NOTES ON SLALOM PREDICTION
TAKASHI YAMAZOE

ABSTRACT. We study a concept of evasion and prediction associ-
ated with slaloms, called slalom prediction. This article collects
ZFC-provable properties on the slalom prediction.

1. INTRODUCTION

Functions w — [w]<* are called slaloms and it is known that many
cardinal invariants can be characterized using relational systems re-
garding slaloms (e.g. Theorem 5.1,5.2). Let us introduce them:

Definition 1.1. e R = (X,Y,C) is a relational system if X and
Y are non-empty sets and CC X x Y.
e We call an element of X a challenge, an element of Y a response,

and “x C y” “x is met by y”.
e [ C X is R-unbounded if no response meets all challenges in
F.

e [' C Y is R-dominating if every challenge is met by some re-
sponse in F'.
e R is non-trivial if X is R-unbounded and Y is R-dominating.
For non-trivial R, define
— b(R) = min{|F| : F C X is R-unbounded}, and
— (R) :=min{|F| : F CY is R-dominating}.

Definition 1.2. Let b € (w+ 1)¥ and h € w”.

o Let [Tb=1T],.,b(n),seq ,(b) = U, I1,-, b(i) and S(b, h) :
[1,-.[b(n)]="™ the set of all (b, h)-slaloms. We often use “lo-
calizer” instead of “slalom”.

e For z € [[b and ¢ € S(b,h), we write:

—x €* pif 2(n) € p(n) for all but finitely many n < w, and
—x €* g if x(n) € p(n) for infinitely many n < w.

e Denote the relational system GLc(b,h) = ([[b,S(b,h),€")
and by == b(GLc(b, h)) and o5k = d(GLc(b,h)). (short
for “global localization” )

e Denote the relational system ILc(b, h) = ([] b, S(b, h), €>°) and
byx = b(ILc(b, h)) and 0, == d(ILc(b, h)). (short for “infinite
localization”)

To avoid triviality, we always assume 1 < h(n) < b(n) for all n < w.
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There are several types of notation denoting the same cardinal in-
variants we deal with, such as c\lih, Uah, 0,(€%), ba‘;ﬂ Dgf;f, sli(b, h, Fin),
sl (b, h, Fin) (see the list in [CGMRS24, Remark 3.3]) and our notation
is based on Cardona and Mejia’s by5,, 03¢ in [CM23] (they used the
names “localizations” and “anti-localizations”).

On the other hand, Blass studied the Specker phenomenon in group
theory and consequently introduced the combinatorial notion of evasion
and prediction in [Bla94] as follows:

Definition 1.3. e A pair 7 = (D, {m, : n € D}) is a predictor if
D € [w]* and each m, is a function 7, : w" — w. Pred denotes
the set of all predictors.

e 7 € Pred predicts f € w* if f(n) = m,(f[n) for all but finitely
many n € D. f evades 7 if m does not predict f.

e The prediction number pr and the evasion number ¢ are defined
as follows':

pr == min{|II| : I C Pred,Vf € w* 3r € II 7 predicts f},
¢ :=min{|F|: F Cw” Vr € Pred 3f € F' [ evades 7}.

Both localizations and predictions are a kind of a guess, but predic-
tions have the following two differences with localizations:

(1) Predictors have their infinite set D on which they guess.
(2) Predictors can see the previous values of functions as a hint of
the next value.

Now we consider possible patterns of the guess combining the two
notions localization and prediction. Blass made a similar approach in
[Bla09] (and our names “global”, “local” and “infinite” come from his
work), but he assumed b = w (the constant function of the value w).
Our following framework contains the case when b € w* as well.

Firstly, we introduce localizations with their infinite set on which
localizers guess:

Definition 1.4. ([BS96, Definition 2.4], [Spi98, Definition 1.2], [Car24,
Definition 2.3]). Let b € (w+ 1)¥ and h € w”.
e A local (b, h)-slalom is a pair (D, ) where D € [w]* and ¢ €
S(b,h). LS(b,h) denotes the set of all local (b, h)-slaloms.
e For v € [[b and (D,p) € LS(b,h), we write z €* (D, ) if
x(n) € p(n) for all but finitely many n € D.
e Denote the relational system LLc(b,h) = ([ b, LS(b,h), €*)
and by¢ = b(LLc(b, h)) and 9;%¢ == 9(LLc(b, h)).
We often write x €7, ¢ instead of x €* (D, ¢).

Secondly, we introduce predictions with slaloms and split into three
cases (global/local /infinite):

While the name “prediction number” and the notation “pt” are not common,
we use them in this article.



Definition 1.5. Let b € (w+ 1) and h € w*.

e A global (b, h)-predictor is a function 7 with its domain seq_,, (b)
such that given n < w and o € [],_, b(i), 7(0) is a subset of
b(n) of size < h(n). GPR(b,h) denotes the set of all global
(b, h)-predictors.

e A local (b, h)-predictor is a pair (D, ) where D € [w]* and
m € GPR(b,h). LPR(b,h) denotes the set of all local (b, h)-
predictors.

e For (D,m) € LPR(b,h)and f € [[b, (D, ) predicts f if f(n) €
w(f|n) for all but finitely many n € D and we write f<* (D, )
or [ <, .

e For m € GPR(b,h) and f € []b;

— 7 predicts f if f < m and we write f <* 7.

— 7 infinitely predicts f if f <5, 7 for some D € [w]* and we
write f <> .

e Define the following relational systems and cardinal invariants:

— GPr(b,h) = ([]b,GPR(b,h), <), ¢ = b(GPr(b,h))
and pry, = 0(GPr(b, h)).

— LPr(b, h) == ([Tb, LPR(b, h), <*), ¢, == b(LPr(b, h)) and
pty, = 0(LPr(b, h)).

— IPr(b, h) == ([]1b,GPR(b, h), <), ¢, = b(IPr(b,h)) and
ptl, = d(IPr(b, 1)).

The local case when b = w and h = 1 is equivalent to the standard
prediction. In particular, e = e, and pr = ptj; ;.

In this article, we focus on ZFC-provable properties on local local-
izations and slalom predictions, particularly when b € w®.

In Section 2, we study the local localization comparing it with the
global and infinite versions following [CM23]. In Section 3, we see
several properties of slalom predictions. In Section 4, we investigate
the connection between localizations and slalom predictions. In Section
5, we study the relationship between these numbers and some ideals on
the reals and conclude the article with Figure 1 which illustrates the
inequalities we know.

In the rest of this section, we review a basic property of relational
systems.

Definition 1.6. For relational systems R = (X, Y, C), R’ = (X" Y', "),

(®_,®,): R — R’ is a Tukey connection from R into R"if &_ : X —
X"and ¢, : Y’ — Y are functions such that:

VieXVy eY & (x)Cy =2 @.(Y).

We write R <7 R/ if there is a Tukey connection from R into R’ and
call <7 the Tukey order. Note that R <7 R’ implies b(R') < b(R)
and 9(R) <d(R).
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2. LOCAL LOCALIZATION

For any function = € [[b and (b, h)-slalom ¢, x €* p = = €}, p =
x €% ¢ holds for any D € [w]®, so:

Lemma 2.1. ILc(b, h) <7 LLc(b,h) <7 GLc(b, h) and hence byi© <
by < by and oy < dpf¢ < ofic for any b, .

The monotonicity on b, h also holds:

Lemma 2.2. Let b,0 € (w+ 1)¥ and h,h' € w*. If b(n) < ¥/(n)
and h'(n) < h(n) for all but finitely many n < w, then GLc(b, h) =r
GLc(V, 1), ILc(b,h) =<¢ ILc(V',h') and LLc(b,h) =r LLc(b', h') and
hence b5 < byipe, bty < byie, by, < byl and 05 < o, oyl <
otk and 0l < 0.

Global and infinite localizations are studied well in [CM23], so let us
look at the local version. The case when b = w is studied in [Bla09].
For example:

Fact 2.3. ([Bla09], see also [BS96, Lemma 2.5]) b = min{e, b} and
ol = max{pt,0} if h € w* goes to infinity?.

Let us focus on the case b € w”. Following [CM23], we investigate
what kind of properties that hold for global and infinite localizations
will also hold for local cases.

First, they proved the following (non-trivial) Tukey relation of global
localizations with different parameters:

Lemma 2.4. ([CM23, Lemma 3.14]) Let b € w* and h,h" € w”
Assume that (I;)x<, is an interval partition of w satisfying h( ) > h*(k)
for all K < w and i € I, and define b" € w* by b*(k) = [[,c; b(4).
Then, GLc(b, h) <7 GLc(bt, ht).

This lemma holds in the local (and infinite) cases as well:

Lemma 2.5. Under the assumption of Lemma 2.4, LLc(b,h) =rp
LLc(b", h") and ILc(b, h) <7 ILc(bt, h™T).

Proof. Their proof of Lemma 2.4 gives functions ¥_: [[b — []b" and
U, : S, ht) — S(b,h) such that for any € [[b, ¢ € S(bT,hT),
k < wandi€ Iy, V_(x)(k) € o(k) implies z(i) € ¥, (¢)(7), which
witness GLc(b,h) <r GLc(b",h") and ILc(b,h) =<r ILc(b™,hT) as
well.  Moreover, for any D € [w]¥, ¥(z) €* (D,y) implies z €*
(Ukep Ik ¥4 (), which witnesses LLc(b, h) =7 LLc(b*, A™). O

We introduce the limits of localization numbers:
Definition 2.6. Let h € w* go to infinity and A’ € w®.

2While Blass proved only the former equation, it is easy to prove the latter from
his proof.



e minGLc, = min{byi° : b € w”}, supGLc, = sup{o;}¢ : b €
w}.
e minLLc, = min{by}° : b € w*}, supLLc;, = sup{0;};° : b €
w?}.
e minlLcy = min{b} : b € w*}, suplLcy, = sup{d,5 : b € w*}.
They proved that the parameter h is irrelevant for the global and
infinite numbers:

Theorem 2.7. ([CM23, Theorem 3.19])
e For h,h' € w* going to infinity, minGLc;, = minGLcy,, and
supGLc;, = supGLcy,.
e For h, i € w*, minlLc;, = minlLc, and suplLc, = suplLc,,.
Thus, we omit the subscripts.
This holds in the local case as well:

Theorem 2.8. For h,h' € w¥ going to infinity, minLLc, = minLLcy,
and supLLc, = supLLc,,. Thus, we omit the subscripts.

Proof. We only prove minLLc, = minLLcy,. Let AT € w® such that
ht(0) = 0 and A" >* h,h/. By Lemma 2.2, minLLcj, minLLc, <
minLLcy+, so it suffices to show that minLLc,+ < minLLcy,, minLLcy,.
Let b € w” be arbitrary. Since h and A’ go to infinity, we can find some
interval partitions (Ig)x<,, and (I} )r<, as in Lemma 2.5 and correspond-
ing bt (/)" such that LLc(b,h) <7 LLc(b™, ht) and LLc(b,h') =p
LLc((V')",h"). Therefore we have minLLc,+ < bgﬂj‘;ﬁ < byp© and
minLLcy+ < bg/L)i,m < bs,l;,c. Since b was arbitrary, we get mlnLLch+ <
minLLcy, minLLcy,. ]

They proved that these limits are used to characterize the global
localization cardinals for b = w:

Theorem 2.9. ([CM23, Theorem 3.20]) bZ¢ = min{b, minGLc,} and
Dﬁ%ﬁ = max{90,supGLc,} for h € w* going to infinity.
This theorem holds in the local cases as well:

Theorem 2.10. b = min{b, minLLc, } and 9.} = max{0, supLLc, }
for h € w” going to infinity. Equivalently, min{b, ¢} = min{b, minLLc}
and max{0, pt} = max{0, supLLc} by Fact 2.3.

Proof. We only prove b = min{b, minLLc,} and it is clear that

b5 = min{b,e} < b and bl < minLLc, hold, so we show bl >
min{b, minLLc,}. Let FF C w* of size < min{b, minLLc,}. Since
|F| < b, some b € w* dominates all x € F (in the sense of <*) and
we may assume that h € [[b. For x € F, define 2’ € [[b by 2/(n) =
min{z(n),b(n)—1} and note that x(n) = 2’(n) for all but finitely many
n < w. Since |[F| < minLLc, < by¢, some local (b, h)-slalom (D, )
locally localizes all functions in {2’ : € F'} and hence all z € F.
Therefore, |F| < b/, O
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3. SLALOM PREDICTIONS

For any function f € [[b and global (b, h)-predictor 7, f <* 7 =
f <5, ™= f <7 holds for any D € [w]*, so:
Lemma 3.1. IPr(b,h) =y LPr(b,h) =7 GPr(b,h) and hence ¢}, <
ell;,h < Bi,h and Pti,h < pt{ih < Ptz(;fh-

The monotonicity on b, h holds as well:
Lemma 3.2. Let b0 € (w+ 1)¥ and h,h' € w*. If b(n) < ¥'(n)
and h'(n) < h(n) for all but finitely many n < w, then GPr(b, h) =r
GPr(0',h'), LPr(b, h) <r LPr(t',h’) and IPr(b, h) <7 IPr(V/,h') and
hence eff < ey, e < ey €y < g and pryi, < prg s, pry, <
pty o and pry, < pej .

The case when b = w is studied in [Bla09]:

Fact 3.3 ([Bla09]). Let 2 < k <w and h € w¥ go to infinity.
(1) N =¢f, <my <8, < add(N) = ¢8,, where m; denotes
Martin’s number for o-k-linked forcings. ,
(2) efy =e<el, <eg, < cov(M),non(M).

w,l T
(3) eclu,l = ei;,k = eL,h = cov(M).

It is not hard to see that the dual inequalities hold as follows:

Lemma 3.4. Let 2 < k <w and h € w¥ go to infinity.
(1) 2% = Ptfil > ptfik > cof(N) = Ptff,h~
(2) pro, =P > prgy > prgy, = cov(M), non(M).
(3) ptL,l = pti;,k = pti;,h = non(M).
The local cases when b € w* and h = 1 are studied in [Bre95]:

Fact 3.5 ([Bre95]). (1) ¢ > min{b, e,q}, Where euq = min{ey, :
bew’}.
(2) All e, for 2 < n < w are the same value es;,, where the
subscript n denotes the constant function of the value n < w.
(3) efin > s, the splitting number.
It is not hard to see that the dual inequalities hold as follows:

Lemma 3.6. (1) pr < max{0, pr,,.}, where pr,,, = sup{pry; :
bew}.
(2) All pry;, for 2 < n < w are the same value pty;,.
(3) pryy, < v, the reaping number.
The same Tukey connections as in Lemma 2.4 and 2.5 also hold by
a similar proof:

Lemma 3.7. Let b € w” and h,ht € w®. Assume that ([})r. is
an interval partition of w satisfying h(:) > h* (k) for all £k < w and
i € Iy and define b" € w* by b* (k) = [[,¢;, 0(7). Then, GPr(b,h) <r
GPr(b*, ht), LPr(b, h) <r LPr(b*, h*) and IPr(b, h) <r IPr(b+, ht).



Moreover, in the local and infinite cases, h and h’ do not require any
assumptions:

Lemma 3.8. Let b € w” and h,ht € w¥. Then, there exists b € w®
such that LPr(b,h) <7 LPr(b*,ht) and IPr(b, h) <7 IPr(b", ™).

Proof. We may assume h = 1. Let (I}, : k < w) be an interval partition
of w satisfying || > h* (k) for all k < w and define b* by b (k) =
[lics, b(i). Let m be any global (b*, h*)-predictor and fix k < w and
0 € [[ep 0T (K). Let S = 7(a) € b*(k) = [;¢;, b(3), which we may
assume as a set of functions on I;. Since |S| = |7(0)| < ht (k) < |Ix],
there is j, = j € I which is not a branching point of any two t,t' € S,
namely, t[ I, N j = ' I, N j implies ¢(j) = t'(j) for any ¢, ¢’ € S.
Thus, the function gx, : {t[ L Nj:t € S} — b(j), tI I Nj — t(j)
is well-defined. Unfixing k and o, let 7’ be a global (b, 1)-predictor
satisfying for all k <w and 7 € [[;_; 0(i) = [T, 07 (K') [Tics,j, 009,
(7)) = { ko (T Iy N jr)} where o = (7] Ly : k' < k) € [, b"(K).
By construction, for any f € [[b and k < w,

fT e € n({(f1 1« k' < k)) implies f(ji) € 7'(f [ jr),

which induces LPr(b, 1) <7 LLc(b", ") and IPr(b, 1) <7 ILc(b™, hT).
U

We introduce the limits of slalom prediction numbers:

Definition 3.9. Let h € w”.
e minGPr, = min{e;, : b € w},supGPr, = sup{pry’, : b €
w '}
e minLPr), := min{ey, : b € w*}, supLPr;, == sup{pry, : b € w*}.
e minlPr, = min{e, : b € W}, suplPr;, = sup{pr;, : b € w*}.

By a similar proof to Theorem 2.10, we obtain the following lemma:

Lemma 3.10. Let h € w®.

. eﬁh = min{b, minGPr; } and ptﬁh = max{?, supGPr, }.

e ¢, > min{b,minLPr,} and pt;, < min{d,supLPr,}.
e cov(M) = ¢, > min{b,minlPrs} and non(M) = prj,, <
max{0, supIPr, }.

4. CONNECTIONS BETWEEN LOCALIZATIONS AND SLALOM
PREDICTIONS

In this section we see the connection between localizations and slalom
predictions. First, predictions are easier than localizations because of
the hints of initial segments of functions, so we immediately have:

Lemma 4.1. GPr(b,h) <7 GLc(b,h), LPr(b,h) <7 LLc(b,h) and
IPr(b,h) <7 ILc(b, h) for any b and h.
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However, regardless of such hints, predictions can be harder than
localizations when the width of slaloms of localizations is sufficiently
wider:

Definition 4.2. For h € w”, define hj, € w* by hy,(n) = n-[],, h(i).

Lemma 4.3. ([Bla09]) Let b € (w+1)“ and h € w* such that b > b’ =
hj,, where < denotes the total strict domination on (w + 1)“. Then,
GLc(b, /) <r GPr(b,h), LLe(b, i) <7 LPr(b,h) and ILe(b, b)) <
IPr(b, h).

Proof. Let m be a global (b, h)-predictor. For s € seq_,(b), take a tree
T C seq.,,(b) of stem s which contains all ¢ € seq_,,(b) such that s C ¢
and t(n) € w(t[n) for all n € |¢| \ |s| and we may assume that every
t € T*Nw" is h(n)-branching for all n > |s|. Put m5(n) = J{t(n): t €
T¢ Nw"™} for n < w and note that |ms(n)| < [],, k(7). Enumerate
{s; i < w} =seq_,(b) and let ¢ (n) = {ms,(n) 1 i < n} for n < w
and note that |p(n)| < [],.,, h(i)-n = hj,(n), so ¢ is a (b, hj,)-slalom.
Take z € [[band ng < w arbitrarily and put s; .= x| ny. Then, for any
n > i, x(n) € w(z|n) implies z(n) € ¢,(n), which induces the three
Tukey connections. (]

Consequently, localizations and predictions have the same limit value
in the following sense:

Theorem 4.4. Let h € w”.

(1) minGPr, < minGLc and supGPr;, > supGLc. In particular,
minGPr, = minGLc and supGPr, = supGLc if h goes to infin-
ity by Lemma 4.1 and Theorem 2.7.

(2) (e.g. [Laf97, Proposition 2.2]) (euq =)minLPr, = minLLc and
(pt,pq =)supLPr, = supLLc.

(3) minIPr, = minlLc and supIPr, = suplLc.

Proof. We only prove the former (in)equalities.

(1) Since h' := hj, goes to infinity, minGLc = minGLc), = min{bg}f :

b € w} = min{b} : b € w b > h'} holds. Let b € w* be
arbitrary with b > //. By Lemma 4.3, minGPr;, < egh < bg,l;/c.
Since b > h' was arbitrary, we have minGPr;, < minGLc.

(2) If h goes to infinity, minL.Pr;, = minLLc is obtained similarly,
so we may assume h is bounded. Since minLPr;, < minLLc
is proved similarly as well, we show the converse. Let b € w¥
be arbitrary, h™ > h be any function going to infinity and b*
witness LPr(b,h) <7 LPr(b*,h") by Lemma 3.8. Since h't
goes to infinity, minLLc = minLPr,+ < e§;+,h+ < e,&h. Since b
was arbitrary, we obtain minLLc < minLPry.

(3) minIPr;, < minlLc is proved similarly and minIPr;, > minlLc, =
minlLc by Lemma 4.1 and Theorem 2.7.



O

Remark 4.5. If h is bounded, minGPr; < minGLc might happen: It
is not hard to see that o-(k+ 1)-linked forcings are GPr(k+ 1, k)-good
and hence minGPr;, < add(N) = b5} < minGLe holds in the Amoeba
model (see also Theorem 5.1, [BS01, Lemma 3.1, Theorem 3.8(a)]).

In the local and infinite versions, the same phenomenon that predic-
tions can be harder than localizations happens in another case, namely,
when the whole space of predictions is sufficiently larger:

Theorem 4.6. Let b, h, h~ € w¥ and assume h goes to infinity. Then,
there is b* € w® such that LLc(b, h) <7 LPr(b™, h™) and ILc(b, h) <r
IPr (b, h™).

Proof. Inductively take natural numbers 0 = i_; < iy < --- which
satisfy for all k < w,

1<ip_1
which is possible since h goes to infinity. Define b* by bT(k) =
[Lics, 0(i) where I, = [i._1,4),) for each k < w. Assume we are given a
global (b*, h™)-predictor w. For k < w, define:

Ay =<tlir—1):ten((olly K <k)), o€ H b(i) 7,

1<ip—1
which is valid since if o € [[;_;  b(i), by identifying functions and
natural numbers, (o Iy : k' < k) E [I -, 0" (F) and if t € w((o] Iy :
k' < k)), t belongs to b* (k) = [[;;, b(7) and again by identification ¢ is
a function and #(i, — 1) € b(ix — 1). Also note that [Ax| < T[,_;  b(i)-
h~(k) < h(ix—1). Therefore, Ay € [b(i},—1)]="*~1) so thereis a (b, h)-
slalom ¢, satisfying ¢, (i — 1) = Ay for all k£ < w. By construction,
for any k <w and f €[]0,

F1Ie € m((f1 T+ K < k)) implies f(ix — 1) € @a(is — 1),

which induces LLc(b, h) <7 LPr(b*, h™) and ILc(b, h) <7 IPr(b*, h7).

U

5. CONNECTION WITH IDEALS

There are many known results on the connections between ideals
on the reals and global/infinite localization cardinals. Here are such
examples:

Theorem 5.1. ([Bar84], [CM23, Theorem 4.2]) bZ%¢ = add(N) and
00h¢ = cof(N) for h € w* going to infinity.
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Theorem 5.2. ([Mil82], [Bar87], [CM23, Theorem 5.1]) 9.4 = non(M)
and by)5, = cov(M) for h € w®.

Theorem 5.3. ([KM22, Lemma 2.3],[CM23, Lemma 6.2])
(1) IS M0 o6 then cov(N) < < ol% and by < non(N).

n<w b(n)
(2) ). ., Z((Z)) = 00, then cov(€) < byl and 9} < non(€), where
& denotes the o-ideal generated by closed null sets.

Now let us look at local cases. First, we easily have the following by
considering the set of functions predicted by a single local predictor:

Lemma 5.4. o Letbe (w+1) and h € w*. Then, by¢ < ¢, <
non(M) and cov(M) < pry;, < 05€.
e Let b,h € w”. If limsup, b((") < 1, then by < ¢y, < non(€)
and cov(€) < pry, < OC
Remark 5.5. If limsup,, W:)) = 1, non(&) < by}¢ and 9;5¢ < cov(€)
might happen: The author introduced in [Yam24] the forcmg notion
LE, which adds an LLc(b, b — 1)-unbounded real and proved that LE,
keeps non(€) small if b(n) > 2" for n < w. Consequently, in his model
constructed in [Yam24, Theorem 5.9], non(£) < by, = non(M) <
cov(M) = o3¢, < cov(€) holds.

Let us focus on the uniformity of the null and meager additive ideals

NA and MA.

Definition 5.6. Let Z be an ideal on 2¥. Z.A denotes the set of all
Z-additive sets, i.e., the collection of X C 2“ such that A+ X € T
for all A € Z. Here, the addition + on 2¢ is defined by identifying
2v = (Z)27)%.

The additivity and uniformity of A/ A can be characterized using the
limit global number:

Fact 5.7. ([Paw85, Lemma 2.2|, [CMR24, Corollary 1.7, Theorem A])
add(NA) = non(NA) = minGLc.

In particular, non(NVA) = minGLc < minLLc = minLPr = ey
holds, which is already shown by Cardona in [Car24, Theorem 2.1].
However, in the case of M, we show that the opposite direction
holds:

Theorem 5.8. ¢, < non(MA).

To prove this theorem, let us introduce the following relational sys-
tem to characterize the uniformity of MA:

Definition 5.9. ([CMR24, Definition 2.7]) Let IP denote the set of all
interval partitions of w.



(1) For f,gew?and I = (I : k <w) € [P, f C* (I, g) if for all but
finitely many k < w, there exists ¢ € I, such that f(k) = g(k).
(2) For b € w", denote the relational system Ry = (J]b,IP x

[]b,=°).

Fact 5.10. ([BJ94, Theorem 2.2], [CMR24, Lemma 2.10]) non(M.A) =
min{b(Ry) : b € w*}.

R, is Tukey below some LLc(b", h):

Lemma 5.11. Let b,h € w¥. Then, there exists b™ € w* such that
R, <7 LLc(b™, h).

Proof. Take some [ = (I : k < w) € IP such that |I;| > h(k). Define
b™(k) = [lics, 0(i). Let ¢ be any (b*,h)-slalom and fix k < w. Let
S = (k) € bT(k) = [l b(9), which is assumed to be a set of
functions on [j,. Enumerate {¢; : ¢ < |S|} = S and let I~ := {min I},+i :
i < |S|} C Iy, since |S| < h(k) < |I}|. define a function g, on I~ by:

Unfix k& and by collecting all g together, let g = g, € [[b be some

function which satisfies g(min I +¢) = gx(min I} + ) for all k£ < w and
i < |¢(k)|. By construction, note that for any x € [[b and k < w,

x| I}, € (k) implies x(i) = g, (i) for some ¢ € I.

Let D € [w]” and Ip = (I} : k < w) € IIP be such that if k is the
j-th element of D, then [}, C I}. Again by construction, for z € []b,
(I}, - k < w) € (D,yp) implies = C* (Ip, g,), which shows R, <r
LLc(b*, h). 0

Proof of Theorem 5.8. Let h be any function going to infinity. By The-
orem 4.4, we have ¢,,g = minLPr, = minLLc;,, so we show minLLc;, <
non(MA) instead. Let b € w* be arbitrary. By Lemma 5.11, some b* €
w* satisfies Ry =<7 LLc(b", h), so we have minLLc, < b%}fh < b(Ry).
Since b was arbitrary, by Fact 5.10 we have minLLc, < min{b(R;) :
b€ w”} =non(MA). O

Remark 5.12. ¢,,4 < non(M.A) holds in the Hechler model: Brendle
(essentially) showed in [Bre95] that e,,q < ¢;q = N; in the Hechler model
(id denotes the identity function on w), and in that model non(M.A) >
add(M) = min{b, cov(M)} = 2% > N, holds.

Figure 1 illustrates the relationship of the cardinal invariants below
non(M) we have seen and here are additional explanations:
e cov(N) < supl by Theorem 5.3(1).
non(MA) < non(€) by e.g. [CMR24, Corollary 1.12].
add(M) < non(MA) by add(M) < add(M.A) < non(MA).
min{e, b} < add(M) by add(M) = min{b, cov(M)} and ¢ <
cov(M).
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e 0;'% can be finite by [CM23, Theorem 3.13].

cov(N) > supl non(M)
olLe / / /

o,h G e{;’h non(€&)

T b,h
| T 7 a
Pty bgj}f N bif;f non(MA)

minL = e g +

4

L
ew,h

7
minG = non(NA) e

s T I~

N; » add(N) » min{e, b} —— add(M) -+ cov(M)
I Il
oSk o
I
Bff,h

Ficure 1. Diagram of cardinal invariants below
non(M). Here, b € (w\ 2)* and h € [][b go to infinity
and minG = minGLc = minGPrj,, minl. == minLLc =
minLPry/, supl = suplLc = supIPr,, for b’ > 1.
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