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A note on the Taylor estimates of iterated

paraproducts

By

Masato Hoshino ∗

Abstract

Bony’s paraproduct is one of the main tools in the theory of paracontrolled calculus. The

paraproduct is usually defined via Fourier analysis, so it is not a local operator. In the previous

researches [7, 8], however, the author proved that the pointwise estimate like (1.2) holds for

the paraproduct and its iterated versions when the sum of the regularities is smaller than 1.

The aim of this article is to extend these results for higher regularities.

§ 1. Introduction

This is a short note on the extensions of [7, 8]. Besov spaces on Euclidean space

Rd are usually defined via Fourier analysis, and also equivalently defined via estimates

of Taylor remainders. Indeed, if α ∈ (0,∞) \ N and f ∈ Bα
∞,∞ = Bα

∞,∞(Rd), then f is

differentiable up to order [α] (integer part of α) and has the estimate

Ωα(f)(·, x) := f(·)−
∑
|k|<α

(· − x)k

k!
∂kf(x) = O(| · −x|α), x ∈ Rd.(1.1)

See [2, Theorem 2.36] for instance. In [7, 8], the author proved similar estimates for

Bony’s paraproduct. One of the results of [7] says that, if α, β > 0, α+β < 1, f ∈ Bα
∞,∞,

and g ∈ Bβ
∞,∞, then the paraproduct f 4 g (see Proposition 2.2) has an estimate

(f 4 g)(·) = (f 4 g)(x)− f(x)(g(·)− g(x)) +O(| · −x|α+β), x ∈ Rd.(1.2)
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In [7, 8], similar estimates were obtained for iterated paraproducts ((f14f2)4 · · · )4fn,

and applied to the proof of generalized commutator estimates. The commutator esti-

mate first proved in [5, Lemma 2.4] has an important role in the theory of paracontrolled

calculus [5, 1]. See the remarks after Theorem 1.1 for an overview of the theory. In

these articles, however, the sum of regularities is always assumed to be smaller than 1.

The aim of this article is to extend these results for higher regularities.

Fix d ≥ 1 throughout this article. For any multiindex k = (ki)
d
i=1 ∈ Nd, denote

|k| :=
∑d

i=1 ki and k! =
∏d

i=1 ki!. We use the notation a ≲ b to mean a ≤ cb for some

constant c > 0.

Theorem 1.1. Let α, β, γ ∈ (0,∞) \N, α+ β, β + γ, α+ β + γ /∈ N, f ∈ Bα
∞,∞,

g ∈ Bβ
∞,∞, and h ∈ Bγ

∞,∞.

(1) Define

Ωα,β(f, g)(y, x) := (f 4 g)(y)−
∑

|k|<α+β

(y − x)k

k!
Dk(f, g)(x)

−
∑
|k|<α

(y − x)k

k!
∂kf(x)Ωβ(g)(y, x),

(1.3)

where

Dk(f, g) = ∂k(f 4 g)−
∑

k1+k2=k
|k1|<α, |k2|≥β

(
k

k1

)
∂k1f∂k2g(1.4)

is a bounded continuous function (see Lemma 2.6), and Ωβ(g) is the same notation

as (1.1). Then

sup
x,y∈Rd

|Ωα,β(f, g)(y, x)|
|y − x|α+β

≲ ∥f∥Bα
∞,∞

∥g∥Bβ
∞,∞

.

(2) Define

Ωα,β,γ(f, g, h)(y, x) :=
(
(f 4 g) 4 h

)
(y)−

∑
|k|<α+β+γ

(y − x)k

k!
Dk(f, g, h)(x)

−
∑

|k+ℓ|<α

(y − x)k

k!
∂k+ℓf(x)Ωβ,γ

ℓ (g, h)(y, x)

−
∑

|k|<α+β

(y − x)k

k!
Dk(f, g)(x)Ωγ(h)(y, x)

(1.5)
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for some choice of bounded continuous functions Dk(f, g, h), and

Ωβ,γ
ℓ (g, h) =

Ωβ,γ(g, h), ℓ = 0,

Ωβ+γ+|ℓ|(g ℓ4 h), ℓ ̸= 0

for some g ℓ4h ∈ B
β+γ+|ℓ|
∞,∞ . Here Ωβ,γ and Ωγ are the same notations as (1.3) and

(1.1), respectively. Then

sup
x,y∈Rd

|Ωα,β(f, g, h)(y, x)|
|y − x|α+β+γ

≲ ∥f∥Bα
∞,∞

∥g∥Bβ
∞,∞

∥h∥Bγ
∞,∞ .

Remark 1.2. In [7, 8], the author proved the pointwise estimates for iterated

paraproducts ((f1 4 f2)4 · · · )4 fn. For n = 2, 3, this result takes the form of (1.2) and(
(f 4 g) 4 h

)
(y)−

(
(f 4 g) 4 h

)
(x)

− f(x)
{
(g 4 h)(y)− (g 4 h)(x)

}
− (f 4 g)(x)

(
h(y)− h(x)

)
= O(|y − x|α+β+γ)

for (f, g, h) ∈ Bα
∞,∞ × Bβ

∞,∞ × Bγ
∞,∞ with α, β, γ > 0 and α + β + γ < 1. Here is a

restriction that the sum of regularities should be smaller than 1. The formulas (1.3)

and (1.5) are extensions of [7, 8] for higher regularities.

Let us briefly recall the role of paraproducts and commutators in the theory of

paracontrolled calculus. The main subject of paracontrolled calculus is solving PDEs

with stochastic noise, for example, (generalized) parabolic Anderson model

(∂t −∆)u = f(u)ξ,(1.6)

where ξ is a stochastic noise. A typical choice of ξ is a Gaussian white noise on Rd, so

it has a regularity only less than −d
2 . Then u would have a regularity less than 2 − d

2

by Schauder estimate, but it is not enough to define the product f(u)ξ, since the sum

of regularities of f(u) and ξ is (2− d
2 ) + (−d

2 ) ≤ 0 if d ≥ 2. To overcome this difficulty,

we impose some structural assumption on u. In [5], the authors solved (1.6) in d = 2

by assuming that u is of the form

u = u′ 4 Z + u♯, u′ ∈ Bα
∞,∞, u♯ ∈ B2α

∞,∞

with some α < 1. In [1], the authors solved (1.6) in d = 3 by assuming

u =

3∑
i=1

ui 4 Zi + u♯, u♯ ∈ B4α
∞,∞,

ui =
∑

1≤i+j≤3

uij 4 Zj + u♯
i , u♯

i ∈ B(4−i)α
∞,∞ ,

uij =
∑

1≤i+j+k≤3

uijk 4 Zk + u♯
ij , u♯

ij ∈ B(4−i−j)α
∞,∞ , uijk ∈ Bα

∞,∞



40 Masato Hoshino

over 1 ≤ i, i+ j, i+ j+k ≤ 3, with some α < 1
2 . Here Z and Zi’s are some explicit func-

tionals of ξ, defined by a stochastic approach called renormalization. For the product

of unknown functions and ξ, we use the commutator estimates. In 2d case for instance,

the trilinear operator

C(u′, Z, ξ) := (u′ 4 Z) � ξ − u′(Z � ξ)

is called a commutator, where � is a resonant product (see Proposition 2.2). Two

resonants in the right-hand side are ill-defined since Z ∈ Bα
∞,∞ and ξ ∈ Bα−2

∞,∞ with

α < 1, but it turns out that C is actually a continuous operator of (u′, Z, ξ) if α ∈ ( 23 , 1).

It yields that (u′ 4Z)� ξ := u′(Z � ξ)+C(u′, Z, ξ) is well-defined and continuous from

(u′, Z, ξ, Z � ξ). We can extend this argument to define the resonant f(u)� ξ, by using

a paralinearization formula [2, Theorem 2.92]. In 3d case, more commutations between

iterated paraproducts and resonants are needed. See [1] for details.

Instead of paracontrolled calculus, we can also prove the same well-posedness results

by the theory of regularity structures [6]. One of the differences between those theories is

how to write the assumptions of solutions. In the former, main tools are paraproducts

and commutators, so it is purely a harmonic analysis. In the latter, the solution is

defined as a “modelled distribution,” which is a kind of generalized Taylor expansion

like (1.3) and (1.5). Hence, it is a natural question whether the Fourier picture and

the Taylor picture are equivalent. Theorem 1.1 is an answer to that question in the

particular case. For other studies on this direction, see Section 6 of [5], and [9, 3, 4].

This article is organized as follows. Section 2 is devoted to the proof of Theorem

2.8, which is an essential part of this article. In Section 3, we prove Theorem 1.1 as a

corollary of Theorem 2.8.

We remark that the formulas in Theorem 2.8 are simpler than those in Theorem

1.1. In the former, Ωβ,γ
ℓ (g, h) term with ℓ ̸= 0 does not appear. It may imply that,

the multicomponent operators as in Definition 2.3 instead of the iterated paraproducts

((f1 4 f2) 4 · · · ) 4 fn make the things simpler, but we do not touch such a problem in

this article.

§ 2. Key estimates

The aim of this section is to prove Theorem 2.8. First we recall the basics of

Littlewood-Paley theory and Bony’s paraproduct.

Definition 2.1. Fix smooth, nonnegative, and radial functions χ and ρ on Rd

such that

• supp(χ) ⊂ {x ; |x| < 4
3} and supp(ρ) ⊂ {x ; 3

4 < |x| < 8
3},
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• χ(x) +
∑∞

j=0 ρ(2
−jx) = 1 for all x ∈ Rd.

Set ρ−1 := χ and ρj = ρ(2−j ·) for j ≥ 0. For each j ≥ −1, define the Littlewood-Paley

blocks

∆jf := F−1(ρjFf)

of f ∈ S ′ = S ′(Rd), where F and F−1 are Fourier transform and its inverse, respectively.

Moreover, for any α ∈ R and p, q ∈ [1,∞], define Bα
p,q as the set of all f ∈ S ′ such that

∥f∥Bα
p,q

:=
∥∥∥{2jα∥∆jf∥Lp(Rd)

}∞
j=−1

∥∥∥
ℓq

< ∞.

Littlewood-Paley blocks decompose f ∈ S ′(Rd) into the infinite sum of smooth

functions ∆jf . The support conditions of χ and ρ are to ensure that spectral supports

of ∆if and ∆jf are disjoint if |i− j| ≥ 2. One of the applications of this decomposition

is Bony’s paraproduct.

Proposition 2.2 ([2, Theorems 2.82 and 2.85]). For f, g ∈ S ′, define

f 4 g =
∑

i<j−1

∆if∆jg, f � g =
∑

|i−j|≤1

∆if∆jg,

if the right-hand side converges in S ′. Let α, β ∈ R and p, p1, p2, q, q1, q2 ∈ [1,∞] be

such that 1
p = 1

p1
+ 1

p2
and 1

q = 1
q1

+ 1
q2
.

(1) If α ̸= 0, then ∥f 4 g∥Bα∧0+β
p,q

≲ ∥f∥Bα
p1,q1

∥g∥Bβ
p2,q2

.

(2) If α+ β > 0, then ∥f � g∥Bα+β
p,q

≲ ∥f∥Bα
p1,q1

∥g∥Bβ
p2,q2

.

We also consider a slightly more abstract setting.

Definition 2.3. Let α ∈ R and p, q ∈ [1,∞]. Define Bα
p,q as the set of all

sequences f = {f j}∞j=0 of smooth functions on Rd such that, Ff j is supported in

2jB = {2jx ; x ∈ B} with some ball B ⊂ Rd for all j ≥ 0, and

∥f∥Bα
p,q

:=
∥∥∥{2jα∥f j∥Lp(Rd)

}∞
j=0

∥∥∥
ℓq

< ∞.

We treat only p = q = ∞ in this article, but the following arguments still work for

general p, q by easy modifications. We write Bα := Bα
∞,∞ and ∥·∥α := ∥·∥Bα

∞,∞
in short.

Moreover, we treat only α > 0. The following estimates follow from the definitions and

Bernstein’s lemma [2, Lemma 2.1].

• For any f ∈ Bα with α > 0, the series
∑

f :=
∑∞

j=0 f
j converges in Bα

∞,∞, and

one has ∥
∑

f∥Bα
∞,∞

≲ ∥f∥α.
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• ∥∂kf∥α−|k| ≲ ∥f∥α for any k ∈ Nd, where ∂kf := {∂kf j}∞j=0. If α > 0,
∑

∂kf

converges to ∂k
∑

f in S ′, since for any φ ∈ S,( N∑
j=0

∂kf j , φ
)
= (−1)|k|

( N∑
j=0

f j , ∂kφ
)

N→∞−−−−→ (−1)|k|
(∑

f , ∂kφ
)
=

(
∂k

∑
f , φ

)
.

We consider an analogue of Bony’s paraproduct for these sequences. For any f ∈ Bα

and g ∈ Bβ with α, β > 0, we define

(f , g) := {f<jgj}∞j=0,(2.1)

where f<j :=
∑

i<j f
i. Since ∥f<j∥L∞(Rd) is bounded over j, it follows that (f , g) ∈ Bβ .

Similarly, for any sequence fn ∈ Bαn with αn > 0 (n = 1, 2, . . . ), we recursively define

(f1,f2, . . . ,fn) := ((f1,f2, . . . ,fn−1),fn).

Remark 2.4. The following arguments still work if we replace f<j with f<j−N

for some fixed N > 0. For instance, N = 1 was chosen in the above definition of

Bony’s paraproduct. If we define fn = {∆j−1fn}∞j=0 for some fn ∈ S ′, then the series∑
(f1,f2) =

∑
j ∆<j−1f1∆jf2 coincides with f1 4 f2. Note that

∑
(f1,f2,f3) ̸= (f1 4

f2) 4 f3 in general, since ∆j(f1 4 f2) ̸= ∆<j−1f1∆jf2.

We define the Taylor remainders for these multicomponent operators. For any

multiindices k = (ki)
d
i=1 and ℓ = (ℓi)

d
i=1 such that ki ≥ ℓi, define

(
k
ℓ

)
:= k!

ℓ!(k−ℓ)! .

Definition 2.5. For any sequence fn ∈ Bαn with αn > 0 (n = 1, 2, . . . ), recur-

sively define

α1···n := α1 + · · ·+ αn,

{f j
1···n}∞j=0 := (f1, . . . ,fn), f1···n :=

∞∑
j=0

f j
1···n,

Dk
1···n := ∂kf1···n −

n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m
|k2|≥α(m+1)···n

(
k

k1

)
Dk1

1···mDk2

(m+1)···n (k ∈ Nd),

T1···n(·, x) :=
∑

|k|<α1···n

(· − x)k

k!
Dk

1···n(x),

Ω1···n(·, x) := f1···n(·)− T1···n(·, x)−
n−1∑
m=1

T1···m(·, x)Ω(m+1)···n(·, x),

whereDk
(m+1)···n and Ω(m+1)···n are defined by the same way asDk

1···(n−m) and Ω1···(n−m)

respectively, by replacing f1, . . . ,fn−m with fm+1, . . . ,fn. In other words, Dk
w, Ωw, etc.

are defined for any finite sequence w = i1i2 · · · in of positive integers.
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To make sense of the above definition, we need the following lemma. Throughout

this section, we assume that

αm···n = αm + · · ·+ αn /∈ N for any 1 ≤ m ≤ n.(2.2)

Lemma 2.6. Under the assumption (2.2), Dk
1···n is well-defined as a bounded

continuous function for any |k| < α1···n.

Proof. First we prove some identities. For each j ≥ 0, we recursively define

Dk,j
1···n = ∂kf j

1···n −
n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m
|k2|≥α(m+1)···n

(
k

k1

)
Dk1

1···mDk2,j
(m+1)···n,

Ck,j
1···n = ∂kf<j

1···n − 1|k|<α1···nD
k
1···n −

n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n.

For simplicity, we write the definition of Ck,j
1···n as

Ck,j
1···n = ∂kf<j

1···n −
n∑

m=1

∑
k1+k2=k

|k1|<α1···m

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n

in short. Then we can derive

Dk,j
1···n =

∑
k=k1+k2

(
k

k1

)
Ck1,j

1···(n−1)∂
k2f j

n

+
n∑

r=2

(−1)r
∑

w1,w2,...,wr

∑
k1+k2+···+kr=k

|k1|<αw1 ,..., |kr|<αwr

k!

k1!k2! · · · kr!
Dk1

w1
Dk2

w2
· · ·Dkr−1

wr−1
Dkr,j

wr
,

(2.3)

where w1, w2, . . . , wr runs over all partitions of the sequence 1 · · ·n, that is, wi is a

sequence from ni−1 + 1 to ni for some 0 = n0 < n1 < n2 < · · · < nr = n. To prove

(2.3), we transform the definition of Dk,j
1···n into

Dk,j
1···n =

∑
k1+k2=k

(
k

k1

)
∂k1f<j

1···(n−1)∂
k2f j

n −
n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m

(
k

k1

)
Dk1

1···mDk2,j
(m+1)···n

+

n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m, |k2|<α(m+1)···n

(
k

k1

)
Dk1

1···mDk2,j
(m+1)···n.

(2.4)
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Note that we used Leibniz rule for f j
1···n = f<j

1···(n−1)f
j
n. Then by using the decomposition

(2.3) for Dk2,j
(m+1)···n of the second term in the right-hand side of (2.4) over 1 ≤ m ≤ n−2

(and Dk2,j
n = ∂k2f j

n for m = n− 1), we can obtain the same formula (2.3) for Dk,j
1···n.

From (2.3), we can recursively show that ∥Dk,j
1···n∥L∞ ≲ 2−jθn,k with some θn,k > 0

for any |k| < α1···n, hence D
k
1···n :=

∑∞
j=0 D

k,j
1···n converges in the supremum norm. Such

an estimate is obtained from ∥∂kf j
n∥L∞ ≲ 2−j(αn−|k|)∥fn∥αn and the next lemma.

Lemma 2.7. ∥Ck,j
1···n∥L∞ ≲ 2−j(α1···n−|k|)∥f1∥α1

· · · ∥fn∥αn
.

Proof. We assume that the estimate holds for Ck,j
1···m with m < n. Then it is

sufficient to show the formula

Ck,j
1···n =


−

∑
k=k1+k2

(
k

k1

)∑
i≥j

Ck1,i
1···(n−1)∂

k2f i
n, |k| < α1···n,

∑
k=k1+k2

(
k

k1

)∑
i<j

Ck1,i
1···(n−1)∂

k2f i
n, |k| ≥ α1···n.

(2.5)

From this formula and the assumption (2.2), we can recursively prove the required

estimate.

We prove (2.5). If |k| ≥ α1···n, since 1|k|<α1···nD
k
1···n = 0 we obtain

Ck,j
1···n = ∂kf<j

1···n −
n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n

=
∑
i<j

{
∂k(f<i

1···(n−1)f
i
n)−

n−1∑
m=1

∑
k1+k2+k3=k
|k1|<α1···m

k!

k1!k2!k3!
Dk1

1···mCk2,i
(m+1)···(n−1)∂

k3f i
n

}

=
∑
i<j

∑
k=k1+k2

(
k

k1

)
Ck1,i

1···(n−1)∂
k2f i

n.

In the second equality, we used the latter part of (2.5) for Ck2,j
(m+1)···n, since the conditions
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on k and k1 imply |k2| > α(m+1)···n. To consider the case |k| < α1···n, we decompose

Ck,j
1···n = ∂kf<j

1···n −Dk
1···n −

n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n

= ∂kf<j
1···n − ∂kf1···n +

n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m
|k2|≥α(m+1)···n

(
k

k1

)
Dk1

1···mDk2

(m+1)···n

−
n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m
|k2|<α(m+1)···n

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n

−
n−1∑
m=1

∑
k1+k2=k

|k1|<α1···m
|k2|≥α(m+1)···n

(
k

k1

)
Dk1

1···mCk2,j
(m+1)···n.

We write five terms as (A) + (B) +
∑n−1

m=1(C)m +
∑n−1

m=1(D)m +
∑n−1

m=1(E)m in order.

First, (A)+ (B) = −∂kf≥j
1···n in distributional sense. Here and in what follows, we write

a≥j :=
∑

i≥j a
i for any summable sequences {ai}i∈N. For (D), by using the former part

of (2.5) for Ck2,j
(m+1)···n, we have

(D)m =
∑

k1+k2+k3=k
|k1|<α1···m

|k2+k3|<α(m+1)···n

k!

k1!k2!k3!
Dk1

1···m
(
C

k2,(·)
(m+1)···(n−1)∂

k3f (·)
n

)≥j
.

For (C), by the formula (2.3), we have

(C)m =
∑

k1+k2+k3=k
|k1|<α1···m

|k2+k3|≥α(m+1)···n

k!

k1!k2!k3!
Dk1

1···m

∞∑
j=0

Ck2,j
(m+1)···(n−1)∂

k3f j
n.

Note that the second term of (2.3) does not appear in this case, since |k2| ≥ α(m+1)···n.

Hence by the latter part of (2.5), we have

(C)m + (E)m =
∑

k1+k2+k3=k
|k1|<α1···m

|k2+k3|≥α(m+1)···n

k!

k1!k2!k3!
Dk1

1···m
(
C

k2,(·)
(m+1)···(n−1)∂

k3f (·)
n

)≥j
.
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Consequently, we can write Ck,j
1···n = −F≥j with

F j = ∂kf j
1···n −

n−1∑
m=1

∑
k1+k2+k3=k
|k1|<α1···m

k!

k1!k2!k3!
Dk1

1···mCk2,j
(m+1)···(n−1)∂

k3f j
n

=
∑

k=k1+k2

(
k

k1

)
Ck1,j

1···(n−1)∂
k2f j

n,

which completes the proof of (2.5).

We return to Definition 2.5. The two-parameter function Ω1···n turns out to have

a role of Taylor remainder.

Theorem 2.8. Under the assumption (2.2), for any n ∈ N,

sup
x,y∈Rd

|Ω1···n(y, x)|
|y − x|α1···n

≲ ∥f1∥α1
· · · ∥fn∥αn

.

The main part of the proof is the decomposition of Ω1···n into good pieces. For any

θ ∈ R, define

T θ,j
1···n(·, x) =

∑
|k|<θ

(· − x)k

k!
Dk,j

1···n(x),

Ωθ,j
1···n(·, x) = f j

1···n(x)− T θ,j
1···n(·, x)−

n−1∑
m=1

T1···m(·, x)Ωα(m+1)···n,j

(m+1)···n (·, x).

Then Ω1···n =
∑∞

j=0 Ω
α1···n,j
1···n . Note that Ωθ,j

1···n = Ωα1···n,j
1···n for any θ with [α1···n] < θ ≤

[α1···n] + 1.

Lemma 2.9. Let n ≥ 2. For any θ > [α1···n] and j,

Ωθ,j
1···n(·, x) = Ωθ,<j

1···(n−1)(·, x)f
j
n(·) +

∑
|k|<θ

(· − x)k

k!
Ck,j

1···(n−1)(x)Ω
θ−|k|,j
n (·, x).(2.6)

Proof. Recall that we defined the notation

Ωθ(f)(·, x) := f(·)−
∑
|k|<θ

(· − x)k

k!
∂kf(x)

in (1.1). Before proving (2.6), we show the intermediate formula

Ωθ,j
1···n(·, x) = Ωθ(f j

1···n)(·, x)−
n−1∑
m=1

∑
|k|<α1···m

(· − x)k

k!
Dk

1···m(x)Ω
θ−|k|,j
(m+1)···n(·, x)(2.7)
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for any θ > [α1···n]. This formula is used in the next step. By definition of Ωθ,j , the

identity

Ω
θ−|k|,j
(m+1)···n(·, x) = Ω

α(m+1)···n,j

(m+1)···n (·, x)−
∑

α(m+1)···n≤|ℓ|<θ−|k|

(· − x)ℓ

ℓ!
Dℓ,j

(m+1)···n(x)

holds since θ − |k| > [α(m+1)···n]. By inserting it into the right-hand side of (2.7) and

using the definition of Dk,j
1···n, we obtain the identity (2.7).

Next we prove (2.6) from (2.7) by an induction for n. In general, an elementary

computation with Leibniz rule yields that for any smooth f and g,

Ωθ(fg)(·, x) = Ωθ(f)(·, x)g(·) +
∑
|k|<θ

(· − x)k

k!
∂kf(x)Ωθ−|k|(g)(·, x).

We write the right-hand side of (2.7) as (I)−
∑n−1

m=1(II)m in short. For (I), since f j
1···n =

f<j
1···(n−1)f

j
n,

(I) = Ωθ(f<j
1···(n−1))(·, x)f

j
n(·) +

∑
|k|<θ

(· − x)k

k!
∂kf<j

1···(n−1)(x)Ω
θ−|k|,j
n (·, x)

=: (I)1 + (I)2.

For (II)m with m ≤ n− 2, by assuming (2.6) for Ω
θ−|k|,j
(m+1)···n by induction,

(II)m =
∑

|k|<α1···m

(· − x)k

k!
Dk

1···m(x)Ω
θ−|k|,<j
(m+1)···(n−1)(·, x)f

j
n(·)

+
∑

|k|<α1···m, |ℓ|<θ−|k|

(· − x)k+ℓ

k!ℓ!
Dk

1···m(x)Cℓ,j
(m+1)···(n−1)(x)Ω

θ−|k+ℓ|,j
n (·, x)

=: (II)m,1 + (II)m,2.

Then (I)1 −
∑n−2

m=1(II)m,1 and (I)2 − (II)n−1 −
∑n−2

m=1(II)m,2 respectively produces the

first and second terms of the right-hand side of (2.6).

Proof of Theorem 2.8. We inductively show that

|Ωθ,j
1···n(y, x)| ≲ 2−j(α1···n−θ)|y − x|θ(2.8)

for any non-integer θ > α1···(n−1)∨ [α1···n]. For n = 1 and non-integer θ > 0, two Taylor

expansions up to order [θ] and [θ]− 1 yield the estimates

|Ωθ,j
1 (y, x)| = |Ωθ(f j)(y, x)| ≲

∑
|k|=[θ]+1

∥∂kf j∥L∞(Rd)|y − x||k|

≲ 2−j(α1−[θ]−1)|y − x|[θ]+1
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and

|Ωθ,j
1 (y, x)| =

∣∣∣Ωθ−1(f j)(y, x)−
∑

|k|=[θ]

(· · · )
∣∣∣ ≲ 2−j(α1−[θ])|y − x|[θ].

By an interpolation, we have

|Ωθ,j
1 (y, x)| ≲ 2−j(α1−θ)|y − x|θ(2.9)

For n ≥ 2, we use Lemma 2.9. The second term of the right-hand side of (2.6) is

bounded by∑
|k|<θ

|y − x||k|2−j(α1···(n−1)−|k|)2−j(αn−θ+|k|)|y − x|θ−|k| ≲ 2−j(α1···n−θ)|y − x|θ,

by Lemma 2.7 and the estimate (2.9) of the Taylor remainder for f j
n. The first term is

also bounded by∑
i<j

2−i(α1···(n−1)−θ)|y − x|θ · 2−jαn ≲ 2−j(α1···n−θ)|y − x|θ,

by an inductive assumption (2.8) on Ωθ,j
1···(n−1), and since θ > α1···(n−1).

Since Ωθ,j
1···n = Ωα1···n,j

1···n for any θ in a small neighborhood of α1···n, the next lemma

yields Theorem 2.8.

Lemma 2.10 ([7, Lemma 3.7], [8, Lemma 2.5]). Let {Ωj}j≥0 be a family of func-

tions on Rd × Rd such that, for some C > 0 and α > 0, the bound

|Ωj(y, x)| ≤ C2j(θ−α)|y − x|θ, x, y ∈ Rd

holds for any θ in a neighborhood of α. Then Ω(y, x) =
∑∞

j=0 Ω
j(y, x) absolutely con-

verges and

|Ω(y, x)| ≲ C|y − x|α, x, y ∈ Rd.

§ 3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. The two-component case (1) is a particular

one of Theorem 2.8 with n = 2, (α1, α2) = (α, β), and

f1 = {f j
1 = ∆j−1f}∞j=0 ∈ Bα, f2 = {f j

2 = ∆j−1g}∞j=0 ∈ Bβ .

We define (f1,f2) = {f<j−1
1 f j

2}∞j=0 instead of (2.1) to obtain f12 =
∑

(f1,f2) = f 4 g

(see Remark 2.4). Then we have

Ω12(·, x) = f 4 g(·)−
∑

|k|<α+β

(· − x)k

k!
Dk

12(x)−
∑
|k|<α

(· − x)k

k!
∂kf(x)Ωβ(g)(·, x)
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with a bounded continuous function Dk
12 = Dk(f, g) as in (1.4).

From now on, we focus on the three-component case (2).

Lemma 3.1. Under the assumptions of Theorem 1.1,{
Rj := ∆j−1(f 4 g)−

∑
|k|<α

∆<j−2(∂
kf)∆k

j−1g
}∞

j=0
∈ Bα+β ,

where ∆k
j−1g is defined by

∆k
j−1g(x) =

∫
Rd

(F−1ρj−1)(x− y)
(y − x)k

k!
g(y)dy.

Proof. It is sufficient to consider j ≥ 0. We integrate the both sides of (1.3)

multiplied by F−1(ρj−1)(x− y) over y. Since
∫
F−1(ρj−1)(x)x

kdx = 0 for any k ∈ Nd,

only the terms

∆j−1(f 4 g)−
∑
|k|<α

∂kf∆k
j−1g = O(2−j(α+β))

remain. Since ∆i∆
k
j g = ∆k

j∆ig vanishes if |i− j| ≥ 2, we can see

|∆k
j−1g(x)| ≤

∫ ∣∣∣F−1(ρj−1)(x)
xk

k!

∣∣∣dx ∑
|i−j|≤1

∥∆i−1g∥L∞ ≲ 2−j(β+|k|)

by the scaling property of F−1ρj . Since

∥∆≥j−2(∂
kf)∆k

j−1g∥L∞ ≲ 2−j(α−|k|)2−j(β+|k|) = 2−j(α+β)

for any |k| < α, we have the required estimate for Rj .

Proof of Theorem 1.1. Let

f
(k)
1 = {∆j−1(∂

kf)}∞j=0 ∈ Bα−|k|, f
(k)
2 = {∆k

j−1g}∞j=0 ∈ Bβ+|k|,

f3 = {Rj}∞j=0 ∈ Bα+β , f4 = {∆j−1h}∞j=0 ∈ Bγ .

Then by Lemma 3.1, we can write

f 4 g =
∑
|k|<α

f
(k)
12 + f3, (f 4 g) 4 h =

∑
|k|<α

f
(k)
124 + f34,

where f
(k)
12 =

∑
(f

(k)
1 ,f

(k)
2 ), f3 =

∑
f3, f

(k)
124 =

∑
(f

(k)
1 ,f

(k)
2 ,f4), and f34 =

∑
(f3,f4).

Here we use the definition (f , g) = {f<j−1gj} instead of (2.1). By Theorem 2.8, each

of f
(k)
124 and f34 has the estimate of the forms

Ω
(k)
124 = f

(k)
124 − T

(k)
124 − T

(k)
1 Ω

(k)
24 − T

(k)
12 Ω4 = O(| · −x|α+β+γ) (|k| < α),

Ω34 = f34 − T34 − T3Ω4 = O(| · −x|α+β+γ).
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We can conclude Theorem 1.1 by reorganizing the sum
∑

|k|<α Ω
(k)
124 + Ω34. The sum∑

|k|<α T
(k)
124+T34 is reorganized as the polynomial part

∑
|ℓ|<α+β+γ

(·−x)ℓ

ℓ! Dℓ(f, g, h)(x).

Next we consider the terms containing Ω4. Note that T
(k)
12 =

∑
|ℓ|<α+β

(·−x)ℓ

ℓ! D
(k),ℓ
12 ,

where

D
(k),ℓ
12 = ∂ℓf

(k)
12 −

∑
ℓ1+ℓ2=ℓ

|ℓ1|<α−|k|, |ℓ2|≥β+|k|

(
ℓ

ℓ1

)
∂ℓ1f

(k)
1 ∂ℓ2f

(k)
2 .

Since f
(k)
2 =

∑∞
j=−1 ∆

k
j g =

∫
δ(· − y) (y − ·)kg(y)dy vanishes if k ̸= 0, we have∑

|k|<α T
(k)
12 + T3 =

∑
|ℓ|<α+β

(·−x)ℓ

ℓ! Dℓ(x) with

Dℓ =
∑
|k|<α

D
(k),ℓ
12 +Dℓ

3

=
∑
|k|<α

∂ℓf
(k)
12 −

∑
ℓ1+ℓ2=ℓ

|ℓ1|<α, |ℓ2|≥β

(
ℓ

ℓ1

)
∂ℓ1f

(0)
1 ∂ℓ2f

(0)
2 + ∂ℓf3

= ∂ℓ(f 4 g)−
∑

ℓ1+ℓ2=ℓ
|ℓ1|<α, |ℓ2|≥β

(
ℓ

ℓ1

)
∂ℓ1f∂ℓ2g

= Dℓ(f, g).

Hence (
∑

|k|<α T k
12+T3)Ω4 =

∑
|ℓ|<α+β

(·−x)ℓ

ℓ! Dℓ(f, g)(x)Ωγ(h). Finally we consider the

term T
(k)
1 Ω

(k)
24 . For k = 0, we have

T
(0)
1 Ω

(0)
24 =

∑
|ℓ|<α

(· − x)ℓ

ℓ!
∂ℓf(x)Ωβ,γ(g, h)(·, x).

For k ̸= 0, since f
(k)
2 = 0,

Ω
(k)
24 = f

(k)
24 −

∑
|ℓ|<β+γ+|k|

(· − x)ℓ

ℓ!
∂ℓf

(k)
24 ,

where f
(k)
24 =

∑
j ∆

k
<j−1g∆jh =: g k4 h. This is the third term of the right-hand side

of (1.5).
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