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NOTES ON SLALOM PREDICTION 

TAKASHI YAMAZOE 

ABSTRACT. We study a concept of evasion and prediction associ­
ated with slaloms, called slalom prediction. This article collects 
ZFC-provable properties on the slalom prediction. 

1. INTRODUCTION 

Functions w ➔ [w]<w are called slaloms and it is known that many 
cardinal invariants can be characterized using relational systems re­
garding slaloms (e.g. Theorem 5.1,5.2). Let us introduce them: 

Definition 1.1. • R = (X, Y, c) is a relational system if X and 
Y are non-empty sets and C~ Xx Y. 

• We call an element of X a challenge, an element of Y a response, 
and "x c y" "x is met by y". 

• F ~ X is R-unbounded if no response meets all challenges in 
F. 

• F ~ Y is R-dominating if every challenge is met by some re­
sponse in F. 

• R is non-trivial if X is R-unbounded and Y is R-dominating. 
For non-trivial R, define 

- b(R) := min{IFI: F ~Xis R-unbounded}, and 
- ll(R) := min{IFI : F ~ Y is R-dominating}. 

Definition 1.2. Let b E (w + it and h E ww. 

• Let IT b := ITn<w b(n), seq<w(b) := Un<w ITi<n b(i) and S(b, h) := 
ITn<w[b(n)]-Sh(n), the set of all (b, h)-slaloms. We often use "lo­
calizer" instead of "slalom" . 

• For x E IT band <p E S(b, h), we write: 
- x E* <p if x(n) E <p(n) for all but finitely many n < w, and 
- x E00 <p if x(n) E <p(n) for infinitely many n < w. 

• Denote the relational system GLc(b, h) := (IT b, S(b, h), E*) 
and bfkc := b(GLc(b, h)) and llfkc := ll(GLc(b, h)). (short 
for "gl~bal localization") ' 

• Denote the relational system ILc(b, h) := (IT b, S(b, h), E00 ) and 
oiLh := b(ILc(b, h)) and ()iLh := ll(ILc(b, h)). (short for "infinite 
lo~alization" ) ' 

To avoid triviality, we always assume 1 ::; h(n) < b(n) for all n < w. 
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There are several types of notation denoting the same cardinal in­
variants we deal with, such as ct h, lJ~ h, ()h( E*), bt1i, ()b\c, Elt(b, h, Fin), 
sl;(b, h, Fin) (see the list in [CGMRS24, Remark 3.3]) ~nd our notation 
is based on Cardona and Mejia's bt1i, ()b\c in [CM23] (they used the 
names "localizations" and "anti-localizati~ns"). 

On the other hand, Blass studied the Specker phenomenon in group 
theory and consequently introduced the combinatorial notion of evasion 
and prediction in [Bla94] as follows: 

Definition 1.3. • A pair 1r = (D, { 7rn : n ED}) is a predictor if 
D E [w ]w and each 7r n is a function 7r n : wn -+ w. Pred denotes 
the set of all predictors . 

• 7r E Pred predicts f E WW if f ( n) = 7r n (n n) for all but finitely 
many n E D. f evades 1r if 1r does not predict f. 

• The prediction number pt and the evasion number e are defined 
as follows1: 

pt:= min{IIII : II~ Pred, VJ E ww :31r E II 1r predicts J}, 
e := min{IFI: F ~ ww, \/1r E Pred :3f E Ff evades 1r}. 

Both localizations and predictions are a kind of a guess, but predic­
tions have the following two differences with localizations: 

(1) Predictors have their infinite set D on which they guess. 
(2) Predictors can see the previous values of functions as a hint of 

the next value. 
Now we consider possible patterns of the guess combining the two 

notions localization and prediction. Blass made a similar approach in 
[Bla09] ( and our names "global", "local" and "infinite" come from his 
work), but he assumed b = w (the constant function of the value w). 
Our following framework contains the case when b E ww as well. 

Firstly, we introduce localizations with their infinite set on which 
localizers guess: 

Definition 1.4. ([BS96, Definition 2.4], [Spi98, Definition 1.2], [Car24, 
Definition 2.3]). Let b E (w + it and h E ww. 

• A local (b,h)-slalom is a pair (D,cp) where DE [wt and cp E 
S(b, h). £S(b, h) denotes the set of all local (b, h)-slaloms. 

• For x E IT b and (D, cp) E £S(b, h), we write x E* (D, cp) if 
x(n) E cp(n) for all but finitely many n ED. 

• Denote the relational system LLc(b, h) := (IT b, £S(b, h), E*) 
and b~kc := b(LLc(b, h)) and ()~kc:= (')(LLc(b, h)). 

We often write X En cp instead of XE* (D, cp). 

Secondly, we introduce predictions with slaloms and split into three 
cases (global/local/infinite): 

1 While the name "prediction number" and the notation "pr'' are not common, 
we use them in this article. 
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Definition 1.5. Let b E (w + l)w and h E ww. 

• A global (b, h)-predictor is a function 1r with its domain seq<w(b) 
such that given n < w and O" E ITi<n b(i), 1r(O") is a subset of 
b(n) of size :S h(n). QPR(b, h) denotes the set of all global 
(b, h)-predictors. 

• A local (b, h)-predictor is a pair (D, 1r) where D E [w]w and 
1r E QPR(b, h). £PR(b, h) denotes the set of all local (b, h )­
predictors. 

• For (D, 1r) E £PR(b, h) and f E IT b, (D, 1r) predicts f if f(n) E 
1r(fl n) for all but finitely many n E D and we write f <J* ( D, 1r) 
or f <JD 7r. 

• For 1r E QPR(b, h) and f E IT b; 
- 1r predicts f if f <J: 1r and we write f <J* 1r. 
- 1r infinitely predicts f if f <JD 1r for some D E [w ]w and we 

write f <J00 1r. 
• Define the following relational systems and cardinal invariants: 

- GPr(b, h) := (IT b, QPR(b, h), <J*), ef h := b(GPr(b, h)) 
and ptf h := ()(GPr(b, h)). , 

- LPr(b, h) := (IT b, £PR(b, h), <J*), eth := b(LPr(b, h)) and 
Ptth := ()(LPr(b, h)). , 

- IP~(b,h) := (ITb,QPR(b,h),<J00 ), eih := b(IPr(b,h)) and 
P~,h := ()(IPr(b, h)). , 

The local case when b = w and h = l is equivalent to the standard 
prediction. In particular, e = et 1 and pt= p~ 1 . 

In this article, we focus on ZFC-provable p;operties on local local­
izations and slalom predictions, particularly when b E ww. 

In Section 2, we study the local localization comparing it with the 
global and infinite versions following [ CM23]. In Section 3, we see 
several properties of slalom predictions. In Section 4, we investigate 
the connection between localizations and slalom predictions. In Section 
5, we study the relationship between these numbers and some ideals on 
the reals and conclude the article with Figure 1 which illustrates the 
inequalities we know. 

In the rest of this section, we review a basic property of relational 
systems. 

Definition 1.6. For relational systems R = (X, Y, c), R' = (X', Y', c' ), 
(<I>_, <I>+) : R ➔ R' is a Tukey connection from R into R' if <I>_ : X ➔ 
X' and <I>+ : Y' ➔ Y are functions such that: 

\/x EX \/y' E Y' <I>_(x) c' y' =} X C <I>+(Y'). 

We write R -:5T R' if there is a Tukey connection from R into R' and 
call -:5T the Tukey order. Note that R -:5T R' implies b(R') :S b(R) 
and () (R) :S () (R'). 
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2. LOCAL LOCALIZATION 

For any function x E IT b and (b, h )-slalom <p, x E* <p =} x Eb <p =} 

x E 00 <p holds for any D E [w]w, so: 

Lemma 2.1. ILc(b, h) -jT LLc(b, h) -jT GLc(b, h) and hence bfkc :S 
[JLLc < 01Lc and ()ILc < ()LLc < ()GLc for any b h. ' 

b,h - b,h b,h - b,h - b,h , 

The monotonicity on b, h also holds: 

Lemma 2.2. Let b, b' E (w + lt and h, h' E ww. If b(n) :S b'(n) 
and h'(n) :S h(n) for all but finitely many n < w, then GLc(b, h) -jT 
GLc(b', h'), ILc(b, h) -jr ILc(b', h') and LLc(b, h) -jr LLc(b', h') and 
h bGLc < [JGLc [JLLc < [JLLc [JILc < [JILc d ;,,GLc < ;,,GLc ;,,LLc < ence b' h' - b h ' b' h' - b h ' b' h' - b h an Vb h - Vb' h'' Vb h -
()LLc d, ()ILc < '()ILc ' ' ' ' ' ' ' 

b' ,h' an b,h - b' ,h'. 

Global and infinite localizations are studied well in [CM23], so let us 
look at the local version. The case when b = w is studied in [Bla09]. 
For example: 

Fact 2.3. ([Bla09], see also [B896, Lemma 2.5]) btLh = min{ e, b} and 
()t~h = max{pt, ()} if h E ww goes to infinity2. ' 

Let us focus on the case b E ww. Following [CM23], we investigate 
what kind of properties that hold for global and infinite localizations 
will also hold for local cases. 

First, they proved the following (non-trivial) Tukey relation of global 
localizations with different parameters: 

Lemma 2.4. ([CM23, Lemma 3.14]) Let b E ww and h, h+ E ww. 
Assume that (hh<w is an interval partition of w satisfying h(i) ~ h+(k) 
for all k < w and i E h and define b+ E WW by b+(k) := ITiEh b(i). 
Then, GLc(b, h) -jr GLc(b+, h+). 

This lemma holds in the local ( and infinite) cases as well: 

Lemma 2.5. Under the assumption of Lemma 2.4, LLc(b, h) -jT 
LLc(b+,h+) and ILc(b,h) -jT ILc(b+,h+). 

Proof. Their proof of Lemma 2.4 gives functions \V _: IT b -+ IT b+ and 
'Y+: S(b+, h+) -+ S(b, h) such that for any x E IT b, <p E S(b+, h+), 
k <wand i E h, w_(x)(k) E 1.p(k) implies x(i) E '1I+(<p)(i), which 
witness GLc(b, h) -jT GLc(b+, h+) and ILc(b, h) -jT ILc(b+, h+) as 
well. Moreover, for any D E [wt, w(x) E* (D, <p) implies x E* 
(LJkED h, W+(1P)), which witnesses LLc(b, h) -jT LLc(b+, h+). □ 

We introduce the limits of localization numbers: 

Definition 2.6. Let h E ww go to infinity and h' E ww. 

2While Blass proved only the former equation, it is easy to prove the latter from 
his proof. 
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• minGLch := min{bfkc : b E ww}, supGLch := sup{ilfkc : b E 
ww}. , , 

• minLLch := min{brkc : b E ww}, supLLch := sup{ilrkc : b E 
ww}. , , 

• minILch, := min{bi~h' : b E ww}, supILch' := sup{ili~h' : b E ww}. 

They proved that the parameter h is irrelevant for the global and 
infinite numbers: 

Theorem 2. 7. ([CM23, Theorem 3.19]) 
• For h, h' E ww going to infinity, minGLch = minGLch' and 

supGLch = supGLch'· 
• For h, h' E ww, minILch = minILch, and supILch = supILch'. 

Thus, we omit the subscripts. 

This holds in the local case as well: 

Theorem 2.8. For h, h' E ww going to infinity, minLLch = minLLch' 
and supLLch = supLLch'. Thus, we omit the subscripts. 

Proof. We only prove minLLch = minLLch,. Let h+ E ww such that 
h+(o) = 0 and h+ 2* h, h'. By Lemma 2.2, minLLch,, minLLch :::; 
minLLch+, so it suffices to show that minLLch+ :::; minLLch, minLLch'· 
Let b E ww be arbitrary. Since h and h' go to infinity, we can find some 
interval partitions (hh<w and (I£) k<w as in Lemma 2.5 and correspond­
ing b+, (b')+ such that LLc(b, h) -jr LLc(b+, h+) and LLc(b, h') -jr 
LLc((b')+, h+). Therefore we have minLLch+ :::; bf+~~+ :::; bf,kc and 
minLLch+ :::; b~~~ ,h+ :::; bf,k,c. Since b was arbitrary, we get minLLch+ :::; 
minLLch, minLLch,. D 

They proved that these limits are used to characterize the global 
localization cardinals for b = w: 

Theorem 2.9. ([CM23, Theorem 3.20]) b~\c = min{b, minGLch} and 
()~7,c = max{il, supGLch} for h E ww going to infinity. , 

This theorem holds in the local cases as well: 

Theorem 2.10. btLh = min{b, minLLch} and ()tLh = max{il, supLLch} 
for h E ww going to 'infinity. Equivalently, min { b ,' e} = min { b, minLLc} 
and max{il,pt} = max{il,supLLc} by Fact 2.3. 

Proof. We only prove btLh = min{b, minLLch} and it is clear that 
btLh = min{b, e} :::; b and btLh :::; minLLch hold, so we show btLh 2: 
min{b, minLLch}- Let F ~ 'ww of size < min{b, minLLch}- Since 
IFI < b, some b E ww dominates all x E F (in the sense of <*) and 
we may assume that h E IT b. For x E F, define x' E IT b by x' ( n) := 
min{x(n), b(n)-1} and note that x(n) = x'(n) for all but finitely many 
n < w. Since IFI < minLLch :::; brkC. some local (b, h)-slalom (D, r.p) 
locally localizes all functions in { x' : x E F} and hence all x E F. 
Therefore, IFI < bt~r □ 
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3. SLALOM PREDICTIONS 

For any function f E IT b and global (b, h)-predictor 1r, f <1* 1r =} 

f <1'b 1r =} f <100 1r holds for any DE [w]w, so: 

Lemma 3.1. IPr(b, h) ~T LPr(b, h) ~T GPr(b, h) and hence ef h :s; 
L <I d I< L < G , 

eb,h - eb,h an .ptb,h - .ptb,h - .prb,h. 

The monotonicity on b, h holds as well: 

Lemma 3.2. Let b, b' E (w + lt and h, h' E ww. If b(n) :s; b'(n) 
and h'(n) :s; h(n) for all but finitely many n < w, then GPr(b, h) ~T 

GPr(b', h'), LPr(b, h) ~r LPr(b', h') and IPr(b, h) ~r IPr(b', h') and 
hence e~ h' :s; ef h, e~ h' :s; et h, ei, h' :s; ei h and .prf h :s; .pr~ h', .P~ h :s; 
.p~ h' and .P~ h ~ .pt( h'. ' ' ' ' ' ' , , , 

The case when b = w is studied in [Bla09]: 

Fact 3.3 ([Bla09]). Let 2 :s; k < w and h E ww go to infinity. 

(1) ~1 = e~ 1 :s; mk :s; e~k :s; add(N) = e~h, where mk denotes 
Martin's' number for o-~k-linked forcings. ' 

(2) et 1 = e :s; et k :s; et h :s; cov(M), non(M). 
( ) I , - I - , I - , (M) 3 ew,l - ew,k - ew,h - COV • 

It is not hard to see that the dual inequalities hold as follows: 

Lemma 3.4. Let 2 :s; k < w and h E ww go to infinity. 

(1) 2Na = .prG 2:: .ptG 2:: cof(N) = .ptG . w,l w,k w,h 

(2) .Prt 1 = .Pt 2:: .prt k 2'. .prt h 2'. cov(M), non(M). 
(3) µ~'1 = .P~ k = pt~ h = ~on(M). , , , 

The local cases when b E ww and h = 1 are studied in [Bre95]: 

Fact 3.5 ([Bre95]). (1) e 2:: min{b, eubd}, where eubd := min{et,1 

b E ww}. 

(2) All e~,1 for 2 :s; n < w are the same value efin, where the 
subscript n denotes the constant function of the value n < w. 

(3) efin 2:: s, the splitting number. 

It is not hard to see that the dual inequalities hold as follows: 

Lemma 3.6. (1) .pt :s; max{il, .Ptubd}, where .Ptubd := sup{.p~ 1 

b E ww}. ' 

(2) All .pt~,1 for 2 :s; n < w are the same value .prfin• 

(3) .ptfin :s; t, the reaping number. 

The same Tukey connections as in Lemma 2.4 and 2.5 also hold by 
a similar proof: 

Lemma 3.7. Let b E ww and h, h+ E ww. Assume that (h)k<w is 
an interval partition of w satisfying h(i) 2:: h+(k) for all k < w and 
i E h and define b+ E WW by b+(k) := rriEh b(i). Then, GPr(b, h) ~T 

GPr(b+, h+), LPr(b, h) ~r LPr(b+, h+) and IPr(b, h) ~r IPr(b+, h+). 
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Moreover, in the local and infinite cases, hand h' do not require any 
assumptions: 

Lemma 3.8. Let b E ww and h, h+ E ww. Then, there exists b+ E ww 
such that LPr(b, h) ~T LPr(b+, h+) and IPr(b, h) ~T IPr(b+, h+). 

Proof. We may assume h = 1. Let (h : k < w) be an interval partition 
of w satisfying lhl > h+(k) for all k < w and define b+ by b+(k) := 
ITiEh b(i). Let 1r be any global (b+, h+)-predictor and fix k < w and 
(Y E ITk'<k b+(k'). Let s := 1r(rY) ~ b+(k) = rriEh b(i), which we may 
assume as a set of functions on h. Since ISi = l1r(rY)I ~ h+(k) < lhl, 
there is Jk := j Eh which is not a branching point of any two t, t' ES, 
namely, tf h nj = t'f h nj implies t(j) = t'(j) for any t,t' ES. 
Thus, the function 9k,a : { tf h n j : t E S} ➔ b(j), tf h n j c-+ t(j) 
is well-defined. Unfixing k and rY, let 1r' be a global (b, 1)-predictor 
satisfying for all k <wand TE rri<jk b(i) = ITk'<k b+(k') rriEhnjk b(i), 
1r'(r) = {gk,a(rf h njk)} where rY := (rf h,: k' < k) E ITk'<kb+(k'). 
By construction, for any f E IT b and k < w, 

n h E 1r((jf h 1 : k' < k)) implies f(jk) E 1r'(Jf Jk), 

whichinducesLPr(b, 1) ~T LLc(b+, h+) andIPr(b, 1) ~T ILc(b+, h+). 
□ 

We introduce the limits of slalom prediction numbers: 

Definition 3.9. Let h E ww. 

• minGPrh := min{ ef h : b E ww}, supGPrh := sup{µtf h : b E 
ww}. ' , 

• minLPrh := min{ erh : b E ww}, supLPrh := sup{µtrh : b E ww}. 
• minIPrh := min{ et~ : b E ww}, supIPrh := sup{µtfi,h': b E ww}. 

By a similar proof to Theorem 2.10, we obtain the following lemma: 

Lemma 3.10. Leth E ww. 

• e~ h = min{b, minGPrh} and l)t~ h = max{(), supGPrh}. 
• et'h 2'.: min{b, minLPrh} and µrt 'h ~ min{(), supLPrh}-
• co~(M) = e~ h 2'.: min{b, minIPrh} and non(M) = l)t~ h < 

max{(), supIPr,h}. ' 

4. CONNECTIONS BETWEEN LOCALIZATIONS AND SLALOM 

PREDICTIONS 

In this section we see the connection between localizations and slalom 
predictions. First, predictions are easier than localizations because of 
the hints of initial segments of functions, so we immediately have: 

Lemma 4.1. GPr(b, h) ~T GLc(b, h), LPr(b, h) ~T LLc(b, h) and 
IPr(b, h) ~T ILc(b, h) for any b and h. 
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However, regardless of such hints, predictions can be harder than 
localizations when the width of slaloms of localizations is sufficiently 
wider: 

Definition 4.2. For h E ww, define h~ E ww by h~(n) := n • fL::::n h(i). 

Lemma 4.3. ([Bla09]) Let b E (w+lt and h E ww such that b > h' := 
h~, where < denotes the total strict domination on (w + l)w. Then, 
GLc(b, h') -jy GPr(b, h), LLc(b, h') -jy LPr(b, h) and ILc(b, h') -jy 
IPr(b, h). 

Proof. Let 1r be a global (b, h)-predictor. Fors E seq<w(b), take a tree 
rs <::;; seq<w(b) of stems which contains all t E seq<w(b) such thats<::;; t 
and t(n) E 1r(lj n) for all n E ltl \ Isl and we may assume that every 
t E rs n wn is h(n)-branching for all n 2". Isl- Put 1fs(n) := U{ t(n) : t E 
rs n wn+l} for n < w and note that l1rs(n)I :s; IL<n h(i). Enumerate 
{si: i < w} = seq<w(b) and let cp-rr(n) := LJ{1rs;(nf i < n} for n < w 
and note that lcp-rr(n)I :S: ITi<n h(i) ·n = h~(n), so cp-rr is a (b, h~)-slalom. 
Take X E IT b and no < w arbitrarily and put Si := XI no. Then, for any 
n > i, x(n) E 1r(x In) implies x(n) E cp-rr(n), which induces the three 
Tukey connections. □ 

Consequently, localizations and predictions have the same limit value 
in the following sense: 

Theorem 4.4. Let h E ww. 

(1) minGPrh :S: minGLc and supGPrh 2': supGLc. In particular, 
minGPrh = minGLc and supGPrh = supGLc if h goes to infin­
ity by Lemma 4.1 and Theorem 2.7. 

(2) ( e.g. [Laf97, Proposition 2.2]) ( Cubd = )minLPrh = minLLc and 
(Ptubd = )supLPrh = supLLc. 

(3) minIPrh = minILc and supIPrh = supILc. 

Proof. We only prove the former (in)equalities. 

(1) Since h' := h~ goes to infinity, minGLc = minGLch, = min{bfk,c : 
b E ww} = min{bfk,c: b E ww,b > h'} holds. Let b E ww be 
arbitrary with b > 'h'. By Lemma 4.3, minGPrh :S: cf h :S: bfk,c­
Since b > h' was arbitrary, we have minGPrh :S: minGLc. ' 

(2) If h goes to infinity, minLPrh = minLLc is obtained similarly, 
so we may assume h is bounded. Since minLPrh :S: minLLc 
is proved similarly as well, we show the converse. Let b E ww 
be arbitrary, h+ 2". h be any function going to infinity and b+ 
witness LPr(b, h) -jy LPr(b+, h+) by Lemma 3.8. Since h+ 
goes to infinity, minLLc = minLPrh+ :S: C~+,h+ :S: er,h- Since b 
was arbitrary, we obtain minLLc :S: minLPrh. 

(3) minIPrh :S: minILc is proved similarly and minIPrh 2': minILch = 
minILc by Lemma 4.1 and Theorem 2.7. 
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□ 

Remark 4.5. If h is bounded, minGPrh < minGLc might happen: It 
is not hard to see that o--(k+ 1)-linked forcings are GPr(k+ 1, k)-good 
and hence minGPrk < add(N) = b~\c::; minGLc holds in the Amoeba 
model (see also Theorem 5.1, [BSOl'. Lemma 3.1, Theorem 3.8(a)]). 

In the local and infinite versions, the same phenomenon that predic­
tions can be harder than localizations happens in another case, namely, 
when the whole space of predictions is sufficiently larger: 

Theorem 4.6. Let b, h, h- E ww and assume h goes to infinity. Then, 
there is b+ E ww such that LLc(b, h) -j_T LPr(b+, h-) and ILc(b, h) -j_T 
IPr(b+, h-). 

Proof. Inductively take natural numbers O = i_1 < i0 < · · · which 
satisfy for all k < w, 

which is possible since h goes to infinity. Define b+ by b+ ( k) := 
rriEh b(i) where h := [ik-1, ik) for each k < w. Assume we are given a 
global (b+,h-)-predictor 7r. Fork< w, define: 

Ak := {t(ik -1): t E 1r((d h,: k' < k)), a- E _ IT b(i)}, 
i<ik-1 

which is valid since if 0" E rri<ik-1 b( i) l by identifying functions and 
natural numbers, (d h, : k' < k) E ITk'<k b+(k') and if t E 1r((o-f h, : 
k' < k) ), t belongs to b+(k) = ITiEh b(i) and again by identification tis 
a function and t(ik -1) E b(ik -1). Also note that IAkl ::; rri<ik-1 b(i). 
h-(k)::; h(ik-l). Therefore, Ak E [b(ik-l)]~h(ik-1), so there is a (b, h)­
slalom 'P1r satisfying 'P1r(ik - 1) = Ak for all k < w. By construction, 
for any k < w and f E IT b, 

ff h E 1r(Uf h,: k' < k)) implies f(ik -1) E 'P1r(ik -1), 

whichinducesLLc(b,h) -j_r LPr(b+,h-) andILc(b,h) -j_r IPr(b+,h-). 
□ 

5. CONNECTION WITH IDEALS 

There are many known results on the connections between ideals 
on the reals and global/infinite localization cardinals. Here are such 
examples: 

Theorem 5.1. ([Bar84], [CM23, Theorem 4.2]) b~\c = add(N) and 
ll~,\c = cof(N) for h E ww going to infinity. ' 
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Theorem 5.2. ([Mil82], [Bar87], [CM23, Theorem 5.1]) ()~Lh = non(M) 
and b~~h = cov(M) for h E ww. ' 

Theorem 5.3. ([KM22, Lemma 2.3],[CM23, Lemma 6.2]) 

(1) If Ln<w Z[:] < oo, then cov(N) S ()i~h and bi~h S non(N). 

(2) If Ln<w Z[:] = oo, then cov(t') S bi~h and ()i~h S non(£), where 
£ denotes the o--ideal generated by closed null sets. 

Now let us look at local cases. First, we easily have the following by 
considering the set of functions predicted by a single local predictor: 

Lemma 5.4. • Let b E (w+l)w and h E ww. Then, btkc S erh S 
non(M) and cov(M) S Ptrh S ()rkc. ' ' 

• Let b, h E ww. If limsupn Z[:? < i, then b~kc s er,h s non(£) 

and cov( £) S P~h S ()~kc. 

Remark 5.5. If limsupn Z[:] = 1, non(£) < b~kc and ()~kc < cov(t') 
might happen: The author introduced in [Yam24] the forcing notion 
ILIEb which adds an LLc(b, b- 1)-unbounded real and proved that ILIEb 
keeps non(£) small if b(n) 2 2n for n < w. Consequently, in his model 
constructed in [Yam24, Theorem 5.9], non(£) < btt1 = non(M) < 
cov(M) = ()~t=-1 < cov(t') holds. ' 

Let us focus on the uniformity of the null and meager additive ideals 
NA and MA. 

Definition 5.6. Let I be an ideal on 2w. IA denotes the set of all 
I-additive sets, i.e., the collection of X ~ 2w such that A+ X E I 
for all A E I. Here, the addition + on 2w is defined by identifying 
2w ~ (7L/27L)w. 

The additivity and uniformity of NA can be characterized using the 
limit global number: 

Fact 5.7. ([Paw85, Lemma 2.2], [CMR24, Corollary 1.7, Theorem Al) 
add(N A) = non(N A) = minGLc. 

In particular, non(N A) = minGLc S minLLc = minLPr = eubd 
holds, which is already shown by Cardona in [Car24, Theorem 2.1]. 
However, in the case of MA, we show that the opposite direction 
holds: 

Theorem 5.8. eubd S non(MA). 

To prove this theorem, let us introduce the following relational sys­
tem to characterize the uniformity of MA: 

Definition 5.9. ([CMR24, Definition 2.7]) Let IIIP' denote the set of all 
interval partitions of w. 
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(1) For f, g E ww and I= (h: k < w) E IIJID, f c• (I, g) if for all but 
finitely many k < w, there exists i Eh such that f(k) = g(k). 

(2) For b E ww, denote the relational system Rb := (IT b, IIJID x 
IT b, c·). 

Fact 5.10. ([BJ94, Theorem 2.2], [CMR24, Lemma 2.10]) non(MA) = 
min{b(Rb) : b E ww}. 

Rb is Tukey below some LLc( b+, h): 

Lemma 5.11. Let b, h E ww. Then, there exists b+ E ww such that 
Rb ~T LLc(b+, h). 

Proof. Take some I= (h : k < w) E IIJID such that lhl 2': h(k). Define 
b+ ( k) := ITiEh b( i). Let <p be any (b+, h )-slalom and fix k < w. Let 
S := 1.p(k) E b+(k) := ITiEh b(i), which is assumed to be a set of 
functions on h. Enumerate {ti: i < ISi} =Sand let J- := {minh+i: 
i < ISi} ~ h, since ISi ::S h(k) ::S lhl- define a function gk on 1- by: 

gk(min h + i) := ti(i) E b(i). 

Unfix k and by collecting all gk together, let g = gcp E IT b be some 
function which satisfies g(minh+i) = gk(minh+i) for all k <wand 
i < 11.p(k)I- By construction, note that for any x E IT band k < w, 

x I h E 1.p(k) implies x(i) = gcp(i) for some i Eh. 

Let D E [w]w and ID = (I~ : k < w) E IIJID be such that if k is the 
j-th element of D, then h ~ 11. Again by construction, for x E IT b, 
(x1 h : k < w) E* (D, 1.p) implies x c• (ID, gcp), which shows Rb ~T 

LLc(b+, h). □ 

Proof of Theorem 5.8. Leth be any function going to infinity. By The­
orem 4.4, we have eubd = minLPrh = minLLch, so we show minLLch ::S 
non(MA) instead. Let b E ww be arbitrary. By Lemma 5.11, some b+ E 
ww satisfies Rb ~T LLc(b+, h), so we have minLLch ::S b~f'h ::S b(Rb)­
Since b was arbitrary, by Fact 5.10 we have minLLch ::S ~in{b(Rb) : 
b E ww} = non(MA). D 

Remark 5.12. eubd < non(MA) holds in the Hechler model: Brendle 
(essentially) showed in [Bre95] that eubd ::Seid= N1 in the Hechler model 
(id denotes the identity function on w), and in that model non(MA) 2': 
add(M) = min{b, cov(M)} = 2No > N1 holds. 

Figure 1 illustrates the relationship of the cardinal invariants below 
non(M) we have seen and here are additional explanations: 

• cov(N) ::S supl by Theorem 5.3(1). 
• non(MA) ::S non(£) by e.g. [CMR24, Corollary 1.12]. 
• add(M) ::S non(MA) by add(M) ::S add(MA) ::S non(MA). 
• min{ e, b} ::S add(M) by add(M) = min{b, cov(M)} and e ::S 

cov(M). 
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• ()i~h can be finite by [CM23, Theorem 3.13]. 

cov(N) ~ aupI non(M) 

()ILc ~ / 
b,h G __ _______. L -------(' C') 
T eb,h eb,h non 0 

i i / 
bGLc -----+ bLLc non(MA) 

b,h b,h 

i/ 
minL = eubd 

b 

/+ 
minG = non(N A) e 

,,,,,,,, i 

~ 1 ➔ add(N) ----- min{ e, b} ---- add(M) ➔ cov(M) 
II II 

bLLc 
w,h 

FIGURE 1. Diagram of cardinal invariants below 
non(M). Here, b E (w \ 2)w and h E IT b go to infinity 
and minG := minGLc = minGPrh, minL := minLLc = 
minLPrh,, supI := supILc = supIPrh' for h' ~ l. 
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