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1 Introduction

Diffeology 1% 1970 4EH1C Kuo-Tsai Chen, 1980 4EE1IC Jean-Marie Souriau (Z & D jll & DG T Z O
B, ZREORILD—DTH 3. [Ig], [Ig4] i< LHUZ, Jean-Marie Souriou D 7 £ 7 7 DS 1Z MR
I RGNS D S K 2 BEE B B TRV W WS BN 25D TH o722 0IH 03, OB
2RSS CW B EZ EORERE LB T 25D o7,

ZRR D B ERRIIMEIEDZ { B R S DTH %203, —)5T Diffeology DENIH - FE - LS - BT
FILTW2DAKS TR - REERZFEB LTS 7 VHTHY CORTEETHS. ZOFRE LTS
A > TWB b DEED, £ DXR% Diffeclogy Tl S Z & ZHREIC L7z, (Hl 21X singular space
RATTEB R S EN O FE LD DT AMIET 2 Z D TE 3. Souriau DA TH o 7 Patrick
Iglesias-Zemmour {2 & D, #EXIT b —F 2%l & LT singular space ND 7 7' 1 —F D AJREMEAVRIE X U8
RHZDFEMDED D ZRBINTWAIRFICH 5.) EEEHEETHEOSN TV 2SO RS D BfEE
IR TiTbhiTwad e 2ATHD, il 21X Higher homotopy theory, modeling space, Cartan-de Rham 3
RERY—RERLZICHERINT VLS.

Principal G-bundle ® Cech IRER Y —HZD S5 ED—DTH 3. 2021 4 [KWW] 1235\ Tl& principal
G-bundle DFREHHDHES & 1 XD Cech AFERY — L DRHSHIRINT WS, S, ZORHHE AL
T principal G-bundle DEAICH, KOG LT EA Lz, flz AN w5 Z DA Patrick Igresias-
Zemmour 12 X DERIITORTWEHDTH D ([Ig]), ZORBICBEHL TS [Ig) DdD L —HT 2R 7o
TWw3. BB [KWW] OGN [Ig] OFNC &K DRGSR 725 £ 52 5. UUT Diffeology OEFE LA
DIFFNCRE R EE DOFIHD S50, [KWW] ONED D7 —EHOMRICOWTHZMEH T 5. i1
i D& [N 12adh 32 FETH 5.

2 Diffeology

Z DETIEIAFITHER diffeology D—fGaE £ 2. ZOTEDEZ L ONRIE [Ig) #BEL L TW379D,
FEHNEEE SR BHLTIELV. BFIEHE,HIHD 5.

Definition 2.1 (Diffeology)

X 252 3%, Bucid ZHOHESDL? S X NOBRDES % parametrization ¥ WO, ZDEEZ
Param(X) := {p : Uy, — X |U, : open set of R, n € N} LD 2, X D diffeology Dx &I XD
(D1)-(D3) &7z 3 Param(X) DEREED I L TH 5,

(D1) (Covering axiom) Dx &2 THEFELGHRE & .

(D2) (Locality axiom) 52 5417z p € Param(X) IZH LT {Uy}o % p D domain U, DFEETH 2 &5
%o {f%’ﬁ\@ « LZEQL“C P|UQ Uy = X iRl Dx 1273 FNTWVW3E %, p bHE Dx DILTH 5.

(D3) (Smooth compatibility axiom) p: U, =+ X % Dx OTLTH2L T2, C°WER f: U U, & p
EDEITE Dx B END.
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diffeclogy \Z& 412 0% plot £ W\, diffeology DEFRINTEE X % diffeological space ¥\ o (LU,
W D &L plot p D domain % U, LT 2 eHH D))

Example 2.2 (Euclidean space)
X =R", Dgn := C®R") DEFEEREZ D L. Drn H35M (D1)-(D3) 2ifli/z L T02 Z L XES IO 5.

Rz, diffeological space D EALDHEENZDOWTEAT 5. Smooth map 3RICH T £ % diffeological space
DVE Diff DFNTELE T 5. F 7z diffeomorphism 1% diffeology (2HB 1 % isomorphism T 5.

Definition 2.3 (Smooth map, Diffeomorphism, Subduction)

(X,Dx), (X', Dx), (Y,Dy) % diffeological space M T} Z @ diffeology & 3 5.

CER f X =Y D “smooth” TH 2 EIE, EED Dx D plot p E DA fop B3ET Dy D plot 725
BExzwd.

cfRBETHY HD ! b Esmooth THD L E, f % “diffeomorphism” £\5.

< BB f D “subduction” TH 2 21X, RD i) ki) BlillzE N2 2205,
) flReHTH
it) fFEE D Dy D plot p MTHD domain DHEEDTE v € U, WL T, u OBAERE V, XU plv, = foq

Ei72 3 plot ¢ € Dx DFEET 5.

f:X =Y 2 subduction TH 2 & Z, g: X' — X 2% smooth map/subduction TH 2 Z &k fog D
smooth map/subduction TH 3 Z & L[AETH 5.

Introduction TiRR7zH#£1Z, diffeology D RWRHH & UTHPES - # « 7 - Fcx L B diffeology 23 A
B2LWVIEDBDD. TNTNE DRRIZER L R 202X THHT 5.

Definition 2.4 (Some constructions)
(X,Dx),{(Xa,Dx.)}a % diffeological space & H D diffeology D, M P ZNHDEE T 5. £z X OF
NEGU, BEBRp: X - X/ ~DPEIAONTVEHDE T3, T2, ROMIEAES - B - - Al
(X,Dx), {(Xa, Dx. )} a 25O diffeology % A3 = L BT E 3.
(E %A “subset diffeology’]
Dx D plotp DS5H, Im(p) CU %2 DDETDOEAR.
(#& “product diffeology’]
p € Param([[, Xo) @55, fEED a D projection pry : [[, Xoa = Xo EDERDE7 Dy, IZEFH
2H0ETOEA.
(/& “quotient diffeology’]
p € Param(X/ ~) @55, p D domain DIEEDIT v € U, IZBILT ply, = po g &3 v ORI
Vo, XU q € Dx DEET2HDETDES.
(F1 “sum diffeology”]
Param([], Xa) DTTp D5 B, EED domain DIC v € U, IZH L 14 0 plv, € Dy Zifi7ed a XP v D
BEERE V, DTIET 2R TOHEAE. TIT 1o Xo = [[, Xo BEEEBRTH 2.

Kz diffeology EDENZDOWTHNT 5.

Definition 2.5 (Category of diffeological spaces)

diffeological space D& Diff & 1%, X5 % diffeological space 214, 1% smooth map &Kk ¥ L TR X 3
BTHh3.

Definition2.4 ¥ 4, [& Diff 1Z_FCD set-theoretic ZHBEICE L THLEL TWAETHZ L ES N TE
%. [ Diff 2210 DENCH LT ED & 5 RALERIT & R 2H07R LTz DDIRD Remark TH 5.

Remark 2.6
Mfd % Z RO, Top ZHAEZRI DR, Set®” % simplicial set DR L 5 3. Diff £ Top & Diff & Set®”



L OMICIIBEREDBARAIH D, —F Mfd 225 Diff NIZTUEBIFBTFET 5.

Set®”
s
N
SPI-llIp ||
D
Mfd &——— Diff 1 Top
c

TN TARRZGEAED 212D 72> TIEWICEBE L R 2R TH % generating family IZOWTHHT 5. TE
@ diffeology 1& generating family 2455, WiZ (4R generating family & 7% % )parametrization DEE D&
diffeclogy 24T % Z & b HIkS. HIZ, Z DD Nebula, Diffeological group bRIHEHT 2R TH 5.

Definition 2.7 (Generating family)

(X,Dx) % diffeological space & H®D diffeology TH % & F 5. Dx D generating family Q ¥ & Dx DI
DEETH o TROGFMEWMZTDDEVS. HIBLED p € Dx R u e U, LT, ply, =qo f &
725 u DBEFE V, , QDT q, CX MBS [V - U, WFEET2HDTH 3.

£ D diffeology I generating family % & 5, ¥l 5 -2 547z parametrization DFES Q 55 diffeology
<O>EEBTHIENTES. < Q> 1F 9 ZELL T diffeology @ intersection TH 5.

Example 2.8 (Manifold)

(M, {po}a) ZE2RIRE ZD atlas TH D LT 5. < {p 1}a > & {p 1}a 2 BEK SN diffeology TH
b, ZAUT & b ZEER M 12 diffeology 23 A % . Mfd < Diff (Remark 2.6) (& Mfd DX % Z OFRIE T Diff
DORMFUTEE B 2FTH 5.

Denifition 2.9 (Nebula)

(X, Dx) % diffeological space & H D diffeclogy & L, Q % Dx @ generating family & 3 %. Q IZBIHIL 72
Nebula 21 N(Q) = [[,co Uy TED HNDZEEITHIOD diffeclogy % AfLd Z & T diffeological space &
BoldbDzWnd.

qeQ

Definition 2.10 (Diffeological group)
Diffeological group G £ 1%, multiplication 2 ¥ inversion map 2% smooth & 7% 2 #kICHE G 1T diffeology % A
N7edbDTH 5.

3 Principal G-bundles on diffeological spaces

diffeology 1231) % principal G-bundle DJEF I P.Iglesias-Zemmour ORI ([Ig]) ICRdEk S AT Sl
12 MW, KWW IZHFEib0iH 5. ZNZNREDPEL L2 Db H 20, 2THELDHDTH 5.(ZHDFEH
i ([lg], N] 22 LTIELWV.) ZOETEESD S bARTHAT 2D DI THA L TWVL.

Definition 3.1 (Principal G — bundles on diffeological spaces MW, [Ig])

E, X % diffeological space, G % diffeological group &3 5.

RD3ODFMEMTEGR 7 E— X Db E, 2% Principal G-bundle £\ .

+ m & subduction TH 5.

« E ¥ G 1T & % smooth right G-action Z$§D.

* Dx DIEED plot 12 &k % m @ pull back 1& locally trivial TH 2. HIBAEED plot p € Dx MU uw e U, IZ
BIL T, 2DilIR plv, 12X % 7 @ pull back (p|ly,)*m — V, 2%, BIARE AR T2 2N TES. 12720
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bundle D[RR % 53 EA4IE G-equivariant 7% diffeomorphism (FRIFD ¢) TH 3.

Vi x G —2> (plv,) ' E —

)
O
PTVvy, T
Vau X

plv,,

Definition 3.2 (Principal G — bundles on diffeological spaces [ KWW])

E, X % diffeological space, G % diffeological group & 3%. XD 3 DD %W TER n: E - X %
principal G-bundle £\ .

+ 7 {& subduction TH 5.

+ E ¥ G 12 X % smooth 7 right G-action 2§D,

s TTERSINDEMR “ a” 1 diffeomorphism TH 5.

a:Px@G Pxx P
7 7
(x,9) —(z,2-9))

7R, 47 Ik PIZER SN G-action ZEIRLTW3.

4 Cech cohomology [KWW]

diffeology @ Cech cohomology (2B L Ti& [Ig3], [AA], [KWW] ICEEBAH 255, WFRSHWIZEL S S
DTH5. ([Ilg] & [KWW] DEEEIZDOWTIE [KWW] IZFEiRD H 3)

2 Z2TiE [KWW] TEA &7z Cech cohomology % #3223, AEFHZREIC O W TR 2SI L T
ELW., ZhLE, G % Abel B 3 5.

§4.1 § Sheaf on diffeology
53 Cech cohomology ZEFKRT 212 H 72 H B2, sheaf ICDOWTHIHT 5. diffeology @ sheaf 134 plot
@ domain D@ D sheaf DAFEEDTHB L FZX 5.

Definition 4.1.1 (C — valued (Pre)Sheaf on Plots(X))
(X, Dx) % diffeological space KU % @ diffeology TH % &3 5. plot DFE Plots(X) &%, ®R% Dx D
plot 2T, F &2 T OMAZ AU T % domain D C* B2k T 2B TH 5.

CxBEr 3 5. KEMFE F: Plots(X)°P — C % C-valued presheaf £\ 5.
(Up, Open(U,)) %, plot p ® domain U, DFIEARMEENE, OEFRL2AREHHOETHEI LT 5.
D FIZARCROMZIETHETF F|, 2F57 5.

Flp: (Up, Open(Up))? — C Ui — F(plv,)

EED plot p i LT F|, 2 sheaf D5 2ifi/- 5L &, F % sheaf TH B LEDS. F & F|, DBFRIZX
DORAZMES LHELPT V. BF po () ORE ZO NIRRT, WAUITEER 1 : U; — U, & () ICA
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NBZLITED plot WETEENZMTTH 3.

Plots(X)? —£ > ¢
O

po()°”
Flp

Open(U,)?

po(): Open(U,) — Plots(X)
(Ui = Up) (plu, = p)

iz, diffeology £ sheaf DI Z 20T % . tAUE#IZ Cech cohomology ¥ principal G-bundle O [FIFEHD
LECEEESIIZbDE RS,

Example 4.1.2 (Ab — valued sheaf C*(-,G))

X % diffeological space, G % Abelian diffeological group & 5 %. RZEBIF C°(-,G) : Plots(X)P — Ab
& Plots(X) MR p, q, § f ZHOTC®(-,G)(p) := C=(U,,G) T C=(-,G)(f)(g) :==go f THZ
bN2HDET 5. F 5 Lthld sheal £72 D, T D global section (Definition 4.1.3) 2EDEEIE X 75 G
A D smooth map REDEETH 3 (C(-,G)(X) =C®(X,q)).

KD Definition4.1.3, 4.1.4 2 Of Remark4.1.5 & Cech cohomology DEFED 7= DUE(FTH 5.

Definition 4.1.3 (global section)

F % C-valued presheaf £ 3 2%. 2D F @ global section &1, section 7S5 1% {n, € F(p)}pepy THo
T, EED plot p, q FDH f: U, — U, WTBLT F(f)(ny) =np Zli7zFTDDZWVS. F O global section
2ROESE F(X) 2itT.

Definition 4.1.4 (Pull back presheaf)

¢ : X =Y % smooth map, F : Plots(Y)°” — C % C-valued presheaf TH 25T 5. pI2X2d F D pull
back presheaf p*F : Plots(X)°? — C 2%, M p, 4t FIZBAL T p*F(p) := F(pop), ¢*F(f) :== F(f) T
B.Z2 5415 presheaf TH 5.

Remark 4.1.5 (Induced morphisms of global sections)

p: X =Y,y :Y — Z % smooth map, F : Plots(Y)? — C, G : Plots(Z)°? — C % C-valued
presheaf £ 3 %. F Aisheaf TH 2L X, o*F b F7 sheaf THS. THUI F|, H3 sheaf TH 5745134
IR Flpog (7272L g€ Dx THB) b sheal TH 2 Z LIS, FIZ o 1FRDEE global section [H D F 5
@:F(Y) = F(X); {mp}lpepy — {Npoqtaeny ZFETH. ZNOHDEWD gotp =Yoo RiilzF I L d
EWZ0H 5.

§ 4.2 Cech cohomology §
b U7z sheaf D#EE% FIWT Cech cohomology DEFK%E 52 5.

Definition 4.2.1 (Diffeology on N (Q), (DN (Q),)))

(X,D(X)) % diffeological space M TfZ D diffeology TH 2 &3 5. Q1 D(X) D generating family TH -
TN(Q) F9»6HE6M 5 nebula TH 2. TAHIZHED < smooth ZRFHERIEL ev : N(Q) — X 5 ev(u) =
qu) (7272 L uely, € Q) 2522 Z etk s. HIZINLIIRDRIIREI N D;

N(Q),, = {(z0, .., 7x) € N(Q) ! |ev(zg) = ... = ev(z)}
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evp : N(Q), = X 5 ewp((zo, ..., zr)) = ev(xo)

N(Q), i N(Q)* 12 A5 TW3 product diffeology @ subdiffeology % A4 & ¥ T diffeological space
L%, T2 DN(Q),) D plotldk N(Q) D plot D k+ 1 Dty b TRINZ. HIBRDOBELETHS
ns.

VfeDWN(Q)),  f=(fo,fr)  (fie DN(Q)) forall ie{0,...k})

ETOUEFHITE 5 727280, WE WX Cech cohomology DEFRIZAS.

Definition 4.2.2 (Cech cochain associated to Q)

F : Plots(X)? — G % C-valued presheaf, Q % D(X) @ generating family TH2 & 55. ZI TG
1% Abelian diffeological group TH 3. F, Q 12H-< kKD Cech cochain 1%, Definition 4.1.3, 4.1.4 O
FLEE FWT CHQ, F) = evjF(Plots(N(Q),)) L EFEIN 3. HlB ZHX evy ICK 2 F @ pull back
eviF : Plots(N(Q),)°P — Ab @ global section 2IEDEETH 5.

HIZ0:CHQ,F) = CMYQ,F) & di : N(Q) s = N(Q)y 3 (T0yooes Tty ooy Ti1) 2 DA I N D FAR
d; (Remark 4.1.5) 12 & D 8 := SF1(—1)id; ¥ EFI N, ;

di : evy F(N(Q),) = di (evi F)Y(N(Q),11) = et (N(Q) o y1)

(C*(Q, F),d) 1& Q 1237z Cech cochain complex T# D, cohomology H*(Q, F) %1%%.
BIRO IR TREINDIEHZRTH 5.

LU T generating family Q \ZB# T &417= Cech cohomology DEFE X N7=. HITEHIKMR, generating
family IZHRIFE LR WEAT o TV Dz D 5.

Definition 4.2.3 (Refinement of a Generating family)

generating family £ LT Q = {qo : Uy — X}aeca ZHiD diffeclogy Dy BEZHNTWVWEHD LT 5.
R={rg: Vs — X}gep »’ Q D refinement TH 2 &1F, ZHHEHED X D generating family TH o> T, ii
TFTERAEBDEM o : B — A MU smooth map fa:Vg— ULP(B) DIFEICE D& BB LT qp(B) © fa=1s
Zifi7z TR DZ2 VD,

Definition 4.2.4 (Cech cohomology group of F over X)

Definition 4.2.3 TH X 5417z generating family Q KU Z @ refinement R ICBIL T, f := [[5 fs TH
Z 613 nabula BOEE f : N(R) — N(Q) R ZDIEIR f* : N(R), — N(Q), 5 (0, s k) =
(f(20), .., f(21)) BERIE SN B. refinement 1 & D EFAFF 472 cohomology D% {H*(Q, F)}o ®
RIREE 222 2I12& D, kXD Cech cohomology DSEFRS NS ;

H"(X, F) := Colimg H*(Q, F)

24T Cech cohomology DIRARINZERS G X Sz
TR 72 sheaf % FW7= Cech cochain IZOWTHBIL 728 DTH 5. Z 2 TH SN S Cech cochain ¥ D
HLEA—HUCE D, LFELORRR (evg I X D sheaf F % pull back LT 5412 sheaf ev* F O global section,
WD) MR E X DB S Z e AATREE R B

Example 4.2.5 (Cech cochain of C*(-,G))
Example 4.1.2 TEFK Z N7z sheaf C( -, G) ZH\z Cech cochain C*(Q, G) := C*(Q,C>=(-,Q)) &, X
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ORIAZ AU T 5,

C*(Q,6) C*1(Q,0)

El 0 l%

CZN(Q) G) —5> CF (N ()41, )

TEOKTFOBMIE 6(f) = S0 (—1) fod, TRENZERTH . Ju_ot b Cech complex (C*(Q,G),d)
1 cochain complex (C*(N(Q),,G),d) ICFA—HEN53. BEIZ N(Q), 225 G ~D (diffeology DIEIET
D) smooth map EFRDEEZHKT 5.

5 Principal G-bundles and H'(X,F) [KWW]

Z DETIZ principal G-bundles DFRIFEEHDES ¥ 1 XD Cech cohomology H (X, F) ¥ OR#E% B 2. BE
TFONMAIZEMNC B B A5 L AR 208 “FH I RS ORGRLEH 5. NAIE [ KWW] IZHESWTW3 7
o, FHCOVWTIRI E ST 2B E 0.

SETIRDIC RS ORI IR, diffeology D Groupoid/ Groupoid action IZOWTRERT 5.

Definition 5.1.1 (Diffeological groupoid)
Hy, Hy % diffelogical spacees £ 3 5. (Hy = Hy) 23 dlffeologlcal groupoid TH 5 & 1¥, TN 5 Hy, Hy 12
WEEGPERINTED, ZOLTH smooth THBHEEWVD.

; S
H, X Hy H,y L>H1‘Z>H1 —>3H0$H1
t

¥) s : source map, ¢ : target map, 4 : inversion map, u : unit map, m : multiplication map.

Definition 5.1.2 (Groupoid action)

X % diffeological space, H; = H, % diffeological groupoid TH % &3 5. Z®D groupoid IZ & % smooth
anchor map p: X — Hy ZfE5 X D Smooth action ¥ 1FRD 1)-iii) %723 smooth map Hys x, X —
X:(hx)—~h-o TH5;

i) s(h) = p(z) B2 FTEED (h,z) KELTph-z) =t(h) TH5.

i) s(g) = t(h), s(h) = p(z) ZWi7=3TEED g h € H,z € X THLTg-(h-2)=(g-h) -z TH5.
iii) fEED 2 € X Tu(p(x)) =2 2

Groupoid action Of|Z XD Example 12773 . LU, EEXZHW 2 Groupoid (& Z Dz H 7 2

Example 5.1.3 (Groupoid R(ev) = (M (Q) xx N(Q) = N (Q)) and its action)

(X, Dx) % diffeological space & Z @ diffeology DFHTH 5 & L, Q % Dy D generating family & 3 5.
N(Q) 13 Q ZHWTHESALS nebula TH D, FHHRIE ev : N(Q) — X b Definition 4.2.1 D@D & F 5.
Z ZT Groupoid R(ev) : N(Q) x x N(Q) = N(Q) 13 RDME G5 %2+ Groupoid £ § 5.

s: N(Q) xx N(Q) = N(Q) o s(wy,m0) = 19

t:N(Q) xx N(Q) = N(Q) : (g, xe) =2y

i N(Q) xx N(Q) 5 N(Q) xx N(Q) : (w1, x2) = (z2,71)

u: N(Q) = N(Q) x N(Q) u(z) = (z,)

m: (N(Q) xx N(Q))pry Xpr, (N(Q) xx N(Q)) (N(Q) xx N(Q))

m((z1, v2) (w2, 23)) = (21, 73)
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Groupoid R(ev), ® smooth anchor map pras(g) : N(Q) x G — N (Q) ZH5 N(Q) x G D R(ev),-
action X FDRICEFRK I NS ;
N(Q) x G

(N(Q) xx N(Q))prs Xpry) N(Q) x G) )

((z1,22), (72, 9)) " (21, (71, 22) + g)

ZIT, ED o : N(Q) x N(Q) = G (x1,22) + p(x2,73) = p(z1,13) Ziifi/z 3 smooth map TH 3.
%72, 2D R(ev),-action 1& N (Q) x G D G-EHEA[#ITH 5.

Groupoid action ZEFKT 2 B EEL DR smooth map ¢ PRI TH 5. K TERT D EHRIEIZD o 23
7T NEEM R LTW5.

Definition 5.1.4 (smooth map c(7,P))

m: P — X % diffeology I251F % principal G-bundle TH 2 & L, Q Z X D generating family & 3 5.
principal G-bundle ®EF ([KWW]) & X4UZ, diffeomorphism a: P x G — P xx P; (p,g) = (p,p- 9g)
PFEL, HD mor = ev &7z 3 smooth map 7 : N(Q) — P3SN, (£ FICB L Tl Example
2.6 [KWW] 2ZHM.) Generating family Q & Z® 7 O#fl% “plotwise local trivialization” ¥ 5.

T ZTE o1, P) 137 X T|p(0)xxn(0) & praoa™t DEMITE DERE NS smooth map TH 5 ;

TXT|A(Q)x x M () prgoa™!

B
c(1,P)
FHEIC XD o1, P) (21, 22) + (7, P)(22,23) = (7, P)(21,23) XU §(c(1,P)) =0 TH 3 Z LIFELIZTHD
%. (¢ 1% Example 4.2.5. ® coboundary map T %)
BB B4 (7, P) 1, Example 4.2.5 OtikcHIAUE, ZY(Q,G) DILTHH L ER 5.

G

RD Proposition IR ZHLICH 7z o T FEHZEIBL TV Z & 729) [ L7223, Theorem 5.1.6 O
FEFA (0% b [KWW] Lemma 5.14. , Theorem 5.15.) R U7 DL ([N]) Zan e 212z - THEL 72
PHEETHS.

Proposition 5.1.5 (Induced principal G — bundle) [KWW]|

m : P — X % diffeological £® principal G-bundle, Q * X @ generating family TH 3 & 3 5. HIC
R(ev)e(r,py % Example 5.1.3 THEFE X N7z diffeological groupoid &3 %. (727 L, ¢ #31Z o(r, P) IZE
X2 TH5.)

(N(Q) xG)/R(ev) c(r,py & groupoid action 12 X 2B TH D quotient diffeology Z Af1% Z & T diffeological
space £ > TW5. 3 5% & XDEIL principal G-bundle TH 3 ;

(N(Q) x G)/R(ev)c(r,py —> )f
[(m7g)}C(T,P) — e’u(m)

IR ZoNzm P = X XA THZ. 2F D RORKEZAHUTT S G-equivariant diffeomor-
phism p BEET 5.

N(Q) x G/R(ev)e(r,p)

\Z/

X
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Proof)
[KWW] Lemma 5.13. 2.

XD Theorem (& [KWW] O FHERTH 5.

Theorem 5.1.6 (Ix g = H'(X,G)) [ KWW]

X % diffeological space, G % diffeological group TH % & T 5. X % EZEIZHEFD principal G-bundle @
FEHOESE Uy e LRTDHDE TS, 1 XD Cech cohomology H(X,G) & I(x gy PRICIFLH
SATRET 5.

Construction)

AR CIFEEEIE L, UEOGLRICHE L 72 2 THEGT OB DA ZHRRZ Z & &5 5. FHlEFRER O
Lemma 5.14. , Theorem 5.15. ZZM L TIZ L.

EFEV I xe — HY(X,G) DWR» 55T 5. m: P — X % principal G-bundle & L, Zh %R
TR Z [P e RT.

c[P] DRI OWTHIHT 5. Definition 5.1.4 @ smooth map ¢(7, P) 1% 1 XD Cech cocycle TH -7z
75, [c(r, P)] € HY(Q,G) 72 37t % Bl % . Definition 4.2.4 THA=8EIC, HY(X, G) I refinement 7> 515
J2IEFPIC & 2 RARTER SN T Wz, R % Q D refinement, g : N(R) — N(Q) & Zh D 54425 smooth
map ¥ L, (Q,7) & m @ plotwise local trivializationthen £ §%. 35 & (R,70g) b £z FTOIMI=HTE
ORI E R T 2 Z & 5 5, plotwise local trivialization TH 5.

P
TOg /
N(R) ——=N(Q) ™
evg
X

Cech cohomology BDE 4 §: HY(Q,G) = H'(R,G) & [e(r,P)] — [c(Tr 0 g,P)]] L ERTE 3. ¢[P], &
INLDEHIC X BRMR HY(X,G) D55 [¢(r, P) #RFILL TEHDTH 3.

(Q G) *>H1(R G) —— ... — ColimoH' (Q, G) HY(X,Q)

[e (T P)+——c(To g, P)+—— .. — c[P}

ZOMIBE & D EFRI NI Uik well-defined TH h RHEFTTH 5.

RIS U ORI T 5. w % HY(X,G) Ot THUIERBROITTH 2056, w=[f] £ L
TREENS f e Z2YQ,G) . Cech cocycle DILIFAT Example 5.1.3 ¢ DE&MEZZLTND
5, D f & groupoid action R(ev); ZiAH 5 5. 2G5 (N(Q)XG)/R(ev)r — X ; [(y.9)]f — ev(y)
I3 principal G-bundle TH 3. I T THRZEMAD smooth 7% G-action & h € G ICH LT [y, 9)f, h) —
[(y,g+h); LERENS. T2 Zaéfﬂ%é U BROMETRENZBRTH S ;

vl gY(X,G) (x,c)
[\

0= [fl—— = [(N(Q) x C)/R(ev);]



130

6 On an abelian group of principal G-bundles in diffeology

Proposition 5.1.6 {25 E#iE &, Iy o) ZEZMIC X &2 FD principal G-bundle DFRAEHDEES LT 2.
DETIATED U ZHWT I x ¢ (& Abelian group DR§EEZEAT 5.

ZIZTERINS “ M7 O EX Patrick Iglesias-Zemmour 23 [Ig] IR L72d DR DD TH 5.
s, [KWW] O2H S Ui [Ig] ORI & o THERFG 72 TW5 e p3m» 5. G [N] 220
VSE- A%

Construction 6.1 (Addition of IT(x g))

7: P — X, 7 : P— X % principal G-bundles TH 3 & L, [P],[P'| ZZzhZiLn, o’ ZRFITICH DT
Hdr35. HZ, (Q 1) R (Q,7)E 7w, ' D plotwise local trivialization TH 2 &3 3.

H(X,G) WA DA Tx 0 T ERDOFRIED B s

Hxe S x,e X Hixe)

w

([P) [P]) =T (T([P]) + T([P)))

Hix,e)

U KUt OEED S, U (E([P]) + U([P])) = [(N(Q) X G)/R(€V) c(r,pyte(r,p)) EREND. ZOD
£3184& principal G-bundle (V(Q) x G)/R(ev)e(r,py+e(r.py = X i (4, 9)]er,P)otr,pry — ev(y) DIET
H5.

ZOHLLTCE/zbundle Z 7: P — X RO 7' : P = X ITEHhRLIZW.

Proposition 6.2 (principal G — bundle 7)
m:P— X, 7 : P— X % principle G-bundles TH 2T 2. Pxx P& 7D 7' 12X % pull back TH 3.
DED, RDORIIKREINIEATH 5.

P xx P={(p,p) € PxPlr(p)=n'(p)}

Z OEAEE product diffeology @ sub diffeology % A41% Z £ 12 & D diffeological space £72%. HIZ Px x P’
WRDFEHERGRE AN, ZO/% (P xx P')/ ~ £&RT. P xx P50 quotient diffeology % A3 Z ¥
Tt d % 7= diffeological space 1272 % .

p~p (0, P EPxxP) <= FgelG st.p=q-g, ' =¢-g"

ro .7 3P RO P FAPRTEHRIN G-action TH 3. T2LEBHR T : (P xx P)/ ~—
X ; [(p,p)] — w(p) = 7(p') \& principal G-bundle & 72 5.

CDRZE-AND G-action Z R TEHKZINZHDLT 5 ;

(Pxx P/~ xG

w

([(p, "), 9)) F——=1(p - 9,0")] = [0, 7" - 9)]

(P XXwP/)/ ~

3% RXRDEH a 1% diffeomorphism TH D, Z DFEE 7 1& principal G-bundle DEF% (Definition 3.2) %
i3,

a:(Pxx P/~ xG (Pxx P/~ xx (Pxx P/~

((p 2 9): (o) [0 0.0)))

Proof)
N] 1.
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Theorem 6.3
7: (P xx P')/ ~— X % Prposition 6.2 TH§{ X417 principal G-bundle TH % &5 5.
T5L, [(Pxx P/ ~]dHyg LT U HO(P]) + ¥([P)) IT—HT 5.

Proof)
N] 8.

FEH, ROBRICKRLTE S
+H(X,G)([P]7 [P,D = [(P XX P/)/ N}

WCHIPERTE. ZOMTED, Hx ) ICHHBEDA S.

Theorem 6.4 (Abelian group structure)
BRI 411 ) WED, Tix,q) I Abel BEOREEN A L. T ORHCE T 2 BT - WITIE RO D
TH5.
(HA7T]
HIAR X x G — X 2RKRITICH O [X x G
principal G-bundle 7 : P — X 2852 6N TEH, 2 eRFLe 328% [P 5 5.

([P] ®oiiT] B
FHRLLTEP &=L TWEAH P LI3#D smooth right G-action 2§52 diffeological space & P £ %.
(BNs EED p € Picxt L'Cf*ﬁl?’% pEPHHY FEDhe GIZBLTP ®D G-action i p-h:=p-h~!
THEZBHHMTWVWS. “ "X P, P ZHZND G-action TH5.)

[PlO#WTCE 7 : P — X ; prr n(p) TEFKX A3 principal G-bundle DFETH 3.

Proof)
[N] 2.
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