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Abstract

In this thesis, we investigate the structure of the nucleons and nuclei in terms of
partons (quarks and gluons) using the parton distribution functions (PDFs) and their
multi-dimensional generalizations. In particular, we focus on the so-called Wigner
distribution W (x, b,k ) which depends not only on the longitudinal momentum
fraction x, but also transverse momentum k;, and impact parameter b .

In high energy nucleon/nucleus scatterings, the number of partons becomes large
and if the energy is enough high then the recombination effects of the gluon become
appeared. In this situation, the number of partons is no longer increasing and
saturated. In the realistic situation, these effects come into the scattering processes
and we have to include this gluon saturation effects. The main topic of this thesis
is the nucleon tomography with the gluon saturation effects.

Including the saturation effects, we need to solve the rapidity evolution equation
called the Balitsky-Kovchegov equation or the finite color version B-JIMWLK equa-
tion with impact parameter dependence. The solution of these equations are related
to scattering amplitude of high energy collisions. Recently it is discovered that the
Wigner distributions are represented in the scattering amplitude at small Bjorken
x. With using it, we investigate the properties of the Wigner distribution with the
gluon saturation effects. We solve the impact parameter dependent BK equation
Also, we propose the way how to measure the Wigner distribution and applications
to the elliptic flow in small systems.
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Chapter 1

Introduction

What have we understood about the structure of the proton at high energy? From
Rutherford to the present LHC, we always seek for the understanding of the world
from scatterings. We are interested in the detailed structure of particles. We want
to figure out the properties of particles form the fundamental theory. However it is
not the exact theory, the parton model is intuitive phenomenological model to de-
scribe the scattering processes in the earl days of the high energy collider physics[1].
After the discovery of the Standard model, it is the precise theory describing the
high energy scattering in now days and has no contradiction to experimental data.
Quantum Chromodynamics(QCD) in the SM which is SU(3) non-abelian Yang-Mills
theory[2] can accurately describe the strong interaction which governs the dynamics
of the quark and gluon. In this theses we investigate the structure of the nucleon in
terms of the quarks and gluons.

QCD has two remarkable properties; asymptotic freedom at high energy[3, 4] and
color confinement at low energy|[5]. At high enough energy, the coupling of QCD is
small and perturbation calculation is valid at this energy scale and it is called asymp-
totic freedom. From now on, there are no color multiplet states being observed in
measurements, and it is the color confinement. From the color confinement phe-
nomenon, we need to take into account the color singlet particles, called hadron, in
the initial and final state of scatterings. The hadrons cannot be described only in a
perturbation theory and need the non-perturbative effects. So we need to know the
hadrons from experiments. To do so, we must separate the perturbative part and the
non-perturbative part in the physical observables. These separations are rigorously
proved in some scattering cross sections; deep inelastic scattering(DIS) and Drell-
Yan process[6, 7, 8]. The non-perturbative parts are generally called parton(quark
or gluon) distribution functions.

We cannot calculate the parton distribution functions from the perturbative
theory in every energy scale, but the energy evolution of them can be calculated
in the perturbative QCD framework. We need to take the initial conditions of
the parton distribution functions of the energy evolution from the experiments
and then evolve the distributions with energy evolution equations obtained by us-
ing the perturbative QCD. There are two well used evolution equations of energy;
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi( DGLAP)[9, 10, 11] and Balitsky-Fadin-
Kuraev-Lipatov(BFKL)[12, 13, 14, 15] evolution equations. The DGLAP equation
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10 CHAPTER 1. INTRODUCTION

is the evolution of the energy of the momentum transfer in s ~ () region and the
BFKL equation is the evolution of the Bjérken x ~ @/s in s > @ region. Where s
is the center-of-mass energy and () is the momentum of the large scale in the pro-
cess. The size of the probed quarks and gluons becomes smaller as the momentum
becomes large. At small x and large momentum transfer, the number of the partons
becomes large as = decreases. But the density of the partons is not increasing if x is
fixed and it is always dilute in parton density through the DGLAP evolution. For
the BFKL evolution, the magnitude of the momentum transfer is fixed and evolve
the Bjorken x and the parton density in the nucleus increase.

The parton distribution functions have only one variable x(and renormaliza-
tion scale @), so we can see only the longitudinal momentum distributions of the
nucleon/nucleus. It is known that the detailed structures of the nucleus are indis-
pensable to study the origin of the spin of the nucleon[16, 17], and it is necessary
to predict the cross-section of the more exclusive scattering and semi-inclusive scat-
tering than ordinal DIS process. Therefore observing the final state particles which
have not only longitudinal momentum but also transverse momentum, it is useful
to have the universal parton distribution functions which depend on the impact
parameter and the transverse momentum.

There are two well-studied multi-dimensional parton distribution functions which
depend not only on longitudinal momentum but also the transverse momentum or
the impact parameter. One is called generalized parton distribution functions(GPDs)
which depend on Fourier transformed impact parameter[18, 19, 20], the other is
called transverse momentum dependent parton distribution functions(TMDs) which
depend on the transverse momentum of the partons. They are extensively studied
in the literature. To know the structure of the nucleon/nucleus, we must decide the
distributions from some experiments to include the non-perturbative effects. It is
known that the GPDs are extracted from deep virtual Compton scattering[21, 22, 23]
and the TMDs are from semi-inclusive deep inelastic scattering.

The multidimensional distributions of partons in the nucleon/nucleus can reveal
the dynamical structures of the nucleon/nucleus. For example, the angular momen-
tum of the partons in the nucleus cannot be described without correlations of the
impact parameter and transverse momentum. It is clear from an intuitive explana-
tion that the angular momentum in the classical mechanics is written as r x k, so we
need the correlations of the impact parameter and the transverse momentum. Simi-
lar to this example, when you consider quantities related to correlations of the angle
of produced particles, you need to consider both of the impact parameter and trans-
verse momentum in a unified way. We can treat both dependencies using the most
generalized parton distributions which are called generalized TMDs or its Fourier
transformed Wigner distributions. GPDs and TMDs can be derived by integrating
the Wigner distributions[24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and we can think
the Wigner distribution as mother functions of the parton distribution functions. It
is already investigated the relations between the gluon Wigner distributions and the
orbital angular momentum of quarks and gluons in the nucleon|[28, 35].

For other aspects in high energy, there are gluon saturation effects. At high
enough energy, the number of gluons becomes large and the wave functions of gluons
become overlapping and the recombination effects of the gluons become important
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at small = region[37]. Then the number of gluons is saturated and it is the gluon
saturation effects. We have no direct evidence of such effects, but there are many
studies which explain the experimental data, and the effects of the gluon saturation
cannot be ignored for good descriptions of the data. For the parton distribution
functions at small x, we must include the gluon saturation effects for a realistic
description of the nucleus/nucleon. The gluon saturation effects are expected to
influence the structure of the nucleus at small x, and this is what we will see in this
thesis.

In this thesis, we study Wigner distribution functions with gluon saturation
effects. In chapter 2, we introduce a brief introduction to the parton distribution
functions. Next chapter, we see what the gluon saturation is. Chapter 4 is one of the
main parts of this thesis and we investigate the Wigner distribution function with
the gluon saturation effects. In the following chapter, we see how to measure the
Wigner distribution in the experiments. The last chapter, we see the applications
of the Wigner distribution to phenomenology. Then we conclude this thesis.
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Chapter 2

Parton distribution functions

In this chapter, we introduce the parton distribution functions of the nucleon/nu-
cleus. PDFs are indispensable to study the nucleon/nucleus in terms of the QCD.
One of the key ingredients of the perturbative QCD is the factorization theorem in
high energy scattering. We show How the parton distribution functions come from
the theorem. We take the proton moving the + light cone direction for simplicity.

2.1 Foundations of QCD

Quantum Chromodynamics is an SU(3) Yang-Mills theory[2] which represent the
interaction of quarks and gluons. The Lagrangian of QCD is
T (s " 1 a g
['QCD = Z ¢f(Z’YMD - mf)i/)f - ZGuyGa ) (21)
flavor f

where 9/ is a Dirac field with spin 1/2 and we abbreviate the color index in the
quark field, and the superscript of the field strength of the gauge field A}, is the

color index a =1,...,8. We defined the covariant derivative D, as
D,=0,— igt“Az , (2.2)

where ¢t is the generator of the SU(3) group. The field strength of the gauge field
is defined as

a

_ i a a abc qa pa
o = 2 1D D] = 0,45 = DA+ gf A A

v

(2.3)
where %€ is the structure constant of the SU(3) group.

2.1.1 The light cone coordinate

In this thesis, we use the light cone perturbation. For any four vector p*, we define
the light cone coordinate as

= 0 ). = o) | (24)

V2 V2

Then the contraction of the two vectors p, ¢ becomes
Pau=pr"q +p ¢ —p-q . (2.5)

13



14 CHAPTER 2. PARTON DISTRIBUTION FUNCTIONS

2.1.2 Light cone wave function

It is useful to introduce the light cone wave function in the high enough energy region.
We can think the wave function as a wave function in quantum mechanics[36]. We
now assume that there is an incoming hadron state |¥). First, we define the Fock
state of quarks and gluons

‘ng;ntI> = ’{k;—,ki,)\z‘,ai};{p;_,pj,Uj,aj,fjH . (2'6)
For the gluon state ¢ = 1,...,n4, A; is the polarization and a; is the color number.
For the quark state j = 1,...,ny, 0; is the polarization, «; is the color number and

fj is the flavor. The state fulfill the complete relation

Z /Q”g+nq|n95nq><ng§nq’ =l , (2.7)

Ng,Ngq

where the integration measure is defined as

2P+ (27)3 [ 13 dk; d?k; dp] d p]
/QW% - sn/lj1A 2k+ 2773,H Z

a],f

g Nq g Nq
O\ PE=D k=3 | 8|\ P =D k=) e |
ll l2 ll l2
(2.8)

where S, = ng!Nq!Nq! is a symmetry factor. Here N, and N, are quark and anti-
quark number respectively and ny = N, + N,. Finally, we define the light cone wave
function

U(ng,ng) = (ng;ng|¥) . (2.9)

2.2 factorization theorem

Why do we need to know factorization theorem in QCD? A simple answer to this
question is that we want to predict the observables which will be measured in the
future and explain the measured observables from the fundamental theory. At low
energy, the non-perturbative effects have influenced the physical observable in QCD,
and we cannot predict the other observables without the experimental results. The
factorization theorem states that we can separate the perturbatively decided parts
and the non-perturbatively decided parts in the observable. If we have the non-
perturbatively decided parts from experiments then if the other observable have the
same non-perturbative parts, we can predict the observable.

In this section, we concentrate on the deep inelastic scattering(DIS) processes.
It is already proved that the DIS cross sections have the factorized forms, and we see
the simple form of the theorem in the parton model. For a more concrete example,
we now consider the electron-proton scattering process. The momentum transfer
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is k — k' = ¢ and the square of the center-of-mass energy is s. The inclusive cross
section of this process is

do 2 a?
- L, W 2.10
where o, = % is the fine structure constant, Q? = —¢? and k is the momentum

of the final state electron. L, is the electron to electron and virtual photon scat-
tering amplitude(leptonic tensor part) and W), is the inclusive virtual photon and
proton scattering amplitude(hadronic tensor part). The leptonic tensor part can be
calculated in QED, so there are no non-perturbative effects. The information of the
hadron is contained in the hadronic tensor part and the non-perturbative effects are
needed. The operator definition of the hadronic tensor part is

1 .
Wi = L / d*2e' (P, §|j*(2)5"(0)| P, S) | (2.11)

where j#(2) =3, e £y s electromagnetic current for quarks and % g0, A, A,
for gluon. We show the parton model calculations following[38]. In the parton model,
we assume that the virtual photon scatters incoherently off the constituents of the
nucleon. Then the hadronic tensor can be represented as the handbag diagram and
the following formula for the quarks

. d3p d*k d*l
W= s Z / 1) @t ) et
X[ )y “(b(k P)] [ ()7 ¢(k, P)]
x(2m) 164 (P — k — px)(2m) Mk +q—1) , (2.12)

where f is the flavor of the quark and ey is the electronic charge of the quark, and
we introduce the nucleon-quark vertex

o(k,p) = (X[P(0)[N) (2.13)

where | X) is the final state and |N) is the nucleon state. We define the quark-quark
correlation matrix

®i(k, P) = Z/ de 2m)164 (P — k — px)i(k, P); (k. P)

-/ d4gel"“f<N|zﬁj<o>wi<£>|N> . (214)
Where we use the complete relation of the wave function inside the nucleon. At high

enough energy, we can ignore the mass of the light quarks, and the hadronic tensor
becomes

W= Z / L / L) 2n 94k + g — Doy

d*k

8((k + q)*)tr[@v 4" (kp + gp)7"] (2.15)
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We can also approximate the nucleon momentum as P# = (P,0,0, ), where we take
the light cone + direction as the direction of the motion of the nucleon. The mo-
mentum of the virtual photon is ¢* = (—z P, (P-q),0, ) and the quark momentum is
k* = (aP, %, k). In the parton model, we assume that the quark is almost on-
shell and the transverse momentum of the quark is small. Then we can approximate
k* = oP*. This is also true for the infinite momentum frame in QCD.

Using the on-shellness of the quark, the delta function in (2.15) can be approxi-

mate as

5((k+q)?) ~0(—Q* +2aP-q) = m5(a —) . (2.16)
Then we have
kt = P! . (2.17)
The Bjorken x is represented as
x = j;: . (2.18)

We now back to the hadronic tensor part, the products of the gamma matrixes
are decomposed as

VAP = (g"°g"" + g"7 g"" — g" g7 e — i€V (2.19)

In this thesis, we only consider the unpolarized deep inelastic scattering, so the
symmetric part in the hadronic tensor contribute

v 1 d*k
L mpm??/ @op e /P

X[(K" + ¢")tr(29”) + (K + ¢")tr(®y*")
—g" (kp + qp)tr(27°)] (2.20)

In the parton model we have k* + ¢* = (P - ¢)n*, where n* = (1,0,0,). Then we
have

11, 7 - iz 2/d4k5( — kt/PT)
S 4n 7 I (2m)* v
X [nFtr(PvY) + n"tr(Py*) — g nptr(PyP)] . (2.21)

Then we introduce the parton distribution function f(z)

) _
/ (;lw§45(m—k+/P+)tr(¢7y) = P* / %ex”f‘wwmhwwéi0¢>IN>
_ 2f()P” (2.22)

Then the parton distribution function is represented as

f@) = [ e NGO (0.6 0)IN) (223)
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[ 7
e

J

where we assume that P is much larger than other components of the momentum
of the nucleon, so only v term survives. Inserting the parton distribution function
to the hadronic tensor, we get

Figure 2.1: Factorization of DIS

14 1 14 v 17
Wh = %Ze%(n“P + 0V PE — g") fr(x) (2.24)
!

The factorization theorem also exists in the QCD, and the hadronic tensor of
QCD can be written as

1+ d
W = Z /x fTer“”(q,ﬁP; as,m)pj (&) fi(&n) +p.s.c. (2.25)
J

C" are called hard-scattering coefficients and can be calculated in the perturba-
tive QCD. The non-perturbative effects are included in the p; f; terms and we call
them parton distribution functions. The p.s.c terms mean the power suppressed
corrections and at enough high energy scattering it can be negligible. We show
the pictorial representation of the factorization theorem at Fig. 2.1. The upper
rectangle represent C*” and the lower the parton distribution functions.

We show the operator definition of the parton distribution functions. We assume
that the target nucleon/nucleus goes + direction in the light cone coordinate. The
unpolarized parts of the parton distributions for quarks are written as

+

dw™ _.pt.— -
ity = [ e P 0,07 00 T OIP) . (220)

The subscript ¢ in the matrix element represents that we only consider the connected
part of the diagram. This formula is not invariant under gauge transformation. To
extend this into the gauge invariant version, we have:

Adw™ _iepte- = +
ity = [ e (P 0,07, 00U, 000 S0 O1P)e | (220

where the U(xz,y;0,) = P{e~9J;d="AT(0.27.01)} ig the Wilson line in the funda-
mental representation. The gluon PDF is:
1 dw* —iEPtw—
Pgfg(E)lunp = §P+/27T€ wPTw

X (PltrGT7(0,w™, 0. )U[w, ]G (O)U'T[0, w]| P)e , (2.28)
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where G/ = 9AJ in the light cone gauge, and U[a,b] and U'[a, b] are the products
of the Wilson lines which connect a to b. The following sections, we simply write
p;fj as fj and omit subscript ¢ for convenient.

2.3 parton distribution functions

In this section, we show some properties of the parton distribution functions. At the
previous section, we only consider the inclusive cross sections, but if we consider more
exclusive cross section, we should generalize the parton distribution functions to have
factorizations. The parton distribution function can be described by integration of
the unintegrated parton distribution functions introduced above section:

— 72
dz"d"z ikz—izPT 2~

file, k,Ay) = / o) e

_ +
< (P4 A /2050, U - (O)|P = A /2)

(2.29)

This function is called Generalized Transverse Momentum Dependent Parton Dis-
tribution Function(GTMD).

If Ay =0, then we can prove that the parton distribution functions are non-
negative functions. In the light cone gauge condition, the Wilson line in the definition
of the GTMDs is the identify matrix. Then it is enough to consider the Dirac fields.
We introduce the light front annihilation and creation operator

1  dkt
= — —d’k
o) = Yo |
o
X [bk’a(ﬁ)uk,ae_iwfﬂkw + dk,a(mJ“)Tuk,,aeiwf_““”] .(2.30)
Then the quark parton distribution functions are written as

- 1 (Plbkabh sl P)
fi(w,k,0,) = Za: CTOE TP J . (2.31)

This is nothing but a number density of quarks in the nucleus. So we can interpret
the parton distribution function as the number density of partons in the nucleon/nu-
cleus in QCD. This interpretation is only valid at the leading twist level and the
light cone gauge. If we include the higher twist effects, then the parton distribution
functions are not interpreted as the number density.

2.4 How to access the GPDs from experiments

The parton distributions have non-perturbative effects, thus we cannot access them
only from the theoretical side and need to know from the experimental results.
The factorization of cross sections help this situation. Parton distribution func-
tions(PDFs) are universal to all processes, so if we access the PDFs in one process
then we can predict the other all processes with inputting the measured PDFs.
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Figure 2.2: The diagram to access the GPDs

In this section, we simply consider the unpolarized nucleus. The GPDs appears at
the deeply virtual Compton scattering or the deep virtual meson production process.
The GPDs are obtained by these processes pictured at Fig.2.2. The GPDs have three
parameter dependence: G(z,&,A). We see how these variables are decided in the
processes.

We simply consider the deeply virtual Compton scattering(DVCS) process[39,
40, 41, 42]. The scattering amplitude for DVCS at leading order in «y is

SH(E Q%) = n[H(E,6,6,Q%) — H(=6,6, Q7)) (2.32)
1

1
wH(e. 0@ =PV [ Q) [ - ]+ D)
(2.33)

where D(t) is related with Polyakov-Weiss D-term. For quarks, H in the above
formula is related to matrix element:

dz™ op+a— -1 1
[ e W N = 521 (A Moo

dr
1 icTRA
= e ) [t + By €0 G 00 () (239)
where A =p/ —p, t = A%, ¢ = g i?; ;i The variable x is loop momentum and finally

integrated out and we cannot see the GPDs in £ = 0. From these formulas, we have
.02
H(+£,&,t: Q%) and f_ll dx% from experiments.



20

CHAPTER 2. PARTON DISTRIBUTION FUNCTIONS



Chapter 3

Gluon saturation

What is the gluon saturation? At small Bjorken x region, the number of the gluon
becomes larger than quarks. As the number of the gluons becomes large, then the nu-
cleon/nucleus are filled with the gluons. In this situation, the recombination effects
of gluons become important and the number of gluons is saturated. In the following
sections, we see how the number of gluons becomes large and then saturated.

3.1 Increasing the number of gluons at high energy

We will see the gluon number density becomes large at small-z. Intuitively, as the x
becomes small, the center of mass energy becomes large, and more and more partons
are produced. Gluons have the splitting vertex and the number of gluons quickly
increases.

First, we define the unintegrated gluon distribution f(x,k) from the parton
distribution function:

QQ
(@), = / dk2 ] (2, k2) (3.1)

At the lowest order, the splitting probability for a soft gluon emission from a
high energy quark is

as A2k dx
dP - CREW? 3

(3.2)
where Cr = N, x < 1 is a fraction of gluon’s light cone momentum and k is a
relative transverse momentum. Then the one gluon emission probability is P; ~
aslog(1/z). In the small x region, the order of the probability becomes O(1), so
we should sum the higher order terms. We can assume the strong longitudinal
ordering of the subsequent emissions, x1 > x2 > --- > x,, to the successive
emissions in the leading logarithmic approximation. Then the probability for n
gluon emission becomes P, ~ (aslog(1/x))" ~ O(1) and cannot use perturbation
as it is. We must resum these n gluon emission processes, and it is accomplished
by the renormalization equation called the BFKL equation wich can incorpolate the
leading logarithmic part (aslog(1/z))" in the purturbative calculations.

21
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The unintegrated gluon distribution function f(z, k?) satisfy the BFKL equation
which is the rapidity evolution equation:

k2

of (z, k’Q) Neas d*K’ ” 2
= Ky ————— k : .
dlog(l/z) 2 / e /@) - g /@R (3:3)
The behavior of the solution of this equation is:
1\
fa~(3) (3.4)

where \ = %41@;(2) ~ 0.5 at ag ~ 0.2. This behavior of the solution is easily
understood by the simple example: dyS = CS = S = De®Y = D(1/z)¢ where C
and D are constant. Thus we find that the rapidity increase then the number of
the gluon is exponentially increasing. This behavior violates the Froissart-Martin
bound[43, 44] i.e. unitarity of S matrix. The bound states that the total cross section
cannot increase faster than the square of the logarithms of the center-of-mass energy.

We define an impact parameter dependent function:
N(z,7) = /d2k(1 —e k’")ﬁf(:c,kQ) : (3.5)

Then this function satisfies the BFKL equation in the coordinate space(Y = log(1/z)):

ON(z,x01) Neos / o T
= d N N - N 3.6
oy 5.2 To o [N(x,x02) + N(z,221) (z,z01)] , (3.6)

where z;; = x; — x;.

3.2 Gluon saturation

As we see in the previous section, the number of the gluon is exponentially increasing
as the rapidity increasing. However it has some physical problems, and we see that
the gluon saturation effects can ease them. We have only considered the dilute
regime of gluons, so the recombination effects of gluons have no big effects. When
the Bjorken variable goes to a small region, the number of gluons are large and the
wave function of gluons becomes overlapping. Then the recombination effects of
gluons have an important role.

We consider the deep inelastic scattering process in the dipole picture. We
assume that the nucleus is in the rest frame(the momentum of the nucleus is P =
(m,0,0.)). Then the momentum of the virtual photon is ¢ = (¢, —Q?/¢*,0,) in
the light cone coordinate. From 2P - ¢ = Q?/x, we have

0o_ @

From the definition 0 < Q? = —¢? = (¢®)? — (¢")?, then we have ¢> > ¢° > Q and

¢ ~ 2¢° (3.8)

—mx . (3.9)
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Then the coherent length of the virtual photon in the light cone + direction is

leo = T ~ i_ -z (3.10)
g~ ma
At small x region, the coherence length is much larger than the radius of the nucleus.
The coherent length can be interpreted as the typical length of the interaction. Thus
the length of the time which the virtual photon fluctuate into the dipole state is much
longer than the decay of the dipole. Then in the DIS, the virtual photon becomes
the dipole first and foreafter the dipole scatters with the nucleus.

Next, we see how the relative distance between the quark and the antiquark in
the dipole change through the scattering with the nucleus. Let us take the relative
transverse momentum coming from the scattering as k, then the relative velocity
between the quark and the antiquark is changed by k/E ~ k/q". Then the change
of the relative distance is

k
AwL~R| | , (3.11)

where R is the longitudinal size of the nucleus. In this situation, Bjérken variable x
is
Q* Q*
pr— ~Y 3. 12
o mqgt  2mE ( )

And the uncertainty principle states @ ~ |k | ~ 1/x;. Thus

A R
S 9mazR= <1 . (3.13)
€T lcoh

In the end, the effects of the recoil that the dipole interacts with the nucleus can be
ignored compared with the size of the dipole, and we ignore the recoil effects. This
assumption is called the eikonal approximation.

Taking into account the above picture, the cross section for DIS is factorized in
two parts. One is the splitting of the virtual photon into the dipole, and the second
part is the scattering cross section of the dipole and the nucleus.

it @ = [ [ B Pl e Y = os(1/a) (311

Where z is the momentum fraction of the quark in the dipole and W7, is the light
cone wave function

U5 (2, 2)* =

z(1 —2)
><{beKl(aflfCl) (22 + (1 = 2)*) + m}Ko(ag|x|)*}
(3.15)

* OéemZ2
W (2l 2) = 2Ne Y Q% (1 - 2) Ko(aglel) (3.16)
f
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where a?c =Q%*2(1—2) +mfc, K; are the modified Bessel functions and the definition
of the cross sections are

ol A2,Q) = A7 e o 1 S ek (3.17)

totT \*» - qo 2 Tu¢Tv .
A=%

y*A 2 47T2a€m uv *

UtotT(x7Q ) = e WHeruer, (3.18)

where er}u are the transverse polarization vectors of the virtual photon and €z, are

longitudinal polarization vectors.

Now we focus on the dipole-nucleus scattering cross section. We take the scat-
tering amplitude of the dipole-nucleus scattering process as N(Y = log(1/x),b,r).
This amplitude is related to the total cross section of the dipole-nucleus scattering;:

oAy, r) =2 / PON(Y,b+71/2,b—7/2) | (3.19)

where b is the impact parameter and r is the relative distance between the quark
and antiquark of the dipole.
The rapidity evolution of the scattering amplitude is governed by

o x —y)?
oyN(Y,z,y) = N; /dQZ(z_($)2(Z)_y)2
X[NY,z,z) + N(Y,z,y) - N(Y,z,y)
~NY,z,z)N(Y,z,9)] . (3.20)

This equation is called the Balitsky-Kovchegov(BK) equation[45, 46]. As we see
from this equation, if we omit the non-linear term in the equation, it is nothing
but the BFKL equation. If N is small compared to one then the equation becomes
the BFKL equation, but if N approaches one then the non-linear term becomes
affected and suppresses the rapid increase of the scattering amplitude. Thanks to
this non-linear term, it is possible to suppress the rapid increase in the cross section.

We show that if the initial conditions for the BK equation satisfy 0 < N(Y =
0) < 1 then the solution also satisfy 0 < N(Y) < 1. We prove it by contradiction
following the proof for the BMS equation in the jet physics[47]. We first assume that
there is a rapidity Y; which satisfies S(Y, x,y) = 1-N(Y7,x,y) > 1. Then thereis Y
which satisfies maxg {S(Y,,y)} = 1 and 9y S(Y, z,y) > 0 in the same x, y which
satisfies the previous equation. Then for any z, S(Y,x,2)S(Y, z,y) —S(Y,z,y) <0
and from the BK equation for S we find that 0y S(Y,x,y) < 0. Then there is a
contradiction and S < 1 is proved. This is also true for S < 0.

This lemma shows that the S-matrix cannot exceed the black disc limit, and ease
the FM bound problem, but it is not enough to satisfy the FM bound and we need
some cut off to include non-perturbative effects.

3.3 Deriving the BK equation in the dipole model

In this section, we show a short review of the derivation of the BK equation. First, we
introduce the Miieller’s dipole model[48]. Using this model, it is easy to investigate
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the high energy scattering at small-z. As is already stated in the previous section,
DIS cross section can be made by the photon splitting term and the dipole-nucleus
scattering cross section.

We denote the dipole light cone wave function by V¥, (k,z), where k is the
relative momentum of the ¢q pair, z = Z—i is the fraction of the light cone momentum
of the dipole carried by the quark and o,0’ are the polarization of the quark and
antiquark. The transverse relative distance is invariant through the scattering, so we
use the transverse coordinate and longitudinal momentum dependent dipole wave
function

2
v (z,2) = / (277)262 v (k,z) . (3.21)
As the energy increases, the dipole produces gluons. We first consider one gluon
production and see the probability of this production. In the dipole picture, we can
see this as a process which is one dipole produce two succeeding dipoles

i b b
O by, 21, bo, ) = Lt49 O (b, 1) 2R e, (3.22)
& by by

where we omit the polarization for simplicity and define a n-dipole wave function

\I/(”)(bl, Z1,...,bn,xy,). Then the finding probability density of the two dipole is

s b?
6D (br, 21, b, ) [* = 4CE =2 [ (by, 21)|? o
T b5 b3,

(3.23)

In this formula, we sum up the polarization and color. The probability of finding
the daughter dipole is

/miﬂ{ﬁfl,lxl} d.TQ db2

=2 222 .24
21y (3:24)

0

Instead of considering the scattering amplitude N, we calculate the S-matrix for
simplicity

SY,z,y)=1-NY,z,y) . (3.25)

At large N., we can consider the scattering as the scattering of the cascade of
daughter dipoles and the nucleus. Then we can express the S-matrix as

=1
S(Y,b+7/2,b—1/2) = Zld/d%ld%l...d%kd?bk
k=1

X |\Il[n](bla Ty, bn» Tk, Y)‘QSO(TD bl) s SO(TIW bk)
(3.26)
Where |\II["] |2 is the probability of finding the n-dipoles with rapidity integrating in

[0,Y] interval and sp is the S-matrix for the scattering of one dipole and nucleus.
Now we have the rapidity evolution of this S-matrix and it is represented by the
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i . ®
O

@ @

Figure 3.1: Picture of the rapidity evolution of the S-matrix

figure 3.1.

asN, x?
Oy S(Y, @1, m0) = 7 /d2w2 A (S(Y, @1, 02)S(Y, Ta, 20) — S(Y, 1, 0))

L20T21
(3.27)
Then we have an equation for the scattering amplitude
s Ne 2 )
N(Y, = d
Oy N(Y,x1,z0) 52 T2 22 23,
X (N(Ya Iy, 332) + N(Y7 T2, wO) - N(K I, CCO)
—N(Y,x1,22)N(Y, 2, x0)) . (3.28)

If we ignore the last non-linear term, this equation is nothing but the BFKL equa-
tion. When the scattering amplitude is small compared to one, we consider the BK
equation as the BFKL equation.

For simplicity, we assume that the solution depends only on the relative distance
of the parent dipole

N(Y,z,y)=NY,x—vy) . (3.29)

In this situation, we can rewrite the BK equation as

ag N, x>
X(N(Y,z12) + N(Y,220) — N(Y, x10)
—N(Y,z12)N (Y, 22)) . (3.30)

3.3.1 Saturation momentum

In this section, we introduce the characteristic momentum in the gluon saturation
called saturation momentum. This represents the typical momentum of the partons
in the nucleus at small z. The saturation momentum Qs(Y) is defined as

NY,z=1/Qs(Y),y =1/Qs(Y)) = const (3.31)

where const is order of one. At the leading order, we can ignore the few magni-
fications of the constant. In the following sentences in this section, we ignore the
impact parameter dependence of the amplitude N(Y,r) = N(Y,b+r/2,b —r/2).
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When the scattering amplitude is small compared to one, then we can ignore the
non-linear term in the BK equation, and we have the exact solution of the equation
which is the same as the BEFKL equation. At this region, the solution of the equation
is written as[49]

NY,xz)= /OO dvCy explasx(0,v)Y + (1 4 2iv) log(|x|Qs0)] (3.32)

—00

where the C), is decided by the initial condition for the equation and @y is the
typical momentum in the nucleus at Y = 0. Using the steepest decent method, the
saddle point p), is calculated by

G (0, )Y -+ 2i10g(|]Qu0) = 0 - (3.33)
Then the amplitude becomes
N(Y, @) o (|2]|Qs0) T2 r st Ol (3.34)
The condition of the amplitude N (Y,1/Q4(Y")) = const leads
asx'(0,v0)Y + (1 + 2ivp) log(Qs0/Qs(Y)) =0 . (3.35)

Also we have the saddle point condition

asx'(0,10)Y + 2ilog(Qs0/Qs(Y)) =0 . (3.36)
Where vy 1= v4,(1/Qs(Y),Y). Then the saturation momentum is
_ X(O,V())
s(Y) = Qs st Y :
Q1) = Quexp [, 0y (3.37)
And the vy satisfy
X,(07 VO) 2
= 3.38
X(O, I/()) 1+ QiVO ( )
and numerically vy ~ —0.1275¢ Then we have
. (0,vsp)
. S(Y)) (1203
N(Y,x) o (|2|Qs0)" 2" <Q ( )) o (3.39)
QsO
In our saddle point approximation, we have vy, ~ 19 and get
N(Y, @) oc (|2]|Qs(Y) 20 ~ (|2]Qs(Y) (3.40)

From this formula, we can see that the scattering amplitude is the function of the
only one variable |x|Q,(Y), and this behavior is called the geometric scaling[37, 50,
51]. This scaling is one of the strong evidence of the gluon saturation effects. In
HERA data of electron-proton structure function in x < 0.01 region, the scaling
is observed [52]. It is confirmed that the scaling is exist in the charged hadron
spectrum of proton-proton and heavy ion collisions[53, 54].
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3.4 McLerran-Venugopalan model

In this section, we introduce the McLerran-Venugopalan(MV) model[55, 56, 57].
First, we separate the degrees of freedom of the hard(large =) and soft(small s)
gluons in the nucleon. At high energy, the fast partons in the nucleon do not evolve
during the scattering. Then we can regard them as time-independent objects(like
glass) moving the speed of light. In this region, gluons are dominant, so we now
treat the fast gluon as the valence degrees of freedom characterized by source charge
p(x). The soft gluons are treated as the dynamical gauge field obtained by solving
the classical Yang-Mills equation of motion

(D, F') = J" (3.41)

where JY = 6"T§(x7)p(z~,x), it is because the nucleon is localized 2~ ~ 0 at high
energy, then gluons in the nucleon are light cone time independent. So the color
charge of the gluons does not depend on z*. In the lorentz gauge d,A4" = 0, the
equation becomes

~V2ba(2) = pula) . (3.42)

where A = §#Tb,. The expectation values of observables constructed by the gauge
fields are obtained by the average of fluctuated color sources of the nucleon. It may
be valid to assume that the nucleons have no correlation among them in the large
nucleus, and from the central limit theorem the color sources are distributed as the
Gaussian distribution. This distribution is called the McLerran-Venugopalan model,
and we have:

(pa(z™, @) po(y ™, y)) = g*0wd(x™ —y )0 (x — y)pP (2™, z) . (3.43)
Then we get:
(A (@™, 2)Af (v, 9)) = Powd(z™ —y y(z ™, @,y) , (3.44)
where
vz, x,y) = /sz Gz —2)G(y — 2)p(z",2) , (3.45)
and

= —Ko(mlz|) | (3.46)

where m is the infrared cutoff. The weight functional is written as

Wy (] = exp [_ / dw—dzmm<§g;;g>(g_fx;w> . (3.47)
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The charge density p is related to the saturation momentum
2o
Q2 = gs r /d ~Px(z) . (3.48)

Now we assume that the color charge distribution is related to nuclear thickness
functionT 4 (b) for target nucleus

pa(d) = poATa(b) (3.49)

where the thickness function is defined by

T40) = [ dspa Vo5 ) pale) = (IN;H) S B
S

where p4 is the Woods-Saxon type potential and represent the configuration of
the nucleon in the target nucleus, R4 = (1.124'/3)fm is the nuclear radius and
0 = 0.54fm is the radial distance where the density rapidly decrease. There are
A nucleons inside the nucleus and the distribution of each nucleon is the thickness
function, then the scattering amplitude is

A
S(b,r) = / T 26T (bi)e ks Vet

N A
= ( / d2b’TA(b’)e_N2(b_b"")> , (3.51)

2
where No((x +y)/2,x —y) = #(’y(w,m) +7(y,y) — 2v(=x,y)) is the two gluon
exchange process between quark and a nucleon in the nucleus.

3.4.1 The Color Glass Condensate formalism

In any energy region, the color charge source does not distribute as a Gaussian but
more general probability distribution Wy [A]. In this formalism, observables are
calculated as

J DIAJO[A]Wy [4]
O A = )
where Wy is a weight function with dependence on rapidity Y. As the energy

increase, fast partons are more and more increasing, and the evolution of the prob-
ability distributions is governed by the B-JIMWLK equation[45, 58, 59, 60, 61, 62]:

(3.52)

oyWy = HyWy . (3.53)

In the eikonal approximation, this scattering amplitude can be represented using
the Wilson line which describes the multiple scattering of the quark and nucleus:

NY.zy) = 1= 3@l @U W)y . (3.54)
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Figure 3.2: Multi-gluon exchange process

where U(x) is the Wilson line and defined as
U(z) —Pexp{lgs/dzA+(z+—O,z,z)} . (3.55)

where P denotes the path ordering of A in z~ space. The color current has only
a light cone + direction which is the direction of the nucleus moving. Thus in the
covariant gauge, we can make the gauge field have only the light cone + direction.

3.5 Wilson lines

The Wilson lines are introduced to evaluate the confinement of the quarks in the
proton[5]. The Wilson lines are defined as the path-ordered exponential of the
integral of the gluon field along the two points.

Ulz;y] = Pexp <zg/ dz“AZ(z)t“) , (3.56)
[5y]

where [z;y] is the path along z to y.

We show the way how the Wilson line comes at high energy scatterings[63]. We
consider the deep inelastic scattering process with multi-gluon exchange pictured
at Fig.3.2. First, we consider one gluon exchange process. The amplitude of this
process is

. _ d*ky
(pgs Prli1u(0)| Pn) = gti(pg) / W<Nf‘AM’YMS<pq —k)%wy(0)|Py) ,  (3.57)

where the quark propagator is

kA
S(k) = F 3.58
(k) k2 + ie ( )
From the momentum conservation, we have
Pg=q+1+k . (3.59)

At high enough energy, we can use the Bjorken limit g— — oo. The outgoing quark
is on-shell pz =0, then

l+ + k1+ =IB (360)
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holds. From this, we approximate the quark propagator as

-+ — 7+
— k) ~ ~ ) .61
Spg = k1) 2q_(l+ —xzp) +ie  2kj4 —ie (3:61)

In this situation, the gluon field becomes

At ~ Ay . (3.62)

Using the relation uy_v4+ = 2u, the integration in the amplitude becomes

4 o0
L/ﬁg§glkn+%_ieA+<kl>==ij[ dz-O(z_) Ay (=-,0,01) . (3.63)

Then the one gluon exchange amplitude is
(pq; Prli1v(0)| Py) = ﬂ(pq)%(Nfl(—ig)/ dz-0(2-)A4(2-,0,00)9(0)|Pn) -
(3.64)

We now generalize this argument to n-gluon exchange processes and the ampli-
tude of this process is

4
(o Pilia (O)IPy) = g m/Hdk
X (Ng|Ap(k1)v"S(pg — k1) Au(k2)y"S(pg — k1 — k2) - ..
X Ay (k)" S(pg — k1 = kn)np(0)|Pn) . (3.65)

Applying the same formula for one gluon exchange process, we get the n gluon
exchange amplitude

‘ d4k:
o P01} = st [ 11
y 1 1 1
k1+—i6k1++k}2+—i6 k1++"‘+kn+—i€
< (Nf|Au (k1) Alks) ... A(ka)0(0)|Py) . (3.66)

The integrations can be simplified

1 1
/H 27T4k1+—26k1++k‘2+—26 ' k1++---+kn+—z’e
XA, (k1)A(ks) ... A(ky)

= Zn/ [Tdz-©(zi- — 261 )Ar(z1) - X Ay (zay) 5 (3.67)
=1

where we define z(,;1)— = 0. Finally, the n gluon exchange scattering amplitude is

Z(n— 1)—
(o0 Prlin O1PN) = (io)"ato | [~ [ /
XA+(21 )A+(ZQ ) A+ Zn— ) |PN . (3 68)
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Therefore we have the resumed amplitude with respect to the multi gluon ex-
change

o

(> Prliv(O)IPN) =D (pgs Prliigmyn (0)| Py)

n=0

- a@ovayu%mp(ntémdzf4wz>)1uonPN>
(3.69)

Then we see how a Wilson line comes from the multiple scattering.

3.6 Diffraction in DIS

3.6.1 Basics of the high energy diffractive processes

The diffraction is known in the optics. Light goes through an object and the strength
of the light is recorded at some distance from the object. We see that the strength
of the light has a diffractive pattern in the records. The same things happen in the
high energy elastic scattering. The notion of the diffraction is not only limited to the
elastic scattering but also generalizable to break up scatterings in the high energy
collisions. The definition of the diffractive scattering is that there is a rapidity gap
between projectile and target after the collisions. We may think that the diffrac-
tive processes are rare events but 15% of the collisions in the LHC are diffractive
processes.

The definition of the diffractive processes is
A reaction in which no quantum numbers are exchanged between the colliding parti-
cles.

We derive the formula of the scattering amplitude of the diffractive scattering
with using the color glass condensate formalism[64]. We define the wave function
of the whole state |¥(¢)) which includes the target and the projectile. For simplic-
ity, we consider the dipole-hadron scattering. Then the wave function before the
scattering(t = 07) can be written as

[W(t=07)) = |0(Y —Yo)) ®[h(Y0)) , (3.70)

where |O) is dipole state and |h) is hadron state. In this expression, we assume that
particles in the dipole state are not largely separated in rapidity. The dipole state
is composed of the ¢q pair and gluons and we define the ¢g pair and n — 1 gluons
state as |n). Then we have

O(Y = Y5)) =) Cu(Y = Yo)n) . (3.71)
n
The hadron state is represented as the average of the gauge field in the hadron

mmmz/memwwm, (3.72)
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where the square of the weight function Wy := |®[A](Y)|? obey the B-JIMWLk
equation

oyWy = Hp_jruwrx(Y)Wy . (3.73)

After the scattering, we need the S-matrices s(A) which come from the scattering
of the dipole or gluon to the target hadron. Then the state of the system after the
scattering is

Wt =0%) = S|u(t /D
Yo v [[stam ol . G
n =1
here, S is the S-matrix. We now define the scattering amplitude for the projectile.

SPIA] == (O(Y)|SIp) (3.75)

where p is a wave function of the projectile. The expectation value for any observable
O is expressed as

/ DIADLAT S (67— SPLIAD© - 575, [4)
x@*[A]%)@[Aumoﬂp”[AA’] | (3.76)

FElastic scattering is a process that the projectile and the target are staying intact
after scattering, and the cross section of it can be obtained by setting O = |U(t =
07))(¥(t =07)]

2

oel—‘/p (1 - 590, [AD[@A(Y)| (3.77)

For a more concrete example, we consider a di-jet production in the deep inelastic
scattering process. As we described before, we need to know the dipole-nucleon
scattering amplitude. It is represented as the dipole-nucleon scattering amplitude.

As an example, we consider the diffractive di-jet production in DIS. We assume
that the rapidity separation between the two jets are small and can be treated as
a kind of an elastic scattering process. As is usual to the DIS process, the virtual
photon split into the quark-antiquark pair, and the dipole scatters with the nucleon.
Before averaging the color sources from the target nucleon, the scattering amplitude
is

d? d? .
271'2(_]'~_(5(1</‘(J)r —l—k:;r - M aq / :Bo/ L1 e~ iPO'TO—ip1-T1

X <[U(a:o)UT(a:1)}Boﬂl — 55051)
X Woq(20, 21, o, 1) - (3.78)
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From our assumption, the cross section for this process becomes

do
T Epodpy > @ph2rs(ky + k= gMI(Mysgg) P (3.79)
1 Bihi

(271') 2]90 2p1 dp

where we take the color source average (O) = [ D[A]Wy [A]O[A].

(2p)2mS(kg + k7 — a7 ) (My—gq) /d2:1:0 &'z, o~ Po-T0—ip1-T1
x0p,6, (— N(Ya x0, 1))
xWgq(20, 21, To, T1) - (3.80)
The light cone wave function of a transverse polarized photon is
Chk__ok
21 k? + Q2021

(3.81)

Up = 2mees\/202108,,8, 0h,—h1 (21 — 20 — (2h0))\)/
1
(2m)?

where N is the Fourier transformed scattering amplitude.

x(—N(—k +po, k + po))

3.7 Solving the impact parameter dependent BK equa-
tion

As we will see in the following chapter, we need to solve the impact parameter
dependent BK equation to get the phase space distribution functions. It is because
that the phase space distribution is localized in the impact parameter space, so we
cannot use the translational invariance of the nucleus which is always used in many
calculations to match the experimental results.

We can solve the impact parameter dependent BK equation directly, but it is
not so precise[65]. So we would like to use some symmetry to reduce the parameters
of the solutions. It has been found by Gubser[66] that this equation has SO(3)
symmetry. This symmetry is already noticed in the jet physics[67]. Although the
realistic initial conditions for the BK equation is not invariant under this symmetry,
it is observed in numerical calculations that the symmetry is dynamically restored by
evolving the rapidity. So we assume that the solution of the equation has the SO(3)
symmetry. Let us show that the BK equation has the symmetry. First, we consider
the 2-dimensional transverse plane as a complex plane & = (x1,x2) = © = x1 + iz2.
The BK equation can be rewritten as

lz —y|?

asN,
N(Y, =
KN EY) /mr & 2P 4P
N(Y,z,z) + N(Y,z,y) = N(Y, z,y)
wa,z)N(Y, ) - (3.82)
This equation is invariant under the symmetry

_)az—i—ﬂ
vz + 0

(3.83)
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where «, 3,7 and § are complex numbers and satisfy ad — 8y = 1. To check this
invariance, we mention that the one form %dz preserve this symmetry, then
it is easy to see the BK equation is invariant under this symmetry. The SO(3)
symmetry is generated by inversion z — —1/z. So it is easy to confirm the invariance.
Under this assumption, the solution of this equation depends on the only one variable

d2
RQ(w _ y)Q R27"2

& (x,y) = = . (3.84)
(R2+2?)(R*+y?)  (R2+b2+ %)2 — b2;2 — b22’"2 oS 20y,
where R is an arbitrary parameter with the dimension of length, b = % and

r = x—1y. This is the stereographic projection of the square of the distance function
of the Poincaré sphere to the complex plane.

We show that the distance function is limited to 0 to 1. Using the Caucy-
Schwartz inequality

(- y)? < z?y? . (3.85)
Then we find

R*+2?y* 4+ 2R’z -y > R'+ (x-y)>+2R%*x-y
(R4 (xz-y)*>0 . (3.86)

From this inequality, we get

R4+ 2%y* 4+ 2R’z y >0 o R (z-—y)? < (R*+2?)(R*+4?)
<1

& d*(xz,y) (3.87)

We finally get the inequality for the distance function 0 < d? < 1.

This distance function is invariant under the symmetry r — 72, /7, 7, = 2v/b2 + R2.
This behavior is already observed in the numerical calculations of the impact pa-
rameter dependent BK equation[68, 69].

Let us set y = —x, then we have a bijective map 0 < || < Rto 0 < d? < 1. From
this map, we consider the solution of the BK equation depends on an one variable
|z|, so it is enough to consider Sy (x,—x) = 1 — N(Y,x,—x) in the 0 < |z| < R
region. Now we split the integral region into two pieces in the BK equation.

as N, d?z 42
Ordviemm) = (/M +/|z|>R> EACEDEPEDE
x(Sy(z, z)Sy (z, —x) — Sy (x, —x)) (3.88)

First we consider the region || < R. For any vectors «, z, we define the associated
vector x by

d*(x, z) = d*(x1, 1) . (3.89)
Then we find

2 p2) 2 B 2
wI_R{ 1+d2(az,z) d?*(zx, z) 1—d2(:c,z)} . (3.90)
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Using the SO(3) symmetry, the region |z|lg R can be mapped to the region |z| < R.
If we consider the 2 dimentional plane as a complex plane = (z1,22) = w =
x1 + ixo, then the BK equation is invariant under w — —%2 as stated above. Now
we choose = (x,0), we can rewrite the |z| > R integration as

osN, 2z 422
T Jiz<r 27 (2 — 22 (2 + ')

5 (Sy(z',2")Sy (2, —x') — Sy (', —2)) ,
(3.91)

where ' = (—R?/x,0). We parametrize the solution hy (z) := Sy (x, —z), then the
BK equation becomes

s N, d?z
aYhY(x) - @ |z|<R 27‘-{
4ot
@ =220z o (@ 2)hy (e1(z, ~)) = hy (@)
14
. z?f(z (@@ 2)hy (@1 (2, —2) = hy(x))} :
(3.92)
where 27 (', —x') = R?/2'?> = 22. The scattering amplitude is given by

We use this solution to investigate the Wigner distribution.

We also study another parameterization of the solution. We set y = 0, then we
have a bijective map 0 < |z| < 0o to 0 < d? = x?/(x? + R?) < 1. After this, the
BK equation becomes

ozsN x?
277 (x — 2)222

aySy(:IZ 0)

(Sy(x, 2)Sy(z,0) — S(x,0)) . (3.94)

Now we parametrize Sy (x,y) = Sy (d*(z,y)) = Sy (d*(z’,0)) = gy(|z']), where
x? = d*(z,y)R?/(1 — d*(x,y)). From

Sy (x, z) = gy (\/ Rle—2) ) ; (3.95)

R+ x?2?2 + 2Rz - z
the BK equation for gy is

as N,
Iygy(lz|) = /277 w—z2z2

x [gy (\/ I e ) v (12 —gy<|m|>]

(3.96)
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In this parametrization, we can neglect the angular part of « in the left part of the
equation. Then the equation becomes

Oy gy (2) asN, /27r do [ dz 2
r) = —= — —
Yoy T Jo 2mJy 2z a?+22—2wzcosd

R4( 2 + 2 _ 2 d))
o (e ) - )

(3.97)
Using the above parameterizations, we take initial conditions for the BK equation
as
J— 7d2 (wvo) 3:2
gy =0 (SC) = € = exp W (398)

4 2,2
hy—o(xz) = e_d2(”c’_‘”):exp<( iz ) (3.99)

R? + 27)2

Note that Sy—g ~ e /% when r,b < R. It is the same form of the Golec-Biernat
Wusthoff model[70].
As expected from the SO(3) symmetry, the peak position of the S matrix is

always at r = 2vb2 + R2.



38

CHAPTER 3. GLUON SATURATION



Chapter 4

Wigner distribution

In this chapter, we introduce the parton Wigner distributions of the nucleon /nucleus
at high energy. At small Bjorken x, we show that the gluon Wigner distributions are
represented by functions of the dipole-nucleon/nucleus scattering amplitude. Using
the solution of the BK equation derived in the previous chapter, we investigate the
properties of the gluon Wigner distribution. This chapter is based on the paper[65].

4.1 The Wigner distribution in Quantum Mechanics

The Wigner distribution has been introduced by Wigner as a quantum phase space
distribution[71]. The Wigner distribution of a pure state in quantum mechanics is
defined as

W(gpt) = / decs Iyt (g — £/2, 1)l + £/2,1)
= [ ageimig - gp2lola+ €/2) (+1)

Where 9 is a wave function of the system and p(t) is the density matrix. This
function satisfies the following condition:

/QﬁW(q,p,t): [, /;ﬁZW(q,p,t):W(q,t)F : (4.2)

From the above formulas, we may think the Wigner distribution can be interpreted as
the probability distribution, but from the uncertainty principle, it can have negative
values. To calculate the expectation value of general observables, we just average
over the phase space

~

(O(q,p:1)) Z/dqde(q,p,t)O(q,p,t) : (4.3)

In quantum mechanics, there is a positive definite distribution called the Husimi
distribution which is known to have the same information as the Wigner distribu-
tion[72]. This function is obtained by Gaussian smearing the Wigner distribution in
the minimal uncertainty region dqdp = h/2.

1 / /
fu(q,p,t) = 7rh/dq’dp e~ meld =0l = =p meh (o g (4.4)

39
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Figure 4.1: Wigner distribution(n = 3) Figure 4.2: Husimi distribution(n = 3)

The Husimi distribution can be rewritten as the coherent states|\) which is the eigen
states of the annihilation operator a|\) = A|\).

fr(a.pt) = Ap®)IA) = (LX) >0 . (4.5)

Let us show the example of the Wigner distribution fig. 4.1 and the Husimi dis-
tribution fig. 4.2 of the one-dimensional harmonic oscillator in quantum mechanics.
The analytical form of these functions are

_2H 4H
Wia.n® = 2-vre i, () (1.6
n 1 _H H "
W = st () (47)
where L, are the Laguerre polynomials, H = % + %2‘12 is the Hamiltonian of

the harmonic oscillator and show the n-th excited state. We see that the Wigner
distribution is oscillating and not positive definite distribution and the Husimi dis-
tribution is positive definite. The peak position of the Husimi distribution represents
the classical orbit of the harmonic oscillator. The Wigner distributions are measured
in experiments directly[73, 74, 75].

4.2 The phase space distribution in the small = region

In this section, we explain how to calculate the matrix element in the saturation re-
gion. We show the concrete examples which will be used at the following section[76].
We can transform the gluon distribution at small-x as

1/ dZ_dQZ eikLz—iz‘sz*
Pt (2m)3

x (P + Ay /20tr(GT7(0, 27, 2)U]z, 0]

xGHOU'[0,2])|P — AL /2)
_ 2 / dPzd® eikl(zfz/)qti%(zqtz’)
(p|P) ) (2m)°

x (P|tr(GT7(0,27, 2)U]z, 2]

xGTI(0,2'7, 2 U2, 2])|P) . (4.8)

.’L'fg(.’E,kJ_,AJ_) =
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Figure 4.3: The trajectory of the dipole type Wilson line

We use the approximation =P (" ='") ~ 1. We identify

P|O(z,2")|P !
<|(1<3|P))|> = (0(2,2))y—iog(1/2)

_ / DIAJO(=, )Wy [4] . (4.9)
In the following, we show the parton distribution function with the saturation effects.

4.2.1 The Wigner distribution at small-z

In this section, we show the formation of the Wigner distribution at small-x. The
Wigner distribution functions are defined by the Fourier transformed GTMD.

d’A |
()2

Using the formula we have shown the previous chapter, the gluon Wigner distribu-
tions are

3,43, N , ’
oW(z, k,b) = 2 / d(;f); gk L (z=2)+i5 (242 §(2) (b_ Z;Z)
X (G (0,27, 2)U|z, z’]G+j(O, 2, z')L{’Jr (2, 2])y

_ 2/ d’zd’z’ otk (z=2)+i5 (z4+2))5(2) (p _ Z +2
(2m)3 2

X <tr {U(oo, z7; ZJ_)G+]'(0, 27,52 )U(z7, —00;21)

xW(w,k,b):/ e ALl f (v, kAL (4.10)

xU(—00,2 ;2 )G1(0,2~, 2"\ U(2'~, oc; zj_)] > .
Y
(4.11)

If we choose U[x, y] as the future pointing Wilson lines Uz, y] = U(x~, —o0, x)U(—00,y~,y)
and U'[z, y] as the past pointing Wilson lines, and the Wigner distribution is called
the Dipole Wilson lines as pictured Fig. 4.3. We mainly consider this Wigner
distribution. Using the formula

oo

oiU(x) = igs/ de~U(—o0,z™;2)G (2)U (™, 00; ) (4.12)

—0o0
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we have
2N, [ &1 e (1
aW(z, k,b) = o | @t k <4v§ + kz2> S(Y =log(1/x),b+17r/2,b—1/2)
2N. [ d*r . (1
— 5 7)“2@““’ <4V,2,+k2> N =log(1/z),b+r/2,b—1/2) ,
i

(4.13)

where S = 1— N is the S matrix of the dipole-nucleon collision and using the formula
k262(k) = 0. Then the dipole Wigner distribution can be described using the dipole-
nucleus scattering amplitude. In this formalism, the confinement effects are not fully
included and at large r the scattering amplitude behave as N(r) ~ 1/r*'(We found
v ~079atY =5and v ~ 0.79 at Y = 10) at large r region. After the anguler
integration in (4.13), The r integral becomes

/ g ok (4.14)
0

r2Y

Due to the oscillation of the Bessel function J, in the integral, this integral is weakly
converge. The large distance region of this integration is unphysical and cannot
obtain the precise behavior of the large r region from the perturbative calculation.
So we simply cut off the large distance by inserting the Gaussian factor e~ in the

integration
2N, 1
aW(z, k,b) = / elkr (vi + k:2>

log(l/a;) b+r/2,b—1r/2) . (4.15)

4.3 The dipole type PDFs of QCD at small-z

As we have already seen that the parton distribution functions at small-z are related
to the dipole-nucleus scattering amplitude. In this section, we show the numerical
analysis of these distribution functions and see the properties of the distributions.
This section is one of the main parts of this thesis.

4.3.1 The dipole Wigner distribution

Let us evaluate the angular dependent and independent part separately, and we
expand the dipole Wigner distribution function in Fourier series

aW (z, k,b) = aWo (2, k,b) + 2 aW, (2, k,b) cos(2ngp) - (4.16)

n=1

Let us concretely show the n = 0,1 part of the expansion.

NC 1 62 1 8 2 o0 —67”2
xWO(x,k,b) = —m <4W + 47[)% +k ) /() dr re JQ(/{T)

2m
X / dp- Ny (r, b, cos 2¢p,) (4.17)
0
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Figure 4.4: The angler independent part of the Wigner distribution at fixed impact
parameter b =1
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Figure 4.5: The angler independent part of the Wigner distribution at fixed rapidity
Y = 5(left) and Y = 10(right)

and
N, (10> 10 1 5\ [ 2
:le(a:,k,b) = W <Z—1W + Zb% - b_2 + k )A dr re Jg(l{?’r‘)
27
X/ dpr cos(2¢p.) Ny (7, b, cos 2¢y,) (4.18)
0

Later we will show the effects of the higher order terms in the Fourier expansion is
not large. The impact parameter dependent BK equation does not have incorporated
the full non-perturbative effects, so we introduce the Gaussian factor to mimic the
confinement effects.  We show the elliptic Wigner distribution which cannot see
from GPDs or TMDs in Fig. 4.4. The results of the calculations are shown in Fig.
4.5 ~ 4.7. From these results, the positive peak position of the angular independent
part moves towards large in momentum as rapidity increasing and can be identified
with the saturation momentum which is an increasing function of rapidity and a
decreasing function of the impact parameter. For the elliptic part, the magnitude
of the peak is 3 ~ 5 % of that of the angular independent part. The positive
peak positions have smaller dependence on the rapidity than that of the angular
independent part. The intuitive explanation of this small rapidity dependence is
explained as follows: the form of the solution of the BK equation in the geometric
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Figure 4.6: The elliptic part of the Wigner distribution at fixed impact parameter
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Figure 4.7: The elliptic part of the Wigner distribution at fixed rapidity Y = 5(left)
and Y = 10(right)

scaling region are taking the form|[66]

Sy (z,y) = Sy (d(z, y)) ~ g(Q(Y)d*(x,y)) . (4.19)

Expanding d? in a small area of the relative distance r = | — y| < R and in a not
large area of the impact parameter b = | + y|/2 < R, we have

2 b2 2
4% ~ % (1 n ﬁ cos2¢bT) . (4.20)

Then the estimation of the peak position of the elliptic part is kpeqr ~ 1 Jr o~

Qs(Y), and it is slower rapidity evolution than that of the angular independent
part kpeqr ~ Qs(Y). The elliptic part has effects on the elliptic flow in pA collisions
as we show in the last chapter.

4.3.2 The Husimi distribution
We define the Husimi distribution in QCDI[77]:
H(z,k,b) = i2 / B e U G S P N (4.21)
7T

This distribution is defined as the Gaussian smeared Wigner distribution in the

area of the phase space which satisfy the minimal uncertainty principle AkAb = %
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Thus this distribution can be interpreted as the semi-classical representation of the
Wigner distribution. We expect the Husimi distribution is positive definite as in
quantum mechanics. Let us first evaluate the distribution functions in a Golec-
Biernat-Wusthoff(GBW)-like model[70]

1— N(z,b+7/2,b—1/2) = ¢ a7 @@b) (4.22)
where Q%(z,b) is the gluon saturation momentum. Then the dipole Wigner distri-
bution is

k2
2N, d 5, 0 e @
W(z, k,b) = b’ +k? : 4.2
Wi k) = 53 (b ) (423)

This distribution is not positive definite for the realistic profile of @);. On the other
hand, the Husimi distribution is written as

2N, 22 12 2
H(x7k7b) = l412(2)2/d2b/6 (b b) /l 1+12Q§k
a4 (27
> (b B b/)2 + (Z2Qg)2 l2k2 _ 1 l2
12 (14+12Q2)? 1+12Q2| 14 12Q?
(4.24)

If we assume that Q?(b?) is an arbitrary function which is monotonically decreasing
with increasing b2, then the Husimi distribution is positive definite. To prove this,

we note 1+l12Qg < 1+ll2Q§ < 1 where Q2 = Q,(b? = 0). Then we find[78]
2N, eIk ©-422 (b~ b')?
H(z, k,b) > d’b'e” 1| =0 .(425
(z ) Pagm?(2m)2(1 + 12Q3) / [ 12 } (425)

Now we proved that the Husimi distribution is positive definite for the phenomeno-
logical model in the small x region. It is natural because the gluon field is a coherent
state in the saturation region.

Next, we evaluate the Husimi distribution by using the solution of the BK equa-
tion. Using (4.13), we get

IN. d%r e 2_ 72
eH(a,kb) = —goe [ @Y ooper e
/
x{(blb)Jrl2 (k+l2>}N(x,b+r/2’b’°/2) :

(4.26)

As is the same for the Wigner distribution, we expand it in Fourier series

7’ ”‘2
$H0(x’k;7b) = lch /b/db/";dre(b2+b2)/l24l2
QT T

e WY\ 200 [ 2V
H( . +zk_4l2>10<12>_ " I(lQ)}Jg(kr)

/ 2
ety () )] [ oy N costoon))  (aa)
0
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Figure 4.8: The angler independent part of the Husimi distribution at fixed rapidity
Y = 5(left) and Y = 10(right)

/' ’I"2
le(x,kj’b) = lch /b/dbﬂ;ﬁe(szer)/lzuz
QT T
N 206"\ 2bY (20
[ ) () - (o) o
2bb/ 2 ,
_krl2 l_2 Jl(k‘?") d¢b’rcos(2¢b’7‘)N(w7rab7COS(2¢I)’T)) 3
0

(4.28)

where I,, are the modified Bessel functions. Here the paremeter [ is arbitrary and
we set [ = R = 1 in order that the Gaussian factor in the r integration becomes the
same to the integration in the Wigner distribution.

From these figures(Fig. 4.8), the Husimi distribution is positive definite and
can be interpreted as a probability distribution. As for the case of the Wigner
distribution, we see that the gluons are mainly distributed around the saturation
momentum.

4.3.3 GTMD

At last in this chapter, we consider the gluon GTMD which is defined by

2 .
xF(l‘,k,AJ_) = /(;l I))2elel$W($7k7b)
s
_ 2N A_i_kz /612_7“/ d’b pikr+ibA |
Qs 4 (2m)2 ) (2m)?
XN(x,b+7/2,b—1/2) . (4.29)

As was done before, we expand the GTMD in the Fourier series

oF(z,k,AL) = 2Fy(z, k,A) + 2 2Fy(2,k, A) cos(2ngra) - (4.30)

n=1
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Figure 4.10: The angler independent part of the GTMD at fixed rapidity Y = 5(left)
and Y = 10(right)

We show the first two terms

N, A? o 2 o
/ ¢ _ 1.2 —er
xFy(x, k, A) n2a. (—4 k )/0 rJo(kr)e dr/O bJo(bA)db
d¢b'r
X o N(z,r,b) , (4.31)
N, A? *° 2 o
/ _ Y [ = 12 —er
cF(x,k,A) = RC ( 1 k)/o rJa(kr)e dr/o bJ2(bA)db
d¢br
o v cos(2¢p. )N (x,7,b) . (4.32)
0

We introduce the Gaussian factor as in the Wigner distribution in the 7 integration.
It is not necessary to insert the Gaussian term in the b integration, because of the
N converge to zero quickly at |b] — oo.

The results of the calculations are shown in Fig 4.9, 4.10, 4.11, 4.12. From
the positive peak position, we can define the saturation momentum Q4(Y, A). The
angular independent part falls steeply with A increasing but the elliptic part has a
positive peak at finite A ~ 1. The saturation momentum Qs(Y, A) is an increasing
function of A.
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Figure 4.12: The elliptic part of the GTMD at fixed rapidity ¥ = 5(left) and
Y = 10(right)

Let us summarize this chapter, we have considered the phase space distributions
in QCD. Using the BK equation with respect to the SU(3) symmetry, we can get the
gluon phase space distributions. We will see at the next chapter that the GTMD is
easier to access from the experiments.



Chapter 5

Accessing the dipole Wigner
distribution

I have considered the properties of the dipole Wigner distribution so far. It is
important to know the Wigner distribution, but is there any way to measure this
function? In this chapter, we show that the dipole Wigner distribution can be
obtained by the differential cross section of the ultraperipheral diffractive di-jet
production process. This chapter is based on the paper|[78].

5.1 diffractive di-jet production in DIS

In this section, we focus on the diffractive di-jet production in DIS at small-x. We
consider v* + p — ¢+ q + p process|79, 80](see Fig. 5.1).

Let us first show the kinematics of this process. We take the rapidity of the dijet
as y1,y2. The invariant mass of the dijet is

m? = 2(1{:{r + k:;r)(k:f +ky ) — (k1 + k2) = 2|k1||k2|(cosh(y1 — y2) — cos ¢12) ,(5.1)

where ¢1o is the relative angle between the dijet. The value of the momentum

fraction of the parton from the nucleon is determined from the condition (zp+¢)% =

m2.

_ m? _ |ku||ks|(cosh(y1 — y2) — cos ¢12) (5.2
AEw 2 Epw ) :

where ¢"* = w(1,0,0,) is the momentum of the photon. Then the rapidity gap
between the dijet and the nucleon is

5y
AY = min{y;,y2} + log v2p

k1 + ko
V2kT | V2kS 2F
= min< lo ,1o 2 4 4+ log—P
{ ka8 kol ey + kol
Eyw 1

49
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Figure 5.1: The di-jet production in deep inelastic scattering

where we use approximations y; ~ y2, k1 ~ k2 and neglect some constant because
we now focus on the small x region.
The total cross section is(see section 3.6)

doY'P
dy1 dyg d2k1d2 k:Q

($aQ2) = Nco‘em(277')2q+5(k1+ + k; - q+)

x Y e322(1—2)(2% + (1—2)?)|M[* . (5.4)
f

The scattering amplitude is

. P, —k
M= [ &®kS(z, k,A 5.5
/ (iC, ’ J_) |:(PJ_—k)2+Z(1—Z>Q2 ; ( )
where the Py = (ky —k1)/2, AL = —(ki+ka), 2 = iy and S(z,k, Ay ) =
2rd?b i 7
ad bR AL (L N(z,b,7)).

To get the Winger distribution at small x, what we need to know is the dipole-
nucleon S matrix. From the formula (5.4),(5.5), the cross section of the diffractive
di-jet production is obtained by the complicated convolution of the dipole S matrix,
so it is difficult to extract the dipole S matrix from the cross section. If the momen-
tum transfer of the process is zero, and the convolution of the integration becomes
simple. There is a process to match this condition; Ultraperipheral diffractive di-jet
production. In the next section, we show that it is possible to extract the S matrix
from the scattering amplitude of the ultraperipheral diffractive di-jet production.

5.2 Ultraperipheral collision

The ultraperipheral collision(UPC) are defined by the scattering in which the impact
parameter b is larger than the sum of the radii of the target and projectile particles
as shown in Fig. 5.2(cf. [81]).

The UPC in pA is related to the +p collisions

daAp B /dde oP
dyldy2d2k1d2k:2 N dw dyldy2d2k1d2k2 ’
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b> Rjs+ Rp

Figure 5.2: The schematic picture of the ultraperipheral collision

where 2 4o 1s the photon flux and given by

2, 2
N _ 22 0 gy €) — 55 (K36 — K3(©)) (5.7)

dw  Tw
with & = wiiptha jf“‘ and v = \f Where the R, and R4 are the radii of the proton
and the nucleus. The flux decrgases exponentially when £ > 1. In the p-Au collision
in the RHIC at /syy = 200 GeV, then we have Z = 79, v = 100, R4 ~ 8 fm and
w ~ 2 GeV. In the p-Pb collision in the LHC at \/syy = 5.2 TeV, we have Z = 82,
v ~ 2500 and w ~ 50 GeV. The virtuality of the photon in the UPCs is small
compared to hard scale so it is reasonable to set the momentum transfer @ ~ 0.

In the UPC, the scattering amplitude becomes

P -k

(B kP o

M= /koS(x,k,AL)

From the results of the previous chapter, we have known that the elliptic part of the
dipole S matrix is much smaller than the angular independent part. Now we expand
the S matrix in Fourier series and approximate

S(z,k, A1) = So(z, |k|, |AL]) +2cos(2(pr — da))S1(z, | K|, |AL]) (5.9)

This approximation is similar to the dipole Wigner distribution as already stated.
Then we can perform the angular integration in the amplitude

00 2 T [P
P k 27 P /
/0 kdk . d¢k (P k)QSO(xa |IC’, |AJ_D P2 0 dk’k‘So(SL’ |IC| |AJ_|)

(5.10)
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/27r d¢ku cos(2(px — ¢a))S1(x, k|, |AL])
0 (PL—k)? T

™ 2 2
= PPf_l cos(2(op — 9a)) <£JQ_@(|PL\ — |k|) — %@(|k| — |PLD>
(5.11)

In this scattering process ,q+ = /2w in the formula (5.4), then we can perform the
w integration and we get

do4r N d7N2(27T)4Ncaem
dydys Pl 2y~ dw P?

x Y efz(l—2)(z" + (1 - 2)*)(A% + 2cos(2(¢p — ¢a))AB)

f
(5.12)
where the A and B are defined as
| Py |
A(z, |PL|,|AL]) := —/ dkkSo(z, k, |AL]) (5.13)
0
[P | 3 00 Pf
B, |PL||AL]) = —/ Ak (2, K, A1) +/ NV AINT
0 1 [P |
(5.14)
The photon energy is
1

W= ﬁ(sz +k5) . (5.15)

In this formula, we neglect the S7 term because it is a small quantity compared to
others. From this formula, we can access A and B from the experiments and what
we want to have is whether we can derive Sy and S from A and B. Sy can be easily
derived

O Az, P,A) . (5.16)

So(z, P,A) = “Pap

It is more complicated for the S; case. First we change the variable PJZ_ = eV, k? = e
Then the formula becomes

B(v) = /OO du(—e"7"O(v —u) + " “O(u —v))C(u) , (5.17)

—0o0

where we set C'(u) = ]“2—251 (x,k,A). And change the variable further

B(v) = /000 dte ' (C(v+1t) — Cv—1)) . (5.18)
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Figure 5.3: The function A at fixed rapidity Y = 5(left) and Y = 10(right) calculated
in the BK model
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Figure 5.4: The function B at fixed rapidity Y = 5(left) and Y = 10(right) calculated
in the BK model

Then we expand C around the symmetric point in the bracket, we get

> d2n+1
Bv)=2)_ 7 CW) (5.19)
n=0
Finally, we get
p2 /2
Si(w, Py = 2B@PA) 2 [P g oAy (5.20)

oP? P2 ), P~

We have seen that there is the one to one correspondence between the differential
cross section and the dipole Wigner distribution. From the rapidity gap AY(5.3),
we can measure the x dependence.

5.2.1 Numerical implementation

We make a numerical prediction of the differential cross section using the BK equa-
tion and the MV model.

We first see the cross section using the solution of the BK equation. We need
the impact parameter dependent solution of the BK equation, so we use the one got
in the previous chapter.

We show the numerical results in Fig. 5.3, 5.4. In this calculations, we set
R = 0.4fm for a realistic initial condition and we then can interpret P, = 0.5GeV
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Figure 5.5: The function A(left) and B(right) at fixed momentum A; = 1 calculated
in the BK model
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Figure 5.6: The function A(left) and B(right) in the MV model for a nucleus target
at A = 0.2(solid lines), A = 0.25(dashed lines), A = 0.3(dotted-dashed lines),
A = 0.4(long-dashed lines), and A = 0.5(dotted lines).

in these figures. In Fig. 5.5, we plot the rapidity dependence of A and B functions
at fixed A} = 1. It is expected from Chap 4.3 that the position of the positive peak
in A function moves towards the large momentum region. But for B function, it
depends on rapidity slightly.

Next, we focus on the MV model calculations of A and B functions. We have not
included the x dependence in this model. We set the saturation momentum scale as
QgA = Al/?’Qg, where proton saturation momentum @, is taken to be Q? = R~2.
We set the Gaussian factor in the Fourier transformation of the S matrix as the
same form in the BK model to cut off the large r and b.

In Fig. 5.6, we show the results of the calculations. While at small A < 0.3GeV
the function A is positive definite at small P, , it decrease at large A and P, and
change its sign and a single node appears. The elliptic part B also has a single
node and slower dependence on A than the function A. The node position in P
dimension is independent of A. Similar to the function A, B decrease as P, becomes
large. In the case of the large nuclear target, the magnitude of the positive peak of
Aand B at A < 0.3GeV are 1 to 2 order larger than those of the results from the BK
model. Interestingly, at A > 0.7 GeV same facts also holds. From these results, it is
better to measure nucleus-nucleus UPCs for studying the sophisticated properties of
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the Wigner distributions. From the both of the results of the two model, the Wigner
distribution has the non-trivial structure in the small P} < 4GeV region, and it is
challenging to measure in this region from experiments at the LHC.
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Chapter 6

The elliptic low in small system
from the Wigner distribution

In this thesis, we have studied the Wigner distribution in the small = region. Does
the Wigner distribution affect the observed quantity? In this chapter, we show the
phenomenological application of the Wigner distribution function. There are some
fully uncovered phenomenon in the high energy collisions. One of the interesting
experimental observations from the proton-proton and proton-nucleus collisions at
the Large Hadron Collider (LHC) and Relativistic Heavy Ion Collider (RHIC) is the
long range rapidity and azimuthal angle correlations between produced particles.
The long range rapidity correlation is that the produced particels have correlations
even if they are largely separated in rapidity space[82, 83, 84]. Another one is the
azimuthal angle correlations in the small system. It is known that many models have
been proposed to explain the experimental results, including (but not limited to)
hydrodynamics [85, 86, 87, 88, 89]. For a small system like the pp or pA collisions,
it seems there are no local equilibrium and cannot validate the hydrodynamical
picture, so we should seek some other sources which generate the elliptic flow. In
this chapter, we show that the elliptic part of the Wigner distribution can affect the
elliptic flow in pA collisions. This chapter is based on the paper[90].

6.1 The elliptic flow from two particle angular correla-
tions

At first, to get the elliptic flow from the two particle correlations, we introduce
the double parton scattering(DPS) frameworks[91, 92]. The DPS processes are not
power suppressed and we need to consider. To factorize the cross sections for two
particle production processes, we need to know double parton distributions which
govern the non-perturbative part in the cross sections.

It was first pointed out in [93] that the DPS plays an important role in two
particle production in forward pA and dA collisions at RHIC. This idea was followed
up in the saturation formalism in [94] to estimate the so-called pedestal contribution
in the correlation measurements. Further study in [95] also confirmed the importance
of these contributions in the two particle production in pA collisions. However, all
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these studies assumed that the two hard scatterings are essentially uncorrelated. In

the following, we will extend the DPS mechanism to include the impact parameter

dependence which naturally encodes the correlation between the two scatterings.
Using the double parton distribution, the cross section can be written as

do
dyd2k1dysd? ks

= / d*ryd*rod?byd*bye™ 1 e T
DPS
pr(xp,x;;z)FA(xA,x;l;bl,bg;rl,rg) , (6.1)

where z = |b; — bs|, and by and by are the positions of the two produced particles
from the center of the target nucleus. 71 and 7o are the Fourier conjugate variables
to the transverse momentum of the outgoing particles and can be interpreted as
the dipole size. z, x]’m x4 and 2/; are the longitudinal momentum fractions. We
assume that the projectile is dilute and the target is dense, hence we use the color
glass condensate formalism to calculate the scattering of the partons with target
nucleus. We assume the factorized form of the distribution for the large target
nucleus.

FA ~ S(YA, b1,T1)S(YA, bg, ’I"Q) y (62)

where Y = log(1/z4) and Y} = log(1/2',). This factorization is not valid in the
finite N, or the small target. This violation is another source of the elliptic flow
which is studied recently[96, 97, 98, 99]. We take the double parton distribution F),
as the Gaussian form[100]

Fp(z) ~ e % (6.3)

where A is the confinement scale.
Now we approximate the S matrix

S(xa,b k) = /dQTe“"'kS(x,b,r)
= Go(z,|b], |k|) +2cos(2(dp — éx))G1(z, |b], [k[) . (6.4)

Then the angular integration in the cross section can be performed
/A A2|by—by |
/ d*byd?bye N 010217 G (4 4 by Ky ) S (2, bo, Keo)

2 l/A A2(b2+b2
— 4r / bydbybodbye ™A (b1 102)
0

X [To(28°b1b2) Go(w 4, b1, [k |)Go(w 4, by, [K1|)Go(2'y, b, | k2|)
—|—2COS2(¢k1_k2)IQ(2A2b1b2)G1(SEA,bl,’k1|)G1($£4,b2,|k2|)} 5 (65)

where I, is the modified Bessel function. Then we define

Va(ky, k2)
STt bydbybadboe MV [ (20201b2) G (.4, b1, [k )G (24, ba, K2
fORc“t bydbybadbye= MO0 [ (2A2b1b9) Go (2.4, by, k1 |)Go(2a, by, k1 |)Go(2y, b, ko))

(6.6)
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Figure 6.1: k dependence of va. The cutoff in the impact parameter integration is
Ryt = 2(left) and Ryt = 5.

The elliptic flow vy is obtained by

Va(k, k")
‘/é(k;refj kref)

va(ke, k") = (6.7)

where k™ is a reference momentum. If V; factorize Vo(ky, ko) ~ wvo(ki)va(k2),
then vs is independent to the reference momentum. This factorization is assumed in
experiments, but we find that the factorization is violated in our model calculation
and it might be true in more small = region in the experiment.

6.2 The BK model calculation

To evaluate the effects of the elliptic Wigner distribution and the double parton
distribution function, we use the solutions of the BK equation obtained in Chap. 4.
The only difference is that we use the more realistic initial condition:S(Y = 0) =
e - e~ with ¢ = 6. When the dipole size is small and the impact parameter
is small then the initial conditions become S(Y = 0) ~ e~"/B* where R is the
target size. For the nucleon, we use R = 1fm in order that the initial condition
S ~ e /(04 g the same as the GBW model[70]. We use R as the unit length
then R, = 2 means R.,; = 2R.

The results of the calculations are shown in Fig. 6.1 for different rapidity values.
The elliptic part G; changes its sign as the impact parameter becomes large, so if
the cut off of the b integration is small then the elliptic flow has two peaks. On the
other hand, if the cut off is large enough, the elliptic flow has a single peak. Note
that the positions of the largest peak do not change as the rapidity changes. This is
one of the characteristic properties of the elliptic Wigner distributions which we have
already shown. We expect that the properties are measured at the LHC or future
collider facilities. We also note that the magnitude of the positive peak decrease
as the rapidity increasing. It is already observed in the elliptic Wigner distribution
function. The magnitude of vy generated in the present formalism is somewhat
smaller than one obtained from the experimental data, but this has non-negligible
contribution to the elliptic flow.
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Figure 6.2: The reference momentum depandence of vy at Y = 4; Reye = 2(left),
Reyt = 5.

Figure 6.3: The reference momentum depandence of vy at Y = 8; Reye = 2(left),
Reyt = 5.

Next we check the factorization of Va(k, k') ~ va(k)va (k). We change k™/ and
see the k"¢/-dependence of the elliptic flow. Because of the approximation of the
modified Bessel function I1(2A%b1bs) ~ (b1b2)? at small b;, V3 is factorize if the cut
off is small which is seen in the left panel of Fig. 6.2(Y = 4), 6.3(Y = 8). We also
deduce the fact from the figure that the factorization holds better for large rapidity
values. vy is not positive definite function if k # k™/ because G is negative in the
large k"¢ region.

Finally we show the rapidity correlation between two produced particles. We fix
the momentum k = k"¢ = 2 and take different x4 and x4 values. We show the
results of the calculations in Fig. 6.4. From the results, we recognize that there is a
long range rapidity correlation from this DPS and the elliptic Wigner distribution
mechanism, because vy decrease slowly with increasing rapidity separation between
Y =log(1/x4) and Y/ =log(1/x /).

To summarize this chapter, we have investigated the elliptic flow generated from
the double parton distributions and the elliptic Wigner distribution in small system.
The double paton distribution generate the correlations of the produced two particles
and the elliptic Wigner distribution makes the correlations of the momentum and
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Figure 6.4: The rapidity separation dependence of va(K = k" = 2):Rey = 2(left)
and Re, = 4(right)

the impact parameter of the particles. This is the key ingredients which makes the
correlation of the angles between the produced particles. The long range rapidity
correlations are also generated and we can say that the elliptic Wigner distribution
have non-negligible contributions.
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Chapter 7

Conclusion

We have seen the many aspects of the parton phase space distributions in QCD at
small Bjorken x. From the Wigner distributions, we see that we can understand the
structure of the nucleon in more detail compared to the GPDs or the TMDs. The
angular correlations of the impact parameter and the momentum of the partons are
one of the ingredients of the elliptic flow in pp collision or the angular momentum of
the proton. In my research, we mainly focus on the dipole gluon Wigner distribution
function without polarization at small z. In the small z region, the number of the
gluon becomes large and the nucleon is filled with the gluons, then the number of the
gluons becomes saturated because of the recombination process of the gluons. The
gluon saturation effects have important effects on the study in the small x region,
and we include these effects to the parton distribution functions by the solutions of
the BK equation.

In this works, we have studied the phase space distribution(Wigner, Husimi,
GTMD) with gluon saturation effects. In order to have a good precision calculation,
we assume that the solution of the BK equation has the SO(3) conformal symmetry
and we solve the one parameter differential equation. We include the Gaussian
factor in the Wigner distribution in order to include the confinement effects of QCD
which cannot be fully included by the BK equation. For the Husimi distribution, the
confinement effects are effectively included in the Gaussian factor in the definition.
We have seen that the Wigner distribution has a positive peak and it is the saturation
momentum of the system. The phase space distributions in the saturation region
are characterized by the saturation momentum.

We have also shown that the dipole Wigner distribution can be directly mea-
sured by the ultraperipheral diffractive di-jet production process. This makes it
possible to constrain the gluon distribution from the experiment. In this research,
we have shown that there is a one-to-one correspondence between the dipole Wigner
distribution function and the differential cross section of the di-jet production. We
have seen that the specific feature of the gluon distribution can be measured around
p1 < 10 GeV. It is now difficult to measure but it may be measured at the LHC in
the near future. We also find the elliptic Wigner distribution has an effect on the
elliptic flow. This contributions are not fully considered in the literature and we
show that they have non-negrigible effects on the measured quantities.

We have only considered the future-past pointing Wilson lines in the definition
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of the Wigner distribution, we can consider the more involved path of the Wilson
lines, so there are some other definitions of the Wigner distributions. These Wigner
distributions may be studied or measured by some other scattering processes.
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