is saturated by the holographic CFT dual to classical Einstein gravity
[50][53][54][55][56][57]. The dual geometry in this case is approximated by shock wave ge-
ometry. Lyapunov exponents of various theories are computed in [58][59][60][61][62][63][64].
Related studies include [65][66][67][68][69][70][71][72].

In this section, I will characterize scrambling of operator by fidelity susceptibility based on
[30]. As I will explain later, Loschmodt echo, which is closely related to fidelity susceptibility,
is known to be a useful tool to study chaos in quantum systems [73][74][75][76][77][78][79][80][81][82],
though the relation to what I describe here is yet unclear.

Let us discuss quantum chaos from the view point of ”initial condition sensitivity”. When
two slightly different states evolve with the identical Hamiltonians, the inner product between
two states is conserved because of the linearity and the unitarity of quantum mechanics, so
there is no ”butterfly effect”. Nonetheless, butterfly effect can play role when we evolve two
states with slightly different Hamiltonians Hλ = H0 + λV and Hλ+δλ = H0 + (λ + δλ)V .
λ represents a coupling of external environment or internal imperfections. In this case, the
inner product

|⟨ψλ+δλ|eiHλ+δλte−iHλt|ψλ⟩| (126)

is not conserved in general, and it decays rapidly if Hλ is ”chaotic” as in fig (9). The decay of
fidelity signifies difficulty of revival of quantum state by imperfect time reversal procedure,
and is also a measure of the strength of decoherence when we consider the deformation as
external one.

In this section, we consider time evolution of distance between thermal states excited by
local operator, with slightly different Hamiltonians. Assuming the difference between two
Hamiltonians is infinitesimally small, we find that the distance for short time is proportional
to expectation value of commutator square of local operators. This implies that, the rapid
growth of distance signifies the scrambling. In particular, in large N chaotic theory, we show

that growth of Fisher information metric is proportional to e
2π
β
t, by using holographic pre-

scription for fidelity susceptibility. Intuitive interpretation of our result is that, the trajectory
of thermal states excited by local operator is highly sensitive to external environment or inter-
nal imperfections, and it is easy to deviate. This can be considered as diagnosis of butterfly

29



effect. In addition, I note that the formula we study is equal to holographic two point Wilson
loop. We confirmed that it decays rapidly, as expected from holographic quantum chaos.

4.1 Fidelity susceptibility in chaotic system

In this section, we point out that growth of fidelity susceptibility of thermofield double states,
perturbed by local operators, corresponds to growth of commutator between excitation and
external perturbation. This growth of commutators implies that the initial excitation is
scrambled.

We consider time evolution of fidelity susceptibility of excited states. We consider the
inner product of two excited states with different Hamiltonians,

|Ψλ(t⟩) = e−iHλtAeiHλt|ψλ⟩, (127)

|Ψλ+δλ(t⟩) = e−iHλ+δλtAeiHλ+δλt|ψλ+δλ⟩, (128)

so that

⟨Ψλ+δλ(t)|Ψλ(t⟩) = ⟨ψλ+δλ|e−iHλ+δλtAeiHλ+δλte−iHλtAeiHλt|ψλ⟩. (129)

The decay of this inner product can be understood as diagnosis of butterfly effect. When
|ψ⟩ = |ψλ⟩ = |ψλ+δλ⟩, and |ψ⟩ is an eigenstate of A, there is a related quantity called
Polarization echo, which is given by

⟨ψλ|eiHλ+δλte−iHλtAeiHλte−iHλ+δλtA|ψλ⟩. (130)

Polarization echo can be used to measure the distance between a state eiHλte−iHλ+δλt|ψλ⟩ and
eigenspace of A which |ψλ⟩ belongs to.

Polarization echo and related quantities are studied and measured in various experiments,
including Nuclear Magnetic Resonance, Microwave billiards, Elastic waves in metals, and so
on.

Fidelity susceptibility is a useful tool in quantum estimation theory, in particular, its
reciprocal gives lower bound of variance of an estimate of deterministic parameter in Cramer-
Rao bound. Namely, if we have one parameter family of states |Ψλ⟩, and λ̂ is Hermitian
operator which satisfies λ = ⟨Ψλ|λ̂|Ψλ⟩, then we have

⟨Ψλ|(λ̂− λ)2|Ψλ⟩ ≥
1

8Gλλ

. (131)

Also, it is known that it can be used as diagnosis of non-Markovianity [83][84].
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Figure 9: Orbits of states with slightly different Hamiltonians. For chaotic theory or chaotic
perturbation to the original Hamiltonian, the distance between states grows exponentially
even if original states are the same or close to each other.

Thermofield double (TFD) state of a QFT is defined as a purification of thermal density
matrix. Explicitly, it is defined by

|ΨTFD⟩ =
1√
Z(β)

∑
i

e−
βEi
2 |Ei⟩L ⊗ |Ei⟩R, (132)

where β is the inverse temperature and |Ei⟩s are eigenstates of QFT Hamiltonian.
The TFD state lives in tensor product of two identical QFT Hilbert spaces with identical

Hamiltonians, and tracing out either side of Hilbert space gives the thermal density matrix
ρ(β) of the system, with the inverse temperature β. Time evolution of the TFD state is given
by

|ΨTFD(t)⟩ = e−i(HL+HR)t|ΨTFD⟩

=
1√
Z(β)

∑
i

e−(β
2
+2it)Ei |Ei⟩L ⊗ |Ei⟩R, (133)

where Z(β) is thermal partition function. We consider scalar excitation W at t = −tw on
TFD state, which lives in left QFT Hilbert space. Then the excited TFD state at t = 0 is
given by

|ΨTFD(λ,W )⟩ = 1√
ZW (β)

e−iH
λ
tottwWeiH

λ
tottw |ΨTFD(λ)⟩, (134)

with Htot = HL+HR. Tracing out right Hilbert space of this state gives the excited thermal
density matrix
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e−iH
λtwWeiH

λtwρ(β)e−iH
λtwWeiH

λtw . (135)

It is known that Bures distance of mixed states ρ, σ is given by

dB(ρ, σ) = Min
|Ψρ⟩, |Ψσ⟩

dB(|Ψρ⟩, |Ψσ⟩) (136)

where |Ψρ⟩, |Ψσ⟩ are purification of ρ and σ living in the same extended Hilbert space.
Therefore, fidelity susceptibility of excited TFD state gives upper bound on Bures metric of
excited thermal density matrices.

Let’s consider deformation parametrized by coupling λ, of the QFT Hamiltonian. Then
the inner product and the fidelity susceptibility of TFD state |TFD(t, λ)⟩ corresponding to
(129) with |ψ⟩ ̸= |ψ′⟩ is given by

|⟨ΨTFD(λ+ δλ,W )|ΨTFD(λ,W )⟩| = 1−Gλλ(δλ)
2 +O((δλ)3). (137)

We assume that the theory has time reversal symmetry. Then

|⟨ΨTFD(λ+ δλ,W )|ΨTFD(λ,W )⟩|

=
1√

ZW (β, λ)ZW (β, λ+ δλ)
|Tr
[
e−

β
2
Hλ+δλ

L W λ+δλ(−tw)W λ(−tw)e−
β
2
Hλ

L

]
|,

(138)

where we defined W λ(t) = eiH
λtWe−iH

λt. The fidelity susceptibility can be decomposed into
two parts,

Gλλ = G
(W :0)
λλ +G

(W :c)
λλ , (139)

where

G
(W :0)
λλ =

1

2

∫ β

0

dt1dt2
t1>

β
2
>t2

Tr
[ e−βH

ZW (β, λ)
eHt1V e−Ht1eHt2V e−Ht2W (−tw)2

]
−3

8
(

∫ β

0

dtTr
[ e−βH

ZW (β, λ)
eHtV e−HtW (−tw)2

]
)2, (140)
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G
(W :c)
λλ = Re

[ 1

2

∫ tw

0

dt1dt2Tr
[ e−βH

ZW (β, λ)

[
W (−tw), V (−t1)

]
·
[
W (−tw), V (−t2)

]†]
+
i

2

∫ β
2

0

dtE

∫ tw

0

dtTr
[ e−βH

ZW (β, λ)
eHtEV e−HtE

[ [
W (−tw), V (−t)

]
, W (−tw)

]] ]
−1

2
(

∫ tw

0

dtTr
[ e−βH

ZW (β, λ)

[
W (−tw), V (−t)

]
W (−tw)

]
)2. (141)

G
(W :c)
λλ is negligible when the theory is not chaotic, so that [W (−tw), V (−t)] ≈ 0 holds.

Therefore, the exponential growth of G
(W :c)
λλ implies scrambling of the excitation W .

Let us consider the large N limit. The relaxation time tr of a thermal QFT can be
determined from the behavior of Lorentzian two point function

⟨W (t)W (0)⟩ ∼ O(e−
t
tr ). (142)

In holographic CFT, tr is given by β, which is significantly small compared to the scrambling
time ts =

β
2π

logN2. We consider particular class of large N QFT with such hierarchy.
In [51], it was shown that CFT dual to Einstein gravity has largest Lyapunov exponent,

among the large N theories with such hierarchy in scrambling time and relaxation time.
Under these assumptions, when tw >> tr, we have

G
(W :0)
λλ ≈

tw>>tr

1

2

∫ β

0

dt1dt2
t1>

β
2
>t2

Tr
[ e−βH

Z(β, λ)
eHt1V e−Ht1eHt2V e−Ht2

]
. (143)

Therefore, G
(W :0)
λλ coincides with fidelity susceptibility of unexcited TFD state. In particular,

G
(W :0)
λλ is independent from excitation W and is time independent. This fact implies that

growth of fidelity susceptibility at late time tw >> tr comes purely from scrambling in large
N theory.

We can also consider similar quantity, corresponding to (129) with |ψ⟩ = |ψ′⟩ , which
purely contains chaotic contributions in the former Fidelity susceptibility. We consider the
inner product of two states

|ΨTFD(λ,W )⟩ = 1√
ZW (β)

e−iH
λ
tottwWeiH

λ
tottw |ΨTFD(λ)⟩, (144)

|ΨTFD(λ, δλ,W )⟩ = 1√
ZW (β, δλ)

e−iH
λ+δλ
tot twWeiH

λ+δλ
tot tw |ΨTFD(λ)⟩, (145)
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where ZW (β, δλ) is the normalization constant. Infinitesimal part of the inner product is
defined by

|⟨ΨTFD(λ,W )|ΨTFD(λ, δλ,W )⟩|
= 1−GS

λλ(δλ)
2 +O((δλ)3)

=
1√

ZW (β, λ)ZW (β, δλ)
|Tr
[
e−βH

λ
LW λ+δλ(−tw)W λ(−tw)

]
|. (146)

GS
λλ can be explicitly written as

GS
λλ = Re

[ 1

2

∫ tw

0

dt1dt2Tr
[ e−βH

ZW (β, λ)

[
W (−tw), V (−t1)

]
·
[
W (−tw), V (−t2)

]†] ]
−1

2
(

∫ tw

0

dtTr
[ e−βH

ZW (β, λ)

[
W (−tw), V (−t)

]
W (−tw)

]
)2. (147)

Compared to (139), this quantity does not include constant divergent terms, but only contains
terms proportional to commutators of operators. Therefore, we can use this quantity to
measure the growth of commutators, therefore scrambling.

4.2 Holographic calculation

In this section, we will show fidelity susceptibility grows rapidly in holographic systems,
using proposed holographic dual of fidelity susceptibility. This result is consistent with the
prediction from the previous section.

The metric of d+ 1 eternal black hole is given by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
Sd−1 , (148)

where f(r) is given by r2 − R2 for d = 2 with R2 = 8GNM , and r2 + 1− a2/rd−2 for higher
dimensions with a2 = GNM

Vol(Sd−1)
. R is radius of black hole horizon, and the AdS radius is set

to 1. The inverse Hawking temperature β of this black hole is given by β = 4π
f ′(R)

. In the
Kruskal coordinate, the metric is written as

ds2 = − f(r)

f ′(R)2
e−f

′(R)r∗(r)dudv + r2dΩ2
Sd−1 , (149)

where u and v are given by
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Figure 10: A diagram of the shock wave geometry. Black line are boundaries, dashed lines
are singularities, and a blue line is the shock wave. Red surface connecting two boundaries is
the extremal volume surface Σ. For 2d CFT, this surface can be understood as configuration
of world sheet of a string ending on both boundaries.

u2 = ef
′(R)(r∗(r)−t)

v2 = ef
′(R)(r∗(r)+t). (150)

and r∗(r) is defined to satisfy dr∗ = f(r)−1dr and r∗(0) = r∗(∞) = 0. The state dual to
eternal black hole at t = 0 is thermofield double state [21]. We consider a few particles
with total energy E are thrown homogeneously into the eternal black hole at t = −tw from
left boundary of the eternal black hole. The proper energy of the particles at t = 0 slice

is Ep ≈ E
R
e

2π
β
tw . So when tw is sufficiently large, the particle becomes shock wave, and the

geometry can be approximated by shock wave, which is further approximated by glueing two
black holes with mass M and mass M +E, as shown in fig (10). It is given by uL = uR and
vL = vR + α, where α is defined by

α =
E

uw

dR

dM
C(R,R) (151)

35



with black hole massM and C(r, R) = ef
′(R)r∗(r)

r−R . In 2d, α is given by α = E
4M
e

2π
β
tw . In higher

dimensions, α is proportional to GN · E · e
2π
β
tw .

According to the proposal in [29], fidelity susceptibility of TFD states for exactly marginal
deformation is holographically given by the volume of codimension 1 maximal volume surface
Σ, which connects t = 0 slices at two boundaries of spacetimes. This is given as

|⟨ΨTFD(t, λ+ δλ)|ΨTFD(t, λ)⟩| = e−nd(δλ)
2Vol(Σ), (152)

where nd is O(1) constant. The fidelity susceptibility is then

Gλλ = ndVol(Σ). (153)

The idea of this proposal stems from Janus geometry [39][40] and the proposed duality
between AdS/CFT and MERA [87][88]. The volume of Σ is UV divergent, and we use the
radial cutoff in AdS to regularize this volume.

Let’s insert a homogeneous scalar operator W on left boundary at t = −tw and consider
the perturbed TFD state at t = 0. The resulting holographic geometry is approximated by
the shock wave geometry for large tw. The volume of the surface connecting two boundaries
at t = 0 is

Vol(Σ) =

∫
dtdΩd−1

√
(−f + ṙ2f−1)r2(d−1). (154)

where ṙ = dr
dt
. When the surface has maximal volume, the conserved quantity along the

surface is

sd =
f(r)rd−1√

−f(r) + ṙ2f(r)−1
. (155)

Therefore we conclude that the volume of maximal volume surface is

Vol(Σ) = Vol(Sd−1)

∫
drrd−1

√√√√f(r)−1(1− 1

1 + f(r)r2(d−1)

s2d

). (156)

Let us define r0 by ṙ(r) = 0 and corresponding time as t0. Then we can express α in terms
of sd as

log
α

2
= r∗(r0) + t0 +

∫ R

r0

dt
1

|f(r)|
√
1 + f(r)r2(d−1)

s2d

(1−

√
1 +

f(r)r2(d−1)

s2d
). (157)
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Figure 11: Numerical plot for growth of information metric versus α = E
4M
e

2π
β
tw in

AdS3/CFT2. The numbers in the right are radiuses of BH horizon R = 2π
β
.The vertical

ax is for 2∆Vol, and horizontal ax is for α.

Figure 12: Numerical plot for growth of information metric versus α = E
4M
e

2π
β
tw in

AdS3/CFT2. The numbers in the right are radiuses of BH horizon R = 2π
β
.The vertical

ax is for 2∆Vol
R

, and horizontal ax is for α. We can confirm linear growth of information
∆Vol = f0 ×Rα +O(α2) for small α, where f0 does not depend on R.

The numerical result is shown in fig (12), and we can conclude that for d = 2,

GW :c
λλ = f0 ·Rα +O(α2). (158)

where f0 is N and R independent and positive, and indeed it is given by f0 ≈ 1. This
implies that the fidelity susceptibility for perturbed TFD states for external fields grows
exponentially rapidly, proportional to α. This is completely consistent with the perturbative
field theory prediction.
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4.3 Wilson loop

We can study two point functions of Wilson loops, one Wilson loop on left boundary and the
other Wilson loop on another boundary, using holography as was proposed by [89] [90]. We
assume these loops are put on the great circles of Sd−1 on different boundaries. It is expected
that such two point functions should decay exponentially in time from the viewpoint of
scrambling. In 2d CFT, the two point function is given by Nambu-Goto action

⟨WLWR⟩ ∼ e−(SNG−reg). (159)

Extremal value of Numbu-Goto action is

SNG =
1

2πα′

∫
dtdΩ1

√
(−f + ṙ2f−1)r2

=
1

2πα′Vol(S
1)

∫
dr r

√
f(r)−1(1− 1

1 + f(r)r2

s22

). (160)

This result is same as the calculation of volume of extremal codimension 1 surface, up to
constant factor. Therefore, two point function of Wilson loops decays as ∼ f0 − f1 ×α+ · · ·
for small α with positive f1, f2, as expected.

In this section, we estimated the time evolution of fidelity susceptibility of thermofield
double state perturbed by an operatorW at t = −tw. In large N theories, fidelity susceptibil-
ity can be separated into two terms, one is unperturbed fidelity susceptibility, and the other
is proportional to commutator of V and W (−tw). Rapid growth of the later term indicates
scrambling of W , and sensitivity of time evolution of thermofield double state or thermal
mixed states to external environment or internal imperfections. Indeed, we calculated the

fidelity susceptibility and confirmed its rapid growth proportional to e
2πt
β . This implies that

decay of OTO correlator can be understood by growth of distance between different thermal
states. We also studied two point function of Wilson loops and confirmed that it decays
exponentially.

5 Non Local Deformation, Averaged Null Energy and

Quantum Entanglement

Recent study has revealed that non local multi trace deformation renders non traversable
wormhole traversable[91]. Wormhole considered in that study is two sided black hole, which
has two asymptotically AdS regions. In AdS/CFT, this geometry is dual to thermofield
double state on tensor product CFTL ⊗ CFTR, and each AdS boundary corresponds to one
factor CFT. The non local multi trace deformation added to the CFT action is

38



g

∫
dt ddx h(t, x)OL(t, x)OR(−t, x), (161)

where operator OL/R is on CFTL/R. Such deformation causes null shockwave in the geometry,
whose null energy can be positive or negative according to the sign of coupling g. When
the averaged null energy is negative, it was found that non traversable wormhole becomes
non traversable, even if g is infinitesimally small. Applications and generalizations of such
non local multi trace deformations includes, an interpretation as quantum teleportation[92],
exploration into black hole interior[93][94], and realization of eternal wormhole[95].

Traversability of wormhole is intimately related to violation of averaged null energy con-
dition (ANEC). Averaged null energy condition is a conjecture, that states integral of null
energy on null ray via Affine parameter must be non-negative in any UV complete QFT.
ANEC was proved on Minkowski spacetime and other special cases[96][97][98] and its gener-
alization QNEC[99][100][101][102] was also proved on Minkowski space. Averaged null energy
has a simple intuitive interpretation, that it measures the change of causal structure, when
we perturb solution of vacuum Einstein equation by matter stress tensor. When ANE is
negative, null ray in unperturbed metric can become timelike in perturbed metric. Related
to this fact, it is known that in classical general relativity, existence of traversable wormhole
implies negative ANE. The results of [91][92] are consistent with ANEC of QFT, since once
one introduces non local multi trace deformation to the theory, the theory is no longer QFT
nor Lorentz invariant, although it is still unitary .

Interesting generalization of previous studies on non local trace deformation is to consider
deformation composed of HKLL bulk local operators[103], not just the local operators of
boundary CFT. With such deformation, one can manipulate AdS bulk geometry directly, not
indirectly through AdS boundary. In other words, one can create bulk local objects which are
connected by quantum entanglement. Double trace deformation can be obtained effectively
when we integrate out fields which are not relevant to the energy scale under consideration,
similar to Van der Waals force[104]. Study on bulk local double trace deformation may
help realizing traversable wormhole in pure AdS, or to understand non local effects of higher
derivative interactions in string theory.

In order to understand non local multi trace deformations in more detail, it is also im-
portant and interesting to study time evolution of field theory observables. In particular, it
is important to understand the dynamics of entanglement entropy and entanglement Renyi
entropy, with non local multi trace deformation.

In this section, we study time evolution of bulk AdS and boundary CFT, after non local
double trace deformation, based on [31]. We focus on non local double trace deformation
composed of boundary local operators, as well as HKLL bulk local operators. In both cases,
we confirm that with appropriate choice of sign of g, we obtain negative averaged null energy
in the bulk. This implies time advance in the bulk, meaning originally light-like separated
pair of points becomes time like separated after incorporating the effects of the deformation.
Further, we confirm that HKLL bulk local double trace deformation can act as point like
source of negative null energy. We then study time evolution of generic CFT2 after non
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local double trace deformation, by computing leading correction to entanglement entropy
and entanglement Renyi entropy. We found that the leading correction is universal, in other
words it depends only on conformal dimension of double trace deformation. Their time
dependence shows interesting behavior, as will be described.

First, I will review (achronal) averaged null energy condition, and see how double trace
deformation introduced in two sided black hole system, breaks this condition and makes
non-traversable wormhole traversable, based on [91].

Then, we consider pure AdS and introduce non local double trace deformation which
connects antipodal points in the boundary CFT. We will follow the time evolution after the
quench by the double trace deformation, focusing on null energy in the bulk. We confirmed
that averaged null energy on null geodesic in the bulk is linear in g, so in particular it can
be negative.

Then we consider new type of double trace deformation, composed of HKLL bulk local
operators. Such deformation introduces direct quantum correlation between two distinct bulk
points. The motivation is to study traversable wormholes in spacetimes with single asymp-
totic region using AdS/CFT. We then study the spacetime structure after the deformation,
in particular null energy in the bulk. We found that, as in the case of section 2, averaged
null energy on null geodesic is linear in g so in particular it can be negative.

Finally, we consider time evolution of entanglement entropy and entanglement Renyi
entropy after double trace deformation. To calculate entanglement entropy, we use known
expression of modular Hamiltonian. And for Renyi entropy, we use Replica trick. In both
cases, the leading corrections from the double trace deformation to vacuum are proportional
to g. This means one can increase or decrease the entanglement of subsystems by double
trace deformation.

5.1 Achronal Averaged Null Energy Condition

Averaged null energy condition is an energy condition, which was shown to be true in any
local quantum field theory on flat Minkowski space. The statement is, for any complete null
geodesic γ with Affine parameter λ, we have∫

dλ⟨Tµν⟩
dxµ

dλ

dxν

dλ
≥ 0. (162)

In other words, averaged null energy is always non negative. The statement is weaker than
null energy condition, which says we always have

⟨Tλλ⟩ ≥ 0 (163)

for every null direction λ. Null energy condition is the basis of number of theorems in general
relativity, including focussing theorem, singularity theorem, and so on. However, it is known
null energy condition can be violated by the existence of matter. But its integrated version,
averaged null energy condition, is true on flat spacetime.
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Figure 13: Geodesics on cylinder. Pairs of points on null geodesic (red line) can be connected
by time like geodesic (blue line). Therefore, null geodesic is not the boundary of causal future.

On the other hand, when we depart from flat Minkowski space, it is easy to find counterex-
amples against Averaged Null Energy condition. For example, if we take cylinder, because of
Casimir energy. One characteristic of null geodesic in cylinder is that null geodesic is not the
boundary of causal future. In other words, there are pairs of points on each null geodesic,
which can be connected via time like geodesic. A possible cure of this problem is to impose
a condition on null geodesic, namely, we require null geodesic to be achronal. Achronal null
geodesic is null geodesic, on which any pair of points can not be connected via time like
geodesic. This requirement exclude, for example, null geodesics on cylinder. This condition
is called Achronal Averaged Null Energy Condition.

5.2 Double trace deformation in two sided black hole

In this section, I will review how double trace deformation renders non traversable wormhole
in two sided black hole to be traversable. We consider double trace deformation of the form

S =

∫
dx

∫
dth(t, x)OL(t, x)OR(t, x), (164)

where h(t, x) has support only after turning on time t0. Note that we took the time con-
vention in such a way that arrows of time are the same for both boundaries. With such
deformation, it was found that non traversable wormhole in two sided black hole, can be-
come traversable.

Indeed, such deformation introduces non trivial bulk stress tensor expectation values, and
its leading term is proportional to h. This implies that with appropriate sign of h, null energy

41



Figure 14: Description of achronal null geodesic. No time like geodesic can connects a pair
of points on achronal null geodesic.

and averaged null energy can be negative, as long as the linear term does not vanish. One
can indeed confirm that such linear term does not vanish.

In the case of two sided black hole, averaged null energy on the null geodesic U = 0 is
directly related to the traversablity of the wormhole. Let us consider null ray of deformed
geometry embedded in undeformed geometry. We assume it initially coincide with black
hole horizon. We regards U coordinate value of this embedded null geodesic as function of
−1 ≤ V ≤ 1. On this null geodesic, we have∫ V

−1

dV TV V =
1

8πGN

1

2
(−2gUV (0))R

−2
AdS · U(V ), (165)

where gUV (0) = −1 is the UV component of undeformed metric at U = 0 which is negative,
and RAdS is the AdS radius. This equation implies that when averaged null energy is negative,
we have negative U(1). This implies that the originally non-traversable wormhole is rendered
to be traversable, via non local double trace deformation.

5.3 Double trace deformation of boundary local operators

In this section, we consider time evolution of bulk after introducing non local double trace
deformation. We consider holographic CFT dual to classical gravity on pure global AdS3

ds2 =
1

cos2 ρ
(−dτ 2 + dρ2 + sin2 ρdθ2), (166)

where 0 ≤ ρ ≤ π
2
, −π < θ < π and −∞ < τ <∞.

We deform CFT Hamiltonian by non local double trace deformation

H → Hg(t) := H + gO(0, 0)O(0, π)f(t), (167)
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Figure 15: Double trace deformation in two sided black hole.

Figure 16: We embed null geodesic of deformed geometry into undeformed geometry, starting
at boundary point V = −1(red line). Because of double trace deformation and violation of
ANEC, the null geodesic looks like space like in undeformed geometry, and can reach another
boundary at some point. This implies the originally non traversable wormhole turns into
traversable wormhole.
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which is designed to connect two distinct points θ = 0 and θ = π at the AdS boundary.
O is scalar primary operator of the CFT with conformal dimension ∆ = δ + δ̄. And g
is a deformation parameter, infinitesimally small, and f(t) is some real function that only
depends on t. In most of the cases I will assume f(t) = δ(t).

Such non local double trace deformation does not produce non zero scalar fields at the
linear order in g, but does produce nontrivial configuration of matter stress tensor in the
bulk, which we will study below. From now on, we assume CFT central charge is large, so
that the bulk gravity is classical Einstein gravity. We also ignore the back reaction to gravity
from matter fields.

We first compute perturbed bulk two point function, using HKLL bulk local operator.
HKLL bulk local operator is a CFT operator, which can be interpreted as a bulk local field
in the following way. Two point function of HKLL bulk local operators for massive scalar in
AdS is

(∇2
AdS3

−M2)⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ = 1√
−g(3)

δ3((t, ρ, θ), (t′, ρ′, θ′)) (168)

with boundary condition

1

(cos ρ)∆
Φ(t, ρ, θ) →

ρ→π
2

O(t, θ). (169)

where M2 = ∆(∆− 2).
Let us first consider time evolution of HKLL bulk local operator. After deformation, it

is given by

Φg(t, ρ, θ) = P̃ ei
∫ t
−∞ dt̃ eiHt̃(Hg(t̃)−H)e−iHt̃

Φ(t, ρ, θ)Pe−i
∫ t
−∞ dt̃ eiHt̃(Hg(t̃)−H)e−iHt̃

= Φ(t, ρ, θ) + i

∫ t

−∞
dt̃ [eiHt̃(Hg(t̃)−H)e−iHt̃, Φ(t, ρ, θ)] +O(g2). (170)

Then the first order change of bulk two point function is given by

⟨Φg(t, ρ, θ)Φg(t′, ρ′, θ′)⟩ − ⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩

= ig

∫ t

−∞
dt̃ f(t̃)⟨[O(t̃, 0)O(t̃, π),Φ(t, ρ, θ)]Φ(t′, ρ′, θ′)⟩+ c.c(t,ρ,θ)↔(t′,ρ′,θ′) +O(g2)

≈ ig

∫ t

−∞
dt̃ f(t̃)

(
⟨[O(t̃, 0),Φ(t, ρ, θ)]⟩⟨O(t̃, π)Φ(t′, ρ′, θ′)⟩

+⟨[O(t̃, π),Φ(t, ρ, θ)]⟩⟨O(t̃, 0)Φ(t′, ρ′, θ′)⟩
)
+ c.c(t,ρ,θ)↔(t′,ρ′,θ′) +O(g2) (171)
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In the final line I used large N approximation.
Once we know bulk two point function, we can compute expectation value of bulk stress

tensor perturbatively. The bulk energy momentum tensor is

Tµν = ∂µϕ∂νϕ− 1

2
gµνg

ρσ∂ρϕ∂σϕ− 1

2
gµνM

2ϕ2, (172)

so the expectation value of stress tensor can be obtained by point splitting method with
coincident point divergence subtracted, as follows,

⟨Tµν⟩ = Lim
x→x′

(
∂µ∂

′
νG(x, x

′)− 1

2
gµνg

ρσ∂ρ∂
′
σG(x, x

′)− 1

2
gµνM

2G(x, x′)
)
, (173)

where G(x, x′) := ⟨Φ(x)Φ(x′)⟩.
Before obtaining actual values. let us summarize the propagators in global AdS3. First

we define

z =
cos(t− t′)− sin ρ sin ρ′ cos(θ − θ′)

cos ρ cos ρ′
(174)

The bulk two point function scalar of mass m2 = ∆(∆− 2) for space-like configuration is

⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ = 1

4π
(z2 − 1)−

1
2 (z + (z2 − 1)

1
2 )1−∆ (175)

In order to continue to time-like configuration, we need a shift (ϵ > 0)

t→ t− iϵ (176)

since we are dealing with Wightman function, not time-ordered propagator which requires
t→ t(1− iϵ). In Wightman case we have

z → z + i
sin(t− t′)

cos ρ cos ρ′
ϵ. (177)

So the full expression of Wightman function is

⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ = θ(z − 1)
e−

inπ
2

4π
(z2 − 1)−

1
2 (z + e

inπ
2 (z2 − 1)

1
2 )1−∆

(178)

where |n| is the number of intersecting points, between geodesic connecting two points and
light cone of (t′, ρ′, ϕ′). And n is positive when t > t′, and is negative when t < t′.
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Then the commutator is

⟨[Φ(t, ρ, ϕ), Φ(t′, ρ′, ϕ′)]⟩ = 2i Im⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ (179)

The bulk-boundary two point function at spacelike separation is

⟨Φ(t, ρ, ϕ)O(t′, ϕ′)⟩

= Lim
ρ′→π

2

1

cos∆ρ′
⟨Φ(t, ρ, ϕ)Φ(t′, ρ′, ϕ′)⟩

=
1

2π

( (cos ρ)/2

cos(t− t′)− sin ρ cos(θ − θ′) + i sin(t− t′)ϵ

)∆
(180)

So the bulk-boundary two point function is

⟨Φ(t, ρ, ϕ)O(t′, ϕ′)⟩

=
1

2π

(
| (cos ρ)/2

cos(t− t′)− sin ρ cos(θ − θ′)
|
)∆
e−in∆π. (181)

|n| is the number of intersecting points, between geodesic connecting two points and light
cone of (t′, ϕ′). And n is positive when t > t′, and is negative when t < t′. Therefore the
commutator is

⟨[Φ(τ, ρ, ϕ), O(τ ′, ϕ′)]⟩ =
1

2π

( cos ρ/2

| cos(t− t′)− sin ρ cos(θ − θ′)|

)∆
(−2i sin(n∆π))

(182)

In the computation of averaged null energy, we use naive regularization with infinitesimal
positive parameter a as follows. For bulk to boundary propagator, when the separation is
spacelike, we use

⟨Φ(t, ρ, ϕ)O(t′, ϕ′)⟩

=
1

2π

( (cos ρ)/2

cos(t− t′)− sin ρ cos(θ − θ′) + a2

)∆
e−in∆π, (183)

and for timelike separation

46



⟨Φ(t, ρ, ϕ)O(t′, ϕ′)⟩

=
1

2π

( (cos ρ)/2

− cos(t− t′) + sin ρ cos(θ − θ′) + a2

)∆
e−in∆π. (184)

For the bulk to bulk propagator at spacelike separation, we regularize as

⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ = e−inπ/2

4π
(z2 − 1 + a2)−

1
2 (z + einπ/2(z2 − 1 + a2)

1
2 )1−∆, (185)

and at timelike separation, we regularize as

⟨Φ(t, ρ, θ)Φ(t′, ρ′, θ′)⟩ = e−inπ/2

4π
(−z2 + 1 + a2)−

1
2 (z + einπ/2(−z2 + 1 + a2)

1
2 )1−∆.(186)

Let us assume f(t) = δ(t), so that the double trace deformation is instantaneous. Then we
can obtain analytical expression for bulk stress tensors, using known expression of bulk two
point function. In order to explore dynamics of bulk matter, we will focus on ⟨Ttt⟩ and null
energy in the bulk and averaged null energy on null geodesics.

Averaged null energy is defined by an integral of null energy on complete null geodesic
via affine parameter. I will consider null geodesics passing through the center of global AdS3

as well as the spacetime points where we put the deformation. The null geodesic starts at
t = t0 and θ = θ0 + π, and ends at t = t0 + π and θ = θ0.

ρ = −Arctan(λ), t = −ρ+ t0 +
π

2
, θ = θ0 + π (187)

for λ < 0 and
ρ = Arctan(λ), t = ρ+ t0 +

π

2
, θ = θ0 (188)

for λ > 0, where λ is an affine parameter.
Let’s compute Null energy on those null geodesics

⟨Tλλ⟩ = ⟨Tµν⟩
dxµ

dλ

dxν

dλ
=

⟨Ttt + 2sign(λ)Ttρ + Tρρ⟩
(1 + λ2)2

. (189)

We can compute right hand side of this formula by point splitting,

⟨Ttt + 2sign(λ)Ttρ + Tρρ⟩ = Lim
x→x′

(∂ρ∂ρ′ + sign(λ)(∂ρ∂t′ + ∂ρ′∂t) + ∂t∂t′)G(x, x
′). (190)
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Figure 17: The geometry of global AdS3. Red line is null ray, on which we compute averaged
null energy. On blue plane we compute null energy, and null direction is set as that of the
red line.

Figure 18: The configurations of double trace deformations we consider in this thesis. (Left)
Double trace deformation composed of boundary local operator.(Center) Single trace defor-
mation in the bulk. (Right) Double trace deformation pushed into the bulk.
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Figure 19: Plots of null energy Tλλ in the bulk on θ = 0 (and = π) plane. U is taken to be θ
growing direction. We can observe non zero null energy is emitted from the two points where
we inserted double trace deformation. Note that on any null geodesic incoming from θ = π
and −π < θ < 0, null energy is negative, when g is positive. This result is ∆ independent.

Figure 20: Plots of Averaged null energies on null geodesics when the theory is deformed by
boundary double trace deformation. The null geodesic starts at boundary of AdS with θ = π
and t = t0, then ends at AdS boundary with θ = 0 and t = to + π. Averaged null energy is
divergent and we regularized it using a defined in appendix A. The averaged null energy is
proportional to g

a2∆
and the plot is describing the coefficient of g

a2∆
. Note that on any null

geodesic incoming from θ = π and −π < θ < 0, null energy is negative, when g is positive.
This behavior is ∆ independent.
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Let us assume f(t) = δ(t) and θ0 = 0. We plot null energy ⟨Tλλ⟩ and averaged null energy∫
dλ⟨Tλλ⟩.
We can confirm that when the sign of g is positive, averaged null Energy is negative for

−π < t0 < 0 for any ∆. So the null ray emitted into bulk in this period gets time shift, and
becomes time like after incorporating matter stress tensor contributions in Einstein equation.
In general relativity where we usually assume averaged null energy conditions, we usually
have time delay, meaning light ray going through gravitating region always delays compared
to light ray passing through flat region at asymptotic infinity[106][107]. Similar statement
for asymptotically AdS spacetime also holds[108][109]. Note that the averaged null energy
is divergent and is proportional to g/a2∆, where a is lattice spacing. Naive counting of
dimension of g is 1− 2∆, so averaged null energy has naive dimension 1.

5.4 Double trace deformation by bulk local operators

In this subsection, we consider multi trace deformation using HKLL bulk local operators. Our
bulk non local double trace deformation models quantum operation on bulk tensor network,
bulk non local interaction, and bulk micro traversable wormhole. The motivation to study
such deformation is to construct wormhole inside spacetime with single asymptotically AdS
region, unlike two sided black hole with two asymptotically AdS regions. Time evolutions
of bulk matter and spacetime after introduction of bulk local excitations were discussed in
[110][111]. In this subsection, we compute time evolution of null energy and averaged null
energy, and find that both of them can be negative, so we can have time advance in gravity.

5.4.1 Single trace deformation

To start with, we consider single trace deformation to Hamiltonian by HKLL bulk local
operator. Let’s assume the bulk local operator put at the center of AdS. The deformation is

H → H + gΦbulk(t, 0, 0)f(t) (191)

where Φbulk is HKLL bulk local operator. The vacuum expectation value of bulk local field
is then given by

⟨Φf (t, ρ, θ)⟩ = ig

∫ t

−∞
dt̃ f(t̃)⟨[Φ(t̃, 0, 0),Φ(t, ρ, θ)]⟩+O(g2). (192)

We assume f(t) = δ(t), then we can compute the expectation value of bulk stress energy
tensors. The leading term in null energy is proportional to g2 with positive coefficient as
shown in Figure 5. So the null energy is positive everywhere and there are no violations of
ANEC in this case.
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Figure 21: Time evolution of null energy in the case when we introduce single trace defor-
mation in the bulk, divided by g2. We can observe positive null energy is emitted from the
point where we inserted single trace deformation. In particular, null energy is always positive
everywhere.

5.5 Double trace deformation

In this subsection, we consider double trace deformation using HKLL bulk local operators,
in order to model micro traversable wormhole connecting bulk points. In this case the
deformation lives inside bulk, not on AdS boundary.

We consider deformation of Hamiltonian

H → H + gΦbulk(t, ρ0, 0)Φbulk(t, ρ0, π)f(t), (193)

where Φbulk is HKLL bulk local operator. The computation of null energy goes in the same
way as in the previous section. The perturbed bulk two point function is

⟨Φf (t, ρ, θ)Φf (t′, ρ′, θ′)⟩ − ⟨Φ(t, ρ, ψ)Φ(t′, ρ′, θ′)⟩

= ig

∫ t

−∞
dt̃ f(t̃)⟨[Φ(t̃, ρ0, 0)Φ(t̃, ρ0, π),Φ(t, ρ, θ)]Φ(t′, ρ′, θ′)⟩+ c.c(t,ρ,θ)↔(t′,ρ′,θ′) +O(g2)

≈ ig

∫ t

−∞
dt̃ f(t̃)

(
⟨[Φ(t̃, ρ0, 0),Φ(t, ρ, θ)]⟩⟨Φ(t̃, ρ0, π)Φ(t′, ρ′, θ′)⟩+ (0 ↔ π)

)
+c.c(t,ρ,θ)↔(t′,ρ′,θ′) +O(g2), (194)

which can be computed by analytical continuation of bulk two point functions[105].
Then, by using point splitting, we can compute null energy and averaged null energy in

the bulk. The results are shown in Figures. We confirm that when the sign of g is positive,
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Figure 22: Plots of null energy TUU in the bulk on θ = 0 (and = π) plane. U is taken to be θ
growing direction. We can observe non zero null energy is emitted from the two points where
we inserted double trace deformation. Note that on any null geodesic incoming from θ = π
and −π < θ < 0, null energy is negative, when g is positive. This fact is ∆ independent.
The left figure is for ∆ = 1/3 case, and the right figure is for ∆ = 2/3 case.

Figure 23: Plots of Averaged null energies on null geodesics when the theory is deformed
by bulk double trace deformation. The null geodesic starts at boundary of AdS with θ = π
and t = t0, then ends at AdS boundary with θ = 0 and t = to + π. Averaged null energy
is divergent and we regularized it using a defined in appendix A. The averaged null energy
is proportional to g

a
and the plot is describing the coefficient of g

a
. Note that on any null

geodesic incoming from θ = π and −π < θ < 0, null energy is negative, when g is positive.
This behavior is ∆ independent.
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averaged null Energy is negative for −3π/4 < t0 < −π/4 for any ∆. So the null ray emitted
into bulk in this period gets time shift and becomes time like after incorporating matter
stress tensor in Einstein equation. Note that the averaged null energy is divergent and is
proportional to g/a, where a is lattice spacing. Naive counting of dimension of g is 0, so
averaged null energy has naive dimension 1.

One can check that when the HKLL operators approach to the boundary, then identical
behavior as that of boundary local double trace deformation can be confirmed, as it should
be.

5.6 CFT analysis

In this subsection, we consider time evolution of entanglement entropy and Renyi entropy in
general two dimensional CFT on Minkowski space. Entanglement entropy has been studied
from various viewpoints, including from CFT[112] as well as from AdS/CFT[12]. The setup
we will use in this subsection can be regarded as a version of quantum quench[113][114][115][116][117][118]
with non local deformation. Perturbative computation of entanglement entropy with time
dependent relevant deformation is discussed in [119]. Entanglement entropies of non local
theories are discussed in [120][121]. We consider time evolution of vacuum state after acting
double trace operation e−igO(0)O(L). The non-reduced, regularized density matrix is given by

ρ(g, t) = e−iHte−ϵHe−igOO|0⟩⟨0|eigOOe−ϵHeiHt/Ng

= e−igOO(−(t−iϵ))|0⟩⟨0|eigOO(−(t+iϵ))/Ng, (195)

where O(t − iτ) = eH(it+τ)Oe−H(it+τ), and ϵ is an infinitesimal positive constant, and Ng =
⟨0|eigOOe−2ϵHe−igOO|0⟩ = 1 + O(g2). We will take subregion A as [x,∞], and consider
entanglement structure of the reduced density matrix TrHĀ

ρ(g, t).

5.6.1 Entanglement Entropy

Let us first start with time evolution of entanglement entropy of subsystem A. Using modular
Hamiltonian HA = −logρA, entanglement entropy can be expressed as

SA = −Tr[ρAlogρA] = ⟨HA
mod⟩. (196)

In the case of vacuum modular Hamiltonian of half space in 2d QFT, modular Hamiltonian
can be written explicitly in terms of energy momentum tensor[122], we have

HA
mod = 2π

∫ ∞

x

dx̃ (x̃− x)T00(0, x̃) + Const. (197)

Let us consider double trace deformation on CFT ground state in perturbation theory. Per-
turbation theory of entanglement entropy is discussed in [123][124]. From the normalization
condition, we have
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TrHA
[e−H

A
mod(t,g)

d

dg
HA
mod(t, g)] = 0. (198)

Then, the entanglement entropy is given by

SA(t, g) = TrHA
[e−H

A
mod(t,g)HA

mod(t, 0)] +O(g2) = TrH[e
−Hmod(t,g)(HA

mod(t, 0)⊗ 1HĀ
)] +O(g2)

= SA(0, 0) + ig
(
⟨OO(−(t+ iϵ))HA(g = 0)⟩ − ⟨HA(g = 0)OO(−(t− iϵ))⟩

)
+O(g2).

(199)

From conformal Ward-Takahashi identity, we have

⟨T (z)O(0, L)O(0, 0)⟩ = 2h

L4h+1
(− 1

z − L
+

1

z
) +

h

L4h
(
1

z2
+

1

(z − L)2
). (200)

As a result,

∆SA = −2πig

∫ ∞

x

dx̃ (x̃− x)(
⟨O(−(t+ iϵ), L)O(−(t+ iϵ), 0)(T (0, x̃) + T̄ (0, x̃))⟩

−⟨(T (0, x̃) + T̄ (0, x̃))O(−(t− iϵ), L)O(−(t− iϵ), 0)⟩
)
.

(201)

Therefore, one need to evaluate

−2πig

∫ ∞

x

dx̃ (x̃− x)
( 2h

L4h+1
(− 1

z − L
+

1

z
) +

h

L4h
(
1

z2
+

1

(z − L)2
)

+
2h

L4h+1
(− 1

z̄ − L
+

1

z̄
) +

h

L4h
(
1

z̄2
+

1

(z̄ − L)2
)
)
, (202)

with z = x̃− (t± iϵ) and z̄ = x̃+ (t± iϵ). The total shift of entanglement entropy is then

∆SA =
4π2gh

L4h

(
θ(t− x) + θ(t+ L− x)− θ(−t− x)− θ(−t+ L− x)

)
− 8π2gh

L4h+1

×
(
(t+ L− x)θ(t+ L− x)− (t− x)θ(t− x)− (−t+ L− x)θ(−t+ L− x) + (−t− x)θ(−t− x)

)
.

(203)
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Figure 24: Spacetime dependence of entanglement entropy ∆SA after double trace deforma-
tion. When x > t+ L or x+ t < 0, ∆SA must be zero from causality.

Interestingly, when t+x−L > 0 and t−x > 0, we have ∆SA = 0. The reason why∆SA = 0 in
x−t−L > 0 and −x+t > 0 comes from causality. Moreover, the correction is order g1, which
is different from previous perturbative computation os entanglement entropy considered in
[123][124], where corrections start from the second order. This is because we are using double
trace deformation, not single trace deformation.

Let us compare our result with energy of the half space with left end point at (t, x), so
the energy is ∫ ∞

x

dx̃T00(t, x̃) (204)

. The integral of the energy density is given by

⟨
∫ ∞

x

dx̃T00(t, x̃)⟩ = − 4πgh

L4h+1

(
θ(−(x− t))− θ(−(x− t−L))− θ(−(x+ t))+ θ(−(x+ t−L))

)
.

(205)

The averaged null energy on null geodesic (t, x) = λ, a+ λ) is given by

∫ ∞

−∞
dλ⟨T (t = λ, x = a+ λ)− T̃ (t = λ, x = a+ λ)⟩ = − 4πgh

L4h+1
θ(L− a)θ(a). (206)

When g is positive, the average null energy is negative, consistent with the calculations in
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Figure 25: When null geodesic crosses with null blue line, ANE changes by − 4πgh
L4h+1 , and

4πgh
L4h+1 with null red line. In particular, when 0 < a < 0, averaged null energy is − 4πgh

L4h+1 , and
otherwise zero.

Figure 26: When constant time slice crosses null blue line, the total energy changes by 4πgh
L4h+1 ,

and − 4πgh
L4h+1 with null red line. In particular, the total energy is always 0 after double trace

deformation.

the bulk. Further, the perturbation is not UV divergent and is finite. Note that ANE is
nonzero only when 0 < a < L. This is because of cancelation of positive energy flux and
negative energy flux. Note that for excited states, the energy always increases. However, for
our case, the total energy does not change at leading order since we are considering external
instantaneous perturbation.

5.7 Renyi Entanglement Entropy

Next, we consider time evolution of Renyi entropy after acting non local double trace defor-
mation in two dimensional CFT. The shift of n-th Renyi entropy ∆SnA(g, t) = SnA(g, t)−SnA(0)
can be computed using replica trick[112][125],
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Figure 27: Geometry of replica Σ2. Blue points correspond to eigOO(−(t+iϵ)), and red points
correspond to eigOO(−(t−iϵ)).

∆SnA(g, t) =
1

1− n
log

⟨eigO†(1)(−(t+iϵ),−x)O†(1)(−(t+iϵ),−x+L)e−igO
(1)(−(t−iϵ),−x)O(1)(−(t−iϵ),−x+L) · · · ⟩Σn

⟨1⟩Σn

.

(207)

where Σn is n-sheeted geometry, and O(i) lives on i-th sheet. We assume that the subregion
is half line. Then the conformal transformation from Σn to Σ1 is simply given by

w = zn. (208)

Let us consider g1 order contribution,

⟨eigO†(1)O†(1)(−(t+iϵ))e−igO
(1)O(1)(−(t−iϵ)) · · · ⟩Σn

= ⟨1⟩Σn + ig

n∑
i=1

(
⟨O(i)†O(i)†(−(t+ iϵ))⟩Σn − ⟨O(i)O(i)(−(t− iϵ))⟩Σn

)
+O(g2)(209)

Let us specialize to n = 2 case. In the first sheet, w = −x+ (t± iϵ) corresponds to

z(x,±) = θ(x− t)
√
x− te

iπ
2 + θ(t− x)

√
t− xe

iπ(1∓1)
2 , (210)

and z̄ = −x− (t± iϵ) corresponds to

z̄(x,±) = θ(x+ t)
√
x+ te

−iπ
2 + θ(−t− x)

√
−t− xe

−iπ(1∓1)
2 . (211)

In the second sheet, w = −x+ (t± iϵ) corresponds to
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z(x,±) = θ(x− t)
√
x− te

i3π
2 + θ(t− x)

√
t− xe

iπ(3∓1)
2 , (212)

and z̄ = −x− (t± iϵ) corresponds to

z̄(x,±) = θ(x+ t)
√
x+ te

−i3π
2 + θ(−t− x)

√
−t− xe

−iπ(3∓1)
2 . (213)

Then we have

⟨O(1)(−(t± iϵ),−x)O(1)(−(t± iϵ),−x+ L)⟩Σ2

= ⟨O(2)(−(t± iϵ),−x)O(2)(−(t± iϵ),−x+ L)⟩Σ2

= (
dz

dw
)h|z=z(x,±)(

dz̄

dw̄
)h|z̄=z̄(x,±)

×(
dz

dw
)h|z=z(x−L,±)(

dz̄

dw̄
)h|z̄=z̄(x−L,±)

⟨O(1)(z(x,±), z̄(x,±))O(1)(z(x− L,±), z̄(x− L,±))⟩Σ1 . (214)

The results are shown in Figure. We can confirm that the second Renyi entropy behaves in
the same way as entanglement entropy. In particular, we have zero Renyi entropy and zero
entanglement entropy on identical regions, including regions where any change is prohibited
by causality.

5.8 Summary

In this section, we considered non local double trace deformation composed of boundary local
operators as well as bulk local operators. We evaluated time shift caused by the deformation,
by computing averaged null energy. Then we considered time evolution of CFT, by computing
entanglement entropies and Renyi entropies.

In this section, we only computed leading term in g, and entanglement introduced was
order c0. We can consider higher order in g, as well as adding more nonlocal entanglement by
ei

∑
l clOl .Generalization of our study to higher order correction might lead to an understanding

of constructing wormholes in spacetime with single boundary. Also, it is interesting to apply
our bulk local double trace deformation to AdS2.

In our computation of dynamics of entanglement entropy and entanglement Renyi entropy,
we considered instantaneous double trace deformation and leading term which is proportional
to g1. It is interesting and tractable to generalize this computation to higher order, or to
triple trace deformations. Triple trace deformation can be an interesting example to examine
multi partite entanglement.
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Figure 28: Entanglement Renyi entropy ∆S2
A of semi infinite half line divided by coupling

g. Value of Renyi entropy depends on the location of the left edge of the half line, which is
specified by the coordinate (t, x). When x > t + L or x + t < 0, ∆S2

A must be zero from
causality. Left figure is for h = 0.3 and right one is for h = 0.6. In all case one can observe
that Renyi entropy behaves in similar way as that of entanglement entropy.
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6 Conclusion and Future Directions

In this thesis, I first explained basics of AdS/CFT and pure AdS spacetimes, and introduced
several bipartite entanglement measures that capture pure quantum bipartite entanglement.
Then I reviewed what quantum entanglement plays fundamental role in AdS/CFT.

Then I proposed a holographic dual of a quantum information theoretic measure, called
fidelity susceptibility, as the volume of time slice in the bulk which has maximal volume.
The proposal is a hard wall approximation of interface CFT with interface probe brane. I
compared this proposal in several examples with CFT calculations, including thermofield
double state which has highly non trivial time dependence.

Then I proposed an application of fidelity susceptibility to scrambling phenomena, by
relating scrambling with sensitivity of dynamics against external perturbation. I showed
that distance between states, which are the same initially, with slightly different Hamiltoni-
ans will grow exponentially with Lyapunov exponent, diagnosing ”butterfly effect”. This is
because in such case, fidelity susceptibility is proportional to commutators of operators. I
also showed that by computing maximal volume in shock wave geometry, holographic fidelity
susceptibility grows exponentially in time, as expected.

Finally, I studied dynamics of gravity and CFT after introduction of non local double trace
deformation. Such deformation corresponds to quantum channels in quantum information
theory. I observed violation of averaged null energy condition, implying enlargement of causal
cone. In other words, originally light like geodesic becomes space like after deformation. I
also studied how entanglement entropy and Renyi entropy evolves in time.

There are number of interesting research directions related to the studies discussed in
this paper. First it is interesting to explore CFT and holographic computations of bipartite
entanglement measures, explained in the second section of this thesis. One possible direction
to this question is to use tensor networks and optimization, as discussed in [127].

It is also intriguing to explore dynamics of gravity using AdS/CFT. Once we obtained
information on CFT up to non-perturbative order in c, one can obtain information on quan-
tum gravity, non-perturbative in GN . Such direction was discussed in [128]. One interesting
extension of section 5 related to this direction is to consider formation of binary black hole
from entangled matter. Such configuration is expected to lead to two sided black hole or
non-traversable wormhole, but such expectation has never been quantitatively examined.

There is also an interesting direction toward computing fidelity susceptibility directly
from AdS/CFT [129][130]. They constructed symplectic form on the manifold of quantum
states parametrized by sources, whose Kahler metric for marginal deformation coincides with
fidelity susceptibility. They found a bulk expression of fidelity susceptibility given by integral
of a form on bulk time slice.
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