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Microscopic Theory of Transport Phenomena in the

Long-range Interacting Spin Systems

Hideaki Nishikawa

Abstract

Long-range interactions are ubiquitous, exempliĄed by gravity, the Coulomb in-
teraction, and the dipole interaction. Here, Şlong-rangeŤ means that the potential follows
a power-law form V (r) ∼ r−α with the distance r between the sites. Recent experimental
advancements have remarkably enabled precise control over the interaction regime and the
power-law exponent α. Notable examples include Rydberg atoms, cold atomic, and trapped
ionic systems. These platforms not only open pathways for quantum information process-
ing but also serve as versatile laboratories for exploring fundamental phenomena such as
thermalization, information propagation, and beyond. Long-range interactions give rise to
distinctive phenomena that are absent in systems governed solely by short-range interac-
tions, from static to dynamical aspects. As important dynamical properties, energy or spin
propagation should be a crucial subject in the spin systems. We focus on spin models, mo-
tivated by their direct relevance to the experimental systems mentioned above. However,
thus far, the impact of long-range interaction on energy transport in spin systems have not
been systematically investigated. On the other hand, the effect of long-range interaction on
spin transport has been numerically and phenomenologically studied, but so far, a rigorous
theoretical foundation has not existed.

The primary aim of this thesis is to understand the general properties of energy and spin
diffusion in spin systems with long-range interactions. We address the following questions:
Is there a transition of normal and anomalous diffusion of energy and spin by changing the
exponent α? If so, what is the universal mechanism and systematic method to analyze the
class of energy and spin diffusion?

Firstly, we investigate energy diffusion in long-range interacting spin systems. We con-
sider prototypical spin systems, the transverse Ising model, and the XYZ model in the D-
dimensional lattice with a Ąnite exponent α > D, which guarantees the thermodynamic
extensivity. In one dimension, both normal and anomalous diffusion are observed, where the
anomalous diffusion is attributed to anomalous enhancement of the amplitude of the equilib-
rium current correlation. We prove the power-law clustering property of arbitrary orders of
joint cumulants in general dimensions. Applying this theorem to equal-time current correla-
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tions, we further prove several theorems leading to the statement that the sufficient condition
for normal diffusion in one dimension is α > 3/2 regardless of the models. The Ćuctuating
hydrodynamics approach consistently explains Levy diffusion for α < 3/2, which implies the
condition is optimal. In higher dimensions of D ≥ 2, normal diffusion is indicated aslong as
α > D.

Next, we study spin diffusion in long-range interacting XXZ model, with a power-law
α > D. We obtain the same scaling behavior for spin diffusion, both in one dimension and
higher dimensions.

Moreover, we also investigate energy and spin diffusion in the same model above, with
a power-law exponent α < D and the Kac factor. We generalize the cumulant power-law
culustering theorem to the regime with the Kac factor, and obtain the upper bound for equal-
time current correlations. However, the physical signiĄcance of this upper bound remains
unclear.

We expect that this theoretical framework is broadly applicable to transport phenomena
in a wide class of long-range interacting systems.
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Chapter 1

Introduction

1.1 Physics of long-range interactions

Long-range interactions, exempliĄed by gravitational, Coulomb, and dipoleŰdipole interac-
tions, are ubiquitous in nature [1, 2]. In this context, long-range interactions refer to those
whose potential follows a power-law form V (r) ∼ r−α as a function of distance r. The ex-
ponent α controls the interaction range: the smaller the value of α, the longer the effective
range of the interaction. In recent years, advances in experimental techniques have made
it possible to precisely control both the form of the interaction and the value of the expo-
nent α. Representative examples include Rydberg-atom platforms, cold atomic systems, and
trapped-ion experiments [3Ű16].

Electrically neutral atoms arranged in optical tweezers array are typically separated by
several micrometers and thus do not interact directly. To induce interactions, one exploits the
Rydberg state, a highly excited electronic state in which the outermost electron is promoted
to a large principal quantum number, creating an extremely extended electronic orbital.
Between Rydberg atoms, long-range dipoleŰdipole interactions naturally arise [4, 17]. In
these systems, experimental parameters such as laser frequency and intensity, as well as the
spacing between optical tweezers, can be tuned with high precision, allowing for versatile
control of the Hamiltonian [5, 6].

Experiments based on Paul traps and Penning traps offer another promising platform [12Ű
15]: by conĄning ions in one and two dimensions, respectively, one can engineer spin models
with tunable interaction ranges mediated by phonon modes in the ion crystal. These experi-
mental systems achieve an exceptional degree of parameter control and enable the realization
of time-dependent dynamics in highly isolated quantum systems. Beyond their applications
to quantum information processing, they have played a central role as experimental testbeds
for fundamental problems such as thermalization and information propagation.

Long-range interactions are known to induce novel physical phenomena that do not arise
in systems with short-range interactions. When the exponent α is smaller than the spatial
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dimension, extensivity breaks down [1, 2, 18Ű21], and this has profound consequences, par-
ticularly for static properties. The breakdown of extensivity gives rise to numerous anoma-
lous features, including ensemble inequivalence [21], negative speciĄc heat [22Ű24], long-
lived quasi-stationary states [25, 26], anomalous diffusion [24, 27, 28], suppression of chaos
[26, 27, 29Ű31], and agreement with mean-Ąeld theory [32Ű34]. Even in the extensive regime
where α exceeds the spatial dimension, long-range interactions can substantially inĆuence
equilibrium phase transitions [35Ű39] and the structure of the ground state [40Ű42].

On the dynamical side, long-range interactions are equally important, with one notable
example being the persistence of correlations over long distances [27Ű30, 43]. In recent years,
considerable effort has been devoted to understanding their effects on thermalization and
information propagation, particularly in the context of the LiebŰRobinson bound [44Ű47],
out-of-time-ordered correlators (OTOCs) [48], and fast scrambling [49]. Many of these re-
searches have focused on spin systems, reĆecting the fact that the aforementioned experimen-
tal platforms are well described by spin models [3]. A detailed overview of previous research
on information propagation in the long-range interacting systems will be presented in the
next section.

Another key dynamical property in long-range interacting spin systems is the transport
of energy and spin. However, the inĆuence of long-range interactions on transport properties
has remained largely unexplored. Existing studies of energy transport have predominantly
focused on spring-type models [50Ű56], often treating them as extensions of anomalous heat
conduction in low-dimensional systems arising from long-time tails [57Ű61]. In contrast,
energy transport in long-range interacting spin systems has not been investigated at all,
even at the numerical level. Regarding spin diffusion in long-range interacting spin models,
only a handful of numerical and phenomenological studies exist [62, 63], and no systematic
theoretical framework has yet been established. A detailed overview of prior research on
transport phenomena in long-range interacting systems will be presented in the following
section.

1.2 Information propagation in the long-range inter-

acting systems

In this section, as one of the important lines of prior research on the dynamical properties of
long-range interacting systems, we discuss in detail the dynamics of information propagation
in long-range interacting systems. In particular, we provide an overview of rigorous results
concerning the LiebŰRobinson bounds and out-of-time-ordered correlators (OTOCs) in the
presence of long-range interactions.

We begin with a detailed exposition of the LiebŰRobinson bounds in long-range interacting
systems. A fundamental question in the study of quantum many-body dynamics concerns
the maximal speed at which information can propagate through the system. In relativistic
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theories, this question is answered by causality: as shown by Einstein more than a century
ago, the propagation of signals is strictly constrained by the light cone, and information
transfer outside the light cone is strictly forbidden.

In contrast, nonrelativistic quantum many-body systems do not possess an a priori light
cone. In their seminal work of 1972, Lieb and Robinson proved that an Şeffective light coneŤ
nevertheless emerges [64]: the commutator of two observables OX and OY , initially supported
on spatially separated regions X and Y , remains exponentially suppressed outside a region
bounded by a characteristic velocity. More precisely, one has

∥[OX(t), OY ]∥ ≤ c ∥OX∥∥OY ∥ ♣X♣ ♣Y ♣ evt−r, (1.2.1)

where ∥ · ∥ denotes the operator norm, r = dX,Y is the distance between X and Y , and v is
known as the LiebŰRobinson velocity.

The LiebŰRobinson bound provides one of the most fundamental constraints on quantum
dynamics [65Ű73], and has been reĄned extensively in subsequent research [74Ű80]. Follow-
ing HastingsŠ work on the LiebŰSchultzŰMattis theorem [81], the LiebŰRobinson bound has
become an indispensable analytical tool for the study of universal properties of quantum
many-body systems. Applications include quasi-adiabatic continuation [82], entanglement
area laws [83Ű85], thermalization [86Ű89], quantization of Hall conductance [90, 91], stabil-
ity of topological order [92Ű94], clustering of correlations [95Ű97], construction of effective
Hamiltonians [98, 99], and classical simulability of quantum systems [100Ű102]. More re-
cently, LiebŰRobinson bounds have been applied to digital quantum simulation [103, 104] and
quantum information scrambling [105Ű117]. Owing to recent experimental advances, direct
observations of LiebŰRobinson light-cone structures have also become possible [13, 118Ű122].

For short-range interacting spin systems, the effective light cone is characterized by a Ąnite
velocity v, which restricts information propagation to a linear cone. In contrast, long-range
interacting systems feature algebraically decaying interactions of the form r−α, allowing for
instantaneous communication between arbitrarily distant sites. As a result, the existence of a
linear light cone is not obvious a priori. Depending on the exponent α, one may observe either
linear or nonlinear light-cone structures. As discussed in the previous section, systems with
a wide range of α values have recently been realized experimentally, stimulating renewed
interest in their universal dynamical properties. Against this backdrop, one of the most
important and intriguing open problems in the context of information propagation is the
linear light-cone problem: Does a linear light cone exist in long-range interacting systems,
and if so, under what general conditions?

Despite its conceptual simplicity and practical importance for future quantum technolo-
gies, establishing upper bounds on information propagation in long-range interacting systems
has long been regarded as a notoriously difficult mathematical challenge. Hastings and Koma
showed that for α > D (where D is the spatial dimension), communication over distance r

requires a time t ≳ log r [75], leading to what is sometimes called a logarithmic light cone.
However, this upper bound is believed to be far from optimal. Subsequently, it was shown
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that for α > 2D [103, 123, 124], one has t ≳ rγ for 0 < γ < 1 [125]. A genuine linear
light cone was Ąrst proven for one-dimensional systems with α > 3, and later generalized
to higher dimensions, yielding the condition α > 2D + 1 [45]. These results demonstrate
that long-range interacting systems with sufficiently large α behave effectively as short-range
systems. Further reĄnements have been obtained through constructions of fast state-transfer
and fast entanglement-generation protocols. These works established that t ≲ rmin(α−2D, 1)

for α > 2D, and t ≲ ro(1) for α < D, where o(1) denotes an arbitrarily small exponent [47]. It
was also shown that for any ε > 0, quantum information must lie within a light cone obeying
t ≳ rmin(α−2D−ε, 1), leading to polynomial light cones for α > 2D. See the schematic phase
diagram in Fig.1.1.

Taken together, these developments imply that for fermionic systems with bounded lo-
cal operator norms, the conditions under which a linear light cone emerges in long-range
interacting systems are now essentially fully understood.

Fast Scrambling  
No Lightcone

<latexit sha1_base64="rqCCLBZMJta8f4YFWk29UWZZvPQ="></latexit>

x

<latexit sha1_base64="RON4wYUhJnjTir62L29cI1LyYK8="></latexit>

t

Polynomial 
Lightcone

Linear  
Lightcone
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α
<latexit sha1_base64="WYI7etjfJcDLj5tZB5iTcYHowRs="></latexit>

D
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2D
<latexit sha1_base64="tEtmyJ1FRTlQcrGh/Zo4cmOeYso="></latexit>

2D+1

Figure 1.1: The schematic phase diagram of Lieb-Robinson bound in the long-range inter-
acting systems.

In parallel with the LiebŰRobinson bound, information scrambling provides a complemen-
tary perspective on how initially localized quantum information becomes inaccessible after
time evolution. Scrambling plays a central role in a wide range of interdisciplinary problems,
spanning from thermalization in quantum many-body systems [126Ű129] to the black hole
information paradox [130Ű133]. Recent developments at the interface of quantum chaos and
information theory have revealed that the out-of-time-order correlator (OTOC) serves as a
powerful quantitative tool for characterizing scrambling dynamics [106, 134]. In quantum
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lattice models, the OTOC is deĄned as

C(R, t) :=
1

tr 1̂
tr
(

[Wi(t), Vi0 ]†[Wi(t), Vi0 ]
)

, (1.2.2)

where Wi(t) = eiHtWie
−iHt, H denotes the Hamiltonian of the system, and the operators Wi

and Vi0 are supported on lattice sites i and i0, respectively, which are separated by a distance
R.

When the Hamiltonian H contains only short-range interactions, the OTOC typically
exhibits an exponential growth of the form

C(r, t) ∼ eλL(t−r/vB), (1.2.3)

where λL is the quantum analogue of the Lyapunov exponent and vB is the so-called butterĆy
velocity. The LiebŰRobinson velocity provides the simplest and most general upper bound
for vB in arbitrary quantum many-body systems [105]. Understanding the universal features
of OTOC dynamics has become one of the central topics in modern theoretical physics
[110, 111, 135Ű139]. Alongside theoretical progress, experimental schemes for measuring
OTOCs have also been proposed and demonstrated in several physical setups [114, 140Ű143].

In systems with strictly short-range interactions, OTOCs exhibit a ballistic spreading of
the wavefront characterized by the butterĆy velocity vB [105, 107, 113, 144, 145]. However,
when the Hamiltonian contains long-range interactions of the form r−α, the wavefront can
exhibit superlinear spreading in time [46, 146Ű151]. By analogy with short-range systems,
one might expect an exponential growth of the form

C(r, t) ∼ eλLt/rα

. (1.2.4)

Such a behavior corresponds to so-called Şfast scramblingŤ, meaning that the time scale
over which initially localized quantum information spreads across the entire system becomes
ts ≈ λL log N , where N is the system size. Indeed, the widely used LiebŰRobinson-type
bounds for long-range interacting systems provide upper bounds consistent with the form
(1.2.4). In recent years, universal aspects of fast scrambling have attracted considerable
interest, particularly in the context of black hole physics [49, 131, 132]. Since the discovery
of the exact solution of the SachdevŰYeŰKitaev model [152, 153], signiĄcant efforts have
been made to clarify which quantum many-body systems permit or forbid fast scrambling
[154Ű157].

Fast scrambling implies that the system can relax arbitrarily quickly under local per-
turbations. However, it is highly unlikely that such extremely rapid information spreading
is generic in physical systems. For sufficiently large α, the system effectively behaves as a
short-range interacting system, and the exponential form (1.2.4) cannot describe the OTOC
dynamics over the entire parameter range of α. Instead, a more accurate description for
long-range interacting systems may lead to a polynomial growth of the form

C(r, t) ≤
(

λL t/rζ
)ᾱ

, (1.2.5)
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with exponents satisfying ζ ≤ 1 and ᾱ ≤ α. This inequality implies that the scrambling
time scales algebraically with the system size as ts ∼ nζ/D/λL. For sufficiently large α, both
numerical and analytical studies support the polynomial growth form (1.2.5) [45, 47, 117, 123].
Against this background, a natural and fundamental question arises: what is the optimal
condition on α that forbids the exponential form (1.2.4) of fast scrambling?

Existing numerical studies suggest that the polynomial growth of the OTOC breaks down
for α ≤ D [108, 117]. Thus, one expects at least the condition α > D. Moreover, this re-
quirement coincides with the physically natural stability condition for long-range interacting
systems, ensuring that the total energy remains extensive and that the thermodynamic limit
is well-deĄned.

As reviewed in the discussion of LiebŰRobinson bounds, most prior theoretical analyses
have been limited to the regime α > 2D [45, 47, 103, 123, 124]. In this regime, FossŰFeig et

al. proved that the exponent ζ in (1.2.5) is bounded from below by (α−2D)/(α−D+1) [123],
which was later improved to (α − 2D)/(α − D) [103]. Furthermore, for α > 2D + 1, it was
shown that a Ąnite butterĆy velocity (i.e., ζ = 1) emerges in general long-range interacting
systems [45, 124, 125]. Collectively, these results imply that once α exceeds the threshold
α = 2D, fast scrambling of the form (1.2.4) cannot occur in long-range interacting systems.

The intermediate regime D < α ≤ 2D, however, remains far more subtle. In this region,
long-range interactions can in principle enable quantum state transfer at subexponential
speeds faster than any exponential but still slower than ballistic propagation [46]. As α

approaches D, the system effectively behaves as if it has inĄnite dimensionality, giving rise
to novel physical phenomena. For example, in one-dimensional systems, it is known that
long-range interactions with α ≤ 2 qualitatively alter both static [35, 158] and dynamical
properties [159, 160]. Consequently, the physical behavior induced by long-range interactions
in this regime is highly nontrivial and may even produce unexpected outcomes.

Nevertheless, various empirical observations suggest that fast scrambling is likely forbid-
den in this parameter region as well. As a partial result, Tran et al. demonstrated that fast
scrambling is impossible in one-dimensional systems for α > 3/2 [124]. More recently, Kuwa-
hara and Saito proved that fast scrambling cannot occur in any long-range interacting system
provided that α > D [48]. Combined with explicit counterexamples for α ≤ D [108, 117], this
result identiĄes α > D as the optimal condition under which the polynomial bound (1.2.5)
holds. As a general upper bound, they derived that the OTOC obeys a polynomial growth
characterized by the exponent

ζ = (2α − 2D)/(2α − D + 1) . (1.2.6)

This result supports the empirical hypothesis that physically natural classes of long-range
interactions do not give rise to fast scrambling.
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1.3 Anomalous heat transport in the low-dimensional

nonlinear systems

The study of transport phenomena in long-range interacting systems has, in previous lit-
erature, primarily focused on heat transport, where the problem has often been treated as
an extension of anomalous heat transport arising from long-time tails in low-dimensional
systems [57Ű61]. However, in the non-integrable spin systems considered in this thesis, it
is numerically well established that long-time tails are generally absent [161]. As will be
demonstrated later, numerical evidence likewise shows that long-time tails do not arise in
long-range interacting spin systems. For this reason, although a detailed discussion of long-
time tails is somewhat tangential to the main line of inquiry of this thesis, understanding
their role remains important for appreciating the broader context of heat transport phenom-
ena in long-range interacting systems. We therefore begin with an overview of anomalous
heat transport in short-range interacting systems, which serves as the fundamental reference
point.

1.3.1 Breakdown of FourierŠs law

The phenomenon of heat transport has a long and rich history of investigation. In general,
the propagation of heat in matter is commonly described by FourierŠs law. However, the
fundamental question of why FourierŠs law holds in the Ąrst place remains unsolved. The
macroscopic heat transport observed in bulk systems is a many-body effect arising from
microscopic particle interactions, and, as will be discussed later, nonlinear particle interac-
tions play a crucial role in FourierŠs law. Therefore, a Ąrst-principles derivation is extremely
challenging.

Even more intriguingly, investigations into the dynamical origin of FourierŠs law have
revealed that the law can break down in low-dimensional systems. More speciĄcally, it has
been found that the thermal conductivity diverges in the thermodynamic limit for one- and
two-dimensional systems, a phenomenon referred to as anomalous heat transport. Charac-
teristic features of anomalous heat transport include the divergence of thermal conductivity
with system size, the emergence of nonlinear temperature proĄles, and anomalous diffusion
such as superdiffusion in the spreading of energy.

Before examining anomalous heat transport in detail, we Ąrst provide an overview of con-
ventional heat transport phenomena. Heat transport can be broadly classiĄed into transport
mediated by particle motion, as in Ćuids or conduction electrons in metals, and transport
mediated by particle vibrations (lattice vibrations), as in insulators. In this section, we focus
on the heat transport arising from lattice vibrations.

Let us consider a lattice system consisting of particles arranged regularly and connected
by springs. We take a one-dimensional system of N particles whose two ends are attached to
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heat baths at temperatures TL and TR (TL > TR). If the temperature difference ∆T := TL−TR

is sufficiently small, the heat current j is expressed as

j = κ
∆T

N
. (1.3.1)

The widely accepted FourierŠs law states that, for sufficiently large N , the thermal conduc-
tivity κ becomes independent of N . Taking both anomalous and normal heat transport into
account, heat transport in low-dimensional systems may be classiĄed as

κ ∝ N δ,































δ = 1 : ballistic transport,

δ < 0 : localization,

δ = 0 : diffusive transport,

0 < δ < 1 : anomalous transport.

(1.3.2)

The case δ = 1 corresponds to ballistic transport, in which the heat current is independent
of N and propagates without attenuation. This behavior can be observed, for example, in
the Debye model

H =
N
∑

n=1

p2
n

2m
+

k0

2
(qn+1 − qn)2. (1.3.3)

The Debye model effectively describes the behavior of speciĄc heat in solids at equilibrium;
however, in the context of nonequilibrium heat transport, although it is exactly solvable [162],
it is not a realistic model. Because the motion of particles can be decomposed into indepen-
dent harmonic modes, heat transport proceeds without any scattering, resulting in ballistic
propagation and the absence of temperature gradients. Conversely, this implies that nonlin-
ear interactions are essential for scattering processes that prevent ballistic heat Ćow.

The case δ < 0 indicates vanishing thermal conductivity in the thermodynamic limit,
implying that heat current does not Ćow and energy becomes localized. A Ąnite temperature
gradient is formed in such a situation. This behavior is realized, for instance, in disordered
lattice models [163, 164],

H =
N
∑

n=1

p2
n

2m̃n

+
k0

2
(qn+1 − qn)2, (1.3.4)

where each mass m̃n independently takes the value 1 + ∆ or 1 − ∆ with probability 1/2. In
this case, strong scattering induced by disorder leads to heat localization.

For δ = 0, FourierŠs law holds. Combining FourierŠs law with energy conservation shows
that energy spreads diffusively (diffusive transport). Heat current Ćows according to the
temperature gradient, and the temperature proĄle becomes linear.

The case 0 < δ < 1 corresponds to anomalous heat transport. Although a Ąnite
temperature gradient is established, the thermal conductivity diverges algebraically. This
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phenomenon is observed in the FermiŰPastaŰUlamŰTsingou model with nonlinear interac-
tions [165Ű169],

H =
N
∑

n=1

p2
n

2m
+

k0

2
(qn+1 − qn)2 +

ν

4
(qn+1 − qn)4. (1.3.5)

It is known that even in the presence of nonlinear interactions, transport becomes diffusive
in three dimensions [169], which is attributed to the diminishing effect of wave localization
and faster relaxation in higher dimensions. In contrast, for low-dimensional systems with
nonlinear interactions, anomalous heat transport with 0 < δ < 1 appears ubiquitously.

These phenomena have been veriĄed through extensive numerical simulations, and re-
cent experiments on real materials have also produced results consistent with theoretical
predictions. For example, in one-dimensional carbon nanotubes, the exponent has been es-
timated as δ ≈ 0.3Ű0.5 [170, 171], consistent with theoretical values δ = 1/2, 1/3, which will
be discussed in the next section. In two-dimensional graphene, experiments have observed
logarithmic divergence κ ∝ ln N [172].

Other important characteristics of anomalous heat transport should also be mentioned. In
the linear response regime, the thermal conductivity can be related to equilibrium Ćuctuations
of the heat current via the GreenŰKubo formula [173, 174],

κ̃ = lim
t→∞

lim
N→∞

β2
∫ t

0
ds

1

N
⟨jtot(s)jtot(0)⟩eq . (1.3.6)

Here, β denotes the inverse temperature of the heat bath. Note that, unlike the previous
setup involving nonequilibrium steady states with heat baths at the boundaries, the above
formula considers an isolated system with periodic boundary conditions. Thus, κ̃ represents
the thermal conductivity around equilibrium under periodic boundary conditions and should
be distinguished from the nonequilibrium steady-state conductivity κ. The total heat current
jtot is deĄned as the sum of local heat currents jn Ćowing between sites n and n + 1, i.e.,
jtot :=

∑N
n=1 jn.

In anomalous heat transport, the divergence of thermal conductivity corresponds to
anomalous behavior in the heat-current autocorrelation function C(t) = ⟨jtot(t)jtot(0)⟩eq /N .

If C(t) decays exponentially, C(t) ∝ e−t, or sufficiently fast as a power law C(t) ∝ t−β̃

with β̃ > 1, the integral converges in the long-time limit and one Ąnds κ̃ = κ. However, in
low-dimensional systems exhibiting anomalous heat transport, the autocorrelation function
of the heat current C(t) decays slowly as

C(t) ∝ t−β̃, (0 < β̃ < 1), (1.3.7)

leading to a divergent integral [59, 60, 175Ű180].
Energy diffusion also deviates from the standard diffusion equation. The spatiotemporal

correlation function of local energy ϵn,

S(n, t) := ⟨δϵn(t) δϵ0(0)⟩eq , (δϵn := ϵn − ⟨ϵn⟩eq), (1.3.8)
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typically exhibits the scaling form

S(n, t) ∼
ah

tγh
fh

(

n

tγh

)

+
as

tγs

{

fs

(

n + ct

tγs

)

+ fs

(

n − ct

tγs

)}

. (1.3.9)

[61, 181Ű184]. Here we assume 1/2 < γh, γs < 1. The Ąrst term represents the heat mode,
which is a locally diffusing mode, while the second and third terms represent the sound
modes that propagate to the left and right with sound velocity c. Each mode exhibits a
characteristic scaling form determined by the functions fh, fs and the exponents γh, γs.

Up to this point, we have reviewed the powerŰlaw divergence of the thermal conductivity,
the slow decay of the heatŰcurrent autocorrelation function, and the anomalous diffusion
of spatiotemporal energy correlations. However, the precise relationships among these phe-
nomena are not yet fully understood. Here, we summarize an empirically known relation
between the exponent δ characterizing the powerŰlaw divergence of the thermal conductivity
in a nonequilibrium steady state and the exponent β̃ describing the slow relaxation of the
heatŰcurrent autocorrelation function in a periodic isolated system.

In a periodic isolated system, the heatŰcurrent autocorrelation function C(t) is related to
the thermal conductivity κ̃ via the GreenŰKubo formula,

κ̃ = lim
t→∞

β2
∫ t

0
ds C(s). (1.3.10)

If one takes the upper limit of the integral to be t = N/c, it is believed that the asymptotic
behavior satisĄes

κ̃ ∼ κ, (1.3.11)

thus agreeing with the thermal conductivity κ obtained in a nonequilibrium steady state
[176, 177, 185]. Here, c denotes the sound velocity of the sound mode arising in energy
diffusion. The underlying assumption is that an energy Ćuctuation created at one end of the
system reaches the opposite end at time t = N/c via the sound mode, and that contributions
to the GreenŰKubo integral beyond this timescale are negligible. Under this hypothesis, one
obtains the relation

δ = 1 − β̃. (1.3.12)

We now turn to the theoretical background underlying anomalous heat transport. The
currently accepted viewpoint is that anomalous heat transport arises from the interplay
between nonlinear interactions and the presence of conserved quantities. As we shall discuss
later, any isolated one-dimensional Hamiltonian system possesses conservation of stretch
(system length), momentum, and energy. In low-dimensional systems, the presence of these
three conserved quantities is believed to be essential for the emergence of anomalous heat
transport.
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As a concrete setup, let us consider the Hamiltonian

H =
N
∑

n=1

1

2
p2

n + V (qn+1 − qn), (1.3.13)

where the mass is uniform and, for simplicity, set to m = 1 (a convention adopted throughout
this thesis). With periodic boundary conditions pn+N = pn and qn+N = qn, the system
generally possesses at least the following three conserved quantities:

Stretch : N :=
N
∑

n=1

rn, (rn := qn+1 − qn), (1.3.14)

Momentum : P :=
N
∑

n=1

pn, (1.3.15)

Energy : E :=
N
∑

n=1

ϵn, (ϵn := p2
n/2 + V (qn+1 − qn)). (1.3.16)

The number of conserved quantities is closely related to the nature of transport. For
instance, in the Debye model, the Hamiltonian decomposes into N independent harmonic
oscillators, so that each oscillator energy is conserved. Thus, there exist O(N) conserved
quantities, leading to ballistic transport. A similar ballistic behavior appears in nonlinear
lattice models such as the completely integrable Toda lattice with potential V (rn) ∝ ern−1,
which likewise possesses O(N) conserved quantities [181, 186, 187].

On the other hand, consider a system in which only stretch and energy are conserved,
while momentum is not. For example, adding an onsite potential

∑N
n=1 U(qn) breaks trans-

lational symmetry, rendering momentum nonconserved. Alternatively, one may consider a
velocity-Ćip model [188] in which pn is probabilistically inverted (pn → −pn), again violating
momentum conservation. In such systems without momentum conservation, numerous nu-
merical studies have shown that heat transport is typically diffusive and obeys FourierŠs law
[59, 60, 175, 181, 186, 189Ű191]. This is also consistent with the dispersion relation obtained
from harmonic approximation: when translational symmetry is broken, a gap appears in
the dispersion relation, eliminating the sound mode, and thereby precluding anomalous heat
transport.

Given the above observations, one recognizes that the presence of three conserved quan-
titiesŮstretch, momentum, and energyŮis fundamental for anomalous heat transport in
low-dimensional systems.

A phenomenological theoretical framework that emphasizes these conserved quantities is
nonlinear Ćuctuating hydrodynamics [61]. This theory does not rely on any speciĄc form
of the microscopic potential and provides a powerful general framework applicable to broad
classes of nonlinear, nonintegrable one-dimensional systems. Nevertheless, since nonlinear
Ćuctuating hydrodynamics involves several phenomenological assumptions and approxima-
tions, its validity requires careful examination. In the next subsection, we review the basic
structure of nonlinear Ćuctuating hydrodynamics.
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1.3.2 Nonlinear Ćuctuating hydrodynamics in one-dimensional an-

harmonic chains

Nonlinear Fluctuating Hydrodynamics (NLFH) [61, 179, 184, 192, 193] was proposed by
Spohn in 2014 [61] as a mesoscopic effective theory describing anomalous heat transport
in one-dimensional systems. It provides a phenomenological derivation of the Ćuctuating
hydrodynamic picture for chains with nonlinear interactions.

We consider a one-dimensional Hamiltonian system with a nonlinear interaction potential
V (r),

H =
N
∑

n=1

1

2
p2

n + V (qn+1 − qn) , (1.3.17)

together with periodic boundary conditions pn+N = pn and qn+N = qn. In this setting, the
stretch rn := qn+1 − qn, momentum pn, and energy ϵn := p2

n/2 + V (rn) constitute three local
conserved quantities. They satisfy the continuity equations

∂tg⃗n = −(⃗jn+1 − j⃗n) , (1.3.18)

g⃗n = (rn, pn, ϵn) , (1.3.19)

j⃗n =
(

−pn, −V ′(rn−1), −pnV ′(rn)
)

. (1.3.20)

Our aim is to investigate the mesoscopic Ćuctuation dynamics of these local conserved
quantities and, in particular, their spaceŰtime correlations. Let u⃗(x, t) denote the deviations
of the local equilibrium expectation values of g⃗n from their equilibrium means. Expanding
the currents to Ąrst order in u⃗(x, t) leads to the linearized hydrodynamic equation

∂tu⃗(x, t) + ∂xA u⃗(x, t) = 0 , (1.3.21)

which can be diagonalized. Using a diagonalizing matrix R, one obtains

RAR−1 = diag(−c, 0, c) , (1.3.22)

implying that the three conserved quantities are converted into three normal modes, namely
two sound modes and one heat mode. Writing the Ćuctuations in the normal-mode basis as
ϕ⃗ := Ru⃗, one obtains

∂tϕα(x, t) + αc ϕα(x, t) = 0, (α = −1, 0, +1), (1.3.23)

where c denotes the sound velocity. This description, however, contains no nonlinear effects
and thus corresponds to a macroscopic equation in which Ćuctuations vanish due to the law
of large numbers.
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To incorporate the interactions among hydrodynamic modes, we expand the currents to
second order in u⃗(x, t) and further introduce dissipative and stochastic contributions in a
phenomenological manner. This yields the Ćuctuating hydrodynamic equation

∂tu⃗(x, t) + ∂x

(

Au⃗(x, t) +
1

2
u⃗⊤(x, t) H u⃗(x, t) − ∂xDu⃗(x, t) + Bξ⃗(x, t)

)

= 0 , (1.3.24)

where ξ⃗(x, t) denotes standard Gaussian white noise. The matrices D and B are introduced
so as to satisfy the ĆuctuationŰdissipation relation appropriate for the underlying microscopic
dynamics.

Transforming to the normal-mode basis ϕ⃗ = Ru⃗ yields

∂tϕα(x, t) + ∂x



αc ϕα +
∑

α′,α′′

Gα
α′α′′ ϕα′ϕα′′ − ∂x(Dϕ⃗)α + (Bξ⃗)α(x, t)

]

= 0 , (1.3.25)

for α, α′, α′′ = 0, ±. Here, Gα
α′α′′ are the mode-coupling coefficients obtained from the micro-

scopic interaction.
Each of the above mode equations takes the form of a noisy Burgers-type equation,

which can be mapped to the KardarŰParisiŰZhang (KPZ) equation [194, 195], originally
proposed as a model for stochastic interface growth. Beyond interface dynamics, the KPZ
equation plays a key role in diverse nonequilibrium phenomena including the asymmetric
simple exclusion process, oriented polymers and liquid crystals, and models of nucleation
and growth. Its mathematical structure is deeply connected to random matrix theory and
integrable systems, rendering KPZ an especially rich and universal class of nonequilibrium
Ćuctuations [196, 197].

Since the connection between one-dimensional heat transport and the KPZ universality
class was recognized [179], the theoretical understanding of anomalous transport phenomena
has rapidly advanced. In particular, within the NLFH framework, the sound modes and the
heat mode are predicted to belong to distinct universality classes depending on microscopic
symmetries.

Furthermore, the spatiotemporal correlations of the hydrodynamic modes can be analyzed
using mode-coupling theory, which allows the derivation of scaling laws for anomalous energy
diffusion. SpeciĄcally, at sufficiently long times, the sound modes propagate far away from
the origin, so their correlations with the heat mode remaining at the origin can be neglected.
This approximation effectively truncates higher-order correlations. Under this scheme, the
spatiotemporal correlation of energy Ćuctuations takes the form

⟨δϵn(t)δϵ0(0)⟩eq ∼
ah

tγh
fh

(

n

tγh

)

+
as

tγs

{

fs

(

n + ct

tγs

)

+ fs

(

n − ct

tγs

)}

, (1.3.26)

where two distinct universality classes are predicted. In general, the sound modes belong
to the KPZ universality class, exhibiting KPZ scaling. Concretely, the scaling function fs

corresponds to the KPZ function, and the exponent is γs = 2/3. The heat mode, on the
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other hand, displays superdiffusion following a Lévy distribution with exponent 5/3, yielding
γh = 3/5. In this case, the autocorrelation function exhibits anomalous relaxation with
β̃ = 2/3, and the divergence exponent of the thermal conductivity is α = 1/3.

In contrast, in the special case where the interaction potential V is an even function and
the pressure satisĄes − ⟨V ′⟩eq = 0, the sound modes obey Gaussian diffusive scaling. Specif-
ically, the scaling function fs becomes Gaussian, with exponent γs = 1/2. Simultaneously,
the heat mode exhibits superdiffusion following a Lévy distribution with exponent 3/2, giv-
ing γh = 2/3. Consequently, the autocorrelation function shows anomalous relaxation with
β̃ = 1/2, and the divergence exponent of the thermal conductivity becomes α = 1/2.

However, a recent study [198] has reported that even when the interaction potential V

is an even function, both the heat mode and the sound modes exhibit the same dynamical
exponent γ = 2/3. This conclusion is derived through analyses based on the dynamical
renormalization group, and the corresponding scaling functions have been found to take
values close to those of the KPZ universality class.

1.4 Anomalous heat transport in the long-range inter-

acting systems

In this and the next section, we provide an overview of previous studies on transport phe-
nomena in long-range interacting systems.

We begin by discussing energy transport. In long-range interacting systems, there had
been no previous studies at all for energy transport in spin systems, even in the numerical
approach. Instead, thermal transport has primarily been investigated in springŰparticle
systems, as a natural extension of the anomalous heat conduction observed in low-dimensional
systems, where long-time tails play a crucial role. Moreover, establishing a general theoretical
framework has proven challenging. Except for a limited class of exactly solvable models,
current studies have largely relied on numerical simulations.

Among the most extensively studied setups are the α-Hamiltonian mean-Ąeld model (often
referred to as the α-HMF or α-XY model) and the long-range interacting FermiŰPastaŰUlamŰ
Tsingou (α-FPUT) model. Their Hamiltonians are given respectively by

Hα
MF :=

N
∑

i=1

L2
i

2Ii

+
1

Nα

N
∑

i,j=1
(i̸=j)

1 − cos(θi − θj)

♣i − j♣α
, (1.4.1)

Hα
FPUT :=

N
∑

i=1

p2
i

2
+

1

2
(qn+1 − qn)2 +

1

4Nα

N
∑

i,j=1
(i̸=j)

(qi − qj)
4

♣i − j♣α
, (1.4.2)

where Nα :=
∑N/2

r=1 r−α denotes the Kac normalization factor.
For the α-HMF model, numerical studies have suggested the existence of a critical value

αc such that energy transport is diffusive for α ≤ αc, while it becomes ballistic for α > αc,
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with 1 < αc < 2 [50Ű52, 199]. Similarly, in the α-FPUT model, heat transport is generally
anomalous, whereas ballistic transport is observed speciĄcally at α = 2, again supported by
numerical evidence [54, 199, 200].

More recently, the long-range interacting ϕ4 model,

Hα
ϕ4 :=

N
∑

i=1

p2
i

2
±

1

2
q2

n +
1

4
q4

n +
1

Nα

N
∑

i,j=1
(i̸=j)

qiqj

♣i − j♣α
, (1.4.3)

has also been explored. Anomalous heat transport has been shown for 1 < α < 2, while
diffusive behavior emerges for α > 2 [201].

Although a wide range of numerical studies have been conducted, Ąnite-size effects be-
come severely critical, making the extraction of unambiguous conclusions challenging. To cir-
cumvent these issues, analytical progress has been made by extending momentum-exchange
models [202Ű204] to include long-range interactions [55].

The long-range interacting momentum-exchange model introduces long-range couplings
into an otherwise exactly solvable momentum-exchange system, thereby providing a rare ex-
ample of an analytically tractable long-range interacting model. The Hamiltonian incorpo-
rates harmonic oscillators with long-range interactions, and stochastic momentum exchanges
are added to generate a hybrid deterministicŰstochastic dynamics.

Concretely, the Hamiltonian is given by

Hα
ME =

N
∑

n=1

p2
n

2
+

ν

2
q2

n +
N
∑

n=1

1

Nα

N/2
∑

r=1

1

rα

1

2
(qn+r − qn)2, (1.4.4)

where qn and pn denote the position and momentum of the n-th particle, respectively. The
normalization factor is Nα =

∑N/2
r=1 r−α.

Incorporating stochastic momentum exchange, the full dynamics is described by






























dqn = pn dt ,

dpn =
[

− νqn + N−1
α

N/2
∑

r=1

r−α(qn+r − 2qn + qn−r)


dt

+(pn+1 − pn) dNn (t) + (pn−1 − pn) dNn−1(t)

(1.4.5)

where dNn is a Poisson noise that represents momentum exchange between particles n and
n + 1:

dNn(t) =







1, with probability γ dt,

0, otherwise.
(1.4.6)

We now summarize the thermal transport properties established for this model.
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Unpinned case (ν = 0). For α ≤ 2, the energy autocorrelation diverges, and no relaxation
exponent can be deĄned. For α > 2, anomalous heat transport is observed. The exponent
of anomalous relaxation is given by β̃ = (α − 2)/2 for 2 < α < 3 and β̃ = 1/2 for α > 3 [55].
Energy diffusion is described by a fractional diffusion equation with exponent 3/(7 − α) for
2 < α ≤ 3, and exponent 3/4 for α > 3 [205].

Pinned case (ν ̸= 0). For the short-range interacting momentum-exchange model in the
pinned case, the pinning potential suppresses anomalous transport entirely and exhibits nor-
mal diffusion [202Ű204]. In contrast, long-range interactions allow anomalous heat transport
to persist depending on the interaction exponent. For α ≤ 3/2, the energy autocorrelation
diverges and no relaxation exponent exists. For 3/2 < α ≤ 5/2, anomalous heat transport
emerges, whereas diffusive transport is restored for α > 5/2. The anomalous relaxation
exponent satisĄes β̃ = (2α − 3)/2 for 3/2 < α < 3, and β̃ = 3/2 for α > 3 [55, 205].

Despite these analytical and numerical developments, a general theoretical framework
applicable to generic long-range interacting systems is still lacking. Moreover, prior research
has focused mainly on springŰparticle systems, and, to the best of our knowledge, no studies
have examined energy transport in long-range interacting spin systems, which are relevant
for the recent experimental setup, such as Rydberg atoms, cold atomic gases and ionic traps.
This motivates the theoretical development presented in the subsequent chapters.

Next, we discuss the particle and spin transport in the long-range interacting systems.

1.5 Anomalous spin and particle transport in the long-

range interacting systems

In this section, we provide an overview of spin and particle transport in long-range interacting
systems.

We begin by summarizing prior studies on spin transport in long-range spin models. Most
investigations have focused on the one-dimensional long-range interacting XX model of the
following form [63]

Hα
XX =

1

Ñα

N
∑

i,j=1

J
Sx

i Sx
j + Sy

i Sy
j

♣i − j♣α
, (1.5.1)

or, on variants of this model supplemented with additional local interactions such as nearest-
neighbor or next-nearest-neighbor couplings [62]. Here, Ŝσ denotes the spin-1/2 operator, and

Ñα =
√

∑N/2
r=1 r−2α is a normalization factor introduced to remove the N - and α-dependence

of the time scale associated with the perturbative short-time dynamics of the central spin
at n = 0. In this model, in addition to the total energy, the Sz magnetization constitutes a
locally conserved quantity.
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By examining the spatiotemporal correlations of z-spin ⟨Sz
n(t) Sz

0⟩, numerical simulations
have revealed the following behavior: in one dimension, for α > 3/2, the spin transport
exhibits Gaussian diffusion, whereas for 1/2 < α < 3/2, the dynamics exhibits Lévy diffusion
characterized by the exponent 2α − 1. In addition to numerical simulations, Ref. [63] has
pursued a phenomenological approach in which the dynamics are mapped onto a classical
master equation, allowing for a detailed discussion of the associated scaling behavior. How-
ever, this approach relies on phenomenological assumptions regarding the transition rates of
the master equation, and no microscopic derivation has been established. Consequently, a
systematic theoretical framework capable of accounting for these transport properties has
been lacking.

Next, we discuss a noteworthy line of prior work in which long-range interactions are
incorporated into a stochastic lattice Ąeld model of GinzburgŰLandau (GL) dynamics, and
the resulting system is analyzed using the framework of Macroscopic Fluctuation Theory
(MFT). In Ref. [206], they consider an one-dimensional long-range interacting GL dynamics
possessing a single locally conserved Ąeld φ(t):

∂tφ(x, t) =
∑

y

K(x − y) β(φ(x, t), φ(y, t))

+
∑

y

√

2 K(x − y) γ(φ(x, t), φ(y, t)) ξ(x − y, t), (1.5.2)

where β represents the deterministic drift term and γ determines the strength of Ćuctuations
through the mobility. The noise ξ satisĄes an antisymmetry condition, ξ(x − y, t) = −ξ(y −

x, t), which ensures that φ(t) is a locally conserved quantity. The long-range interaction is
introduced via a kernel of the form K(r) ∼ r−1−α.

For this class of models, taking the hydrodynamic limit leads to a characteristic spacetime
scaling t ∼ xα, so that for α < 2, one obtains a nonlinear fractional diffusion equation as the
effective hydrodynamic description. Furthermore, using MFT, the large-deviation structure
associated with this hydrodynamic equation has been analyzed.

1.6 Overview of the results

The primary aim of this thesis is to elucidate the general characteristics of energy and spin
diffusion in spin systems with long-range interactions, with particular emphasis on classical
spin systems as an initial step toward a broader theoretical understanding. Throughout this
work, we investigate prototypical models, including the transverse Ising and XYZ models
(the latter encompassing the XY model), under the condition α > D (with D denoting the
spatial dimension). This regime guarantees the extensivity of equilibrium thermodynamics
and enables the use of powerful analytical techniques. Within this framework, we address
the following fundamental questions: Does a transition from normal to anomalous diffusion
occur as the exponent α is varied, even when thermodynamic extensivity is preserved at
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equilibrium? If such a transition exists, what are the universal mechanisms that govern it,
and what systematic methods allow us to classify the corresponding diffusion behavior?

Energy (or spin) diffusion is quantitatively related to thermal (or spin) conductivity,
which is formulated via the GreenŰKubo relation for energy (or spin) current correlations.
Through extensive numerical investigations, we Ąnd that anomalous transport does not orig-
inate from the long-time tail of the current correlation, as often discussed in short-range
interacting systems. Instead, a distinct mechanism emerges: an anomalous enhancement of
the amplitude of equal-time current correlations. Motivated by this observation, we focus on
equal-time current correlations and analyze the scaling of their amplitudes. In this direction,
we establish several theorems (Theorems 1, 2, 3, 4, and 5), all of which are formulated so as
to remain valid even in quantum systems.

These theorems reveal a universal structural framework underlying energy and spin dif-
fusion in long-range interacting systems. A central tool in our analysis is the cumulant
power-law clustering theorem (Theorem 1), which asserts that joint cumulants of observables
supported on spatially separated regions decay in a power-law fashion. By applying this the-
orem to equal-time energy and spin current correlations (Theorems 2 and 4), we demonstrate
the following universal criterion: in one-dimensional systems, the condition α > αc = 3/2 is
sufficient to ensure normal diffusion of both energy and spin. Moreover, numerical simulations
indicate that this bound is optimal, as systems with α < 3/2 exhibit Lévy-type anomalous
diffusion. Such Lévy diffusion can be naturally understood through the framework of Ćuctu-
ating hydrodynamics. In higher-dimensional lattices, we prove that normal diffusion persists
provided that α > D, a condition coinciding with the requirement of thermodynamic exten-
sivity at equilibrium (Theorems 3 and 5). These results collectively establish a rigorous and
uniĄed foundation for understanding the general features of energy and spin transport in
long-range interacting spin systems. Furthermore, the analytical methods developed in this
thesis provide a powerful and versatile framework for addressing a broad class of transport
phenomena in systems with long-range interactions.

The remainder of this thesis is organized as follows.
In Chapter 2, we derive the cumulant power-law clustering theorem, which extends the

conventional clustering property to higher-order cumulants and provides a rigorous founda-
tion for analyzing transport properties in long-range interacting spin systems on D-dimensional
lattices.

In Chapter 3, we develop a theoretical framework of the Ćuctuating hydrodynamics for
long-range interacting systems based on the projection-operator formalism, establishing a
systematic connection between microscopic Hamiltonian dynamics and mesoscopic stochastic
descriptions of local conserved quantities.

In Chapter 4, we apply these theoretical tools to investigate energy diffusion in long-range
interacting spin systems. By combining rigorous bounds derived from the clustering theorem
with Ćuctuating-hydrodynamics arguments, we identify the conditions under which energy
diffusion is normal or anomalous, and clarify their dependence on the interaction exponent
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and spatial dimension.
In Chapter 5 we investigate spin diffusion in long-range interacting systems. Focusing

on spin-conserving models, we show that the scaling behavior of spin diffusion closely par-
allels that of energy diffusion, suggesting a universal mechanism independent of the speciĄc
conserved quantity.

Finally, Chapter 6 explores energy and spin diffusion in the strongly long-range interact-
ing regime α < D with the Kac normalization factor. While rigorous bounds on equal-time
current correlations can still be established, the long-time transport behavior remains unre-
solved due to strong Ąnite-size effects, highlighting open problems and directions for future
research.

28



Chapter 2

Cumulant Power-law Clustering

Theorem

To analyze the transport property of long-range interacting spin systems, we introduce what
we refer to as the cumulant power-law clustering theorem. This theorem generalizes the
standard clustering property [207Ű210], extending it to higher-order cumulants, and applies
to spin systems with long-range interaction deĄned on D-dimensional lattices.

2.1 Mathematical preliminaries

In this chapter, we consider a D-dimensional long-range interacting spin system deĄned on a
square lattice, where each spin occupies a lattice site. The set of lattice sites is denoted by Λ,
and for any subset X ⊆ Λ, its cardinality is represented by ♣X♣. The distance dX,Y between
two subsets X, Y ⊆ Λ is deĄned by the Manhattan distance of the shortest path connecting
the two sets, and we set the lattice constant to unity. For computational convenience, we
also deĄne di,i := 1. Since the Euclidean distance is always shorter than the Manhattan
distance, it is occasionally used to obtain convenient upper bounds. The complementary set
of X is denoted by Xc, i.e., Xc = Λ \ X. We use the notation OX to denote a quantity
O (an operator in the quantum case) supported on the region X. The symbol ∥O∥ denotes
the maximal value of ∥O∥, which corresponds to the spectral norm of O in the quantum
case. Similarly, ∥O∥1 represents the L1 norm of O, corresponding to the trace norm in the
quantum setting. Throughout this section, we mainly employ the terminology of the quantum
formalism, as all the results presented here remain valid in the quantum case.

We consider a k-local long-range spin model described by the Hamiltonian

H =
∑

Z:♣Z♣≤k

hZ , (2.1.1)

where Z denotes a subset of lattice sites that participate in an interaction, and hZ represents
the corresponding local Hamiltonian term. The cardinality ♣Z♣ gives the number of interacting
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sites, so that hZ encodes a ♣Z♣-body interaction. As an illustrative example, in the long-range
transverse Ising model, H = −J

∑

i,j Sz
i Sz

j /dα
i,j − h

∑

i Sx
i , one can identify the subsets as

Z = ¶1, 2, 3, · · · , (1, 2), (1, 3), (1, 4), · · · , (2, 3), (2, 4) · · · ♢, with local Hamiltonians hZ=(i) =

−hSx
i and hZ=(i,j) = −JSz

i Sz
j /dα

i,j. To establish the cumulant power-law clustering theorem
in a general setting, we assume that the interaction strength satisĄes the following decay
condition:

Ji,i′ :=
∑

Z:Z∋¶i,i′♢

∥hZ∥ ≤
g

dα
i,i′

, (i ̸= i′). (2.1.2)

Here, Ji,i′ represents the maximal contribution from all interaction terms involving both sites
i and i′. In quantum systems, this corresponds to the largest spectral norm of such terms.
The coefficient g is a constant. We focus on D-dimensional lattices and restrict our attention
to the regime α > D, ensuring thermodynamic extensivity. We also note the useful relation

∑

Z∋i

∥hZ∥ ≤
∑

j∈Λ

∑

Z∋(i,j)

∥hZ∥ ≤ gu0 , (2.1.3)

where u0 :=
∑

j∈Λ 1/dα
i,j.

2.2 Joint cumulant

We consider the joint cumulant deĄned through the cumulant generating function. Let OX

be an operator supported by the region X. Suppose that X1, X2, · · · , Xn have no overlap
between them, i.e., Xi ∩ Xj = ∅ for any i and j (1 ≤ i, j ≤ n). The joint cumulant is deĄned
as

⟨OX1OX2 · · · OXn⟩c =
∂n

∂λ1∂λ2 · · · ∂λn

∣

∣

∣

∣

λ=0

µ(λ) , (2.2.1)

µ(λ) = ln
〈

exp

(

∑

i

λiOXi



〉

, (2.2.2)

where ⟨...⟩ is the average over an equilibrium state ρ with the inverse temperature β(=

(kBT )−1) and ⟨...⟩c is the joint cumulant. Here, kB is the Boltzmann constant and T is the
temperature. The Ąrst order cumulant is identical to the Ąrst order moment, i.e., ⟨OX⟩c =

⟨OX⟩. Other examples include the second order: ⟨OX1OX2⟩c = ⟨OX1OX2⟩ − ⟨OX1⟩⟨OX2⟩

and the third order: ⟨OX1OX2OX3⟩c = ⟨(OX1 − ⟨OX1⟩)(OX2 − ⟨OX2⟩)(OX3 − ⟨OX3⟩)⟩. The
crucial property is that the nth order mixed moment is expressed through all decomposition
of cumulants, i.e.,

⟨OX1OX2 · · · OXn⟩ = ⟨OX1OX2 · · · OXn⟩c + Dn , (2.2.3)
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where Dn is a sum of all decomposition with joint cumulants up to (n−1)th order. Examples
include the second and third-order expressions:

⟨OX1OX2⟩ = ⟨OX1OX2⟩c + D2 , (2.2.4)

D2 := ⟨OX1⟩c⟨OX2⟩c , (2.2.5)

⟨OX1OX2OX3⟩ = ⟨OX1OX2OX3⟩c + D3 , (2.2.6)

D3 := ⟨OX1OX2⟩c⟨OX3⟩c + ⟨OX1OX3⟩c⟨OX2⟩c + ⟨OX2OX3⟩c⟨OX1⟩c+

⟨OX1⟩c⟨OX2⟩c⟨OX3⟩c . (2.2.7)

The following expression is also useful in the following analysis.

⟨OX1OX2 · · · OXn⟩c = ⟨OX1OX2 · · · OXn⟩ − Dn . (2.2.8)

2.3 Cumulant power-law clustering

Theorem 1. [Cumulant Power-law Clustering Theorem] Consider a k-local long-range spin

system deĄned on a D-dimensional lattice. Let OXj
be operators supported on mutually

disjoint regions Xj satisfying Xi ∩ Xj = ∅ for i ̸= j. For any exponent α > D, the nth-order

joint cumulant ⟨OX1 · · · OXn⟩c in equilibrium obeys the inequality

⟨OX1 ...OXn⟩c ≤ c 2nn!
n
∏

j=1

∥OXj
∥
∑

P

n−1
∏

i=1

♣XPi
♣ ♣XPi+1

♣e(♣XPi
♣+♣XPi+1

♣)/k

(dXPi
,XPi+1

)α
, (2.3.1)

for βc = (nguk)−1W (1/2e2), where u = 2α∑

i∈Λ d−α
i,j (< ∞), and W denotes the Lambert func-

tion. Using W (1/2e2) < 1/(4e), one further Ąnds βc < (4enguk)−1. Here, c is a constant,

∥OX∥ denotes the operator norm of OX , and P runs over all Hamiltonian paths connecting

the vertices X1, . . . , Xn. The quantity dX,Y represents the minimal distance between supports

X and Y , while ♣X♣ gives the number of sites within region X.

Theorem 1 generalizes the conventional clustering property, which is typically formulated
for the second-order cumulant (n = 2). In general, the clustering propertyŮvalid for both
short-range and long-range interacting systemsŮcan be expressed as

♣⟨OX1OX2⟩c♣ < c∥OX1∥∥OX2∥♣X1♣♣X2♣e
−c′dX1,X2 (short−range) , (2.3.2)

♣⟨OX1OX2⟩c♣ < c∥OX1∥∥OX2∥♣X1♣♣X2♣(dX1,X2)−α (long−range) , (2.3.3)

where X1 and X2 denote disjoint regions (so that X1 ∩ X2 = ∅), and the constants c and c′

are independent of the choice of observables. Here, dX1,X2 quantiĄes the spatial separation
between the two regions. Inequality (2.3.2) describes the exponential clustering property
[207, 208], which holds across a broad range of temperatures and typically remains valid
even at low temperatures, except in the vicinity of critical points associated with phase
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transitions. The corresponding relation for long-range interactions, inequality (2.3.3), is
likewise expected to be robust, as discussed in Ref. [210]. However, when one attempts
to derive these relations rigorously from Ąrst principles using cluster expansion techniques,
the convergence of the expansion series usually necessitates a high-temperature condition
(β < βc), reĆecting the possible emergence of Ąnite-temperature phase transitions [209Ű211].
Moreover, the cluster expansion approach provides explicit functional forms for the clustering
properties of higher-order cumulants. From a physical standpoint, however, it is reasonable
to expect that such functional behavior extends well beyond the strict high-temperature
regime, persisting over a wider temperature range where the expansion itself may no longer
be rigorously convergent.

2.4 Proof of Theorem 1

Proof of Theorem 1. From this point onward, we proceed to prove Theorem 1. To this end,
we employ the cluster expansion [209, 211, 212] for the nth-order joint cumulant. The key
technique used in our derivation is the multi-phase-space method, which can be straight-
forwardly extended to quantum systems. In the quantum case, the multi-phase space is
naturally replaced by the multi-Hilbert space representation. Let O

(i)
X denote the opera-

tor OX supported on the region X in the ith Hilbert space (i = 1, · · · , n). We deĄne the
multi-copied density operator ρ̃ associated with the equilibrium state ρ as

ρ̃ = ρ(1) ⊗ ρ(2) ⊗ · · · ⊗ ρ(n) , (2.4.1)

where ρ(i) represents the copy of ρ acting on the ith Hilbert space. We also deĄne the
difference operator O

(i,j)
X (i < j) by

O
(i,j)
X := O

(i)
X − O

(j)
X , (i < j), (2.4.2)

where, for simplicity, we denote O
(i)
X as O

(i)
X = 1 ⊗ 1 ⊗ · · · ⊗ O

(i)
X ⊗ · · · ⊗ 1. In addition, we

deĄne the following cumulant operator.

DeĄnition 1. (Cumulant operator) We deĄne the nth order cumulant operator Õ
(i1,i2,··· ,in)
X1,X2,··· ,Xn

Õ
(i1,i2,··· ,in)
X1,X2,··· ,Xn

:= O
(i1)
X1

n
∏

j=2





j−1
∑

k=1

O
(ik,ij)
Xj



 , i1 < i2 < · · · < in . (2.4.3)

The product is aligned from the left to right in the quantum case. When n = 1, Õ
(i1)
X1

= O
(i1)
X1

.

Examples include the second order (n = 2): Õ
(1,2)
X1,X2

= O
(1)
X1

O
(1,2)
X2

, and the third order (n = 3):

Õ
(1,2,3)
X1,X2,X3

= O
(1)
X1

O
(1,2)
X2

(O
(1,3)
X3

+ O
(2,3)
X3

).

Proposition 1. The nth order cumulant operator yields the nth order joint cumulant

tr
(

ρ̃ Õ
(i1,i2,··· ,in)
X1,X2,··· ,Xn

)

= ⟨OX1OX2 · · · OXn⟩c , (i1 < i2 < · · · < in) , (2.4.4)
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where tr means the phase-space integral over the multi-phase space, and in the quantum case,

it reads the trace over the multi-Hilbert space.

Here, the choice of space (i1, i2, · · · , in) is arbitrary as long as i1 < i2 < · · · < in. Practically,
we use (i1, i2, · · · , in) = (1, 2, · · · , n).

Proof of Propositon 1. We now prove Proposition 1 by induction on n. For the base case
n = 2, let us choose i1 = 1 and i2 = 2. Then, we deĄne

Õ
(1,2)
X1,X2

= O
(1)
X1

O
(1)
X2

− D2 , (2.4.5)

D2 = Õ
(1)
X1

Õ
(2)
X2

. (2.4.6)

It is straightforward to verify that

tr(ρ̃Õ
(1,2)
X1,X2

) = ⟨OX1OX2⟩c . (2.4.7)

Moreover, the space indices (1) and (2) can be replaced by arbitrary (i1) and (i2) as long as
i1 < i2. The operator D2 simply represents the product of Ąrst-order cumulants. In general,
Dn is deĄned as the sum over all decompositions of nth-order correlations into products
of cumulant operators up to order (n − 1), involving the operators OX1 , . . . , OXn acting on
the spaces (i1, . . . , in). This construction serves as the operator analogue of the c-number
expansion of Dn in Eq. (2.2.8). Next, we consider the case n = 3, taking (i1, i2, i3) = (1, 2, 3):

Õ
(1,2,3)
X1,X2,X3

= O
(1)
X1

O
(1)
X2

(O
(1)
X3

+ O
(2,3)
X3

) − D3 , (2.4.8)

D3 = Õ
(1)
X1

Õ
(2,3)
X2,X3

+ Õ
(1,3)
X1,X3

Õ
(2)
X2

+ Õ
(1,2)
X1,X2

Õ
(3)
X3

+ Õ
(1)
X1

Õ
(2)
X2

Õ
(3)
X3

= O
(1)
X1

O
(2)
X2

O
(2,3)
X3

+ O
(1)
X1

O
(1,3)
X3

O
(2)
X2

+ O
(1)
X1

O
(1,2)
X2

O
(3)
X3

+ O
(1)
X1

O
(2)
X2

O
(3)
X3

. (2.4.9)

Again, one can verify that

tr(ρ̃ Õ
(1,2,3)
X1,X2,X3

) = ⟨OX1OX2OX3⟩c . (2.4.10)

Note that this argument closely parallels the structure of Eq. (2.2.8). Furthermore, we observe
that D3 can be recursively expressed in terms of D2 as

D3 = D2(O
(1,3)
X3

+ O
(2,3)
X3

) + (Õ
(1,2)
X1,X2

+ D2)Õ
(3)
X3

. (2.4.11)

It is easy to check that the space indices (1), (2), and (3) can be replaced by arbitrary (i1),
(i2), and (i3) as long as i1 < i2 < i3.

We now assume that the following relations hold for all orders up to n:

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

= Õu
X1,X2,··· ,Xn

− Dn , (2.4.12)

Õu
X1,X2,··· ,Xn

:= O
(1)
X1

O
(1)
X2

n
∏

j=3

(

O
(1)
Xj

+
j−1
∑

k=2

O
(k,j)
Xj

)

. (2.4.13)
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The operator Õu
X1,X2,··· ,Xn

reproduces the nth-order mixed moment as

tr
(

ρ̃ Õu
X1,X2,··· ,Xn

)

= tr
(

ρ̃ O
(1)
X1

O
(1)
X2

· · · O
(1)
Xn

)

= tr(ρ OX1OX2 · · · OXn) = ⟨OX1OX2 · · · OXn⟩. (2.4.14)

Recall that the operator Dn is deĄned as the sum of all nth-order representations that
are decomposed into products of cumulant operators up to order (n − 1), with the operators
OX1 , . . . , OXn acting on the space (1, . . . , n). By construction we have tr(ρ̃ Dn) = Dn, where
Dn denotes the sum of all decompositions involving joint cumulants of order at most (n − 1)

(see again the relation (2.2.8)). Together with (2.4.14), this yields

tr
(

ρ̃ Õ
(i1,i2,··· ,in)
X1,X2,··· ,Xn

)

= ⟨OX1OX2 · · · OXn⟩c .

Assuming (2.4.12) and (2.4.13) to hold for all orders up to n, we now show that the same
structure persists for order (n + 1). To this end, we employ Lemma 2 for Dn+1 (proved
below). We compute

Õu
X1,X2,··· ,Xn+1

− Dn+1 = Õu
X1,X2,··· ,Xn+1

− Dn

n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

−
(

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

+ Dn

)

O
(n+1)
Xn+1

= Õu
X1,X2,··· ,Xn+1

− Dn

n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

− Õu
X1,X2,··· ,Xn

O
(n+1)
Xn+1

=
(

Õu
X1,X2,··· ,Xn

− Dn

)

n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

= Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

= Õ
(1,2,··· ,n+1)
X1,X2,··· ,Xn+1

. (2.4.15)

In the Ąrst line we used Lemma 2, while the second and third lines follow from the
induction hypothesis, namely the relations (2.4.12) and (2.4.13). This completes the inductive
step and establishes the desired expression for order (n + 1).

Lemma 2. The operator Dn+1 admits the following decomposition in terms of Dn:

Dn+1 = Dn

n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

+
(

Õ
(1,2,...,n)
X1,X2,...,Xn

+ Dn

)

O
(n+1)
Xn+1

. (2.4.16)

Proof of Lemma 2. We begin by analyzing the second term on the right-hand side of Eq. (2.4.16).
Since this term contains precisely one instance of O

(n+1)
Xn+1

, it generates all contributions in

which OXn+1 appears only through the Ąrst-order cumulant operator Õ
(n+1)
Xn+1

. An explicit
example of this mechanism is illustrated in Eq. (2.4.11). Therefore, the second term in
Eq. (2.4.16) exhausts all decompositions that involve cumulant operators containing exactly
one factor of O

(n+1)
Xn+1

.
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We next examine the Ąrst term in Eq. (2.4.16). The operator Dn already comprises all
decompositions of products of the operators OX1 , . . . , OXn into cumulant operators of order
up to (n − 1) within the replicated operator space (1, . . . , n). To analyze its contribution,
consider an arbitrary term within Dn consisting of m cumulant operators (m ≤ n), which we
write as

Õ
(i(1),...,i(ℓ1))
Xi(1),...,Xi(ℓ1)

Õ
(i(ℓ1+1),...,i(ℓ2))
Xi(ℓ1+1),...,Xi(ℓ2)

· · · Õ
(i(ℓm−1+1),...,i(ℓm))
Xi(ℓm−1+1),...,Xi(ℓm)

, (2.4.17)

where the indices satisfy

i(ℓk + j) < i(ℓk + j + 1), 1 ≤ j ≤ ℓk+1 − ℓk − 1, k = 0, . . . , m − 1,

with ℓ0 = 0 and, due to operator-number conservation, ℓm = n.
Each cumulant operator in (2.4.17) can be elevated to the next-order cumulant by in-

corporating the operator OXn+1 . For instance, the Ąrst cumulant in (2.4.17) is upgraded
according to

Õ
(i(1),...,i(ℓ1))
Xi(1),...,Xi(ℓ1)

−→ Õ
(i(1),...,i(ℓ1))
Xi(1),...,Xi(ℓ1)

(

O
(i(1),n+1)
Xn+1

+ · · · + O
(i(ℓ1),n+1)
Xn+1

)

= Õ
(i(1),...,i(ℓ1),n+1)
Xi(1),...,Xi(ℓ1),Xn+1

. (2.4.18)

In total, the m cumulant operators in (2.4.17) produce exactly m such upgrades. Summing
over the contributions from all possible upgrades yields the expression

(2.4.17) ×
n
∑

ℓ=1

O
(ℓ,n+1)
Xn+1

.

Consequently, the Ąrst term on the right-hand side of Eq. (2.4.16) accounts for all decompo-
sitions in which OXn+1 participates in cumulant operators of order two or higher.

Collecting the contributions of the two terms completes the proof.

From the proposition 1, the nth order joint cumulant in the equilibrium state can be
obtained as

⟨OX1OX2 · · · OXn⟩c = tr
(

ρ̃Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

= tr
(

ρ̃O
(1)
X1

O
(1,2)
X2

(O
(1,3)
X3

+ O
(2,3)
X3

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

, (2.4.19)

where ρ̃ is the multi-copied equilibrium density operator deĄned as

ρ̃ = ρ(1) ⊗ ρ(2) ⊗ · · · ⊗ ρ(n) =
1

Zn
exp(−βHsym) , (2.4.20)

Hsym = H ⊗ 1 ⊗ · · · ⊗ 1 + 1 ⊗ H ⊗ · · · ⊗ 1 + · · ·1 ⊗ 1 ⊗ · · · ⊗ H . (2.4.21)

Here, Z is the partition function for only one space, i.e., Z = tr(1)e
−βH where tr(1) means

the trace only for one space. In general, it is convenient to use the symmetrized operators
over all spaces for an arbitrary operator O:

Osym = O ⊗ 1 ⊗ · · · ⊗ 1 + 1 ⊗ O ⊗ · · · ⊗ 1 + · · · + 1 ⊗ 1 ⊗ · · · ⊗ O . (2.4.22)
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We now consider the case where the sets X1, X2, · · · , Xn are mutually disjoint. In the clus-
ter expansion, the Hamiltonian is expanded via a Taylor series (that is, a high-temperature
expansion). A crucial step in this procedure is to identify the local Hamiltonians associated
with the subsets Z1, Z2, · · · that form connected clusters linking the regions X1, X2, · · · , Xn.
Here, ŞconnectedŤ means that any region Xk can be reached from any other region Xk′ by
traversing a sequence of overlapping subsets among Z1, Z2, · · · and X1, X2, · · · , Xn. Here, we
establish the lemma for the disconnected clusters:

Lemma 3. If the sets Z1, Z2, · · · , Zm do not connect all of the regions X1, X2, · · · , Xn, then

tr
(

Osym
Z1

Osym
Z2

· · · Osym
Zm

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

= 0 . (2.4.23)

Proof of Lemma 3. By deĄnition, we obtain

tr
(

Osym
Z1

Osym
Z2

· · · Osym
Zm

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

= tr
(

Osym
Z1

Osym
Z2

· · · Osym
Zm

O
(1)
X1

O
(1,2)
X2

(O
(1,3)
X3

+ O
(2,3)
X3

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

. (2.4.24)

The condition that ¶Z1, ..., Zm♢ is not connected to ¶X1, ..., Xn♢ implies that

∃¶i1, ..., in♢ = ¶1, ..., n♢ , s.t. ∀¶j1, ..., jm♢ = ¶1, ..., m♢

(Xi1 ∪ · · · ∪ Xis ∪ Zj1 ∪ · · · ∪ Zjs′ ) ∩ (Xis+1 ∪ · · · ∪ Xin ∪ Zjs′+1
∪ · · · ∪ Zjm) = ∅ . (2.4.25)

Without loss of generality, we take (i1, ..., in) = (1, ..., n). Then, we deĄne

W1 = Osym
Zj1

...Osym
Zjs′

, W2 = Osym
Zjs′+1

...Osym
Zjm

, (2.4.26)

which satisfy

(X1 ∪ · · · ∪ Xs ∪ supp(W1)) ∩ (Xs+1 ∪ · · · ∪ Xn ∪ supp(W2)) = ∅ . (2.4.27)

Using this decomposition, Eq. (2.4.24) can be expressed as

tr
(

Osym
Z1

Osym
Z2

· · · Osym
Zm

O
(1)
X1

O
(1,2)
X2

(O
(1,3)
X3

+ O
(2,3)
X3

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

= tr
(

W1O
(1)
X1

O
(1,2)
X2

· · · (O
(1,s)
Xs

+ · · · + O
(s−1,s)
Xs

)
)

× tr
(

W2(O
(1,s+1)
Xs+1

+ · · · + O
(s,s+1)
Xs+1

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

. (2.4.28)

The second factor above can be rewritten as

tr
(

W2(O
(1,s+1)
Xs+1

+ · · · + O
(s,s+1)
Xs+1

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

=
s
∑

j=1

tr



W2O
(j,s+1)
Xs+1

n
∏

i=s+2

(

i−1
∑

k=1

O
(k,i)
Xi







=
s
∑

j=1

tr



W2O
(s+1,j)
Xs+1

n
∏

i=s+2

(

i−1
∑

k=1

O
(k,i)
Xi







=
s
∑

j=1

tr



W2

(

−O
(j,s+1)
Xs+1

)

n
∏

i=s+2

(

i−1
∑

k=1

O
(k,i)
Xi







= −tr
(

W2(O
(1,s+1)
Xs+1

+ · · · + O
(s,s+1)
Xs+1

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

, (2.4.29)
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where in the second equality we have used the invariance of
∑i−1

k=1 O
(k,i)
Xi

under the exchange
of the labels j and s + 1, and in the third inequality we have used the anti-symmetry of
O

(j,s+1)
X under the exchange of j and s + 1. This immediately leads that

tr
(

W2(O
(1,s+1)
Xs+1

+ · · · + O
(s,s+1)
Xs+1

) · · · (O
(1,n)
Xn

+ · · · + O
(n−1,n)
Xn

)
)

= 0 , (2.4.30)

and therefore

tr
(

Osym
Z1

Osym
Z2

· · · Osym
Zm

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

= 0 . (2.4.31)

This lemma immediately implies that only connected clusters yield nonvanishing contri-
butions in the cluster expansion. Consequently, the nth-order joint cumulant in equilibrium
can be formally written as

⟨OX1OX2 · · · OXn⟩c = tr
(

ρ̃ Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

=
1

Zn

∞
∑

m=0

∑

Z1,Z2,...,Zm:
connected

(−β)m

m!
tr
(

hsym
Z1

hsym
Z2

· · · hsym
Zm

Õ
(1,2,··· ,n)
X1,X2,··· ,Xn

)

, (2.4.32)

where the summation
∑

Z1,Z2,...,Zm:
connected

runs over all connected collections of interaction subsets.
Note that different Zs are allowed to coincide, e.g., Z1 = Z2. We now introduce the distri-
bution operator ρcon that collects all connected contributions:

ρcon =
1

Zn

∞
∑

m=0

∑

Z1,Z2,...,Zm:
connected

(−β)m

m!
hsym

Z1
hsym

Z2
· · · hsym

Zm
. (2.4.33)

Using this operator, the nth-order joint cumulant is bounded from above as

⟨OX1OX2 · · · OXn⟩c ≤ 2nn!∥OX1∥∥OX2∥ · · · ∥OXn∥∥ρcon∥1 . (2.4.34)

Here, ∥·∥ and ∥·∥1 respectively denote the spectral norm and trace norm in the quantum case,
while in the classical case they correspond to the maximum absolute value and the L1 norm.
It is important to note that, within a connected cluster ¶Z1, Z2, · · · , Zm♢, not all subsets nec-
essarily contribute to connecting the regions X1, X2, · · · , Xn. Some subsets may be disjoint
from the connected portion. Hence, we classify the collection ¶Z1, Z2, · · · , Zm♢ into two dis-
joint parts: the subsets wcl that actually participate in the connection to ¶X1, X2, · · · , Xn♢,
and the complementary subsets wc

cl, i.e.,

¶Z1, Z2, . . . , Zm♢ = wcl ⊕ wc
cl , wc

cl := ¶Z1, Z2, . . . , Zm♢ \ wcl . (2.4.35)

In other words, the connected subset wcl is taken such that wcl ⊕ ¶X1, ..., Xn♢ are connected
to each other,

Zi ∩ Zj = ∅ for Zi ∈ wcl , Zj ∈ wc
cl . (2.4.36)
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We show a schematic example of wcl and wc
cl for the case n = 3 in Fig. 2.1. By construction,

the subsets in wcl do not overlap with any subsets in wc
cl . Only those in wcl form the minimal

connected cluster linking X1, X2, · · · , Xn. We denote the family of all such connected subsets
by Gcl, and we deĄne Gc

cl as the set of all remaining interaction subsets excluding wcl. Note
that Gc

cl depends on the speciĄc choice of wcl, and wc
cl ∈ Gc

cl. Let Hsym
c denote the Hamiltonian

constructed from the local Hamiltonians supported on Gc
cl. Clearly, the total Hamiltonian

can be decomposed as Hc = H − Hwcl
, where Hwcl

=
∑

Z∈wcl
hZ .

<latexit sha1_base64="/VNmDPLAlB+/57GB+Ktwk3dYfoc="></latexit>

X1

<latexit sha1_base64="q+IhaQcu4xPS+4b0cE9FShJ+d9g="></latexit>

X2

<latexit sha1_base64="YRLShLNxYYXch9xnXCVdpTtnfgg="></latexit>

X3

<latexit sha1_base64="m+dY4/PcgIF4VuEvcYsRVM68fVc="></latexit>

wcl

<latexit sha1_base64="SbhpnXsMwSzVy0z/7coSIvexOJ0="></latexit>

w
c

cl

Figure 2.1: The schematic example of the connected subsets wcl and the unconnected subsets
wc

cl for the case n = 3.

We can then express ρcon as

ρcon =
1

Zn

∞
∑

m=0

(−β)m

m!

m
∑

s=0

m!

(m − s)!s!

∑

¶Z1,··· ,Zs♢
=wcl∈Gcl

h̃(Z1, · · · , Zs)
∑

wc
cl∈G

c
cl

∑

Zs+1,··· ,Zm
∈wc

cl

hsym
Zs+1

hsym
Zs+2

· · · hsym
Zm

=
1

Zn

∞
∑

s=0

(−β)s

s!

∑

wcl∈Gcl

h̃(Z1, · · · , Zs)e
−βHsym

c . (2.4.37)

Here, we have deĄned

h̃(Z1, · · · , Zs) :=
∑

P̃

hsym(ZP̃1
) · · · hsym(ZP̃s

), (2.4.38)

where the summation
∑

P̃ runs over all possible combinations of distinct elements among
¶Z1, · · · , Zs♢. In particular, when all Zi are distinct, this reduces to a sum over all permuta-
tions.

We next employ the GoldenŰThompson inequality to relate the above expression to an
upper bound on ρcon.

∥e−βHsym
c ∥1 = tr

(

e−βHsym
c

)

= tr
(

e−β(Hsym−Hsym
wcl

)
)

≤ tr
(

e−βHsym

eβHsym
wcl

)

≤ Znenβguks , (2.4.39)
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where we use

tr
(

e−βHsym

eβHsym
wcl

)

= ∥e−βHsym

eβHsym
wcl ∥1

≤ ∥e−βHsym

∥1∥eβHsym
wcl ∥ = tr(e−βHsym

)∥eβHsym
wcl ∥. (2.4.40)

We also have used ∥Hsym
wcl

∥ ≤ nguks. Using the inequality (2.4.39), we obtain the following
relation

∥ρcon∥1 ≤
∞
∑

s=0

(nβenβguk)s
∑

¶Z1,··· ,Zs♢=wcl∈Gcl

∥hZ1∥∥hZ2∥ · · · ∥hZs∥ , (2.4.41)

where we have used the relation ∥h̃(Z1, · · · , Zs)∥ ≤ s!ns∥hZ1∥∥hZ2∥ · · · ∥hZs∥ .
We now classify the set wcl in more detail. Recall that the subsets in wcl serve to connect

the regions X1, X2, . . . , Xn. There are multiple possible connection patterns depending on
how these regions are linked. For example, when n = 2, there is only one possible connection
pattern. For n = 3, there are three distinct patterns. In general, for n regions, there
exist n!/2 possible connection patterns. See Fig. 2.2(a) for an illustration. Identifying these
connection patterns is equivalent to Ąnding all possible Hamilton paths in a graph whose
vertices correspond to X1, X2, . . . , Xn.

Let P denote the index of a particular pattern (Hamilton path), and let Pi (i = 1, . . . , n)

be the vertex at the i-th step of the path, corresponding to the region XPi
. The edge

connecting Pi and Pi+1 is formed by a cluster composed of subsets belonging to wcl. We
denote by wPi

cl (∈ wcl) the collection of subsets that contribute to the edge between Pi and
Pi+1. See Fig. 2.2(b) for a schematic representation of these structures.

Figure 2.2: (a): Patterns of the Hamilton Path. (b): Subsets of the shortest path wPi
s and the

subsets of the remaining part of the subsets wPi
r . [This Ągure is reproduced with permission

from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the
American Physical Society.]
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We next focus on a single edge Pi−Pi+1 and its corresponding subset wPi
cl . The set wPi

cl is
further decomposed into two disjoint subsets,

wPi
cl = wPi

s ⊕ wPi
r , (2.4.42)

where wPi
s represents the subset corresponding to the shortest connecting path, while wPi

r

contains the remaining subsets that provide longer or redundant connections. We denote
the lengths associated with wPi

s and wPi
r by ℓs and ℓr, respectively. We now analyze the

contributions from these subsets. To this end, we employ the following lemma.

Lemma 4. Assuming that α > D, the following inequalities hold:

∑

m∈Λ

1

dα
i,m

1

dα
m,j

≤
u

dα
i,j

, (2.4.43)

∑

m∈Λ

Ji,mJm,j ≤
g2u

dα
i,j

, (2.4.44)

where u = 2α∑

m d−α
i,m(< ∞). The iterative application of inequality (2.4.44) leads to

[

J ℓ
]

i,k
≤

gℓuℓ−1

(di,k)α
. (2.4.45)

Proof of Lemma 4. Proving (2.4.43) is enough.

∑

k

1

dα
i,k

1

dα
k,j

=
1

dα
i,j

∑

k

dα
i,j

dα
i,kdα

k,j

≤
1

dα
i,j

∑

k

(di,k + dk,j)
α

dα
i,kdα

k,j

≤ 2α−1 1

dα
i,j

∑

k

dα
i,k + dα

k,j

dα
i,kdα

k,j

= 2α−1 1

dα
i,j

∑

k

(

1

dα
i,k

+
1

dα
k,j

)

=
u

dα
i,j

(2.4.46)

Here, we use ¶(x + y)/2♢α ≤ (xα + yα)/2 , following from the convexity of f(x) = xα and the
convexity inequality. Note that we deĄne di,i = 1 throughout this thesis.

We Ąrst consider the contribution from the shortest path, i.e., wPi
s is computed as follows.

∑

¶Z1,···Zℓs
♢=w

Pi
s

∈w
Pi
cl

∈wcl∈Gcl

∥hZ1∥ · · · ∥hZℓs
∥ (2.4.47)

≤
∑

i1∈XPi

∑

i2∈Λ

∑

Z1∋¶i1,i2♢

∑

i3∈Λ

∑

Z2∋¶i2,i3♢

· · ·
∑

iℓs∈Λ

∑

iℓs+1∈XPi+1

∑

Zℓs∋¶iℓs ,iℓs+1♢

∥hZ1∥ · · · ∥hZℓs
∥

=
∑

i1∈XPi

∑

i2∈Λ

· · ·
∑

iℓs∈Λ

∑

iℓs+1∈XPi+1

Ji1,i2 · · · Jiℓs ,iℓs+1

≤ u−1(gu)ℓs
♣XPi

♣ ♣XPi+1
♣

(dXPi
,XPi+1

)α
. (2.4.48)
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We next consider the contribution from the remaining part of the subsets, i.e., wPi
r . Let

us deĄne the set L := XPi
∪ XPi+1

∪ Z1 ∪ · · · Zℓs , where Z1, · · · Zℓs are the subsets in wPi
s . To

consider the summation over the remaining part of the subsets, we compute the following
summation of the tuples

∑

¶Z′
1

,··· ,Z′
ℓr

♢=w
Pi
r

∈w
Pi
cl

∈wcl∈Gcl

∥hZ′
1
∥ · · · ∥hZ′

ℓr
∥ =

1

ℓr!

∑

(Z′
1,··· ,Z′

ℓr
):w

Pi
r

∥hZ′
1
∥ · · · ∥hZ′

ℓr
∥ . (2.4.49)

Here, (Z ′1, · · · , Z ′ℓr
) is the summation over possible tuples. Below, for the notational sim-

plicity, we use the notation ξi instead of Z ′i. We deĄne the set wL := ¶L, ξ1, · · · , ξℓr♢. In
addition, following Ref. [211], we introduce the layered structure:

wL = L ⊕ ξ(1) ⊕ ξ(2) ⊕ · · · ⊕ ξ(v) 1 ≤ v ≤ ℓr , (2.4.50)

where ξ(j) has an overlap with the set ξ(j−1) (ξ(0) := L). ξ(j) is a set achievable from the
set L with the jth step. This layered strature is depicted in Fig.2.3. Note that ξ(j) is a set

Figure 2.3: Schematic picture of the layered structure. [This Ągure is reproduced with per-
mission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted
by the American Physical Society.]

consisting of multiple sets. We denote ♣ξ(j)♣ by nj (≥ 1). Then, (2.4.49) is written as follows

1

ℓr!

∑

(Z′
1,··· ,Z′

ℓr
):w

Pi
r

∥hZ′
1
∥ · · · ∥hZ′

ℓr
∥

=
1

ℓr!

ℓr
∑

v=1

∑

n1+···+nv=ℓr
nj ≥1

ℓr!

n1! · · · nv!

×
(

∑

ξ
(1)
i ♣L

∥h
ξ

(1)
i

∥
)n1

(

∑

ξ
(2)
i ♣¶L,ξ(1)♢

∥h
ξ

(2)
i

∥
)n2

· · ·
(

∑

ξ
(v)
i ♣¶L,ξ(1),··· ,ξ(v−1)♢

∥h
ξ

(v)
i

∥
)nv

, (2.4.51)
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where ξ
(j)
i ♣¶L, ξ(1), · · · , ξ(j−1)♢ implies taking a summation over ξ

(j)
i with a Ąxed set ¶L, ξ(1), · · ·

, ξ(j−1)♢. We now compute the most right contribution:
(

∑

ξ
(v)
i ♣¶L,ξ(1),··· ,ξ(v−1)♢

∥h
ξ

(v)
i

∥
)nv

≤
(

∑

i∈ξ(v−1)

∑

Z∋i

∥hZ∥
)nv

≤ (nv−1kgu)nv . (2.4.52)

Iterating the similar computation down to the integration over ξ
(1)
i , we obtain the following

bound

1

ℓr!

∑

(Z′
1,··· ,Z′

ℓr
):w

Pi
r

∥hZ′
1
∥ · · · ∥hZ′

ℓr
∥ ≤

ℓr
∑

v=1

∑

n1+···+nv=ℓr
nj ≥1

1

n1! · · · nv!
(♣L♣gu)n1(kn1gu)n2 · · · (knv−1gu)nv .

(2.4.53)

We here use the relations nj! ≥ (nj/e)nj and (1 + x/y)y ≤ ex for x > 0 and y > 0 to get

1

ℓr!

∑

(Z′
1,··· ,Z′

ℓr
):w

Pi
r

∥hZ′
1
∥ · · · ∥hZ′

ℓr
∥ (2.4.54)

≤
ℓr
∑

v=1

∑

n1+···+nv=ℓr
nj ≥1

en1(♣L♣gu/n1)
n1en2(kn1gu/n2)

n2 · · · env(knv−1gu/nv)nv

≤ (gkue)ℓr

ℓr
∑

v=1

∑

n1+···+nv=ℓr
nj ≥1

(1 + (♣L♣/k)/n1)
n1(1 + n1/n2)

n2 · · · (1 + nv−1/nv)nv

≤ (gkue2)ℓre♣L♣/k
ℓr
∑

v=1

∑

n1+···+nv=ℓr
nj ≥1

= 2−1(2gkue2)ℓre♣L♣/k

≤ 2−1(2gkue2)ℓre(♣XPi
♣+♣XPi+1

♣)/k+ℓs , (2.4.55)

where we use the relation ♣L♣ < ♣XPi
♣ + ♣XPi+1

♣ + ℓsk.
We put all contributions together to get the Ąnal expression of the bound for ∥ρcon∥1:

∥ρcon∥1 ≤
∑

P

∞
∑

s=0

(nβenβguk)s
[

n−1
∏

i=1

∞
∑

si=0

δ(
n−1
∑

i=1

si, s)
]

n−1
∏

i=1

si
∑

ℓs,i=0

si
∑

ℓr,i=0

δ(ℓs,i + ℓr,i, si)

× 2−1u−1(gu)ℓs,i
♣XPi

♣ ♣XPi+1
♣

(dXPi
,XPi+1

)α
(2gue2k)ℓr,ieℓs,ie(♣XPi

♣+♣XPi+1
♣)/k

≤
∑

P

n−1
∏

i=1

2−1u−1
∞
∑

si=0

(2nβgue2kenβguk)si
∑

ℓs.i

(1/2ke)ℓs,i
♣XPi

♣ ♣XPi+1
♣

(dXPi
,XPi+1

)α
e(♣XPi

♣+♣XPi+1
♣)/k

≤
∑

P

n−1
∏

i=1

u−1 ♣XPi
♣ ♣XPi+1

♣

(dXPi
,XPi+1

)α
e(♣XPi

♣+♣XPi+1
♣)/k 1

1 − 2nβgue2kenβguk
, (2.4.56)
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where δ(x, y) in the Ąrst line is the KroneckerŠs delta function. We have used the convergence
condition β < βc. This completes the proof of Theorem 1.
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Chapter 3

Fluctuating Hydrodynamics for the

Long-range Interacting Systems

3.1 Fluctuating hydrodynamics for many-body systems

Hydrodynamics provides a universal theoretical framework for describing the Ćow of locally
conserved quantities [213]. In physics, while the dynamics of individual particles in a mi-
croscopic system can be described with high precision by Newtonian or quantum mechanics,
the collective behavior of physical quantities often necessitates the use of effective equa-
tions. The NavierŰStokes equations, a paradigmatic example, have successfully described
a wide variety of macroscopic Ćuid phenomena, ranging from the streamlined Ćow around
aircraft wings to fully developed turbulence. In recent years, alongside advances in numer-
ical simulations of complex macroscopic Ćows [214], the concepts of hydrodynamics have
been extended beyond their classical domain to systems where textbook hydrodynamics is
not directly applicable, such as nano-Ćuids [215] and cold atomic gases [216Ű220], and have
developed into a uniĄed framework for understanding transport phenomena in solids. For
example, direct evidence of viscous electron Ćuids has been reported [221Ű225], including
electron Ćow resembling Poiseuille Ćow. Theoretically, substantial progress has been made in
one-dimensional systems, where hydrodynamics for integrable models has been systematically
derived [216, 218Ű220, 226].

Despite such broad developments, macroscopic hydrodynamic equations are inherently
deterministic and ignore Ćuctuations rooted in the microscopic structure of Ćuids. However,
these Ćuctuations play a crucial role in Ćuid phenomena at the mesoscopic scale, situated
between microscopic and macroscopic regimes. Fluctuating hydrodynamics extends the tra-
ditional description by incorporating thermal Ćuctuations and provides a framework that
captures transport phenomena at this mesoscopic level with greater Ądelity. This theory
has played an essential role in numerous applications [227Ű238]. Notable examples include
predictions of long-range correlations in nonequilibrium steady states [239Ű242] and analy-
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ses of dissipation in turbulent Ćows [243Ű246]. In low-dimensional Ćuids in particular, it is
well known that long-time tails in correlation functions lead to divergences in macroscopic
transport coefficients such as viscosity [59, 60, 175, 247Ű249].

As mentioned in Sec. 1.3.2, divergent macroscopic transport coefficients also occur in
low-dimensional materials [250, 251], where thermal conductivity has been experimentally
observed to diverge in systems such as carbon nanotubes and graphene. Fluctuating hy-
drodynamics has emerged as a powerful tool capable of making quantitative predictions
for such anomalous heat transport [249, 252, 253]. In systems with strong covalent bond-
ing, such as carbon nanotubes, heat is transported via lattice vibrations, and the effective
Hamiltonian is described by a nonlinear lattice model. For one-dimensional non-integrable
many-body Hamiltonians, the framework of nonlinear Ćuctuating hydrodynamics has been
proposed [249, 253], revealing connections to the Kardar-Parisi-Zhang universality class [194]
and attracting considerable attention. The dynamics of anomalous heat transport in a
one-dimensional nonlinear lattice system is often described by the following Hamiltonian
[249, 254]:

H =
∑

n

p2
n

2
+ V (qn+1 − qn), (3.1.1)

where qn and pn denote, respectively, the position and momentum of the n-th particle in
the one-dimensional lattice, and the potential V is assumed to depend only on the stretch
variable rn = qn+1 − qn. This system possesses three locally conserved quantitiesŮstretch,
momentum, and energyŮso that the long-time, long-wavelength behavior of the nonlinear
lattice is expected to be governed by the effective dynamics of the corresponding conserved
densities ua(x), where the index a represents stretch (a = r), momentum (a = p), and energy
(a = ϵ). As discussed in Sec. 1.3.2, when the system is close to thermal equilibrium, the
Ćuctuating hydrodynamic equations for the conserved Ąelds ua(x) are effectively described
by

∂tua(x, t) = −∇x



J eq
a (x, t) + ∇x

∑

a′

Da,a′ ua′(x, t) + ξa(x, t)

]

, (3.1.2)

where J eq
a denotes the local equilibrium current, determined from the local equilibrium dis-

tribution parameterized by (ur, up, uϵ). The terms Da,a′ and ξa represent, respectively, the
dissipative contribution and the stochastic noise, both of which are introduced so as to sat-
isfy the ĆuctuationŰdissipation relation required by equilibrium thermodynamics. Analyses
of anomalous heat transport based on this set of equations proceed as outlined in Sec. 1.3.2.

For these anomalous transport phenomena as well, Ćuctuating hydrodynamics enables
quantitative predictions of dynamical behavior, once an appropriate form of the equations
and parameter values are speciĄed.

Moreover, by employing the techniques of the dynamic renormalization group [248, 255],
Ćuctuating hydrodynamics allows one to compute the nonlinear interactions among Ćuctua-
tions over a wide range of time and length scales in the mesoscopic regime. This methodology
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Micro-scale Meso-scale Macro-scale

Figure 3.1: Schematics of Ćuid dynamics across scales: micro-scale (molecular), meso-scale
(with Ćuctuations), and macro-scale (standard hydrodynamic equation). At the mesoscopic
scale, Ćuctuations arising from the underlying atomic motion play a dominant role, necessi-
tating the use of Ćuctuating hydrodynamics.

has signiĄcantly contributed to the analysis of dynamic critical phenomena and to the estab-
lishment of the divergence of transport coefficients in low-dimensional Ćuids. Incorporation
of thermal noise introduces stochastic terms into hydrodynamic equations, modifying their
canonical form. The transport coefficients in the hydrodynamic equations represent dissi-
pative processes responsible for entropy production, and in the mesoscopic regime, they are
accompanied by noise terms that obey the ĆuctuationŰdissipation theorem. Once explicit
noise terms are introduced, the notion of bare transport coefficients becomes essential.

More concretely, in the case of low-dimensional Ćuids, the dynamics are described by the
Ćuctuating NavierŰStokes equation of the form

∂tv + (v · ∇)v + ∇P = D∇2v + ξ(x, t). (3.1.3)

This equation is obtained by linearizing the macroscopic NavierŰStokes equation around ther-
mal equilibrium and subsequently writing down the time evolution of the Ćuctuation Ąelds.
The second and third terms on the left-hand side represent the reversible Euler contributions.
In contrast, the right-hand side consists of irreversible terms: the Ąrst term corresponds to
dissipation, while the second term represents stochastic noise. The coefficient D is often re-
ferred to as the bare transport coefficient [254, 256Ű260]. In near equilibrium, the dissipation
coefficient D and the noise Ąeld ξ satisfy the ĆuctuationŰdissipation relation.

The macroscopic transport coefficients used in conventional hydrodynamics and the bare
coefficients describe distinct scale regimes of transport. Whereas macroscopic coefficients
characterize deterministic transport after Ćuctuations have been averaged out (Fig.3.1, right),
the bare coefficients determine the time scale governing the crossover from particle-based de-
scriptions (Fig.3.1, left) to hydrodynamic descriptions (Fig.3.1, center), and thus constitute
more fundamental quantities that explicitly account for Ćuctuations. Importantly, bare trans-
port coefficients do not, in general, coincide with their macroscopic counterparts (although,

46



in purely diffusive systems without equilibrium currents, they are expected to agree). To in-
vestigate this concretely, studies in the 1970s employed the dynamical renormalization group
[255] to start from Ćuctuating hydrodynamic equations, integrate out small-scale Ćuctuations,
and compute macroscopic transport coefficients. These analyses demonstrated, for example,
that the transport coefficients of two-dimensional Ćuids diverge [248]. In this way, a method-
ology connecting mesoscopic Ćuctuating hydrodynamics to macroscopic hydrodynamics was
established.

While the relationship between Ćuctuating and macroscopic hydrodynamics has been ex-
plored through methods such as dynamical renormalization group, a microscopic derivation of
Ćuctuating hydrodynamics itself remained absent until recently. Fluctuating hydrodynamic
equations incorporate noise terms satisfying the ĆuctuationŰdissipation relation, and thus
describe stochastic processes. There are two major approaches to deriving stochastic pro-
cesses from microscopic Hamiltonian dynamics: (i) the system-size expansion [261, 262], in
which a Langevin equation is derived via a singular perturbation of the BoltzmannŰLorentz
equation obtained from the BBGKY (BornŰBogoliubovŰGreenŰKirkwoodŰYvon) hierarchy;
and (ii) the projection-operator method [254, 256Ű260] pioneered by Zwanzig [256]. Because
the system-size expansion relies on the Boltzmann equation, it is justiĄed only in the dilute
limit and is not suitable for describing general Ćuid Ćows. The projection-operator method,
on the other hand, assumes a separation of scales and projects dynamics onto the subspace of
slowly varying variables, treating the remaining fast components as Ćuctuations. Although
this method introduces an abstract projection and relies on a scale-separation assumption,
it can be applied beyond the dilute regime. In hydrodynamic systems, local conserved quan-
tities serve as slow variables. One then projects onto these slow variables by taking an
ensemble over microscopic states that share the same values of the local conserved quanti-
tiesŮthat is, by taking local microcanonical averages, which effectively project onto the space
of slow variables. This constitutes the projection-operator method introduced by Zwanzig
[256]. Building upon this framework, a method for deriving Ćuctuating hydrodynamics from
microscopic lattice models has been constructed [254]. Using this method, Ćuctuating hy-
drodynamics was derived for one-dimensional nonlinear lattice models, allowing the bare
transport coefficients to be computed from microscopic descriptions and demonstrating that
the transport coefficients remain Ąnite. However, this methodology has been formulated only
for systems with short-range interactions.

In this chapter, our aim is to apply this approach to dynamical systems with long-range
interactions and derive an effective Ćuctuating hydrodynamic equation for the long-range
interacting systems.
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3.2 Microscopic derivation of Ćuctuating hydrodynam-

ics in the long-range interacting systems

Fluctuating hydrodynamics provides a systematic theoretical framework for describing the
mesoscopic evolution of conserved quantities, in which stochastic Ćuctuations originating
from microscopic degrees of freedom play an essential role, as seen in the previous section.
A systematic derivation of such mesoscopic stochastic equations is most commonly achieved
through ZwanzigŠs projection-operator formalism [256, 257]. This method provides a princi-
pled way of separating the slow dynamics associated with conserved quantities from the fast
microscopic Ćuctuations and yields a closed equation of motion for the hydrodynamic Ąelds.
Within this formalism, the effective equations take the form of generalized Langevin dynam-
ics, in which stochastic noise terms encode the residual effects of the eliminated microscopic
degrees of freedom. Such equations constitute a bridge between microscopic Hamiltonian
dynamics and coarse-grained stochastic descriptions.

In this thesis, we apply this framework to investigate the effective dynamics of a class of
spin systems characterized by the conservation of energy (and, where applicable, spin). Our
aim is to elucidate how the interplay between conservation laws, nonlinearity, and microscopic
Ćuctuations gives rise to the emergent transport behavior observed at mesoscopic scales.

3.2.1 Setup

In the following, we derive the Ćuctuating hydrodynamics starting from a microscopic nonlin-
ear lattice model [254]. As the microscopic foundation, we consider an N -spin Hamiltonian
system deĄned on the phase space

Γ := (Sx
1 , Sy

1 , Sz
1 , · · · , Sx

N , Sy
N , Sz

N), (3.2.1)

The continuous variable Sσ
n denotes the σ component of the spin at site n and satisĄes

∑

σ(Sσ
n)2 = 1. The Hamiltonian is given by

Ĥ =
N
∑

n=1

ĥn, (3.2.2)

where ĥn is the local Hamiltonian at the site n. We impose periodic boundary conditions as
n + N ≡ n.

We deĄne ĉa,n as the local conserved quantities at the site n. a is the index of local con-
served quantities. For example, the long-range interacting transverse Ising model is believed
to have only one local conserved quantityŮenergy ĥn, and the long-range interacting XXZ
model is believed to have two local conserved quantitiesŮenergy ĥn and z-spin Sz

n.
Since the total quantities

∑

n ĉa,n are conserved, the local conserved quantities ĉa,n satisfy
the discrete continuity equation

∂tĉa,n(t) =
{

ĉa,n(t), Ĥ
}

= −(ĵa,n+1(t) − ĵa,n(t)) , (3.2.3)
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where ¶·, ·♢ is the Poisson bracket in the spin dynamics,

¶A, B♢ =
∑

i

∑

a,b,c

εabc
∂A

∂Sa
i

∂B

∂Sb
i

Sc
i (3.2.4)

with the Levi-Civita symbol εabc.
Let ρ̂t(Γ) denote the probability distribution on phase space at time t generated by the

Hamiltonian dynamics. The time evolution of ρ̂t is governed by the Liouville equation,

∂tρ̂t =
{

Ĥ, ρ̂t

}

=: Lρ̂t , (3.2.5)

where we symbolically introduce the Liouville operator L. Formally, the solution of this
equation is expressed as

ρ̂t = eLtρ̂0 . (3.2.6)

Likewise, the time evolution of a local observable ĉa,n is given by

ĉa,n(t) = eL
†tĉa,n(0) , (3.2.7)

where L† is the adjoint of the Liouvillian operator.

3.2.2 Coarse-graining

Two essential techniques play a central role in the derivation of Ćuctuating hydrodynamics:
coarse-graining and projection. Through coarse-graining, one speciĄes the spatiotemporal
scales on which the hydrodynamic description becomes valid. Subsequently, by projecting
the microscopic dynamics onto the space spanned by the coarse-grained conserved quantities,
the Ćuctuating hydrodynamic equations can be systematically derived. In this subsection,
we formulate the Ąrst step of this programŮthe coarse-graining procedure.

At the microscopic level, we consider ℓ particles labeled by the coordinate n. By coarse-
graining over these ℓ sites, we introduce a new mesoscopic coordinate x, which labels a ŞĆuid
elementŤ at the mesoscale. The corresponding coarse-grained conserved quantities are deĄned
as

ûa,x :=
1

ℓ

xℓ
∑

n=(x−1)ℓ+1

ĉa,n , (3.2.8)

Each coarse-grained quantity ûa,x satisĄes a local continuity equation of the Euler type:

∂tûa,x = −∇xĴa,x , (3.2.9)

where the discrete gradient operator is deĄned by

∇xAx :=
1

ℓ
(Ax+1 − Ax) . (3.2.10)
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The corresponding coarse-grained currents are introduced as

Ĵa,x = ĵa,(x−1)ℓ+1 . (3.2.11)

Fig. 3.2 shows the schematic deĄnition of coarse-grained local conserved quantites and local
currents, ûa,x and Ĵa,x. As seen in Fig. 3.2, the coarse-grained currents Ĵa,x are located
between the local sites n = (x − 1)ℓ and n = (x − 1)ℓ + 1 and equivalent to the local current
ĵa,(x−1)ℓ+1. The coarse-grained Ąelds ûa,x represent mesoscopic (i.e., globally slow) variables,
while the associated currents Ĵa,x remain microscopic and localized at the cell boundaries.
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ûa,2

<latexit sha1_base64="+ci9/FDRav/KjWO27GjfG9WBrrQ="></latexit>
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Figure 3.2: Schematic picture of coarse-grained local conserved quantities and local currents,
ûa,x and Ĵa,x.

Provided that ℓ is sufficiently large, these local Ćuxes may be treated as Markovian
processes with respect to the coarse-grained variables.

We deĄne the distribution function for the coarse-grained Ąelds ûa,x as

ft(u) :=
∫

dΓ ρ̂t(Γ) δ
(

û(Γ) − u
)

, (3.2.12)

where

∫

dΓ Â(Γ) :=
N
∏

n=1

∫ ∞

−∞
drn

∫ ∞

−∞
dpn Â(r1, p1, . . . , rN , pN), (3.2.13)

δ
(

û(Γ) − u
)

:=
∏

a=r,p,ϵ

N/ℓ
∏

x=1

δ
(

ûa,x(Γ) − ua,x

)

. (3.2.14)
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The time evolution of ft(u) follows from that of ρ̂t(Γ) as

∂tft(u) = ∂t

∫

dΓ ρ̂t(Γ) δ
(

û(Γ) − u
)

=
∫

dΓ LeLtρ̂0(Γ) δ
(

û(Γ) − u
)

=
∫

dΓ ρ̂t(Γ) L†δ
(

û(Γ) − u
)

=
∫

dΓ ρ̂t(Γ)
∑

a,x

(

−Lûa,x(Γ)
) δ

δûa,x

δ
(

û(Γ) − u
)

=
∫

dΓ ρ̂t(Γ)
∑

a,x

∇xĴa,x
δ

δua,x

δ
(

û(Γ) − u
)

, (3.2.15)

where we use Lûa,x = ∇xĴa,x to derive the Ąnal line. This expression establishes the mi-
croscopic foundation for the time evolution of the distribution function of coarse-grained
conserved quantities, forming the basis for subsequent projection-operator formulations of
Ćuctuating hydrodynamics.

3.2.3 Projection

In what follows, we proceed to the second step, namely the projection procedure. To derive
the hydrodynamic equations, we project the dynamics onto the subspace characterized by
Ąxed values of the conserved quantities, thereby obtaining the time-evolution equation for
the probability distribution function ft(u) of the coarse-grained hydrodynamic variables ûa,x.

We introduce the projection operator P as

(PÂ)[Γ] :=
∫

dΓ′ Â(Γ′) δ(û(Γ′) − û(Γ))/Ω(û(Γ)), (3.2.16)

Ω(û(Γ)) :=
∫

dΓ′ δ(û(Γ′) − û(Γ)). (3.2.17)

This operator P projects any microscopic observable Â deĄned over the full phase space onto
a subspace spanned by conĄgurations sharing the same coarse-grained conserved quantities.
Indeed, if ûa,x(Γ′) = ûa,x(Γ′′) holds, then (PÂ)[Γ′] = (PÂ)[Γ′′], showing that P identiĄes all
microstates corresponding to the same values of conserved quantities.

With this operator, we decompose the full distribution as

ρ̂t = P ρ̂t + Qρ̂t , (3.2.18)

where Q := 1 − P. Physically, the P subspace corresponds to the slow hydrodynamic
modes, while the Q subspace captures the remaining fast microscopic degrees of freedom.
The Q space thus encodes dissipative effects arising from Ćuctuations orthogonal to the
hydrodynamic manifold. Fig. 3.3 demonstrates the schematic decomposition of P subspace
and Q subspace.
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Figure 3.3: Schematic picture of the decomposition of P subspace and Q subspace. The
P subspace corresponds to the slow hydrodynamic modes that describe the dynamics of
coarse-grained Ćuid elements ua,x. In contrast, the Q subspace represents the remaining
microscopic degrees of freedom after the hydrodynamic modes have been projected out,
and is therefore associated with particle modes. The Q sector encodes the Ćuctuation and
dissipation originating from microscopic degrees of freedom.

Starting from the Liouville equation ∂tρ̂t = Lρ̂t, substituting the above decomposition
gives







∂t(P ρ̂t) = PL(P ρ̂t + Qρ̂t),

∂t(Qρ̂t) = QL(P ρ̂t + Qρ̂t).
(3.2.19)

These two coupled equations can be solved formally for Qρ̂t as

Qρ̂t =
∫ t

−∞
ds e(t−s)QLQLP ρ̂s . (3.2.20)

Explicit evaluation of this integral yields

Qρ̂t =
∫ t

−∞
ds e(t−s)QLQ

∫

Du′
∑

a′,x′

∇x′Ĵa′,x′ δ(û(Γ) − u′)
δ

δu′a′,x′

(

fs(u
′)

Ω(u′)



, (3.2.21)

where we write
∫

Du′ :=
∏

a,x

∫

du′a,x. This follows from

QLP ρ̂s = L
∫

dΓ′ρ̂s(Γ
′)δ(û(Γ′) − û(Γ))/Ω(û(Γ))

=
∫

dΓ′ρ̂s(Γ
′)L

∏

a′,x′

δ(ûa′,x′(Γ′) − ûa′,x′(Γ))/Ω(û(Γ))

=
∫

dΓ′ρ̂s(Γ
′)
∫

Du′δ(ûa′,x′(Γ′) − u′a′,x′)Lδ(ûa′,x′(Γ) − u′a′,x′)/Ω(u′)

=
∫

Du′
∫

dΓ′ρ̂s(Γ
′)
∑

a′,x′

(∇x′Ĵa′,x′)δ(ûa′,x′(Γ′) − u′a′,x′) · −
δ

δu′a′,x′

δ(û(Γ) − u′)/Ω(u′)

=
∫

Du′
∑

a′,x′

(∇x′Ĵa′,x′)δ(û(Γ) − u′)
δ

δu′a′,x′

{ ∫

dΓ′ρ̂s(Γ
′)δ(û(Γ′) − u′)/Ω(u′)

}

.
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Using these relations, we can now express the time evolution of ft(u) as

∂tft(u) =
∫

dΓ (P + Q)ρ̂t(Γ)
∑

a,x

∇xĴa,x
δ

δua,x

δ(û(Γ) − u). (3.2.22)

Substituting the above formal solution gives

∂tft(u) =
∑

a,x

δ

δua,x

(〈

∇xĴa,x

〉u

LM
ft(u)

)

+ ℓ−1
∑

a,x,a′,x′

δ

δua,x

Ω(u)(∇x∇x′Kax,a′x′(u, u′; t − s))
δ

δua′,x′

(

fs(u)

Ω(u)



,

(3.2.23)

where we deĄned
〈

Â
〉u

LM
:=
∫

dΓ Â δ(û(Γ) − u)/Ω(û(Γ)), (3.2.24)

Kax,a′x′(u, u′; t − s) := ℓ
∫ t

−∞
ds

〈(

QĴa,x

)(

e(t−s)QLδ(u − u′) QĴa′,x′

)〉u

LM
, (3.2.25)

Ω(u) :=
∫

dΓ′ δ(û(Γ′) − u). (3.2.26)

The second term represents a non-Markovian convolution integral. Here, we approximate
K(u, u′; t−s) as in [254], assuming that the term decays rapidly in time, while the conserved
quantities do not change rapidly.

Kax,a′x′(u, u′; t − s) ≃ ℓ
∫ t

−∞
ds

〈(

QĴa,x

)(

e(t−s)QLQĴa′,x′

)〉u

LM
δ(u − u′). (3.2.27)

This approximation is not rigorous, but physically justiĄed by the coarse-graining and pro-
jection procedures: the coarse-grained coordinate x represents an average over ℓ microscopic
particles, making P-space dynamics slow, while the Q-space dynamicsŮcorresponding to fast
microscopic ĆuctuationsŮdecay rapidly in time. Therefore, the correlation of local currents
Ĵa,x in Q-space can be regarded as Markovian on the hydrodynamic time scale.

Under the Markovian approximation, the time-evolution equation reduces to a FokkerŰPlanck-
type equation:

∂tft(u) =
∑

a,x

δ

δua,x

(〈

∇xĴa,x

〉u

LM
ft(u)

)

+ ℓ−1
∑

a,x,a′,x′

δ

δua,x

Ω(u)(∇x∇x′Kax,a′x′(u))
δ

δua′,x′

(

ft(u)

Ω(u)



,

(3.2.28)

with

Kax,a′x′(u) := ℓ
∫ ∞

0
ds

〈(

QĴa,x

)(

esQLQĴa′,x′

)〉u

LM
. (3.2.29)
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Finally, by decomposing Kax,a′x′ into its symmetric and antisymmetric parts,

K
(S,A)
ax,a′x′ :=

1

2
(Kax,a′x′ ± Ka′x′,ax), (3.2.30)

the FokkerŰPlanck equation can be recast as

∂tft(u) =
∑

a,x

δ

δua,x





〈

∇xĴa,x

〉u

LM
ft(u) + ℓ−1

∑

a′,x′

(

∇xK
(A)
ax,a′x′(u)

)

∇x(ln Ω(u))ft(u)





+ ℓ−1
∑

a,x,a′,x′

δ

δua,x

Ω(u)
(

∇x∇x′K
(S)
ax,a′x′(u)

) δ

δua′,x′

(

ft(u)

Ω(u)



.

(3.2.31)

This FokkerŰPlanck equation constitutes the mesoscopic stochastic dynamics of the Ćuctu-
ating hydrodynamic Ąelds derived from microscopic Hamiltonian dynamics via systematic
coarse-graining and projection.

3.2.4 Fluctuating hydrodynamic equation

In correspondence with the FokkerŰPlanck equation

∂tft(u) =
∑

a,x

δ

δua,x





〈

∇xĴa,x

〉u

LM
ft(u) + ℓ−1

∑

a′,x′

(

∇xK
(A)
ax,a′x′(u)

)

∇x(ln Ω(u))ft(u)





+ ℓ−1
∑

a,x,a′,x′

δ

δua,x

Ω(u)
(

∇x∇x′K
(S)
ax,a′x′(u)

) δ

δua′,x′

(

ft(u)

Ω(u)



,

the corresponding Langevin equation can be expressed as

∂tua,x = −∇x





〈

Ĵa,x

〉u

LM
+
∑

a′,x′

Kax,a′x′∇x′

δ

δ(ℓua′,x′)
(ln Ω(u)) + ξa,x(t)



, (a = r, p, ϵ)

(3.2.32)

where the stochastic term ξa,x(t) satisĄes the ĆuctuationŰdissipation relation

⟨⟨ξa,x(t)ξa′,x′(t′)⟩⟩ = 2ℓ−1K
(S)
ax,a′x′δ(t − t′), (3.2.33)

where ⟨⟨...⟩⟩ stands for the noise average.
By interpreting the phase-space measure Ω(u) as the partition function, Ω(u) ∼ eS/kB

(and hereafter setting kB = 1), we identify

ln Ω(u) = S, (3.2.34)

where S is the thermodynamic entropy, and

δ ln Ω(u)

δ(ℓua′,x′)
=

δS

δ(ℓua′,x′)
= λa′,x′ , (3.2.35)

54



where λa,x is the local thermodynamic parameter (e.g., inverse temperature). It is important
to note that S represents an extensive variable, whereas λ corresponds to its conjugate
intensive variable. Using these relations, we may rewrite the Langevin equation as

∂tua,x = −∇x





〈

Ĵa,x

〉u

LM
+
∑

a′,x′

Kax,a′x′∇x′λa′,x′ + ξa,x(t)





= −∇x





〈

Ĵa,x

〉u

LM
−
∑

a′,x′

K
(A)
ax,a′′x′Λa′′

a′∇x′ua′,x′ −
∑

a′,x′

K
(S)
ax,a′′x′Λa′′

a′∇x′ua′,x′ + ξa,x(t)



.

(3.2.36)

In the second line above, we have deĄned

Λa′′

a′ := −

(

∂λa′′,x

∂ua′,x



eq

, (3.2.37)

whose inverse matrix,

Λ−1 = −

(

∂λ

∂u

−1

eq

= −

(

∂u

∂λ



eq

, (3.2.38)

corresponds to the susceptibility matrix. We further deĄne

D
(S,A)
ax,a′x′ :=

∑

a′′

K
(S,A)
ax,a′′x′Λa′′

a′ . (3.2.39)

and Ąnally arrive at the following Ćuctuating hydrodynamics equation for the long-range
interacting systems:

∂tua,x = −∇x





〈

Ĵa,x

〉u

LM
−
∑

a′,x′

D
(A)
ax,a′x′∇x′ua′,x′ −

∑

a′,x′

D
(S)
ax,a′x′∇x′ua′,x + ξa,x(t)



. (3.2.40)

The Ąrst two terms,
〈

Ĵa,x

〉u

LM
−
∑

a′x′ D
(A)
ax,a′x′∇x′ua′,x′ , are antisymmetric under time reversal

and correspond to the reversible dynamics, while the third term, −
∑

a′,x′ D
(S)
ax,a′x′∇x′ua′,x′ , and

the stochastic term ξa,x(t) represent irreversible dynamics Ů speciĄcally, the dissipative and
Ćuctuating contributions, respectively, which are related through the ĆuctuationŰdissipation
theorem.

For short-range interaction, Kax,a′x′ decays sufficiently rapidly as ♣x − x′♣ increases, i.e.,
Kax,a′x′ ∼ Kax,a′xδ(x − x′), leading to coarse-grained forms

Ka,a′ :=
∑

x′

Kax,a′x′ , K
(S,A)
a,a′ :=

∑

x′

K
(S,A)
ax,a′x′ =

∑

x′

1

2

(

Kax,a′x′ ± Ka′x′,ax

)

, (3.2.41)

⟨⟨ξa,x(t)ξa′,x′(t′)⟩⟩ := 2ℓ−1K
(S)
a,a′δa,a′δx,x′δ(t − t′). (3.2.42)
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This approximation is justiĄed because each coarse-grained site at position x already contains
ℓ microscopic particles, and the kernel Kax,a′x′ exhibits Markovian behavior under this coarse-
graining. Consequently, for the short-range case, we reduce the Ćuctuating hydrodynamic
equation to the following form:

∂tua,x(t) = −∇x





〈

Ĵa,x

〉u

LM
−
∑

a′

D
(A)
a,a′∇xua′,x −

∑

a′

D
(S)
a,a′∇xua′,x + ξa,x(t)



. (3.2.43)

3.2.5 Approximation of the local microcanonical ensemble by the

local Gibbs ensemble via the large deviation principle

In general, it is difficult to directly evaluate expectation values with respect to the local
microcanonical ensemble. To overcome this difficulty, we employ the large deviation principle
to approximate the local microcanonical distribution by a local Gibbs distribution, which
allows for practical computation of expectation values.

We Ąrst brieĆy summarize the concept of the large deviation principle [263]. The large
deviation principle characterizes the rate at which probabilities decay away from the typical
(law-of-large-numbers) value. Mathematically, it is expressed as follows.

Large Deviation Principle. Let AN be a random variable taking values in a measurable
set S, with probability distribution P (AN). The system satisĄes the large deviation principle
if the following limit exists:

lim
N→∞

−
1

N
ln P (AN ∈ S) = I, (3.2.44)

where I ≥ 0 is called the rate function, which generally takes the form I(a) with a = AN/N .
The rate function quantiĄes how rapidly the probability P (AN) decays away from its typical
value as N increases. Since I(a) contains information about higher-order Ćuctuations, it
captures deviations from Gaussian behavior.

As a simple example, consider tossing N independent fair coins, each showing heads with
probability 1/2. Denoting by n = AN the number of heads, the probability distribution P (n)

behaves asymptotically as

P (n) =

(

N

n



(

1

2

)N

≍ e−NI(n/N), (3.2.45)

I(a) = a ln a + (1 − a) ln(1 − a) + ln 2, a = n/N. (3.2.46)

The rate function I(a) captures how P (n) decays as N increases, and its deviation from a
quadratic form quantiĄes the non-Gaussianity of the Ćuctuations.

In general, when individual events are weakly correlated (as in the case of independent coin
tosses), deviations from the typical value decay exponentially and obey the large deviation
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principle. Conversely, if the decay is faster or slower than exponential, a Ąnite rate function
does not exist.

We now deĄne the moment generating function associated with local Ćuctuations. Let
Ûa,x = ℓûa,x, and deĄne

Z(ξ) =
∫

dΓ e−
∑

a,x
ξa,xÛa,x(Γ). (3.2.47)

The corresponding Şpartition functionŤ Ω(u) can then be expressed as the inverse Laplace
transform,

Ω(u) =
∏

a′,x′

∫ dξa′,x′

2πi
Z(ξ) e−

∑

a,x
ξa,xUa,x . (3.2.48)

When the large deviation principle holds, both Z(ξ) and Ω(u) obey the asymptotic forms

Z(ξ) ∼ eℓµ(ξ), (3.2.49)

Ω(u) ∼ eℓs(u), (3.2.50)

where µ(ξ) = limℓ→∞
1
ℓ

ln Z(ξ) is the cumulant generating function, and −s(u) corresponds
to the rate function. The two functions are connected via the LegendreŰFenchel transform,
known as the GärtnerŰEllis theorem:

s(u) = inf
ξ



µ(ξ) −
∑

a,x

ξa,xua,x

]

, (3.2.51)

µ(ξ) = sup
u



s(u) +
∑

a,x

ξa,xua,x

]

. (3.2.52)

To obtain s(u), one solves

∂µ(ξ)

∂ξa,x

− ua,x = 0, (3.2.53)

and denotes the solution by ξ∗a,x. Then,

s(u) = µ(ξ∗) −
∑

a,x

ξ∗a,xua,x. (3.2.54)

Introducing the notations

S(u) := ℓs(u), (3.2.55)

λa,x := −ξ∗a,x, (3.2.56)

we obtain

∂S(u)

∂(ℓua,x)
=

∂s(u)

∂ua,x

= −ξ∗a,x +
∑

a′,x′

∂ξ∗a′,x′

∂ua,x

(

∂µ

∂ξ∗a′,x′

− ua′,x′



= λa,x. (3.2.57)
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This relation corresponds to the thermodynamic conjugacy between the entropy and the local
intensive parameters.

Based on the above discussion, we can introduce an effective local Gibbs ensemble char-
acterized by the entropy S(u) obtained from the large deviation principle:

ρ̂LG =
1

ZLG

exp

{

∑

a,x

ξ∗a,xÛa,x(Γ)

}

=
1

ZLG

exp

{

−
∑

a,x

λa,xûa,x(Γ)

}

. (3.2.58)

The local thermodynamic parameters λa,x are determined by

⟨ûa,x⟩LG :=
∫

dΓ ûa,xρ̂LG =
〈

ĉa,(x−1)ℓ+n

〉

LG
= ua,x , (3.2.59)

where n = 1, . . . , ℓ − 1.

Thus, the local Gibbs ensemble is constructed on the basis of the large deviation principle.
Using this ensemble, we can now derive asymptotic expressions for the local microcanoni-
cal averages of the coarse-grained currents, as well as for the corresponding bare transport
coefficients in the limit of large ℓ.

For the local microcanonical average of the coarse-grained current, which are microscopic
quantities deĄned at the site level, we have

〈

Ĵa,x

〉u

LM
=
〈

ĵa,(x−1)ℓ+1

〉u

LM
=
∫

dΓ ĵa,n(Γ)ρ̂LM(Γ)

∣

∣

∣

∣

∣

n=(x−1)ℓ+1

=
∫

dΓ ĵa,n(Γ)
∏

a′,x′

δ(ûa′,x′ − ua′,x′)/Ω(u)

∣

∣

∣

∣

∣

n=(x−1)ℓ+1

. (3.2.60)

Since this expression represents an average over ℓ particles, it is reasonable to approximate
the local microcanonical ensemble by the local Gibbs ensemble in the large-ℓ limit:

ρ̂LM ∼ ρ̂LG. (3.2.61)

This substitution also applies to the coarse-grained stretch currents, allowing us to compute
current expectation values explicitly within the local Gibbs framework.

In the preceding discussion, we introduced the replacement of the local microcanonical
distribution by the local Gibbs distribution, justiĄed by the large-deviation principle. We
now turn to an explicit evaluation of physical observables under the local Gibbs ensemble.
In particular, our goal is to compute the local Gibbs expectations of relevant microscopic
quantities and to express them, when appropriate, as perturbations around equilibrium ex-
pectations.

In a local equilibrium state, the local Gibbs distribution admits a linearized representation
around the global equilibrium ensemble. Denoting the local Gibbs distribution by ˆ̃ρLG, we
expect that

ρ̂LG ∼ ρ̂eq + δρ̂LG, (3.2.62)

58



where ρ̂eq is the canonical equilibrium distribution. Accordingly, the local Gibbs expectation
of an observable Â may be expressed as a deviation from its equilibrium value:

〈

Â
〉

LG
=
〈

Â
〉

+ δ
〈

Â
〉

LG
, (3.2.63)

where ⟨...⟩ denotes the equilibrium ensemble.
Although ρ̂LG is deĄned in terms of coarse-grained Ąelds ûa,x, it may be rewritten as a

distribution over the microscopic conserved quantities ĉa,n:

ρ̂LG(Γ; λ) =
1

Z̃LG

exp
[

−
∑

a,x

λa,x ûa,x(Γ)


=
1

Z̃LG

∏

x

exp
[

−
∑

a

xℓ
∑

n=(x−1)ℓ+1

λa,n ĉa,n(Γ)


. (3.2.64)

Here the local thermodynamic parameters satisfy λa,x = ℓ λa,n.
To develop a linearized description of ρ̂LG(λ) around equilibrium, we recall that in equi-

librium the local thermodynamic parameters reduce to their global values λeq
a , so that

ρ̂LG(λeq) = ρ̂eq. (3.2.65)

For example, we consider the energy conservation law, i.e., ĉϵ,n = ĥn. For the energy case,
the corresponding equilibrium thermodynamic parameter satisĄes λeq

ϵ = β .
Consequently, the local parameter admits the perturbative decomposition

λa,n ∼ λeq
a + δλa,n . (3.2.66)

The equilibrium expectation of conserved quantities takes the form

⟨ĉa,n⟩eq =
∫

dΓ ĉa,n(Γ) ˆ̃ρLG(Γ; λeq) = ueq
a . (3.2.67)

Expanding the local Gibbs distribution

ρ̂LG(λ) = ρ̂LG(λeq + δλ) = ρ̂eq + δρ̂LG , (3.2.68)

we obtain the deviation of the local Gibbs expectation:

⟨ĉa,n⟩LG = ueq
a + δua,x , (3.2.69)

which identiĄes δλa,n with

δua,x := ua,x − ueq
a . (3.2.70)

Expanding δλa,n as a power series in δua,x yields

δλa,n =
∑

b

Λa
b δub,x +

1

2

∑

b,b′

Ξa
bb′ δub,x δub′,x + O

(

u3
)

, (3.2.71)

s.t. (x − 1)ℓ + 1 ≤ n ≤ xℓ, (3.2.72)
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where

Λa
b =

(

∂λ

∂u



ab

∣

∣

∣

∣

∣

u=ueq

=

(

∂u

∂λ

−1

ab

∣

∣

∣

∣

∣

∣

u=ueq

=

(

∂ceq

∂β

−1

ab

=
(

⟨ĉa,nĉb,n⟩eq − ⟨ĉa,n⟩eq ⟨ĉb,n⟩eq

)−1
, (3.2.73)

and

Ξa
bb′ =

∂2λa,n

∂ub,x∂ub′,x

∣

∣

∣

∣

∣

u=ueq

=
∑

c

Λc
b

∂

∂λc

(

∂u

∂λ

−1

ab′

∣

∣

∣

∣

∣

∣

u=ueq

=
∑

c

Λc
b

∂

∂λc

(

∂ceq

∂β

−1

ab′

∣

∣

∣

∣

∣

∣

u=ueq

.

(3.2.74)

Thus, once the equilibrium expectations of the conserved quantities are known, all coef-
Ącients appearing in the linearized local Gibbs expansion may be determined explicitly.

In this section, we express the local Gibbs distribution ρ̂LG(λ) = ρ̂LG(λeq + δλ) = ρ̂eq +

δρ̂LG(λ) in terms of the deviations δλa,n, and subsequently expand it up to second order in
the coarse-grained variables δua,x.

Introducing the decomposition ĉa,n = ⟨ĉa,n⟩eq + δĉa,n, we obtain

ρ̂LG(λ) (3.2.75)

≈ ρ̂eq



1 −
∑

a,n

δλa,n δĉa,n +
1

2

∑

an,a′n′

δλa,n δĉa,n δλa′,n′ δĉa′,n′ + O
(

δλ3
)





= ρ̂eq







1 −
∑

a,n

δĉa,n





∑

b

Λa
b δub,x +

∑

b,b′

1

2
Ξa

bb′ δub,xδub′,x + O
(

δu3
)





+
1

2

∑

an,a′n′

δĉa,nδĉa′,n′





∑

b

Λa
b δub,x + O

(

δu2
)









∑

b′

Λa′

b′ δub′,x + O
(

δu2
)



+ O
(

δu3
)







= ρ̂eq







1 −
∑

n

∑

a,b

δĉa,n Λa
b δub,x

+
1

2



−
∑

n

∑

a,bb′

δĉa,n Ξa
bb′ δub,xδub′,x +

∑

nn′

∑

aa′,bb′

δĉa,nδĉa′,n′ Λa
bΛ

a′

b′ δub,xδub′,x



+ O
(

δu3
)







.

(3.2.76)

Using this expansion, the expectation value of the coarse-grained current Ĵa,x under the
local Gibbs ensemble can be computed up to second order in δu as

〈

Ĵa,x

〉

LG
= Tr

(

Ĵa,x
ˆ̃ρLG

)

≈ Tr(Ĵa,xρ̂eq) −
∑

a′,n

Tr(Ĵa,x δĉa′,nρ̂eq) δλa′,n

+
1

2

∑

a′n,a′′n′

Tr(Ĵa,x δĉa′,nδĉa′′,n′ ρ̂eq)δλa′,nδλa′′,n′
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≈
〈

Ĵa,x

〉

eq
−
∑

b

∑

a′,n

Tr(Ĵa,xδĉa′,nρ̂eq)Λa′

b δub,x

+
1

2

∑

b,b′



−
∑

a′,n

Tr(Ĵa,xδĉa′,nρ̂eq)Ξa′

bb′

+
∑

a′n,a′′n′

Tr(Ĵa,xδĉa′,nδĉa′′,n′ ρ̂eq)Λa′

bΛ
a′′

b′



δub,xδub′,x

=
〈

Ĵa,x

〉

eq
−
∑

b

Aa
b δub,x +

1

2

∑

b,b′

Ha
bb′ δub,xδub′,x . (3.2.77)

Here the coefficients are deĄned as

Aa
b :=

∑

a′,n

〈

Ĵa,x δĉa′,n

〉

eq
Λa′

b, (3.2.78)

Ha
bb′ := −

∑

a′,n

〈

Ĵa,x δĉa′,n

〉

eq
Ξa′

bb′ +
∑

a′n,a′′n′

〈

Ĵa,x δĉa′,nδĉa′′,n′

〉

eq
Λa′

bΛ
a′′

b′ . (3.2.79)

Thus the local-Gibbs ensemble of the current is obtained explicitly as a perturbative
expansion around equilibrium. We next prepare for the computation of the bare transport
coefficients by evaluating the expectation of the projected current,

〈

PĴa,x

〉u

LM
.

Replacing the local microcanonical ensemble with the corresponding local Gibbs ensemble,
the projection operator may be written as

(PĴa,x)(Γ) :=
∫

dΓ′ Ĵa,x(Γ′)
∏

a′,x′

δ(ûa′,x′(Γ′) − ûa′,x′(Γ))
/

Ω(û(Γ))

≈
∫

dΓ′ Ĵa,x(Γ′)
∏

x′

exp



−
∑

a′

λ̂a′,x′(Γ)ûa′,x′(Γ′)

]

/Z(Γ), (3.2.80)

with the normalization factor

Ẑ(Γ) :=
∫

dΓ′
∏

x′

exp



−
∑

a′

λ̂a′,x′(Γ)ûa′,x′(Γ′)

]

. (3.2.81)

The multipliers λ̂a′,x′ are Ąxed by the condition

∫

dΓ′ĉa,n(Γ′)
∏

x′

exp



−
∑

a′

λ̂a′,x′(Γ)ˆ̃ua′,x′(Γ′)

]

/Z̃ = ûa,x(Γ) ≈ ûa,x(Γ). (3.2.82)

This construction mirrors the structure of the local microcanonical distribution

ρ̂LM(Γ′) =
∏

a′,x′

δ(ûa′,x′(Γ′) − ua′,x′)/Ω(u)

≈
∏

x′

exp



−
∑

a′

λa′,x′ûa′,x′(Γ′)

]

/Z = ρ̂LG, (3.2.83)
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where the multipliers λa′,x′ are determined from

∫

dΓ′ĉa,n(Γ′)
∏

x′

exp



−
∑

a′

λa′,x′ûa′,x′(Γ′)

]

/Z = ua,x. (3.2.84)

Thus, we deĄne

ρ̂LG(Γ′; λ̂(Γ)) :=
∏

x′

exp



−
∑

a′

λ̂a′,x′(Γ)ûa′,x′(Γ′)

]

/Ẑ(Γ)

=
∏

x′

exp



−
∑

a′

x′ℓ
∑

n′=(x′−1)ℓ+1

λ̂a′,n′(Γ)ĉa′,n′(Γ′)



 /Ẑ(Γ), (3.2.85)

with λ̂a′,n′ := λ̂a′,x′/ℓ, and may expand ρ̂LG(Γ′; λ̂(Γ)) ∼ ρ̂LG(Γ′; λeq +δλ̂(Γ)), and by the same
reasoning as before obtain

(PĴa,x)(Γ) ≈
∑

b

Aa
bδûb,x +

1

2

∑

b,b′

Ha
bb′δûb,xδûb′,x + O

(

δû3
)

(3.2.86)

3.2.6 Bare transport coeffcients

In general, the bare transport coefficients

Kax,a′x′(u) := ℓ
∫ ∞

0
ds

〈

(QĴa,x)(esQLQĴa′,x′)
〉u

LM
(3.2.87)

are difficult to evaluate analytically. In the following, I show that the expression

Kax,a′x′(u) = ℓ
∫ ∞

0
ds

〈

(QĴa,x)(esQLQĴa′,x′)
〉u

LM
(3.2.88)

≈ ℓ
∫ ∞

0
ds

〈

(QĴa,x)(esLQĴa′,x′)
〉u

LM
(3.2.89)

can be justiĄed, i.e., the evolution operator eQLs may be replaced by eLs within the present
accuracy.

To this end, let me deĄne

R̂s := esQL

(

∑

x′

QĴa′,x′



. (3.2.90)

Its time evolution is then written as

∂sR̂s = (L − PL)R̂s. (3.2.91)
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We next evaluate the projected contribution PLR̂s. By deĄnition,

(PLR̂s)(Γ) =
∫

dΓ′
{

Ĥ(Γ′), R̂s(Γ
′)
}

exp



−
∑

a′,x′

λ̂a′,x′(Γ)ûa′,x′(Γ′)



/Ẑ(Γ)

=
∫

dΓ′







exp



−
∑

a′,x′

λ̂a′,x′(Γ)ûa′,x′(Γ′)



/Ẑ(Γ), Ĥ(Γ′)







R̂s(Γ
′)

=
∫

dΓ′ ρ̂eq(Γ′)

(

∑

a,x

{

δûa,x(Γ′), Ĥ(Γ′)
}

∑

a′

Λa
a′ δûa′,x(Γ) + · · ·



R̂s(Γ
′)

=
∑

a,x

(∫

dΓ′ ρ̂eq(Γ′)R̂s(Γ
′)∇xĴa,x(Γ′)

)

∑

a′

Λa
a′ δûa′,x(Γ) + O

(

δû(Γ)2
)

. (3.2.92)

In going from the second to the third line, the local Gibbs distribution was expanded
around the equilibrium measure ρ̂eq, and the deviation

δûa,x := ûa,x − ueq
a

was introduced. Therefore, in a sufficiently small neighborhood of equilibrium, one Ąnds

∂sR̂s = (L − PL)R̂s ∼ LR̂s, (3.2.93)

because the projected part is at least of order O(δû 2). Since ûa,x represents a coarse-
grained variable obtained as an average of ℓ microscopic variables ĉa,n, its Ćuctuations scale
as O

(

ℓ−1/2
)

. Thus, in the limit of large ℓ, the above approximation becomes asymptotically
exact. Consequently, replacing eQLs by eLs in the deĄnition of the bare transport coefficients
is justiĄed.

Although the direct computation of the bare coefficients is generally challenging, numer-
ical studies have demonstrated that, for the FermiŰPastaŰUlamŰTsingou (FPUT) model

H =
N
∑

n=1



1

2
p2

n +
1

2
r2

n +
k3

3
r3

n +
k4

4
r4

n

]

, (3.2.94)

the bare transport coefficients converge to Ąnite values [254].

3.2.7 Absence of equilibrium currents in the case of only energy

conservation

In the case of only energy conservation, we show that the equilibrium energy current
〈

Ĵϵ,x

〉u

LM
vanishes.

Let T̂ denote the time-reversal operator. Generally, local currents change sign under time
reversal, we obtain

T̂Ĵϵ,x = −Ĵϵ,x, . (3.2.95)
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On the other hand, the relevant conserved quantities, namely ur,x and uϵ,x, are even under
time reversal:

T̂uϵ,x = uϵ,x, . (3.2.96)

The local microcanonical measure is deĄned by

ρ̂LM(Γ′) =
∏

a′,x′

δ(ûa′,x′(Γ′) − ua′,x′) /Ω(u). (3.2.97)

As is standard in the theory of Ćuctuating hydrodynamics, we approximate this measure by
a local Gibbs distribution,

ρ̂LM(Γ′) ≈
∏

x′

exp

(

−
∑

a′

λa′,x′ûa′,x′(Γ′)



/Z =: ρ̂LG, (3.2.98)

and further expand the corresponding averages with respect to small deviations δua,x from
the equilibrium values of the conserved quantities.

Accordingly, the expectation of the current is expanded as
〈

Ĵϵ,x

〉u

LM
≈
〈

Ĵϵ,x

〉u

LG
(3.2.99)

≈
〈

Ĵϵ,x

〉

eq
− Aϵ

ϵ δuϵ,x +
1

2
Hϵ

ϵϵ δuϵ,x δuϵ,x. (3.2.100)

It is evident that the equilibrium current satisĄes
〈

Ĵϵ,x

〉

eq
= 0, (3.2.101)

because equilibrium is invariant under time reversal while Ĵϵ,x is odd.
Moreover, the left-hand side

〈

Ĵϵ,x

〉u

LM
is odd under time reversal, whereas the right-hand

side is expressed entirely in terms of conserved quantities, all of which are even under T̂.
Thus, equality between both sides is possible only if

〈

Ĵϵ,x

〉u

LM
= 0, (3.2.102)

which completes the proof that the equilibrium coarse-grained currents vanish in the existence
of only energy conservation.

3.2.8 Fluctuating hydrodynamic equation in the case of only en-

ergy conservation

In the case of only energy conservation, the contribution of P ρ̂ in (3.2.22) vanishes due to
the time-reversal symmetry. As seen in the previous subsection, the equilibrium currents
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〈

Ĵϵ,x

〉u

LM
also vanish. Consequently, in the case of only energy conservation, we Ąnally arrive

at the Ćuctuating hydrodynamic equation for long-range interacting systems:

∂tuϵ,x(t) = ∇x



∑

x′

Dx,x′∇x′uϵ,x′ + ξϵ,x(t)

]

, (3.2.103)

where uϵ,x is the coarse-grained local energy and Dx,x′ is the non-local diffusion constant
obtained by the GreenŰKubo-like relation:

Dx,x′ =
1

cVkBT 2

∫ ∞

0
ds
〈

Ĵϵ,x(s) Ĵϵ,x′

〉

. (3.2.104)

In the system without local equilibrium currents, the bare transport coefficients coincide with
the macroscopic transport coefficients, because there is no contribution of P ρ̂ in (3.2.22).
ξϵ,x(t) is the thermal noise that satisĄes

⟨⟨ξϵ,x(t)ξϵ,x′(t′)⟩⟩ = 2cVkBT 2Dx,x′δ(t − t′) . (3.2.105)

For short-range interactions, Dx,x′ generically shows rapid decay in space, i.e., Dx,x′ ∼

D0δ(x − x′), and hence, the dynamics reduces to the standard Ćuctuating hydrodynamics
∂tuϵ,(x(t) = ∇x [D0∇xuϵ,x(t) + ξϵ,x(t)].
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Chapter 4

Energy Diffusion in the Long-range

Interacting Spin Systems

In this chapter, we investigate the nature of energy diffusion in long-range interacting spin
systems. Our analysis focuses on two prototypical modelsŮthe transverse Ising model and
the XYZ modelŮdeĄned on a D-dimensional lattice with interaction exponent α > D, a
condition ensuring thermodynamic extensivity. In one dimension, we demonstrate that both
normal and anomalous diffusion can arise. The anomalous regime is shown to originate from
an anomalous enhancement of the amplitude of the equal-time energy current correlation.

By applying the cumulant power-law clustering theorem to equal-time current correla-
tions, we establish several theorems that lead to a uniĄed conclusion: the sufficient condition
for energy diffusion to be normal in one dimension is α > 3/2, independently of the choice
of model. Furthermore, Ćuctuating hydrodynamics consistently accounts for the emergence
of Lévy diffusion when α < 3/2, thereby indicating that the above condition is optimal.

In higher dimensions D ≥ 2, our results show that energy diffusion remains normal as
long as α > D, which is precisely the threshold required for thermodynamic extensivity.
These Ąndings provide a coherent and comprehensive understanding of energy diffusion in
long-range interacting spin systems across spatial dimensions.

4.1 Models and setup

Let us Ąrst consider the one-dimensional uniform classical spin Hamiltonian

H =
N
∑

n=1

ĥn , (4.1.1)
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where ĥn is the nth local Hamiltonian and N is the number of sites. We consider the
prototypical spin systems for ĥn:

ĥ(I)
n =−J

N/2
∑

r=1

1

2rα
(Sz

nSz
n+r + Sz

n−rS
z
n) + hSx

n ,

ĥ(XYZ)
n =−

N/2
∑

r=1

1

2rα

∑

σ=x,y,z

Jσ(Sσ
nSσ

n+r + Sσ
n−rS

σ
n) ,

(4.1.2)

where ĥ(I)
n and ĥ(XYZ)

n represent the local Hamiltonians for the long-range transverse Ising
and XYZ models, respectively. The continuous variable Sσ

n denotes the σ component of the
spin at site n and satisĄes

∑

σ(Sσ
n)2 = 1. Periodic boundary condition is imposed such that

n±N ≡ n. The parameter α represents the power-law exponent of the long-range interaction,
with α > 1 to guarantee the thermodynamic extensivity.

The time evolution of the classical spin system is governed by the equation

∂

∂t
Sσ

i =



Si ×

(

−
∂H

∂Si

]

σ

=: ¶Sσ
i , H♢ , (4.1.3)

where ¶·, ·♢ is the Poisson bracket in the spin dynamics, deĄned as (3.2.4). Any function
dependent on the spin variables f(¶Si♢) is then expressed with the Poisson bracket:

∂

∂t
f(¶Si♢) =

∑

i,σ

∂f

∂Sσ
i

¶Sσ
i , H♢ = ¶f, H♢ . (4.1.4)

The transverse Ising and XYZ models with long-range interaction are believed to possess
only energy as a local conserved quantity for general parameter values. Therefore, we inves-
tigate the energy diffusion

〈

δĥn(t)δĥ0

〉

for the long-range transverse Ising and XXZ model
in (4.1.2).

4.2 Thermal conductivity and Green-Kubo formula

When the system exhibits normal energy diffusion, the energy diffusion constant D is related
to the thermal conductivity κ and the speciĄc heat per unit length cV through the relation
D = κ/cV. Since cV remains Ąnite for generic thermodynamic states, the problem of de-
termining whether energy diffusion is normal is reduced to examining the Ąniteness of the
thermal conductivity. In this context, the thermal conductivity is formulated via the GreenŰ
Kubo formula in terms of the equilibrium energy current correlation function [264]. The
energy current itself is deĄned through the continuity equation for the local energy density,

∂tĥn = −(J ϵ
n+1 − J ϵ

n) . (4.2.1)
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For systems with nearest-neighbor interactions, one may straightforwardly derive an explicit
form of the current. However, in systems with long-range interactions, a more careful formu-
lation is required. In such cases, the energy current can be expressed as

J ϵ
n =

∑

i≥n, j≤n−1
♣i−j♣≤N/2

tϵ
i←j, tϵ

i←j := ¶ĥi, ĥj♢, (4.2.2)

where ¶·, ·♢ denotes the Poisson bracket for the spin dynamics introduced in (3.2.4). This
expression naturally emerges by considering the time evolution of the local energy,

∂

∂t
ĥn = ¶ĥn, H♢ =

∑

j

¶ĥn, ĥj♢

=
∑

j≤n−1

¶ĥn, ĥj♢ −
∑

i≥n+1

¶ĥi, ĥn♢

=
∑

j≤n−1

¶ĥn, ĥj♢ +
∑

i≥n+1
j≤n−1

¶ĥi, ĥj♢ −
∑

i≥n+1

¶ĥi, ĥn♢ −
∑

i≥n+1
j≤n−1

¶ĥi, ĥj♢

=
∑

i≥n
j≤n−1

¶ĥi, ĥj♢ −
∑

i≥n+1, j≤n

¶ĥi, ĥj♢, (4.2.3)

and by comparing the above expression with the continuity equation ∂tĥn = −(J ϵ
n+1 − J ϵ

n),
one identiĄes the current as in (4.2.2). In this representation, tϵ

i←j is naturally interpreted as
the energy transmitted from site j to site i across the virtual boundary between n − 1 and
n, so that J ϵ

n is the total energy transmission through this boundary [55]. See the schematic
in Fig. 4.1.
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Figure 4.1: The schematic deĄnition of the energy current J ϵ
n in one dimension.

The GreenŰKubo formula for the Ąnite-size thermal conductivity is then given by [264]:

κN =
1

kBT 2

∫ ∞

0
dt CN(t), CN(t) =

N
∑

n=1

⟨J ϵ
n(t) J ϵ

0 ⟩, (4.2.4)
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Figure 4.2: Thermal conductivity of the long-range transverse Ising model with parameters
J = h = 1 and T = 10 (kB ≡ 1). (a) Size dependence of κN . The inset shows the time-
dependent current correlation as well as the GreenŰKubo integral for α = 1.3 and N = 1024.
(b) Size dependence of the equal-time correlation CN(0). [This Ągure is reproduced with
permission and modiĄed from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]
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where kB denotes the Boltzmann constant and ⟨ · ⟩ represents the equilibrium expectation at
temperature T . The explicit subscript N is used to emphasize the system-size dependence.

To examine the nature of energy diffusion, we performed numerical simulations for the
long-range transverse Ising model. To integrate the equation (4.1.3), we employ the fourth-
order symplectic integrator method [265] with a time step of dt = 0.01. To compute the
correlation function, initial spin conĄgurations are sampled using the Monte Carlo method
at temperature T . Thermal averages are taken over 106 independent initial conĄgurations.

The numerical results are displayed in Fig. 4.2. Figure 4.2(a) shows κN as a function of
system size N , while the inset illustrates the rapid temporal decay of the current correlation
for α = 1.3, which leads to a convergent GreenŰKubo integral. Such rapid decay is expected
on physical grounds, as the system lacks continuous translational symmetry and is believed to
be non-integrable (see, e.g., [161]). This behavior stands in sharp contrast to low-dimensional
oscillator chains, which typically exhibit slow power-law decay due to momentum conserva-
tion associated with continuous translational symmetry [57Ű61]. As illustrated in the inset
of Fig. 4.2(a), the autocorrelation function CN(t) exhibits rapid decay in time, and the time
integral

∫ t
0 ds CN(s) converges by t = 20. Accordingly, we set t = 20 as the upper limit of

integration in the calculation of κN . Additional numerical evidence supporting the rapid
decay for various parameters and models is provided in Fig. 4.3 below.

As shown in the main panel of Fig. 4.2(a), the thermal conductivity displays anomalous
system-size dependence for α < 1.5, whereas for larger α, κN clearly saturates, indicating
normal energy diffusion. These results therefore demonstrate the existence of a transition in
the nature of energy diffusion.

Importantly, the observed anomaly is not attributable to a long-time tail in the current
correlation, as explicitly shown in the inset of Fig. 4.2(a). Instead, it originates from a distinct
mechanism: an anomalous enhancement of the equal-time current correlation amplitude.
This mechanism becomes evident in Fig. 4.2(b), which shows the size dependence of the
equal-time total current correlation CN(0). The qualitative agreement between the behaviors
of CN(0) and κN indicates that the amplitude of the equal-time current correlation directly
governs the anomalous energy transport.

These observations lead us to the conclusion that the equal-time current correlation plays

a decisive role in determining the qualitative nature of energy diffusion. The remainder of
this chapter demonstrates that this viewpoint provides a coherent and unifying framework
for classifying energy diffusion in long-range interacting spin systems.

4.3 Upper bound for the equal-time energy current

correlations

In this section, using Theorem 1, we obtain the upper bound for equal-time energy current
correlation ⟨J ϵ

nJ ϵ
0 ⟩.
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Figure 4.3: Rapid decay of total current correlation CN(t) :=
∑

n ⟨Jn(t)J0(0)⟩ and the con-
vergence of Green-Kubo integral

∫∞
0 dtCN(t). (a): Transverse Ising case for α = 1.6 and J =

1, h = −0.5, N = 1024, (b): XYZ case for α = 1.1 and Jx = 1, Jy = 0.8, Jz = 0.5, N = 256

and (c): XYZ case for α = 1.8 and Jx = 1, Jy = 0.8, Jz = 0.5, N = 256. [This Ągure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

Theorem 2. For the one-dimensional long-range interacting spin systems (4.1.2) in the

inĄnite line, the equal-time equilibrium current correlation of β < βc in the regime 1 < α ≤ 2

is upper-bounded as

♣⟨J ϵ
nJ ϵ

0 ⟩♣ < c′ n−(2α−2) , (4.3.1)

where c′ is a constant that does not depend on n.

For the regime α > 2, the transverse Ising and XY models admit an upper bound of
the form c′ n2−2α, whereas the XYZ model is instead bounded by c′ n−α. This distinction
originates from the structure of the energy current: in the transverse Ising (XYZ) case the
current operator is expressed solely in terms of 2-body (3-body) spin variables, and therefore
the corresponding currentŰcurrent correlation necessarily involves 4-body (6-body) spin oper-
ators. The nth-order moment of such observables can be systematically decomposed into all
admissible contributions built from joint cumulants up to order n. This hierarchical structure
is completely analogous to the standard cumulant expansion for c-numbers, exempliĄed for
n = 2 and n = 3 respectively by

⟨AX1AX2⟩ = ⟨AX1AX2⟩c + ⟨AX1⟩c⟨AX2⟩c, (4.3.2)

⟨AX1AX2AX3⟩ = ⟨AX1AX2AX3⟩c + ⟨AX1⟩c⟨AX2AX3⟩c + ⟨AX2⟩c⟨AX3AX1⟩c

+ ⟨AX3⟩c⟨AX1AX2⟩c + ⟨AX1⟩c⟨AX2⟩c⟨AX3⟩c. (4.3.3)

Invoking Theorem 1, we analyze the equal-time current correlation by constructing a
general diagrammatic representation that governs the contributions of multi-body operators
at arbitrary order. Through this diagrammatic framework, we ultimately derive the upper
bound stated in Theorem 2. Although Theorem 2 is obtained under the assumption of a
high-temperature regime, its physical implications are expected to extend far beyond this
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limitation, as the bound of Theorem 1 is robust from a physical standpoint. It is worth
emphasizing that Theorems 1, 2, and 3 remain valid even in quantum systems.

Theorem 2 constitutes a central result in our characterization of universal energy diffusion.
From the theorem, we obtain the upper bound for the equal-time correlation amplitude

CN(0) < c′N3−2α + const.

This estimate exhibits excellent agreement with the numerical evidence presented in Fig. 4.2(b).
Consequently, we conclude that the condition α > 3/2 is sufficient to guarantee normal diffu-

sion, independently of the choice of microscopic models or parameters. Moreover, as discussed
in detail below, Theorem 2 also furnishes a theoretical foundation for anomalous diffusion
within the framework of Ćuctuating hydrodynamics.

4.4 Proof of Theorem 2

In this section, we employ Theorem 1 to derive rigorous upper bounds on the equal-time
energy current correlations for one-dimensional prototypical long-range interacting spin sys-
tems. Separate proofs are provided for the long-range transverse Ising and XYZ models, as
the operator structure of the current and the symmetry properties of the dynamics differ
substantially among them.

4.4.1 Transverse Ising model

We begin with the one-dimensional long-range transverse Ising model, whose Hamiltonian is
deĄned by

H =
N
∑

n=1



− J
N/2
∑

r=1

Sz
nSz

n+r

rα
+ hSx

n



. (4.4.1)

The local energy operator at site n is given by

ĥn := −
J

2

N/2
∑

r=1



Sz
nSz

n+r

rα
+

Sz
nSz

n−r

rα

]

+ hSx
n, (4.4.2)

which satisĄes the continuity equation

∂tĥn = −
(

J ϵ
n+1 − J ϵ

n

)

, (4.4.3)

J ϵ
n = −

∑

i≥n, j<n
♣i−j♣<N/2

tϵ
i←j, (4.4.4)

where the quantity tϵ
i←j represents the microscopic energy transfer from site j to site i and

is deĄned via the spin Poisson bracket as

tϵ
i←j := ¶ĥi, ĥj♢ =

Jh

2

Sz
i Sy

j − Sy
i Sz

j

dα
i,j

. (4.4.5)
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Here the bracket ¶·, ·♢ denotes the classical spin Poisson bracket introduced in Eq. (3.2.4).
The current J ϵ

n is therefore interpreted as the net energy Ćux across the virtual boundary
separating sites n − 1 and n.

The symmetries of the Hamiltonian impose several useful constraints. First, owing to the
invariance under the global transformation

(Sx
i , Sy

i , Sz
i ) −→ (Sx

i , −Sy
i , −Sz

i ), i = 1, . . . , N,

we obtain
⟨Sy

i ⟩ = ⟨Sz
i ⟩ = 0. (4.4.6)

Moreover, since the Hamiltonian contains no Sy components, any correlator involving two
Sy operators factorizes as

⟨Sy
i Sy

j O⟩ = δij ⟨(Sy
i )2O⟩, (4.4.7)

for any observable O. These structural identities play a crucial role in simplifying the cumu-
lant expansion of current correlations.

Using Eqs. (4.4.6) and (4.4.7), together with the cumulant bounds established in Theo-
rem 1, we now proceed to prove the transverse Ising case of Theorem 2.

Theorem 2.1. In the one-dimensional long-range interacting transverse Ising model, under

the condition β < βc, the equal-time current correlation is upper-bounded as

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤ C0n
2−2α, (4.4.8)

for α > 1.

Proof. The equal-time current correlation ⟨J ϵ
nJ ϵ

0 ⟩ admits the following explicit representa-
tion:

⟨J ϵ
nJ ϵ

0 ⟩ =
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

⟨(Sz
kSy

ℓ − Sy
kSz

ℓ )(Sz
k′S

y
ℓ′ − Sy

k′Sz
ℓ′)⟩

dα
k,ℓd

α
k′,ℓ′

=
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

∑

¶a,b♢=¶k,ℓ♢

¶a′,b′♢=¶k′,ℓ′♢

εa,b εa′,b′

⟨Sz
aSy

b Sz
a′S

y
b′⟩

dα
a,bd

α
a′,b′

=
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

∑

¶a,b♢=¶k,ℓ♢

¶a′,b′♢=¶k′,ℓ′♢

εa,b εa′,b′ δb,b′

⟨Sz
aSz

a′(S
y
b )2⟩

dα
a,bd

α
a′,b

, (4.4.9)

where the simpliĄcation in the Ąnal line follows directly from the identity (4.4.7). The
coefficients εa,b and εa′,b′ denote the second-order Levi-Civita symbols, deĄned by

εa,b =











+1, (a, b) = (k, ℓ),

−1, (a, b) = (ℓ, k),
(4.4.10)
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with εa′,b′ deĄned analogously.
To provide intuitive insight, we now present a diagrammatic interpretation of the term

d−α
a,b d−α

a′,b

appearing in (4.4.9). Figure 4.4 illustrates the diagram in which vertices correspond to
localized regions of the lattice (representing local spin operators), and edges represent power-
law decays associated with the distances between the corresponding sites.
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Figure 4.4: Diagrammatic representation of the factor d−α
a,b d−α

a′,b appearing in Eq. (4.4.9). [This
Ągure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

The three-body correlation function ⟨Sz
aSz

a′(S
y
b )2⟩ can be decomposed into cumulants as

⟨Sz
aSz

a′(S
y
b )2⟩ = ⟨Sz

aSz
a′(S

y
b )2⟩c + ⟨Sz

aSz
a′⟩c⟨(S

y
b )2⟩c, (4.4.11)

where we have used the symmetry property (4.4.6). Applying Theorem 1, we obtain the
bounds

⟨Sz
aSz

a′(S
y
b )2⟩c ≤ ∥Sz

a∥ ∥Sz
a′∥ ∥(Sy

b )2∥

(

c1

dα
a,a′dα

a′,b

+
c′1

dα
a,bd

α
b,a′

+
c′′1

dα
a′,adα

a,b



, (4.4.12)

⟨Sz
aSz

a′⟩c ≤ ∥Sz
a∥ ∥Sz

a′∥
c2

dα
a,a′

. (4.4.13)

We shall employ the following elementary inequalities repeatedly throughout the subse-
quent analysis:

1

d2α
i,j

<
1

dα
i,j

, (4.4.14)

where the lattice spacing is set to 1, and

∑

i

1

dα
k,i

1

dα
i,j

1

dα
j,i

1

dα
i,ℓ

≤
∑

i

1

dα
k,i

1

dα
i,j

∑

i′

1

dα
j,i′

1

dα
i′,ℓ

, (k, ℓ = 1, . . . , N). (4.4.15)

For completeness, we also provide in Fig. 4.5 the diagrammatic illustrations correspond-
ing to Lemma 4, inequality (4.4.14), and inequality (4.4.15). In these diagrams, constant
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Figure 4.5: Diagrammatic representations of Lemma 4, inequality (4.4.14), and inequal-
ity (4.4.15). Only the distance-dependent structure is shown, and multiplicative constants
are omitted for clarity. [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

prefactors of order O(1) are omitted so as to highlight exclusively the contributions arising
from spatial dependence.

By using Theorem 1, Lemma 4, and (4.4.13)-(4.4.15), we obtain the following upper
bound of ♣⟨J ϵ

nJ ϵ
0 ⟩♣:

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

δb,b′

♣⟨Sz
aSz

a′(S
y
b )2⟩c♣ + ♣⟨Sz

aSz
a′⟩c ⟨(Sy

b )2⟩c♣

dα
a,bd

α
a′,b

≤
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

δb,b′

1

dα
a,bd

α
a′,b





c1

dα
a,a′dα

a′,b

+
c′1

dα
a,bd

α
b,a′

+
c′′1

dα
a′,adα

a,b

+
c2

dα
a,a′





≤
(

Jh

2

)2
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

δb,b′

1

dα
a,bd

α
a′,b





c1

dα
a,a′

+
∑

b′′

c′1
dα

a,b′′dα
b′′,a′

+
c′′1

dα
a,a′

+
c2

dα
a,a′





≤
(

Jh

2

)2

¶(c1 + c′′1 + c2)u + c′1u
2♢
∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ C0n
2−2α, (4.4.16)

where C0 = (Jh/2)2¶(c1 + (c′′1 + c2)u + c′1u
2♢/¶(1 − 2α)(2 − 2α)♢.

We describe the diagrammatic derivation of the upper bound of ⟨J ϵ
nJ ϵ

0 ⟩, as illustrated in
Fig. 4.6. This Ągure corresponds to Eq. (4.4.16) and visually represents how each contribution
is connected and how the leading terms that determine the upper bound are extracted.

First, by utilizing the cumulant power-law clustering properties in Eqs. (4.4.12) and
(4.4.13), edges connecting the vertices are systematically added. By classifying the contribu-
tions based on how the cumulant clusters are connected, four distinct terms are identiĄed,

75



(1) (2) (3) (4)

+ + +

+ + +≤

≤
<latexit sha1_base64="d8ZEXgpL74aHQeqK/zS2wofcnBU="></latexit>

k
<latexit sha1_base64="6x7b4uBH7+oht/iPs3OSPcGk7xM="></latexit>

`
0

Figure 4.6: The diagrammatic derivation for the upper bound of ⟨J ϵ
nJ ϵ

0 ⟩ in (4.4.16). [This
Ągure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

as shown in the Ąrst line of Fig. 4.6. These correspond to the second line of Eq. (4.4.16) and
reĆect the general structure of the cumulant decomposition. Next, by applying the inequal-
ities in Eqs. (4.4.14) and (4.4.15) and performing simpliĄcations based on spin symmetries,
we obtain the second line in Fig. 4.6. This corresponds to the third line in Eq. (4.4.16) and
demonstrates that the vanishing of Sy components in the Hamiltonian contributes efficiently
to the diagrammatic simpliĄcation for the transverse Ising model. Finally, by employing
Lemma 4, the chain connecting k and ℓ′ is reorganized into a closed loop, as depicted in the
third line of Fig. 4.6. This corresponds to the fourth line in Eq. (4.4.16) and summarizes the
effect of long-range interactions into the Ąnal upper bound expression.

By following these steps systematically in accordance with Eq. (4.4.16) and Fig. 4.6, we
establish the claims of the theorem. That is, through the combination of cumulant clustering,
the symmetries of Hamiltonian, and the chain lemma 4, the upper bound on the equal-time
energy current correlation in the long-range transverse Ising system is rigorously derived.

4.4.2 XYZ model

In this subsection, we consider the one-dimensional long-range interacting XYZ model, which
is described by the following Hamiltonian

H = −
N
∑

n=1

N/2
∑

r=1

[

Jx
Sx

nSx
n+r

rα
+ Jy

Sy
nSy

n+r

rα
+ Jz

Sz
nSz

n+r

rα



. (4.4.17)
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The local energy at site n is deĄned as

ĥn := −
N/2
∑

r=1

∑

σ=x,y,z

Jσ

2

[

Sσ
nSσ

n+r

rα
+

Sσ
nSσ

n−r

rα



, (4.4.18)

and satisĄes the following continuity equations

∂tĥn = −(J ϵ
n+1 − J ϵ

n), (4.4.19)

J ϵ
n = −

∑

i≥n,j<n
♣i−j♣<N/2

tϵ
i←j. (4.4.20)

Energy transmission operator tϵ
i←j is deĄned as

tϵ
i←j = ¶ĥi, ĥj♢ =

N
∑

m=1

∑

σ∈P xyz
cyc

Jσ1Jσ2

4

∑

¶a,b,c♢=¶i,j,m♢

ε̃abc
Sσ1

a Sσ2
b Sσ3

c

dα
a,cd

α
b,c

, (4.4.21)

where
∑

σ∈P xyz
cyc

denotes sums over all circular permutation of the variables (x, y, z). In other
words, σ = (σ1, σ2, σ3) represents one of (x, y, z), (y, z, x) or (z, x, y), and

∑

σ∈P xyz
cyc

is deĄned
as the summation over these permutations. ε̃abc is deĄned as follows:

ε̃abc =







+1 , for (a, b, c) = (i, j, m), (m, j, i), (i, m, j),

−1 , for (a, b, c) = (j, i, m), (j, m, i), (m, i, j),
(4.4.22)

Note that ε̃abc is different from Levi-Civita symbols.
From the symmetry of the Hamiltonian, we note that the following properties hold

⟨Sx
i ⟩ = ⟨Sy

i ⟩ = ⟨Sz
i ⟩ = 0, (4.4.23)

〈

Sσ
i Sτ

j

〉

= δσ,τ

〈

Sσ
i Sσ

j

〉

, (4.4.24)

for i, j = 1, ..., n and σ, τ ∈ ¶x, y, z♢. The relation (4.4.23), (4.4.24) is shown that the
Hamiltonian is invariant to the canonical transformation (Sσ

i , Sτ
i , Sυ

i ) → (Sσ
i , −Sτ

i , −Sυ
i ) for

¶σ, τ, υ♢ = ¶x, y, z♢ and i = 1, ..., N .
Using these properties and Theorem 1, we establish the XYZ case of Theorem 2:

Theorem 2.2. In the one-dimensional long-range interacting XYZ model, under the condi-

tion β < βc, the equal-time current correlation is upper-bounded as

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤ C2n
2−2α, (4.4.25)

for 1 < α ≤ 2, and

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤ C ′2n
−α, (4.4.26)

for α > 2.
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Proof. The equal-time current correlation ⟨J ϵ
nJ ϵ

0 ⟩ is given as follows:

⟨J ϵ
nJ ϵ

0 ⟩ =
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

ε̃abcε̃a′b′c′

⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

(4.4.27)

The term 1/(dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′) in (4.4.27) is illustrated diagrammatically in Fig.4.7.
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Figure 4.7: The diagrammatic representation of the term d−α
a,c d−α

b,c d−α
a′,c′d−α

b′,c′ in (4.4.27) ⟨J ϵ
nJ ϵ

0 ⟩.
[This Ągure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett.
135, 141702 (2025), Copyrighted by the American Physical Society.]

The 6-body correlation ⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩ can be decomposed into cumulant products
as follows:

⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩

= ⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩c +
∑

¶i1,...i6♢
=¶a,b,c,a′,b′,c′♢
µ∈¶x,y,z♢,νk ̸=µ

〈

Sµ
i1

Sµ
i2

〉

c

〈

Sν1
i3

Sν2
i4

Sν3
i5

Sν4
i6

〉

c
+
〈

Sx
i1

Sx
i2

〉

c

〈

Sy
i3

Sy
i4

〉

c

〈

Sz
i5

Sz
i6

〉

c

(4.4.28)

where we use the relation (4.4.23), (4.4.24). Next, we use Theorem 1 as follows:

⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩c ≤ c1∥Sσ1
a ∥...∥Sτ3

c′ ∥
∑

¶j1,...,j6♢=
¶a,b,c,a′,b′,c′♢

:connected

1

dα
j1,j2

...dα
j5,j6

(4.4.29)

〈

Sν1
i3

Sν2
i4

Sν3
i5

Sν4
i6

〉

c
≤ c2∥Sν1

i3
∥...∥Sν4

i6
∥

∑

¶j1,...,j4♢
=¶i1,...i4♢
:connected

1

dα
j1,j2

dα
j2,j3

dα
j3,j4

(4.4.30)

⟨Sµ
ip

Sµ
iq

⟩c ≤ c3∥Sµ
ip

∥∥Sµ
iq

∥
1

dα
ip,iq

(4.4.31)
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By using Theorem 1 and (4.4.29)-(4.4.31), we obtain the following inequality for ♣⟨J ϵ
nJ ϵ

0 ⟩♣:

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

×

{

♣⟨Sσ1
a Sσ2

b Sσ3
c Sτ1

a′ Sτ2
b′ Sτ3

c′ ⟩c♣

+
∑

¶i1,...i6♢=
¶a,b,c,a′,b′,c′♢

µ∈¶x,y,z♢,νk ̸=µ

∣

∣

∣

〈

Sµ
i1

Sµ
i2

〉

c

〈

Sν1
i3

Sν2
i4

Sν3
i5

Sν4
i6

〉

c

∣

∣

∣+
∣

∣

∣

〈

Sx
i1

Sx
i2

〉

c

〈

Sy
i3

Sy
i4

〉

c

〈

Sz
i5

Sz
i6

〉

c

∣

∣

∣

}

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

×

{

∑

i1,...,i6
:connected

c1

dα
i1,i2

...dα
i5,i6

+
∑

i1∈¶a,b,c♢
i2∈¶a′,b′,c′♢

c3

dα
i1,i2

∑

i3,...,i6
:connected

c2

dα
i3,i4

dα
i4,i5

dα
i5,i6

+
∑

¶i1,i3,i5♢=¶a,b,c♢
¶i2,i4,i6♢=¶a′,b′,c′♢

c3

dα
i1,i2

c3

dα
i3,i4

c3

dα
i5,i6

}

(4.4.32)

Let us Ąrst consider the contribution of the Ąrst term in (4.4.32):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

:connected

c1

dα
i1,i2

...dα
i5,i6

(4.4.33)

Fig. 4.8 comprehensively covers all the cases of clustering linkage in (4.4.33). Here,
diagrams with identical topology are regarded as equivalent. The existence of 51 topologically
distinct graphs can be veriĄed using BurnsideŠs lemma (also known as CauchyŰFrobenius
lemma).

The methods of clustering linkage can be classiĄed into two cases: (1) when there are two
or more connected components linking the upper and lower graphs in Fig. 4.7, and (2) when
there is only one connected component.

In the case (1) in Fig. 4.8, let us Ąrst compute the upper bound of the contribution to
⟨J ϵ

nJ ϵ
0 ⟩ in the following typical examples: (1)-(i) the Ąrst row, Ąfth column from the left in

Fig. 4.8 (1), and (1)-(ii) the fourth row, ninth column from the left in Fig. 4.8 (1).
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(1)

(2)

Figure 4.8: The diagrammatic representation of the contribution of the Ąrst term in (4.4.32)
to the upper bound of ⟨J ϵ

nJ ϵ
0 ⟩. It can be classiĄed into two cases: (1) when there are two

or more connected components linking the upper and lower graphs in Fig. 4.7, and (2) when
there is only one connected component. [This Ągure is reproduced with permission from H.
Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

In the case (1)-(i), we obtain the following upper bound of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c1

dα
a,a′dα

a′,cd
α
c,bd

α
b,c′dα

c′,b

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c1

dα
a,a′dα

b′,c′dα
c′,b

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

N
∑

c′′=1

c1

dα
a,a′dα

a′,c′dα
c′,b′dα

b′,c′′dα
c′′,bd

α
b,cd

α
c,a

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u5c1

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ cn2−2α, (4.4.34)

where c = u5c1/¶(1 − 2α)(2 − 2α)♢ ·
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding diagram-
matic derivation is presented in the upper half of Fig. 4.9.

In the case (1)-(ii), we similarly obtain the following upper bound of the contribution to
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⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c1

dα
a,bd

α
b,a′dα

a′,c′dα
c′,cd

α
c,b′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c1

dα
a,bd

α
a′,c′dα

c′,cd
α
c,b′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

N
∑

c′′=1

c1

dα
a,cd

α
c,c′dα

c′,a′dα
a′,c′′dα

c′′,b′dα
b′,cd

α
c,bd

α
b,a

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u6c1

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c′n2−2α, (4.4.35)

where c′ = u6c1/¶(1 − 2α)(2 − 2α)♢ ·
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding diagram-
matic derivation is presented in the lower half of Fig. 4.9.

≤ ≤ ≤

≤≤≤

-(i)(1)
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Figure 4.9: Typical examples of the diagrammatic derivation for the upper bound in the case
Fig. 4.8 (1). [This Ągure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

The same upper bound can be obtained for all remaining cases in Fig. 4.8 (1) as well:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

:the case (1) in Fig.4.8

c1

dα
i1,i2

...dα
i5,i6

≤ O(1)n2−2α. (4.4.36)

Next, we consider the case (2) in Fig. 4.8. In this case, (k, ℓ, m) and (k′, ℓ′, m′) are
connected via a single edge. We construct closed loops for both (k, ℓ, m) and (k′, ℓ′, m′).
Furthermore, considering the dominant contribution in power-law clustering, the ordering
relation between k, ℓ, m, k′, ℓ′, m′ is as follows:

∀u ∈ ¶k, ℓ, m♢, ∀v ∈ ¶k′, ℓ′, m′♢, u > v. (4.4.37)
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We deĄne p, p′ ∈ ¶1, ..., N♢ as p = min¶k, ℓ, m♢, p′ = max¶k′, ℓ′, m′♢. Here, p ∈ ¶ℓ, m♢ and
p′ ∈ ¶k′, m′♢, which implies that k, ℓ′, p, p′ are arranged as k ≥ n > p > p′ ≥ 0 > ℓ′.

Since we obtain the following inequality for the contribution of the case (2) in Fig.4.8:

∑

k,i,i′,ℓ′

:k≥n>p>p′≥0>ℓ′

∑

q,q′

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,p,q♢
¶a′,b′,c′♢=¶k′,p′,q′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

:the case (2) in Fig.4.8

c1

dα
i1,i2

...dα
i5,i6

≤ O(1)
∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

1

d2α
k,p

1

dα
p,p′

1

d2α
p′,ℓ′

, (4.4.38)

where we denote q, q′ as q = ¶ℓ, m♢\¶p♢ and q′ = ¶k′, m′♢\¶p′♢. The corresponding schematic
diagram is presented in Fig. 4.10.
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Figure 4.10: The schematic diagram of the case (2) in Fig. 4.8. [This Ągure is reproduced
with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025),
Copyrighted by the American Physical Society.]

Let us demonstrate (4.4.38) in a typical example: the second column from the left in
Fig. 4.8 (2). For this example, we obtain the following inequality:

∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

∑

q,q′

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,p,q♢
¶a′,b′,c′♢=¶ℓ′,p′,q′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c1

dα
c,adα

a,bd
α
b,b′dα

b′,c′dα
c′,a′

≤
∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

∑

q,q′

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,p,q♢
¶a′,b′,c′♢=¶ℓ′,p′,q′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

N
∑

c′′=1

āc1

dα
a,bd

α
b,b′dα

b′,c′′dα
c′′,a′

≤
∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u3c1

1

d2α
k,p

1

dα
p,p′

1

d2α
p′,ℓ′

= c′
∑

k,p,p′,ℓ′

:k≥n≥p>p′>0≥ℓ′

1

d2α
k,p

1

dα
p,p′

1

d2α
p′,ℓ′

,

(4.4.39)

where c′ = u3c1
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding diagrammatic derivation is
presented in Fig. 4.11.

The same inequality can also be obtained for all remaining cases in Fig. 4.8 (2). Thus,
(4.4.38) has been demonstrated.

In the case (2), the following upper bound for the contribution to ⟨J ϵ
nJ ϵ

0 ⟩ is derived from
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Figure 4.11: A typical example of the diagrammatic derivation for the upper bound in the
case Fig. 4.8 (2). [This Ągure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

(4.4.38):

∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

1

d2α
k,p

1

dα
p,p′

1

d2α
p′,ℓ′

=
∑

k,p,p′,ℓ′

:k≥n>p>p′≥0>ℓ′

1

(dk,n + dn,p)2α

1

dα
p,p′

1

(dp′,0 + d0,ℓ′)2α

≤
∑

p,p′

:n>p>p′≥0

N/2
∑

x,y=1

1

(dn,p + x)2α

1

dα
p,p′

1

(dp′,0 + y)2α
≤

1

(1 − 2α)2

∑

p,p′

:n>p>p′≥0

1

d2α−1
n,p

1

dα
p,p′

1

d2α−1
p,0

≤
1

(1 − 2α)2

∑

p,p′

:n>p>p′≥0

1

dα
n,p

1

dα
p,p′

1

dα
p,0

≤
u2

(1 − 2α)2

1

dα
n,0

=
u2

(1 − 2α)2
n−α. (4.4.40)

This bound decays faster than n2−2α when α ≤ 2. Hence, the term shown in Fig.4.8 (2) does
not constitute the leading term for ⟨J ϵ

nJ ϵ
0 ⟩ for 1 < α ≤ 2. However, this term should be

dominant for α > 2.
Next, let us consider the contribution of the second term in (4.4.32):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

i1∈¶a,b,c♢
i2∈¶a′,b′,c′♢

i3,...,i6:connected

c3

dα
i1,i2

c2

dα
i3,i4

dα
i4,i5

dα
i5,i6

(4.4.41)

Fig. 4.12 comprehensively covers all the cases of clustering linkage in (4.4.41). Here,
diagrams with identical topology are regarded as equivalent. The existence of 17 topologically
distinct graphs can be veriĄed using BurnsideŠs lemma (also known as CauchyŰFrobenius
lemma).

Let us compute the upper bound of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩ in the following typical
examples: (iii) the Ąrst row, Ąfth column from the left in Fig. 4.12, and (iv) the Ąrst row,
sixth column from the left in Fig. 4.12.

83



Figure 4.12: The diagrammatic representation of the contribution of the second term in
(4.4.32) to the upper bound of ⟨J ϵ

nJ ϵ
0 ⟩. [This Ągure is reproduced with permission from H.

Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

In the case (iii), we obtain the following upper bound of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c3

dα
a,a′

c2

dα
b,c′dα

c′,cd
α
c,b′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c3

dα
a,a′

N
∑

e,f=1

c2

dα
b,ed

α
e,fdα

f,b′

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u6c2c3

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c′′n2−2α, (4.4.42)

where c′′ = u6c2c3/¶(1 − 2α)(2 − 2α)♢ ·
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding dia-
grammatic derivation is presented in the upper half of Fig. 4.13.

In the case (iv), we similarly obtain the following upper bound of the contribution to
⟨J ϵ

nJ ϵ
0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

c3

dα
a,b′

c2

dα
c,a′dα

a′,bd
α
b,b′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b′,c′

c3

dα
a,b′

c2

dα
c,a′dα

a′,bd
α
b,b′

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u4c2c3

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c′′′n2−2α, (4.4.43)

where c′′′ = u4c2c3/¶(1 − 2α)(2 − 2α)♢ ·
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding dia-
grammatic derivation is presented in the lower half of Fig. 4.13.
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Figure 4.13: Typical examples of the diagrammatic derivation for the upper bound in the
case Fig. 4.12. [This Ągure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

The same upper bound can be obtained for all remaining cases in Fig. 4.12 as well:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,...,i6♢=
¶a,b,c,a′,b′,c′♢

i1∈¶a,b,c♢
i2∈¶a′,b′,c′♢

i3,...,i6:connected

c3

dα
i1,i2

c2

dα
i3,i4

dα
i4,i5

dα
i5,i6

≤ O(1)n2−2α (4.4.44)

Lastly, let us consider the contribution of the third term in (4.4.32).

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,i3,i5♢=¶a,b,c♢
¶i2,i4,i6♢=¶a′,b′,c′♢

c3

dα
i1,i2

c3

dα
i3,i4

c3

dα
i5,i6

(4.4.45)

Fig. 4.14 encompasses all possible ways of clustering linkage, which are limited to two
cases. Here, graphs with the same topology are considered equivalent.

Figure 4.14: The diagrammatic representation of the contribution of the third term in (4.4.32)
to the upper bound of ⟨J ϵ

nJ ϵ
0 ⟩. [This Ągure is reproduced with permission from H. Nishikawa

and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical
Society.]

For the diagram on the left in Fig. 4.14, as in the case of Fig. 4.8(1) and Fig. 4.12, we
can demonstrate that it is bounded by O(1)n2−2α, using (4.4.14), (4.4.15), and Lemma 4.
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Next, let us consider the diagram on the right. We classify the cases as follows: (a) when
neither b nor b′ (the two points at the right end of the graph) are equal to k or ℓ′, and (b)
when b = k and b′ = k′.

First, for the case (a), let p ∈ ¶b, b′♢ be the point such that p ̸= k, ℓ′. Without loss of
generality, we can assume p = b. Thus, we obtain the following upper bound for (4.4.45):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,p,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

p̸=k,ℓ′

1

dα
a,cd

α
p,cd

α
a′,c′dα

b′,c′

c3

dα
a,a′

c3

dα
p,c′

c3

dα
b,c′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

a,c,a′,b′,c′

(c3)
3

dα
a,a′dα

a′,c′dα
c′,b′dα

b′,cd
α
c,a

u

dα
c,c′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

a,c,a′,b′,c′

u(c3)
3

dα
a,a′dα

a′,c′dα
c′,b′dα

b′,cd
α
c,a

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u4(c3)

3
∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ can2−2α, (4.4.46)

where ca = u4(c3)
3/¶(1 − 2α)(2 − 2α)♢ ·

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2/16. The corresponding dia-
grammatic derivation is illustrated in the upper half of the Fig. 4.15.

Next, for the case (b): b = k, b′ = ℓ′, the following upper bound is derived:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,c♢=¶ℓ,m♢
¶a′,c′♢=¶k′,m′♢

1

dα
a,cd

α
k,cd

α
a′,c′dα

ℓ′,c′

c3

dα
a,a′

c3

dα
k,c′

c3

dα
b,ℓ′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

c,c′

(c3)
3

dα
k,c′dα

c′,ℓ′dα
ℓ′,cd

α
c,k

u2

dα
c,c′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

c,c′

u2ā(c3)
3

dα
k,c′dα

c′,ℓ′dα
ℓ′,cd

α
c,k

≤
∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16
u4ā(c3)

3
∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ can2−2α, (4.4.47)

with the corresponding diagrammatic derivation shown in the lower half of the Fig. 4.15.
From these results, we can also derive the following upper bound for the contribution of

the third term in (4.4.32):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

∑

σ,τ∈P xyz
cyc

Jσ1Jσ2Jτ1Jτ2

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

1

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

∑

¶i1,i3,i5♢=¶a,b,c♢
¶i2,i4,i6♢=¶a′,b′,c′♢

c3

dα
i1,i2

c3

dα
i3,i4

c3

dα
i5,i6

≤ O(1)n2−2α (4.4.48)
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Figure 4.15: A typical example of the diagrammatic derivation of the upper bound of the
third term in (4.4.32). [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

Based on the above discussion, it has been demonstrated that all terms in (4.4.32) can
be bounded as follows:

♣⟨J ϵ
nJ ϵ

0 ⟩♣ < O(1)n2−2α + O(1)n−α (4.4.49)

Hence, for 1 < α ≤ 2, the equal-time current correlation ♣⟨J ϵ
nJ ϵ

0 ⟩♣ is bounded by O(1)n2−2α,
while for α > 2, ♣⟨J ϵ

nJ ϵ
0 ⟩♣ is bounded by O(1)n−α.

4.5 Fluctuating hydrodynamics and Lévy diffusion

We investigate the anomalous transport regime by employing Theorem 2. To this end,
we introduce a Ćuctuating hydrodynamic description appropriate for long-range interacting
systems, formulated in terms of a continuous Ąeld representation on an inĄnite line. The
hydrodynamic equation for the energy density Ąeld ϵ(x, t) is given by

∂

∂t
ϵ(x, t) =

∂

∂x



∫

dx′D(x − x′)
∂

∂x′
ϵ(x′, t) + ξ(x, t)

]

, (4.5.1)

where ϵ(x, t) denotes the energy per unit length at position x, and ξ(x, t) represents the
thermal noise. The noise correlation is prescribed by the ĆuctuationŰdissipation relation

⟨⟨ξ(x, t) ξ(x′, t′)⟩⟩ = 2cVkBT 2D(x − x′) δ(t − t′). (4.5.2)

Fluctuating hydrodynamics of this form may be derived phenomenologically [61, 213], or
from Ąrst principles using ZwanzigŠs projection operator method [254, 256, 257], as discussed
in detail in Section 3.2.

A key ingredient of this description is the nonlocal diffusion kernel D(x − x′). In systems
with only short-range (e.g. nearest-neighbor) interactions, D(x−x′) typically decays rapidly,
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allowing one to approximate it by a local kernel of the form D(x − x′) ≃ D δ(x − x′). In
contrast, for long-range interacting systems, D(x − x′) exhibits algebraic decay and retains
its nonlocal character. Using this hydrodynamic framework, we consider the equilibrium
spaceŰtime correlation function of energy Ćuctuations:

C(x, t) := ⟨⟨δϵ(x, t) δϵ(0, 0)⟩⟩, (4.5.3)

where δϵ(x, t) := ϵ(x, t) − ϵ̄x, and ϵ̄x denotes the long-time average energy density at position
x.

A direct computation yields the evolution equation for C(x, t),

∂tC(x, t) = ∂x

∫

dx′D(x − x′) ∂x′C(x′, t). (4.5.4)

Introducing the Fourier transform a(x, t) = (2π)−1
∫

dk a(k, t)eikx, we obtain

∂tC(k, t) = −k2D(k) C(k, t). (4.5.5)

Suppose that the small-wavenumber behavior of the diffusion kernel is characterized by a
power law:

D(k) ∼ k−ν . (4.5.6)

Then the asymptotic behavior of the correlation function C(x, t) is expected to exhibit the
scaling form

C(x, t) ∼



















t−1/(2−ν)fLévy

(

x

t1/(2−ν)

)

, ν > 0,

t−1/2fGauss

(

x

t1/2

)

, ν < 0,

(4.5.7)

where fLévy and fGauss denote, respectively, the Lévy-stable and Gaussian scaling functions.
If the nonlocal diffusion kernel decays algebraically in real space,

D(x − x′) ∼ ♣x − x′♣−η (4.5.8)

for large separations, then the associated exponent satisĄes ν = 1 − η. Consequently, normal
diffusion arises for η > 1, whereas η < 1 leads to anomalous (Lévy) diffusion. This analysis
provides a hydrodynamic interpretation of the diffusion regimes inferred from Theorem 2.

We now proceed to a more microscopic characterization of the nonlocal diffusion co-
efficient. Within the discrete lattice formulation, the nonlocal diffusion coefficient can be
expressed in terms of a GreenŰKubo-like formula [254] as

D(n − n′) = (kBT 2cV)−1
∫ ∞

0
dt ⟨J ϵ

n(t) J ϵ
n′⟩, (4.5.9)
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Figure 4.16: The correlation function ⟨J ϵ
nJ ϵ

0 ⟩ for the transverse Ising model with the param-
eter α = 1.3 and T = 10 (kB ≡ 1) in the main panel. The inset shows the Green-Kubo-like
formula. The solid line is the theoretical line (4.3.1), i.e., n−(2α−2). The equal-time correlation
⟨J ϵ

nJ ϵ
0 ⟩ explains the power law exponent, η = 2α − 2. [This Ągure is reproduced with per-

mission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted
by the American Physical Society.]

for which the amplitude of the equal-time contribution can be rigorously bounded by Theo-
rem 2. In the main panel of Fig. 4.16, we present the equal-time current correlation ⟨J ϵ

nJ ϵ
0 ⟩

for the transverse Ising model with exponent α = 1.3. The inset displays the correspond-
ing GreenŰKubo-type integrated correlations for the same parameter. We have veriĄed that
⟨J ϵ

n(t)J ϵ
0 ⟩ decays rapidly in time such that the integral converges (data not shown). The

results, plotted on a logŰlog scale, exhibit clear power-law behavior that becomes increas-
ingly pronounced with system size. A Ąnite-size effect is visible at the largest distances.
Strikingly, the extracted power-law exponent η coincides with the theoretical upper bound
obtained in (4.3.1), namely η = 2α − 2 = 0.6. The inset reveals the same exponent, demon-
strating that the equal-time correlations determine the qualitative scaling.

As supplementary material for Fig. 4.16, we provide Figs. 4.17 and 4.18. Fig. 4.17 shows
the equal-time current correlations ⟨J ϵ

nJ ϵ
0 ⟩ together with the GreenŰKubo-type integrals

∫∞
0 dt ⟨J ϵ

n(t)J ϵ
0 (0)⟩ for the transverse Ising model. Panel (a) corresponds to α = 1.1, while

panel (b) treats α = 1.6. In each case, the main panel displays the equal-time correlations,
and the inset shows the GreenŰKubo-type integral. For every parameter set examined, the
time-dependent correlations decay sufficiently fast to ensure Ąniteness of the integral. The
logŰlog plots exhibit power laws whose exponents η agree with the theoretical bounds (A.10)
and (4.4.25), namely η = 2α − 2. These observations conĄrm that the upper bounds in
Theorem 2.1 are optimal across the considered parameter regimes.

Fig. 4.18 presents analogous results for the XY and XYZ models. Panel (a) corresponds to
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Figure 4.17: The correlation function ⟨J ϵ
nJ ϵ

0 ⟩ for the transverse Ising model in the main panel,
with the parameter α = 1.1 in (a) and α = 1.6 in (b). Other parameters are J = h = 1.
The inset shows the Green-Kubo like formula. The solid line is the theoretical line, i.e.,
n2−2α. The power-law behavior can be explained with the equal-time correlation ⟨J ϵ

nJ ϵ
0 ⟩ and

the power-law exponent is equal to η = 2α − 2. [This Ągure is reproduced with permission
from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the
American Physical Society.]
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Figure 4.18: The correlation function ⟨J ϵ
nJ ϵ

0 ⟩ for the XY model in (a) and the XYZ model
in (b), with the parameter α = 1.3 in the main panel. Other parameters in the XY model
are Jx = 1, Jy = −0.8, and in the XYZ model, Jx = 1, Jy = 0.8, Jz = 0.5. The inset
shows the Green-Kubo like formula. The solid line is the theoretical line, i.e., n2−2α. The
power-law behavior can be explained with the equal-time correlation ⟨J ϵ

nJ ϵ
0 ⟩ and the power

law exponent is equal to η = 2α − 2. [This Ągure is reproduced with permission from H.
Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

the XY model with α = 1.3, and panel (b) to the XYZ model with the same exponent. Again,
the main panels show the equal-time correlations ⟨J ϵ

nJ ϵ
0 ⟩, while the insets show the GreenŰ

Kubo-type integrals. The extracted exponents η agree with the bounds (A.10) and (4.4.25),
reinforcing the optimality of the theoretical estimate.
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These Ąndings strongly support the scaling form (4.5.7), irrespective of the speciĄc model,
with

ν = 3 − 2α. (4.5.10)

To further validate this prediction, we numerically computed the spaceŰtime correlations
for the transverse Ising and XYZ models for several exponents α. In the Hamiltonian de-
scription, the spaceŰtime correlation function is deĄned as

C(n, t) := ⟨δĥn(t) δĥ0(0)⟩, (4.5.11)

where δĥn(t) := ĥn(t) − ⟨ĥn⟩. The results are shown in Fig. 4.19. Figs. 4.19(a) and 4.19(b)
correspond to the transverse Ising model, while panels (c) and (d) correspond to the XYZ
model. Figures 4.19(a) and (c) treat α = 1.3, whereas panels (b) and (d) treat α = 1.6.
The results demonstrate that both models exhibit Lévy-type scaling for α = 1.3, while
diffusive scaling emerges for α = 1.6, fully consistent with the scaling form (4.5.7) together
with (5.5.13).
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Figure 4.19: Space-time energy correlation function C(n, t) := ⟨δĥn(t)δĥ0(0)⟩ for the trans-
verse Ising model with the parameters J = 1 and h = 1 ((a) and (b)) and the XYZ model
with the parameters Jx = 1, Jy = 0.8, Jz = 0.5 ((c) and (d)). T = 10 (kB ≡ 1). System size
is N = 512. In (a) and (c), we use the parameter α = 1.3, while (b) and (d) are for α = 1.6.
It is clear that in both models, α = 1.3 case obeys the Lévy scaling, while α = 1.6 shows
the diffusive scaling. [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

As supplementary material for Fig. 4.19, we provide Figs. 4.20 and 4.21. Fig. 4.20 presents
the spaceŰtime energy correlations C(n, t) = ⟨δĥn(t)δĥ0(0)⟩ for the transverse Ising and XYZ
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models with α = 1.1. Panel (a) corresponds to the transverse Ising model, and panel (b) to
the XYZ model. Both datasets clearly display Lévy-type scaling, conĄrming the Ćuctuating-
hydrodynamic prediction ν = 3 − 2α.

Fig. 4.21 shows the XY model for α = 1.1, 1.3, and 1.6. The results again indicate that
the cases α = 1.1 and α = 1.3 obey Lévy scaling, whereas the case α = 1.6 exhibits normal
diffusive scaling. These observations for the XY model provide further conĄrmation of the
scaling theory based on Ćuctuating hydrodynamics.
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Figure 4.20: Space-time energy correlation function C(n, t) := ⟨δĥn(t)δĥ0(0)⟩ for the trans-
verse Ising model with the parameters α = 1.1 and J = 1, h = 1 in (a), and the XYZ
model with the parameters α = 1.1 and Jx = 1, Jy = 0.8, Jz = 0.5 in (b). The system size
is N = 512. It is clear that both models obey the Lévy scaling. [This Ągure is reproduced
with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025),
Copyrighted by the American Physical Society.]

4.5.1 Validity of Ćuctuating hydrodynamics

To assess the validity of the Ćuctuating-hydrodynamics description, we perform a direct
comparison between the spaceŰtime correlation functions obtained from the Ćuctuating hy-
drodynamic equation and those computed from microscopic numerical simulations.

In the inset of Fig. 4.16, we demonstrate the convergence of the GreenŰKubo-like expres-
sion (4.5.9) for the nonlocal diffusion coefficient. Using these data, we numerically evaluate
the spaceŰtime equilibrium correlation function

C(x, t) = ⟨⟨δϵ(x, t) δϵ(0, 0)⟩⟩, (4.5.12)

appearing in (4.5.3), by solving the integroŰdifferential equation (4.5.4), which follows from
the Ćuctuating-hydrodynamics framework (4.5.1). This procedure enables a direct compari-
son between the hydrodynamic prediction C(x, t) and the correlation function

C(n, t) = ⟨δĥn(t) δĥ0(0)⟩, (4.5.13)

computed from the microscopic dynamics governed by the Hamiltonian (4.1.2).
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Figure 4.21: Space-time energy correlation function C(n, t) := ⟨δĥn(t)δĥ0(0)⟩ for the XY
model with the parameters Jx = 1, Jy = −0.8. We use the exponents α = 1.1 in (a), α = 1.3

in (b), and α = 1.6 in (c). The system size is N = 512. It is clear that α = 1.1 and α = 1.3

cases obey the Lévy scaling, while α = 1.6 case shows the diffusive scaling. [This Ągure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

Fig. 4.22 presents this comparison for the case α = 1.3 in both the transverse Ising
and XYZ models. As is evident from the Ągure, the agreement between the Ćuctuating-
hydrodynamics prediction and the fully microscopic computation is remarkably close. This
quantitative consistency provides compelling evidence that Ćuctuating hydrodynamics with
a nonlocal diffusion kernel furnishes an accurate and predictive effective description of the
dynamical properties of long-range interacting spin systems.

4.6 Higher dimensional case

In this section, we provide the sufficient condition of normal energy diffusion for prototypical
long-range spin systems in D dimensions (D ≥ 2). The formulation of the Green-Kubo for-
mula in D-dimensional long-range systems is more complicated than in the one-dimensional
case. Hence, Ąrst, we derive the Green-Kubo formula and the current expression in D di-
mensions. Next, using Theorem 1, we prove the upper bound for the equal-time total current
correlations in D-dimensional case (Theorem 3). We provide separate proofs for the long-
range transverse Ising and XYZ model.

Theorem 1 remains valid in arbitrary spatial dimensions. We therefore extend our analysis
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Figure 4.22: Comparison of space-time correlations between C(n, t), obtained directly from
the microscopic Hamiltonian, and C(x, t), computed via Ćuctuating hydrodynamics using the
input data D(n − n′) computed from a Green-Kubo-like formula. (a) Transverse Ising case
with α = 1.3, J = 1, h = −0.5, and N = 512; (b) XYZ case with α = 1.3, Jx = 1, Jy = 0.8,
Jz = 0.5, and N = 512. [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

to a generic D-dimensional lattice consisting of ND sites. To characterize the spreading of
energy Ćuctuations, which propagate uniformly in concentric patterns, we consider the mean-
square displacement

S(t) := N−1
D
∑

i=1

∑

n

n 2
i ⟨δϵ(n, t) δϵ(0, 0)⟩, (4.6.1)

where ϵ(n, t) denotes the local energy at site vector n at time t, and N =
∑

n⟨δϵ(n) δϵ(0)⟩

is the normalization constant following Ref. [203]. If the energy transport is normal, the
diffusion constant is obtained from the long-time behavior of S(t) as

D = lim
t→∞

S(t)

2t
=

1

kBT 2cV

∫ ∞

0
dt C

(ϵ,D)
N (t),

C
(ϵ,D)
N (t) =

1

ND−1

D
∑

i=1

N
∑

ni=1

⟨J (ϵ,i)
ni♣ni−1(t) J (ϵ,i)

0♣−1(0)⟩,
(4.6.2)

where cV is the speciĄc heat per unit volume, and J (ϵ,i)
ni♣ni−1 denotes the energy current in

the ith spatial direction, deĄned as the total energy transferred across the virtual interface
between n − ei and n, with ei the unit vector in the ith direction.

Based on this formulation, we establish the following theorem.

Theorem 3. For D-dimensional long-range interacting spin systems with interaction ex-

ponent α > D and spatial dimension D ≥ 2, whose one-dimensional analogue is given by

Eq. (4.1.2), the equal-time current correlation C
(ϵ,D)
N (0) is Ąnite for β < βc.
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This theorem, together with the general premise that the amplitude of equal-time current
correlations determines the qualitative class of energy diffusion, leads to an important con-
clusion: in all higher dimensions D ≥ 2, energy diffusion is necessarily normal provided that
α > D. This condition coincides with the requirement of thermodynamic extensivity, which
ensures the Ąniteness of the speciĄc heat cV, and thus precludes the emergence of anomalous
(Lévy-type) transport in these dimensions.

4.6.1 Formula of the diffusion constant in higher dimensions

In this subsection, we provide the detailed formulation of the energy diffusion constant (4.6.2)
through the GreenŰKubo expression for thermal conductivity. We begin by considering
the continuity equation for the local energy. The energy current is deĄned as the collec-
tion of all energy transfers across a speciĄed hyperplane. To introduce this notion in a
D-dimensional lattice, it is necessary to construct subspaces that partition the lattice into
two point-symmetric halves. We therefore provide an explicit constructive deĄnition of such
subspaces.

The continuity equation for the local energy operator ĥn at site n takes the form

∂tĥn = ¶ĥn, H♢ =
∑

m

¶ĥn, ĥm♢ =
∑

m

tϵ
n←m =

∑

r ̸=0

tϵ
n←n+r

=
∑

r∈D+

tϵ
n←n+r − tϵ

n−r←n = −
∑

r∈D+

∇n;r J ϵ
n;r, (4.6.3)

where the energy transmission operator is deĄned by

tϵ
i←j := ¶ĥi, ĥj♢, (4.6.4)

and the discrete divergence and current are respectively given by

∇n;rAn;r := An+r;r − An;r, (4.6.5)

J ϵ
n;r := −tϵ

n−r←n. (4.6.6)

Here, D+ denotes one of the two point-symmetric partitions of the full lattice excluding the
origin. We now present a constructive deĄnition of this set.

Let the underlying space be the D-dimensional torus TD := (Z/NZ)D. We Ąx an ordering
of coordinates ¶i1, i2, . . . , iD♢ = ¶1, . . . , D♢ and consider a site n as the origin. For any vector
x, we Ąrst decompose the space according to the sign of the i1-th coordinate:

D0
i1

:= ¶x ∈ T
D ♣ xi1 = 0♢, (4.6.7)

D+
i1

:= ¶x ∈ T
D ♣ xi1 > 0♢, (4.6.8)

D−i1
:= ¶x ∈ T

D ♣ xi1 < 0♢. (4.6.9)
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We then recursively subdivide the zero sets. SpeciĄcally, D0
i1

is decomposed as

D0
i1;i2

:= ¶x ∈ D0
i1

♣ xi2 = 0♢, (4.6.10)

D+
i1;i2

:= ¶x ∈ D0
i1

♣ xi2 > 0♢, (4.6.11)

D−i1;i2
:= ¶x ∈ D0

i1
♣ xi2 < 0♢. (4.6.12)

Continuing in this manner, we deĄne for each e = 1, . . . , D the sets

D0
i1;...;ie

:= ¶x ∈ D0
i1;...;ie−1

♣ xie = 0♢, (4.6.13)

D+
i1;...;ie

:= ¶x ∈ D0
i1;...;ie−1

♣ xie > 0♢, (4.6.14)

D−i1;...;ie
:= ¶x ∈ D0

i1;...;ie−1
♣ xie < 0♢. (4.6.15)

These sets satisfy

D0
i1;...;iD

= ¶0♢, (4.6.16)
⋃

a=±
e=1,...,D

Da
i1;...;ie

= T
D \ ¶0♢, (4.6.17)

Da
i1;...;ie

∩ Db
i1;...;if

= ∅ (a, b ∈ ¶+, −♢, e, f ∈ ¶1, . . . , D♢). (4.6.18)

Since D+
i1;...;ie

and D−i1;...;ie
are point-symmetric with respect to the origin, we deĄne

D+ :=
D
⋃

e=1

D+
i1;...;ie

, D− :=
D
⋃

e=1

D−i1;...;ie
. (4.6.19)

These satisfy

D+ ∪ D− = T
D \ ¶0♢, (4.6.20)

D+ ∩ D− = ∅, (4.6.21)

and D+ and D− form a point-symmetric partition of the space. Thus, we obtain a concrete
and systematic construction of D+, which depends on the chosen ordering (i1, . . . , iD).

For the two-dimensional case, an explicit illustration of the sets D+ and D− is shown in
Fig. 4.23. DeĄning D+

i1
= ¶x ♣ xi1 > 0♢, D−i1

= ¶x ♣ xi1 < 0♢, and similarly D±i1;i2
= ¶x ♣

xi1 = 0, xi2 ≷ 0♢, we obtain Da = Da
i1

∪ Da
i1;i2

for a = ±. As indicated in the Ągure, these
sets partition the lattice into two complementary halves, excluding the origin.

Next, on the basis of the continuity equation (4.6.3), we derive the GreenŰKubo formula
in D dimensions under the assumption that FourierŠs law is valid. In the diffusive regime,
the mean-squared displacement S(t) is related to the diffusion coefficient D through

S(t) =

〈

D
∑

i=1

n2
i (t)

〉

=
∑

n

D
∑

i=1

n2
i P (n, t) =

1

kBT 2cV

σ(t) ∼ 2Dt, (4.6.22)
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in 2-
dimensional case. [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

where P (n, t) denotes the probability density of displacement n, deĄned by

P (n, t) = N−1⟨δĥn(t) δĥ0⟩, N :=
∑

n

⟨δĥn δĥ0⟩, (4.6.23)

and the spatial second moment of the energy distribution is given by

σ(t) :=
D
∑

i=1

∑

n

n2
i ⟨δĥn(t) δĥ0⟩. (4.6.24)

We now establish the relation between this spatial energy proĄle and the correlation
function of the energy current. To this end, we divide the space according to the domain
D+ := D+(i, i2, . . . , iD) introduced previously. Employing the continuity equation (4.6.3),
one obtains the following expression for σ(t):

σ(t) =
D
∑

i=1

∑

n

n2
i ⟨δĥn(t)δĥ0(0)⟩

=
D
∑

i=1

∑

n

n2
i

〈

−

(

∫ t

0
ds

∑

r∈D+

∇rJ ϵ
n:r(s)



δĥ0(0)

〉

=
D
∑

i=1

∑

n

∑

r∈D+

(2rini + r2
i )
∫ t

0
ds⟨J ϵ

n:r(s)δĥ0(0)⟩

=
D
∑

i=1

∑

n

∑

r∈D+

(2rini + r2
i )
∫ t

0
ds⟨J ϵ

n:r(0)δĥ0(−s)⟩

=
D
∑

i=1

∑

n

∑

r∈D+

(2rini + r2
i )
∫ t

0
ds

〈

J ϵ
n:r(0)

(

−
∑

r′∈D+

∫ s

0
ds′∇r′J ϵ

0;r′(−s′)

〉
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=
D
∑

i=1

∑

n

∑

r,r′∈D+

(2rini + r2
i )
∫ t

0
ds

〈

−(J ϵ
n;r(0) − J ϵ

n−r′;r(0))

(

∫ s

0
ds′J ϵ

0;r′(−s′)

〉

=
D
∑

i=1

∑

n

∑

r,r′∈D+

2rir
′
i

∫ t

0
ds
∫ s

0
ds′

〈

J ϵ
n;r(0)J ϵ

0;r′(−s′)
〉

=
D
∑

i=1

∑

n

∑

r,r′∈D+

2rir
′
i

∫ t

0
ds
∫ s

0
ds′

〈

J ϵ
n;r(s′)J ϵ

0;r′(0)
〉

=
D
∑

i=1

1

ND

〈(

∫ t

0
ds
∑

n

∑

r∈D+
i

riJ
ϵ
n;r(s)

(

∫ t

0
ds′

∑

n′

∑

r′∈D+

r′iJ
ϵ
n′;r′(s′)

〉

=
D
∑

i=1

1

ND

〈(

∫ t

0
ds
∑

ni

J (ϵ,i)
ni♣ni−1(s)

(

∫ t

0
ds′

∑

n′
i

J ϵ,(i)
n′

i♣n
′
i−1(s

′)

〉

, (4.6.25)

where we deĄne the energy current in the ith direction as

J (ϵ,i)
ni♣ni−1 :=

∑

k:ki≥ni
ℓ:ℓi<ni

tϵ
k←ℓ, (4.6.26)

which represents the total energy transmission tϵ
k←ℓ across the hyperplane separating n− ei

and n. As illustrated schematically in Fig. 4.24, the quantity J (ϵ,i)
ni♣ni−1 captures all contri-

butions to the energy transmission crossing this boundary, thereby enabling a consistent
formulation of the GreenŰKubo expression for energy diffusion in D dimensions.

Thus, when FourierŠs law is valid, we obtain the GreenŰKubo formula for the diffusion
coefficient in D dimensions:

D = lim
t→∞

lim
N→∞

1

kBT 2cV

∫ t

0
ds C

(ϵ,D)
N (s), (4.6.27)

C
(ϵ,D)
N (s) = N1−D

D
∑

i=1

∑

ni

〈

J (ϵ,i)
ni♣ni−1(s) J (ϵ,i)

0♣−1(0)
〉

. (4.6.28)

In D dimensions, prototypical long-range interacting spin systems are generally expected
to be non-integrable. It is therefore natural to assume that the current autocorrelation
function C

(ϵ,D)
N (t) decays rapidly in time. Under this assumption, the magnitude of the equal-

time current correlations plays a central role in determining the energy diffusion coefficient.
Motivated by this observation, we now turn to an analysis of the amplitude of C

(ϵ,D)
N (0),

which may be interpreted as the equal-time total energy current correlation.

4.7 Proof of Theorem 3

In this section, we prove Theorem 3 to derive the upper bound for the equal-time total current
correlation C

(D)
N (0) in D dimensions. Under the assumptions that cV is Ąnite and that C

(D)
N (t)

decays rapidly in time, the amplitude of C
(D)
N (0) determines the sufficient condition for normal

energy diffusion. We provide the separated proofs for the transverse Ising and XYZ models.
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Figure 4.24: The schematic deĄnition of the current J (ϵ,i)
ni♣ni−1 in ith direction. [This Ągure is
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(2025), Copyrighted by the American Physical Society.]

4.7.1 Transverse Ising model

We Ąrst study the D-dimensional long-range transverse Ising model, whose Hamiltonian is
given by

H = −
∑

i ̸=j

J
Sz
i Sz

j

dα
i,j

+
∑

i

hSx
i . (4.7.1)

The local energy at site n is deĄned as

ĥn := −
∑

j ̸=n

J

2

Sz
nSz

j

dα
n,j

+ hSx
n, (4.7.2)

and the current J (ϵ,i)
ni♣ni−1 is expressed as

J (ϵ,i)
ni♣ni−1 =

∑

k:ki≥ni
ℓ:ℓi<ni

tϵ
k←ℓ, (4.7.3)

tϵ
k←ℓ = ¶ĥk, ĥℓ♢ =

Jh

2

Sz
kSy

ℓ − Sy
kSz

ℓ

dα
k,ℓ

. (4.7.4)

Here, we establish the transverse Ising part of Theorem 3 as follows:

Theorem 3.1. For the D-dimensional long-range transverse Ising model (D ≥ 2), under the

conditions α > D/2 + 1, α > D, and β < βc, the equal-time total current correlation C
(D)
N (0)

99



converges to a Ąnite value independent of the system size N . Consequently, C
(D)
N (0) remains

Ąnite for all α > D.

Proof. The equal-time total current correlation C
(D)
N (0) can be written as

C
(D)
N (0) = N1−D

D
∑

i=1

∑

ni

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉

. (4.7.5)

Following exactly the same line of reasoning as in the one-dimensional case, and invoking
Theorem 1 together with the relevant symmetries implied by the Hamiltonian, we obtain the
following upper bound for the equal-time current correlation:

∣

∣

∣

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉∣

∣

∣ ≤ O(1)
∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

(4.7.6)

For D ≥ 2, the right-hand side admits the bound

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

≤
∫

xi≥ni
yi<0

dxidyi

∏

k ̸=i

∫ N/2

−N/2
dxkdyk

{

(xi − yi)
2 +

∑

j ̸=i

(xj − yj)
2
}−2α/2

≤ ΓD−1

∫ N/2

−N/2
dD−1u

∫

xi≥ni
yi<0

dxidyi

∫ ∞

0
dξξD−2¶(xi − yi)

2 + ξ2♢−2α/2

≤
ΓD−1B(D−1

2
, α − D−1

2
)

2
ND−1

∫ N/2

0
dxdy(ni + x + y)D−1−2α

≤
ΓD−1B(D−1

2
, α − D−1

2
)

2(D − 2α)(D + 1 − 2α)
ND−1nD+1−2α

i , (4.7.7)

where uj = (xj + yj)/2 for j ̸= i, ξ =
(

∑

j ̸=i(xj − yj)
2
)1/2

, ΓD−1 denotes the surface-area
coefficient of the (D − 2)-dimensional sphere, and B(x, y) is the Beta function.

Consequently, the dependence of C
(D)
N (0) on the system size N is obtained in a straight-

forward manner:
∣

∣

∣C
(D)
N (0)

∣

∣

∣ ≤ O(1) N D+2−2α + const. (4.7.8)

Thus, we conclude that C
(D)
N (0) converges to a Ąnite value in the thermodynamic limit

whenever α > D/2 + 1.

4.7.2 XYZ model

We consider the D dimensional long-range interacting XYZ model, which is described by the
following Hamiltonian

H = −
∑

i ̸=j

∑

σ=x,y,z

Jσ

Sσ
i Sσ

j

dα
i,j

. (4.7.9)
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The local energy at site n is deĄned as

ĥn := −
∑

j ̸=n

∑

σ=x,y,z

Jσ

2

Sσ
nSσ

j

dα
n,j

, (4.7.10)

and the current J (ϵ,i)
ni♣ni−1 is described as follows

J (ϵ,i)
ni♣ni−1 = −

∑

k:ki≥ni
ℓ:ℓi<ni

tϵ
k←ℓ (4.7.11)

tϵ
k←ℓ = ¶ĥk, ĥℓ♢ =

∑

m

∑

σ∈P xyz
cyc

Jσ1Jσ2

4

∑

¶a,b,c♢=¶k,ℓ,m♢

ε̃abc
Sσ1
a Sσ2

b Sσ3
c

dα
a,cd

α
b,c

, (4.7.12)

where ε̃abc is deĄned as follows:

ε̃abc =







+1 , for (a, b, c) = (k, ℓ,m), (m, ℓ,k), (k,m, ℓ),

−1 , for (a, b, c) = (ℓ,k,m), (ℓ,m,k), (m,k, ℓ).
(4.7.13)

Note that ε̃abc is different from Levi-Civita symbols.
Here, we state the XYZ part of Theorem 3 as follows:

Theorem 3.2. In the D-dimensional long-range interacting XYZ model, under the condition

α > D/2 + 1, α > D and β < βc, C
(D)
N (0) converges to the Ąnite value independent of the

system size N . It immediately follows that C
(D)
N (0) is Ąnite as long as α > D.

Proof. In complete analogy with the one-dimensional analysis, and by invoking Theorem 1
together with the symmetry properties implied by the Hamiltonian, all contributions to the
currentŰcurrent correlation, except for case (2) in Fig. 4.8, admit the following bound:

∣

∣

∣

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

except Fig.4.8(2)
≤ O(1)

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

(4.7.14)

We now turn to the remaining contribution, namely case (2) in Fig. 4.8. In this conĄg-
uration, the triplets (k, ℓ,m) and (k′, ℓ′,m′) each form a closed loop, and these two loops
are connected by a single edge. A schematic representation of this structure is provided in
Fig. 4.25.

Let p ∈ ¶k, ℓ,m♢ and p′ ∈ ¶k′, ℓ′,m′♢ denote the endpoints of the unique edge connecting
the two loops. In the example shown in Fig. 4.25, these correspond to p = ℓ and p′ = m′.

Next, we introduce the sites

q ∈ ¶k, ℓ,m♢ \ ¶p♢, q′ ∈ ¶k′, ℓ′,m′♢ \ ¶p′♢,
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Figure 4.25: The schematic diagram of the case (2) in Fig.4.8 in D dimensions. [This Ągure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

which are deĄned according to their positions relative to the hyperplanes xi = ni and xi = 0:

q :=











k, if p ∈ ¶x ♣ xi ≥ ni♢,

ℓ, if p ∈ ¶x ♣ xi < ni♢,
(4.7.15)

q′ :=











ℓ′, if p′ ∈ ¶x ♣ xi ≥ 0♢,

k′, if p′ ∈ ¶x ♣ xi < 0♢.
(4.7.16)

By construction, the pairs (p, q) and (p′, q′) lie on opposite sides of their respective hyper-
planes, and therefore satisfy

(pi − ni)(qi − ni) ≤ 0 , p′iq
′
i ≤ 0.

In the explicit conĄguration displayed in Fig. 4.25, we indeed have q = k and q′ = ℓ′.
Proceeding in parallel with the one-dimensional argument, we obtain the following bound

for the contributions of case (2) in Fig. 4.8:

∣

∣

∣

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.4.8(2)
≤ O(1)

∑

p,q,p′,q′

1

d2α
q,p

1

dα
p,p′

1

d2α
p′,q′

(4.7.17)

Firstly, we estimate the summations over q and q′. For the sum over q, we obtain the
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following bound:
∑

q:(pi−ni)(qi−ni)≤0

1

d2α
q,p

≤
∫

(pi−ni)(qi−ni)≤0
ddq

1

¶(qi − pi)2 +
∑

j ̸=i(qj − pj)2♢2α/2

≤
∫

(pi−ni)(qi−ni)≤0
dqiΓD−1

∫ ∞

0
dξξD−2 1

¶(qi − pi)2 + ξ2♢2α/2

≤ Γ′
∫

(pi−ni)(qi−ni)≤0
dqi

1

(qi − pi)2α−D+1

≤ Γ′
∫ N/2

0
dx

1

(x + ni − pi)2α−D+1

≤ Γ′′
1

(ni − pi)2α−D
= Γ′′

1

d2α−D
n̄p,p

, (4.7.18)

where Γ′ = ΓD−1B(D−1
2

, α − D−1
2

)/2, Γ′′ = Γ′/(2α − D) and we denote n̄p as the foot of the
perpendicular dropped from p to the hyperplane xi = ni, as illustrated in the leftmost part
in Fig.4.26.

Similarly, the summation over q′ is bounded as
∑

q′:p′
iq

′
i≤0

1

d2α
p′,q′

≤ Γ′′
1

d2α−D
p′,0̄p′

(4.7.19)

where we denote 0̄p′ as the foot of the perpendicular dropped from p′ to the hyperplane
xi = 0, as depicted in the leftmost part in Fig.4.26.

Combining these bounds, we obtain
∣

∣

∣

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.4.8(2)
≤
∑

p,p′

1

d2α−D
n̄p,p

1

dα
p,p′

1

d2α−D
p′,0̄p′

≤
∑

p,p′

1

dα
n̄p,p

1

dα
p,p′

1

dα
p′,0̄p′

, (4.7.20)

where in advance, we assume α > D.
To proceed further with the evaluation of this upper bound, we now present the following

lemma.

Lemma 5. If i, j depend on k and ũi :=
∑

k 1/dα
k,i(k) < ∞, ũj :=

∑

k 1/dα
k,j(k) < ∞ hold,

under the condition α > D, the following inequality holds:

∑

k

1

dα
i(k),k

1

dα
j(k),k

≤
ũ

dα
ī,j̄

, (4.7.21)

where d−α
ī,j̄

:= sup
k

d−α
i(k),j(k), and ũ := 2α−1(ũi + ũj).

Proof of Lemma 5.

∑

k

1

dα
i(k),k

1

dα
k,j(k)

=
∑

k

1

dα
i(k),j(k)

dα
i(k),j(k)

dα
i(k),kdα

k,j(k)

≤
1

dα
ī,j̄

∑

k

(di(k),k + dk,j(k))
α

dα
i(k),kdα

k,j(k)

≤ 2α−1 1

dα
ī,j̄

∑

k

dα
i(k),k + dα

k,j(k)

dα
i(k),kdα

k,j(k)

= 2α−1 1

dα
ī,j̄

∑

k

(

1

dα
i(k),k

+
1

dα
k,j(k)

)

=
ũ

dα
ī,j̄

(4.7.22)
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Here, we use ¶(x + y)/2♢α ≤ (xα + yα)/2 , following from the convexity of f(x) = xα and the
convexity inequality.
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Figure 4.26: The diagrammatic derivation for the upper bound of the case (2) in Fig.4.8 in
D dimensions. [This Ągure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

Finally, utilizing Lemma.5, we obtain the following upper bound:
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〉∣

∣

∣

∣

∣

∣

Fig.4.8(2)
≤
∑

p,p′

1

dα
n̄p,p

1

dα
p,p′

1

dα
p′,0̄p′

≤
∑

p′

1

dα
p′,0̄p′

2α−1(u + ũn̄p
) sup

p

1

dα
n̄p,p′

= 2α−1(u + ũn̄p
)
∑

p′

1

dα
ñp′ ,p′

1

dα
p′,0̄p′

≤ 2α−1(u + ũn̄p
)2α−1(ũ0̄p′

+ ũñp′ ) sup
p′

1

dα
ñp′ ,0̄p′

= O(1)
1

nα
i

, (4.7.23)

where ũn̄p
=
∑

p d−α
n̄p,p ≤

∫N/2
1 ddxx−α

i ≤ O(1)ND−α < ∞ for α > D . Furthermore, let ñp′ be
the n̄p that satisĄes supp d−α

n̄p,p′ = d−α
ñp,p′ . As shown on the far right of Fig.4.26, n̄p coincides

with the foot of the perpendicular dropped from p′ to the hyperplane xi = ni. The condition
of Lemma 5 is satisĄed, as ũ0̄p′

=
∑

p′ dα
0̄p′ ,p′ ≤

∫N/2
1 ddxx−α

i < ∞ and ũñp′ =
∑

p′ dα
ñp′ ,p′ ≤

∫N/2
1 ddxx−α

i < ∞.
From (4.7.14) and (4.7.23), we obtain the following upper bound for C

(D)
N (0):

∣

∣

∣C
(D)
N (0)

∣

∣

∣ ≤ O(1)ND+2−2α + O(1)N2−D−α + const.

≤ O(1)ND+2−2α + const., (4.7.24)

for all spatial dimensions D ≥ 2. The second inequality follows from the fact that the term
O(1) N 2−D−α is subleading compared to O(1) N D+2−2α in higher dimensions.
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Finally, we demonstrate that C
(ϵ,D)
N (0) converges to a Ąnite value in the thermody-

namic limit provided that α > D/2 + 1. Under this condition, the dominant contribution
O(1) N D+2−2α vanishes as N → ∞, and hence C

(ϵ,D)
N (0) admits a Ąnite, well-deĄned limit.
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Chapter 5

Spin Diffusion in the Long-range

Interacting Spin Systems

We investigate spin diffusion in classical long-range interacting spin systems, focusing on the
long-range XXZ model as a prototypical spin-conserving system. In the extensive regime
α > D, we rigorously establish that the amplitude of equal-time spin current correlations
determines the class of spin diffusion. Using the cumulant power-law clustering theorem, we
prove that α > αc = 3/2 is a sufficient condition for normal diffusion in one dimension, while
normal diffusion persists for α > D in higher dimensions. Numerical results indicate that
this bound is tight, with anomalous (Lévy) diffusion emerging for α < 3/2, consistent with
Ćuctuating hydrodynamics.

The scaling behavior observed for spin diffusion is completely analogous to that for energy
diffusion, suggesting that it may be universal and independent of the speciĄc type of local
conserved quantities.

5.1 Model and setup

We consider a one-dimensional, translationally invariant classical spin system characterized
by the Hamiltonian

H =
N
∑

n=1

ĥn, (5.1.1)

where ĥn denotes the local Hamiltonian associated with site n, and N is the total number of
lattice sites. As a representative class of spin-conserving models, we focus on the long-range
interacting XXZ Hamiltonians, for which the local energy ĥn is deĄned as

ĥ(XXZ)
n = −

N/2
∑

r=1

1

2rα





∑

σ=x,y

J
(

Sσ
nSσ

n+r + Sσ
n−rS

σ
n

)

+ Jz

(

Sz
nSz

n+r + Sz
n−rS

z
n

)



 . (5.1.2)
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The continuous variable Sσ
n denotes the σ component of the spin at site n and satisĄes

∑

σ(Sσ
n)2 = 1. Periodic boundary condition is imposed such that n ± N ≡ n. The exponent

α controls the spatial decay of the long-range interactions, and the condition α > 1 ensures
the thermodynamic extensivity of the Hamiltonian.

The temporal evolution of the spin variables is governed by the classical spin equation of
motion (4.1.3).

For generic parameter values, the XXZ Hamiltonian is known to conserve both the total
energy and the total spin. In particular, the z-component of the spin serves as a locally
conserved density. We investigate the spin transport properties of the system, focusing on
the space-time correlation function of spin ⟨Sz

n(t)Sz
0⟩ for the long-range XXZ model deĄned

in (5.1.2). This quantity provides a direct probe of spin diffusion and its possible anomalous
behavior induced by long-range interactions.

5.2 Spin conductivity and Green-Kubo formula

When the system exhibits normal spin diffusion, the spin diffusion constant Ds is expressed
in terms of the spin conductivity κs and the inverse spin susceptibility Λ as Ds = κsΛ,
where Λ generally remains Ąnite. Consequently, verifying whether spin diffusion is normal
reduces to establishing the Ąniteness of the spin conductivity. To this end, we focus on
the spin conductivity, which is formulated through the GreenŰKubo relation involving the
equilibrium spin current correlation [264].

In the XXZ model, the local z-component of spin, Sz
n, constitutes a locally conserved

quantity, and the associated spin current is deĄned via the corresponding continuity equation:

∂tS
z
n = −J s

n+1 + J s
n , (5.2.1)

where the explicit form of the local spin current for systems with long-range interactions is
given by

J s
n =

∑

i≥n, j≤n−1
♣i−j♣≤N/2

ts
i←j , ts

i←j := 2¶Sz
i , ĥj♢ . (5.2.2)

Here, ¶ · , · ♢ denotes the Poisson bracket for spin dynamics (3.2.4). The quantity ts
i←j is

interpreted as the inĄnitesimal spin transfer from site j to site i mediated across the virtual
boundary between sites n − 1 and n. The local spin current J s

n thus represents the net spin
transfer across this boundary.

The spin conductivity for a Ąnite system of size N is then obtained via the GreenŰKubo
formula:

κs
N = Λ

∫ ∞

0
dt Cs

N(t) , Cs
N(t) =

N
∑

n=1

⟨J s
n (t) J s

0 ⟩, (5.2.3)
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Figure 5.1: The spin conductivity for the long-range XX model with the parameters J = 1,
and T = 10 (kB ≡ 1). (a): κN as a function of size N . The inset is the time dependence as
well as the integration of the total spin current correlation for α = 1.3 and N = 1024. (b):
CN(0) as a function of N .

where Λ is the inverse spin susceptibility and ⟨ · ⟩ denotes the equilibrium average at inverse
temperature β. The subscript N indicates the explicit dependence on the system size.

Numerical simulations are conducted for the XX model, where the spin dynamics governed
by Eq. (4.1.3) are integrated using a fourth-order symplectic scheme with time increment
dt = 0.01. Initial spin conĄgurations are sampled at temperature T via the Monte Carlo
method, and thermal averages are evaluated over 106 independent realizations. As shown
in the inset of Fig. 1(a), the autocorrelation function Cs

N(t) exhibits a rapid decay, and
the running integral

∫ t
0 ds Cs

N(s) becomes effectively stationary by t = 20. Accordingly, we
employ t = 20 as the cutoff time in the evaluation of κs

N . The same sampling size of 106 is
used consistently for all numerical data presented in this section.

A summary of the results is provided in Fig. 5.1. Figure 5.1(a) displays the system-
size dependence of κs

N , with the inset highlighting the fast decay of the current correlation
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at α = 1.3, ensuring the convergence of the GreenŰKubo integral. Such convergence is
physically expected, as the system is non-integrable and resides on a lattice lacking continuous
translational invariance, as seen in Sec. 4.2.

The main panel of Fig. 5.1(a) reveals anomalous behavior for α < 1.5, whereas for larger
values of α, the conductivity κs

N approaches a Ąnite limit, consistent with normal spin dif-
fusion. These observations indicate the existence of a diffusion transition. Importantly, the
anomalous behavior does not originate from a long-time tail in the current correlation, as
clearly evidenced in the inset of Fig. 5.1(a). Rather, it arises from a distinct mechanism: the
anomalous enhancement of the current correlation amplitude, analogous to the case of energy
diffusion. This conclusion is corroborated by the system-size dependence of the equal-time
equilibrium correlation Cs

N(0), presented in Fig. 5.1(b). The close qualitative agreement be-
tween the behaviors of Cs

N(0) and κs
N demonstrates that the anomalous spin diffusion in this

regime is governed by the amplitude of the equal-time current correlation.
Taken together, these Ąndings provide compelling evidence that the equal-time spin cur-

rent correlation constitutes a key diagnostic quantity for characterizing the nature of spin
diffusion. This structure of diffusion anomaly is completely analogous to the case of energy
diffusion.

5.3 Upper bound for the equal-time spin current cor-

relations

In this section, we investigate the one-dimensional long-range interacting XXZ model deĄned
in Eq. (5.1.2). This model satisĄes the continuity relations

∂tua,n = −
(

J a
n+1 − J a

n

)

, (5.3.1)

J a
n = −

∑

i≥n, j<n
♣i−j♣<N/2

ta
i←j, (5.3.2)

for a = s, ϵ. Here, ua,n denotes the locally conserved quantities, with us,n = Sz
n and uϵ,n = ĥn.

The transmission operator ta
i←j is deĄned as

ts
i←j = 2¶Sz

i , ĥj♢ =
J2

2

∑

¶a,b♢=¶i,j♢

εab
Sx

a Sy
b

dα
a,b

, (5.3.3)

tϵ
i←j = ¶ĥi, ĥj♢ =

N
∑

m=1

∑

σ∈P xyz
cyc

Jσ1Jσ2

4

∑

¶a,b,c♢=¶i,j,m♢

ε̃abc
Sσ1

a Sσ2
b Sσ3

c

dα
a,cd

α
b,c

,

with Jx = Jy = J . The symbol εab denotes the LeviŰCivita symbol,

εab =







+1, (a, b) = (i, j),

−1, (a, b) = (j, i),
(5.3.4)
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and ε̃abc is deĄned by

ε̃abc =







+1, (a, b, c) = (i, j, m), (m, j, i), (i, m, j),

−1, (a, b, c) = (j, i, m), (j, m, i), (m, i, j),
(5.3.5)

which differs from the standard LeviŰCivita tensor. The notation
∑

σ∈P xyz
cyc

represents the
sum over cyclic permutations (x, y, z), (y, z, x), and (z, x, y).

Symmetries of the Hamiltonian imply

⟨Sx
i ⟩ = ⟨Sy

i ⟩ = ⟨Sz
i ⟩ = 0, (5.3.6)

⟨Sσ
i Sτ

j ⟩ = δσ,τ ⟨Sσ
i Sσ

j ⟩, (σ, τ ∈ ¶x, y♢), (5.3.7)

which follow from the invariance of the Hamiltonian under the canonical transformation

(Sx
i , Sy

i , Sz
i ) −→ (−Sx

i , −Sy
i , Sz

i ), i = 1, . . . , N.

From Eqs. (5.3.6) and (5.3.7), it follows immediately that

⟨J a
n J a′

0 ⟩ = δa,a′⟨J a
n J a

0 ⟩, (5.3.8)

i.e., cross correlations between distinct conserved quantities vanish.
Using these symmetry relations together with Theorem 1, we obtain the following result.

Theorem 4. For the one-dimensional long-range XXZ model on the inĄnite line, and for

inverse temperature β < βc, the equal-time spin and energy current correlations satisfy
∣

∣

∣⟨J a
n J a

0 ⟩
∣

∣

∣ ≤ c′a n2−2α, (1 < α < 2), (5.3.9)

and
∣

∣

∣⟨J a
n J a

0 ⟩
∣

∣

∣ ≤ c′′a n−α, (α > 2), (5.3.10)

where c′a and c′′a (a = s, ϵ) are constants independent of n.

The energy-current case has already been established in Theorem 2; the proof for the
spin current proceeds analogously. By invoking Theorem 1 and employing an appropriate
diagrammatic expansion, one arrives at the bounds stated above. Complete details are pro-
vided in Sec. 5.4. Although Theorem 4 is rigorously established only at high temperatures, it
is widely expected to extend to general Ąnite temperatures, as Theorem 1 captures physically
robust behavior. Furthermore, Theorems 4 and 5 below naturally extend to quantum spin
systems.

Theorem 4 plays a central role in elucidating universal features of spin transport. For
spin diffusion, it yields the upper bound

Cs
N(0) < c′N3−2α + const., (5.3.11)
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in excellent agreement with the numerical results displayed in Fig. 4.2(b). Consequently, one
concludes that the condition α > 3/2 suffices for normal diffusion, regardless of the speciĄc
model details or the particular conserved quantity under consideration. As discussed later,
Theorem 4 also provides a theoretical foundation for anomalous diffusion behaviors described
by Ćuctuating hydrodynamics.

5.4 Proof of Theorem 4

Proof of Theorem 4. The equal-time spin current correlation ⟨J s
n J s

0 ⟩ is given as follows:

⟨J s
n J s

0 ⟩ =
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

εabεa′b′

⟨Sx
a Sy

b Sx
a′S

y
b′⟩

dα
a,bd

α
a′,b′

. (5.4.1)

The term 1/(dα
a,bd

α
a′,b′) in (5.4.1) is illustrated diagrammatically in Fig.5.2. In Fig.5.2, the

vertices of the diagram are mapped to the local areas which corresponds to local quantities
within the ensembles (i.e., local spin variables). The edges of the diagram represent the
power-law components of the distance between these areas, indicating the connections among
them.
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Figure 5.2: The diagrammatic representation of the term d−α
a,b d−α

a′,b′ in (5.4.1)

The 4-body correlation ⟨Sx
a Sy

b Sx
a′S

y
b′⟩ can be decomposed into cumulant products as fol-

lows:

⟨Sx
a Sy

b Sx
a′S

y
b′⟩ = ⟨Sx

a Sy
b Sx

a′S
y
b′⟩c + ⟨Sx

a Sx
a′⟩c⟨S

y
b Sy

b′⟩c, (5.4.2)

where we use the relation (5.3.6) and (5.3.7). Next, we use Theorem 1 as follows:

⟨Sx
a Sy

b Sx
a′S

y
b′⟩c ≤ c1∥Sx

a ∥...∥Sy
b′∥

∑

¶j1,...,j4♢=
¶a,b,a′,b′♢
:connected

1

dα
j1,j2

dα
j2,j3

dα
j3,j4

, (5.4.3)

⟨Sσ
ip

Sσ
iq

⟩c ≤ c2∥Sσ
ip

∥∥Sσ
iq

∥
1

dα
ip,iq

, (5.4.4)
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where
∑

¶j1,...,jm♢
:connected

denotes taking the summation over the vertices, which are connected from

j1 to jm along the Hamilton path.
By using Theorem 1, (5.4.3) and (5.4.4), we obtain the following upper bound of ♣⟨J s

n J s
0 ⟩♣:

♣⟨J s
n J s

0 ⟩♣ ≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

{

♣⟨Sx
a Sy

b Sx
a′S

y
b′⟩c♣ + ♣⟨Sx

a Sx
a′⟩c⟨S

y
b Sy

b′⟩c♣
}

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

{

∑

¶i1,...,i4♢=
¶a,b,a′,b′♢
:connected

c1

dα
i1,i2

dα
i2,i3

dα
i3,i4

+
c2

dα
a,a′dα

b,b′

}

(5.4.5)

Let us Ąrst consider the contribution of the Ąrst term in (5.4.5):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

∑

¶i1,...,i4♢=
¶a,b,a′,b′♢
:connected

c1

dα
i1,i2

dα
i2,i3

dα
i3,i4

(5.4.6)

Fig. 5.3 comprehensively covers all the cases of clustering linkage in (5.4.6). Here, dia-
grams with identical topology are regarded as equivalent.

The methods of clustering linkage can be classiĄed into two cases: (1) the left two graphs:
when there are two or more connected components linking the upper and lower graphs in
Fig.5.3, and (2) the most right graph: when there is only one connected component.

Figure 5.3: The diagrammatic representation of the contribution of the Ąrst term in (5.4.5)
to the upper bound of ♣⟨J s

n J s
0 ⟩♣. It can be classiĄed into two cases: (1) the left two graphs:

when there are two or more connected components linking the upper and the lower graphs
in Fig.5.3, and (2) the most right graphs: when there is only one connected component.

In case (1) in Fig. 5.3, we compute the upper bound of the contribution to ♣⟨J s
n J s

0 ⟩♣ of
the graph leftmost as a typical example.
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∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

c1

dα
a,bd

α
b,b′dα

b′,a′

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

c1

dα
a,bd

α
b,b′dα

b′,a′dα
a′,a

≤
∑

k≥n
ℓ′<0

J4

4
c1u

2 1

d2α
k,ℓ′

≤ c′n2−2α, (5.4.7)

where c′ = J4c1u
2/¶4(1−2α)(2−2α)♢. From the Ąrst line to the second line, we use (4.4.14).

From the second line to the third line, we also use Lemma 4. The same inequality can also
be obtained for the graph in the middle of Fig.5.3.

In case (2) in Fig. 5.3, we compute the upper bound of the contribution to ⟨JnJ0⟩ of the
graph leftmost.

In this case, (k, ℓ) and (k′, ℓ′) are connected via a single edge. We construct closed loops
for both (k, ℓ) and (k′, ℓ′). Furthermore, considering the dominant contribution in power-law
clustering, the ordering relation between k, ℓ, k′, ℓ′ is as follows:

∀u ∈ ¶k, ℓ♢, ∀v ∈ ¶k′, ℓ′♢, u > v. (5.4.8)

We deĄne p, p′ ∈ ¶1, ..., N♢ as p = min¶k, ℓ♢, p′ = max¶k′, ℓ′♢. Here, p = ℓ and p′ = k′,
which implies that k, ℓ, k′, ℓ′ are arranged as k ≥ n > ℓ > k′ ≥ 0 > ℓ′. Since we obtain the
following inequality for the contribution of the case (2) in Fig.5.3:

∑

k,ℓ,k′,ℓ′:
k≥n>ℓ>k′≥0>ℓ′

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

∑

¶i1,...,i4♢=
¶a,b,a′,b′♢
:connected

c1

dα
i1,i2

dα
i2,i3

dα
i3,i4

≤ O(1)
∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d2α
k,ℓ

1

dα
ℓ,k′

1

d2α
k′,ℓ′

(5.4.9)

The corresponding schematic diagram is presented in Fig. 5.4.
From (5.4.9), we obtain the upper bound for the contribution to ♣⟨J s

n J s
0 ⟩♣ in the case (2)
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Figure 5.4: Typical examples of the diagrammatic derivation for the upper bound in the case
Figure.5.3 (2)

of Fig. 5.3:
∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d2α
k,ℓ

1

dα
ℓ,k′

1

d2α
k′,ℓ′

=
∑

k,p,p′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

(dk,n + dn,ℓ)2α

1

dα
ℓ,k′

1

(dk′,0 + d0,ℓ′)2α

≤
∑

ℓ,k′

:n>ℓ>k′≥0

N/2
∑

x,y=1

1

(dn,ℓ + x)2α

1

dα
ℓ,k′

1

(dk′,0 + y)2α
≤

1

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

d2α−1
n,ℓ

1

dα
ℓ,k′

1

d2α−1
k′,0

≤
1

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

dα
n,ℓ

1

dα
ℓ,k′

1

dα
k′,0

≤
u2

(1 − 2α)2

1

dα
n,0

=
u2

(1 − 2α)2
n−α. (5.4.10)

This bound decays faster than n2−2α when α ≤ 2. Hence, the term shown in Fig.5.3 (2) does
not constitute the leading term for ⟨J s

n J s
0 ⟩ for 1 < α ≤ 2. However, this term should be

dominant for α > 2.
Next, we consider the contribution of the second term in (5.4.5):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

c2

dα
a,a′dα

b,b′

(5.4.11)

Figure 5.5: The diagrammatic representation of the contribution of the second term in (5.4.5)
to the upper bound of ♣⟨J s

n J s
0 ⟩♣

Fig. 5.5 comprehensively covers all the case of clustering linkage in (5.4.11). Here, di-
agrams with identical topology are regarded as equivalent. We obtain the following upper
bound for (5.4.11):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

1

dα
a,bd

α
a′,b′

c2

dα
a,a′dα

b,b′

≤
∑

k≥n
ℓ′<0

J4

4
c2u

2 1

d2α
k,ℓ′

≤ c′′n2−2α, (5.4.12)
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where c′′ = J4c2u
2/¶4(1 − 2α)(2 − 2α)♢. To derive the Ąrst inequality, we also use Lemma 4.

Based on the above discussion, it has been demonstrated that all terms in (5.4.5) can be
bounded as follows:

♣⟨J s
n J s

0 ⟩♣ < O(1)n2−2α + O(1)n−α (5.4.13)

Hence, for 1 < α ≤ 2, the equal-time current correlation ♣⟨J s
n J s

0 ⟩♣ is bounded by O(1)n2−2α,
while for α > 2, ♣⟨J s

n J s
0 ⟩♣ is bounded by O(1)n−α.

5.5 Fluctuating hydrodynamics and Lévy diffusion

We investigate the anomalous transport regime within the framework established by Theo-
rem 4. Here, we develop Ćuctuating hydrodynamics of energy and spin for long-range inter-
acting systems, formulated in a continuum description on the inĄnite line. The dynamics of
conserved Ąelds is modeled by

∂

∂t
ua(x, t) =

∂

∂x





∑

a′

∫

dx′Da,a′(x − x′)
∂

∂x′
ua′(x′, t) + ξa(x, t)



, (5.5.1)

where ua(x, t) denotes the coarse-grained density of local conserved quantities labeled by a=s

(spin) and a = ϵ (energy). The stochastic term ξa(x, t) has zero mean, and its correlations
are given by

⟨⟨ξa(x, t) ξa′(x′, t′)⟩⟩ = 2Λ−1
a,a′Da,a′(x − x′) δa,a′ δ(t − t′), (5.5.2)

with Λa,a′ the inverse susceptibility matrix.
The derivation of Ćuctuating hydrodynamic equation (5.5.1) is presented in detail in

Sec. 3.2, and it extends naturally to systems with multiple conserved quantities, such as long-
range interacting spin chains possessing both energy and spin conservation. A key feature is
the nonlocal diffusion kernel Da,a′(x−x′), which encodes how the long-range couplings modify
the transport. In short-range models the kernel decays rapidly, allowing the approximation
Da,a′(x − x′) ≃ Da,a′δ(x − x′). By contrast, in long-range systems Da,a′(x − x′) typically
retains an algebraic tail, fundamentally altering the hydrodynamic behavior.

Within this framework, we focus on the spaceŰtime equilibrium correlation function

Ca,a′(x, t) := ⟨⟨δua(x, t) δua′(0, 0)⟩⟩, (5.5.3)

where δua(x, t) = ua(x, t)−ūa, and ūa denotes the long-time stationary value of the conserved
Ąeld. The evolution equation for Ca,a′(x, t) follows directly from (5.5.1),

∂tCa,a′(x, t) = ∂x

∑

a′′

∫

dx′Da,a′′(x − x′) ∂x′Ca′′,a′(x′, t). (5.5.4)

115



Introducing the Fourier representation A(x, t) = 1
2π

∫

dk A(k, t)eikx, we obtain

∂tCa,a′(k, t) = −k2
∑

a′′

Da,a′′(k) Ca′′,a′(k, t). (5.5.5)

Assume that the small-wavenumber scaling of the diffusion kernel is

Da,a′(k) ∼ k−ν , (a, a′ = s, ϵ). (5.5.6)

Then the long-time, large-distance behavior of the correlation function takes the scaling form

Ca,a′(x, t) ∼











t−1/(2−ν) fLévy

(

x/t1/(2−ν)
)

, ν > 0,

t−1/2 fGauss

(

x/t1/2
)

, ν < 0,
(5.5.7)

where fLévy and fGauss denote the Lévy and Gaussian scaling functions, respectively. When
the diffusion kernel exhibits an algebraic tail in real space,

Da,a′(x − x′) ∼ ♣x − x′♣−η (♣x − x′♣ → ∞), (5.5.8)

the exponent ν is related to η through ν = 1 − η. Consequently, η > 1 corresponds to
normal diffusion, whereas η < 1 marks the onset of anomalous (Lévy) diffusion driven by the
long-range interactions.
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Figure 5.6: The correlation function ⟨J s
n J s

0 ⟩ for the XXZ model with the parameter α = 1.3

and T = 10 (kB ≡ 1) in the main panel. The inset shows the Green-Kubo like formula. The
solid line is the theoretical line (5.5.13), i.e., n−(2α−2). The equal-time correlation ⟨JnJ0⟩

explains the power law exponent, η = 2α − 2.

To establish a microscopic connection between the nonlocal diffusion kernel and the un-
derlying lattice dynamics, we return to the discrete formulation. On the lattice the kernel
Da,a′(n − n′) admits an effective GreenŰKubo representation [254],

Da,a′(n − n′) = Λ−1
a,a′

∫ ∞

0
dt ⟨J a

n (t) J a′

n′ ⟩ , (5.5.9)
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so that the equal-time contribution to the integral can be constrained using Theorem 4.
Owing to the symmetry relation (5.3.8), cross-terms vanish and one has

Da,a′(n − n′) = δa,a′ Da,a(n − n′). (5.5.10)

Consequently, the continuum Ćuctuating-hydrodynamic equation (5.5.1) can be written in a
discrete form appropriate for the lattice as

∂

∂t
ua(n, t) = ∇n





∑

n′

Da,a(n − n′) ∇n′ua(n′, t) + ξa(n, t)



, (a = s, ϵ), (5.5.11)

where ∇n denotes the discrete gradient. The corresponding spaceŰtime correlation function
in the lattice representation satisĄes the diagonal form Ca,a′(n, t) = δa,a′Ca,a(n, t) and evolves
according to

∂tCa,a(n, t) = ∇n





∑

n′

Da,a(n − n′) ∇n′Ca,a(n′, t)



. (5.5.12)

Fig. 5.6 presents numerical data for the equal-time spin-current correlation ⟨J s
n J s

0 ⟩ com-
puted for the transverse Ising model at α = 1.3. The inset reports the corresponding
GreenŰKuboŰlike integral for the same parameter set. The time-dependent correlator ⟨J s

n (t) J s
0 ⟩

decays rapidly in time, so that the time integral converges (data not shown). When plotted
on logarithmic axes, the equal-time data approach a clear power-law regime as the system
size is increased, up to Ąnite-size deviations at the largest separations. The extracted power-
law exponent η coincides with the theoretical upper bound given in Eq. (5.3.9), namely
η = 2α − 2 = 0.6 for α = 1.3. The inset reproduces the same exponent, indicating that the
equal-time contribution already determines the scaling of the nonlocal kernel.

Taken together, these observations provide strong support for the scaling ansatz (5.5.7)
across different models and conserved quantities. In particular, the data imply the relation

ν = 3 − 2α, (5.5.13)

which links the small-k exponent of the effective diffusion kernel, D(k) ∼ k−ν , to the mi-
croscopic interaction exponent α. This scaling behavior is also analogous to that of energy
diffusion.

To validate the scaling prediction, we next compute the full spaceŰtime correlation func-
tion for the XX model across a range of long-range exponents α. In the Hamiltonian formu-
lation, the relevant correlation function is

Css(n, t) := ⟨Sz
n(t) Sz

0(0)⟩, (5.5.14)

which probes the spreading of spin Ćuctuations in real space and time. Fig. 5.7 summarizes
the numerical results. Panel (a) shows the correlation proĄles for α = 1.3, while panel (b)
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Figure 5.7: Space-time spin correlation function Cs(n, t) := ⟨Sz
n(t)Sz

0⟩ for the XX model (??)
with the parameters J = 1. T = 10 (kB ≡ 1). System size is N = 512. In (a), we use the
parameter α = 1.3, while (b) for α = 1.6. It is clear that α = 1.3 case obeys the Lévy scaling,
while α = 1.6 shows the diffusive scaling.

displays those for α = 1.6. The results clearly show that α = 1.3 case obeys the Lévy
scaling, while α = 1.6 case shows the diffusive scaling, as suggested by the scaling (4.5.7)
with (5.5.13).

These results conĄrm that the transition from Gaussian to Lévy diffusion occurs precisely
at the theoretically predicted threshold α = αc = 3/2, reinforcing the validity of Ćuctuating
hydrodynamic framework developed above.

5.6 Higher dimensional case

Theorem 1 extends to higher spatial dimensions. Accordingly, we next consider a generic
D-dimensional hypercubic lattice with periodic boundary conditions, containing ND sites.
The microscopic Hamiltonian is taken to be the spatially uniform classical Hamiltonian

H =
∑

n∈ZD
N

ĥn, (5.6.1)

where ĥn denotes the local Hamiltonian associated with lattice site n ∈ Z
D
N . As a concrete

class of models we analyze the D-dimensional generalization of (??), namely the long-range
XXZ model,

ĥ(XXZ)
n = −

∑

j∈ZD
N

j ̸=n

1

2 dα
n,j

(

JSx
nSx

j + JSy
nSy

j + JzSz
nSz

j

)

. (5.6.2)

Here Sσ
n(t) is the σ ∈ ¶x, y, z♢ component of the classical spin at site n and time t. The

model possesses two locally conserved densities, the energy ĥ(XXZ)
n and the z-spin density Sz

n.
The equation of motion for the local z-spin reads

∂tS
z
n(t) =

∑

m ̸=n

ts
n←m, (5.6.3)
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where the microscopic spin transmission operator is deĄned by

ts
i←j := 2¶Sz

i , ĥj♢, (5.6.4)

with ¶·, ·♢ the spin Poisson bracket.
To characterize isotropic spreading of spin Ćuctuations, we introduce the mean-square

displacement

σ(t) := N−1
D
∑

i=1

∑

n

n2
i

〈

Sz
n(t) Sz

0
(0)
〉

, (5.6.5)

where N =
∑

n⟨Sz
n(0)Sz

0
(0)⟩ normalizes the correlator [203]. In the normal-diffusion regime

the long-time growth of σ(t) deĄnes the spin diffusion constant via the GreenŰKubo relation,

D
s = lim

t→∞

σ(t)

2t
= Λss

∫ ∞

0
dt C

(s,D)
N (t),

C
(s,D)
N (t) =

1

ND−1

D
∑

i=1

N
∑

ni=1

〈

J (s,i)
ni♣ni−1(t) J (s,i)

0♣−1(0)
〉

,
(5.6.6)

where Λss denotes the spin susceptibility per unit volume. The current in the ith direction
is deĄned as the net spin transmission across the hyperplane between n − ei and n,

J (s,i)
ni♣ni−1 :=

∑

k: ki≥ni
ℓ: ℓi<ni

ts
k←ℓ, (5.6.7)

so that J (s,i)
ni♣ni−1 collects all microscopic transmissions crossing the (D−1)-dimensional bound-

ary orthogonal to the ith axis. A derivation of the GreenŰKubo relation (5.6.6) in this
geometric setting is given in Sec 4.6.1.

We now state the higher-dimensional bound for the equal-time total spin-current corre-
lation.

Theorem 5. Consider the D-dimensional long-range XXZ model (5.6.2) with D ≥ 2. For

interaction exponent α > D and inverse temperature β < βc, the equal-time total spin-current

correlation

C
(s,D)
N (0) =

1

ND−1

D
∑

i=1

N
∑

ni=1

〈

J (s,i)
ni♣ni−1 J (s,i)

0♣−1

〉

remains Ąnite in the thermodynamic limit.

Under the physically motivated assumption that the amplitude of the equal-time total
current correlation governs the asymptotic transport class, Theorem 5 implies that spin
diffusion in spatial dimensions D ≥ 2 is normal provided α > D. The condition α > D

ensures thermodynamic extensivity and Ąniteness of thermodynamic susceptibilities, which
are prerequisites for the applicability of the GreenŰKubo description. A detailed proof of
Theorem 5 is given in Sec. 5.7.
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5.7 Proof of Theorem 5

Proof of Theorem 5. C
(s,D)
N (0) is expressed as follows:

C
(s,D)
N (0) = N1−D

D
∑

i=1

∑

ni

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉

, (5.7.1)

where J (s,i)
ni♣ni−1 is the spin current in i-th direction, which is deĄned as

J (s,i)
ni♣ni−1 :=

∑

k:ki≥ni
ℓ:li<ni

ts
k←ℓ , ts

k←ℓ = 2¶Sz
k, ĥℓ♢ (5.7.2)

Therefore, the equal-time current correlation is described as
〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉

=
∑

k:ki≥ni
ℓ:ℓi<ni

∑

k′:k′
i≥0

ℓ′:ℓ′
i<0

⟨ts
k←ℓt

s
k′←ℓ′⟩ . (5.7.3)

In exactly the same manner as the one-dimensional case, utilizing Theorem 1 and the
symmetry derived from the Hamiltonian, we obtain the following upper bound for the current
correlation, except for the case (2) in Fig.5.3:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

except Fig.5.3(2)
≤ O(1)

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

(5.7.4)

For D ≥ 2, the right-handed side is bounded as follows:

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

≤
∫

xi≥ni
yi<0

dxidyi

∏

k ̸=i

∫ N/2

−N/2
dxkdyk

{

(xi − yi)
2 +

∑

j ̸=i

(xj − yj)
2
}−2α/2

≤ ΓD−1

∫ N/2

−N/2
dD−1u

∫

xi≥ni
yi<0

dxidyi

∫ ∞

0
dξξD−2¶(xi − yi)

2 + ξ2♢−2α/2

≤
ΓD−1B(D−1

2
, α − D−1

2
)

2
ND−1

∫ N/2

0
dxdy(ni + x + y)D−1−2α

≤
ΓD−1B(D−1

2
, α − D−1

2
)

2(D − 2α)(D + 1 − 2α)
ND−1nD+1−2α

i , (5.7.5)

where uj := (xj + yj)/2 for j ̸= i, ξ := ¶
∑

j ̸=i(xj + yj)
2♢1/2, ΓD−1 is the coefficient of

(D − 2)-dimensional spherical surface area, and B(x, y) is Beta function.
Next, we consider the contribution of case (2) in Fig.5.3. In this case, we construct closed

loops for (k, ℓ) and (k′, ℓ′), and they are connected by a single edge. The corresponding
schematic diagram is shown in Fig.5.8.

By deĄnition of ¶k, ℓ,k′, ℓ′♢ in (5.7.3), k and ℓ are on opposite sides of the hyperplane
xi = ni, and k′ and ℓ′ are on opposite sides of the hyperplane xi = 0. Thus, the condition
(ki − ni)(ℓi − ni) ≤ 0 and k′iℓ

′
i ≤ 0 are satisĄed.
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Figure 5.8: The schematic diagram of the case (2) in Fig.5.3 in D-dimensions.

In the same manner as one-dimensional case, the contributions of the case (2) in Fig.5.3
are bounded as follows:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤ O(1)

∑

k,ℓ,k′,ℓ′

1

d2α
k,ℓ

1

dα
ℓ,k′

1

d2α
k′,ℓ′

(5.7.6)

Firstly, we evaluate the sum over k, ℓ′. For the sum over k, the following inequality is
obtained:

∑

k:(ki−ni)(ℓi−ni)≤0

1

d2α
k,ℓ

≤
∫

(ki−ni)(ℓi−ni)≤0
ddk

1

¶(ki − ℓi)2 +
∑

j ̸=i(kj − ℓj)2♢2α/2

≤
∫

(ki−ni)(ℓi−ni)≤0
dkiΓD−1

∫ ∞

0
dξξD−2 1

¶(ki − ℓi)2 + ξ2♢2α/2

≤ Γ′
∫

(ki−ni)(ℓi−ni)≤0
dki

1

(ki − ℓi)2α−D+1

≤ Γ′
∫ N/2

0
dx

1

(x + ni − ℓi)2α−D+1

≤ Γ′′
1

(ni − ℓi)2α−D
= Γ′′

1

d2α−D
n̄ℓ,ℓ

, (5.7.7)

where Γ′ = ΓD−1B(D−1
2

, α − D−1
2

)/2, Γ′′ = Γ′/(2α − D) and we denote n̄ℓ as the foot of the
perpendicular drop from ℓ to the hyperplane xi = ni, as in the leftmost part of Fig. 5.9.

Similarly, for the sum over ℓ′, the following inequality is obtained:

∑

ℓ′:k′
iℓ

′
i≤0

1

d2α
k′,ℓ′

≤ Γ′′
1

d2α−D
k′,0̄k′

(5.7.8)

where we denote 0̄k′ as the foot of the perpendicular dropped from k′ to the hyperplane
xi = 0, as in the leftmost part in Fig. 5.9.

Thus, we obtain the following upper bound:
∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤
∑

ℓ,k′

1

d2α−D
n̄ℓ,ℓ

1

dα
ℓ,k′

1

d2α−D
k′,0̄k′

≤
∑

ℓ,k′

1

dα
n̄ℓ,ℓ

1

dα
ℓ,k′

1

dα
k′,0̄k′

, (5.7.9)

121



<latexit sha1_base64="Cs3FKk1BTVYrk4ijwfgp/2viCKQ="></latexit>

0
<latexit sha1_base64="pejbbwkLAGLx5k7QV2hKwo2Acs8="></latexit>

ni

<latexit sha1_base64="nzcNrLRi56P80eodJN4UxvJxoLY="></latexit>

2α

<latexit sha1_base64="EZidRVs78YHtXz/8ewd8/e5Y+uw="></latexit>

2α

<latexit sha1_base64="j24EjvcOfngMh7OFCXtG+nJ/AHs="></latexit>

α

<latexit sha1_base64="Cs3FKk1BTVYrk4ijwfgp/2viCKQ="></latexit>

0
<latexit sha1_base64="pejbbwkLAGLx5k7QV2hKwo2Acs8="></latexit>

ni

<latexit sha1_base64="adBa27kRT0sizVZ8pfkGR+cgwQA="></latexit>

2α−D

<latexit sha1_base64="UN2/TQhpHRBJ4Wc+y7aEuPGHJJ0="></latexit>

2α−D

<latexit sha1_base64="j24EjvcOfngMh7OFCXtG+nJ/AHs="></latexit>

α

<latexit sha1_base64="Cs3FKk1BTVYrk4ijwfgp/2viCKQ="></latexit>

0
<latexit sha1_base64="pejbbwkLAGLx5k7QV2hKwo2Acs8="></latexit>

ni

<latexit sha1_base64="LB8LLxVlBMED27SDaFMTPtEbgRs="></latexit>

α

<latexit sha1_base64="LB8LLxVlBMED27SDaFMTPtEbgRs="></latexit>

α
<latexit sha1_base64="Gvt9pLb2dFH/li6/Mf1fGCtxuLs="></latexit>

α

<latexit sha1_base64="j24EjvcOfngMh7OFCXtG+nJ/AHs="></latexit>

α

≤ ≤
<latexit sha1_base64="v5Frxp9zvbLiabxaV4qyP/sp52Y="></latexit>

k
0

<latexit sha1_base64="M9u9LLvuq22e6hb211g9TY6LOlM="></latexit>

`
0

<latexit sha1_base64="v5Frxp9zvbLiabxaV4qyP/sp52Y="></latexit>

k
0

<latexit sha1_base64="v5Frxp9zvbLiabxaV4qyP/sp52Y="></latexit>

k
0

<latexit sha1_base64="FPF+3RHIVZiwG4Qw2tT0AsozSyI="></latexit>

0̄k0

<latexit sha1_base64="FPF+3RHIVZiwG4Qw2tT0AsozSyI="></latexit>

0̄k0

<latexit sha1_base64="FPF+3RHIVZiwG4Qw2tT0AsozSyI="></latexit>

0̄k0

<latexit sha1_base64="crsBOJyQARlv9vEMZP9R9ew6VhA="></latexit>

n̄`
<latexit sha1_base64="crsBOJyQARlv9vEMZP9R9ew6VhA="></latexit>

n̄`

<latexit sha1_base64="crsBOJyQARlv9vEMZP9R9ew6VhA="></latexit>

n̄`

<latexit sha1_base64="LOiz32WcvOm14jg+eeXADUFbYBA="></latexit>

`
<latexit sha1_base64="LOiz32WcvOm14jg+eeXADUFbYBA="></latexit>

`

<latexit sha1_base64="LOiz32WcvOm14jg+eeXADUFbYBA="></latexit>

`

<latexit sha1_base64="8C/QXdk9wHMFf58qy1uml5CiwC0="></latexit>
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Figure 5.9: The diagrammatic derivation for the upper bound of the case (2) in Fig.5.3 in
D-dimensions

where in the last inequality we use α > D.
Next, to further evaluate this upper bound, we use Lemma 5 as follows:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤
∑

ℓ,k′

1

dα
n̄ℓ,ℓ

1

dα
ℓ,k′

1

dα
k′,0̄k′

≤
∑

k′

1

dα
k′,0̄k′

2α−1(u + ũn̄ℓ
) sup

ℓ

1

dα
n̄ℓ,k′

= 2α−1(u + ũn̄k
)
∑

k′

1

dα
ñk′ ,k′

1

dα
k′,0̄k′

≤ 2α−1(u + ũn̄k
)2α−1(ũ0̄k′

+ ũñk′ ) sup
k′

1

dα
ñk′ ,0̄k′

= O(1)
1

nα
i

, (5.7.10)

where ũn̄k′ =
∑

k′ d−α
n̄k′ ,k′ ≤

∫N/2
1 ddxx−α

i ≤ O(1)ND−α < ∞ for α > D . Furthermore,
let ñk′ be the n̄k′ that satisĄes supk′ d−α

n̄k′ ,k′ = d−α
ñk′ ,k′ . As shown on the far right of Fig.

5.9, n̄k′ coincides with the foot of the perpendicular dropped from k′ to the hyperplane
xi = ni. The condition of Lemma 5 is satisĄed, as ũ0̄k′

=
∑

k′ dα
0̄k′ ,k′ ≤

∫N/2
1 ddxx−α

i < ∞ and

ũñk′ =
∑

k′ dα
ñk′ ,k′ ≤

∫N/2
1 ddxx−α

i < ∞.

From (5.7.5) and (5.7.10), we obtain the following upper bound for C
(s,D)
N (0):

∣

∣

∣C
(s,D)
N (0)

∣

∣

∣ ≤ O(1)ND+2−2α + O(1)N2−D−α + const.

≤ O(1)ND+2−2α + const., (5.7.11)

for D ≥ 2. Finally, we show that C
(D)
N (0) converges to a Ąnite value under the condition

α > D/2 + 1. With the assumption α > D (≥ 2), it immediately leads to C
(D)
N (0) < ∞ as

long as α > D.
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Chapter 6

Energy and Spin Diffusion in the

Long-range Interacting Spin Systems

in the Regime α < D with the Kac

Factor

In the preceding chapters, we have restricted our analysis to the weak long-range interacting
regime, α > D. In the present chapter, by contrast, we address energy and spin diffusion
in the strongly long-range interacting regime 0 ≤ α < D. In this regime, the interaction is
non-extensive, and the energy per site generally diverges in the thermodynamic limit. As a
consequence, the theoretical framework and arguments developed so far are no longer directly
applicable.

As a Ąrst step toward a systematic investigation of the strongly long-range interacting
regime 0 ≤ α < D, we consider models equipped with the Kac normalization factor. The
inclusion of the Kac factor restores thermodynamic stability, ensuring that the energy per
site remains Ąnite. Furthermore, within this framework, results analogous to the cumulant
power-law clustering theorem can still be established, which allows us to apply essentially
the same mathematical techniques as those employed in the weak long-range regime.

By arguments parallel to those presented in the previous sections, we can show that,
in one-dimensional systems, the equal-time current correlations ⟨J a

n J a
0 ⟩ for both spin and

energy transport (a = s, ϵ) are upper-bounded by a constant independent of the separation
n. In higher spatial dimensions, the corresponding equal-time total current correlations are
likewise shown to converge to Ąnite values in the thermodynamic limit.

On the other hand, the convergence of the time integral appearing in the GreenŰKubo
formula, as well as the system-size dependence of the associated relaxation time, remains
poorly understood in this regime. Numerical investigations are severely affected by strong
Ąnite-size effects, preventing a clear assessment of the asymptotic behavior. As a result, the
physical implications of the rigorous upper bounds obtained for the current correlations in
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the strongly long-range interacting regime have not yet been fully clariĄed.

6.1 Models and setup

We begin by considering a uniform one-dimensional classical spin system described by the
Hamiltonian

H =
N
∑

n=1

ĥn, (6.1.1)

where ĥn denotes the local Hamiltonian at site n, and N is the total number of lattice sites.
As a representative example, we focus on the long-range interacting XXZ model with Kac
normalization, whose local Hamiltonian is given by

ĥ(XXZKac)
n = −

N/2
∑

r=1

1

2N (1)
α rα



∑

σ=x,y

J
(

Sσ
nSσ

n+r + Sσ
n−rS

σ
n

)

+ Jz

(

Sz
nSz

n+r + Sz
n−rS

z
n

)

]

. (6.1.2)

Here, ĥ(XXZKac)
n represents the local Hamiltonian of the long-range XXZ model equipped with

the Kac factor. The parameter α characterizes the power-law decay of the interaction and is
restricted to the strongly long-range regime 0 ≤ α < 1.

The quantity N (1)
α denotes the Kac normalization factor in one dimension, deĄned as

N (1)
α :=

N/2
∑

r=1

r−α = O
(

N1−α
)

, (6.1.3)

which diverges algebraically with the system size for α < 1. The inclusion of this nor-
malization ensures the thermodynamic extensivity of the Hamiltonian even in the strongly
long-range interacting regime 0 ≤ α < 1, thereby rendering the energy per site Ąnite in the
thermodynamic limit.

6.2 Cumulant power-law clustering theorem for the long-

range interacting systems in the regime α < D with

the Kac factor

In this section, we study general D-dimensional k-local long-range interacting spin systems
equipped with the Kac normalization. The Hamiltonian is deĄned in Eq. (2.1.1), and through-
out this section we assume that the interaction structure satisĄes the following decay condi-
tion:

Ji,i′ :=
∑

Z:Z∋¶i,i′♢

∥hZ∥ ≤
g

N (D)
α dα

i,i′

=
g

d̃α
i,i′

, (i ̸= i′), (6.2.1)
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where N (D)
α denotes the Kac factor in D dimensions, deĄned by

N (D)
α :=

∑

j∈Λ

d−α
n,j = O

(

ND−α
)

. (6.2.2)

Here, we have introduced the rescaled distance

d̃i,i′ := (N (D)
α )1/αdi,i′ . (6.2.3)

We consider D-dimensional lattice systems in the strongly long-range interacting regime
0 ≤ α < D. Owing to the presence of the Kac normalization factor (6.2.2), the Hamiltonian
remains thermodynamically extensive even in this regime, ensuring the Ąniteness of the energy
density in the thermodynamic limit.

Under the above assumptions, we observe that the total interaction strength associated
with a given site can be bounded as

∑

Z∋i

∥hZ∥ ≤
∑

j∈Λ

∑

Z∋(i,j)

∥hZ∥ ≤ g ũ, (6.2.4)

where we have deĄned

ũ := 2α
∑

j∈Λ

d̃−α
i,j . (6.2.5)

In the regime 0 ≤ α < D with Kac factor, it is also possible to establish a power-law
clustering property for equilibrium cumulants. SpeciĄcally, we obtain the following theorem.

Theorem 6. Consider a k-local long-range interacting spin system with the Kac factor on

a D-dimensional lattice. Let OXj
be observables supported on disjoint sets Xj, satisfying

Xi ∩ Xj = ∅ for i ̸= j. Under the conditions 0 ≤ α < D and β < β̃c, the n-th order joint

cumulant in equilibrium obeys the upper bound

⟨OX1 · · · OXn⟩c ≤ c 2nn!
n
∏

j=1

∥OXj
∥
∑

P

n−1
∏

i=1

♣XPi
♣ ♣XPi+1

♣ e(♣XPi
♣+♣XPi+1

♣)/k

(

d̃XPi
,XPi+1

)α , (6.2.6)

where β̃c = (ngũk)−1W (1/2e2) and W denotes the Lambert W function. Using the inequality

W (1/2e2) < 1/(4e), we further obtain the bound β̃c < (4engũk)−1 . Here, c is a constant, and

∥OX∥ denotes the maximum absolute value of the observable OX . The symbol P represents

a Hamiltonian path on a graph whose vertices correspond to the supports X1, . . . , Xn, with

XPi
denoting the support at the i-th step along the path. The distance dX,Y is deĄned as the

minimal distance between the supports X and Y , and ♣X♣ denotes the number of sites in the

support X.

As in the weakly long-range interacting regime, this cumulant clustering theorem serves
as a fundamental ingredient for deriving the upper bounds on equal-time current correlations,
which are formulated below as Theorems 7 and 8.
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Proof of Theorem 6. Theorem 1 can be proven by employing a connected cluster expansion
in the high temperature regime, together with repeated applications of Lemma 4. For the
proof of Theorem 6, the same strategy applies. SpeciĄcally, one replaces Lemma 4 with
Lemma 6 stated below, and substitutes di,j and u in the proof of Theorem 1 with d̃i,j and
ũ, respectively. In this way, the argument can be straightforwardly extended to establish
Theorem 6.

As in (2.4.56), the justiĄcation of the proof is ensured under the high-temperature con-
dition β < β̃c.

Lemma 6. Assuming that 0 ≤ α < D, the following inequalities hold.

∑

k

1

d̃α
i,k

1

d̃α
k,j

≤
ũα

d̃α
i,j

, (6.2.7)

where d̃i,j = (N (D)
α )1/αdi,j and ũα = 2α∑

k d̃−α
i,k = 2α(N (D)

α )−1∑

k d−α
i,k (< ∞).

Proof of Lemma 6.

∑

k

1

d̃α
i,k

1

d̃α
k,j

=
∑

k

1

N (D)
α dα

i,k

1

N (D)
α dα

k,j

=
1

N (D)
α dα

i,j

∑

k

dα
i,j

N (D)
α dα

i,kdα
k,j

≤
1

N (D)
α dα

i,j

∑

k

(di,k + dk,j)
α

N (D)
α dα

i,kdα
k,j

≤
2α−1

N (D)
α dα

i,j

∑

k

dα
i,k + dα

k,j

N (D)
α dα

i,kdα
k,j

=
2α−1

N (D)
α dα

i,j

∑

k

1

N (D)
α

(

1

dα
i,k

+
1

dα
k,j

)

=
ũα

d̃α
i,j

(6.2.8)

Here, we use ¶(x + y)/2♢α ≤ (xα + yα)/2 , following from the convexity of f(x) = xα and the
convexity inequality.

6.3 Upper bound for the equal-time current correla-

tions in one-dimensional case

In this section, we consider the one-dimensional long-range interacting XXZ model with Kac
factor (6.1.2). This model satisĄes the following continuity equations

∂tua,n = −(J a
n+1 − J a

n ), (6.3.1)

J a
n = −

∑

i≥n,j<n
♣i−j♣<N/2

ta
i←j, (6.3.2)
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for a = s, ϵ. Here ua,n is local conserved quantities, and we denote us,n = Sz
n and uϵ,n = ĥn.

The transmission operator ta
i←j is deĄned as

ts
i←j = 2¶Sz

i , ĥj♢ =
J2

2

∑

¶a,b♢=¶i,j♢

εab
Sx

a Sy
b

d̃α
a,b

, (6.3.3)

tϵ
i←j = ¶ĥi, ĥj♢ =

N
∑

m=1

∑

σ∈P xyz
cyc

Jσ1Jσ2

4

∑

¶a,b,c♢=¶i,j,m♢

ε̃abc
Sσ1

a Sσ2
b Sσ3

c

d̃α
a,cd̃

α
b,c

,

where Jx = Jy = J . Here, εab is Levi-Civita symbol, deĄned as (5.3.4) and ε̃abc is also deĄned
as (5.3.5). The notation

∑

σ∈P xyz
cyc

represents the sum over all cyclic permutations of (x, y, z),
i.e., (x, y, z), (y, z, x), (z, x, y).

From the symmetry of the Hamiltonian, similarly as (5.3.6) and (5.3.7), the following
properties hold:

⟨Sx
i ⟩ = ⟨Sy

i ⟩ = ⟨Sz
i ⟩ = 0, (6.3.4)

〈

Sσ
i Sτ

j

〉

= δσ,τ

〈

Sσ
i Sσ

j

〉

, (6.3.5)

for i, j = 1, ..., N and σ, τ ∈ ¶x, y♢. From (6.3.4) and (6.3.5), we also easily obtain ⟨J a
n J a′

n′ ⟩ =

δa,a′⟨J a
n J a

n′⟩. For ⟨J a
n J a

n′⟩, using these properties and Theorem 6, we obtain the following
theorem:

Theorem 7. For the one-dimensional long-range interacting XXZ model with Kac factor

(6.1.2) in the inĄnite line, under the condition β < β̃c, the equal-time spin and energy

current correlation ⟨J a
n J a

0 ⟩ (a = s, ϵ) is upper-bounded as

♣⟨J a
n J a

0 ⟩♣ ≤ Ca, (6.3.6)

for 0 ≤ α < 1 and α ̸= 1/2. Here, Ca, C ′a (a = s, ϵ) are constants that do not depend on n.

For α = 1/2, the equal-time current correlation of N spins is upper-bounded as ♣⟨J a
n J a

0 ⟩♣ ≤

log(n + N). Therefore, this provides only a trivial constraint in the case α = 1/2.

6.4 Proof of Theorem 7

Proof of Theorem 7. In the following, we provide the proof only for the spin current. The
corresponding statement for the energy current can be established in an entirely analogous
manner.

The equal-time current correlation ⟨J s
n J s

0 ⟩ is described as follows:

⟨J s
n J s

0 ⟩ =
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

J4

4

∑

¶a,b♢=¶k,ℓ♢
¶a′,b′♢=¶k′,ℓ′♢

εabεa′b′

⟨Sx
a Sy

b Sx
a′S

y
b′⟩

d̃α
a,bd̃

α
a′,b′

. (6.4.1)
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This expression (6.4.1) is obtained from (5.4.1) in the proof of Theorem 2, by replacing di,j

to d̃i,j. Therefore, by applying Theorem 6 and Lemma 6 instead of Theorem 1 and Lemma
4, we can carry out the analogous argument as the proof of Theorem 2.

As seen in (5.4.7) and (5.4.12) for the proof of Theorem 2, the contribution to the upper
bound of equal-time current correlation, except for the case (2) in Fig.5.3 is given as follows:

♣⟨J s
n J s

0 ⟩♣♣except Fig.5.3(2) ≤ O(1)
∑

k≤n
ℓ′<0

1

d̃ 2α
k,ℓ′

(6.4.2)

For α ̸= 1/2, the right-handed side of (6.4.2) is upper-bounded as

∑

k≤n
ℓ′<0

1

d̃ 2α
k,ℓ′

≤ (N (1)
α )−2

∫ N/2

1
dx
∫ N/2

1
dy

1

(n + x + y)2α

≤ (N (1)
α )−2 1

(1 − 2α)(2 − 2α)

{

(n + N)2−2α − 2(n + N/2)2−2α + n2−2α
}

= O(1), (6.4.3)

where we use N (1)
α = O(N1−α). On the other hand, for α = 1/2, the right-handed side of

(6.4.2) is upper-bounded as

∑

k≤n
ℓ′<0

1

d̃k,ℓ′

≤ (N (1)
α=1/2)

−2
∫ N/2

1
dx
∫ N/2

1
dy (n + x + y)−1

≤ (N (1)
α=1)

−2¶(n + N) log(n + N) − n log n − N♢

≤ O(1) log(n + N), (6.4.4)

where we use N (1)
α=1/2 = O(N1/2). From (6.4.4), we obtain only a trivial bound in the case of

α = 1/2.
Similarly as (5.4.9) for the proof of Theorem 2, the contribution from the case (2) in

Fig.5.3 is obtained as follows:

♣⟨J s
n J s

0 ⟩♣♣Fig.5.3(2) ≤ O(1)
∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d̃ 2α
k,ℓ

1

d̃α
ℓ,k′

1

d̃ 2α
k′,ℓ′

= O(1)(Nα)−5
∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d 2α
k,ℓ

1

dα
ℓ,k′

1

d 2α
k′,ℓ′

(6.4.5)
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The right-handed side of (6.4.5) is upper-bounded as follows:

∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d̃ 2α
k,ℓ

1

d̃α
ℓ,k′

1

d̃ 2α
k′,ℓ′

= (N (1)
α )−5

∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

d 2α
k,ℓ

1

dα
ℓ,k′

1

d 2α
k′,ℓ′

= (N (1)
α )−5

∑

k,ℓ,k′,ℓ′

:k≥n>ℓ>k′≥0>ℓ′

1

(dk,n + dn,ℓ)2α

1

dα
ℓ,k′

1

(dk′,0 + d0,ℓ′)2α

≤ (N (1)
α )−5

∑

ℓ,k′

:n>ℓ>k′≥0

∫ N/2

1
dx
∫ N/2

1
dy

1

(dn,ℓ + x)2α

1

dα
ℓ,k′

1

(dk′,0 + y)2α
(6.4.6)

To estimate the integral in (6.4.6), we consider the two cases, 1/2 < α < 1 and 0 ≤ α < 1/2.
Firstly, for 1/2 < α < 1, we have

(N (1)
α )−5

∑

ℓ,k′

:n>ℓ>k′≥0

∫ N/2

1
dx
∫ N/2

1
dy

1

(dn,ℓ + x)2α

1

dα
ℓ,k′

1

(dk′,0 + y)2α

≤
(N (1)

α )−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

d2α−1
n,ℓ

1

dα
ℓ,k′

1

d2α−1
k′,0

≤
(N (1)

α )−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

d2α−1
n,ℓ

1

d2α−1
ℓ,k′

1

d2α−1
k′,0

=
(N (1)

α )(6α−3)/α−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

d̃ 2α−1
n,ℓ

1

d̃ 2α−1
ℓ,k′

1

d̃ 2α−1
k′,0

≤
(N (1)

α )1−3/α

(1 − 2α)2

(ũ2α−1)
2

d̃ 2α−1
n,0

=
(ũ2α−1)

2

(1 − 2α)2

(N (1)
α )−2−2/α

n2α−1
= O(N (2+2α)(α−1))n1−2α, (6.4.7)

where to derive the last line, we use Lemma 6. Secondly, for 0 ≤ α < 1/2, we have

(Nα)−5
∑

ℓ,k′

:n>ℓ>k′≥0

∫ N/2

1
dx
∫ N/2

1
dy

1

(dn,ℓ + x)2α

1

dα
ℓ,k′

1

(dk′,0 + y)2α

≤
(N (1)

α )−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

(N/2 + dn,ℓ)2α−1

1

dα
ℓ,k′

1

(dk′,0 + N/2)2α−1

=
(N (1)

α )−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

(dn+N/2,ℓ)2α−1

1

dα
ℓ,k′

1

(dk′,−N/2)2α−1

≤
(N (1)

α )(6α−3)/α−5

(1 − 2α)2

∑

ℓ,k′

:n>ℓ>k′≥0

1

(d̃n+N/2,ℓ)2α−1

1

d̃ 2α−1
ℓ,k′

1

(d̃k′,−N/2)2α−1

≤
(N (1)

α )1−3/α

(1 − 2α)2

(ũ2α−1)
2

d̃ 2α−1
N/2,−N/2

=
(ũ2α−1)

2

(1 − 2α)2

(N (1)
α )−2−2/α

N2α−1
= O(N−2α(1−α)−1), (6.4.8)
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where in the last inequality, we also use Lemma 6. From (6.4.7) and (6.4.8), for α ̸= 1/2, the
case (2) in Fig.5.3 does not contribute to the leading term for ⟨J s

n J s
0 ⟩ compared to (6.4.3).

From (6.4.3), (6.4.7) and (6.4.8), we Ąnally obtain the following upper bound for ♣⟨J s
n J s

0 ⟩♣

in the case α ̸= 1/2:

♣⟨J s
n J s

0 ⟩♣ ≤ O(1). (6.4.9)

6.5 Higher dimensional case

Theorem 6 also holds in higher spatial dimensions. We therefore proceed to analyze a generic
D-dimensional lattice consisting of ND sites. We focus on energy and spin diffusion that
propagates isotropically in concentric patterns, and characterize the transport by the mean
square displacement σ(t) deĄned in Eq. (5.6.5). When the diffusion is normal, this quantity
gives rise to the diffusion constant D

a and the associated total current correlation function
C

(a,D)
N (t) (a = s, ϵ) through the GreenŰKubo formula (4.6.2) and (5.6.6). Within this frame-

work, we establish the following theorem, which provides an upper bound on the equal-time
total current correlation C

(a,D)
N (0).

Theorem 8. In D (≥ 2)-dimensional long-range interacting spin systems with the Kac factor,

satisfying 0 ≤ α < D, α ̸= D/2, α ̸= (D + 1)/2, and β < β̃c, including the one-dimensional

realization given in Eq. (6.1.2), the equal-time total current correlation C
(a,D)
N (0) (a = s, ϵ)

remains Ąnite.

6.6 Proof of Theorem 8

Proof of Theorem 8. In the following, we provide the proof only for the spin current. The
corresponding statement for the energy current can be established in an entirely analogous
manner.

C
(s,D)
N (0) is described as follows:

C
(s,D)
N (0) = N1−D

D
∑

i=1

∑

ni

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉

, (6.6.1)

where J (s,i)
ni♣ni−1 is the spin current in i-th direction, which corresponds to (5.7.2) under replac-

ing di,j to d̃i,j. Therefore, by applying Theorem 6 and Lemma 6 instead of Theorem 1 and
Lemma 4, a similar argument can be developed to the proof of Theorem 3. In the same way
as (5.7.4), we obtain the upper bound for the current correlation, except for the case (2) in
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Fig.5.3 as follows:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

except Fig.5.3(2)
≤ O(1)

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d̃ 2α
k,ℓ′

(6.6.2)

For D ≥ 2, the right-handed side of (6.6.2) is upper-bounded as

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d̃ 2α
k,ℓ′

= (N (D)
α )−2

∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

≤ (N (D)
α )−2

∫

xi≥ni
yi<0

dxidyi

∏

k ̸=i

∫ N/2

−N/2
dxkdyk

{

(xi − yi)
2 +

∑

j ̸=i

(xj − yj)
2
}−2α/2

≤ ΓD−1(N
(D)
α )−2

∫ N/2

−N/2
dD−1u

∫

xi≥ni
yi<0

dxidyi

∫ ∞

0
dξξD−2¶(xi − yi)

2 + ξ2♢−2α/2

≤
ΓD−1B(D−1

2
, α − D−1

2
)

2
(N (D)

α )−2ND−1
∫ N/2

0
dxdy(ni + x + y)D−1−2α

≤







Γ′(N (D)
α )−2ND−1nD+1−2α

i , for (D + 1)/2 < α < D

Γ′(N (D)
α )−2N2D−2α, for 0 ≤ α < (D + 1)/2, α ̸= D/2

(6.6.3)

where uj := (xj + yj)/2 for j ̸= i, ξ := ¶
∑

j ̸=i(xj + yj)
2♢1/2, ΓD−1 is the coefficient of

(D − 2)-dimensional spherical surface area, B(x, y) is the Beta function, and we denote
Γ′ = ΓD−1B(D−1

2
, α − D−1

2
)/(2(D − 2α)(D + 1 − 2α)).

From (6.6.3), in both cases (D + 1)/2 < α < D and α < (D + 1)/2, α ̸= D/2, we obtain
the following upper bound for C

(s,D)
N (0), except for the case (2) in Fig.5.3 :

∣

∣

∣C
(s,D)
N (0)

∣

∣

∣

∣

∣

∣

except Fig.5.3(2)
≤ N1−D

D
∑

i=1

∑

ni

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

except Fig.5.3(2)

≤ O(N2−D) + O(1) = O(1), (6.6.4)

where we use N (D)
α = O(ND−α) and D ≥ 2.

Next, we consider the contribution of case (2) in Fig. 5.3. Similarly to (5.7.6), we obtain
the following upper bound for the current correlation for case (2) in Fig. 5.3:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤ O(1)

∑

k,ℓ,k′,ℓ′

1

d̃ 2α
k,ℓ

1

d̃ α
ℓ,k′

1

d̃ 2α
k′,ℓ′

, (6.6.5)

where we take the summation over ¶k, ℓ,k′, ℓ′♢ such that we construct closed loop for (k, ℓ)

and (k′, ℓ′), and they are connected by a single edge. Therefore, it satisĄes that ki > ni > ℓi

and k′i > 0 > ℓ′i.
Firstly, we evaluate the sum over k, ℓ′. For the sum over k, the following inequality is
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obtained:

∑

k:(ki−ni)(ℓi−ni)≤0

1

d̃ 2α
k,ℓ

= (N (D)
α )−2

∑

k:(ki−ni)(ℓi−ni)≤0

1

d2α
k,ℓ

≤ (N (D)
α )−2

∫

(ki−ni)(ℓi−ni)≤0
ddk

1

¶(ki − ℓi)2 +
∑

j ̸=i(kj − ℓj)2♢2α/2

≤ (N (D)
α )−2

∫

(ki−ni)(ℓi−ni)≤0
dkiΓD−1

∫ ∞

0
dξξD−2 1

¶(ki − ℓi)2 + ξ2♢2α/2

≤ Γ′′(N (D)
α )−2

∫

(ki−ni)(ℓi−ni)≤0
dki

1

(ki − ℓi)2α−D+1

≤ Γ′′(N (D)
α )−2

∫ N/2

0
dx

1

(x + ni − ℓi)2α−D+1

≤























Γ′′′(N (D)
α )−2 1

(ni − ℓi)2α−D
= Γ′′′(N (D)

α )−2 1

d2α−D
n̄ℓ,ℓ

for D/2 < α < D,

Γ′′′(N (D)
α )−2 1

(ni + N/2 − ℓi)2α−D
= Γ′′′(N (D)

α )−2 1

d2α−D
n̄ℓ+N/2,ℓ

for 0 ≤ α < D/2,

(6.6.6)

where Γ′′ = ΓD−1B(D−1
2

, α − D−1
2

)/2, Γ′′′ = Γ′′/(2α − D). For D/2 < α < D, we denote n̄ℓ

as the foot of the perpendicular drop from ℓ to the hyperplane xi = ni, as in the leftmost
part of Fig. 5.9. On the other hand, for 0 ≤ α < D/2, we deĄne n̄ℓ + N/2 as the point
obtained by extending the perpendicular drop from ℓ to the plane xi = ni by an additional
distance N/2.

Similarly, for the sum over ℓ′, the following inequality is obtained:

∑

ℓ′:k′
iℓ

′
i≤0

1

d̃ 2α
k′,ℓ′

≤



























Γ′′′(N (D)
α )−2 1

d2α−D
k′,0̄k′

for D/2 < α < D,

Γ′′′(N (D)
α )−2 1

d2α−D
k′,0̄k′−N/2

for 0 ≤ α < D/2,
(6.6.7)

where for D/2 < α < D, we denote 0̄k′ as the foot of the perpendicular drop from k′ to the
hyperplane xi = 0, as in the leftmost part of Fig. 5.9. For 0 ≤ α < D/2, we also denote
0̄k′ − N/2 as the point obtained by extending the perpendicular drop from k′ to the plane
xi = 0 by an additional distance N/2.

Substituting (6.6.6) and (6.6.7) into (6.6.5), we obtain the upper bound for D/2 < α < D

as follows:
∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤ (Γ′′′)2(N (D)

α )−5
∑

ℓ,k′

1

d2α−D
n̄ℓ,ℓ

1

d α
ℓ,k′

1

d2α−D
k′,0̄k′

≤ (Γ′′′)2(N (D)
α )−5

∑

ℓ,k′

1

d2α−D
n̄ℓ,ℓ

1

d2α−D
ℓ,k′

1

d2α−D
k′,0̄k′

. (6.6.8)
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For 0 ≤ α < D/2, we also obtain the following upper bound:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤ (Γ′′′)2(N (D)

α )−5
∑

ℓ,k′

1

d2α−D
n̄ℓ+N/2,ℓ

1

dα
ℓ,k′

1

d2α−D
k′,0̄k′−N/2

≤ (Γ′′′)2(N (D)
α )−5

∑

ℓ,k′

1

d2α−D
n̄ℓ+N/2,ℓ

1

d2α−D
ℓ,k′

1

d2α−D
k′,0̄k′−N/2

. (6.6.9)

Next, to further evaluate the upper bound (6.6.8) and (6.6.9), we present the following
lemma, which corresponds to Lemma 5 by replacing di,j with d̃i,j.

Lemma 7. Consider i, j depend on k, and assume that ūi :=
∑

k 1/d̃ α
k,i(k) < ∞ and ūj :=

∑

k 1/d̃ α
k,j(k) < ∞ hold. Under the condition 0 ≤ α < D, we obtain the following inequality:

∑

k

1

d̃ α
i(k),k

1

d̃ α
j(k),k

≤
ūα

d̃ α
ī,j̄

, (6.6.10)

where d̃−α
ī,j̄

:= sup
k

d̃−α
i(k),j(k), and ūα := 2α−1(ūi + ūj).

Proof of Lemma 7.

∑

k

1

d̃ α
i(k),k

1

d̃ α
k,j(k)

= (N (D)
α )−2

∑

k

1

dα
i(k),k

1

dα
k,j(k)

= (N (D)
α )−2

∑

k

1

dα
i(k),j(k)

dα
i(k),j(k)

dα
i(k),kdα

k,j(k)

≤ (N (D)
α )−2 1

dα
ī,j̄

∑

k

(di(k),k + dk,j(k))
α

dα
i(k),kdα

k,j(k)

≤ 2α−1(N (D)
α )−2 1

dα
ī,j̄

∑

k

dα
i(k),k + dα

k,j(k)

dα
i(k),kdα

k,j(k)

= 2α−1 1

N (D)
α dα

ī,j̄

∑

k

(

1

N (D)
α dα

i(k),k

+
1

N (D)
α dα

k,j(k)

)

= 2α−1 1

d̃ α
ī,j̄

∑

k

(

1

d̃ α
i(k),k

+
1

d̃ α
k,j(k)

)

=
ūα

d̃ α
ī,j̄

(6.6.11)

Here, we use ¶(x + y)/2♢α ≤ (xα + yα)/2 , following from the convexity of f(x) = xα and the
convexity inequality.

Firstly, we consider the case D/2 < α < D. Applying Lemma 7 to (6.6.8), we obtain the
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following upper bound:
∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)

≤ (Γ′′′)2(N (D)
α )−5

∑

ℓ,k′

1

d2α−D
n̄ℓ,ℓ

1

d2α−D
ℓ,k′

1

d2α−D
k′,0̄k′

= (Γ′′′)2(N (D)
α )(6α−3D)/α−5

∑

ℓ,k′

1

d̃ 2α−D
n̄ℓ,ℓ

1

d̃ 2α−D
ℓ,k′

1

d̃ 2α−D
k′,0̄k′

≤ (Γ′′′)2(N (D)
α )1−3D/α

∑

k′

1

d̃ 2α−D
k′,0̄k′

22α−D−1(ũ2α−D + ūn̄ℓ
) sup

ℓ

1

d̃ 2α−D
n̄ℓ,k′

= 22α−D−1(Γ′′′)2(ũ2α−D + ūn̄k
)(N (D)

α )1−3D/α
∑

k′

1

d̃ 2α−D
ñk′ ,k′

1

d̃ 2α−D
k′,0̄k′

≤ 22(2α−D−1)(Γ′′′)2(ũ2α−D + ūn̄k
)(ū0̄k′

+ ūñk′ )(N
(D)
α )1−3D/α sup

k′

1

d̃ 2α−D
ñk′ ,0̄k′

= O(1)(N (D)
α )1−3D/α (N (D)

α )−(2α−D)/α

n2α−D
i

= O(1)(N (D)
α )−1−2D/αnD−2α

i , (6.6.12)

where ūn̄k′ =
∑

k′ d̃ D−2α
n̄k′ ,k′ < ∞ for α < D . Furthermore, let ñk′ be the n̄k′ that satisĄes

supk′ d̃D−2α
n̄k′ ,k′ = d̃D−2α

ñk′ ,k′ . As shown on the far right of Fig. 5.9, n̄k′ coincides with the foot of
the perpendicular dropped from k′ to the hyperplane xi = ni. The condition of Lemma 5 is
satisĄed, as ū0̄k′

=
∑

k′ d̃ D−2α
0̄k′ ,k′ < ∞ and ūñk′ =

∑

k′ d̃ D−2α
ñk′ ,k′ < ∞.

Secondly, we consider the case 0 ≤ α < D/2. Using the Lemma 7 and (6.6.9), we obtain
the following upper bound:

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)

≤ (Γ′′′)2(N (D)
α )−5

∑

ℓ,k′

1

d2α−D
n̄ℓ+N/2,ℓ

1

d2α−D
ℓ,k′

1

d2α−D
k′,0̄k′−N/2

= (Γ′′′)2(N (D)
α )(6α−3D)/α−5

∑

ℓ,k′

1

d̃ 2α−D
n̄ℓ+N/2,ℓ

1

d̃ 2α−D
ℓ,k′

1

d̃ 2α−D
k′,0̄k′−N/2

≤ (Γ′′′)2(N (D)
α )1−3D/α

∑

k′

1

d̃ 2α−D
k′,0̄k′−N/2

22α−D−1(ũ2α−D + ūn̄ℓ
) sup

ℓ

1

d̃ 2α−D
n̄ℓ+N/2,k′

= 22α−D−1(Γ′′′)2(ũ2α−D + ūn̄k
)(N (D)

α )1−3D/α
∑

k′

1

d̃ 2α−D
ñk′ +N/2,k′

1

d̃ 2α−D
k′,0̄k′−N/2

≤ 22(2α−D−1)(Γ′′′)2(ũ2α−D + ūn̄k
)(ū0̄k′

+ ūñk′ )(N
(D)
α )1−3D/α sup

k′

1

d̃ 2α−D
ñk′ +N/2,0̄k′−N/2

= O(1)(N (D)
α )1−3D/α (N (D)

α )−(2α−D)/α

(ni + N)2α−D
= O(1)(N (D)

α )−1−2D/α(ni + N)D−2α, (6.6.13)

From (6.6.12) and (6.6.13), in both cases 0 ≤ α < D/2 and D/2 < α < D, we obtain the
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following upper bound for C
(s,D)
N (0), for case (2) in Fig.5.3:

∣

∣

∣C
(s,D)
N (0)

∣

∣

∣

∣

∣

∣

Fig.5.3(2)
≤ N1−D

D
∑

i=1

∑

ni

∣

∣

∣

〈

J (s,i)
ni♣ni−1J

(s,i)
0♣−1

〉∣

∣

∣

∣

∣

∣

Fig.5.3(2)

≤ O(N1−α−2D(D−α)/α) + O(1) = O(1), (6.6.14)

for D ≥ 2.
From (6.6.4) and (6.6.14), we Ąnally obtain that the equal-time total spin current corre-

lation C
(s,D)
N (0) is Ąnite in the thermodynamic limit:

∣

∣

∣C
(s,D)
N (0)

∣

∣

∣ ≤ O(1). (6.6.15)
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Chapter 7

Conclusion

In this thesis, we have investigated the nature of energy and spin diffusion in long-range
interacting spin systems.

Our analysis has focused on several prototypical models: the transverse Ising model and
the XYZ model for energy transport, and the XXZ model for spin transport. These models
are deĄned on a D-dimensional lattice with an interaction exponent α > D, which ensures
thermodynamic extensivity.

In one-dimensional systems, we have demonstrated that both normal and anomalous
diffusion can occur. We have shown that the anomalous regime originates from an anomalous
enhancement in the amplitude of equal-time current correlations.

To analyze such equal-time current correlations, we introduced the cumulant power-law
clustering theorem (Theorem 1). This theorem extends the conventional clustering property
to higher-order cumulants and is applicable to long-range interacting spin systems deĄned
on D-dimensional lattices.

By applying the cumulant power-law clustering theorem to equal-time current correla-
tions, we established a series of rigorous results that lead to a uniĄed conclusion (Theorems 2
and 4): in one dimension, a sufficient condition for energy and spin diffusion to be normal is
α > 3/2, independently of the speciĄc model or choice of parameters.

Furthermore, we constructed a theoretical framework of Ćuctuating hydrodynamics for
long-range interacting systems (Sec. 3.2), which provides an effective description of the
anomalous regime. Within this framework, the emergence of Lévy diffusion for α < 3/2

is consistently captured, indicating that the above condition is optimal.
In higher dimensions, D ≥ 2, our results show that diffusion remains normal whenever

α > D, which is the threshold required for thermodynamic extensivity (Theorems 3 and 5).

We have also addressed energy and spin diffusion in the strongly long-range interacting
regime 0 ≤ α < D by introducing the Kac factor. In this setting, results analogous to the
cumulant power-law clustering theorem can still be established (Theorem 6), allowing us to
employ essentially the same mathematical techniques as in the weak long-range regime. In
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one-dimensional systems, the equal-time current correlations are shown to be upper-bounded
by a constant independent of the separation n (Theorem 7). In higher dimensions, the
corresponding equal-time total current correlations are likewise proven to converge to Ąnite
values in the thermodynamic limit (Theorem 8).

On the other hand, the convergence of the time integral appearing in the GreenŰKubo
formula, as well as the system-size dependence of the associated relaxation time, remains
poorly understood in this regime. Numerical studies are strongly affected by Ąnite-size effects,
making it difficult to reliably extract the asymptotic behavior. Consequently, the physical
implications of the rigorous upper bounds obtained for current correlations in the strongly
long-range interacting regime have yet to be fully clariĄed.

Overall, our analysis provides a systematic and exact framework for the study of transport
phenomena in long-range interacting spin systems.

It would be of interest to extend this exact framework to energy transport in springŰ
particle systems with long-range interactions, as brieĆy discussed in Sec. 1.4. The behavior
of energy and spin diffusion in the regime α < D, both with and without the Kac factor,
remains an open problem. Moreover, the cumulant power-law clustering theorem is valid for
quantum systems as well, and it is therefore intriguing to examine whether similar diffusive
phenomena arise in the quantum setting.

In deriving Theorem 1, we relied on the Ąniteness of the one-site energy (gu < ∞ and
∥OXj

∥ < ∞). As a consequence, the theorem is not directly applicable to systems with
unbounded local variables, namely those with gu → ∞ and ∥OXj

∥ → ∞. Energy diffusion
in systems with unbounded degrees of freedom, such as bosonic lattice models, therefore
remains an important open problem.

137



Chapter A

Energy Diffusion in the Long-range

Interacting XY Model

In this chapter, we present rigorous results on the upper bounds for energy current correla-
tions in the context of energy diffusion in the long-range interacting XY model. Although
these results are already contained in Theorem 2 and 3, which address the more general XYZ
model, the XY case admits a substantially simpler diagrammatic computation compared to
the XYZ model. For this reason, we include the analysis of the XY model in this chapter as
an appendix.

A.1 Upper bound for the equal-time energy current

correlation in one dimension

In this section, we consider the one-dimensional long-range interacting XY model, which is
described by the following Hamiltonian

H = −
N
∑

n=1

N/2
∑

r=1

[

Jx
Sx

nSx
n+r

rα
+ Jy

Sy
nSy

n+r

rα



. (A.1)

The local energy at site n is deĄned as

ĥn := −
N/2
∑

r=1

∑

σ=x,y

Jσ

2

[

Sσ
nSσ

n+r

rα
+

Sσ
nSσ

n−r

rα



, (A.2)

and satisĄes the following continuity equations

∂tĥn = −(J ϵ
n+1 − J ϵ

n), (A.3)

J ϵ
n = −

∑

i≥n,j<n
♣i−j♣<N/2

tϵ
i←j. (A.4)
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The energy transmission operator tϵ
i←j is deĄned as

tϵ
i←j = ¶ĥi, ĥj♢ =

N
∑

m=1

JxJy

4

∑

¶a,b,c♢=¶i,j,m♢

ε̃abc
Sx

a Sy
b Sz

c

dα
a,cd

α
b,c

, (A.5)

where ε̃abc is deĄned as follows:

ε̃abc =







+1 , for (a, b, c) = (i, j, m), (m, j, i), (i, m, j),

−1 , for (a, b, c) = (j, i, m), (j, m, i), (m, i, j),
(A.6)

Note that ε̃abc is different from Levi-Civita symbols.
From the symmetry of the Hamiltonian, we note that the following properties hold

⟨Sx
i ⟩ = ⟨Sy

i ⟩ = ⟨Sz
i ⟩ = 0, (A.7)

〈

Sσ
i Sτ

j

〉

= δσ,τ

〈

Sσ
i Sσ

j

〉

(A.8)
〈

Sz
i Sz

j O
〉

= δi,j

〈

(Sz
i )2O

〉

, (A.9)

for i, j = 1, ..., n and σ, τ ∈ ¶x, y, z♢. The relation (A.7), (A.8) is shown from the fact that
the Hamiltonian is invariant to the canonical transformation (Sσ

i , Sτ
i , Sυ

i ) → (Sσ
i , −Sτ

i , −Sυ
i )

for ¶σ, τ, υ♢ = ¶x, y, z♢ and i = 1, ..., N . The relation (A.9) is derived from the absence of
components Sz

i in the Hamiltonian.
Using these properties and Theorem 1, we establish the XY case of Theorem 2:

Theorem A.1. In the one-dimensional long-range interacting XY model, under the condition

β < βc, the equal-time current correlation is upper-bounded as

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤ C1n
2−2α, (A.10)

for α > 1.

Proof. The equal-time current correlation ⟨J ϵ
nJ ϵ

0 ⟩ is given as follows:

⟨J ϵ
nJ ϵ

0 ⟩ =
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

ε̃abcε̃a′b′c′

⟨Sx
a Sy

b Sz
c Sx

a′S
y
b′Sz

c′⟩

dα
a,cd

α
b,cd

α
a′,c′dα

b′,c′

=
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

ε̃abcε̃a′b′c′δc,c′

⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

(A.11)

where we use the relation (A.9). The term 1/(dα
a,cd

α
b,cd

α
a′,cd

α
b′,c) in (A.11) is illustrated dia-

grammatically in Fig. A.1.

139



<latexit sha1_base64="c87ah+7/dn1/mOVoiCjDKGRYG+4="></latexit>

a

<latexit sha1_base64="82ZCcFnNBBWvUAbWkiG3e6MZuRU="></latexit>

a
0

<latexit sha1_base64="IeIJuTl9ZN68UoNyuoH8RgwUut8="></latexit>

b

<latexit sha1_base64="8EU8XgWNtPzkwIGPg8PNsjRb1bg="></latexit>

b
0

<latexit sha1_base64="zWOixrxSE25pHfg+PxxRfUrFLCk="></latexit>

d
−α

a,c

<latexit sha1_base64="9LVzOSGmXSBQbiBG2s7dzoL+hwE="></latexit>

d
−α

a0,c

<latexit sha1_base64="7fnbU7RTazI5SLlPzVqVHz1S7xQ="></latexit>

d
−α

b,c

<latexit sha1_base64="L+4Ftu/HGEzW2g5Qq0+jcnhnxgM="></latexit>

d
−α

b0,c

<latexit sha1_base64="h+g8Haj3CKj35gj78u4d7Go6rdg="></latexit>

c

Figure A.1: The diagrammatic representation of the term d−α
a,c d−α

b,c d−α
a′,cd

−α
b′,c in (A.11). [This

Ągure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

The 5-body correlation ⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩ can be decomposed into cumulant products as
follows:

⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩ = ⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩c + ⟨Sx
a Sy

b Sx
a′S

y
b′⟩c

〈

(Sz
c )2
〉

+
〈

Sx
a Sx

a′(Sz
c )2
〉

c
⟨Sy

b Sy
b′⟩c + ⟨Sx

a Sx
a′⟩c

〈

Sy
b Sy

b′(Sz
c )2
〉

c
+ ⟨Sx

a Sx
a′⟩c ⟨Sy

b Sy
b′⟩c

〈

(Sz
c )2
〉

(A.12)

where we use the relation (A.7), (A.8). Next, we use Theorem 1 as follows:

⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩c ≤ c1∥Sx
a ∥...∥(Sz

c )2∥
∑

¶j1,...,j5♢=
¶a,b,a′,b′,c♢
:connected

1

dα
j1,j2

...dα
j4,j5

, (A.13)

⟨Sx
a Sy

b Sx
a′S

y
b′⟩c ≤ c1∥Sx

a ∥...∥Sy
b′∥

∑

¶j1,...,j4♢=
¶a,b,a′,b′♢
:connected

1

dα
j1,j2

dα
j2,j3

dα
j3,j4

, (A.14)

〈

Sσ
i1

Sσ
i2

(Sz
c )2
〉

c
≤ c3∥Sσ

i1
∥∥Sσ

i2
∥∥(Sz

c )2∥
∑

¶j1,j2,j3♢=
¶i1,i2,c♢

:connected

1

dα
j1,j2

dα
j2,j3

, (A.15)

⟨Sσ
ip

Sσ
iq

⟩c ≤ c4∥Sσ
ip

∥∥Sσ
iq

∥
1

dα
ip,iq

, (A.16)

where
∑

¶j1,...,jm♢
:connected

denotes taking the summation over the vertices, which are connected from j1

to jm along the Hamilton path. By using (A.13) - (A.16), we obtain the following inequality
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for ♣⟨J ϵ
nJ ϵ

0 ⟩♣:

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

×

{

∣

∣

∣⟨Sx
a Sy

b Sx
a′S

y
b′(Sz

c )2⟩c

∣

∣

∣+
∣

∣

∣⟨Sx
a Sy

b Sx
a′S

y
b′⟩c

〈

(Sz
c )2
〉∣

∣

∣+
∣

∣

∣

〈

Sx
a Sx

a′(Sz
c )2
〉

c
⟨Sy

b Sy
b′⟩c

∣

∣

∣

+
∣

∣

∣⟨Sx
a Sx

a′⟩c

〈

Sy
b Sy

b′(Sz
c )2
〉

c

∣

∣

∣+
∣

∣

∣⟨Sx
a Sx

a′⟩c ⟨Sy
b Sy

b′⟩c

〈

(Sz
c )2
〉∣

∣

∣

}

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

×

{

∑

¶i1,...i5♢=
¶a,b,a′,b′,c♢
:connected

c1

dα
i1,i2

...dα
i4,i5

+
∑

¶i1,...i4♢=
¶a,b,a′,b′♢
:connected

c2

dα
i1,i2

dα
i2,i3

dα
i3,i4

+
∑

¶i1,...,i4♢=¶a,b,a′,b′♢
¶i1,i2♢=¶a,a′♢,¶b,b′♢

∑

¶j1,j2,j3♢=
¶i1,i2,c♢

:connected

2c3

dα
j1,j2

dα
j2,j3

c4

dα
i3,i4

+
(c4)

2

dα
a,a′dα

b,b′

}

(A.17)

Let us Ąrst consider the contribution of the Ąrst term in (A.17):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

∑

¶i1,...i5♢=
¶a,b,a′,b′,c♢
:connected

c1

dα
i1,i2

...dα
i4,i5

(A.18)

Fig. A.2 enumerates all possible cases of clustering linkages in (A.18) and illustrates the
derivation of the upper bound for each case. Here, diagrams with identical topology are
regarded as equivalent.

Corresponding to the case (1) in Fig. A.2, we obtain the following upper bound of the
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Figure A.2: The diagrammatic derivation for the upper bound of the contribution of the Ąrst
term in (A.17). [This Ągure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

contribution to ⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

∑

¶i2,...i5♢=
¶a,b,a′,b′♢
:connected

c1

dα
c,i2

dα
i2,i3

...dα
i4,i5

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

∑

¶i2,...i5♢=
¶a,b,a′,b′♢
:connected

c1

dα
i2,i3

dα
i4,i5

≤
∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

N
∑

c′′=1

∑

¶i2,...i5♢=
¶a,b,a′,b′♢
:connected

δc,c′c1

dα
i2,i3

dα
i3,cd

α
c,i4

dα
i4,i5

dα
i5,c′′dα

c′′,i2

≤
J2

xJ2
y

16
u4c1

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c(1)n2−2α, (A.19)

where c(1) = (J2
xJ2

y /16)u4c1/¶(1 − 2α)(2 − 2α)♢.
Corresponding to the case (2) in Fig. A.2, we similarly obtain the following upper bound
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of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩:
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k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1
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xJ2

y

16
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¶a′,b′,c′♢=¶k′,ℓ′,m′♢
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α
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α
a′,cd

α
b′,c

∑
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α
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≤
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xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
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∑
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≤
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:connected
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≤
J2

xJ2
y

16
u4c1

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c(1)n2−2α. (A.20)

Corresponding to the case (3) in Fig. A.2, we similarly obtain the following upper bound
of the contribution to ⟨J ϵ

nJ ϵ
0 ⟩:

∑
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ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
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N
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y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′
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α
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α
a′,cd

α
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:connected
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≤
∑
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ℓ<n

∑
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N
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J2
xJ2

y
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∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

N
∑

c′′=1

∑

¶i1,i2,i4,i5♢=
¶a,b,a′,b′♢
:connected

δc,c′c1

dα
i1,i2

dα
i2,cd

α
c,i4
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i4,i5

dα
i5,c′′dα

c′′,i1

≤
J2

xJ2
y

16
u4c1

∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c(1)n2−2α. (A.21)

From the above case analysis, we obtain the following upper bound for the contribution
from the Ąrst term in Fig. A.2:

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′

dα
a,cd

α
b,cd

α
a′,cd

α
b′,c

∑

¶i1,...i5♢=
¶a,b,a′,b′,c♢
:connected

c1

dα
i1,i2

...dα
i4,i5

≤ 3c(1)n2−2α (A.22)
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Next, let us consider the contribution of the second term in (A.17):

∑

k≥n
ℓ<n

∑

k′≥0
ℓ′<0

N
∑

m,m′=1

J2
xJ2

y

16

∑

¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

δc,c′
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b,cd

α
a′,cd

α
b′,c

∑

¶i1,...i4♢=
¶a,b,a′,b′♢
:connected

c2

dα
i1,i2

dα
i2,i3

dα
i3,i4

(A.23)

Fig. A.3 illustrates the method of clustering linkage in (A.23), which, when considering
graphs with equivalent topology as identical, is restricted to a single case. Furthermore, it
shows the derivation of the upper bound for this case.
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Figure A.3: The diagrammatic derivation for the upper bound of the contribution of the
second term in (A.17). [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

In this case, we obtain the following upper bound of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑

k′≥0
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:connected
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16
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∑
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1

d2α
k,ℓ′

≤ c(2)n2−2α, (A.24)

where c(2) = (J2
xJ2

y /16)u4c1/¶(1 − 2α)(2 − 2α)♢.
Next, let us consider the contribution of the third term in (A.17):

∑
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ℓ<n
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(A.25)
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Figure A.4: The diagrammatic derivation for the upper bound of the contribution of the
third term in (A.17). [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

Fig. A.4 illustrates the method of clustering linkage in (A.25), which, when considering graphs
with equivalent topology as identical, is restricted to a single case. Furthermore, it shows
the derivation of the upper bound for this case.

In this case, we similarly obtain the following upper bound of the contribution to ⟨J ϵ
nJ ϵ
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:connected

δc,c′c3c4

dα
i1,i2

dα
i2,cd

α
c,i3

dα
i3,i4

dα
i4,c′′dα

c′′,i1

≤
J2

xJ2
y

16
u4c3c4

∑

k≥n
ℓ′<0

1
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≤ c(3)n2−2α, (A.26)

where c(3) = (J2
xJ2

y /16)u4c3c4/¶(1 − 2α)(2 − 2α)♢.
Lastly, let us consider the contribution of the fourth term in (A.17):

∑
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∑
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ℓ′<0

N
∑
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xJ2

y
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α
b,cd

α
a′,cd

α
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(c4)
2

dα
a,a′dα

b,b′

(A.27)

Fig. A.5 illustrates the method of clustering linkage in (A.27), which, when considering graphs
with equivalent topology as identical, is restricted to a single case. Furthermore, it shows
the derivation of the upper bound for this case.
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Figure A.5: The diagrammatic derivation for the upper bound of the contribution of the
fourth term in (A.17). [This Ągure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

We similarly obtain the following upper bound of the contribution to ⟨J ϵ
nJ ϵ

0 ⟩:

∑

k≥n
ℓ<n

∑
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ℓ′<0

N
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16
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2
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¶a,b,c♢=¶k,ℓ,m♢
¶a′,b′,c′♢=¶k′,ℓ′,m′♢

N
∑
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δc,c′(c4)
2

dα
a,a′dα

a′,cd
α
c,b′dα

b′,bd
α
b,c′′dα

c′′,a

≤
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xJ2
y

16
u4(c4)

2
∑

k≥n
ℓ′<0

1

d2α
k,ℓ′

≤ c(4)n2−2α, (A.28)

where c(4) = (J2
xJ2

y /16)u4(c4)
2/¶(1 − 2α)(2 − 2α)♢.

From (A.22), (A.24), (A.26), (A.28), we demonstrate that all terms in (A.17) can be
bounded as follows:

♣⟨J ϵ
nJ ϵ

0 ⟩♣ ≤ C1n
2−2α, (A.29)

where C1 = 3c(1) + c(2) + c(3) + c(4). Thus, we establish the claims of the theorem.

A.2 Upper bound for the equal-time total energy cur-

rent correlation in higher dimensions

We consider the D dimensional long-range interacting XY model, which is described by the
following Hamiltonian

H = −
∑

i ̸=j

[

Jx

Sx
i Sx

j

dα
i,j

+ Jy

Sy
i Sy

j

dα
i,j



. (B.1)

The local energy at site n is deĄned as

ĥn := −
∑

j ̸=n

∑

σ=x,y

Jσ

2

Sσ
nSσ

j

dα
n,j

, (B.2)
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and the current J (ϵ,i)
ni♣ni−1 is described as follows

J (ϵ,i)
ni♣ni−1 = −

∑

k:ki≥ni
ℓ:ℓi<ni

tk←ℓ (B.3)

tk←ℓ = ¶ĥk, ĥℓ♢ =
∑

m

JxJy

4

∑

¶a,b,c♢=¶k,ℓ,m♢

ε̃abc
Sx
aSy

bSz
c

dα
a,cd

α
b,c

, (B.4)

where
∑

σ∈P xyz
cyc

is deĄned as sums over all circular permutation of the variables (x, y, z), and
ε̃abc is deĄned as follows:

ε̃abc =







+1 , for (a, b, c) = (k, ℓ,m), (m, ℓ,k), (k,m, ℓ),

−1 , for (a, b, c) = (ℓ,k,m), (ℓ,m,k), (m,k, ℓ).
(B.5)

Note that ε̃abc is different from Levi-Civita symbols.

Theorem A.2. In the D-dimensional long-range interacting XY model, under the condition

α > D/2 + 1, α > D and β < βc, C
(D)
N (0) converges to the Ąnite value independent of the

system size N . It immediately follows that C
(D)
N (0) is Ąnite as long as α > D.

Proof. In exactly the same manner as the one-dimensional case, utilizing Theorem 1 and
the symmetry derived from the Hamiltonian, the following upper bound for the current
correlation can be obtained:

∣

∣

∣

〈

J (ϵ,i)
ni♣ni−1J

(ϵ,i)
0♣−1

〉∣

∣

∣ ≤ O(1)
∑

k:ki≥ni
ℓ′:ℓ′

i<0

1

d2α
k,ℓ′

(B.6)

Thus, in exactly the same manner as Theorem 3.1, we establish the claim of the theorem.
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