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A note on the Taylor estimates of iterated
paraproducts

By

Masato HOSHINO *

Abstract

Bony’s paraproduct is one of the main tools in the theory of paracontrolled calculus. The
paraproduct is usually defined via Fourier analysis, so it is not a local operator. In the previous
researches [7, 8], however, the author proved that the pointwise estimate like (1.2) holds for
the paraproduct and its iterated versions when the sum of the regularities is smaller than 1.
The aim of this article is to extend these results for higher regularities.

§ 1. Introduction

This is a short note on the extensions of [7, 8]. Besov spaces on Euclidean space
R? are usually defined via Fourier analysis, and also equivalently defined via estimates
of Taylor remainders. Indeed, if o € (0,00) \ N and f € B = B% . (R?), then f is
differentiable up to order [a] (integer part of o) and has the estimate

)k
) e@en=s0- 2 ot @ =0 e, acr

|k|<o

See [2, Theorem 2.36] for instance. In [7, 8], the author proved similar estimates for
Bony’s paraproduct. One of the results of [7] says that, if o, 8 > 0, a+8 < 1, f € BS, .,
and g € B? then the paraproduct f © g (see Proposition 2.2) has an estimate

00,00

(12)  (feg)=(feg(x)~ flz)(g() - g() +O(|- —z|**F),  zeR"
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In [7, 8], similar estimates were obtained for iterated paraproducts ((f1© f2)©: )& fa,
and applied to the proof of generalized commutator estimates. The commutator esti-
mate first proved in [5, Lemma 2.4] has an important role in the theory of paracontrolled
calculus [5, 1]. See the remarks after Theorem 1.1 for an overview of the theory. In
these articles, however, the sum of regularities is always assumed to be smaller than 1.
The aim of this article is to extend these results for higher regularities.

Fix d > 1 throughout this article. For any multiindex k¥ = (k;)%_, € N¢, denote
|k| := Zle k; and k! = Hle k;!. We use the notation a < b to mean a < ¢b for some
constant ¢ > 0.

Theorem 1.1.  Let o, 3,7 € (0,00) \N, a+8,8+v,a+8+v¢N, f € B, .,
g € B and h € BY, -

(1) Define
— )k
0 (1)) = (o)~ Y LDk )
(1.3) |k|<a+B ’
. . (y—l’)k k 8
> o @2 (9) (),
|k|<a
where
(1.4 DHrg=dea - X (1 )onsot
k1 +ho=k !

|k1]<c, |k2|>B

is a bounded continuous function (see Lemma 2.6), and Q°(g) is the same notation
s (1.1). Then

Q%P (f,9)(y, )]
ly — x| th

sup

> S I fllse M9lss, .-
x,yEe

(2) Define

ok
QP (f,g, )y, x) = (feg)eh)y)— > %Dk(ﬁga h)(x)

|k|<a+B+~

_ (y — )" e By
(1.5) D T 0@ (9,0 (v, )

|+l <o

- Y I pr g

|k|<a+pB
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for some choice of bounded continuous functions D*(f, g, h), and

QP (g, h), t=0,
0p g m =0 Y
Qg leh), £#£0
for some gt@h € Bffj,y'z'. Here Q%7 and 7 are the same notations as (1.3) and

(1.1), respectively. Then

QP (f,9,h)(y, z)]
[y — z[oFB+Y

sup

D, S e LNglligs, NRllBz -
x,ye

Remark 1.2. 1In [7, 8], the author proved the pointwise estimates for iterated
paraproducts ((f1© f2)©---) & fn. For n = 2,3, this result takes the form of (1.2) and

(fegleh)(y) —((feg)eh)(x)
— f@){(geh)(y) — (g h)(x)} — (f ©9)(x)(h(y) — h(z))
= O(|ly — z|*T7")

for (f,9,h) € B, « X Bfoyoo X BY, o with o, 8,7 > 0 and a + 8+~ < 1. Here is a
restriction that the sum of regularities should be smaller than 1. The formulas (1.3)

and (1.5) are extensions of [7, 8] for higher regularities.

Let us briefly recall the role of paraproducts and commutators in the theory of
paracontrolled calculus. The main subject of paracontrolled calculus is solving PDEs

with stochastic noise, for example, (generalized) parabolic Anderson model

(1.6) (0r = A)u = f(u)g,

where ¢ is a stochastic noise. A typical choice of ¢ is a Gaussian white noise on R¢, so

d
2

by Schauder estimate, but it is not enough to define the product f(u)&, since the sum
of regularities of f(u) and £ is (2 — £) + (—%) < 0if d > 2. To overcome this difficulty,

we impose some structural assumption on u. In [5], the authors solved (1.6) in d = 2

it has a regularity only less than —g. Then u would have a regularity less than 2 —

by assuming that u is of the form

v=1u©Z+u, u € B

f 2«
00,000 U € Boo,oo

with some o < 1. In [1], the authors solved (1.6) in d = 3 by assuming

3
u:Zui@ZiqLuﬁ, uﬁEngoo,

=1
u; = Z uij©Zj+u§, ug EB&;Q“,
1<i+5<3
A
Ujj = Z Uijk 7 + ugj, ugj € Béo,oé J)a, Uik € Bgo’oo

1<i+j+k<3
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over 1 <i,i4 7,1+ 7+ k < 3, with some a < % Here Z and Z;’s are some explicit func-
tionals of £, defined by a stochastic approach called renormalization. For the product
of unknown functions and &, we use the commutator estimates. In 2d case for instance,

the trilinear operator
C',2,§):=WeZ)0f-u(Z0f)

is called a commutator, where ® is a resonant product (see Proposition 2.2). Two
resonants in the right-hand side are ill-defined since Z € B%  and & € B 2 with
o < 1, but it turns out that C is actually a continuous operator of (v/, Z,€) if a € (2, 1).
It yields that (' @ Z2) 0 & :=u/'(Z &)+ C(W/, Z,§) is well-defined and continuous from
(W', Z,&,Z ©&). We can extend this argument to define the resonant f(u)® &, by using
a paralinearization formula [2, Theorem 2.92]. In 3d case, more commutations between
iterated paraproducts and resonants are needed. See [1] for details.

Instead of paracontrolled calculus, we can also prove the same well-posedness results
by the theory of regularity structures [6]. One of the differences between those theories is
how to write the assumptions of solutions. In the former, main tools are paraproducts
and commutators, so it is purely a harmonic analysis. In the latter, the solution is
defined as a “modelled distribution,” which is a kind of generalized Taylor expansion
like (1.3) and (1.5). Hence, it is a natural question whether the Fourier picture and
the Taylor picture are equivalent. Theorem 1.1 is an answer to that question in the
particular case. For other studies on this direction, see Section 6 of [5], and [9, 3, 4].

This article is organized as follows. Section 2 is devoted to the proof of Theorem
2.8, which is an essential part of this article. In Section 3, we prove Theorem 1.1 as a
corollary of Theorem 2.8.

We remark that the formulas in Theorem 2.8 are simpler than those in Theorem
1.1. In the former, Qf” (g,h) term with ¢ # 0 does not appear. It may imply that,
the multicomponent operators as in Definition 2.3 instead of the iterated paraproducts
((f1© f2) ©--)© fn make the things simpler, but we do not touch such a problem in
this article.

§2. Key estimates

The aim of this section is to prove Theorem 2.8. First we recall the basics of
Littlewood-Paley theory and Bony’s paraproduct.

Definition 2.1.  Fix smooth, nonnegative, and radial functions xy and p on R¢
such that

e supp(x) C{z; |z| < %} and supp(p) C {z ; % <|z| < %},
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o x(z)+ 3 2gp(277x) =1forallz € R4

Set p_1 :=x and p; = p(277:) for j > 0. For each j > —1, define the Littlewood-Paley
blocks

A f = F 7 p,Ff)

of f € 8’ = §'(R?), where F and F~! are Fourier transform and its inverse, respectively.
Moreover, for any a € R and p, q € [1, 00|, define By, as the set of all f € S" such that

< 0.

13, = {2185 lrn Y2 ]|,

Littlewood-Paley blocks decompose f € S’(R?) into the infinite sum of smooth
functions A; f. The support conditions of x and p are to ensure that spectral supports
of A;f and A; f are disjoint if i — j| > 2. One of the applications of this decomposition
is Bony’s paraproduct.

Proposition 2.2 (]2, Theorems 2.82 and 2.85]).  For f,g € &', define

feg= > Aifdjg,  fog= Y Aifdyg,

1<j—1 li—7<1
if the right-hand side converges in S§’. Let o, € R and p,p1,p2,q,q1,92 € [1,00] be
such that + = L + L gnd =1 4 L,
p p1 b2 q q1 q2

(1) I o #0, then ||f © gl garoa < 1 Fllsg, ., lolps, . -

P1,491

(2) Wa+5>0, then | @ gllpgrs S 1fllsg, , lolng,

P1-,91

We also consider a slightly more abstract setting.

Definition 2.3. Let a € R and p,q € [1,00]. Define By as the set of all
sequences f = {f’ 520 of smooth functions on R? such that, Ff7 is supported in

2/B = {27z ; x € B} with some ball B C R? for all j > 0, and

||f||IB%g,q = H{2ja||fj||Lp(Rd)};ioHﬁq < 00.

We treat only p = ¢ = oo in this article, but the following arguments still work for
general p, ¢ by easy modifications. We write B := B,  and || [|o := || |[pe, _ in short.
Moreover, we treat only a > 0. The following estimates follow from the definitions and
Bernstein’s lemma [2, Lemma 2.1].

o For any £ € B with o > 0, the seres £ 1= X33 7 comverges in B, . and
one has || Y fllge _ S| flla-

oo, 00 N
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o |05 fllacik) S IIflla for any k € N¢ where O f := {0Ff7}52,. If o > 0, Y- 0" f
converges to % 3" f in &', since for any ¢ € S,

<iakfj7¢> |k|(zfj o ) Nooo, 1)|k|(zf76k90): (8’“2]",90)

We consider an analogue of Bony’s paraproduct for these sequences. For any f € B
and g € B? with a, 8 > 0, we define

(21) (fag> = {f<jgj};?i07

where f<J := doic f*. Since || f<7|| Lo (ray is bounded over j, it follows that (f,g) € BA.
Similarly, for any sequence f,, € B with o, >0 (n =1,2,...), we recursively define

(fr, for oo s o) = ((f1, Fos oo s Fn), )

Remark 2.4. The following arguments still work if we replace f</ with f</—%
for some fixed N > 0. For instance, N = 1 was chosen in the above definition of
Bony’s paraproduct. If we define f,, = {A;_4 fn}‘]?';o for some f,, € &', then the series
>(fi, f2) = >°; Acj_1 /1A f2 coincides with f1 © fo. Note that > (fi, fo, fs) # (/1 ©
f2) © f5 in general, since A;(f1 © f2) # Acj_1f14 fo.

We define the Taylor remainders for these multicomponent operators. For any
multiindices k = (k;)%; and £ = (¢;)%_, such that k; > ¢;, define (’;) = W.

Definition 2.5.  For any sequence f,, € B with a;, > 0 (n = 1,2,...), recur-
sively define

Ol = O] + -+ + Qo

{fl . }j =0 - (fl?"'?.f?’b)? fln ::fo...n7
7=0

n—1
k
DY =01, — Z Z (k;l)Dkl Déjol) " (k € N%),

m=1 k1+ka=k
‘k1|<051.4.m
|k22|>04(m+1)mn

Tin(z):= Y ( _kx) Dt (2),

|k‘<al n
Ql-un(‘,x) = fln( ) Tl n L Z Tl m Yy Q(m—&—l) n( ,ZI?),
where D( 1) and {2(,;, 1 1)..., are defined by the same way as D1 (n—m) and Q1...(p—m)

respectively, by replacing fi, ..., fu_m With fr11,..., fu. In other words, D Q,,, etc.
are defined for any finite sequence w = iyis - - - 7,, of positive integers.
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To make sense of the above definition, we need the following lemma. Throughout
this section, we assume that

(2.2) Qe = Oy + -+, ¢ N forany 1 <m < n.

Lemma 2.6. Under the assumption (2.2), D¥ . is well-defined as a bounded

1oom
continuous function for any |k| < aq...,.

Proof. First we prove some identities. For each j > 0, we recursively define

n—1
k, } : 2 : k ka2,
Dl‘?.n — akffn - <k1>D1~1~mD(§1i—1)~--n’

m=1 k1—|—]€2:]€
|k71 |<a1.4.m
|k2 Iza(m-&-l)---n

n—1
ki _ Ak e<i k S Y L N
Cl---n =0 fln - 1|k\<a1,,_nD1...n - (k’ Dln-mC(erl)mn'
m=1 ki+ko=k 1
|k1|<a1...m

For simplicity, we write the definition of ij . s

n
ki Ak e<j _Z Z L N
Cl...n—a 1om ey D1-~~mC(m+1)---n
m=1 ki+ko=k
|l<;1|<a1...m

in short. Then we can derive

k? JR— k b
Dy, = ) (k1)01.¥.€n_1>8k2f%

k=ki+k2
(2.3) & r k! k1 Rk k K
— - 1 2 ... r—1 ()
S S D 1Ay
r=2 W1, W2y, W ki+kot +kr.=k
|k1|<aw1 IEERE] |k7‘|<awr
where wi,ws, ..., w, runs over all partitions of the sequence 1---n, that is, w; is a
sequence from n;_1 + 1 to n; for some 0 = ng < ny < ng < --- < n, =n. To prove
(2.3), we transform the definition of D'f,’,j,n into

n—1
j kN gy o< ko pj k k ka,j
loem — Z (k‘ )a 1f1..j.(n_1)a zf?jl - Z Z (k >D11mD(731?|—1)n
— \'1 m=1 kithka=k 1
|k1|<a1mm

n—1 k
E ' § k1 ka,j
+ (kl)DlmD(m+1)n
m=1 ki1+ko=k
[ki|<ai...m, k2| <a(m+1)...n
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Note that we used Leibniz rule for f1 = f1 -y fJ. Then by using the decomposition

(2.3) for Dé”’fH) of the second term in the right-hand side of (2.4) over 1 < m <n-—2

(and DF2:9 = §%2 fJ for m = n — 1), we can obtain the same formula (2.3) for D’fjn
From (2.3), we can recursively show that ||le,’?:n||Loo < 2799k with some 6,, ; > 0

for any |k| < ay...,, hence DY := Z;?io D]f.’jj, ,, converges in the supremum norm. Such

an estimate is obtained from ||0F f| Lo < 277(@n=lkD|| £, ||, and the next lemma. [

Lemma 2.7.  [|C, [z S 277 "W filla, - || fulla, -

Proof. We assume that the estimate holds for O with m < n. Then it is

sufficient to show the formula

1--m

- Z < )Zcfljé”—l)abf?i’ k| < ai..m,

(2.5) cyl, = k=kitks i>j |
Z ( ) Zcflfzn—nabfﬁa k| > aq..n.
k=k1+ko i<j

From this formula and the assumption (2.2), we can recursively prove the required
estimate.
We prove (2.5). If |k| > aq...,,, since 1|k|<a1.4.nD11€..-n = 0 we obtain

n—1 k
kaj i k <J _ § § kl k27]
m=1 k)1+l€2:k
“{31|<a1“Am

) . n—1 k' .
S U= Y Tt Prem G- s

1<J m=1ky+ko+ks=k
|k1 |<a1.4.m

-5 X ()0t

1<] k= k1—|—]€2

In the second equality, we used the latter part of (2.5) for C’(k 2’11) , since the conditions
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on k and ki imply |k2| > a(m+1)...n- To consider the case |k| < a1...,, we decompose

n—1
k, 1 k ’
REME LS R ) S SN (kl)D?--mCéil)mn

m=1 ky+ko=k
|k1\<a1..4m

n—1 k
_ ak ¢<j k k k
=0, = et YD (k )Dl.l..mD(,;H)_,.n
m=1  ki+ko=k 1
|k)1|<0¢1.“m
|k2|2a(m+l)»-~n

n—1 k

kl k 7j

P IRNDS <k1>D1'-~mC<5z+1>~-n
m=1 k1—|—l€2:k
‘k1|<051...m

[k2|<ct(mt1)..n

n—1 k
kl kQaj
XY (et
m=1 k1+ko=k
“{31|<O{1A.Am
|k2|>0(m1).-n

We write five terms as (4) + (B) + 3" (C)m + X" (D) + 3271 (E), in order.
First, (A) 4 (B) = —oF 27 ,, in distributional sense. Here and in what follows, we write
azl =3 i>j a’ for any summable sequences {a’};cn. For (D), by using the former part

of (2.5) for C(k;f?,’j—l)nn’ we have

_ k! k1 k2, () ks £(-)\2J
(D)m - Z ml)lwm(c(m—i—l)m(n—l)a 3fn ) :
k1+ko+Eks=Fk

|k1\<a1...m
|k2+k3|<a(m+1)...n

For (C), by the formula (2.3), we have

k! B = .
_ 1 2,] ks rj
(@) = 2 et Pim 2 Oty a9
B 1-ko'k3! —
ki+ko+ks=Fk Jj=0
|k1|<0{1“.m
|[k2+k3|>a(m1)...n

Note that the second term of (2.3) does not appear in this case, since |ka2| > a(m1)...n-
Hence by the latter part of (2.5), we have

k!

= " Dk ka,(+) ks £(-)\2J
(@A (B = 2 k1!k‘2!k’3!Dl"'m(C(m‘H)'“(n—l)a )T

|k2+k3|>a(mt1)...n
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Consequently, we can write C{”n = —F2J with

n—1
. . k! , )
F] = ak J--~n - Dk'l"ka.2’J 8k3 {;71
& m2=1 k1+lczz+k3—k kilkolks! ! (0 (-9
|k1|<0¢14.4m

K\ Ak ko i
= X () )etien
k=ki1+ko
which completes the proof of (2.5). O

We return to Definition 2.5. The two-parameter function €2;...,, turns out to have
a role of Taylor remainder.

Theorem 2.8.  Under the assumption (2.2), for any n € N,

Q.0 (y,2)|
SUp
z,ycR4 |y—a:\ Loom

S I fillay -l falla, -

The main part of the proof is the decomposition of €2;...,, into good pieces. For any
0 € R, define

0,j _ (_m)k k.,j
Tlmn('ax) - Z k! Dlmn(x)a

|k|<6
n—1
6,' ) 6,' X (m 1---'n7‘
Ql.?_n(',l‘) = f{n(x) - Tl..j.n('ux) - Z Tlm(vm)Q(T(n_:i))n J('vx)‘
m=1

Then Q;..., = Z?io Q‘f};'ﬁ"’j. Note that Q?f{n = Q‘f}j'ﬁ"’j for any 0 with [ay...,] < 0 <
[al...n] + 1.

Lemma 2.9. Letn > 2. For any 0 > [a;...,] and j,

k
. . . .—2x . _ .
26) 00 = AT 0RO+ S Co ook @),
k|<6

Proof. Recall that we defined the notation

)k
(1)) = 10— 30 Yok )

|k|<0

in (1.1). Before proving (2.6), we show the intermediate formula

n—1

27) (=)0~ Y o pE wal )

m=1|k|<a1...m
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for any 6 > [aj...,]. This formula is used in the next step. By definition of Q%7 the

identity
9—|k|, . X(m+41 nvj (_’r> Y4
Q(m+l)3~~~n("'r) - Q(T(n—:l))n (’aj) - Z Yl D(”J%‘Fl) n(df)

holds since 6 — |k| > [oz(m+1)__,n]. By inserting it into the right-hand side of (2.7) and
we obtain the identity (2.7).
Next we prove (2.6) from (2.7) by an induction for n. In general, an elementary

using the definition of DY

1n7

computation with Leibniz rule yields that for any smooth f and g,

)k
V(f)a) = (P20 + 30 C I )2 ) ().
|k|<6
We write the right-hand side of (2.7) as (I) — Z:;ll(]l)m in short. For (I), since ffn =
oy fis

W = a0+ Y S @0t

|k|<0

= (I)l + (I)Q

For (), with m <n —2, by assuming (2.6) for /5

by induction,

(- — 95) 0—|k|,
|k|<041...m
(-— x)kJrE . ~ ’
+| | ZH W ke DL (®)CGn 1)y (@) ()
kl<ai...m, |l|<0—|k

= (H)m,l + (]I)m,Q

Then (I); — " (D)1 and (I)g — (D),—1 — 3272 (1) .2 respectively produces the

m=1 m=1

first and second terms of the right-hand side of (2.6). O

Proof of Theorem 2.8. We inductively show that
(28) Q7 (g, )] S 277Dy — )

for any non-integer ¢ > ay...(n—1) V [@1...n]. For n =1 and non-integer § > 0, two Taylor
expansions up to order [f] and [#] — 1 yield the estimates

Q07 (g, )| = 1Q°(F) (. )| S D 110 f7 )| oo (rayly — 2]
|k|=[6]+1
< gilon=l01=1) |y, _ g l01+1
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and

907 (,2)| = [ () (g 2) = Y ()| s 2 D)y — g,
|k[=[6]

By an interpolation, we have
(29) 27y, 2)] S 277Dy — 2

For n > 2, we use Lemma 2.9. The second term of the right-hand side of (2.6) is
bounded by

Z ly — a|Fl2I (@ n Ik g=ilan=0+1kD |y _ 710=1k] < 9=i(arn=0))y _ 4|0
|k|<6

by Lemma 2.7 and the estimate (2.9) of the Taylor remainder for fJ. The first term is
also bounded by

Z 2_i(a1~~(n—1)_9)|y _ CL’|0 . 2—jan < 2_j(a1---n_0)|y _ x|97
1<jJ

by an inductive assumption (2.8) on Q?f?,(nil), and since 6 > ay...(,—1)-

Since fo{n =Qfr 7 for any 6 in a small neighborhood of «;...,,, the next lemma
yields Theorem 2.8. U

Lemma 2.10 ([7, Lemma 3.7], [8, Lemma 2.5]).  Let {7 };>0 be a family of func-
tions on R? x R? such that, for some C > 0 and o > 0, the bound

Q9 (y,z)| < C270= Ny — 2 z,yeR

holds for any 0 in a neighborhood of c. Then Q(y,x) = Z;’io O (y,x) absolutely con-
verges and
Qy,x)| < Cly — |, z,y € RY.

§3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. The two-component case (1) is a particular
one of Theorem 2.8 with n =2, (a1, as) = (o, ), and

fi={fl= Aj-1f}52, € B, fo={f= Aj_1g}iso € B

We define (f1, fo) = {ffj_lfg};";o instead of (2.1) to obtain fio => (fi,fo) = f Qg
(see Remark 2.4). Then we have

Q)=o) - Y k@ - Y L e ) 0)

|k|<a+8 ’ |k|<a
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with a bounded continuous function Df, = D*(f,g) as in (1.4).

From now on, we focus on the three-component case (2).

Lemma 3.1. Under the assumptions of Theorem 1.1,
(R =01(feg— Y Agoa(@" NAL g}~ e B,
]:
k| <o

where A?_lg is defined by

A gta) = [ F i =)o

Proof. 1t is sufficient to consider 7 > 0. We integrate the both sides of (1.3)
multiplied by F~1(p;_1)(x — y) over y. Since [ F~1(p;_1)(x)zFdx =0 for any k € N%,
only the terms

Aja(feg) — Y oFfak jg=o0@ 7))

k| <o
remain. Since AiAkg = A'?Aig vanishes if |i — j| > 2, we can see
AR g(w)] < / ’}" (pi-1)(@) ‘dm 1A 19l < 279B+ED
li—jl<1
by the scaling property of F~1p;. Since
855-2(F DAY gllp § 2790 KD2IPHRD = gstetd

for any |k| < a, we have the required estimate for R7. O

Proof of Theorem 1.1. Let
=A@ Y e B Y = {A]g)i, € B,
fz= {RJ};O:O € Ba—i—ﬂ, fi= {Aj—lh}(;io € B".
Then by Lemma 3.1, we can write

feg=> f+f  (fegeh= > [+ fu

k| <a k| <o

k k) ok k k) ek
where f1(2) = 2( 1( )7 2( ))7 f3 = Zf?n 1(24)1 = Z( 1( ); 2( )7f4)7 and f34 = Z(f3,f4)-
Here we use the definition (f,g) = {f</7!g¢’} instead of (2.1). By Theorem 2.8, each
of f124 and fs4 has the estimate of the forms
k k k k) o (k k o
Vs = fiz1 = Tist ~ TV = 1504 = O(| - =27+ (k| <.a),
Qa4 = fag — Tas — T3 = O(] - —a|*T7F7),
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We can conclude Theorem 1.1 by reorganizing the sum Z‘ kl<a QSI;ZL + Q34. The sum

> (k|<a TSZ%—TM is reorganized as the polynomial part _ ;o1 54 —;) D*(f,g,h)(x).

Next we consider the terms containing €24. Note that T1(§) = Dltl<ats %DYZM,
where
k)0 k 14 k k
DI _ gt k) _ 3 (6 )8e1f1( gt f).
1
£ +0=¢

[€1]|<a—|k|, |€2]>B+|k]|

Since fz(k) = Y2 Akg = f5 — )*g(y)dy vanishes if k # 0, we have

j=—1
k —CU .

=Y p®-f 4 pt

[k|<a
S (£>8€1 © gtz 10 4 gt g,
k|<a 0 +o=0 b

[£1]<e, |[£2]|>p

E 2
=0(feyg) - Z <£1)a€ fo'2g

l1+lo=¢
[£1]|<e, |€2]>8

= D'(f.9).
Hence (3 <q TE +T3) = Doit<atp (G o De(f, 9)(x)Q7(h). Finally we consider the

term Tl(k)QgZ). For k = 0, we have

0) (0 ((—x)
105 = 37 0 f @) (g ) ().
[4|<a
For k # 0, since fz(k) =0,
k k (=)' 4k
924) = 2(4) - Z / 0" 2(4)7
|€]<B+~+]k| '

where f24 = Zj A’ij_lgAjh —=: g *@ h. This is the third term of the right-hand side
of (1.5). O
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