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Proper subanalytic transformation groups and

unique triangulation of the orbit spaces

by

Takao Matumoto and Masahiro Shiota
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§ 1. Introduction

Let G be a transformation group of a topological space X.
Triangulation of the orbit space X/G was treated by several
people (e.g. [4], [11] and [12]) in some cases of compact dif-
ferentiable transformation groups. The authofs showed in [6]

a unique triangulation of X/G, provided that G 1is a compact
Lie group, X 1is a real analytic manifold and the action is ana-
lytic. Moreover, the uniqueness was extended to the case of
differentiable G-manifolds and played an important role ih de-
fining the equivariant simple hoﬁotopy type of a compact differ-
entiable G-manifolds when G is a compact Lie group. Let us
explain what the uniqueness means here. Under the above condi-
tions we can give naturally X/G a subanalytic structure. On
the other hand we know a combinatorially unique subanalytic tri-
angulation of a locally compact subanalytic set ([3] and [10]).

Hence X/G comes to admit a unique subanalytic triangulation.

Now we consider a problem under what weaker condition X/G

has a natural subanalytic structure. Of course we may assume
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that X,G and the action are subanalytic; as subanalytic set is
Hausdorff, it is natural to assume a condition that the action

is proper in the sense of [5] and [8] (see §2); moreoVer, in
order to simplify the description we assume that X 1is locally
cohpact. In this paper we shall show that these conditions are
sufficient (Corollary 3.4) and hence we obtain a unique sub-
analytic triangulation of the orbit space of a proper subanalytic
transformation group of a locally compact subanalytic set

(Corollary 3.5).

We shall see that a subanalytic group is homeomorphic to a
Lie group. But we shall not use properties of Lie group except

for the Montgomery-Zippin neighboring subgroups theorem [7].

See [6] for more references and our terminology.

§ 2. Subanalytic transformation group

Let G be a topological group contained in a real analytic
manifold M. If G is subanalytic in M then we call G a

subanalytic group in M.

Remark 2.1. A subanalytic group in an analytic manifold
is homeomorphic to a Lie group. It is possible that G may be

subanalytically homeomorphic to a Lie group.

Proof, As the Hilbert's fifth problem is affirmative [7]
it suffices to see that G is locally Euclidean at some point
of G. But this is clear by the fact that a subanalytic set

admits a subanalytic stratification (see Lemma 2.2, [6]),

Let G be a subanalytic group in M, and X a subanalytic
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2
and the action GXxX3 (g, X) »gx€X 1is subanalytic (i.e. the

set in M,. If G is a topological transformation group of X

graph is subanalytic in Ml XMZ) then we call (G, Ml) a sub-

analytic transformation group of (X, M2) .

A transformation group G of a topological space X is
called proper if for any x, y €X, there exist neighborhoods U
of x and V of y such that {h€G: hUnv=¢} is relatively
compact in G ([5] and [8]). This is equivalent to say that
GxX3 (g, x) » (gx, x) €EXxX 1is proper when G 1is locally

compact and X 1is Hausdorff.

Remark 2.2. Let G be a locally compact proper transfor-
mation group of a completely regular space X. Then X/G is

completely regular [8].

Lemma 2.3. Let (G, Ml) be a subanalytic proper transfor-
mation group of a subanalytic set (X, M2) and {Xi} be the decom-
position of X by orbit types. Then {Xi} is locally finite
in U and each Xi is subanalytic in U for some open neigh-
borhood U of X in MZ‘
Proof. PFor each xe€X let Gx denote the isotropy sub-

group of G at x. Put

A= U G xx = {(g, x) €GxX: gx =x}

xeX
and let vr:M1 ><M2—>M2 be the projection. Then A 1is sub-
analytic in M1 XM2. Moreover, we ‘can choose an open neighbore
hood U of X in M, so that w|,,:A'~»U is proper from

2
the faé:%}aa{t: subanalytic set is o-compact and the assumption of
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properness that W[A:A-+X is proper,where A' is the closure

of A in GxU. We may consider the problem in U and an

open neighborhood of G in My in place of M, and Ml
respectively, and this U will satisfy the requirements in the
lemma. Hence we can assume from the beginning that G 1is closed

in M. and is proper where A is the closure of

1 Tz 2
A in M1><M2. Let X also denote the closure of X in M2.

We remark ANGxX=A because A is closed in G XX,

:ZX—fM

Assertion: A and X have subanalytic stratification
A={a;} and V= {Yj} respectively such that w[g:A-Y is a

stratified map: i.e.,

(i) For each stratum Ay of A, n(Ai) is contained in some’
Y..
J
(ii) For such i and j, ﬂ[A :Ai->Yj is a C° submersion.
i .

(iii) For each j, Ay = {a; €A: () c'Yj}’ is a Whitney

stratification ([2] or [9]).

The authers do not know an apt reference to Assertion. So
we give a proof. Let p be the dimension of A, We prove by
induction on %k = dim X, If k = 0 Assertion is the same as
that A admits a subanalytic Whitnéy stratification. But this
is well-known (e.g. Theorem 4.8 [2]). Hence assume that
Assertion is true for dim< k. Choose.a subanalytic stratifica-

tion of A and let 2, be the union of all strata of dimen-

tion<p. Then 2 is a subanalytic set in M1><M2 of dimen=

1

tion<p and A - Z, is a subanalytic analytic manifold in

M1><M2 of dimengion p. Now we remark that the connected



components of a subanalytic set are subanalytic (Lemma 2.2, [6]).
Apply 2.14 of [9] to the restriction of 7 to each connected
component of A - Zl' Then there exists a subanalytic set

Z2(c:A - Zl) in My XM, of dimension<p such that z, is

closed in A - Z; and the differential a(rlz_, ) 1is of

17 %

constant rank on each connected component of i«-Zl-ZZ. The

last property implies that the restriction of 7 to each con-

nected component of ﬂ-—zl-zz is a submersion to the image,

Next consider 7© on ZILJZ2. Then we obtain in the same
way as above a subanalytic set 23(<:Z1lJZZ) in M, xM, of
dimension<p~1 such that 23 is closed in zlu Z2,

(Z]_UZZ)—-Z3 is a subanalytic analytic manifold of dimension

p~-1 (possibly empty), and d(ﬂl(Z,U 2.) -2 ) 1is of constant
1 2 3

rank on each connected component of (zlu 22)— Z3, Moreover
enlarging Z3 if necessary, we can assume {connected components

of A-1% and (thJZZ)-Z3} is a Whitney stratification

17 %2
(by Prop. 4.7, [2]). Repeat this argument. Then we obtain a
subanalytic Whitney stratification {Bi} of A such that for

each i the restriction | is a submersion to the image.

Bi
As we assumed that n]i:§-+M2 is proper, the image under
m of any subanalytic set in My contained in A is subanalytic
in M, ((2.6), [9]). In particular n(B;) are subanalytic in
M,. It also follows from the properness that {ﬂ(Bi)} is locally

finite in M,. Hence we have a subanalytic stratification of
X compatible with {n(B;)} (i.e. m(B;) is a union of some strata)

{(2.11), [9]). Let V1=={Y1i} denote the family of all the



strata-of dimension k, X2 the union of strata of dimension < k,

- -1
and {Alz}l_ {connected components of 1 (Ylj) n Bi}(i, 3)

Then for each &, TT(A]”Q) is contained in some Ylj' For such &
. . o . _ .
and j, WIA jzI:Aljz’“’Ylj is a C  submersion; A, = {Alﬂ,} is a

1
subanalytic Whitney stratification and

-1 -
TTH(VUY,L)NE =Y A,
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Consider the subanalytic sets A, =TT“1(X2) NA and X, and

tA,->X,. Then by induction hypothesis we

Tr‘Az 27 %2
have subanalytic stratifications A2= {A2i} and V2= {Yzj} of

the proper map

A, and X, respectiirely such that n[A:A2—> Yy, 1is a stratified
map because of dim X, < k. Moreover we can choose A2 and V2

so that A1 U A2 and yl uy, are subanalytic stratifications,
which is clear by the method of construction of A1 and Yl.
Then A= Al U A2 and V= Vl U V2 are what we wanted. Assertion

is thus pro{red. We can also choose VY to be compatible with

X (i.e., X is a union of some strata of V).
Apply the Thom's first isotopy lemma to nlizAa Y (e.g.

ji
Tr—l(Xl) nNA and nﬁl(xz) N A are homeomorphic, Here it is

5.2, Chapter II, [1]). Then for each Yj and Xq¢ X, €Y

important that Y. are connected. Now if x¢€ X then
-1 = _ -1 _
T T(X)NA =7 (x)nA-—nyx.

Hence for x,, x,€Y¥.cX, G and G are homeomorphic,
1 2 J Xq X,
Furthermore, for such x, and x,, G and G will be conjugate.
1 2 Xq X,
To see this recall the Montgomery-Zippin neighboring subgroups

theorem [7, p.216], which states that each compact subgroup H
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of G has a neighborhood <O in G such that any compact sub-
group of G included in O is conjugate to a subgroup of H.
Hence, by the properness assumption, each x€ X has a neighbor-
hood V in X such that for any V€V Gy is conjugate to a
subgrdup of Gx’ But a proper subgroup of GX is never
homeomorphic to GX as GX is compact. Therefore if y €V

is in the same stratum as x then Gy is conjugate to G-
Thus we have proved that for Xqs x2€inc:X, le and GX2 are
conjugate. Hence each of Xi in the lemma is a union of some

YjC:X. Therefore {Xi} satisfies the requirements in the lemma,

which completes the proof.

Remark 2.4. In Lemma 2.3 and Lemma 3.1 below we can
replace the properness condition by a weaker condition that X
is a Cartan G-space in the sense of [8], which is clear by their

proofs.

In Lemma 2.3 if X 1is closed in M2 we can put .U==M2
for the following reason {Lemma 2.1, [6]). A subset Y of an
analytic manifold M is subanalytic in M if each x€M has

an open neighborhood W in M such that YNW is subanalytic

in W.

§ 3. Subanalytic structure on an orbit space and

its triangulation

Let X be a topological space. A subanalytic structure

on X 1is a proper continuous map ®: X-»M to an analytic
manifold such that (X) is subanalytic in M and ©: X- ¢(X)

is a homeomorphism.‘ Let Xl’ X2 be topological space with
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subanalytic structures (@l, Ml) and (wz, M2) respectively. A

subanalytic map £: Xl-»X2 is a continuous map such that the

graph of w20f<>m11: ©; (X;) >, (X,) is subanalytic in M; xM,.

Subanalytic structures (wl, Ml) and (mz, M2) on X are equiva-
lent if the identity map of X is subanalytic with respect to
the structures (wl, Ml) on the domain and (wz, M2) on the target.

We shall regard equivalent subanalytic structures as the same.

If X 1is a locally compact subanalytic set in an analytic
manifold M from the outset, then X is regarded as equipped
with the subanalytic structure inclusion : X- U where U is
some open neighborhood of X in M such that X 1is closed in
U. We give every polyhedron a subanalytic structure by PL
embedding it in a Euclidean space so that the image is closed
in the space. Then a PL map between polyhedra is subanalytic
with such sﬁbanalytic structures and hence the subanalytic

structure on a polyhedron is unique.

Let X be a subanalytic set or a topological space with a

subanalytic structure. Then a subanalytic triangulation of X

is the pair of a simplicial complex K and a subanalytic

homeomorphism 7T:|Kl->X. For a family {Xi} of subsets of X,

a triangulation (K, t) of X is compatible with {Xi} if each

X, is a union of some Tt(Int o¢), o €K.

We remark that when we consider a subanalytic structure on
a topological space or a subanalytic triangulation of the space
we shall treat only a locally compact space. Of course we can

define a subanalytic structure and a subanalytic 'triangulation®



(in this case a subanalytic 'triangulation' consists of open
subanalytic simp;ices and may not contain the boundary of the
simplices) without the locally compact assumption. But the
description, e.g. the definition of equivalencesrelation of sub-
analytic structures, will be complicated, because the composition
of two subanalytic maps is not necessarily subanalytic in the
usual sense (but always "locally subanalytic" [10]); and to make
matters worse a subanalytic finite 'triangulation' (=a decompo-
sition into finite open subanalytic simplices) of a subanalytic

set is not unique in general.

Let g:X-»X/G be the natural map for a transformation group
G of a topological space X. The following is the key lemma to

the main theorems.

Lemma 3.1. Let (G, Ml) be a subanalytic proper transforma-

tion group of a subanalytic set (X, Mz)'and X a point of X.

0
Assume that X is locally compact. Then there exist a neighbor-

hood U of x, in X and a G-invariant subanalytic map

0
f:GU—ﬂR2k+l, k =dim x, such that the induced map f:GU/G- £ (U)

is a homeomorphism.

Proof. Properly embedding M in a Euclidean space we can

2
assume M =ﬂRn and x,=0. It is sufficient to define a

2 0
2k+1

G-invariant subanalytic map f:GU-IR 2k+1

so that f:GU/G-R

is one-to-one, because GU/G is locally compact. Put
z = {(x, y) €XxX: g(x) = qly)}.

Then Z 1is the image of the projection to XxX of the graph

of the action GxX-X. As the problem is local at 0 we can



assume by the properness condition that the projection to

R” xIR" of the closure of the above graph is proper and hence
by (2.6),[9] Z is subanalytic in R xR™. Let B(e, a) and
S(eg, a) for e> 0- and a€R” or €RTxR" denote the open

e-ball and e-sphere with center at a respectively.

We shall construct open neighborhoods V0:> <o 3V2k+l of

0 in X and G-invariant bounded subanalytic maps

fi:Vi—-ﬂRl, i=0, ..., 2k+1, such that

fl"l"l = (fllv ’ gi+1), Vl = XnB(Ei, 0)
i+l
for some subanalytic function 9541 and some e; > 0, and
Z; = {(x, y) €V, xV, -2: £ (x) = £ (y)}

is of dimension <2k -i. If we construct these and put ‘U=‘V2k+1

and f =the extension of f2k+1 to GU then f:GU/G»]RZk+l

will be one-to-one, because dim Z -1 means that if

2k+1
X, YEU Dbelong to distinct orbits then £(x) = £(y).

We proceed the above construction by induction on 1. For
i=0 we put trivially v0=an(1, 0) and f0=0. So assume

that we have already constructed Vi and fi" Clearly Zi is

subanalytic in R" xR". Assume dim Zi=2k— 1, otherwise it

suffices to put Vi+1=vi and g. 0. Then using a subana-

i+l =

lytic stratification of Zi in the same way as Lemma 2.3 we

obtain a subnalytic set Yi (czi) in ®" XIRn, closed in

+1

V.xV. -2 and of dimension<2k-i-1 such that Z,-Y, is
i i i i+l

an analytic manifold of dimension 2k -i. For every large
integer m we put Wm= (Zi—Yi+1) nNs(l/m, 0). Then Wm is an

- 10 -



anlytic manifold of dimension 2k-i-1 since-(Zi-Y 0)

i+l”’
satisfies the Whiteny condition (Prop. 4.7, [7]). Choose a

sequence of points {a.} in UW_ so that for any large

i“j=1,2,...

m and xtEWm, B(exp(-m), x) contains at least one aj. Write
a.=(al, a%). Then Ga'NGa"=¢. Put

5= (@j. aj) J 579

Gy = {gea: gvonv0=¢}

where ﬁb denotes the closure of V,. Then we have G81==G0,
GO is compact by the properness condition, and hence X0==G0‘§7O
is compact. Let {Pa} be the decomposition of X0 such that x
and y in XO are contained in the same P, if and only if

there exsits a finite sequence X=X, X917 «eey X, =Y in XO

with gixi==xi+1 for some 95 of GO‘ Here =3 1is sufficient

for the following reason. Let X X be a sequence in

or 1 Xy

XO chained by 9gr ++r Jg_q in G0 as above. Then by

definition of X there are Yor ---r Yy in VO and - hO’ oo oy

0

h in G such that x.=h.y.. Hence we have
L 0 i if1

pd —l a ¢ o
Yo = hgtgg_17""99hgYg-

C s -1
Therefore, by definition of GO, hz J9-1 gOhOEZGO. Hence the

sequence X, Ygr Ypr Xy is chained by the elements hal,

1

h)"g90_177"9

hO’ h2 of GO’ which proves that 2=3 is sufficient.

The above proof shows also that (i) for each o and

X€PanV P =G0(G0an0) and punv =GxNV

0’ "o 0 0
is the family of intersections of G-orbits with 50), From the

(i.e. {PB n vo}

first equality in (i) it follows that each Pa is
compact and subanalytic, because Goxr}§0 is compact and sub-

analytic. Moreover £=3 shows the following. (ii) Let g

- 11 -
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o .. be a sequence such that there exist b,.€P , b,ep ,

27 1 oy 2 a,
. . © Tm o sl s .
... converging to a point b. Then nr=1ui=rpai is identical

with Poc which contains b.

Define a map A:CO(XO) —>C0(\_70) by

Ah(x) = sup{h(y): yeP,  for a with x€P_ } for xE'\_IO.,

Then, by (ii) and by the fact that X is compact, (iii) A is

0
well-defined (i.e. Ahe cP (\—70) for hec? (X)) and continuous
with respect to the uniform CO topology on CO(XO) and
CO({IO); (iv) by (i) Ah are G-invariant for h€C0(XO); and (v)

if h is subanalytic then Ah is subanalytic for the following

reason. Let h be subanalytic. By (i) the set

D = {(x, y) €XgxXy: Xy YEP for some a}

is the image under the proper projection Xg X \75 x Gg*XS of the

subanalytic set
y L2 52 3. _ _ -
L%y Y7 1%50¥5091195,9) € X x Vg X g3 Xy =91y, Y1 =95Ypr Xy =9Yp)-

Hence D is subanalytic. Now by definition Ah(x) = sup{h(y):
(x, y) €D}, and the graph of Ah is the boundary of the image
by the proper projection \70 X X0 xIR3 (x, y, t)» (x, t) €V0 xIR

of the subanalytic set

{(x, y, t) E\—onxoxIR: (x, y) €D, tzhiy)}.

Therefore, Ah is subanalytic.

Assertion: Let q)j € CO (XO) ;, =1, 2, ..., be sequences
satisfying Acpj (a:'i) z Acpj (ag) . Given also bj > 0. Then there
exist cj 20, j=1, 2, ..., such that cj <b., chcpj uniformly

2 jr 3

- 12 -



converges to some LDECO (XO) and Acp(a:‘j) ¢Atp(a5.’) for all j.

Proof of Assertion: We define cj inductively as follows.

Put c1=b1. Assume we have already defined Cyr voey cj so

that if we put ¢, =cjo;+---+co, for 2 <3 then

(1) A\bx(ai) ¢A¢Q’(a£) and

L
(2) c, (|ap, (a') |+]Aaw, (a™) ]) £ |Aay_(a')-Ay_(a") ]/2“9””1 for p< 2.

ip R L°7p L°7p PP P P
We want cj+l satisfying (1)j+1 and (2)j+lp’ psij. If
At,bj (a:'.H_l) ::Alpj(ag_l_l) , it suffices to put cj+l= 0. If

1 = " s
Aq}j (aj+1) ij (aj+1) , then we choose positive cj+1 so that
(2)j+1p’ P<3j, hold. In this case
1 - n = 1 - "

Bhsyq(@iyg) = Aby (@Y 0) =y (Rey (@) 2oy, (a0,1)) =0,

hence (l)j+1 holds. Thus we obtain a sequence cl, c2, eoy

with (1) 2 and (2) 4p for p< 4. Then for any integer p>p'>0
3 A l' _A Il' 2 A . I' — A . Il, °
(3) l volags) —Ap (ag ) | | Vo (age) — A, (ag )| /2

Furthermore, diminishing cj if necessary we can assume IIJj

uniformly converges to some ©. Then it follows from (3) that
Aw(aj'.) ¢ALD(a'j') for all j,

Which proves Assertion.

For every aj the polynomial approximation theorem assures

the existence of a polynomial (pj on R™ such that

% )(a'j')-

A(cpjlxo)(aj) * Aoy .

Let bl’ b2, ... be small positive numbers such that the power

- 13 -
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series Ib.p. 1is of convergence radius « where éj(x) means

3 371

z|d {xa when we write o.(x) =3zd x".
' a j a o

Apply Assertion to these and bj‘ Then we obtain

K
1'%,

c. 20 such that converges to an analytic function

Zm c
j 3=1°5%3

¢ on W™ and
! n ; o
A(@IXO)(aj)?fA(w[XO)(aj) for all 7.

Put g!

l+l==A(w|X ) on Vi' Then we have already seen that g

0 J+1
is subanalytic. Hence we only need to see that

Zigp=tx, y) ez, = gi  (x) =g,

\'4

is of dimension <2k -i-1 1in some small neighborhood Vi+1x i+l

of 0. In fact g, is what we wanted.

=g! .|
i+l i+1 Vi+l

Assume the dimension of at 0 1is 2k -i. Then

Ziv1
there is a subanalytic analytic manifold Ni(c:Zi+111(Zi-—Yi+1))
of dimension 2k -i whose closure in IR" contains 0. Recall
the subanalytic version (Prop. 3.9, [2]) of a theorem of Bruhat-
Whitney which states that there exists a real analytic map

p: [0, 1] >N, U {0} such that p(0) =0 and p((0, 1]) eN,.

Define a continuous function yx on [0, 1] by
x(t) = dist(p(t), Z, —Ni).

1

Then it is easy to see that Y 1is subanalytic and positive

outside 0 and hence that
d
x(t) 2 clt|”, tel0, 1]

for some C, d>0 (the Lojasiewicz' inequality). These imply

- 14 -



(49a]
o

d
B(C|t] ¢ P(E))NZ, eN,
in other words
d
gi4(®) =9, (y) for (x, y) €B(C|[t]|", p(t)) NZ,.

On the other hand, by definition of gi+l

) 1 .
gis1taj) = 9i41 (af) for all j.

Hence
d .
(4) aj g B(C|t|~, p(t)) for all j.

Consider now the Lojasiewicz' inequality to the inverse function

of |p(t)|=dist(0, p(t)). Then, we have
lo(t)]| = C"]t]d for some C" and 4" > 0.
Hence it follows from (4) that for some C' and d'>0

ay ¢ B(C'|o(t) |2, p(t)) for all 5.

But this contradicts the fact that for any large m and xEZWm,

B(exp(-m) x) contains at least one aj. Hence Zi+1 is of

dimension£ 2k ~i~1 in some neighborhood of 0. Thus we have

proved that f is one-to-one,

Remark 3.2. In Lemma 3.1 we can choose f to be extensible

to X as a G-invariant subanalytic map by retaking U:=V2k+1

= XNB(e 0) with Indeed let 6 Dbe a sub-

2k+2"7 €ok+2 < k41"

analytic function on X with support in Vo such that 0<£96<=1
and 67 1(1) is a neighborhood of ©U. Put
f A(G[XO)(y) on GV,

h(x) = 1
0

on G - Gﬁo.

- 15 -
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Then ®opt2 is a G-invariant subanalytic function, and

2k+2

F=(f : X-IR satisfies moreover

7 Popia)

(3.2.1) F(GU) N F(X - GU) = ¢

For such F it follows from (2.6), [9] that

(3.2.2) F(X) is subanalytic in IR2k+2

because of F(X) =F(XNB(l, 0)) and because the closure of graph

F}XOB(I, 0) 1s bounded and subanalytic.

Theorem 3.3. Let (G, Ml) be a subanalytic proper trans-
formation group of a locally compact subanalytic set (X, M2) . s

Then there exist an open neighborhood Mé of X in M2 and a
2k+1

G-invariant subanalytic map ¢ : X-1R with respect to sub-
analytic structures (inclusion, Mé) and (identity, IR2k+1) such that
9(X) is closed and subanalytic in IR2k+l and that the induced

map o : X/G - ¢(X) is a homeomorphism, where k=dim X.

Proof. For each point x of X let UX be an open neigh-
borhood of x in M, such Ux.n X 1is contained in a neighbor-
hood of x 1in X which satisfies the requirements in Lemma 3.1
and Remark 3.2. Let Mé be the union of all Ux’ Properly

embedding Mé in a Euclidean space, we can assume Mé =R"” and

we give always X a subanalytic sturcture (inclusion, ]Rn) .
The case where X=G(KNX) for some compact set K in
R":As K is covered by a finite number (say s) of Ux’ there

. . . . 2s (k+1
exists a G-invariant subanalytic map V¥ : X-1R ( )

by Lemma 3.1
and Remark 3.2 such that the induced map ¥ : X/G- ¥ (X) is a ‘

homeomorphism. Here we used (3,2.1) for the existence of @'15‘

- 16 -
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<

2s (k+1)

and we see that ¢(X) is subanalytic in IR for the same

reason as (3.2.3), because we can choose subanalytic K, e.g.

B(e, 0) for some large €, so that ¢(X) =y¢(KNX). We note also

2s (k+1) by the compactness of KN X.

2s (k+1)

that ¢(X) is closed in R
Let (K, 1) be a subanalytic triangulation of 1R compatible
with Y (X) (see Lemma 2.3, [6]), K' the family of ¢ € K whose

IR2k+1

interior is mapped by T into Y (X) and 7: |K'[- be a

PL embedding. Then @=To T T o P X >R*¥* is what we want.

The case where there is not a compact set K in R® such
that X=G(KNX): Let 6 be a G-invariant subanalytic function
on X such that for any compact set H in IR there exists

a compact K in R® such that 8 1 (H) =G(XKN X)
(e.g. 6(x) = inf{|gx| : g € G}).

and let o be a subanalytic function on IR such that for each

integer i

{ 1  on [2i, 2i+1]

0 on [2i-2/3, 2i-1/3].
For each.. i consider the G~invariant subspace

X, = 0”1 ([2i-1/3, 2i+4/3])

of X. By the property of 6, (Xi, G) corresponds to the first

case. Hence there exists a G-invariant subanalytic map

. 2k+1 - . .
®; ¢ Xi = such that 0 ¢ Xi/G—.’ ©; (Xi) is a homeomorphism,

Define & :X 5>]R2k+2 by

- 17 -



(oo 6 (x)cpi(x), 8 (x) for xeXi

d(x) = {

(0, 6(x)) for xgiglxi.

Then ¢ is G-invariant and subanalytic, 5!(U6—1((2i-1/3 21+4/3)/G
14

is a homeomorphism onto the image, and for any integers 3j = 3j'
dist(e (67 ([3+1/3, 3+2/31)), o(871(13'+1/3, 3'+2/31))) > 0.

In the same way we obtain a G-invariant subanalytic map

2k+2

' : X-IR such that is a

3| (ue'l((zi—4/3, 2i+1/3))) /G
homeomorphism onto the image.l Hence Y= (9, &') :X—>Il='\4k-*'4 is
a G-invariant subanalytic map whose induced map ¥ : X/G - ¥ (X)
is a homoembrphism. Recalling the property of 6, we have a
closed neighborhood U of x and a compact set K in JRn

such that YP(KNX) =9 (X)NU for any point x 1in IR4k+4e From

. , . +
this it follows that ¢ (X) is closed and subanalytic in IR4k 4,
since we can choose a subanalytic K. Moreover we can diminish

4k+4 to 2k+1 in the same way as the first case. Therefore

the theorem is proved.

Corollary 3.4. Let (G, Ml) be a subanalytic proper trans-
formation group of a subanalytic set (X, M2) . Assume X is
locally compact. Then X/G admits a unique subanalytic struc-

ture such that g :X-»X/G is subanalytic.
Proof. Trivial by Theorem 3.3.

Corollary 3.5. Let (G, M;) and (X, Mé) be as above and
give X/G the above subanalytic structure. Then there exists
a subanalytic triangulation of X/G compatible with the orbit ;)

type stratification and uniquely in the following sense. If

- 18 =~



w

there are two subanalytic triangulations (K, 1) and (K', t1"),
we have subanalytic triangulation isotopies (X, Tt) and (K', Té)
1 .
° 1, : |[K| > [K'[ is

1

of X/G such that t,=71, tj=1' and (Ti)—
a PL map (see [6] for the definition of subanalytic triangula-

tion isotopy).

Proof. Follows immediately from Lemma 2.4 in [6], Corollary
3.4 and the next fact. Let {Xi} be the decomposition of X by
orbit types. Then Lemma 2.3 tells us that {q(Xi)} is a locally

finite family of subanalytic subsets of X/G.
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