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ON THREE DIMENSIONAL COMPACT KAEHLER MANIFOLDS

OF NONNEGATIVE BISECTIONAL CURVATURE

Shigetoshi Bando

1. Statement of the results.

After the solution of Frankel conjecture by Mori [5] and
Siu-Yau [8], it is natual to consider the classification of
compact Kaehler manifolds of nonnegative bisectional
curvature. In this direction there are some previous works,
for example, the characterization of hyperguadrics by Siu
{771, and the splitting theorem of Kaehler manifolds of
nonnegative bisectional curvature by Howard, Smyth, and Wu
[3],[9]. Besides these general dimensicnal studies there is
a low dimensional result by Howard and Smyth [2], that is
the complete classification of two dimensional compact
Kaehler manifolds of nonnegative curvature. In this paper
proceeding in this direction we consider the case of three

dimension, and obtain some results which, combined together

with the above results of Howard, Smyth, and Wu, [2], [31,
and [9], enable us to settle the classification of three
dimensional compact Kaehler manifolds of nonnegative

bisectional curvature.
The author would like to thank Prof. S.-T. Yau, under

whose advice this work was done.
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Theorem 1.

Let M be a three dimensional compact Kaehler manifold of

nonnegative bisectional curvature. If M has quasi-positive

Ricci curvature, M is biholomorphic to one of the

followings, P*, ©°, P' xP*, P'xP'xP'.

Here guasi-positive means semi-positive definite

everywhere and positive definite somewhere.

Remark.

By our proposition 3 stated below one can easily see that

in the above c¢ase the assumption of quasi-positve Ricci

curvature is equivalent to positivity of first Chern class.

Theorem 2.

Let M be an n-dimensional (n 23) compact Kaehler manifold

of nonnegative bisectional curvature which satisfies
condition (C) at every point . If there exists some point pe

M such that for all O # X€T,M, dim N(X) $ 1, then M i

biholomorphic to either P" or @".

Theorem 2 is a slight generalization of the result of Siu
[7], and we used his notations , but his notation N(X) is

slightly different,

TM ; the holomorphic tangent bundle,
Q" ; n-dimensional hyperquadric,
N(X) = { YeTyM : R(X,X,Y,¥) =0, YaXx},

condition (C) at p ; if TrM = H, ®H, is a decomposition
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into orthogonal direct summands and if 0 # X, e H (i =

1,2), then either H, {N(X,) or H,¢N(X,),
in Siu's case there is no orthogonality condition on Y.
2. Proof of theorem 2.

First remark that in this paper the sign convention of
curvature 1is chosen so that in the case of positive
bisectional curvature, R(X,X,Y,¥Y) is to be positive for any
non~zero holomorphic vectors X and Y. Since the proof of
theorem 2 is almost same as that of Siu's, we will only
point out the places where change must be done and write the
altered argument, thus readers are asked to refer his paper
(71.

He used only twice the condition corresponding to
(*) dimc N(X) € 1, for all X € TpM.

One of them is the following way. If £ : PP— M is a non-
constant holomorphic map such that £(0) = p where pé€M is
the point that satisfies (*), one can decompose the induced
holomerphic vector bundle f®*TM into n holomorphic 1line

bundles,
£FTM = L ® L@ © L,.

Then we conclude first Chern class C (L) > O except at most
one L . Under our assumption we argue as follows.

Calculating the curvature of the dual L;*of Ly with respect
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to the induced metric we have C (L) 2 O. Moreover if C,; (L
) = 0, the bisectional curvature in the direction of f4TP‘
and L; is 0, and LXis trivial, there exists a non-vanishing
holomorphic section u. Let X be any holomorphic tangent
vector field of P' , then the contraction u(f, X) makes a
holomorphic function on P', and X vanishes somewhere, thus
u(f, X) = 0. Therefore, if there are two L;s with C (L,) =
0, a contradiction arises at some point near p. (Remark
that the points which satisfy (*) make an open set.) The
other way Siu used (*) 1is very similar. Let E be the
divisor of df, where f is again a holomorphic map from P' to

M, then TP' x[E] C £¥TM. In the decomposition
£X¥TM / TP'X[(E] = Q, @ Q, -~ @ Qpy

we have C,(Q,) > 0 at most one exception. The argument is

similar. Therefore we obtain theorem 2.

Corollary.

Let M be an n-dimensional (n23) compact Kaehler manifold

of nonnegative bisectional curvature. If (*) holds at evry

point on M, M is biholomorphic to either P" or @Q".

We will use this corollary in the case n = 3 to prove
theorem 1. Our methold is that assuming the manifold is
biholomorphic to neither P} nor 9} , we deduce that there
exists at least one P' factor and apply the classification
of two dimensional case. Beforehand we have to prepare some

propositions on Hamitlon's equation.
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3. Hamilton's equation.

In his paper [1] Hamilton introduced a evolution equation
on metric tensors, and proved it has local solvability. He
considered real three dimensional case and proved that the
equation preserves nonnegativity of Ricci curvature, but we
will use it in complex three dimensional case and prove that

it preseves nonnegativity of bisectional curvature.

Proposition 1.

Let M be a three dimensional compact Kaehler manifold and

consider the following equation on Kaehler metrics.

d/dt E;f =N I Gl0= 2 given metric.

Then it preserves nonnegativity of bisectional curvature,

h

and 1 the initial metric has positive bisectional

curvature, it remains so.

The proof is almost same as Hamilton's case. But his
proof had a slight gap and these kinds of propositions are
very important in our argument and we will employ them many
times, thus we write a proof of proposition 1 for
completeness. But we will state other facts, which can be

similarly proved, as propositions without proof.

Proof of proposition 1.

Calculating directly we get

“»i
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where
O=-120".
that is a real operator. Set,
c - - = - - -
that is a parallel tensor. Then,
< - . L - c - - C -
d/dt R ﬂ;‘ﬁ 1/2[RyzR aj <l + RaJR (31

*RGRY oDt RaiR (Jenl
For short we write the above equations in the following way.
d/dt R = QR + F(R) - 1/2 Ric * R
d/dt R®* =JR® - 1/2 Ric * R
We postpone the procf of the property (#) of F(R) below.

(#) if R(X,X,Y,¥)20 for all X and Y€ T, M and there
exist two unit vectors X. and Y, such that

R(Xy,Xo.Ye, ¥ ) = 0, then F(R)(X,,Xo.Yo.%)2Z 0.

Assuming this property we first complete the proof. Since
to prove the proposition it is sufficient to do for a short
time, we work in some short time interval whithout

specification. First let us define some notations. For two
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tensors u and v which have the same symmetric properties as
curvature tensor, we define uP; VP (uP 7VY)- if uP(X,f,Y,S—{)z
VY(X,R,Y,?) (uP(X,K,Y,?)7>v?(x,i,Y,§) respetively) for all
non-zero X and Y(:‘I‘?M, and u 2 v (upyv) if uyz Ve (uP> Ve
respectively) for all p €M. Since F(R) is smooth in R and R® >

0, there exists a positve constant C such that
F(R) 2F(R + uR®) - Clu}R®, for u€R, {ul<l.

Let f be a real valued function and e» 0 a small real

number.
d/dt (R + efR®) = [J(R + efR¢) + F(R)
- 1/2 Ric * (R + efR?)
+ e(dy/dt £ - O £)R®
ZYI(R + efR®) + F(R + efR®)
- 1/2 Ric * (R + efR%)
+ e(d/dt £ - 3 f - C{fI)RE.
We choose f to be the solution of the followihg equation.

d/dt £

N
0
Hh
o+

cf + 1,

£

[

t<0=

Then £ 70 and we get

d/dt (R + efR®) » [J(R + efR®) + F(R + efR%)
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- 1/2 Ric * (R + efR®)

Here we can prove R + efR® » O. If it is not true, there is

the first time t¢7 0 so that it fails to hold, because R\‘,oz

0, flt—c> 0. By the definition it follows that at t.
(R + efR)(X,X,Y,¥)20 for all X and YeTrM,

and there exist a point p ¢éM and unit vectors X and Y eTPM

such that

(R + efR%)(X,, %o, Y% .% ) = O.
thus we get at t.,

F(R + efR®) (X, ,Xo,Ye Y ) 20,

and if one of the vectors in the expression (R + efR‘)(Xo,f‘,
Yo ,?c) is replaced by an arbitrary vector, it gives zero,

in particular,
Ric * (R + efR®)(X.,X..Y0,Y.) = O.

We extend X, ,Y. to be vector fields such that VX., YY¥ =0

at (ts, pP). Then we get at (t,, p)
0 Zd/dt [(R + efR®) (X0, % Yo, % )]
= [d/dt (R + efR%)](Xe.Xe, Yo, Y )

> [ (R + efR®)](Xo.%a, Yo, Y% )

CI(R + efR°)(Xs,%Xp,Y0,% )] 20
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This is a contradiction. Thus we get R + efR® » O for all
sufficiently small e ) 0, that means R2 0.

The proof of the 1last statement of the proposition is

similar.
d/dt (R - fR°) 2 T}(R - fR®) + F(R - £fR%)
- 1/2 Ric * (R - fR%)
+ (-dydt £ + OFf - Ci{f)R".
We choose the function f so that
R - chlt:c% 0, f'T:\_’Z 0. f\uc:t 0.
d/dt £ =\Jf - Cf.

Then we get by the above aurgument R - fR® 2 0, and it is
well-known that under the conditions £ is positive for t%
0, {(c.f. [6}).

Finally we ©prove (#). First we get the following

inequality considering the second variation.
(#) [ |R(%.X, Ye, D] + |R(X. XY, T\ 1*
<€ R(X¢. %o, Y. T)R(X,X, Y0, Y )
for all X, YeTPM.
F(R)(XQIXO/YO /YO)
- - - 2 - - 2
= Z UR(Xe BB Vo) - |R(Xa,E(, Yo, Ej)

: J
\.,J
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+R(xc,'>‘<o,E;,‘E‘J JR(E; JEi, Yo, Y6) ]

- - = & o = - =
27, [~lR(X°,EL,Y°,EJ)| + R(XO,XO,EL,EJ)R(EJ,EL,YO,Yb)],
Y)
where {E;} is an orthogonal basis of TFM'
We divide into two cases.
First case ; X/l Yo .

In this case we can assume X, = Y. .Then,
F(R) (X . Xe, Yo, Yo )

2 2 - |R(Xe. B X W+ Irixe X BLEDY T
\/J

By the symmetry of curvature tensor we can choose E; so that

R(xc,i‘,xc,i‘)) =0 if i # j

Then,
F(R)(Xc¢.}-{C/YQ /YC)

— - - 2 - -— 2
Z Z. [-lR(XO’EL’XO’Et)‘ + ‘R(XC’XC"EC.’EL)' ]

+

Z 0 by (##).

Second case ; X HKY,.
Because T?M is of three dimension, there is a unigue unit
vector E (of cause unique up to constant multiplication)

which is orthogonal to Xg and Yo . Then,

F(R) (Xo,Xo,Yo.Y)
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2 - |R(X,,E.%..E)I'+ Z R(Xo,io,E;,fb‘ JR(Ej,Ec, Ye , Te)
'/
)

’

where we used the fact that if one of the vectors in the
expression R(Xo,io ,Y°,§; ) is replaced by an arbitrary

vector, it gives zero. We have two cases.

-—

Case 1 ; R(X., X, X¢.Xe) = 0 or R(Y,Y.Y% ,%) =0

Case 2 ; R(X,.% ,%X.% ) # 0 and R(Y,.Y,,Y% . .%) # 0

Case 1 is easy, for example in the case R(Xo,io,xc,ic) =

O, we choose {E‘s to be {Xi, Yo, E}, then,

Z R(Xol}—(GIELIE )R(E /E"
»lJ J J

= R(Xe.X..E,E)R(E,E,Y,.Y,) .
F(R)(Xg, %o, ¥y, Y, )

—— - P 3 — - — —
2 -|r(X.,E, % E)| + R(X,.Xo,E,E)R(E,E, Y, ,7,)

20 by (##).

In case 2 we argue as follows. By (##) we get that for

any complex numbers s, t €C,
—_ - 2 e e e 2
|R(X,E, ¥ E) = |R(Xe,E = ¥, , % ,E - 5%o)|
% R(Xo.Xo/E - 8Xo,E - sXo)R(E - tY, ,E - t¥,,Y,,Y,)

Choosing s, t suitably, we get that

irR(X,,E, v, ,B)|*
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. r = < T a2 = -
< [R{(X¢,Xo,E,E) - \R(XQ,XO,E,Xo)l/R(XO,XQ,XO,XO)]

_ - _ — _ -
X [R(E,E,Y¥,Y% ) - |R(Y6,E, Yo, Yo)I /R(Ye Yo, Yo, %) ]

We choose {E¢} to be {X/ ,Yo ,E}, X/ = aXo + bY¥,.

zJ R(XO,XO,EL,EJ')R(EJ E Y. T0)

- - — - - - —/ —_
R(X,,%o,E,E)R(E,E, ¥e,%o) + R(Xo.%o, XX )R(X",X’,Ye,¥0)

+

R(XOI)-(OIEIT( /)R(XIIE/YC /?O) + R(Xol)‘( IX/IE)R(EI)—(/IYQI?O)

R(Xo,Xo,.E,E)R(E,E, Y , Yo )
2 — — — -

+ 1ab|R(X, . X, X0, Xo)R(Y, , Yo, Yg, ¥ )

+ 2Re[3DR(X,, %o, E,Xo)R(Yo,E, Y, ¥ ) )
F(R) (Xo.Xo, Yo, ¥o)
2 -[R(Xe.Xe,E,E) - |R(Xe.Xo, E,Xo)|/R(X,s, X0, X0, Xo) ]

- — - — b3 —— —
X [R(E,E,Yq,Ye) - lR(E,Yo,YO,Yo)I/R(YO,YC,YO,YO)}

+ R(Xq,Xo.E,E)R(E,E, Ye,%0)

- -— 2 - —
- IR(Xe/. X6/ E. X)) /R(Xg.Xp X0 Xq)

- s 2 S s
x’R(E,YO,Yb,Yb)'/R(YOIYolYo'Yo)

-— -_ - — 2 -— -—
R(XolxolE/E)IR(EIYO/YOIYO)' /R(YO,YO /Y° IYo)
+| R(Xg,% 6. E,Xg) | /R(X, . K¢ , X, Xo) R(E,E,Yq.%,)

- 2|R(Xg. X4, E, X)) /R(X¢, Xy Xg. %K)
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- a— 2 -— —
X‘R(E,YC,YQ,YC )‘ /R(Yc IYQIY()IYO)
Z0

We state several properties on the solutions of the
Hamilton's equation which can be proved similarly. We
always assume that the considered manifold M is of three
dimension and the initial metric has nonnegative bisectional

cuvature, so the solution metric remains so.

Proposition 2.
For the solution metric at t» 0, if R(X,X,Y,Y) = 0 with

some 0 # X, Y €TpM, then R(X,”, .,¥)

1]

0.

Proof.
Extend X,Y to be vector fields as in the proof of

proposition 1. Then, from the proof
0 = dsdt (R(X,X,Y,Y)] = {1IR(XXY,¥)] + F(R)(X,X,Y.,Y)

2 Z\RGELE, DI,
c.d

Proposition 3.

If the initial metric has quasi-positive Ricci curvature

then for t > 0 the solution metric has positive Ricci

curvature.

Proposition 4.

If the initial metric has the property (*) at some point

then for t » 0 the solution metric has the property (*)
>
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everywhere. In particular M must be biholomorphic to either

B3 or @J.

Corollary.

M is biholomorphic to neither 23 nor ©3, then for every

point p« M there exists non-zeroc vector }_(EEPM such that

Proposition 5.
If the initial metric has a point p €M such that

for any orthonormal basis {X,Y,2}of TpM,

then the solution metric at t 2 O has the above property

everywhere.

Remark.

In the proof of proposition 4,5 we must be careful about

the orthogonality condition on vectors. It must be

compensate by the term -1/2 Ric * R.

4. Proof of theorem 1.

From now on we assume, besides the assumption of the
theorem, that M is biholomorphic to neither PPnor 3. We
understand that when we mention metric, curvature and so on

we always mean those of a solution metric of Hamilton's
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equation. Especially we have positive Ricci curvature and
(**) is satisfied by some non-zero vector X*:T,M for every p
M.

We have two cases at each point pée M.

Case 1.
The vetor X éI&M satisfying (**)’is unique up to constant
multiplication.

Case 2.
The vector X &I@M satisfying (*¥*) is not unigque up to
constant multiplication.
First we look at case 2. By the proposition 2 for such 0

+ X éT?M we have
R(X,*,:,¥) = 0 for all Y1iX, YeT, M.

Let X/ be another vector satisfying (**), which is linearly
independent of X, satisfying (**), then since dim T M = 3,

there exists a unit vector ¥ such that
R(X,7,.,¥) = R(X'7,,¥) =0, Y1 X x"

This means that Y also satisfies (**). Replacing x’/ by ¥ in
the above argument we obtain an orthonormal basisiX,Y,Z}
which cosists of vectors satisfying (**). It is easy to see
that the orthonormal basis of such properties is unique up
to constant multiplication and that every vector satisfying
(**) 1is a constant multiplication of some element of the
orthonormal basis. We remark that the positivity of Ricci

curvature is used here.
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Thus by proposition 5 we know that either case 1 holds
everywhere or <case 2 holds everywhere, and in both cases
vectors with the property (*%*) are unique in appropriate
sense. Here, again using the positivity of Ricci curvature
we can prove in both cases such vectors make differentiable
distributions. We want to prove that these distributions
are parallel. Since we know that M is simply connected
because of positive Ricci curvature (c.f. [9]), we can apply
the de Rham decomposition theorem and get that M is

biholomorphic to P' xN®* in case 1, or biholomorphic to P'xP'

xP' in case 2. Here we applied the classification of two
dimension case (c.f. [2]), and get N 1is biholomorphic to
either P or P'xP'. This is the desired result.

The proof of parallelism of the distributions is actually
the same in both cases, we will consider only case 1. Since
parallelism is a local property, we work locally from now
on. Let 0 # X €TpM be a vector with the property (**) and Ye&
TpM be an arbitrary vector orthogonal to X. We extend them

to be vector fields. Then we have at p that
0 = d/dt [R(X,X,Y,¥)] = [d/dt R](X,X,Y,Y)
= [OR}(X.X,Y,¥) + F(R)(X,X,Y,Y)
- 1/2 [Ric * R}(X.X,Y,¥)
2 [ORI(X.X,Y,Y)

0 £ OIR(X,X,Y,Y)]
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= [AR](X,X,Y,Y) + [VRI(VX.X,Y,¥) + [VRI(X,VX,Y,Y)

+

[VRI(X,X, VY, T) + [VRI{XX, Y. UY)

+ R(OX,%,Y,¥) + R(X,JX,v.¥) + R(X,X,3Y,7)

+

R(X,X,Y,d%) + R(YX, VX, Y.¥) + R(PUXX Y, 7)

+

R(VX,X.Y,7Y) + R(X, VX, VY.Y)

+

R(X, VX, Y, VY) + R(X,X, VY, VY)
£ (VRI(TX.X,Y,.9) + [VRI(X,VX,Y,¥) + [PRI(X,X,VY,Y)
+[VRI(X.X, Y, 7Y) + R(VX, VX, ¥, ¥) + R(X,X, 7 ¥, VY),

since R(X,~,Y,7 ) = 0 by (##). The above inequality holds
for any extension X,Y, thus if one of the vectors 1in the
expression [‘7 R](X,X,Y,Y) is replaced by an arbitrary
vector, we get O.

Next we choose X as a vector field satisfying (**) and Y as
any vector field orthogonal to X. Then we get for any vetor

field 2

o
I

VIR(2,%,Y.7))

(7R1(2.X.Y.¥) + R(V 2,X,Y.Y) + R(Z,7X,Y,Y)
+ R(2,X, 7T + R(Z.ELY,7T)

We know that except R(Z,  X,Y,¥) all other terms vanish,

thus
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R(Z, Vi,Y,?) = 0 for any vector Z, and any vetor Y.i X.

This implies /X /# X. It means that X gives rise to a

parallel distribution.
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