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Abstract

We prove the Fredholmness of the Dirac operators associated to monopoles with Dirac-
type singularities on any complete oriented 3-dimensional Riemannian manifolds. We also
calculate their L2-indices.

1 Introduction

Let (X,g) be a 3-dimensional complete oriented Riemannian manifold with bounded scalar
curvature. We fix a spin structure on X. Let Z C X be a finite subset. Let (V,h) be a
Hermitian vector bundle on X \ Z and A a connection on (V,h). Let ® € I'(X \ Z, End(V))
be a skew-Hermitian endomorphism of (V,h). The tuple (V, h, A, ®) is called a monopole on
X \ Z if the tuple (V, h, A, @) satisfies the Bogomolny equation F(A) = xV 4(®), where F(A)
is the curvature of A and * is the Hodge operator. Moreover, a point p € Z is a Dirac-type
singularity of (V, h, A, ®) of weight k, = (kpi) € Z77%(V) if the monopole (V, h, A, ®) satisfies a
certain asymptotic behavior around p € Z (see Definition 2.1 (ii)). We set the Dirac operators
a(ﬁ@) :T(X\Z,VaSx) = ['(X\Z,VeSx) of (V,h, A, ®) to be (ﬁa,@)(s) =P 4(s)EP]1dg,,
where Sx is the spinor bundle on X and @, is the Dirac operator of (V,h, A). We regard
(??EA@) as a closed operator L2(X \ Z,V ® Sx) — L?(X \ Z,V ® Sx) by considering derivation
as a current. The main result is the following.

Theorem 1.1 (Theorem 4.5). Let (V,h, A, ®) be a monopole of rank  on X \ Z such that
each p € Z is a Dirac-type singularity of (V, h, A, ®) with weight k, = (k,;) € Z". We assume
that (V, h, A, @) satisfies the following conditions (the Rade condition).

e We have ®|,, F(A)|, = O(1) as x — oo.
e We have V4 (®)|, = o(1) as z — oo.

e There exists a compact region Y O Z such that Y has a smooth boundary 9Y, and the
inequality inf,¢ X\y{|/\\ | X is an eigenvalue of ®|,} > 0 is satisfied.



Then the Dirac operators a( 4,0) are Fredholm. Moreover, their indices Ind(a( A0)) are given
as follows:

Ind(d4 2933 kp,+/ ch(VH) p=£¢>" > kpz+/ ch(V7) g,

pEZ kp ;>0 PEZ kp ;<0

where VT is a subbundle of V|gy spanned by the eigenvectors of Fv/—1&® with positive
eigenvalues.

Let D : E — F be an elliptic operator on an oriented manifold M. It is a fundamental
problem to ask when D is Fredholm. Moreover, if D is Fredholm, it is desirable to obtain a
formula to compute the index Ind(D) of D. If M is compact, then D is always Fredholm.
Moreover, according to the celebrated Atiyah-Singer index theorem the index Ind(D) can be
computed in a topological way. The result has been applied in a wide range of mathematics,
including gauge theory, differential topology and complex geometry.

When M is non-compact, such a complete and definitive result has not yet been known,
but there are many interesting studies. Let us recall some results in the case where dim (M) is
odd. Note that if M is an odd dimensional compact manifold, then Ind(D) is always 0. First
we recall results for elliptic operators on non-compact complete manifolds. Callias [3] proved
the index theorem of the Dirac operators of SU(2)-bundles on R?"*! that satisfies a certain
asymptotic behavior at infinity. In [13], Rade studied the Dirac operators of vector bundles on
any odd-dimensional complete spin manifolds with bounded scalar curvature. He formulated
the asymptotic condition in Theorem 1.1, and obtained a generalization of Callias’ index
theorem. Next we consider results for elliptic operators defined on closed manifolds except
for finitely many points. Pauly proved the index theorem of the deformation complexes of
SU (2)-monopoles with Dirac-type singularities on closed oriented 3-dimensional manifolds.
His method was used by Kapustin and Witten in [6] to calculate the dimension of the moduli
space of Hecke modifications on a Riemann surface. In [10], Moore, Royston and Van den
Bleeken calculated the indices of the Dirac operators of the monopoles on associated vector
bundles with principal G-bundles on R? by generalizing Callias’ argument but without using
the method of Pauly, where GG is a simple compact Lie group. Moreover, they conjectured
that their index formula holds on any 3-dimensional complete Riemannian manifolds.

The proof of the main result is divided into two parts. First we extend Pauly’s argument
and calculate the indices of (3 (4,¢) When X is a closed manifold (Theorem 3.4 and Corollary
3.12). To explain in detail, we prov1de an overview of Pauly’s original argument for the
deformation complexes. For each p € Z, Pauly made a local surgery on the deformation
complex associated to (V, h, A, ®), and desingularize it around p. He calculated the difference
of the indices before and after each surgery by using the relative index theorem, and obtain
the index of the deformation complex inductively. However, the local surgery for the Dirac
operator of (V,h, A, ®) needs a condition ), k,; = 0 for each p € Z essentially (see Lemma
4.4). Thus it is difficult to apply the argument to calculate the indices of the Dirac operators
of (V,h, A, ®) even if X is a closed manifold. Instead of local surgeries, we construct a global
lift of (V,h, A, ®) on a 4-dimensional closed manifold P equipped with an S'-action. Then
we obtain the index of the Dirac operator associated to (V,h, A, ®) by calculating the S*-
equivariant index of the Dirac operator of the lift of (V) h, A,®). This global construction
needs no assumption on the weights of the singularities. Next we combine our result and
Rade’s index theorem in [13], and obtain the index formula on any 3-dimensional complete
Riemannian manifolds (Theorem 4.5).



Remark. Kottke [7] proved a generalization of Callias’s index theorem on asymptotically
conical manifolds with a weaker asymptotic condition than the Rade condition. Adopting his
result instead of Rade’s index theorem, we can weaken the asymptotic condition imposed in
Theorem 1.1 in the case that X is an asymptotically conical manifold.

This result was obtained in the study of the inverse transform of the Nahm transform from
L?-finite instantons on the product of R and a 3-dimensional torus T to Dirac-type singular
monopoles on the dual torus 73 of T3 in [14].
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2 Preliminary

2.1 Monopoles with Dirac-type singularities
We recall the definition of monopoles with Dirac-type singularities following [5], [8] and [12].

Definition 2.1. Let (X, g) be an oriented 3-dimensional Riemannian manifold and x4 be the
Hodge operator on X. If there is no risk of confusion, then we abbreviate *, to just *.

(i) Let (V,h) be a Hermitian vector bundle with a unitary connection A on X. Let ® be
a skew-Hermitian endomorphism of V. The tuple (V| h, A, ®) is said to be a monopole
on X if it satisfies the Bogomolny equation F(A) = *V4(®). The rank of (V,h, A, ®)
stands for the rank of V.

(ii) Let Z C X be a discrete subset. Let (V, h, A, ®) be a monopole of rank » € Non X \ Z.
A point p € Z is called a Dirac-type singularity of the monopole (V, h, A, ®) of weight
ky = (kp;) € Z" if the following holds.

e There exists a small neighborhood B of p such that (V, h)|p\ () is decomposed into
a sum of Hermitian line bundles @;_, F},; with deg(Fp;) = [z c1(Fpi) = kpi-

e In the above decomposition, we have the following estimates,

=1 <
3R, ;k i-1dg,; +0(1)
Va(Rp®) = 0(1),
where R, is the distance from p.

For a monopole (V,h, A,®) on X \ Z, if each point p € Z is a Dirac-type singularity,
then we call (V, h, A, ®) a Dirac-type singular monopole on (X, 7).

Remark 2.2. Let (V,h, A, ®) be a Dirac-type singular monopole on (X, Z) of rank r and

—

kp = (kp;) € Z" the weight of (V,h, A, ®) at p € Z.

(i) The tuple (det(V'),det(h), Tr(A), Tr(P)) is also a Dirac-type singular monopole on (X, Z),
and the weight at p € Z is given as ), kp .



(ii) We assume that X is compact. Then we obtain } ., > kp; = faB(Z,s) alV) =
—fX\B(Z o dc1(V) = 0 by Stokes’ theorem, where £ > 0 is a sufficiently small posi-
tive number and B(Z,¢) = [[,c; B(p,e) = [[,ez{z € X | dg(z,p) < €}. Here dg

stands for the distance function induced by g.

Remark. The notion of Dirac-type singularities of monopoles was defined first by Kron-
heimer on flat 3-dimensional Riemannian manifolds, and Pauly [12] generalized it to any
3-dimensional Riemannian manifolds. Charbonneau and Hurtubise [5] gave a new convenient
definition.

For example, we recall the flat Dirac monopole of weight & € Z. Let g; puc denote the
canonical metric on R?. For i € N, we denote by 7; : R* — R the distance from 0 € R?. Let
p: R3\ {0} — S?(~ P!) be the projection. Let O(k) be a holomorphic line bundle on P! of
degree k. Let ho() be a Hermitian metric of O(k) such that the Chern connection Ay of
(Ok, ho)) has a constant scalar curvature. Then (p*O(k), p*how), P* Aow), V—1k/2r3) is a
Dirac-type singular monopole on (R?,{0}). We call this monopole the flat Dirac monopole of
weight k, and denote by (Lg, hi, Ak, Pk).

We will recall the equivalent condition proved by Pauly [12]. First we recall the notion of
instantons.

Definition 2.3. Let (Y, g) be an oriented Riemannian 4-fold. For a Hermitian vector bundle
(V,h) on Y and a connection A on (V,h), the tuple (V,h, A) is an instanton if the ASD
equation F(A) = — x F(A) is satisfied.

Let U C R? be a neighborhood of 0 € R3. Let g be a Riemannian metric on U. We
assume that the standard coordinate of R3 is a normal coordinate of g at 0. Set the Hopf map
7m:R*=C% - R3 = RxC tobe n(z1,22) = (J21]*—|22/|%, 22122), where we set 2; = z;+v/—1y;.
We also set the S1(= R/27Z)-action on C2 to be 0- (21, z2) := (e¥ ¥ 21,e"V"¥2). Then the
restriction 7 : R*\ {0} — R3\ {0} forms a principal S'-bundle. Then we have 7*rs = 2.

Lemma 2.4 (Proposition 3 and 4 in [12]). There exist a harmonic function f: U\ {0} = R
with respect to the metric g and a 1-form ¢ on 771 (U) such that the following hold.

e The 1-form w := (7* )¢ is a connection of 7 : R*\ {0} — R3\ {0}, i.e. w is Sl-invariant,
and we have w(dy) = 1. Here 0y is the generating vector field of the S!-action on

R*\ {0}.
e We have dw = 7*(xdf).

e We have the following estimates:

{ f=1/2r5 + o(1)
€ =2(—yrdzy + x1dyy + yadzy — zadyz) + O(r]).

e The symmetric tensor g4 = 7 f(7*g + €2) is a Riemannian metric of Lg}loc—class on
71 (U), and we have an estimate |g4 — 294 Buclgygo. = O(r4). Here a function on
7Y (U) is of L -class if every derivative of f up to order k has a finite L?>-norm on

any compact subset of 771(U).

Remark. The existence of f follows from Agy(ry') = Ag(ry') — Ay, L (r3!) = O(r3) €
L37¢(U) for any ¢ > 0, where A, is the Laplacian with respect to the metric g.
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Proposition 2.5 (Proposition 5 in [12]). Let (V,h, A) be a Hermitian vector bundle on
U\ {0} of rank r, and ® € T'(U \ {0},End(V)) be a skew-Hermitian endomorphism. The
tuple (V, h, A, ®) is a monopole on U \ {0} if and only if the tuple (7*V,7*h, 7*A — { @ %)
is an instanton on 7~ 1(U) \ {0} with respect to the metric g4 = 7* f(7*g + £2). Moreover, 0
is a Dirac-type singularity of (V,h, A, ®) of weight k= (k;) € Z" if and only if the following
hold.

e The instanton (7*V, 7*h, 7* A—m*®®¢) can be prolonged over 7~ (U), and the prolonged
connection is represented by an L% loc-valued connection matrix. We will denote by
(Vy, hy, Ag) the prolonged instanton.

e The weight of the S'-action on the fiber Vj|o agrees with k up to a suitable permutation.

Remark 2.6.

e If ¢ = g3 Fuc, we can choose f = 1/2r3 and £ = 2(—y1dx; + x1dy1 + yadza — z2dy2).
Then we have g4 = 294 Euc-

e By the Sobolev embedding theorem, the connection matrix of A4 is of C? class.

Let hc be the canonical Hermitian metric on C. We set the Hermitian line bundle (L, h) :=
(w1 (U) \ {0}) xp@y (C,hc) on U \ {0} and take the connection A induced by w. Then
(fl, h, A, /=1 f) is a monopole on U with respect to g, and 0 is the Dirac-type singularity
of weight 1. We call the monopole (Ly, hi, Ap, vV/—1kf) := (L%, h®k A®F \/=1kf) a Dirac
monopole of weight k with respect to g. The following proposition is a partial generalization
of [9, Proposition 5.2].

Proposition 2.7. Let (V,h, A, ®) be a monopole on U \ {0}, and assume that the point 0 is
a Dirac-type singularity of weight k = (k;) € Z". Then there exist a neighborhood U "cU
and a unitary isomorphism ¢ : V{yn (o3 = (@j—; Lk,)|v7\ {0} such that the following estimates
hold.

|A— " (P Ar,)| = O(1).
@ — " (D> V—Tkif1dg, )| = O(1).

Proof. Let (V' 1/, A’,®") be the monopole @zzl(ﬂki, ilk“leki, v/—1k;f). By Proposition 2.5,
the instantons (7*V,7*h, 7*A — 7*® ® &) and(7*V', 7*h/,7* A’ — 7*®’' ® &) can be prolonged
over 7~ 1(U), and denote by (Vy, hy, Ay) and (V], b}, A}}) respectively. Then the weights of
S'-actions on the fiber of V; and V] at the origin coincide with each other, and the connections
Ay and A} are S'-invariant. Hence there exist an Sl-invariant neighborhood Uj; C 7= (U)
of 0 and an S'-equivariant unitary isomorphism ¢4 : Vj| vy — Vily; such that Ay — ¢j(A))
vanishes at the origin. Since this condition involves only p4|o and dp4|o, we may assume that
4 is sufficiently smooth. Hence we have |A4 — ¢} (A})| = O(ry). Since f = 1/2r3 + o(1) and
¢ is orthogonal to 7*(T*R?) with the metric g4 = 7*f(7*g + £?), the unitary isomorphism
¢ : Vlgngoy = V'[uroy induced by ¢4 satisfies the desired estimates, where we put U’ :=
7(U}). O

By the estimates in Lemma 2.4, we also obtain the following approximation.



Corollary 2.8. Let (V,h, A, ®) be a monopole on U \ {0}, and assume that the point 0 is
a Dirac-type singularity of weight & = (k;) € Z". Then there exist a neighborhood U’ C U
and a unitary isomorphism ¢ : V{yn (o3 =~ (@j_; Lx,)|un (o} such that the following estimates
hold.

A= (@A)l = 001,
@' (G LY ki, ) = 001

2.2 Local properties of harmonic spinors of the flat Dirac monopoles

Let (X, g) be an n-dimensional oriented spin manifold with a fixed spin structure. We denote
by Sx the spinor bundle on X, and by clif : 7*X — End(Sx) the Clifford product. If n
is an odd number, then we assume (\/—71)("+1)/201if(vol(xvg)) = —Idg,, where we use the
canonical linear isomorphism between the exterior algebra and the Clifford algebra. The
spinor bundle Sx has the induced connection Ag, by the Levi-Civita connection on X, and
we set the Dirac operator @x : I'(X,Sx) — I'(X,Sx) to be @x(f) := clif o Vs, (f). For
a vector bundle (V,h) on X and a connection A on (V,h), we also set the Dirac operator
Py :T(X,Sx®@V) = T(X,Sx ® V) to be @4(s) := clif o Vg, @a(s). If n is even, then we
have the decomposition Sx = S} ® Sy, and the Dirac operator @4 is also decomposed into
sum of the positive and negative Dirac operators éﬁ I(X,55 V) = T(X,STeV). If
n = 3, for a skew-Hermitian endomorphism ® € I'(X, End(V)) we set the Dirac operators
Pine) : T(X,V® Sx) = D(X,V © Sx) to be diaa)(f) = dalf) £ (@ @ 1ds, ) ().

For a differential operator P : I'(X, V1) — I'(X, V2) between Hermitian vector bundles
(Vi,h1) and (Va, he) on X, we regard P as the closed operator P : L*(X, V1) — L2(X,V3)
with the domain Dom(P) := {s € L?(X,V}) | P(s) € L*}, where P(s) is the derivative as
a current. We regard Dom(P) as a Banach space equipped with the graph norm ||s||p :=
[Isllz2 + [1P(s)] 2

Remark. Any 3-dimensional oriented manifolds are parallelizable, and hence they have spin
structures. In particular, any monopoles on a 3-dimensional oriented manifolds have the
associated Dirac operators.

Let Sgs be the spinor bundle on R3 with respect to the trivial spin structure, and d be the
trivial connection on Sps. By using the projection p : R?\ {0} — S?, we describe the Dirac
operators of the flat Dirac monopole (Ly, hy, Ay, ®x) = (p*O(k), p*hoky, P* Ao V—1k/2r3)
in terms of the Dirac operators @,f of (O(k),Ao()) on Pt = S%. Let Sg» = S;Q © Sg. be
the spinor bundle on (52, gg2), and @?2 : T(S?, S’;) — I'(S2, Ssﬂ) the Dirac operators on S2.
By the isometry R?\ {0} ~ (R x 52, (dr3)? +r3gg2) we obtain the unitary isomorphisms
Sgs|rs\ [0} = P*Ss2. According to Nakajima [11], under the identification Sgs|gs\ (o} =~ p*Sg2
the Dirac operator @Jgs on R3 \ {0} is written as follows:

0 _
\/—1(7”3674‘1) (?52
1 T3

o = —

T3

28 —\5(7"3i +1)



Therefore we obtain the following equality.

V(L 2ER i
+ B 1 ( 367“3 2 ) k
Do = o aen
+
? % 1(7“38743 + T)

By the isomorphisms S;SQ ~ Q09(O(-1)), Sgr = QUHO(-1)) and Jgo = a§2 + Jg =
V2(do(-1) +55(_1)), we obtain Ker(d; ) ~ HO(P!, O(k—1)) and Ker(#, ) ~ H'(P*, O(k—1)).
Here 55(_1) is the formal adjoint of p(_1). Let ff € L*(S?, Si ® O(k)) (v € N) be all the
eigenvectors of the operators @, o az and @z o @, with non-zero eigenvalues respectively. We
set n, > 0 to be the eigenvalue of ff, and assume n,41 > n,. Then, according to [1], we
have {n,} = {¢*> + |k|q; ¢ € N}. We set g, > 0 to satisfy n, = ¢2 + |k|g,. We may assume
that {fF} forms an orthonormal system and satisfies the relations 3:( ) = /n, fF for any

v € N. By the elliptic inequality and the Sobolev mequahty on S2, there exist C',C" > 0
such that ||fF||ze < C"|| 12 < C'(1fE |2 + 10 (F)I2) = C'(l + v/nw). Then by the

interpolation mequahty we obtain || 5|13 < (|| £ 2) 2 (£ 6)/? = C\/T+ /0, where
we put C' := +/C". Hence we obtain the following lemma.

Lemma 2.9. We have the estimate ||f||;s = O(/@)-
Through the above arguments, we can solve the equation by separation of variables. Since
r7* € L2(B(r)*) if and only if m > —3/2, we obtain the following proposition.

Proposition 2.10. Let s be a section of Ly ® Sgs on a punctured ball B(r)* := {x € R? |
0 < |z| < r} for some r > 0.

(i) If we have s € L?(B(r)*, Lk®SR3)ﬂKer(<?(+Ak7¢,k)), then there exists a sequence {c,} C C
such that we have

s=Y o (af () f +a,(r3)f))
veN

+

Here the functions a;, are given as follows:

—14qu+|k|/2
af(rs) =ry +tavtlkl/2.

v

¢y + max(0, k) a2

W) = T e

(ii) If we have s € L?(B(r)*, Lk®SR3)ﬂKer((ﬂ(_Ak,¢k)), then there exist a sequence {c, } C C,
te Ker(@:) =HOP',O(k—1)) and o~ € Ker(d,, ) = H (P!, O(k — 1)) such that we
have

s:(Zai) (r3 —i—ch S () fiF b, (r3)f,)).
=

veN

Here the functions p* and b are given as follows:

p(rs) = 3—1—1—\k\/2

b;r(T?)) =T3
qy +max (0, —k) ek,

V=1/¢2 + |klq

—ltatlkl/2

b, (r3)




Remark 2.11.
e Since we have dim(Ker(i/ﬁ)) = max(+k,0), a™ or a~ (or possibly both) is 0.
e We have |s| = O(rgl/z).
By the above proposition we obtain the following corollary.

Corollary 2.12. For arbitrary positive numbers 7 > 7/ > 0, the restriction map L?(B(r)*, Ly®
+

Sgr3) N Ker(a(Ak@k)) — L?(B(r")*, L, ® Sgs) is a compact map.
Proof. We prove for é}ZFAk@k). We take an arbitrary s € L?(B(r)*, Lk®SR3)ﬂKer(&§erk,¢,k)). By
Proposition 2.10, there exists a sequence {c,} C Csuchthat s =Y .y (af (r3)f,7 +a;, (r3)f,),

v
*+ are given in Proposition 2.10. Then we have

HSH%Z(B(T)*) :/ |s|?r2 dr3 A dvolge :/ dr3/ dvolgz |r3s|?
B(r)* 0 S2

=l (llrsa 12200 + llrsay [720) < oo
v

where a

For T >0 and v € N, we set N*(T,v) := HrgajHig(QT) + Hrga,jHQLQ(O,T). By the definition of
af, we have Nt (T,v) = NH(T',v) - (T/T")*w*FI+1 for any T, T" > 0. Therefore we obtain
HSH%%B(T/)*) = Z e[ - NF(r,v) - (7"//7“)2q”+‘k‘+1-
v

Since (r'/ 7")2‘1"+““‘Jrl converges to 0 as v — oo, the restriction map is compact by a standard
argument about /2 = L?(N). The proof for &(Ak@k) is similar. O

As a preparation of Proposition 2.14, we prove the following lemma.

Lemma 2.13. Let tg > 0 be a positive number and « a real number. Set the constant C, to
be

_ S 2a=172 (a#£1/2)
CO‘_{ 1 (a=1/2).

There exists a compact operator K, : L?(0,t9) — C°([0,%0]) such that for any f € L?(0,to),
the function g := K, (f) satisfies the estimate

l9(0)] < Callfllg2 - /7(1 + log(to/1)"/?)
< Callfllzz - Vto(1 +1/Ve)

and the differential equation t0;(g/t) + a(g/t) = f, where C°([0,%0]) is the Banach space
consisting of bounded continuous functions on [0, #g]. In particular, we have ||g||;2 < Cqy to(1+

1/v/e) - |Ifl1z2 and [[t7/5g]|1s < t/> - |[t75g]|co < Cate* (1 + v/3/2)3 - || ]| 2
Proof. We set g = K,(f) to be

tott /Ot f(2)z* tda (a>1/2)

g(t) : t
—ta+1/0f(a;)xa1d:1: (a <1/2).



Then, by a direct calculation we have td;(g/t) + a(g/t) = f. If a # 1/2, then we obtain

lg®)| < 7| f]| 2 /129|120 — 1| = |20 — 1|72 f||f2 - tY/2. If @ = 1/2, then we have
lg(t)] < ||f]l2 - tY/%log(to/t)'/2. As a consequence of the above inequalities, we obtain the
desired estimate. By these estimates and the differential equation, we obtain |d:g| < |f] +
Coll — (1 + log(to/t)?)|| |12 - t=/% € L?([0,t0]). Hence the compactness of K, follows
from the Ascoli-Arzela theorem. O

Proposition 2.14. Let » > 0 be a positive number. There exists a compact map G* :
L*(B(r)*, Ly ® Sgs) — L*(B(r)*, L ® Sgs) such that we have R(G*) C Dom(dy, s,))
and a(iAk’%) o G* = Id, where R(-) means the range of the operator. Moreover, we have
R(G*) ¢ L3(B(r)*, Ly ® Sgs), and G* : L? — L3 is bounded.

Proof. The proof for aerk,@k) remains valid for éf(_Ak@k). Hence we prove only for &TAk@k).
The subspace that is spanned by Ker((?f) and {fF} is dense in L?(S?, Sg> ® O(k)). Hence
for any s € L?(B(r)*, Ly ® Sgs) there exist measurable maps o : (0,7) — Ker(q’f) and
s+ :(0,7) — C such that we have

s:a++a*+2(sjfj+s,jf,j)
v

and

Isll72 = s |22 + llrsa™ 172 + > (llrssif 172 + [lrssy |I22) -
v

By some linear-algebraic operations and Lemma 2.13, we can take an element t = 87 + 8~ +
o N +
S, tEfF+t, f7) € L2(B(r)*, Ly ® Sgs) such that we have a(Ak,%)(t) = s and

1tz < NlrsBF 2 + 11387 M1z2 + Y (llrsts [z + llrsty || 2)

v

< r(1+ VO Crixpllrsa™lzz + Crppallrsa™ Iz

+ > {max(Cry(2g,+4)/2: Cr—2q,+k)72) (IIrssi |2 + ||T35,7\|L2)}},

v

where C,, is the constant in Lemma 2.13. Then We set GT(s) :=t, and G is linear because
all constructions of G are linear. Since Cr+(2q,+k)/2 = 0(1) (v — 00), the compactness of
G™ is deduced from the compactness of K, in Lemma 2.13.

By the triangle inequality, we also have

2/3 2/3 H— 2/3 2/3,— —
el < 1528 s + 15287 s + D2 (56 oo - £ Moo + 136 s - 1167 123 ) -

By Lemma 2.13, we have Hr§/35+\|L3 < Ciyn r2/3(1+ /3/2e)"3 || f|| 2. Moreover, similar
estimates hold for 3~ and s for any v € N. By the definition we have 2V - Cre2q,+k) /2 —
1 (v — o0). Hence ||fF]|ps - Ci42gp+k)2 = O(1) by Lemma 2.9. Therefore there exists
C' > 0 such that C is independent of s and we have ||t||;3 < C||s||f2. This is the desired
estimate. O

Corollary 2.15. For any positive numbers r > 7/ > 0, the restriction map L?(B(r)*, Ly ®
Sgr3) N Dom(aak@k)) — L2(B(r")*, L, ® Sgs) is a compact operator.
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Proof. Let {f,} be a bounded sequence in L?(B(r)*, Lj, ® Sgs) N Dom(@ak@k)). By using
G* in Proposition 2.14, we set f, := Gi(aak@k)(fn)). Since GT is compact, there exists
a subsequence {f, } such that {f, } is convergent. Hence we may assume that {f,} is

convergent. Then we have @(iAbq,k)(fn — fn) = 0. By Corollary 2.12, {(f, — fn)\B(r,)} has a
convergent subsequence. Therefore { f,|p(+)} also has a convergent subsequence. O

2.3 A local lift of the Dirac operators of the flat Dirac monopoles

Let k € Z be an integer. Let (¢,7,y) be the standard coordinate of R3. For the flat Dirac
monopole (V,h, A, ®) := (Lg, hg, Ap,/—1k/2r3) on (R3,{0}), we denote by (Vy, ha, A4) the
prolongation of the instanton (7*V, 7*h, 7* A—£@m*®) over R, where ¢ = 2{(z1dy; —y1dz1)—
(xodya — yadzxa)}. We compare the Dirac operators at‘\,@) and (?A4.

We denote by X and P the punctured spaces R? \ {0} and R*\ {0} respectively. Set the
function f: X = R3\ {0} — Ry to be f(¢,z,y) := 1/2r;. We also set gp := 2g4 fuc. Since
gp = 2g4Fuc = 7 f(7*g + £2), we have the orthogonal decomposition TP ~ Rdp & m*TX.
Let .7 be the spin structure of R3 i.e. .7 is a principal Spin(3)-bundle on R? that satisfies
S X spin(3) (R?, g3, Buc) ~ TR?. Let p : Spin(3) — Spin(4) be the lift of the homomorphism
SO(3) — SO(4) which is induced by R3 5 p — (0,p) € RY. We set .7 := 7*(.) x, Spin(4).
Then we have .74 X gpina) (R \ {0}) ~ R @ 7*T'X, where R is a trivial bundle on P. Hence
4 is a spin structure on P. Under the isomorphisms Spin(3) ~ SU(2) and Spin(4) ~
SU(2)+ x SU(2)—, the homomorphism p is written as p(g) = (g,9). Therefore we have the
following proposition.

Proposition 2.16. The following claims are satisfied.
e We have the unitary isomorphisms 7*Sx ~ Slf

e Under the above isomorphisms, the Clifford product on P can be represented as follows:

aite(e) =n2( Gy 0 )

Since the isomorphisms 7*Sx ~ S3 are unitary, we have Hﬂ*sH%g(P) = [p|m*sP(—7* 2
&N mrdvolx) = 27er1/2sH%2(X) for any s € I'(X,V ® Sx). Hence the operator WL(S) =
7 ((2mf)~1/% s) are isometric isomorphisms between L2(X,V ® Sy) and L*(P,V; ® S},E)S1
respectively.

On one hand, we take a global flat unitary frame e3 = (e, e3) of Sx on which clif x (dt),
clif x (dz) and clif x (dy) act as the Pauli matrices o1, o2 and o3, respectively. Here the Pauli
matrices are defined as follows:

(V-1 0 (0 -1 _ 0 -1
=00 —v=1 )27\ o0 )BTy o0 )
On the other hand, we have the isomorphisms S}, ~ Q((O:’S @ 9%22 and S, ~ Q?C’Ql . Moreover,
under the isomorphisms we also have @4, = v/2(0a, + 5’:4) and clifp(a) = v2(a% A
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—1(a19Y?) for a 1-form o on P, where 1 means the interior product and ()’ is the image of
« under the isomorphism Qé’g ~ TODC2 induced by the metric gp. Here we set S'-invariant
global unitary frames e®* = (ef, eQi) of Sﬁ to be the following.

ei":zl.
ey = — (7 (=)™ /|7 (=)™) A (x*(d2)/|7*(d2)]) -
ey =1 (=&)Y /|7 (=)™,

ey = 7*(dz)/|7* (dz)|.

3

Then, with respect to the frames e* and e3, the representations of Clifford products of X and
P coincide as in the sense of Proposition 2.16. Therefore we may assume 7*e> = e®. Hence
by a direct calculation we obtain the following proposition.

Proposition 2.17. For the flat Dirac monopole (V, h, A, ®), the equalities
+ +
o (3(A,<1>)f 1/2> (s) = aA4 ° Wi(s)
and
Lo (S 20 aa ) (5) = Ba, 07 (5)

are satisfied for any s € I'(X,V ® Sx).

3 An index formula of Dirac operators on compact 3-dimensional
manifold

Let (X, g) be a closed oriented spin 3-dimensional manifold and Z a finite subset. Let . be
a spin structure on (X, g) i.e. % is a principal Spin(3)-bundle on X such that .7 X gpin(3)
(R3, g3, 5uc) ~ (T'X,g). Let (V,h, A, ®) be a Dirac-type singular monopole on (X, Z) of rank
r, and we denote by k, = (kpi) € Z" the weight of (V,h, A, ®) at each p € Z.

3.1 Fredholmness of Dirac operators

Let (x}?, xfm xg) be a normal coordinate at p on B(p, ), and set the flat metric ¢’ on B(Z,¢)
to be ¢'|p(pe) = Zi(d:v;))Q. We take a smooth bump function p : X — [0, 1] satisfying
p(B(Z,e/2)) =1 and p(X \ B(Z,3¢/4)) = 0, and set a metric § := (1 — p)g+ p-¢’. Then
we have g|x\p(z¢) = Glx\B(ze) and |9 — glg = O(Rf,) on B(p,¢e) for any p € Z, where R, is
the distance from p. Hence there exists an isometric isomorphism p : (T'X, g) ~ (T'X, §) such
that p|x\p(ze = Idrx and |p —Idpx|y = O(R2) on B(p,¢) for any p € Z. Therefore we

obtain the following lemma.

Lemma 3.1. For a 1-form «, we have an equality clif x g)(a)|x\B(z,¢) = clif x5 (@) x\B(Z,)
and an estimate [clif y gy(a) — clif x 5)(a)] = |a| - O(R3) on B(p,¢) for any p € Z, where
clif x4y and clif x 5) denote the Clifford product with respect to g and g respectively.

We also take a direct sum of the flat Dirac monopoles (V' ', A’ ®') on (B(Z,e)\ Z,4’)
to be (V/, 1, A", ®)|ppe) = Bimi (L, Pk, is Ak, Py ,) for any p € Z. By Corollary 2.8,
there exists a unitary isomorphism ¢ : V| B(ZeNZ =~ V' such that the estimates in Corollary
2.8 are satisfied. We set a connection A := (1 — p)A + p - ¢* A’ and an endomorphism

11



®:= (1—p)®+p-p*®. Then for each p € Z the restriction (V, h, A, <i>)|B(p7€/2)\{p} is a direct
sum of the flat Dirac monopoles, and |A — A| and |® — ®| are bounded on X \ Z.

~4 ~4 ~ o~
We denote by (3(147@) and (}9(57@) the Dirac operators of the tuples (V, h, A, ®) and (V, h, A, D)
with respect to the metrics g respectively. In Proposition 3.3, we show the Fredholmness of

+
(3( 4,8)- Consequently, we will prove the Fredholmness of @?EA@) in Theorem 3.4.

+
Proposition 3.2. The injection maps Dom(ﬂ(;ﬁ))) — L?(X \ Z,V ® Sx) are compact.

Proof. The norm ||s||1 := [|s|x\p(z.e/8) |2 +5|B(ze/an 2zl |12 on L*(X\Z,V®Sx) is equivalent
to the ordinary L?-norm on X. By the Rellich-Kondrachov theorem, the restriction maps

~+
Dom(éf(g’@)) 55— s|x\B(zess) € LA (X \B(Z,¢/8),Sx ®V) are compact. By Corollary 2.15,
~+
the restriction maps Dom((?(g,(i,)) 5 s = s|pzeanz € L*(B(Z,e/4)\ Z,Sx ® V) are also
~+
compact. Hence the injection maps Dom((ﬂ(g,é)) — L*(X \ Z,V ® Sx) are compact. O

~+
Proposition 3.3. The Dirac operators (?(A@) CLA(X\Z,V®Sx) = L*(X\ Z,V ®Sx) are
closed Fredholm operators and adjoint to each other.
Proof. We show that & i &) are adjoint to each other. For a densely defined closed oper-
~+
ator F', we denote by F* the adjoint of F. Take o € Dom ((&9(;1@))*). Then we have
~+ ~+
(@ 1.8)" (@), 0) 12 = (@, P 5.5)(9)) 12 for any ¢ € C§°(X \ Z,V ® Sx), where C°(X \ Z,V @
Sx) denotes the set of compact-supported smooth sections. Therefore a € Dom((ﬁi&é))
and ((?(A &) (o) = (5&7&))(04). We show the converse. Take a € Dom(é&@)) and b €

Dom((}?( A,3) ). Because of the elliptic regularity, Proposition 2.10 and Proposition 2.14, we
obtain |al, |b| € L3(X \ Z). Let x : R — [0,1] be a smooth function that satisfies the condi-

tions k((—o0, —1]) = {0}, ([—1/2,00)) = {1}. Set ¢, (z) = k(n~1 -log(ds(z, Z))) for n € N,
where we set dg(z, Z) := min{dg(z,p) | p € Z}. Since wna has a compact support on X\ Z, we

have (Y, Fiady ()2 = (Biny (6n0), Bhiz = (UnBaay (@), Bhoa + (clifx (dhn)a, byzo. Since
we have |dk(n~!log(z))/dx| < (x|log( )7 ||K||Le for 0 < z < 1, |dip,| is dominated by

an L3-function that is independent of n. Hence we obtain (a (ﬁ(iA &) (b)) 2 = <¢’92FA,¢,)( ),b) 12
by the dominated convergence theorem. Therefore a € Dom ((g’;f(ig@))*) and (éig,@))*(a) =
¥ 1) a).

We show that the kernel of ét‘i,é) is finite-dimensional. By Proposition 3.2, the identity
map of Ker(é(A@)) is a compact operator. Hence we obtain dim(Ker(éa@))) < 00. Since
the Dirac operators éi}@) are adjoint to each other, the claim dim(R((N?(A@))l) < 0o can be
deduced from dim(Ker(é(iA@))) < 00, where | means the orthogonal complement in L2

To prove that R(éi}@)) is closed, it suffices to show that there exists a constant C' > 0 such
that the condition ||s||r2 < C’Héa@)(s)HLz holds for any s € Dom(éi}@)) N (Ker(éi}@)»L.
Suppose that there is no such a constant C' > 0, then we can take a sequence {s,} C

~+ ~+ 1 o ~+
Dom((ﬁ(A@)) N (Ker((?(gﬁ,))) such that the conditions ||s,|| = 1 and ]W(A@(sn)HLz <
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1/n are satisfied. By Proposition 3.2, we may assume that {s,} converges to some sy, €
~4 1
(Ker((ﬂ(g’@))) . Since ||sp||zz = 1 for any n € N, we have so, # 0. However, by definition

~+
(}?(A@)(sn) converges to 0 as n — oo. Thus we obtain (}?(A@)(soo) = 0, and hence s €
‘4 ~+
Ker((ﬂ( A,&)), which is impossible. Therefore the condition holds for some C' > 0 and R((ﬁ( Ad))
O

is closed.

Theorem 3.4. The Dirac operators aE_LA@) are closed Fredholm operators and adjoint to each

other, and they have the same indices of (59( A,8)-

. - ~+
Proof. Since |A— Al and |® —®| are bounded on X \ Z, by Proposition 3.2 the operators (‘3(14@)
are closed Fredholm operators and adjoint to each other, and they have the same indices of

~+
haa)-
~+
We will prove that ﬁ( A,9) and 3(37@) have the same domains and indices. First we show

~+
Dom(a(iA@)) C Dom(a(A@)). By Lemma 3.1, there exists Cp > 0 such that the estimate

B aa)(5) — T (5)] < Co B2+ [V ay0(5)| (1)

holds on a neighborhood of p € Z for any s € I'(X \ Z,Sx @ V). Let & : [0,00] — [0,1] be a
smooth bump function satisfying

0 (1<xz)
klz)=<¢ 1 (3/8<x<3/4)
0 (x<1/3).
For § > 0, we set a function ps(z) = k(6 dy(x, Z)) on X. By the Weitzenbock formula
* — gt +
ViteaVaxes = ey ae) — >+ Sc(g), we have ||Vag oalpss)|[72 = 1 (a.0)(0s5)]72 +
|@(ps5)|72 + [ Sc(g)less|*dvolyy for any s € T(X \ Z,V ® Sx), where V:}g@A is the formal

adjoint of V4,4 with respect to g and Sc(g) is the scalar curvature of g. Therefore, there
exists C1 > 0 such that for any sufficiently small § > 0 we have ||V, o A(S)|| L2, (35/8,35/4)) <

Cl(’|a(i,47<1>)(3)||L2(Up(5/375)) + 5_1||5||L2(Up(6/3,6))) holds for any s € F(X \ Z, V® Sx), where
we put Up(d1,02) := {x € X | 81 < dg(p,z) < 62} We set &; := 4e/(3 - 2°) for i € Z>¢. Then
we have
. N
1P a8y (5) = P a0y (N L2(Bpe)
<CollR; - Vayoa($)|lr2(Bpe)

<Co Y IR Vaywoa(s)lr2w, 35,/8.36,/4)

=0
) —

<CoCr Y {51‘ T a0y () L2, (5, /3.6,)) + 0l |5HL2(UP(5Z'/3,6Z-))}
=0

+
< CoCh (58\W(A,@)(S)HL?(B(p,ao)) + 50|’3\|L2(B(p,50)))

+

~+
Hence there exists Co = Ca(e) > 0 such that H&j(A’(D)(s) - (‘3(147¢)(s)||L2 < Cao(|Isl|r2 +
~+

HaEtA’(I,)(S)HLZ), and we have Cy = O(¢) (¢ — 0). Hence we obtain Dom(aa’@)) C Dom((ﬂ(A,(I,)).
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We show the converse. Let A x denote the connection on Sx induced by the Levi-Civita con-
nection of (X, g). By the definition of Dirac-type singularity, we have |V4(®)| = |F(A)| =
O(R,?) around p € Z. Therefore from the Weitzenbick formula V;i oaVixeA = &}(_A,q))&fayq))—
2 + clif (VA(®) — x3F(A)) + Sc(g) and a similar argument as above, it follows that there

) <4 N ~+
exists Cy = Cy(<) > 0 such that [[1.5)(s) — Fa a2 < Calllsllze + 11,0 (5)l]z2), and

~+
C3 = O(e) (¢ — 0). Therefore Dom(aa ®) = Dom(ﬂ(A ))- Moreover, their graph norms
are also equivalent. It is a well-known fact that suﬂ"lmently small deformations of Fredholm

operators remain Fredholm. Hence the operators @ (a,@) are closed Fredholm operators, and
~+
they have the same indices as ones of a Ad)- O

3.2 An index calculation on a compact 3-dimensional manifolds
3.2.1 A lift of singular monopoles to closed 4-dimensional manifolds

For an arbitrary 3-dimensional manifold N, a point € N and a principal S'-bundle P on
N\ {z}, we set deg,(P) := [;5 c1(P), where B is a small neighborhood of z.

We take a finite subset Z’ C X satisfying the conditions |Z'| = |Z| and Z N Z' = (), and
set Z = Z U Z'. Here we consider the following lemma.

Lemma 3.5. There exists a principal S'-bundle 7 : P — X\ Z such that we have deg,(P) =1
for p € Z and deg, (P) = —1 for p’ € Z'.

Proof. By taking the first Chern class, the set of isomorphism classes of S!-principal bundles
on a manifold M is bijective to H?(M,Z). Moreover, this bijection is compatible with the
pull-back by a continuous map. Hence we consider the cohomology group on X \ Z.

We fix a sufficiently small ¢ > 0. On BE(Z )\ Z, we can take a principal S'-bundle P,
such that deg,(Fy) = 1 for p € Z and deg,, (Fy) = —1 for p’ € Z’. Then the cohomology class

a=(ap),cz € H%(B.(Z)\ Z,7) ~ 77 corresponding to Py by the above bijection is given as
follows:

a—{l (pe )
P -1 (pe 2,

where ZZ is the set of maps from Z to Z. We consider an open covering X = B.(Z Z)U(X\ Z),
and obtain an exact sequence H?(X \ Z L) — H%*(B.(Z)\ Z,Z) ~ ~ 7% H3(X,7Z) ~ Z by
the Mayer-Vietoris argument and H?(B.(Z),Z) = 0. Then, the boundary map ¢ : H2(B (2)\
Z,7) — H3(X,Z) is written as 5((b, )pez) = >_ bp under the isomorphisms H%(B.(Z2)\Z,7) ~

7Z and H3(X,Z) ~ Z. Since we have |Z| = |Z'|, the equality §(a) = 0 holds. Therefore there
exists a principal S'-bundle P such that P| B.(ONZ = Py, which proves the lemma. ]

By the above lemma, we take a principal S'-bundle P on X \ Z. We take a metric § on
X such that § is flat on B(Z,¢/2) in a similar manner to §. Let f : X \ Z — R, be a smooth
function. Let w € Q(P,R) be a connection of P. We assume that for any p € Z (resp. Z’)
the tuple ((P7 w) xgt ((C7 h(C)7 \/jlf)’B(p,a/Q) (resp. ((P7 w) Xgt ((C7 h(C)7 _\/jlf)‘B(p,a/Q)) is the
flat Dirac monopole of weight 1 (resp. —1) with respect to g. Set a one-form § := w/7* f and
a metric gp 1= 7* f(7*§ + &%) on P. We choose the global 4-form 7* f2? (=& A w*vol(x,g)) as
the orientation of P. As in subsection 2.3, we take the homomorphism p : Spin(3) — Spin(4)
and a spin structure . := (7*.) x, Spin(4) of P, where . is the spin structure on X.
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Hence, as Proposition 2.16 we obtain the unitary isomorphisms S}F ~ 7T*(SX|X\Z) and the
following equalities:

atee) =n2( Gy 1)

For p € Z, the restriction 7 : 7*(B(p,e/2) \ {p}) = B(p,e/2) \ {p} can be identified with
the Hopf fibration (R*\ {0}) — (R3\ {0}). For p’ € Z’, we can also identify 7 : 7*(B(p',£/2) \
{p'}) — B(p',¢/2) \ {p'} with the inverse-oriented Hopf fibration (—R*\ {0}) — (R3\ {0}),
where —R* is the differentiable manifold R* with the inverse orientation of the standard one of
R*. Hence by taking the one-point compactification on the closure of each 7*(B(p,c/2)\ {p}),
we obtain a closed 4-dimensional manifold P equipped with an S'-action. Then gp can be
prolonged to a metric on P as in Lemma 2.4. We extend the projection 7 : P — X \ Z to the
smooth map P — X, and we denote this map by the same letter 7 by abuse of notation. Set
Zy=71Y2), Zy :=7"(Z') and Z; := 7' (Z). Then Tz, Zy — Z is a bijection. We have
P = PUZ4 and codim(P, Z4) = 4. Hence we obtain natural isomorphisms m; (P) ~ m; (P) and
H%(P,7/27) ~ H%*(P,7/2Z). Therefore the orientation and the spin structure of P induce

the unique ones of P. Thus we obtain the following lemma.

Lemma 3.6. We have the unitary isomorphisms S;\ p Sf;. Under these isomorphisms, we
have clif 5(v)|p = clif p(v) for v € Q}(P).

For the Dirac-type singular monopole (V,h, A, ®) on (X, Z), we take a connection A and
a skew-Hermitian endomorphism ® that satisfy the following conditions.

e For any p € Z, (V, h, A, ‘i>)|B(/p7g/2)\{p} is a direct sum of the flat Dirac monopoles with
respect to the metric g.

e For any p' € 7/, (V, h,fl)]B(p/’E/Q) is a flat unitary bundle and (i)‘B(p’,Eﬂ) =0.
e The differences |A — A, |® — ®| are bounded on X \ Z.

We denote by (%ig@,) the Dirac operators of (V, h, A, <i>) with respect to the metric §. By the
same argument as Proposition 3.3 and Theorem 3.4, (59?2’@) are Fredholm and adjoint to each
other, and the indices of éa@) are the same as the ones of 3?[14@).

We set (Va, ha, Ag) := (7*V,7*h, m* A= £{@7*®) on PUZ). By Proposition 2.5, (Vy, ha, Ag)
can be prolonged over P, and we denote it by the same symbols. Let (‘31: Lt F(P,Slf ®
Vi) — I(P, S;; ® Vi) be the Dirac operators of (Vi, hs, As). By using the isomorphisms
™V ®Sx) ~ (V4® S}s)\p, we set operators WIE cLA(X\ Z,V®Sx) = L3P, V4 ® Slf)
to be Wl(s) = 7*((2nf)~'/?5). Then Wl preserves L?-norms as in subsection 2.3. Since P
is a principal S'-bundle on X, Wl is an isometric isomorphism from L*(X \ Z,V ® Sy) to
L2(P,V;® Sg)sl, where L2(P, V4 ® AS”}:;)S1 is the closed subspace of L2(P, V4 ® 5’;) consisting
of Sl-invariant sections. For i = 1,2, take smooth functions )\f X\ Z — R satisfying the

following conditions.

e The equality AfA\5 = f~/2 holds.
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e The equality )\li = AJ holds.
e For any p € Z, )\T‘B(p,a)\{p} =1
e For any p' € 7/, A;‘B(p’vé)\{p’} =1

By Lemma 3.6 and Proposition 2.17, there exist compact-supported smooth endomorphisms
N ~t

+ e I'(X\Z,End(Sx ®V)) such that we have W;(ei(s)) = ('ﬁi owl (j) —WIFO()\liﬁ(A@))\f)(s)

for any s € I'(X\Z, Sxy®V). Let D* be the differential operator )\{Eﬂ(gé))\;ﬁ%—ei on X\ Z. We

denote by Ind(@i)s1 the S'-equivariant index of the closed operator ai . L*(P, ‘/4(8)5}:;)51 —

2( D F\Sst
LX(P,V; ® S7)

Proposition 3.7. Under the isometric isomorphism 7, the operators D* and 69?4: determine
the same closed operators respectively. In particular, the operators D¥ are closed Fredholm
operator adjoint to each other, and satisfy Ind(D¥) = Ind(@A4)Sl.

Proof. We take an arbitrary a€ Dom((}?j4)sl, and set b := (?A4(a). We will show (Wl)*l(a) €
Dom(D?%) and Di(( ) Ha)) = (F;)_l(b). Let ¢ be a compact-supported smooth sec-
tion of V ® Sx on X \ Z. Then 7! +(») also has a compact support. Hence we have

(a, (F4,)* (7 (9))) 12 = (b, 7L (0)) 2 Since (m1.) is isometric, we obtain ((r1.)~!(a), (DF)* (¢)) =
<(7riF)—1(b),<p>. Therefore we have (77)~!(a) € Dom(D*) and D*((r])~(a)) = (x1)~}(b).
We prove the converse. We take an arbitrary ¢ € Dom (D), and set d := D*(c). Let x be

a compact-supported smooth section of V; ® S;; on P \ Z,. We take the orthogonal decom-
position x = % + x* € L*(P,V, ® S};)Sl @ (L*(P,Vy ® Sg)sl)l. Then x°' and xt
also compact-supported smooth sections on P\ Z4, and we have (@i 4)*()(81) e L2(P,V; ®
ng)sl and (&ﬂl)*(xL) € (L*(P,V; ® S;)Sl)l. Hence we obtain (1 L (o), (ai) ( N2 =
(L (e), (@) (D22 = o (el 71 (@)* 0 D) e = fen (PP (%)) =

(0, )~ (0 gz = (b (), ) 2 = (L (), X) 2. Therefore 3, (xL () = () holds on
P = P\ Z. Here we consider the following lemma.

Lemma 3.8. Take arbitrary u € L?(P,V, ® SI%) and v € L*(P,V; ® S;F). If u and v satisfy
3?54 (u) = v on P, then we have Qil (u) = v on whole P.

+(d) on P. Hence the proof is
complete. O

If we admit this lemma, then we obtain (‘zﬁ . (Wl(c)) =l

proof of Lemma 3.8. Take ¢ € I'(P,V, ® S;g). Let x : R — [0,1] be a smooth function

that satisfies x((—o0,—1)) = {0} and x((—1/2,00)) = {1}. Set t, : P — [0, 1] to be

Yp(z) == Kk(n? log(dgp(x Z,))) for n € N. Then ¢, - ¢ has a compact support on P\ Zy.
+ .

Hence we obtain (u, (9%, (1 - ¢)) 12 = (1t - (I3, )% ()2 + {1, iE (i) 0) 12 = (v, -

©)r2. Since we have an estimate |dr(n~'log(x))/dz| < (z|log(x)|)~||'||p= for 0 < z <
1, |din| is dominated by an L2-function that is independent of n. Therefore we obtain
(u, (ai)*(gp))p = (v, ¢) by the dominated convergence theorem. O
~t
We will associate the Sl-invariant indices of (‘/ﬁ , and the indices of (‘?( Ad)-

~
Proposition 3.9. We have Ind((‘ﬁi)sl = Ind(§ 4.5))-
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Proof. If we prove Ind((?j‘l)sl = Ind((%&@)), then we obtain Ind((}?L)Sl = —Ind(JL)S1 =
—Ind(é&é)) = Ind(q:f(_fg’@)) because (E?ig’@) are adjoint to each other. Hence we only need
to prove Ind(aL)Sl = Ind(é(A@)). By Proposition 3.7, it suffices to show Ind((‘}&@)) =
Ind(D™). Since the support of €' is compact in X \ Z, )\fé&@))\; is a closed Fredholm
operator and it has the same index as D*. By the same asymptotic analysis in Proposition
2.10, for any solutions s € I'(X \ Z,Sx ® V) of the equation é&@)(s) =0, we have s € L?
if and only if (\y)~!s € L?. Hence we have the natural equality Ker()\fé&@)kj) NL? =
(A"t (Ker(é}&’@)) N L?), where (\3)~!- (Ker((A?er@)) N L?) means the set {(A\J)™! s |s¢€
Ker(é&@)) N L?}. By a similar way, we also have Cok(é?@)) NL? = Ker(é&l@)) N L? and
Cok( A d4.0)\) N L2 = Ker()\ Daary) N L2 = (A\5) "' (Ker(d44)) N L?). Therefore we
obtain Ind((iﬁ’&@)) = Ind(/\fﬁ(/;@))\;) = Ind(D™), which completes the proof. O

By following [2], we calculate the S'-equivariant index Ind((ﬁi D h

Lemma 3.10. For p € Z4 (resp. Z}), the weights of the fiber S};|p and 55|, are (0,0) and
(—1,1) (resp. (—1,1) and (0,0)) respectively.

Proof. For p € Z4, the projection 7|p(,.) : B(p,e) — 7(B(p,¢€)) can be identified with the
Hopf fibration R* = C? — R3 in Sectlon 1 By the natural isomorphisms ‘952 ~ Q%S @ Q?C’g
and Sg, ~ QC’Q,
way, for p' € Zj, the projection 7|y . : B(p';e) — n(B(p',¢)) can be identified with the
inverse-oriented Hopf fibration —R* — R3. Therefore the weights of Sg | and S|, are
(—1,1) and (0,0) respectively. O

the weights of S;_g\p and S|, are (0,0) and (—1,1) respectively. As a similar

Proposition 3.11. The S!'-invariant index Ind(&ﬂ: ) " is given as

Ind(#4,)° —qcz > ks

pEZ kp ;>0
where Ep = (kp;) € Z" is the weight of the monopole (V,h, A, ®) at p € Z.

Proof. According to [2], The S'-invariant index Ind(&ﬂ: D " is given as

= — r T
nd(@7,)5" = (2m) " / 3 tro((SE ® Va)lp) — tro((SE @ Va)lp)

s (A N(T,P © ©))

do, 2)

where try is trace of the action by 6 € S Land /\_1(Tp]5 ® C) means the virtual vector space
D:2y(—1)* A(T,P @ C). Then by Lemma 3.10 we have

tro (S5 Va)ly) — tro (ST @ Vally) = 201~ cos6) Y exp(v/~Thpif)  (p € 2)

trp ((Sg ® v4)|p,) ~ trg ((Sjg ® 1/4)\,,/) — 52 (1 — cos ) W € 7).

Since the weight of the complexified tangent space Tpp ® C is given by (1,1,—1,—1), we
obtain

trg (/\ “NT,P® C)) = 4(1—cos8)? (pe 2).
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Applying the above calculations and the equality Zp > i kpi = 0 in Remark 2.2 to (2), we
obtain the conclusion. O

Hence we obtain the following corollary.

Corollary 3.12. The indices of the Dirac operators @(iA@) are given as follows:

d(@ae) =FY. O kpi=%> > kpis

pEZ kp’¢>0 pEZ kpyl'<0

where Ep = (kp;) € Z" is the weight of the monopole (V,h, A, ®) at p € Z.

4 An index formula of Dirac operators on 3-dimensional com-
plete manifolds

Let (X, g) be an oriented 3-dimensional complete Riemannian manifold such that the scalar
curvature Sc(g) is bounded. We fix a spin structure on X. Let i : Y < X be a relative
compact region with a smooth boundary 0Y. We take the orientation of Y to satisfy that
v A volgy is positive for the inward normal unit 1-form v € i*Q!(X).

4.1 The non-singular case

Following [13], we recall the non-singular case. Let (V,h, A) be a Hermitian bundle with a
connection on X and ¢ be a skew-Hermitian endomorphism on V. We assume the following
conditions.

e We have ®|;, F(A)|; = O(1) as © — oo.
e We have V4(®)|, = o(1) as x — oo.
e The inequality inf, X\y{|)\] | A is an eigenvalue of P| x} > 0 is satisfied.
We call this conditions the Rade condition. In [13], Rade proved the following theorem.

Theorem 4.1. The Dirac operators (?ium =@+ L*(X,V®Sx)— L*(X,V®Sx) are
closed Fredholm, and their indices are given as follows:

d(@ya) =7 |

5)4

ch(VH) = + / ch(V),

Y

where V* is a subbundle of V|sy spanned by the eigenvectors of F/—1® with positive
eigenvalues.

4.2 The indices of twisted flat Dirac monopoles

Let (Lg, hy, A, @) be the flat Dirac monopole of weight k& € Z. For a € R\ {0}, we
set ®q = v—1(a+ (k/2r3)). Then (Lg,hy, Ag, o) is also a Dirac-type monopole on
(R?, {0}).

Proposition 4.2. The operators aak’@a ,) are Fredholm. Moreover, we have Ind(a(iAk@a ») =
0 if ak > 0. ’ ’
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Proof. The Fredholmness of a(iAk,%,k) follows from Corollary 2.15 and some standard argu-
ments. The proof for the case a > 0 and k& > 0 works for the case a < 0 and k£ < 0 mutatis
mutandis. Hence we may assume a > 0 and k > 0. We take f;f € L?(S?, S;z ®O(k)) (v € N)
and n, > 0 as in subsection 2.2. We set vector subspaces Wy := HY(P!, O(k — 1)) x {0} and
W, == (f},00C @ (0, f,)C of L?(S?, 0O(k) ® Sg2) = L?(S?,0(k) ® S;rz) x L2(S%,0(k) ®

—

Sg2). Then we have a decomposition L?(S? O(k) ® Sg2) = @D, oWy, where @ means
L2-completion of the direct sum. Hence we obtain the decomposition L?(R3\ {0}, Ly ®
Srs) = B, 5oWy ® L?(Ry,r%dr), where L?(R,r%dr) is the weighted L?-space on R with
the norm ||f||? = fR+ r2|f(r)|*dr. We denote by E, the space W, ® L?(R,,r%dr). The
Dirac operators (?(iAk@a ,) breserves this decomposition, and hence we obtain Ind(ﬁak@a W) =

>, Ind (é}(iAk@a OB By — El,>. Here we prepare the following lemma.
Lemma 4.3. We take Hermitian matrices

A= (05 Yo ) 2= (5 L)

We set the closed operator P, : C? ® L?*(Ry,r?dr) — C? @ L?>(Ry,r%dr) to be P,(v) :=
Orv — (Ayv/r + Bv). Then P, is closed Fredholm and Ind(P,) = 0.

By this lemma we have Ind (@?Ak@a k)|E1/) = 0 unless v = 0. Hence Ind(&faky% o) =

Ind <(?(iAk7%,k)]EO>. Moreover, we obtain Ind <¢?EA,€,<I>Q,,€)’E0> = 0 by a straightforward calcu-
lation. O

(proof of Lemma 4.3). For any f € C§°(R) and ¢ € R, we have ||(0; + c)fHQLQ(R) =
Hatf|’%2(]1@)4‘“0][”%2(]1@)- Hence there exists C, K > 0 such that || f|| 2w y2ar) < C(||P0()l|L2®r2dr)+

£l 22((0,K],r2ar)) for any f € Dom(P,). Hence the Fredholmness can be proved by a similar
way in Proposition 3.3. We take a function C), : Ry — Mat(2,C) as

A (r <)
Cu(r) = { B (r>1)

and set a differential operator P, to be P(v) := d,v — C,(r)v. We also set differential
operators P := (1 — s)P, + sP, for s € [0,1]. Then P? is also closed Fredholm. Moreover,
we have Dom(P?) = Dom(P?') for any s,s’ € [0,1]. Hence {P?} forms a continuous family of
Fredholm operators from Dom(P,) to L?(R,,r2dr). In particular, PY = P, and P} = P, have
the same indices. We can write any elements of the kernels of P, and the adjoint operator
P explicitly, and there are no non-zero L2-solutions of P,(v) = 0 and BX(v) = 0. Hence we

obtain Ind(P,) = Ind(P,) = 0, which is the desired equality. O

4.3 The general case

Let Z C Y be a finite subset. Let (V,h, A, ®) be a Dirac-type singular monopole on (X,2)
of rank r which satisfies the Rade condition. We denote by k, = (k,;) € Z" the weight of
(V,h,A,®) at p € Z. The following lemma is used in Theorem 4.5.

Lemma 4.4. Smooth Hermitian vector bundles on S? is classified by the rank and the first
Chern class.
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Proof. Easily seen from m(U(n)) ~ Z. O

Theorem 4.5. The Dirac operators (?(iA@) are Fredholm, and the indices of them are given
as follows:

md(@e) =F4 >, > kp,+/ ch(VH) b =243 > ks +/ ch(V7)

pEZ kp ;>0 PEZ kyp ;<0

Proof. We may assume that X is connected. Fredholmness of ﬁ(iA@) is an easy consequences

of Corollary 2.15 and Theorem 4.1. We calculate the indices of JZ_LA@) by using the excision
formula in [4, Appendix B]. We set k:=}_ />, kp;.

First we consider the case k = 0. Let (Vp, ho, Ag) be a trivial Hermitian bundle of rank
r with the trivial connection on S3 and ®g the zero endomorphism on V. Let Uy be the
northern closed hall ball of S3. We take a compact neighborhood U of Z that is diffeomorphic
to a closed ball. Then OU and OUy are diffeomorphic to S?. Here we fix the orientations of
OU and OUy as stated in the first paragraph in this section. Fix sufficiently small tubular
neighborhoods T and Tx of U and OUp respectively, and take an orientation-preserving
diffeomorphism ¢q : T — T such that ¢g|sy is also an orientation-preserving diffeomorphism
between OU and dUy. We may assume that 7N Z = (). We set manifolds X, := (X \ U) U
TYU(UyUTy)/ ~ and S3q := (UUT) U ((S3\ Uyx) UTy)/ ~, where both of the equivalence
relations ~ are induced by (9. Then we can construct a complete Riemannian metric on
Xo from the metrics on X and S®. Since we have [, c1(V) = (faU_faB(Z,e)>cl<V) =
— fU\B(Z’e) dc1 (V) = 0 by Stokes’ theorem, we obtain ¢1(V)|gy = 0. Hence by Lemma 4.4,
(V,h)|sv and (Vo, ho)|ou, are isomorphic under the identification by ¢olgrr. We extend the
isomorphism over T" and Ty under g, and denote it by 79. By making compact-supported
smooth perturbations on (A, ®) and (Ao, ®g) if necessary, we can glue (V,h, A, ®)|x\vyur
and (Vo, ho, Ao, (I)O)|UNUTN along 70, and obtain (V0 KO, A° <I>O) on Xy. By the same method
we also obtain (Vp, ko, Ag, ®o) on S3¢\ Z. Then by the excision formula we have 1nd($( A0))t

1nd(3(A07¢0)) = 1nd($(A0 @0)) + 1nd($(A & )) Hence by Corollary 3.12 and Theorem 4.1 we
obtain

nd(@re) =F D Y kpi t / ch(V)

pEZ kp ;>0

Next we consider the case k # 0. The proof for the case £ > 0 remain valid for k <
0 mutatis mutandis. Hence we may assume k > 0. We set the tuple (Vi,hy, A1, Pq) =
(Lgyhpy A, @ _p 1) @ (CL, her-1,d, rId@r 1) on R3\ {0}, where d is the trivial
connection. By Theorem 4.1 and Proposition 4.2 we have Imd(a(A1 o)) = 0. Let Ty be a
sufficiently small tubular neighborhood of (R \ B(0,1)) and ¢; : T — Tj an orientation-
preserving diffeomorphism such that ¢q|g is also an orientation-preserving diffeomorphism
between AU and d(R?\ B(0,1)). We set manifolds X; := ((X\U)UT)U((R3\B(0,1))UT})/ ~
and $3, == (UUT) U (B(0,1) UTy)/ ~ as in the case k = 0. Then we can construct a
complete metric on X; as Xo. By Lemma 4.4, we take an isomorphism 7 between (V,h)|r
and (Vl,hl)];r1 under ;. Using 71 we obtain a tuple (Vl Bt A ‘I>1) on X; and a tuple
(Va, b, Ay, ®1) on $3; \ (ZU{0}) as in the case k = 0. The tuple (V' h!, A', ®') satisfies the
Rade condition. Therefore the operators (?( A1 g1y are Fredholm. By the excision formula we
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have Ind(aa@)) + Ind(@al’@l)) = Ind(aal’iﬂ)) + Ind(aiﬁﬁ%))' By Corollary 3.12, Theorem
4.1 and Ind(d4, ¢,)) = 0, we obtain Ind(d{, 4)) = q:{szO Kpi + [oy ch(v+)}, which

completes the proof. O
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