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MICROSCOPIC THEORY OF TRANSPORT PHENOMENA IN THE
LONG-RANGE INTERACTING SPIN SYSTEMS

HIiDEAKI NISHIKAWA

ABSTRACT

LONG-RANGE INTERACTIONS are ubiquitous, exemplified by gravity, the Coulomb in-
teraction, and the dipole interaction. Here, “long-range” means that the potential follows

@ with the distance r between the sites. Recent experimental

a power-law form V(r) ~ r~
advancements have remarkably enabled precise control over the interaction regime and the
power-law exponent a. Notable examples include Rydberg atoms, cold atomic, and trapped
ionic systems. These platforms not only open pathways for quantum information process-
ing but also serve as versatile laboratories for exploring fundamental phenomena such as
thermalization, information propagation, and beyond. Long-range interactions give rise to
distinctive phenomena that are absent in systems governed solely by short-range interac-
tions, from static to dynamical aspects. As important dynamical properties, energy or spin
propagation should be a crucial subject in the spin systems. We focus on spin models, mo-
tivated by their direct relevance to the experimental systems mentioned above. However,
thus far, the impact of long-range interaction on energy transport in spin systems have not
been systematically investigated. On the other hand, the effect of long-range interaction on
spin transport has been numerically and phenomenologically studied, but so far, a rigorous
theoretical foundation has not existed.

The primary aim of this thesis is to understand the general properties of energy and spin
diffusion in spin systems with long-range interactions. We address the following questions:
Is there a transition of normal and anomalous diffusion of energy and spin by changing the
exponent a? If so, what is the universal mechanism and systematic method to analyze the
class of energy and spin diffusion?

Firstly, we investigate energy diffusion in long-range interacting spin systems. We con-
sider prototypical spin systems, the transverse Ising model, and the XYZ model in the D-
dimensional lattice with a finite exponent o > D, which guarantees the thermodynamic
extensivity. In one dimension, both normal and anomalous diffusion are observed, where the
anomalous diffusion is attributed to anomalous enhancement of the amplitude of the equilib-
rium current correlation. We prove the power-law clustering property of arbitrary orders of
joint cumulants in general dimensions. Applying this theorem to equal-time current correla-



tions, we further prove several theorems leading to the statement that the sufficient condition
for normal diffusion in one dimension is a > 3/2 regardless of the models. The fluctuating
hydrodynamics approach consistently explains Levy diffusion for o« < 3/2, which implies the
condition is optimal. In higher dimensions of D > 2, normal diffusion is indicated aslong as
a>D.

Next, we study spin diffusion in long-range interacting XXZ model, with a power-law
a > D. We obtain the same scaling behavior for spin diffusion, both in one dimension and
higher dimensions.

Moreover, we also investigate energy and spin diffusion in the same model above, with
a power-law exponent o < D and the Kac factor. We generalize the cumulant power-law
culustering theorem to the regime with the Kac factor, and obtain the upper bound for equal-
time current correlations. However, the physical significance of this upper bound remains
unclear.

We expect that this theoretical framework is broadly applicable to transport phenomena
in a wide class of long-range interacting systems.
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Chapter 1

Introduction

1.1 Physics of long-range interactions

Long-range interactions, exemplified by gravitational, Coulomb, and dipole—dipole interac-
tions, are ubiquitous in nature [1, 2]. In this context, long-range interactions refer to those

@ as a function of distance r. The ex-

whose potential follows a power-law form V(r) ~ r—
ponent « controls the interaction range: the smaller the value of «, the longer the effective
range of the interaction. In recent years, advances in experimental techniques have made
it possible to precisely control both the form of the interaction and the value of the expo-
nent a. Representative examples include Rydberg-atom platforms, cold atomic systems, and
trapped-ion experiments [3-16].

Electrically neutral atoms arranged in optical tweezers array are typically separated by
several micrometers and thus do not interact directly. To induce interactions, one exploits the
Rydberg state, a highly excited electronic state in which the outermost electron is promoted
to a large principal quantum number, creating an extremely extended electronic orbital.
Between Rydberg atoms, long-range dipole-dipole interactions naturally arise [4, 17]. In
these systems, experimental parameters such as laser frequency and intensity, as well as the
spacing between optical tweezers, can be tuned with high precision, allowing for versatile
control of the Hamiltonian [5, 6].

Experiments based on Paul traps and Penning traps offer another promising platform [12—-
15]: by confining ions in one and two dimensions, respectively, one can engineer spin models
with tunable interaction ranges mediated by phonon modes in the ion crystal. These experi-
mental systems achieve an exceptional degree of parameter control and enable the realization
of time-dependent dynamics in highly isolated quantum systems. Beyond their applications
to quantum information processing, they have played a central role as experimental testbeds
for fundamental problems such as thermalization and information propagation.

Long-range interactions are known to induce novel physical phenomena that do not arise
in systems with short-range interactions. When the exponent « is smaller than the spatial
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dimension, extensivity breaks down [1, 2, 18-21], and this has profound consequences, par-
ticularly for static properties. The breakdown of extensivity gives rise to numerous anoma-
lous features, including ensemble inequivalence [21], negative specific heat [22-24], long-
lived quasi-stationary states [25, 26], anomalous diffusion [24, 27, 28], suppression of chaos
[26, 27, 29-31], and agreement with mean-field theory [32-34]. Even in the extensive regime
where o exceeds the spatial dimension, long-range interactions can substantially influence
equilibrium phase transitions [35-39] and the structure of the ground state [40-42].

On the dynamical side, long-range interactions are equally important, with one notable
example being the persistence of correlations over long distances [27-30, 43]. In recent years,
considerable effort has been devoted to understanding their effects on thermalization and
information propagation, particularly in the context of the Lieb—Robinson bound [44-47],
out-of-time-ordered correlators (OTOCs) [48], and fast scrambling [49]. Many of these re-
searches have focused on spin systems, reflecting the fact that the aforementioned experimen-
tal platforms are well described by spin models [3]. A detailed overview of previous research
on information propagation in the long-range interacting systems will be presented in the
next section.

Another key dynamical property in long-range interacting spin systems is the transport
of energy and spin. However, the influence of long-range interactions on transport properties
has remained largely unexplored. Existing studies of energy transport have predominantly
focused on spring-type models [50-56], often treating them as extensions of anomalous heat
conduction in low-dimensional systems arising from long-time tails [57-61]. In contrast,
energy transport in long-range interacting spin systems has not been investigated at all,
even at the numerical level. Regarding spin diffusion in long-range interacting spin models,
only a handful of numerical and phenomenological studies exist [62, 63], and no systematic
theoretical framework has yet been established. A detailed overview of prior research on
transport phenomena in long-range interacting systems will be presented in the following
section.

1.2 Information propagation in the long-range inter-
acting systems

In this section, as one of the important lines of prior research on the dynamical properties of
long-range interacting systems, we discuss in detail the dynamics of information propagation
in long-range interacting systems. In particular, we provide an overview of rigorous results
concerning the Lieb-Robinson bounds and out-of-time-ordered correlators (OTOCs) in the
presence of long-range interactions.

We begin with a detailed exposition of the Lieb-Robinson bounds in long-range interacting
systems. A fundamental question in the study of quantum many-body dynamics concerns
the maximal speed at which information can propagate through the system. In relativistic
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theories, this question is answered by causality: as shown by Einstein more than a century
ago, the propagation of signals is strictly constrained by the light cone, and information
transfer outside the light cone is strictly forbidden.

In contrast, nonrelativistic quantum many-body systems do not possess an a priori light
cone. In their seminal work of 1972, Lieb and Robinson proved that an “effective light cone”
nevertheless emerges [64]: the commutator of two observables Ox and Oy, initially supported
on spatially separated regions X and Y, remains exponentially suppressed outside a region
bounded by a characteristic velocity. More precisely, one has

I1Ox(#), Ov]ll < clOx Oy [l XY [ e, (1.2.1)

where || - || denotes the operator norm, r = dx y is the distance between X and Y, and v is
known as the Lieb—Robinson velocity.

The Lieb—Robinson bound provides one of the most fundamental constraints on quantum
dynamics [65-73], and has been refined extensively in subsequent research [74-80]. Follow-
ing Hastings’ work on the Lieb—Schultz—Mattis theorem [81], the Lieb—Robinson bound has
become an indispensable analytical tool for the study of universal properties of quantum
many-body systems. Applications include quasi-adiabatic continuation [82], entanglement
area laws [83-85], thermalization [86-89], quantization of Hall conductance [90, 91|, stabil-
ity of topological order [92-94], clustering of correlations [95-97], construction of effective
Hamiltonians [98, 99|, and classical simulability of quantum systems [100-102]. More re-
cently, Lieb-Robinson bounds have been applied to digital quantum simulation [103, 104] and
quantum information scrambling [105-117]. Owing to recent experimental advances, direct
observations of Lieb-Robinson light-cone structures have also become possible [13, 118-122].

For short-range interacting spin systems, the effective light cone is characterized by a finite
velocity v, which restricts information propagation to a linear cone. In contrast, long-range

-«

interacting systems feature algebraically decaying interactions of the form =%, allowing for
instantaneous communication between arbitrarily distant sites. As a result, the existence of a
linear light cone is not obvious a priori. Depending on the exponent o, one may observe either
linear or nonlinear light-cone structures. As discussed in the previous section, systems with
a wide range of a values have recently been realized experimentally, stimulating renewed
interest in their universal dynamical properties. Against this backdrop, one of the most
important and intriguing open problems in the context of information propagation is the
linear light-cone problem: Does a linear light cone exist in long-range interacting systems,
and if so, under what general conditions?

Despite its conceptual simplicity and practical importance for future quantum technolo-
gies, establishing upper bounds on information propagation in long-range interacting systems
has long been regarded as a notoriously difficult mathematical challenge. Hastings and Koma
showed that for a > D (where D is the spatial dimension), communication over distance r
requires a time ¢ 2 logr [75], leading to what is sometimes called a logarithmic light cone.
However, this upper bound is believed to be far from optimal. Subsequently, it was shown
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that for a > 2D [103, 123, 124], one has ¢t 2 77 for 0 < v < 1 [125]. A genuine linear
light cone was first proven for one-dimensional systems with a > 3, and later generalized
to higher dimensions, yielding the condition o > 2D + 1 [45]. These results demonstrate
that long-range interacting systems with sufficiently large a behave effectively as short-range
systems. Further refinements have been obtained through constructions of fast state-transfer
and fast entanglement-generation protocols. These works established that ¢t < pmin(e=2D.1)
for a > 2D, and t < r°") for a < D, where o(1) denotes an arbitrarily small exponent [47]. It
was also shown that for any € > 0, quantum information must lie within a light cone obeying
t > pmin(e=2D=51) "Jeading to polynomial light cones for o > 2D. See the schematic phase
diagram in Fig.1.1.

Taken together, these developments imply that for fermionic systems with bounded lo-
cal operator norms, the conditions under which a linear light cone emerges in long-range
interacting systems are now essentially fully understood.

t

Fast Scrambling ~ Polynomial Linear
No Ligihtcone Lightcone : Lightcone

o I 3] 2D+1
Figure 1.1: The schematic phase diagram of Lieb-Robinson bound in the long-range inter-
acting systems.

In parallel with the Lieb-Robinson bound, information scrambling provides a complemen-
tary perspective on how initially localized quantum information becomes inaccessible after
time evolution. Scrambling plays a central role in a wide range of interdisciplinary problems,
spanning from thermalization in quantum many-body systems [126-129] to the black hole
information paradox [130—-133]. Recent developments at the interface of quantum chaos and
information theory have revealed that the out-of-time-order correlator (OTOC) serves as a
powerful quantitative tool for characterizing scrambling dynamics [106, 134]. In quantum

13



lattice models, the OTOC is defined as

(R, 1) = — tr([Wi(t), Vi IWi(0), Va]) (12.2)

trl

where W;(t) = e#'W;e=" H denotes the Hamiltonian of the system, and the operators WW;
and V;, are supported on lattice sites 7 and ¢, respectively, which are separated by a distance
R.

When the Hamiltonian H contains only short-range interactions, the OTOC typically
exhibits an exponential growth of the form

C(r,t) ~ er(t=r/vs), (1.2.3)

where Ay, is the quantum analogue of the Lyapunov exponent and vg is the so-called butterfly
velocity. The Lieb—Robinson velocity provides the simplest and most general upper bound
for vp in arbitrary quantum many-body systems [105]. Understanding the universal features
of OTOC dynamics has become one of the central topics in modern theoretical physics
[110, 111, 135-139]. Alongside theoretical progress, experimental schemes for measuring
OTOCs have also been proposed and demonstrated in several physical setups [114, 140-143].

In systems with strictly short-range interactions, OTOCs exhibit a ballistic spreading of
the wavefront characterized by the butterfly velocity vg [105, 107, 113, 144, 145]. However,
when the Hamiltonian contains long-range interactions of the form =, the wavefront can
exhibit superlinear spreading in time [46, 146-151]. By analogy with short-range systems,
one might expect an exponential growth of the form

C(r,t) ~ et (1.2.4)

Such a behavior corresponds to so-called “fast scrambling”, meaning that the time scale
over which initially localized quantum information spreads across the entire system becomes
ts = Aplog N, where N is the system size. Indeed, the widely used Lieb—Robinson-type
bounds for long-range interacting systems provide upper bounds consistent with the form
(1.2.4). In recent years, universal aspects of fast scrambling have attracted considerable
interest, particularly in the context of black hole physics [49, 131, 132]. Since the discovery
of the exact solution of the Sachdev—Ye—Kitaev model [152, 153], significant efforts have
been made to clarify which quantum many-body systems permit or forbid fast scrambling
[154-157].

Fast scrambling implies that the system can relax arbitrarily quickly under local per-
turbations. However, it is highly unlikely that such extremely rapid information spreading
is generic in physical systems. For sufficiently large «, the system effectively behaves as a
short-range interacting system, and the exponential form (1.2.4) cannot describe the OTOC
dynamics over the entire parameter range of «. Instead, a more accurate description for
long-range interacting systems may lead to a polynomial growth of the form

Crt) < (Apt/rf)", (1.2.5)
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with exponents satisfying ( < 1 and & < «. This inequality implies that the scrambling
time scales algebraically with the system size as t, ~ n¢/P /Ar. For sufficiently large «, both
numerical and analytical studies support the polynomial growth form (1.2.5) [45, 47, 117, 123].
Against this background, a natural and fundamental question arises: what is the optimal
condition on « that forbids the exponential form (1.2.4) of fast scrambling?

Existing numerical studies suggest that the polynomial growth of the OTOC breaks down
for a < D [108, 117]. Thus, one expects at least the condition o« > D. Moreover, this re-
quirement coincides with the physically natural stability condition for long-range interacting
systems, ensuring that the total energy remains extensive and that the thermodynamic limit
is well-defined.

As reviewed in the discussion of Lieb—Robinson bounds, most prior theoretical analyses
have been limited to the regime « > 2D [45, 47, 103, 123, 124]. In this regime, Foss—Feig et
al. proved that the exponent  in (1.2.5) is bounded from below by (a«—2D)/(a—D+1) [123],
which was later improved to (aw — 2D)/(ac — D) [103]. Furthermore, for a > 2D + 1, it was
shown that a finite butterfly velocity (i.e., ( = 1) emerges in general long-range interacting
systems [45, 124, 125]. Collectively, these results imply that once a exceeds the threshold
a = 2D, fast scrambling of the form (1.2.4) cannot occur in long-range interacting systems.

The intermediate regime D < o < 2D, however, remains far more subtle. In this region,
long-range interactions can in principle enable quantum state transfer at subexponential
speeds faster than any exponential but still slower than ballistic propagation [46]. As «
approaches D, the system effectively behaves as if it has infinite dimensionality, giving rise
to novel physical phenomena. For example, in one-dimensional systems, it is known that
long-range interactions with o < 2 qualitatively alter both static [35, 158] and dynamical
properties [159, 160]. Consequently, the physical behavior induced by long-range interactions
in this regime is highly nontrivial and may even produce unexpected outcomes.

Nevertheless, various empirical observations suggest that fast scrambling is likely forbid-
den in this parameter region as well. As a partial result, Tran et al. demonstrated that fast
scrambling is impossible in one-dimensional systems for o« > 3/2 [124]. More recently, Kuwa-
hara and Saito proved that fast scrambling cannot occur in any long-range interacting system
provided that a > D [48]. Combined with explicit counterexamples for « < D [108, 117], this
result identifies @ > D as the optimal condition under which the polynomial bound (1.2.5)
holds. As a general upper bound, they derived that the OTOC obeys a polynomial growth
characterized by the exponent

(= (2a—2D)/(2a — D +1). (1.2.6)

This result supports the empirical hypothesis that physically natural classes of long-range
interactions do not give rise to fast scrambling.
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1.3 Anomalous heat transport in the low-dimensional
nonlinear systems

The study of transport phenomena in long-range interacting systems has, in previous lit-
erature, primarily focused on heat transport, where the problem has often been treated as
an extension of anomalous heat transport arising from long-time tails in low-dimensional
systems [57—-61]. However, in the non-integrable spin systems considered in this thesis, it
is numerically well established that long-time tails are generally absent [161]. As will be
demonstrated later, numerical evidence likewise shows that long-time tails do not arise in
long-range interacting spin systems. For this reason, although a detailed discussion of long-
time tails is somewhat tangential to the main line of inquiry of this thesis, understanding
their role remains important for appreciating the broader context of heat transport phenom-
ena in long-range interacting systems. We therefore begin with an overview of anomalous
heat transport in short-range interacting systems, which serves as the fundamental reference
point.

1.3.1 Breakdown of Fourier’s law

The phenomenon of heat transport has a long and rich history of investigation. In general,
the propagation of heat in matter is commonly described by Fourier’s law. However, the
fundamental question of why Fourier’s law holds in the first place remains unsolved. The
macroscopic heat transport observed in bulk systems is a many-body effect arising from
microscopic particle interactions, and, as will be discussed later, nonlinear particle interac-
tions play a crucial role in Fourier’s law. Therefore, a first-principles derivation is extremely
challenging.

Even more intriguingly, investigations into the dynamical origin of Fourier’s law have
revealed that the law can break down in low-dimensional systems. More specifically, it has
been found that the thermal conductivity diverges in the thermodynamic limit for one- and
two-dimensional systems, a phenomenon referred to as anomalous heat transport. Charac-
teristic features of anomalous heat transport include the divergence of thermal conductivity
with system size, the emergence of nonlinear temperature profiles, and anomalous diffusion
such as superdiffusion in the spreading of energy.

Before examining anomalous heat transport in detail, we first provide an overview of con-
ventional heat transport phenomena. Heat transport can be broadly classified into transport
mediated by particle motion, as in fluids or conduction electrons in metals, and transport
mediated by particle vibrations (lattice vibrations), as in insulators. In this section, we focus
on the heat transport arising from lattice vibrations.

Let us consider a lattice system consisting of particles arranged regularly and connected
by springs. We take a one-dimensional system of NV particles whose two ends are attached to
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heat baths at temperatures Ty, and Tg (71, > Tr). If the temperature difference AT := T1,—Tg
is sufficiently small, the heat current j is expressed as

| = K——. 1.3.1

J=r (1.3.1)
The widely accepted Fourier’s law states that, for sufficiently large N, the thermal conduc-
tivity x becomes independent of N. Taking both anomalous and normal heat transport into
account, heat transport in low-dimensional systems may be classified as

0=1 : ballistic transport,
0<0 : localization,

o N, ocalization (13.2)
0=0 : diffusive transport,

0 <d <1 :anomalous transport.

The case § = 1 corresponds to ballistic transport, in which the heat current is independent
of N and propagates without attenuation. This behavior can be observed, for example, in
the Debye model

;?‘

N 2
z + 2 — )’ (1:33)

The Debye model effectively describes the behavior of specific heat in solids at equilibrium;
however, in the context of nonequilibrium heat transport, although it is exactly solvable [162],
it is not a realistic model. Because the motion of particles can be decomposed into indepen-
dent harmonic modes, heat transport proceeds without any scattering, resulting in ballistic
propagation and the absence of temperature gradients. Conversely, this implies that nonlin-
ear interactions are essential for scattering processes that prevent ballistic heat flow.

The case § < 0 indicates vanishing thermal conductivity in the thermodynamic limit,
implying that heat current does not flow and energy becomes localized. A finite temperature
gradient is formed in such a situation. This behavior is realized, for instance, in disordered
lattice models [163, 164],

2 k’ 9
(Gnt1 — qn)”, (1.3.4)

where each mass m, independently takes the value 1 + A or 1 — A with probability 1/2. In
this case, strong scattering induced by disorder leads to heat localization.

For 6 = 0, Fourier’s law holds. Combining Fourier’s law with energy conservation shows
that energy spreads diffusively (diffusive transport). Heat current flows according to the
temperature gradient, and the temperature profile becomes linear.

The case 0 < 6 < 1 corresponds to anomalous heat transport. Although a finite
temperature gradient is established, the thermal conductivity diverges algebraically. This
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phenomenon is observed in the Fermi-Pasta—Ulam—Tsingou model with nonlinear interac-
tions [165-169],

N

Z ;; Qn+1 dn )2 + %(qwrl - Qn)4- (1'3'5>
It is known that even in the presence of nonlinear interactions, transport becomes diffusive
in three dimensions [169], which is attributed to the diminishing effect of wave localization
and faster relaxation in higher dimensions. In contrast, for low-dimensional systems with
nonlinear interactions, anomalous heat transport with 0 < 0 < 1 appears ubiquitously.

These phenomena have been verified through extensive numerical simulations, and re-

cent experiments on real materials have also produced results consistent with theoretical
predictions. For example, in one-dimensional carbon nanotubes, the exponent has been es-
timated as 0 ~ 0.3-0.5 [170, 171], consistent with theoretical values § = 1/2, 1/3, which will
be discussed in the next section. In two-dimensional graphene, experiments have observed
logarithmic divergence k o< In N [172].

Other important characteristics of anomalous heat transport should also be mentioned. In
the linear response regime, the thermal conductivity can be related to equilibrium fluctuations
of the heat current via the Green-Kubo formula [173 174],

%= lim lim 82 / s 7 (ior (oot (0)) g - (1.3.6)

t—o00 N—oo

Here, 5 denotes the inverse temperature of the heat bath. Note that, unlike the previous
setup involving nonequilibrium steady states with heat baths at the boundaries, the above
formula considers an isolated system with periodic boundary conditions. Thus, & represents
the thermal conductivity around equilibrium under periodic boundary conditions and should
be distinguished from the nonequilibrium steady-state conductivity x. The total heat current
Jrot 1s defined as the sum of local heat currents j, flowing between sites n and n + 1, i.e.,
Jtot 1= 22;1 In-

In anomalous heat transport, the divergence of thermal conductivity corresponds to

anomalous behavior in the heat-current autocorrelation function C(t) = (jior () jtot(O))eq /N.

¢ or sufficiently fast as a power law C(t) o ¢t

If C(t) decays exponentially, C(t) o e~
with 8 > 1, the integral converges in the long-time limit and one finds K = x. However, in
low-dimensional systems exhibiting anomalous heat transport, the autocorrelation function

of the heat current C(t) decays slowly as
Ctyxt?  (0<B<1), (1.3.7)

leading to a divergent integral [59, 60, 175-180].
Energy diffusion also deviates from the standard diffusion equation. The spatiotemporal
correlation function of local energy e,

S(n,t) == (den(t) 6€0(0)) oy (G€n = € — (€n)eq)s (1.3.8)
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typically exhibits the scaling form

s A B D) ) s

[61, 181-184]. Here we assume 1/2 < 7p,,7s < 1. The first term represents the heat mode,
which is a locally diffusing mode, while the second and third terms represent the sound
modes that propagate to the left and right with sound velocity ¢. Each mode exhibits a

characteristic scaling form determined by the functions f;, fs and the exponents vy, 7s.

Up to this point, we have reviewed the power—law divergence of the thermal conductivity,
the slow decay of the heat—current autocorrelation function, and the anomalous diffusion
of spatiotemporal energy correlations. However, the precise relationships among these phe-
nomena are not yet fully understood. Here, we summarize an empirically known relation
between the exponent § characterizing the power—law divergence of the thermal conductivity
in a nonequilibrium steady state and the exponent ¢ describing the slow relaxation of the
heat—current autocorrelation function in a periodic isolated system.

In a periodic isolated system, the heat—current autocorrelation function C'(¢) is related to
the thermal conductivity & via the Green—-Kubo formula,

t

R:hmﬂf/dscwy (1.3.10)
t—00 0

If one takes the upper limit of the integral to be t = N/¢, it is believed that the asymptotic

behavior satisfies

R~ K, (1.3.11)

thus agreeing with the thermal conductivity x obtained in a nonequilibrium steady state
[176, 177, 185]. Here, ¢ denotes the sound velocity of the sound mode arising in energy
diffusion. The underlying assumption is that an energy fluctuation created at one end of the
system reaches the opposite end at time t = N/c via the sound mode, and that contributions
to the Green—Kubo integral beyond this timescale are negligible. Under this hypothesis, one
obtains the relation

§=1-4. (1.3.12)

We now turn to the theoretical background underlying anomalous heat transport. The
currently accepted viewpoint is that anomalous heat transport arises from the interplay
between nonlinear interactions and the presence of conserved quantities. As we shall discuss
later, any isolated one-dimensional Hamiltonian system possesses conservation of stretch
(system length), momentum, and energy. In low-dimensional systems, the presence of these
three conserved quantities is believed to be essential for the emergence of anomalous heat
transport.
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As a concrete setup, let us consider the Hamiltonian

N
1
H = Z §pi + V(Qn—i-l - Qn)a (1313)

n=1
where the mass is uniform and, for simplicity, set to m = 1 (a convention adopted throughout

this thesis). With periodic boundary conditions p,+n = p, and ¢,+n = ¢,, the system
generally possesses at least the following three conserved quantities:

N
Stretch : N := )y, (Th = Gui1 — Gn), (1.3.14)
n=1
N
Momentum : P := Y p,, (1.3.15)
n=1
N
Energy: E:=) e, (€n = D2/2+ V(qni1 — qn))- (1.3.16)
n=1

The number of conserved quantities is closely related to the nature of transport. For
instance, in the Debye model, the Hamiltonian decomposes into N independent harmonic
oscillators, so that each oscillator energy is conserved. Thus, there exist O(N) conserved
quantities, leading to ballistic transport. A similar ballistic behavior appears in nonlinear
lattice models such as the completely integrable Toda lattice with potential V (r,) oc €™~
which likewise possesses O(N) conserved quantities [181, 186, 187].

On the other hand, consider a system in which only stretch and energy are conserved,
while momentum is not. For example, adding an onsite potential >, U(g,) breaks trans-
lational symmetry, rendering momentum nonconserved. Alternatively, one may consider a
velocity-flip model [188] in which p,, is probabilistically inverted (p, — —p»), again violating
momentum conservation. In such systems without momentum conservation, numerous nu-
merical studies have shown that heat transport is typically diffusive and obeys Fourier’s law
[59, 60, 175, 181, 186, 189-191]. This is also consistent with the dispersion relation obtained
from harmonic approximation: when translational symmetry is broken, a gap appears in
the dispersion relation, eliminating the sound mode, and thereby precluding anomalous heat
transport.

Given the above observations, one recognizes that the presence of three conserved quan-
tities—stretch, momentum, and energy—is fundamental for anomalous heat transport in
low-dimensional systems.

A phenomenological theoretical framework that emphasizes these conserved quantities is
nonlinear fluctuating hydrodynamics [61]. This theory does not rely on any specific form
of the microscopic potential and provides a powerful general framework applicable to broad
classes of nonlinear, nonintegrable one-dimensional systems. Nevertheless, since nonlinear
fluctuating hydrodynamics involves several phenomenological assumptions and approxima-
tions, its validity requires careful examination. In the next subsection, we review the basic
structure of nonlinear fluctuating hydrodynamics.
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1.3.2 Nonlinear fluctuating hydrodynamics in one-dimensional an-
harmonic chains

Nonlinear Fluctuating Hydrodynamics (NLFH) [61, 179, 184, 192, 193] was proposed by
Spohn in 2014 [61] as a mesoscopic effective theory describing anomalous heat transport
in one-dimensional systems. It provides a phenomenological derivation of the fluctuating
hydrodynamic picture for chains with nonlinear interactions.

We consider a one-dimensional Hamiltonian system with a nonlinear interaction potential

Vi(r),

pa+V(Gni1 — an) (1.3.17)

N | —

N
=y
n=1

together with periodic boundary conditions p,.ny = p, and ¢,.n = ¢,. In this setting, the
stretch r,, := ¢uy1 — @n, momentum p,, and energy €, := p2 /2 + V(r,) constitute three local
conserved quantities. They satisfy the continuity equations

0cGn = —(Jns1 — Jn) (1.3.18)
gn - (rna Pns €n> y (1319)
In = (=P =V'(rac1), —paV'(10)). (1.3.20)

Our aim is to investigate the mesoscopic fluctuation dynamics of these local conserved
quantities and, in particular, their space-time correlations. Let u(x,t) denote the deviations
of the local equilibrium expectation values of g, from their equilibrium means. Expanding
the currents to first order in @(x,t) leads to the linearized hydrodynamic equation

Oti(x,t) + 0, At(x,t) =0, (1.3.21)
which can be diagonalized. Using a diagonalizing matrix R, one obtains
RAR™! = diag(—c, 0, ¢), (1.3.22)

implying that the three conserved quantities are converted into three normal modes, namely
two sound modes and one heat mode. Writing the fluctuations in the normal-mode basis as

—

¢ := Ru, one obtains
0P, 1) + ac P (z,t) =0, (o =—1,0,41), (1.3.23)

where ¢ denotes the sound velocity. This description, however, contains no nonlinear effects
and thus corresponds to a macroscopic equation in which fluctuations vanish due to the law
of large numbers.
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To incorporate the interactions among hydrodynamic modes, we expand the currents to
second order in (x,t) and further introduce dissipative and stochastic contributions in a
phenomenological manner. This yields the fluctuating hydrodynamic equation

1 -

B,ii(x, 1) + O, (Aﬁ(m, )+ 5 (o.0) e, 1) - 0, Dii(x,t) + B, t)) —0,  (1.3.24)
where 5 (z,t) denotes standard Gaussian white noise. The matrices D and B are introduced
so as to satisfy the fluctuation—dissipation relation appropriate for the underlying microscopic
dynamics.

Transforming to the normal-mode basis ¢ = Ru yields

Oy, t) + O, [Ozc Go+ Y G G Gor — Op(DB) o + (BE)alz, t)] =0, (1.3.25)

Oé,,a//

for a, o/, " = 0, £. Here, G%,» are the mode-coupling coefficients obtained from the micro-
scopic interaction.

Each of the above mode equations takes the form of a noisy Burgers-type equation,
which can be mapped to the Kardar—Parisi-Zhang (KPZ) equation [194, 195], originally
proposed as a model for stochastic interface growth. Beyond interface dynamics, the KPZ
equation plays a key role in diverse nonequilibrium phenomena including the asymmetric
simple exclusion process, oriented polymers and liquid crystals, and models of nucleation
and growth. Its mathematical structure is deeply connected to random matrix theory and
integrable systems, rendering KPZ an especially rich and universal class of nonequilibrium
fluctuations [196, 197].

Since the connection between one-dimensional heat transport and the KPZ universality
class was recognized [179], the theoretical understanding of anomalous transport phenomena
has rapidly advanced. In particular, within the NLFH framework, the sound modes and the
heat mode are predicted to belong to distinct universality classes depending on microscopic
symimetries.

Furthermore, the spatiotemporal correlations of the hydrodynamic modes can be analyzed
using mode-coupling theory, which allows the derivation of scaling laws for anomalous energy
diffusion. Specifically, at sufficiently long times, the sound modes propagate far away from
the origin, so their correlations with the heat mode remaining at the origin can be neglected.
This approximation effectively truncates higher-order correlations. Under this scheme, the
spatiotemporal correlation of energy fluctuations takes the form

Gen(®0e0(O)g ~ 12 () + L (L) + A (M) (1.3.20)

th th

where two distinct universality classes are predicted. In general, the sound modes belong
to the KPZ universality class, exhibiting KPZ scaling. Concretely, the scaling function f;
corresponds to the KPZ function, and the exponent is 7, = 2/3. The heat mode, on the
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other hand, displays superdiffusion following a Lévy distribution with exponent 5/3, yielding
v = 3/5. In this case, the autocorrelation function exhibits anomalous relaxation with
3 =2/3, and the divergence exponent of the thermal conductivity is a = 1/3.

In contrast, in the special case where the interaction potential V' is an even function and
the pressure satisfies — (V' )eq = 0, the sound modes obey Gaussian diffusive scaling. Specif-
ically, the scaling function f; becomes Gaussian, with exponent v, = 1/2. Simultaneously,
the heat mode exhibits superdiffusion following a Lévy distribution with exponent 3/2, giv-
ing v, = 2/3. Consequently, the autocorrelation function shows anomalous relaxation with
=1 /2, and the divergence exponent of the thermal conductivity becomes oo = 1/2.

However, a recent study [198] has reported that even when the interaction potential V'
is an even function, both the heat mode and the sound modes exhibit the same dynamical
exponent v = 2/3. This conclusion is derived through analyses based on the dynamical
renormalization group, and the corresponding scaling functions have been found to take
values close to those of the KPZ universality class.

1.4 Anomalous heat transport in the long-range inter-
acting systems

In this and the next section, we provide an overview of previous studies on transport phe-
nomena in long-range interacting systems.

We begin by discussing energy transport. In long-range interacting systems, there had
been no previous studies at all for energy transport in spin systems, even in the numerical
approach. Instead, thermal transport has primarily been investigated in spring-particle
systems, as a natural extension of the anomalous heat conduction observed in low-dimensional
systems, where long-time tails play a crucial role. Moreover, establishing a general theoretical
framework has proven challenging. Except for a limited class of exactly solvable models,
current studies have largely relied on numerical simulations.

Among the most extensively studied setups are the a-Hamiltonian mean-field model (often
referred to as the a-HMF or a-XY model) and the long-range interacting Fermi—Pasta—Ulam—
Tsingou (a-FPUT) model. Their Hamiltonians are given respectively by

N2 1 X 1—cos(b; —6;)

o L1 0s(0: = 65). 1.4.1
ME i=1 21@ Na i;l |Z - ]|a ( )
(i#7)
N 2 N 4
N p; 1 s 1 (¢ — q5)
Heon =S 20 20—, —45) 1.4.2
FPUT 5 + 2(9 = Gn)” T+ A ”ZI i — j| ( )

i=1
(i#7)

where N, := Zi\;/f r~® denotes the Kac normalization factor.

For the a-HMF model, numerical studies have suggested the existence of a critical value
a. such that energy transport is diffusive for a < a., while it becomes ballistic for a > a,
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with 1 < ae < 2 [50-52, 199]. Similarly, in the a-FPUT model, heat transport is generally
anomalous, whereas ballistic transport is observed specifically at o = 2, again supported by
numerical evidence [54, 199, 200].

More recently, the long-range interacting ¢* model,

N N
p; 1 1 1 %4;
Y=y /4 — 1.4.3
T 2 zq"+4q”+/\/a z_:l i — jlo (1.4.3)
1= 1,)=
(i#7)
has also been explored. Anomalous heat transport has been shown for 1 < a < 2, while

diffusive behavior emerges for a > 2 [201].

Although a wide range of numerical studies have been conducted, finite-size effects be-
come severely critical, making the extraction of unambiguous conclusions challenging. To cir-
cumvent these issues, analytical progress has been made by extending momentum-exchange
models [202-204] to include long-range interactions [55].

The long-range interacting momentum-exchange model introduces long-range couplings
into an otherwise exactly solvable momentum-exchange system, thereby providing a rare ex-
ample of an analytically tractable long-range interacting model. The Hamiltonian incorpo-
rates harmonic oscillators with long-range interactions, and stochastic momentum exchanges
are added to generate a hybrid deterministic—stochastic dynamics.

Concretely, the Hamiltonian is given by

. P2 N N2 )
HME Z?‘F* +ZN Z a2 QnJrr_Qn) ) (144>

a r=]

where ¢, and p,, denote the position and momentum of the n-th particle, respectively. The
normalization factor is N, = Y- 0/2 p—e.

Incorporating stochastic momentum exchange, the full dynamics is described by

dg, = ppdt,
N/2
dpn = — VQn +N Z T qn+r 2Qn + Qn—r) dt (1'4'5>

+(Pnt1 — Pn) dNn (t) + (Pn-1 — pn) AN (1)

where dN,, is a Poisson noise that represents momentum exchange between particles n and
n+ 1:

1, with probability vdt,

AN, (t) = { (1.4.6)

0, otherwise.

We now summarize the thermal transport properties established for this model.
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Unpinned case (¥ = 0). For a < 2, the energy autocorrelation diverges, and no relaxation
exponent can be defined. For o > 2, anomalous heat transport is observed. The exponent
of anomalous relaxation is given by § = (o —2)/2 for 2 < a < 3 and 3 = 1/2 for a > 3 [55].
Energy diffusion is described by a fractional diffusion equation with exponent 3/(7 — «) for
2 < a < 3, and exponent 3/4 for v > 3 [205].

Pinned case (v # 0). For the short-range interacting momentum-exchange model in the
pinned case, the pinning potential suppresses anomalous transport entirely and exhibits nor-
mal diffusion [202-204]. In contrast, long-range interactions allow anomalous heat transport
to persist depending on the interaction exponent. For av < 3/2, the energy autocorrelation
diverges and no relaxation exponent exists. For 3/2 < a < 5/2, anomalous heat transport
emerges, whereas diffusive transport is restored for « > 5/2. The anomalous relaxation
exponent satisfies 3 = (2a — 3)/2 for 3/2 < a < 3, and 3 = 3/2 for a > 3 [55, 205].

Despite these analytical and numerical developments, a general theoretical framework
applicable to generic long-range interacting systems is still lacking. Moreover, prior research
has focused mainly on spring—particle systems, and, to the best of our knowledge, no studies
have examined energy transport in long-range interacting spin systems, which are relevant
for the recent experimental setup, such as Rydberg atoms, cold atomic gases and ionic traps.
This motivates the theoretical development presented in the subsequent chapters.

Next, we discuss the particle and spin transport in the long-range interacting systems.

1.5 Anomalous spin and particle transport in the long-

range interacting systems

In this section, we provide an overview of spin and particle transport in long-range interacting
systems.

We begin by summarizing prior studies on spin transport in long-range spin models. Most
investigations have focused on the one-dimensional long-range interacting XX model of the
following form [63]

N
: (1.5.1)
7j:

Y QY
Ho, = i Z JSfo + 5757
or, on variants of this model supplemented with additional local interactions such as nearest-
neighbor or next-nearest-neighbor couplings [62]. Here, S? denotes the spin-1/2 operator, and

N, = Z,{V:/f r—2 is a normalization factor introduced to remove the N- and a-dependence
of the time scale associated with the perturbative short-time dynamics of the central spin
at n = 0. In this model, in addition to the total energy, the S* magnetization constitutes a

locally conserved quantity.
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By examining the spatiotemporal correlations of z-spin (SZ(t) S§), numerical simulations
have revealed the following behavior: in one dimension, for a > 3/2, the spin transport
exhibits Gaussian diffusion, whereas for 1/2 < a < 3/2, the dynamics exhibits Lévy diffusion
characterized by the exponent 2« — 1. In addition to numerical simulations, Ref. [63] has
pursued a phenomenological approach in which the dynamics are mapped onto a classical
master equation, allowing for a detailed discussion of the associated scaling behavior. How-
ever, this approach relies on phenomenological assumptions regarding the transition rates of
the master equation, and no microscopic derivation has been established. Consequently, a
systematic theoretical framework capable of accounting for these transport properties has
been lacking.

Next, we discuss a noteworthy line of prior work in which long-range interactions are
incorporated into a stochastic lattice field model of Ginzburg-Landau (GL) dynamics, and
the resulting system is analyzed using the framework of Macroscopic Fluctuation Theory
(MFT). In Ref. [206], they consider an one-dimensional long-range interacting GL dynamics
possessing a single locally conserved field ¢(t):

Op(x,t) = > K(z—y) Be(z,1), o(y, 1))

+ V2K = y) (el 1), 0(y,1) @ — 3, 1), (1.5.2)

where [ represents the deterministic drift term and + determines the strength of fluctuations
through the mobility. The noise £ satisfies an antisymmetry condition, &(x — y,t) = —&(y —
x,t), which ensures that ¢(t) is a locally conserved quantity. The long-range interaction is
introduced via a kernel of the form K(r) ~ r=17%,

For this class of models, taking the hydrodynamic limit leads to a characteristic spacetime
scaling t ~ x®, so that for a < 2, one obtains a nonlinear fractional diffusion equation as the
effective hydrodynamic description. Furthermore, using MFT, the large-deviation structure

associated with this hydrodynamic equation has been analyzed.

1.6 Overview of the results

The primary aim of this thesis is to elucidate the general characteristics of energy and spin
diffusion in spin systems with long-range interactions, with particular emphasis on classical
spin systems as an initial step toward a broader theoretical understanding. Throughout this
work, we investigate prototypical models, including the transverse Ising and XY7Z models
(the latter encompassing the XY model), under the condition & > D (with D denoting the
spatial dimension). This regime guarantees the extensivity of equilibrium thermodynamics
and enables the use of powerful analytical techniques. Within this framework, we address
the following fundamental questions: Does a transition from normal to anomalous diffusion
occur as the exponent « is varied, even when thermodynamic extensivity is preserved at
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equilibrium? If such a transition exists, what are the universal mechanisms that govern it,
and what systematic methods allow us to classify the corresponding diffusion behavior?

Energy (or spin) diffusion is quantitatively related to thermal (or spin) conductivity,
which is formulated via the Green—Kubo relation for energy (or spin) current correlations.
Through extensive numerical investigations, we find that anomalous transport does not orig-
inate from the long-time tail of the current correlation, as often discussed in short-range
interacting systems. Instead, a distinct mechanism emerges: an anomalous enhancement of
the amplitude of equal-time current correlations. Motivated by this observation, we focus on
equal-time current correlations and analyze the scaling of their amplitudes. In this direction,
we establish several theorems (Theorems 1, 2, 3, 4, and 5), all of which are formulated so as
to remain valid even in quantum systems.

These theorems reveal a universal structural framework underlying energy and spin dif-
fusion in long-range interacting systems. A central tool in our analysis is the cumulant
power-law clustering theorem (Theorem 1), which asserts that joint cumulants of observables
supported on spatially separated regions decay in a power-law fashion. By applying this the-
orem to equal-time energy and spin current correlations (Theorems 2 and 4), we demonstrate
the following universal criterion: in one-dimensional systems, the condition o > . = 3/2 is
sufficient to ensure normal diffusion of both energy and spin. Moreover, numerical simulations
indicate that this bound is optimal, as systems with o < 3/2 exhibit Lévy-type anomalous
diffusion. Such Lévy diffusion can be naturally understood through the framework of fluctu-
ating hydrodynamics. In higher-dimensional lattices, we prove that normal diffusion persists
provided that o > D, a condition coinciding with the requirement of thermodynamic exten-
sivity at equilibrium (Theorems 3 and 5). These results collectively establish a rigorous and
unified foundation for understanding the general features of energy and spin transport in
long-range interacting spin systems. Furthermore, the analytical methods developed in this
thesis provide a powerful and versatile framework for addressing a broad class of transport
phenomena in systems with long-range interactions.

The remainder of this thesis is organized as follows.

In Chapter 2, we derive the cumulant power-law clustering theorem, which extends the
conventional clustering property to higher-order cumulants and provides a rigorous founda-
tion for analyzing transport properties in long-range interacting spin systems on D-dimensional
lattices.

In Chapter 3, we develop a theoretical framework of the fluctuating hydrodynamics for
long-range interacting systems based on the projection-operator formalism, establishing a
systematic connection between microscopic Hamiltonian dynamics and mesoscopic stochastic
descriptions of local conserved quantities.

In Chapter 4, we apply these theoretical tools to investigate energy diffusion in long-range
interacting spin systems. By combining rigorous bounds derived from the clustering theorem
with fluctuating-hydrodynamics arguments, we identify the conditions under which energy
diffusion is normal or anomalous, and clarify their dependence on the interaction exponent
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and spatial dimension.

In Chapter 5 we investigate spin diffusion in long-range interacting systems. Focusing
on spin-conserving models, we show that the scaling behavior of spin diffusion closely par-
allels that of energy diffusion, suggesting a universal mechanism independent of the specific
conserved quantity.

Finally, Chapter 6 explores energy and spin diffusion in the strongly long-range interact-
ing regime o < D with the Kac normalization factor. While rigorous bounds on equal-time
current correlations can still be established, the long-time transport behavior remains unre-
solved due to strong finite-size effects, highlighting open problems and directions for future
research.
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Chapter 2

Cumulant Power-law Clustering
Theorem

To analyze the transport property of long-range interacting spin systems, we introduce what
we refer to as the cumulant power-law clustering theorem. This theorem generalizes the
standard clustering property [207-210], extending it to higher-order cumulants, and applies
to spin systems with long-range interaction defined on D-dimensional lattices.

2.1 Mathematical preliminaries

In this chapter, we consider a D-dimensional long-range interacting spin system defined on a
square lattice, where each spin occupies a lattice site. The set of lattice sites is denoted by A,
and for any subset X C A, its cardinality is represented by |X|. The distance dxy between
two subsets X,Y C A is defined by the Manhattan distance of the shortest path connecting
the two sets, and we set the lattice constant to unity. For computational convenience, we
also define d;; := 1. Since the Euclidean distance is always shorter than the Manhattan
distance, it is occasionally used to obtain convenient upper bounds. The complementary set
of X is denoted by X°¢ ie., X¢ = A\ X. We use the notation Oy to denote a quantity
O (an operator in the quantum case) supported on the region X. The symbol ||O|| denotes
the maximal value of ||O||, which corresponds to the spectral norm of O in the quantum
case. Similarly, ||O]|; represents the L' norm of O, corresponding to the trace norm in the
quantum setting. Throughout this section, we mainly employ the terminology of the quantum
formalism, as all the results presented here remain valid in the quantum case.

We consider a k-local long-range spin model described by the Hamiltonian

H= > hyz, (2.1.1)

where Z denotes a subset of lattice sites that participate in an interaction, and hy represents
the corresponding local Hamiltonian term. The cardinality | Z| gives the number of interacting
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sites, so that hz encodes a | Z|-body interaction. As an illustrative example, in the long-range
transverse Ising model, H = —J 3, ;S7S%/d}; — h>2; Sf, one can identify the subsets as
Z ={1,2,3,---,(1,2),(1,3),(1,4),--- ,(2,3),(2,4) - - - }, with local Hamiltonians h;_; =
—hSP and hy—(; ;) = —JS7S%/d7;. To establish the cumulant power-law clustering theorem
in a general setting, we assume that the interaction strength satisfies the following decay

condition:

g . .
Jig= > |hz]l < T (i #1'). (2.1.2)
Z:Z>{i,i'} (4

Here, J; i represents the maximal contribution from all interaction terms involving both sites
i and 7. In quantum systems, this corresponds to the largest spectral norm of such terms.
The coefficient g is a constant. We focus on D-dimensional lattices and restrict our attention
to the regime o > D, ensuring thermodynamic extensivity. We also note the useful relation

DNzl <2 > llhzll < guo, (2.1.3)

Z3i JEN Z>(4,5)

where ug := 37,cp 1/diofj'

2.2 Joint cumulant

We consider the joint cumulant defined through the cumulant generating function. Let Ox
be an operator supported by the region X. Suppose that X, X5, .-, X,, have no overlap
between them, i.e., X; N X; = () for any i and j (1 <4,5 < n). The joint cumulant is defined
as

an
— 2.1
MOy - - O\, o) (2.2.1)

W) = ln<exp (Z )\iOXi>>, (2.2.2)

(Ox,0x, - Ox,)e

where (...) is the average over an equilibrium state p with the inverse temperature [5(=
(kgT)™') and (...). is the joint cumulant. Here, kg is the Boltzmann constant and T is the
temperature. The first order cumulant is identical to the first order moment, i.e., (Ox). =
(Ox). Other examples include the second order: (Ox,Ox,). = (Ox,0Ox,) — (Ox,){(Ox,)
and the third order: (Ox,Ox,Ox,). = ((Ox, — (Ox,))(Ox, — (Ox,))(Ox, — (Ox,))). The
crucial property is that the nth order mixed moment is expressed through all decomposition
of cumulants, i.e.,

(Ox,0x, -+ Ox,) = (Ox,0x, -+~ Ox,)c + Dn, (2.2.3)
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where D, is a sum of all decomposition with joint cumulants up to (n—1)th order. Examples
include the second and third-order expressions:

(Ox,0x,) = (Ox,0xy)c + D2, (2.2.4)

Dy == (0x,)c(Ox,)c » (2.2.5)

(Ox,0x,0x,) = (Ox,0x,0x3)c + Ds, (2.2.6)
D3 := (Ox,0x,)e(Ox;)c + (Ox,0x,)c(Ox)e + (Ox,0x4)c(Ox, )+

(Ox1)e(Ox2)(Ox,)c - (2.2.7)

The following expression is also useful in the following analysis.

(Ox,0x,---0Ox,)e = (Ox,0x, ---Ox,) — D, . (2.2.8)

2.3 Cumulant power-law clustering

Theorem 1. [Cumulant Power-law Clustering Theorem] Consider a k-local long-range spin
system defined on a D-dimensional lattice. Let Ox, be operators supported on mutually
disjoint regions X; satisfying X; N X; =0 for i # j. For any exponent o > D, the nth-order
joint cumulant (Ox, - - Ox, )¢ in equilibrium obeys the inequality

n X | [ X g (XX D/
(Ox,..0x,)e < c2'n! ] |Ox, | diiees , (2.3.1)
1 Jli[l ; Z:rll (dXPi’XPiJrl)a

for B = (nguk)™'W(1/2€?), where u = 2* 3, d; (< 00), and W denotes the Lambert func-
tion. Using W (1/2¢?) < 1/(4e), one further finds 8. < (4denguk)™'. Here, c is a constant,
|Ox|| denotes the operator norm of Ox, and P runs over all Hamiltonian paths connecting
the vertices Xy, ..., X,. The quantity dxy represents the minimal distance between supports
X and Y, while | X| gives the number of sites within region X .

Theorem 1 generalizes the conventional clustering property, which is typically formulated
for the second-order cumulant (n = 2). In general, the clustering property—valid for both
short-range and long-range interacting systems—can be expressed as

{Ox,0x,)e| < cl|Ox, [|0x, || X1]| Xale™@®¥1X2 (short—range) , (2.3.2)
[{Ox,0x5)c| < llOx, [[[O0x, [[[Xa][ Xa| (dx, x,)™*  (long —range), (2.3.3)

where X; and X, denote disjoint regions (so that X; N Xy = ()), and the constants ¢ and ¢/
are independent of the choice of observables. Here, dx, x, quantifies the spatial separation
between the two regions. Inequality (2.3.2) describes the exponential clustering property
[207, 208], which holds across a broad range of temperatures and typically remains valid
even at low temperatures, except in the vicinity of critical points associated with phase

31



transitions. The corresponding relation for long-range interactions, inequality (2.3.3), is
likewise expected to be robust, as discussed in Ref. [210]. However, when one attempts
to derive these relations rigorously from first principles using cluster expansion techniques,
the convergence of the expansion series usually necessitates a high-temperature condition
(6 < B.), reflecting the possible emergence of finite-temperature phase transitions [209-211].
Moreover, the cluster expansion approach provides explicit functional forms for the clustering
properties of higher-order cumulants. From a physical standpoint, however, it is reasonable
to expect that such functional behavior extends well beyond the strict high-temperature
regime, persisting over a wider temperature range where the expansion itself may no longer
be rigorously convergent.

2.4 Proof of Theorem 1

Proof of Theorem 1. From this point onward, we proceed to prove Theorem 1. To this end,
we employ the cluster expansion [209, 211, 212] for the nth-order joint cumulant. The key
technique used in our derivation is the multi-phase-space method, which can be straight-
forwardly extended to quantum systems. In the quantum case, the multi-phase space is
naturally replaced by the multi-Hilbert space representation. Let Og? denote the opera-
tor Ox supported on the region X in the ith Hilbert space (i = 1,--- ,n). We define the
multi-copied density operator p associated with the equilibrium state p as

p= p(l) ® p(Q) R ® p(") ’ (2.4.1)

where p() represents the copy of p acting on the ith Hilbert space. We also define the
difference operator OX’] ) (1 < j) by

0% .— 0 — 09 (i <), (2.4.2)

where, for simplicity, we denote Og? as Og? =101®---® Og? ® -+ ® 1. In addition, we
define the following cumulant operator.

Definition 1. (Cumulant operator) We define the nth order cumulant operator 0)27}2(2 z”)zn

02, =0 H(ZOM), h<i<oe<in (243

The product is aligned from the left to right in the quantum case. Whenn =1, O(Zl O(Zl .

Ezxamples include the second order (n =2): OX1 Xy = OxlO ¢ 2), and the third order (n = 3):
1,2,3) 1) ~(1,2) (1,3

ngl X2 X3 = Og(l)Og(g )<O ) + OX3 )

Proposition 1. The nth order cumulant operator yields the nth order joint cumulant

( Og?l Z)2(2, Xn) <OX1OX2 OXn)Ca (Zl < i2 <0 < Zn)a (244>
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where tr means the phase-space integral over the multi-phase space, and in the quantum case,
it reads the trace over the multi-Hilbert space.

Here, the choice of space (i1, 12, ,i,) is arbitrary as long as i; < iy < --- < i,,. Practically,
we use (i1,49, -+ ,i,) = (1,2,+-+ ,n).

Proof of Propositon 1. We now prove Proposition 1 by induction on n. For the base case
n = 2, let us choose 7; = 1 and i, = 2. Then, we define

Of){lXQ 04 0%) - Dy, (2.4.5)
=04 O% . (2.4.6)

It is straightforward to verify that

tr(pO%%,) = (Ox,0x,)e - (24.7)

Moreover, the space indices (1) and (2) can be replaced by arbitrary (i;) and (iz) as long as
11 < i9. The operator Dy simply represents the product of first-order cumulants. In general,
D,, is defined as the sum over all decompositions of nth-order correlations into products
of cumulant operators up to order (n — 1), involving the operators Oy, ..., Ox, acting on

the spaces (i1,...,i,). This construction serves as the operator analogue of the c-number
expansion of D,, in Eq. (2.2.8). Next, we consider the case n = 3, taking (i1, is,13) = (1,2, 3):

0%23?2 X3 = OX1OX2<O(1) + OX3 ) D;, (2.4.8)
1,3) A ~(1,2 ~(3 A ~(2) A3
Dy = OX10X2 X3 OA(XI Xngg + Oggl ;(gog() + Ogl)O( )O( :

=04 000%" + 0P 0LY0f) + 0040 + O“)OQOQ . (2.4.9)

Again, one can verify that
- A(1,2,3
tr(p ngl,Xg,Xg) = <OX10X20X3>C . (2410)

Note that this argument closely parallels the structure of Eq. (2.2.8). Furthermore, we observe
that D3 can be recursively expressed in terms of Dy as

Dy = D,(05” + 0%Y) + (07, + Dy)O%) . (2.4.11)

It is easy to check that the space indices (1), (2), and (3) can be replaced by arbitrary (iy),
(i2), and (i3) as long as i1 < iy < i3.
We now assume that the following relations hold for all orders up to n:

OX1,,X'2', S Xn T ngl,Xz,---,Xn - DTL7 (2412)
n J—1
u 1 1 1 k,j
O%, o x, = OX1OX) H(Og(]) + Og(jj)> : (2.4.13)
Jj=3 k=2
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The operator O%, «, .. x, reproduces the nth-order mixed moment as

tr(p 0%, x,.- x,) = tr(pOF)OK] -+ OF))
:tr(pOX10X2"'OXn) = <OX10X2"'OXTL>- (2414)

Recall that the operator D, is defined as the sum of all nth-order representations that
are decomposed into products of cumulant operators up to order (n — 1), with the operators
Ox,,...,0Ox, acting on the space (1,...,n). By construction we have tr(pD,,) = D,,, where
D,, denotes the sum of all decompositions involving joint cumulants of order at most (n — 1)
(see again the relation (2.2.8)). Together with (2.4.14), this yields

217127 “Hin
( OXlqu, ,Xn) <OX10X2 OXn>c-

Assuming (2.4.12) and (2.4.13) to hold for all orders up to n, we now show that the same
structure persists for order (n + 1). To this end, we employ Lemma 2 for D, (proved
below). We compute

Nu _ Nu ([ n+1 1 2, \n ) (’ﬂ+1)
OX, Xoy Xnp1 — Prt1 = O, Xp. Xy — P ZO (OX1 X X, T D )O i1

_ Nu _ (f n+1 ~u (n+1)
X1,X2,, Xn41 Dy, Z O X17X27"'3XnOXn+1
—_ (PHu (¢,n+1)
= ( X1, X, X )ZO Xoir
12y (¢,n+1) A1)
- OX1,X2, 5 Xn Z O Xnt1 OX1,X2, o Xn1” (2.4.15)

In the first line we used Lemma 2, while the second and third lines follow from the
induction hypothesis, namely the relations (2.4.12) and (2.4.13). This completes the inductive
step and establishes the desired expression for order (n + 1).

m
Lemma 2. The operator D, 11 admits the following decomposition in terms of D,,:
(£,n+1) 1,2,..., n+1)
D1 = D, ZOXW + (055" x, + Da) O (2.4.16)

Proof of Lemma 2. We begin by analyzing the second term on the right-hand side of Eq. (2.4.16).

+1) o .
Since this term contains precisely one instance of Og? .11 1t generates all contributions in

which Ox, ., appears only through the first-order cumulant operator O)? Jfl) An explicit
example of this mechanism is illustrated in Eq. (2.4.11). Therefore, the second term in
Eq. (2.4.16) exhausts all decompositions that involve cumulant operators containing exactly

one factor of OF J:)
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We next examine the first term in Eq. (2.4.16). The operator D,, already comprises all

decompositions of products of the operators Ox,,...,Ox, into cumulant operators of order

up to (n — 1) within the replicated operator space (1,...,n). To analyze its contribution,
consider an arbitrary term within D,, consisting of m cumulant operators (m < n), which we

write as

AE(1)5i(61))  A(E(l1+1),...,i(£2)) A (L —141) 53 (8m))
OXz‘(l)»---val)OXz’(/zl+1> ----- Xiey) OX<m 141X (b)) ? (2.4.17)

where the indices satisfy
i+ §) <i(lh+j+1), 1<j<b—C—1,  k=0,....m—1,

with /o = 0 and, due to operator-number conservation, ¢,, = n.
Each cumulant operator in (2.4.17) can be elevated to the next-order cumulant by in-

corporating the operator Ox For instance, the first cumulant in (2.4.17) is upgraded

n+1"°
according to

A(i(1),.4i(£1)) (#(1)5si(£1)) (i(l),nJrl) 1),m+1)
OXi(l)v---»Xilul) O Xi(1)- 7X11<e1>(OXn+1 +O Xn+1 )

_ AL1),..,i(f1),n+1)

= ORI (2.4.18)

In total, the m cumulant operators in (2.4.17) produce exactly m such upgrades. Summing
over the contributions from all possible upgrades yields the expression

(2.4.17) ZO)ﬁ"jll.

Consequently, the first term on the right-hand side of Eq. (2.4.16) accounts for all decompo-
sitions in which Ox, ., participates in cumulant operators of order two or higher.
Collecting the contributions of the two terms completes the proof. n

From the proposition 1, the nth order joint cumulant in the equilibrium state can be
obtained as

<OX10X2 to OXn>C =tr ( O§12}(.2.: 7Xn)
= tr (0% 0%, (0%,” + O%) - (0% +---+ 0% ")) . (2.4.19)

where p is the multi-copied equilibrium density operator defined as

1
i=p V@@ e...opm = S eXD(—BH™), (2.4.20)
H"™=H®1® - 1+1H® @1+ -101®---Q H. (2.4.21)

Here, Z is the partition function for only one space, i.e., Z = tr(l)e_BH where tr(;) means
the trace only for one space. In general, it is convenient to use the symmetrized operators
over all spaces for an arbitrary operator O:
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We now consider the case where the sets X, X, - -+, X, are mutually disjoint. In the clus-
ter expansion, the Hamiltonian is expanded via a Taylor series (that is, a high-temperature
expansion). A crucial step in this procedure is to identify the local Hamiltonians associated
with the subsets Z;, Zs, - - - that form connected clusters linking the regions Xy, X5, -+, X,,.
Here, “connected” means that any region Xj can be reached from any other region X, by
traversing a sequence of overlapping subsets among 2, Zs, - - - and Xy, Xo, -+, X,,. Here, we
establish the lemma for the disconnected clusters:

Lemma 3. If the sets Zy, Zs,- -+ , Zy, do not connect all of the regions X1, Xo, -+, X, then
tr (OZ"OF" - OFmOGH ™« ) = 0. (2.4.23)
Proof of Lemma 3. By definition, we obtain
(OsymObym OsymOX1 X2, ?Xn>
—tr (Os}’nlosym . Osymo(l)O (1, 2)(0(1 ,3) + 05?;3)) . (Ogg;n) 4t O)?n 1,n )) ‘ (2424)
The condition that {Z1, ..., Z,,} is not connected to {X7, ..., X,,} implies that

Hip,oonin} = {1, ..,n} st V{1, oy i} = {1 ey m}
(X;,U---UX;,UZ;U---UZ;,) N(X; UX;, UZ;

zerl J /+1

UZ;,)=0. (2.4.25)
Without loss of generality, we take (i1, ...,4,) = (1,...,n). Then, we define

W, = Osym o7 Wy=07" L.07™, (2.4.26)
ry ] s/ 41 Im
which satisfy
(XyU---UX Usupp(Wq)) N (Xey1 U---UX, Usupp(Ws)) = 0. (2.4.27)

Using this decomposition, Eq. (2.4. 24) can be expressed as
tr (Osymosym OsymOXlO (O (1,3) + O (2,3) ) . (Ogg;ln) +oee gt Og?n—l,n))>
=t (105057 - (057 + -+ 0%, 175)))

xctr (Wo(OG T + -+ 08 D) - (0% + -+ 08 M) (2.4.28)
The second factor above can be rewritten as
1,5+1 s,s5+1 1n n—1,n)
tr (Wo(OY + -+ Oy - (08 + -+ 0% 1))
=S (W0¢ ) ] (z Otk )
j=1 i=s+2

7=1 i=s+2

~ S tr WQO;;T;J I1 (Zd’“))

7=1 i=s+2

- w(-og) 1T (St ))
= —tr (W08 + -+ Oy (0K + -+ O ™)) (2.4.29)

a+1
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where in the second equality we have used the invariance of >} O(’C " under the exchange

of the labels 7 and s + 1, and in the third inequality we have used the anti-symmetry of

Og?’sﬂ) under the exchange of j and s + 1. This immediately leads that

tr (WO + -+ 0%ty (0% + -+ 00 ) =0, (2.4.30)

and therefore
tr (OZ"OF" - OFm oG « ) = 0. (2.4.31)
O

This lemma immediately implies that only connected clusters yield nonvanishing contri-
butions in the cluster expansion. Consequently, the nth-order joint cumulant in equilibrium
can be formally written as

~ (1,2, ,n
(Ox,0x, - Ox,)c = tr(/) 055" x.)

= — Z Z | (_£> (hsymhsym hsymOXhX2 X, ) . (2.4.32)

m=0 21,22,
connected

where the summation Y z,.z,....z,,: Tuns over all connected collections of interaction subsets.

connected

Note that different Z, are allowed to coincide, e.g., Z; = Z3. We now introduce the distri-
bution operator p®" that collects all connected contributions:

Z Z (_6> hSZythym X hsym. (2433)
m! !
=0 AT

Using this operator, the nth-order joint cumulant is bounded from above as
(0x,0x, - Ox,)e < 2"n![|Ox, [|Ox, || - - - [|Ox, [[[l0* ][5 (2.4.34)

Here, ||-|| and ||-||; respectively denote the spectral norm and trace norm in the quantum case,
while in the classical case they correspond to the maximum absolute value and the L' norm.
It is important to note that, within a connected cluster {Z;, Zs, - - - , Z,, }, not all subsets nec-
essarily contribute to connecting the regions X, Xo,---, X,,. Some subsets may be disjoint
from the connected portion. Hence, we classify the collection {Z;, Zs,- - , Z,,} into two dis-
joint parts: the subsets w, that actually participate in the connection to {Xi, Xo, -, X, },

and the complementary subsets wg, i.e.,

cl
{21, 2, ..., 20} = wa®wy, wy:={Z1,Z9...,2m}\ Wa. (2.4.35)

In other words, the connected subset w; is taken such that wg @& { X1, ..., X,,} are connected
to each other,

ZiNZ;y=0 for Z, €wa, Z; € wy. (2.4.36)
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We show a schematic example of w¢ and wg; for the case n = 3 in Fig. 2.1. By construction,
the subsets in w¢ do not overlap with any subsets in w, . Only those in w, form the minimal
connected cluster linking X, Xs, -+, X,,. We denote the family of all such connected subsets
by G, and we define G as the set of all remaining interaction subsets excluding w.. Note
that G5 depends on the specific choice of wq, and wg € Gg. Let HP™ denote the Hamiltonian
constructed from the local Hamiltonians supported on Gg. Clearly, the total Hamiltonian
can be decomposed as H. = H — H,,, where Hy, = > z¢y, hz

Figure 2.1: The schematic example of the connected subsets w. and the unconnected subsets
w¢ for the case n = 3.

We can then express p®" as

con 1 & _Bmm m! sym g sym sym
. =an_0< w3 DRLCAEAND D O S AR

m‘ s—0 (m — S)!S' {Zl } Clegc Zgyq,
7wc1€gcl Ewg cl
1 e — _ sym
=2 Y Wz Z)e (2.4.37)
§= ' wclegcl
Here, we have defined
WMZi,-  Zs) =D W™ (Zp,) -+ hY™(Zp,), (2.4.38)
P

where the summation ) 5 runs over all possible combinations of distinct elements among
{Z1,--+, Zs}. In particular, when all Z; are distinct, this reduces to a sum over all permuta-

tions.

We next employ the Golden—-Thompson inequality to relate the above expression to an

upper bound on p«".

e =t (e ) = (eI

< tr(e ALY < gnenfouks, (2.4.39)
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where we use

sym Sym
tr(e—ﬁHsymeﬁde) — H6—5HSyme/Bch1

1

< eI | PR || = (e P || SR

. (2.4.40)

We also have used ||H;Y™"|| < nguks. Using the inequality (2.4.39), we obtain the following
relation

6™ <3 Byl ezl (24.41)
s=0 {Zl7"‘7zs}:wclegcl
where we have used the relation HlNz(Zl, e ZI| < stnf bz I hzll - - | Bz,

We now classify the set wg in more detail. Recall that the subsets in w, serve to connect
the regions X, Xs,...,X,,. There are multiple possible connection patterns depending on
how these regions are linked. For example, when n = 2, there is only one possible connection
pattern. For n = 3, there are three distinct patterns. In general, for n regions, there
exist n!/2 possible connection patterns. See Fig. 2.2(a) for an illustration. Identifying these
connection patterns is equivalent to finding all possible Hamilton paths in a graph whose
vertices correspond to X1, X, ..., X,,.

Let P denote the index of a particular pattern (Hamilton path), and let P; (i = 1,...,n)
be the vertex at the i-th step of the path, corresponding to the region Xp. The edge
connecting P; and P, is formed by a cluster composed of subsets belonging to w.. We
denote by w’ (€ we) the collection of subsets that contribute to the edge between P; and
P,.1. See Fig. 2.2(b) for a schematic representation of these structures.

(a)
n =2
——o
X4 X
n=3
o o
Xl X2 X1 X2X1 X2

Figure 2.2: (a): Patterns of the Hamilton Path. (b): Subsets of the shortest path w!i and the
subsets of the remaining part of the subsets w’. [This figure is reproduced with permission
from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the
American Physical Society.]
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We next focus on a single edge P,— P, and its corresponding subset wgi. The set wgi is
further decomposed into two disjoint subsets,

wh = wl @ wh, (2.4.42)
where w! represents the subset corresponding to the shortest connecting path, while w?
contains the remaining subsets that provide longer or redundant connections. We denote
the lengths associated with w!* and w!® by ¢, and /,, respectively. We now analyze the
contributions from these subsets. To this end, we employ the following lemma.

Lemma 4. Assuming that o > D, the following inequalities hold:

1 1
> o < (2.4.43)
meA di,m m,j di,j
2
S iy < L2 (2.4.44)
mEA d’h]
where w = 2%, d; (< 00). The iterative application of inequality (2.4.44) leads to
¢, 01
gu
JY < : 2.4.45
[ Lk = (dig)> ( )
Proof of Lemma /. Proving (2.4.43) is enough.
11y 1 (dtdy)
P diy  diy T dldiy T AT T didRy
1 ad® +do. 1 1 1 u
<Y =2t Y <a + a> = (2.4.46)
divy 57 digdy; divy 7 \d3y, k,j di;
Here, we use {(x+y)/2}* < (z*+y®)/2 , following from the convexity of f(z) = x® and the
convexity inequality. Note that we define d;; = 1 throughout this thesis. O]
We first consider the contribution from the shortest path, i.e., wf is computed as follows.
Y Mzl b, (2.4.47)
(et
Ewi? Ew1€G1
DD DD DD DD DEEID DR D > hzll - llhe,
11€Xp, 12€A Z13{i1,i2} i3€A Z22{i2iz} g €N g 1€X Py ZogD{ing ieg 41}
= Z Z T Z Z Jiviiz Jiesyies“
iIEXPZ- is€A igg €A igs+1€Xpi+1
Xp || Xp
< u M gu) =0 Pl (2.4.48)

(dXP,L'ﬂXPi+1 )a
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We next consider the contribution from the remaining part of the subsets, i.e., wfi. Let
us define the set L := Xp UXp,  UZ U---Z,, where Z;,--- Z,, are the subsets in wf". To
consider the summation over the remaining part of the subsets, we compute the following
summation of the tuples

1
Szl = X azleclhg o (2449

P; T P;
’ /oy / Y
{Zl'm’ZéT}_wrl (ZP...,ZZT).’wrZ

Ewi?ewclegcl
Here, (Z1,---,Z, ) is the summation over possible tuples. Below, for the notational sim-
plicity, we use the notation §; instead of Z!. We define the set wy := {L,&, - ,&,}. In
addition, following Ref. [211], we introduce the layered structure:

where ) has an overlap with the set €U~ (¢ := L), ¢U) is a set achievable from the
set L with the jth step. This layered strature is depicted in Fig.2.3. Note that £V is a set

Figure 2.3: Schematic picture of the layered structure. [This figure is reproduced with per-
mission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted
by the American Physical Society.]

consisting of multiple sets. We denote |¢U)| by n; (> 1). Then, (2.4.49) is written as follows

1

— > gl Nz

" (7l

5> R
gr! v=1 ni+-Fny=~Lr nl! e nv!

(X)X ml) (X ael)”. @4as

D P Ly LD - go-1))
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where £/ L, W, ... €6=DY implies taking a summation over €9 with a fixed set {L,¢W
€071, We now compute the most right contribution:

( > IIhggwll)m < ( >y HhZII)nU < (no—1kgu)™ . (2.4.52)

€VLED, - go-1} iegw=1) Z3i

Iterating the similar computation down to the integration over fi(l), we obtain the following
bound

1 tr 1 § ) )
a2 hgl-lhg <> > e (ILgw)™ (kngu)™ - - (kny-1gu)™
T (Z/ ! )"u)Pi v=1 ni++np=lr ni. Ny, -

17 %, T nj21

(2.4.53)

We here use the relations n;! > (n;/e)™ and (1 +z/y)¥ < e” for > 0 and y > 0 to get
1

a0 X gl (2.4.54)
" (ZL <2, )

<Y e Llgufm) e (bmgufn) ek 1gufn)

v=1 ni+-+no=~Lr
nj21

< (ghue)™ S (L4 (LI/R) )™ (4 i /no)™ - (14 ny_y /o)™

v=1 ni+-+ny=~Lr
njzl

0
< (gkue?)frelHEy~ %

v=1 ni+-+ny=~Ly
anI

’1(2gkue2)ére‘L|/k
_1(29kue2)£’e(|xpi‘HXPI'HD/kHs , (2.4.55)

where we use the relation

| Lk

(3

We put all contributions together to get the final expression of the bound for ||p®®||;:

n—1 oo n—1 s S
HWW<ZZMWW[H252%}HEIZM@me
P s=0 =1 s;= i=1 £, ;=04 ;=0
XPi L+1|

x 27 "t (gu) e (2gue?k)trielsi e Xr X, /K

(dXP 7XPZ+1>

X
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where §(z,y) in the first line is the Kronecker’s delta function. We have used the convergence
condition 8 < .. This completes the proof of Theorem 1.
O
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Chapter 3

Fluctuating Hydrodynamics for the
Long-range Interacting Systems

3.1 Fluctuating hydrodynamics for many-body systems

Hydrodynamics provides a universal theoretical framework for describing the flow of locally
conserved quantities [213]. In physics, while the dynamics of individual particles in a mi-
croscopic system can be described with high precision by Newtonian or quantum mechanics,
the collective behavior of physical quantities often necessitates the use of effective equa-
tions. The Navier—Stokes equations, a paradigmatic example, have successfully described
a wide variety of macroscopic fluid phenomena, ranging from the streamlined flow around
aircraft wings to fully developed turbulence. In recent years, alongside advances in numer-
ical simulations of complex macroscopic flows [214], the concepts of hydrodynamics have
been extended beyond their classical domain to systems where textbook hydrodynamics is
not directly applicable, such as nano-fluids [215] and cold atomic gases [216-220], and have
developed into a unified framework for understanding transport phenomena in solids. For
example, direct evidence of viscous electron fluids has been reported [221-225], including
electron flow resembling Poiseuille flow. Theoretically, substantial progress has been made in
one-dimensional systems, where hydrodynamics for integrable models has been systematically
derived [216, 218-220, 226].

Despite such broad developments, macroscopic hydrodynamic equations are inherently
deterministic and ignore fluctuations rooted in the microscopic structure of fluids. However,
these fluctuations play a crucial role in fluid phenomena at the mesoscopic scale, situated
between microscopic and macroscopic regimes. Fluctuating hydrodynamics extends the tra-
ditional description by incorporating thermal fluctuations and provides a framework that
captures transport phenomena at this mesoscopic level with greater fidelity. This theory
has played an essential role in numerous applications [227-238]. Notable examples include
predictions of long-range correlations in nonequilibrium steady states [239-242] and analy-
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ses of dissipation in turbulent flows [243-246]. In low-dimensional fluids in particular, it is
well known that long-time tails in correlation functions lead to divergences in macroscopic
transport coefficients such as viscosity [59, 60, 175, 247-249].

As mentioned in Sec. 1.3.2, divergent macroscopic transport coefficients also occur in
low-dimensional materials [250, 251], where thermal conductivity has been experimentally
observed to diverge in systems such as carbon nanotubes and graphene. Fluctuating hy-
drodynamics has emerged as a powerful tool capable of making quantitative predictions
for such anomalous heat transport [249, 252, 253]. In systems with strong covalent bond-
ing, such as carbon nanotubes, heat is transported via lattice vibrations, and the effective
Hamiltonian is described by a nonlinear lattice model. For one-dimensional non-integrable
many-body Hamiltonians, the framework of nonlinear fluctuating hydrodynamics has been
proposed [249, 253], revealing connections to the Kardar-Parisi-Zhang universality class [194]
and attracting considerable attention. The dynamics of anomalous heat transport in a

one-dimensional nonlinear lattice system is often described by the following Hamiltonian
[249, 254]:

2
by

where ¢, and p, denote, respectively, the position and momentum of the n-th particle in
the one-dimensional lattice, and the potential V' is assumed to depend only on the stretch
variable r, = ¢,+1 — ¢,. This system possesses three locally conserved quantities—stretch,
momentum, and energy—so that the long-time, long-wavelength behavior of the nonlinear
lattice is expected to be governed by the effective dynamics of the corresponding conserved
densities u,(x), where the index a represents stretch (a = r), momentum (a = p), and energy
(a = €). As discussed in Sec. 1.3.2, when the system is close to thermal equilibrium, the
fluctuating hydrodynamic equations for the conserved fields u,(x) are effectively described
by

Ota(2,t) = =V | T5Uw, ) + Vo > Do e (x, 1) + &a(2, 1) | (3.1.2)
o

where J°4 denotes the local equilibrium current, determined from the local equilibrium dis-
tribution parameterized by (u,, up, u.). The terms D, and , represent, respectively, the
dissipative contribution and the stochastic noise, both of which are introduced so as to sat-
isfy the fluctuation—dissipation relation required by equilibrium thermodynamics. Analyses
of anomalous heat transport based on this set of equations proceed as outlined in Sec. 1.3.2.
For these anomalous transport phenomena as well, fluctuating hydrodynamics enables
quantitative predictions of dynamical behavior, once an appropriate form of the equations

and parameter values are specified.
Moreover, by employing the techniques of the dynamic renormalization group [248, 255],
fluctuating hydrodynamics allows one to compute the nonlinear interactions among fluctua-
tions over a wide range of time and length scales in the mesoscopic regime. This methodology
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Figure 3.1: Schematics of fluid dynamics across scales: micro-scale (molecular), meso-scale
(with fluctuations), and macro-scale (standard hydrodynamic equation). At the mesoscopic
scale, fluctuations arising from the underlying atomic motion play a dominant role, necessi-
tating the use of fluctuating hydrodynamics.

has significantly contributed to the analysis of dynamic critical phenomena and to the estab-
lishment of the divergence of transport coefficients in low-dimensional fluids. Incorporation
of thermal noise introduces stochastic terms into hydrodynamic equations, modifying their
canonical form. The transport coefficients in the hydrodynamic equations represent dissi-
pative processes responsible for entropy production, and in the mesoscopic regime, they are
accompanied by noise terms that obey the fluctuation—dissipation theorem. Once explicit
noise terms are introduced, the notion of bare transport coefficients becomes essential.

More concretely, in the case of low-dimensional fluids, the dynamics are described by the
fluctuating Navier-Stokes equation of the form

O+ (v-V)v+ VP = DV?0 + £(x, t). (3.1.3)

This equation is obtained by linearizing the macroscopic Navier—Stokes equation around ther-
mal equilibrium and subsequently writing down the time evolution of the fluctuation fields.
The second and third terms on the left-hand side represent the reversible Euler contributions.
In contrast, the right-hand side consists of irreversible terms: the first term corresponds to
dissipation, while the second term represents stochastic noise. The coefficient D is often re-
ferred to as the bare transport coefficient [254, 256-260]. In near equilibrium, the dissipation
coefficient D and the noise field £ satisfy the fluctuation—dissipation relation.

The macroscopic transport coefficients used in conventional hydrodynamics and the bare
coefficients describe distinct scale regimes of transport. Whereas macroscopic coefficients
characterize deterministic transport after fluctuations have been averaged out (Fig.3.1, right),
the bare coefficients determine the time scale governing the crossover from particle-based de-
scriptions (Fig.3.1, left) to hydrodynamic descriptions (Fig.3.1, center), and thus constitute
more fundamental quantities that explicitly account for fluctuations. Importantly, bare trans-
port coefficients do not, in general, coincide with their macroscopic counterparts (although,
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in purely diffusive systems without equilibrium currents, they are expected to agree). To in-
vestigate this concretely, studies in the 1970s employed the dynamical renormalization group
[255] to start from fluctuating hydrodynamic equations, integrate out small-scale fluctuations,
and compute macroscopic transport coefficients. These analyses demonstrated, for example,
that the transport coefficients of two-dimensional fluids diverge [248]. In this way, a method-
ology connecting mesoscopic fluctuating hydrodynamics to macroscopic hydrodynamics was
established.

While the relationship between fluctuating and macroscopic hydrodynamics has been ex-
plored through methods such as dynamical renormalization group, a microscopic derivation of
fluctuating hydrodynamics itself remained absent until recently. Fluctuating hydrodynamic
equations incorporate noise terms satisfying the fluctuation—dissipation relation, and thus
describe stochastic processes. There are two major approaches to deriving stochastic pro-
cesses from microscopic Hamiltonian dynamics: (i) the system-size expansion [261, 262], in
which a Langevin equation is derived via a singular perturbation of the Boltzmann—Lorentz
equation obtained from the BBGKY (Born—-Bogoliubov—Green—Kirkwood—Yvon) hierarchy;
and (ii) the projection-operator method [254, 256-260] pioneered by Zwanzig [256]. Because
the system-size expansion relies on the Boltzmann equation, it is justified only in the dilute
limit and is not suitable for describing general fluid flows. The projection-operator method,
on the other hand, assumes a separation of scales and projects dynamics onto the subspace of
slowly varying variables, treating the remaining fast components as fluctuations. Although
this method introduces an abstract projection and relies on a scale-separation assumption,
it can be applied beyond the dilute regime. In hydrodynamic systems, local conserved quan-
tities serve as slow variables. One then projects onto these slow variables by taking an
ensemble over microscopic states that share the same values of the local conserved quanti-
ties—that is, by taking local microcanonical averages, which effectively project onto the space
of slow variables. This constitutes the projection-operator method introduced by Zwanzig
[256]. Building upon this framework, a method for deriving fluctuating hydrodynamics from
microscopic lattice models has been constructed [254]. Using this method, fluctuating hy-
drodynamics was derived for one-dimensional nonlinear lattice models, allowing the bare
transport coefficients to be computed from microscopic descriptions and demonstrating that
the transport coefficients remain finite. However, this methodology has been formulated only
for systems with short-range interactions.

In this chapter, our aim is to apply this approach to dynamical systems with long-range
interactions and derive an effective fluctuating hydrodynamic equation for the long-range
interacting systems.
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3.2 Microscopic derivation of fluctuating hydrodynam-
ics in the long-range interacting systems

Fluctuating hydrodynamics provides a systematic theoretical framework for describing the
mesoscopic evolution of conserved quantities, in which stochastic fluctuations originating
from microscopic degrees of freedom play an essential role, as seen in the previous section.
A systematic derivation of such mesoscopic stochastic equations is most commonly achieved
through Zwanzig’s projection-operator formalism [256, 257]. This method provides a princi-
pled way of separating the slow dynamics associated with conserved quantities from the fast
microscopic fluctuations and yields a closed equation of motion for the hydrodynamic fields.
Within this formalism, the effective equations take the form of generalized Langevin dynam-
ics, in which stochastic noise terms encode the residual effects of the eliminated microscopic
degrees of freedom. Such equations constitute a bridge between microscopic Hamiltonian
dynamics and coarse-grained stochastic descriptions.

In this thesis, we apply this framework to investigate the effective dynamics of a class of
spin systems characterized by the conservation of energy (and, where applicable, spin). Our
aim is to elucidate how the interplay between conservation laws, nonlinearity, and microscopic
fluctuations gives rise to the emergent transport behavior observed at mesoscopic scales.

3.2.1 Setup

In the following, we derive the fluctuating hydrodynamics starting from a microscopic nonlin-
ear lattice model [254]. As the microscopic foundation, we consider an N-spin Hamiltonian
system defined on the phase space

r ::( f’S%v lzv ,S]%?S]%’SJZV)’ (321)

The continuous variable S? denotes the o component of the spin at site n and satisfies
5,(59)% = 1. The Hamiltonian is given by

N
=Y h, (3.2.2)
n=1

where h,, is the local Hamiltonian at the site n. We impose periodic boundary conditions as
n+N=n.

We define ¢,,, as the local conserved quantities at the site n. a is the index of local con-
served quantities. For example, the long-range interacting transverse Ising model is believed
to have only one local conserved quantity—energy lAzn, and the long-range interacting XXZ
model is believed to have two local conserved quantities—energy h,, and z-spin S7.

Since the total quantities ), ¢, are conserved, the local conserved quantities ¢, ,, satisfy
the discrete continuity equation

Otan(t) = {Can(t), B} = —(ans1(t) = Jan(t)), (3.2.3)
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where {-, -} is the Poisson bracket in the spin dynamics,

0A 0B
A, B} = abe = =55 3.2.4
(A8} =T % e 5 (32.4)
with the Levi-Civita symbol &4..
Let py(I") denote the probability distribution on phase space at time ¢ generated by the
Hamiltonian dynamics. The time evolution of p; is governed by the Liouville equation,

Opr = {H,pu} = Lpr, (3.2.5)

where we symbolically introduce the Liouville operator £. Formally, the solution of this
equation is expressed as

pr=e"p . (3.2.6)
Likewise, the time evolution of a local observable ¢, ,, is given by
Can(t) = €“124.n(0), (3.2.7)

where LT is the adjoint of the Liouvillian operator.

3.2.2 Coarse-graining

Two essential techniques play a central role in the derivation of fluctuating hydrodynamics:
coarse-graining and projection. Through coarse-graining, one specifies the spatiotemporal
scales on which the hydrodynamic description becomes valid. Subsequently, by projecting
the microscopic dynamics onto the space spanned by the coarse-grained conserved quantities,
the fluctuating hydrodynamic equations can be systematically derived. In this subsection,
we formulate the first step of this program—the coarse-graining procedure.

At the microscopic level, we consider ¢ particles labeled by the coordinate n. By coarse-
graining over these ¢ sites, we introduce a new mesoscopic coordinate x, which labels a “fluid
element” at the mesoscale. The corresponding coarse-grained conserved quantities are defined
as

1 xl

Gop == Y. Can, (3.2.8)
n=(z—1)¢{+1

Each coarse-grained quantity 4, , satisfies a local continuity equation of the Euler type:
8taa,x = _sza,xy (329)

where the discrete gradient operator is defined by

1
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The corresponding coarse-grained currents are introduced as

Taiw = Jas(o—1)041 - (3.2.11)

Fig. 3.2 shows the schematic definition of coarse-grained local conserved quantites and local
currents, 4, , and ja,x. As seen in Fig. 3.2, the coarse-grained currents ja,a; are located
between the local sites n = (r — 1)¢ and n = (x — 1)/ + 1 and equivalent to the local current
5a7(x_1)£+1. The coarse-grained fields 4, represent mesoscopic (i.e., globally slow) variables,
while the associated currents jw remain microscopic and localized at the cell boundaries.

éa,l éa,2 éa,é éa,é—H éa,% .
—eoo - - » . — coordinate

14 14
—ll—

Ug,1 Ug,2

r=2 T
ja,l jaQ

b

: » r — coordinate

-

Figure 3.2: Schematic picture of coarse-grained local conserved quantities and local currents,
ﬁa,:p and ja,z‘

Provided that ¢ is sufficiently large, these local fluxes may be treated as Markovian
processes with respect to the coarse-grained variables.
We define the distribution function for the coarse-grained fields i, , as

filw) ::/dfﬁt(F)5(ﬂ(F)—u), (3.2.12)
where
A~ N oo 0 A~
/dFA(F) — H/ drn/ dpn A(r1,p1, - - . 7n, D), (3.2.13)
ne1”—© —0o0
N/

o(a(Cy —u) = TT TI0(tar(T) = ttas)- (3.2.14)

a=r,p,e x=1
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The time evolution of f;(u) follows from that of p,(I") as
Oufi(u) = 0, [ ar (1) 8(a(T) ~ u)

— / dr £e% po(T) 8((T) — u)
— / dr 3,(I) £16(a(T) — u)

- /dF (D) D (—Litg (1)) &li x5(ﬁ(r) ~u)

= [ AD) Voo b(0(T) ), (3.2.15)

a,x

where we use Lig, = ija’;,; to derive the final line. This expression establishes the mi-
croscopic foundation for the time evolution of the distribution function of coarse-grained
conserved quantities, forming the basis for subsequent projection-operator formulations of
fluctuating hydrodynamics.

3.2.3 Projection

In what follows, we proceed to the second step, namely the projection procedure. To derive

the hydrodynamic equations, we project the dynamics onto the subspace characterized by

fixed values of the conserved quantities, thereby obtaining the time-evolution equation for

the probability distribution function fi(u) of the coarse-grained hydrodynamic variables 4, .
We introduce the projection operator P as

(PA)[I] = / A A(I) 6(a(T") — a(T))/Q@(T)), (3.2.16)

Q(a(l)) == /dr’a(a(r’) — (D). (3.2.17)

This operator P projects any microscopic observable A defined over the full phase space onto
a subspace spanned by configurations sharing the same coarse-grained conserved quantities.
Indeed, if fq4(I") = G, (") holds, then (PA)[I'] = (PA)[I'"], showing that P identifies all
microstates corresponding to the same values of conserved quantities.

With this operator, we decompose the full distribution as

pr = Ppr + Qpx (3.2.18)

where Q := 1 — P. Physically, the P subspace corresponds to the slow hydrodynamic
modes, while the O subspace captures the remaining fast microscopic degrees of freedom.
The Q space thus encodes dissipative effects arising from fluctuations orthogonal to the
hydrodynamic manifold. Fig. 3.3 demonstrates the schematic decomposition of P subspace
and Q subspace.
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Figure 3.3: Schematic picture of the decomposition of P subspace and Q subspace. The
P subspace corresponds to the slow hydrodynamic modes that describe the dynamics of
coarse-grained fluid elements u,,. In contrast, the Q subspace represents the remaining
microscopic degrees of freedom after the hydrodynamic modes have been projected out,
and is therefore associated with particle modes. The O sector encodes the fluctuation and
dissipation originating from microscopic degrees of freedom.

Starting from the Liouville equation 0;p; = Lp;, substituting the above decomposition

gives
0(Ppr) =PL(Pp Ot ),
0 (Qpr) = QL(Ppr + Qpy)-
These two coupled equations can be solved formally for Qp; as
t
Qpr = / dset=2LQLPp, | (3.2.20)

Explicit evaluation of this integral yields

t N 6 B /
Qp, = /_Oo ds elt—92L Q/Du’ S Vo TJaw 6(a(T) — o) S (chz((Z'D , (3.2.21)

where we write / Du' =]] / duy, ,. This follows from

QLPp, = £ [ A'p,(M)3(a(I") — a(T))/2(a(T)
= [Ar3(0)L TT 810 () = ftrr (1)) /Q0(T))

o,z

— / dr' p,(T") / DU S (it a0 (T7) — ) L0 (i1t 00 (T) — iy 1) /')

= [ DU [ AUpT) 3 (Vi T3t (T) = ) - =5 O 5(a(r) — ) /)
’ xl ’ ua/,x/

J

_ / Du'%/(vx/ja/,x/)a(am — )5 { / " po(T")o(a(T”) —u’)/Q(u’>}-

/
a ,x'
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Using these relations, we can now express the time evolution of f;(u) as

O, f,(u /dF P4 Q)p Zv Jowwz—0(a(T") = ). (3.2.22)

a,x
Substituting the above formal solution gives

Oufi(u) =3 &i (Vo )y Fol)

+ 07! agjx 5ui7x9(u)(vwi,}(a%a/w, (u,u';t — 8)) 5u5x ({2((5)) ) (3.2.23)

where we defined
(A)" = / dr As(a(r) — w)/Qa(D), (3.2.24)
Koo (w05t — ) 1= 0 f s ((QJaa) (9985 (u — ) Q). (3.2.25)
— [arsa(r) - w). (3.2.26)

The second term represents a non-Markovian convolution integral. Here, we approximate
K (u,u';t—s) as in [254], assuming that the term decays rapidly in time, while the conserved
quantities do not change rapidly.

Kog oo (u,u';t — 8) ~ f/t ds <(Qjax> (6“_3)95 Qja/@/)xM o(u—u'). (3.2.27)

This approximation is not rigorous, but physically justified by the coarse-graining and pro-
jection procedures: the coarse-grained coordinate x represents an average over ¢ microscopic
particles, making P-space dynamics slow, while the Q-space dynamics—corresponding to fast
microscopic fluctuations—decay rapidly in time. Therefore, the correlation of local currents
ja,x in Q-space can be regarded as Markovian on the hydrodynamic time scale.

Under the Markovian approximation, the time-evolution equation reduces to a Fokker—Planck-
type equation:

Oufi(u) =3 &ix(w Jo),  Fr())

(3.2.28)
—1 5 5 ft(u)
+ e aw%;ﬂ 5ua,zQ<u> (vwvx’Kax,a’w’ ('U/))(Sua/’x/ (Q(u) y
with
Kozao (u) := g/ooo ds <(Qjm) (eSQ‘Qja',x’)XM- (3.2.29)
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Finally, by decomposing K, 4/, into its symmetric and antisymmetric parts,

1
K34 — 5 (Kevarw & K o), (3.2.30)

az,a’r

the Fokker—Planck equation can be recast as

Oufiu) =3 = (Vo) o)+ 675 (VK ))Vr(lnﬂ(“”ft(“)]
a,r a,x 5 a’\x’ 5 (3231)
o Z M ) (Vo Vi K&, (u ))5%,@, ({;8)

This Fokker—Planck equation constitutes the mesoscopic stochastic dynamics of the fluctu-
ating hydrodynamic fields derived from microscopic Hamiltonian dynamics via systematic
coarse-graining and projection.

3.2.4 Fluctuating hydrodynamic equation

In correspondence with the Fokker—Planck equation

atft(u) :Z 6u5ax [<vxja,x>z + g Z ( axam ))vﬂﬁ(lng(u))ft(u)]

Q) (Vo Vo K, ))J(‘SEZ?)

the corresponding Langevin equation can be expressed as

8tua7a: = - |:<\7ar> +a/2x:, Ka:cax’v W(IHQ(U)) +€a,x(t)] ) (CI, =np, 6)
(3.2.32)
where the stochastic term §a,m(t) satisfies the fluctuation—dissipation relation
(e (t)Sarar () = 2 KD, 0(8 = 1), (3.2.33)

where ((...)) stands for the noise average.

By interpreting the phase-space measure Q(u) as the partition function, Q(u) ~ e%/*s

(and hereafter setting kg = 1), we identify
InQ(u) =5, (3.2.34)

where S is the thermodynamic entropy, and

dInQu) 48
(5(6@6&/’;5/) N (S(KUQI’LB/)

= A, (3.2.35)
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where A, is the local thermodynamic parameter (e.g., inverse temperature). It is important
to note that S represents an extensive variable, whereas A corresponds to its conjugate
intensive variable. Using these relations, we may rewrite the Langevin equation as

&gua,m = —vx <ja,x>ZM + Z Kax,a’x/vx’)\a/,z’ + fa,z (t)]

a,x!

- —vx < > Z Kaf)(111$1 /V 2! Ug! axl T Z az a”at’ /vm/U/a/’;p/ + émx(t) .

In the second line above, we have defined

A%, = — (‘”) : (3.2.37)

“ aua’,x

whose inverse matrix,

oA\ ! ou
-1 _ — | — = — | —
A= <8u> <8A>eq’ (3:2.38)

eq

corresponds to the susceptibility matrix. We further define

D&Y, = ZK (5.4) A, (3.2.39)

ar,a”" T

and finally arrive at the following fluctuating hydrodynamics equation for the long-range
interacting systems:

Ottae = =V [( T )1 = D D Varttarwr = > DG Varttar o + Gaa(t) |- (3.2:40)

a’x! a’ !

A u A . . .
The first two terms, <‘7a7x>LM — > Déx)a,r,vx/ua/,m/, are antisymmetric under time reversal

and correspond to the reversible dynamics, while the third term, — >,/ ., DY

wrarz Vo' Ual o and

the stochastic term &, ,(t) represent irreversible dynamics — specifically, the dissipative and
fluctuating contributions, respectively, which are related through the fluctuation—dissipation
theorem.

For short-range interaction, K, ., decays sufficiently rapidly as |z — /| increases, i.e.,
Kozarar ~ Kazarz0(x — @), leading to coarse-grained forms

Ka,a/ = Z Kaw,a’:cH K(S A) Z Kai fx = Z ;(KG%G'CU' + Ka/l/ﬂw)? (3241>

Il

(o) wrwr () = %*Kéi%aa,a/a%x/a(t —t). (3.2.42)
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This approximation is justified because each coarse-grained site at position x already contains
¢ microscopic particles, and the kernel K, 4/, exhibits Markovian behavior under this coarse-
graining. Consequently, for the short-range case, we reduce the fluctuating hydrodynamic
equation to the following form:

Bptign(t) = —V, <j>ZM S DVt =S DIV s+ Eai(t) | (3.2.43)

3.2.5 Approximation of the local microcanonical ensemble by the
local Gibbs ensemble via the large deviation principle

In general, it is difficult to directly evaluate expectation values with respect to the local
microcanonical ensemble. To overcome this difficulty, we employ the large deviation principle
to approximate the local microcanonical distribution by a local Gibbs distribution, which
allows for practical computation of expectation values.

We first briefly summarize the concept of the large deviation principle [263]. The large
deviation principle characterizes the rate at which probabilities decay away from the typical
(law-of-large-numbers) value. Mathematically, it is expressed as follows.

Large Deviation Principle. Let Ay be a random variable taking values in a measurable
set S, with probability distribution P(Ay). The system satisfies the large deviation principle
if the following limit exists:

lim. _le InP(Ay € S) =1, (3.2.44)
where I > 0 is called the rate function, which generally takes the form /(a) with a = Ay/N.
The rate function quantifies how rapidly the probability P(Ay) decays away from its typical
value as N increases. Since [(a) contains information about higher-order fluctuations, it
captures deviations from Gaussian behavior.

As a simple example, consider tossing /N independent fair coins, each showing heads with
probability 1/2. Denoting by n = Ay the number of heads, the probability distribution P(n)
behaves asymptotically as

P(n) = <JZ ) (;) = e~ NIO/N), (3.2.45)
I(a) =alna+ (1 —a)In(l —a)+In2, a=n/N. (3.2.46)

The rate function I(a) captures how P(n) decays as N increases, and its deviation from a
quadratic form quantifies the non-Gaussianity of the fluctuations.

In general, when individual events are weakly correlated (as in the case of independent coin
tosses), deviations from the typical value decay exponentially and obey the large deviation
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principle. Conversely, if the decay is faster or slower than exponential, a finite rate function
does not exist.

We now define the moment generating function associated with local fluctuations. Let
(Afw = {1, and define

- / Al e Zae baellas(D), (3.2.47)
The corresponding “partition function” Q(u) can then be expressed as the inverse Laplace
transform,
dga ! —Z £a,2U.
aye SOTTGE 3.2.48
H / 2m ( )
When the large deviation principle holds, both Z(§) and Q(u) obey the asymptotic forms
Z(€) ~ ™), (3.2.49)
Q(u) ~ W, (3.2.50)

where p(§) = limy_, o %ln Z(&) is the cumulant generating function, and —s(u) corresponds
to the rate function. The two functions are connected via the Legendre—Fenchel transform,
known as the Gartner—Ellis theorem:

s(u) = inf |4 [ Zﬁaxua x] (3.2.51)

(€)= sup [s<u> +zgu] (3.2.52)
To obtain s(u), one solves
%’ég U =0, (3.2.53)
and denotes the solution by &; .. Then,
s(u) = u(&) — gfxum (3.2.54)
Introducing the notations
S(u) = ls(u), (3.2.55)
Aaz = =& 4 (3.2.56)
we obtain
aa(ifz z) - giiuj = ot CLZ; %iz ( 0582/;/ - ux> = Aoz (3.2.57)
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This relation corresponds to the thermodynamic conjugacy between the entropy and the local
intensive parameters.

Based on the above discussion, we can introduce an effective local Gibbs ensemble char-
acterized by the entropy S(u) obtained from the large deviation principle:

. 1 . 1 .
o= —— exp{z fa@Ua,x(F)} =5 exp{— > )\a,xua@(lj)} . (3.2.58)
LG a,r LG a,r

The local thermodynamic parameters )\, , are determined by

<ﬂa7$>LG = /dF ﬂa,xﬁLG = <éa,(x—1)€+n>LG = Uqg,z , (3259)
wheren=1,...,0— 1.

Thus, the local Gibbs ensemble is constructed on the basis of the large deviation principle.
Using this ensemble, we can now derive asymptotic expressions for the local microcanoni-
cal averages of the coarse-grained currents, as well as for the corresponding bare transport
coefficients in the limit of large /.

For the local microcanonical average of the coarse-grained current, which are microscopic
quantities defined at the site level, we have

<ja,x>zM = <5a,(az—1)€+1>zM = /dF §a,n(r)ﬁLM(P)

n=(z—1){+1

(3.2.60)

= [T Jun(D) TT 8(it0ar = t10000)/20)
a’ .z’ n=(z—1)0+1

Since this expression represents an average over ¢ particles, it is reasonable to approximate

the local microcanonical ensemble by the local Gibbs ensemble in the large-¢ limit:

PLM ~ PLG- (3.2.61)

This substitution also applies to the coarse-grained stretch currents, allowing us to compute
current expectation values explicitly within the local Gibbs framework.

In the preceding discussion, we introduced the replacement of the local microcanonical
distribution by the local Gibbs distribution, justified by the large-deviation principle. We
now turn to an explicit evaluation of physical observables under the local Gibbs ensemble.
In particular, our goal is to compute the local Gibbs expectations of relevant microscopic
quantities and to express them, when appropriate, as perturbations around equilibrium ex-
pectations.

In a local equilibrium state, the local Gibbs distribution admits a linearized representation
around the global equilibrium ensemble. Denoting the local Gibbs distribution by prq, we
expect that

PLG ~ Peq T OPLG (3.2.62)
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where peq is the canonical equilibrium distribution. Accordingly, the local Gibbs expectation
of an observable A may be expressed as a deviation from its equilibrium value:

(A = (A) +3(A) . 26

where (...) denotes the equilibrium ensemble.
Although pr,q is defined in terms of coarse-grained fields 4, ,, it may be rewritten as a
distribution over the microscopic conserved quantities &, ,:

ﬁLG(Fv)\): 2 eXP[ Z)\amua:p ]
A¥e

[Z Z Aa,néa,n(F)} (3.2.64)

LG z a n=(z—1)¢{+1

Here the local thermodynamic parameters satisfy A\, = £ Aq .
To develop a linearized description of prg(A) around equilibrium, we recall that in equi-
librium the local thermodynamic parameters reduce to their global values A%, so that

PLa(A%) = peq. (3.2.65)

For example, we consider the energy conservation law, i.e., ¢, = h,. For the energy case,
the corresponding equilibrium thermodynamic parameter satisfies A\{4 = 3 .
Consequently, the local parameter admits the perturbative decomposition

Aan ~ Mgt + 0Ag - (3.2.66)
The equilibrium expectation of conserved quantities takes the form
- / dT 2, (D) pra(D; %) = . (3.2.67)
Expanding the local Gibbs distribution
pra(A) = pra(A* +0A) = peq + dpra (3.2.68)
we obtain the deviation of the local Gibbs expectation:
(Can)rg = Ug' + OUay (3.2.69)
which identifies 0\, ,, with
Mgz 1= Ug e — UL (3.2.70)

Expanding 0\, as a power series in du, , yields

0Aan = ZAa duna + 5 LS =y, b G, + o(u?), (3.2.71)
b,b’
st. (x—10+1<n<ual (3.2.72)
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where

B <6ceq ) !
- 86 ab

= ((Canthn)eq = Condeq (Eneg) - (3.2.73)
and
= *Xan o (ou)! o [dcea\ !
BT NP VR Ty <m>ab/ v 2N aAC< o3 >a,,, o
(3.2.74)

Thus, once the equilibrium expectations of the conserved quantities are known, all coef-
ficients appearing in the linearized local Gibbs expansion may be determined explicitly.

In this section, we express the local Gibbs distribution prg(A) = pra(A®d 4 0A) = peq +
dprLc(A) in terms of the deviations 6\, ,, and subsequently expand it up to second order in
the coarse-grained variables du, ;.

Introducing the decomposition é,, = <éa,n>eq + ¢,,n, We obtain

pra(N) (3.2.75)

R Peg (1 =S Nan 0lan + ; 3" N 0an ONat 080t + (’)(6/\3)>

an,a’n’

1
= ﬁeq{l - Z 5éa,n (Z Aab 5ub,$ + Z 5 Eabb/ 5ub’$5ub/@ + O<5U3>)
a,n b

by

+ ; 3" 62an0Cur (Z A% Sy + o(&ﬂ)) (Z Ay Sy, + o(&ﬂ)) + o(&ﬁ)}
b v

an,a’n’

= Peq { b Z Z 0Can Ay Oty g

n ab

A — A A /
+ - Z Z 5Ca,n :abb’ 5ub,x5ub’,x + Z Z 5Ca,n50a’,n’ AabAa 4 6ub,x5ub’,x

n a,bb’ nn’ aa’,bb’

1
2

+ O(5u3) }
(3.2.76)

Using this expansion, the expectation value of the coarse-grained current jayx under the
local Gibbs ensemble can be computed up to second order in du as

<ja,ac>LG = Tr(ja,a: 5LG)
~ Tl"(ja@ﬁeq) — Z Tr(ja,ac 66a’,nﬁe©l) 5>\a’,n

a’'mn
1 5 sa sa oA
+5 Z Tr(ja,x 5Ca/,n56a”,n’peq)é)\a’,néAa”,n’
2 a'n,a’'n’
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e

~ (), = 2 0 Tr(Jaburnpea) Ay St

b a'n
1 A /
+ 5 - Z TI'(ja,xééa’,nﬁeq)Ea bb’
b,b’ a';n
+ Z TI'(ja’zééal,nééa//’n/ﬁeq)Aaleany 5Ub,15Ub’,:v
:<j > ZA Oupz + = ZH by OUp xOUY o

b b
Here the coefficients are defined as

A= Y (Juw ), A,

a’'mn

- A~ —a’ 5 ~ ~ ’ "
Habb/ = - Z <n.7a,:): 5Ca/’n>eq = by + Z <s7a,z 5ca’,n(sca”,n’>eq A? bAa v
a’'m

a'n,a''n’

(3.2.77)

(3.2.78)

(3.2.79)

Thus the local-Gibbs ensemble of the current is obtained explicitly as a perturbative

expansion around equilibrium. We next prepare for the computation of the bare transport

coefficients by evaluating the expectation of the projected current, <Pja,m ‘

Replacing the local microcanonical ensemble with the corresponding local Gibbs ensemble,

the projection operator may be written as
(Pu)(T) 2= [ A Jyo(T) TT 8(itr () = it (D)) /(D)
= A0 G e |~ 3 A (Do) 200)
with the normalization factor

= /dF/ H exXp [— Z 5\a/7x/(1“)ﬁa/7x/(1“’)] .

The multipliers S\a’,x’ are fixed by the condition

/dF'ca (1) H exp l— Z /A\a/J/(F)ﬁa/’m/(F')] /Z =i (T) = g q(T).
This construction mirrors the structure of the local microcanonical distribution

ﬁLM H(Suax _uax)/Q<>

~ Hexp[ Z)\a o Ut a7 ] /Z = prLa,
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(3.2.81)

(3.2.82)

(3.2.83)



where the multipliers Ay ,» are determined from

/ "2, () Hexp[ > Al ] W /Z = ta.. (3.2.84)
Thus, we define
pre(T’; AT Hexp[ Zﬁa,,x,(r)@a,,x,(r')] /Z(T)

12(D), (3.2.85)

z'l
= H exXp [_ Z Z )\0«/7”/ (F)éa/,n/ (F/)

a’ n'=(z'-1)0+1

With Ay 1= Ar.or /£, and may expand pr(I”; M(T)) ~ pra(I'; Aeg +0A(T)), and by the same
reasoning as before obtain

(PJae) (T ZA“ (5ubx+2Zbe,(5ubm(5ub/ +0(60%) (3.2.86)

b,t/

3.2.6 Bare transport coeffcients

In general, the bare transport coefficients

— [~ 5 sQL A 4 u
Kax7a/x/<U) T E/O ds <(Qja,:r>(e Qja/,x’)>LM (3287)
are difficult to evaluate analytically. In the following, I show that the expression
[ 5 sQL A 4 u
Ka:c,a/z’ (U) - €~/0 ds <<Qja,:c)(e Qja’,:c’)>LM (3288)
~ > 7 sL Z w
~ 0 ds (@€ QTva))r, (3.2.89)
OLs

can be justified, i.e., the evolution operator e may be replaced by e** within the present

accuracy.
To this end, let me define

R, = e*9F <Z Qja/7x/> . (3.2.90)
Its time evolution is then written as

ORs = (L — PL)R.. (3.2.91)
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We next evaluate the projected contribution PLR,. By definition,
(PLR,) / ar' { }exp( Z St ot ua/J/(I")) 12(T)
~ [ar {exp (— > Xa/,x«F)aa/,x/(F’)) /Z(D), FI(F’)}&(F’)
= [ pu(r) ( {35 A1), BT} 5 Ay B () + ) R

—Z(/dr’ peq(T")R () V. Ja o (T )ZA“ Sitar »(T') + O(50(I')?). (3.2.92)

In going from the second to the third line, the local Gibbs distribution was expanded
around the equilibrium measure peq, and the deviation

A o~ eq
5ua,z = Ugr — U,

was introduced. Therefore, in a sufficiently small neighborhood of equilibrium, one finds
ORs = (L —PLYR, ~ LR, (3.2.93)

because the projected part is at least of order O(d4?). Since 4,, represents a coarse-
grained variable obtained as an average of ¢ microscopic variables ¢, ,, its fluctuations scale
as (9(5_1/ 2). Thus, in the limit of large ¢, the above approximation becomes asymptotically

QLs by e£% in the definition of the bare transport coefficients

exact. Consequently, replacing e
is justified.
Although the direct computation of the bare coefficients is generally challenging, numer-

ical studies have demonstrated that, for the Fermi-Pasta—Ulam-Tsingou (FPUT) model

N I k k
=3 pn Tt Tl (3.2.94)

the bare transport coefficients converge to finite values [254].

3.2.7 Absence of equilibrium currents in the case of only energy
conservation

u

In the case of only energy conservation, we show that the equilibrium energy current <ix>LM

vanishes.
Let T denote the time-reversal operator. Generally, local currents change sign under time
reversal, we obtain
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On the other hand, the relevant conserved quantities, namely u,, and u.,, are even under
time reversal:

Tew = Ue s, - (3.2.96)
The local microcanonical measure is defined by

ﬁLM(F/) = H/ 6(aa’,m’(rl> - ua’,m/) /Q(U) (3297>

As is standard in the theory of fluctuating hydrodynamics, we approximate this measure by
a local Gibbs distribution,

ﬁLM(F/) ~ Hexp (- Z )\a/7$/ﬂa/7m/<rl)> /Z = ﬁLG7 (3298)
and further expand the corresponding averages with respect to small deviations du,, from

the equilibrium values of the conserved quantities.
Accordingly, the expectation of the current is expanded as

<jw>zM ~ <j5$>ZG (3.2.99)
R~ <je,x>eq — A% Oue, + ;HEEE ez Ol . (3.2.100)

It is evident that the equilibrium current satisfies
Ae x =0, 3.2.101
<~7 : >eq ( )

because equilibrium is invariant under time reversal while j”, is odd.
A u
Moreover, the left-hand side <‘7””>LM

side is expressed entirely in terms of conserved quantities, all of which are even under T.
Thus, equality between both sides is possible only if

is odd under time reversal, whereas the right-hand

(Jew)r =0, (3.2.102)

which completes the proof that the equilibrium coarse-grained currents vanish in the existence
of only energy conservation.

3.2.8 Fluctuating hydrodynamic equation in the case of only en-
ergy conservation

In the case of only energy conservation, the contribution of Pp in (3.2.22) vanishes due to
the time-reversal symmetry. As seen in the previous subsection, the equilibrium currents

64



<‘7A”>ZM also vanish. Consequently, in the case of only energy conservation, we finally arrive
at the fluctuating hydrodynamic equation for long-range interacting systems:

atu€7$(t) = Vm [Z Dw,m’vw’ue,x’ + ge,x(t)] y (32103)

where u., is the coarse-grained local energy and D, , is the non-local diffusion constant
obtained by the Green—Kubo-like relation:

1 e .
D, :7/ RONANY 2.104
’ cvksT? Jo ds <j’ (s) Je. > (32.104)

In the system without local equilibrium currents, the bare transport coefficients coincide with
the macroscopic transport coefficients, because there is no contribution of Pp in (3.2.22).
& (t) is the thermal noise that satisfies

(€ ()€ (t))) = 2evkBT? Dy 0rd(t — 1) . (3.2.105)

For short-range interactions, D, .+ generically shows rapid decay in space, i.e., Dy, ~
Dod(x — 2'), and hence, the dynamics reduces to the standard fluctuating hydrodynamics
8tue,(x<t) - va: [Dovxue,x(t) + ge,x(t)]
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Chapter 4

Energy Diffusion in the Long-range
Interacting Spin Systems

In this chapter, we investigate the nature of energy diffusion in long-range interacting spin
systems. Our analysis focuses on two prototypical models—the transverse Ising model and
the XYZ model—defined on a D-dimensional lattice with interaction exponent o > D, a
condition ensuring thermodynamic extensivity. In one dimension, we demonstrate that both
normal and anomalous diffusion can arise. The anomalous regime is shown to originate from
an anomalous enhancement of the amplitude of the equal-time energy current correlation.

By applying the cumulant power-law clustering theorem to equal-time current correla-
tions, we establish several theorems that lead to a unified conclusion: the sufficient condition
for energy diffusion to be normal in one dimension is o > 3/2, independently of the choice
of model. Furthermore, fluctuating hydrodynamics consistently accounts for the emergence
of Lévy diffusion when o < 3/2, thereby indicating that the above condition is optimal.

In higher dimensions D > 2, our results show that energy diffusion remains normal as
long as o > D, which is precisely the threshold required for thermodynamic extensivity.
These findings provide a coherent and comprehensive understanding of energy diffusion in
long-range interacting spin systems across spatial dimensions.

4.1 Models and setup

Let us first consider the one-dimensional uniform classical spin Hamiltonian

N A
H=Y hy, (4.1.1)

n=1



where iLn is the nth local Hamiltonian and N is the number of sites. We consider the
prototypical spin systems for h,,:

N/2
=—J Z (83874 + S5,55) +hST
A v (4.1.2)
HACE Z = > (8587, +57.,.57).
a' =2,Y,2

where B;I) and E;XYZ) represent the local Hamiltonians for the long-range transverse Ising
and XY7Z models, respectively. The continuous variable S denotes the o component of the
spin at site n and satisfies 3°,(57)% = 1. Periodic boundary condition is imposed such that
n+ N = n. The parameter « represents the power-law exponent of the long-range interaction,
with o > 1 to guarantee the thermodynamic extensivity.

The time evolution of the classical spin system is governed by the equation

gtsg lSZ % (‘SZ)L = {57, H}, (4.1.3)

where {-,-} is the Poisson bracket in the spin dynamics, defined as (3.2.4). Any function
dependent on the spin variables f({S;}) is then expressed with the Poisson bracket:

IS = 2 g tor ) = (4. (1.1

The transverse Ising and XYZ models with long-range interaction are believed to possess
only energy as a local conserved quantity for general parameter values. Therefore, we inves-
tigate the energy diffusion <5hn(t)5h0> for the long-range transverse Ising and XXZ model
n (4.1.2).

4.2 Thermal conductivity and Green-Kubo formula

When the system exhibits normal energy diffusion, the energy diffusion constant ® is related
to the thermal conductivity x and the specific heat per unit length ¢y through the relation
© = k/cy. Since cy remains finite for generic thermodynamic states, the problem of de-
termining whether energy diffusion is normal is reduced to examining the finiteness of the
thermal conductivity. In this context, the thermal conductivity is formulated via the Green—
Kubo formula in terms of the equilibrium energy current correlation function [264]. The
energy current itself is defined through the continuity equation for the local energy density,

Oy = —(Tey — T5) - (4.2.1)
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For systems with nearest-neighbor interactions, one may straightforwardly derive an explicit
form of the current. However, in systems with long-range interactions, a more careful formu-
lation is required. In such cases, the energy current can be expressed as

Tn = Z tfe]v tze'ej = {hmhj}, (4.2.2)
i>n,j<n—1
li—j|<N/2

where {-,-} denotes the Poisson bracket for the spin dynamics introduced in (3.2.4). This
expression naturally emerges by considering the time evolution of the local energy,

O A o A~ A
J

- Z {Emﬁj}_ Z {ﬁ%ﬁn}

j<n—1 i>n+1
= > b iy + > {hi by = Y fhiha} = > {hi iy}
j<n—1 i>n+1 i>n+1 i>n+1
Jj<n—1 j<n-1
>n i>n+1, j<n
j<n—1
and by comparing the above expression with the continuity equation Oyhy = —(Tp1 — T3,

one identifies the current as in (4.2.2). In this representation, ti.; is naturally interpreted as
the energy transmitted from site j to site i across the virtual boundary between n — 1 and
n, so that J¢ is the total energy transmission through this boundary [55]. See the schematic

in Fig. 4.1.

7 n—'1§7|7, 1

Figure 4.1: The schematic definition of the energy current J¢ in one dimension.

The Green—Kubo formula for the finite-size thermal conductivity is then given by [264]:

1 N

i = [, OV, Ont) = (IO %), (12.4)

n=1
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Figure 4.2: Thermal conductivity of the long-range transverse Ising model with parameters
J=h=1and T =10 (kg = 1). (a) Size dependence of ky. The inset shows the time-
dependent current correlation as well as the Green—Kubo integral for « = 1.3 and N = 1024.
(b) Size dependence of the equal-time correlation Cn(0). [This figure is reproduced with
permission and modified from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]
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where kg denotes the Boltzmann constant and (- ) represents the equilibrium expectation at
temperature T'. The explicit subscript N is used to emphasize the system-size dependence.

To examine the nature of energy diffusion, we performed numerical simulations for the
long-range transverse Ising model. To integrate the equation (4.1.3), we employ the fourth-
order symplectic integrator method [265] with a time step of dt = 0.01. To compute the
correlation function, initial spin configurations are sampled using the Monte Carlo method
at temperature 7. Thermal averages are taken over 10° independent initial configurations.

The numerical results are displayed in Fig. 4.2. Figure 4.2(a) shows ky as a function of
system size N, while the inset illustrates the rapid temporal decay of the current correlation
for a = 1.3, which leads to a convergent Green—Kubo integral. Such rapid decay is expected
on physical grounds, as the system lacks continuous translational symmetry and is believed to
be non-integrable (see, e.g., [161]). This behavior stands in sharp contrast to low-dimensional
oscillator chains, which typically exhibit slow power-law decay due to momentum conserva-
tion associated with continuous translational symmetry [57-61]. As illustrated in the inset
of Fig. 4.2(a), the autocorrelation function Cy(t) exhibits rapid decay in time, and the time
integral f(f ds Cy(s) converges by t = 20. Accordingly, we set ¢ = 20 as the upper limit of
integration in the calculation of ky. Additional numerical evidence supporting the rapid
decay for various parameters and models is provided in Fig. 4.3 below.

As shown in the main panel of Fig. 4.2(a), the thermal conductivity displays anomalous
system-size dependence for o < 1.5, whereas for larger «, kx clearly saturates, indicating
normal energy diffusion. These results therefore demonstrate the existence of a transition in
the nature of energy diffusion.

Importantly, the observed anomaly is not attributable to a long-time tail in the current
correlation, as explicitly shown in the inset of Fig. 4.2(a). Instead, it originates from a distinct
mechanism: an anomalous enhancement of the equal-time current correlation amplitude.
This mechanism becomes evident in Fig. 4.2(b), which shows the size dependence of the
equal-time total current correlation Cy(0). The qualitative agreement between the behaviors
of Cn(0) and ky indicates that the amplitude of the equal-time current correlation directly
governs the anomalous energy transport.

These observations lead us to the conclusion that the equal-time current correlation plays
a decisive role in determining the qualitative nature of energy diffusion. The remainder of
this chapter demonstrates that this viewpoint provides a coherent and unifying framework
for classifying energy diffusion in long-range interacting spin systems.

4.3 Upper bound for the equal-time energy current
correlations

In this section, using Theorem 1, we obtain the upper bound for equal-time energy current
correlation (J¢Js).
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Figure 4.3: Rapid decay of total current correlation Cn(t) := 3, (Jn(t)Jo(0)) and the con-
vergence of Green-Kubo integral [;° dtCy(t). (a): Transverse Ising case for a = 1.6 and J =
1,h = —0.5,N = 1024, (b): XYZ case for « = 1.1 and J, = 1,J, = 0.8, J, = 0.5, N = 256
and (c): XYZ case for « = 1.8 and J, = 1,J, = 0.8,J, = 0.5,N = 256. [This figure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

Theorem 2. For the one-dimensional long-range interacting spin systems (4.1.2) in the
infinite line, the equal-time equilibrium current correlation of B < B. in the regime 1 < a < 2
s upper-bounded as

(TeT5)| < ¢/ n~C22), (4.3.1)

where c is a constant that does not depend on n.

For the regime a > 2, the transverse Ising and XY models admit an upper bound of
the form ¢ n?72%, whereas the XYZ model is instead bounded by ¢ n=®. This distinction
originates from the structure of the energy current: in the transverse Ising (XYZ) case the
current operator is expressed solely in terms of 2-body (3-body) spin variables, and therefore
the corresponding current—current correlation necessarily involves 4-body (6-body) spin oper-
ators. The nth-order moment of such observables can be systematically decomposed into all
admissible contributions built from joint cumulants up to order n. This hierarchical structure
is completely analogous to the standard cumulant expansion for c-numbers, exemplified for

n = 2 and n = 3 respectively by

<AX1 AX2>
<AX1 AX2 AX3>

AXlAX2>C + <AX1>C<AX2>07 (432)
AXlAXQAX3>C + <AX1>C<AX2AX3>C + <AX2>C<AX3AX1>C
+ <AX3>C<AX1AX2>C + <AX1>C<AX2>C<AX3>C' (433>

=
=

Invoking Theorem 1, we analyze the equal-time current correlation by constructing a
general diagrammatic representation that governs the contributions of multi-body operators
at arbitrary order. Through this diagrammatic framework, we ultimately derive the upper
bound stated in Theorem 2. Although Theorem 2 is obtained under the assumption of a
high-temperature regime, its physical implications are expected to extend far beyond this
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limitation, as the bound of Theorem 1 is robust from a physical standpoint. It is worth
emphasizing that Theorems 1, 2, and 3 remain valid even in quantum systems.

Theorem 2 constitutes a central result in our characterization of universal energy diffusion.
From the theorem, we obtain the upper bound for the equal-time correlation amplitude

Cn(0) < ¢ N*7* + const.

This estimate exhibits excellent agreement with the numerical evidence presented in Fig. 4.2(b).
Consequently, we conclude that the condition oo > 3/2 is sufficient to guarantee normal diffu-
sion, independently of the choice of microscopic models or parameters. Moreover, as discussed
in detail below, Theorem 2 also furnishes a theoretical foundation for anomalous diffusion
within the framework of fluctuating hydrodynamics.

4.4 Proof of Theorem 2

In this section, we employ Theorem 1 to derive rigorous upper bounds on the equal-time
energy current correlations for one-dimensional prototypical long-range interacting spin sys-
tems. Separate proofs are provided for the long-range transverse Ising and XYZ models, as
the operator structure of the current and the symmetry properties of the dynamics differ
substantially among them.

4.4.1 Transverse Ising model

We begin with the one-dimensional long-range transverse Ising model, whose Hamiltonian is
defined by

N N/2 57 G=
=3 { JYy 4 hSy. (4.4.1)
n=1 r=1
The local energy operator at site n is given by
N/2 52 G 97 G=
= _*Z l nondr y Tnene ”1 + hS;, (4.4.2)
re
which satisfies the continuity equation
O = —(Tis1 = T5), (4.4.3)
Te=— > ti (4.4.4)
i>n, j<n
li—j|<N/2

where the quantity #f, ; represents the microscopic energy transfer from site j to site 7 and

is defined via the spin Poisson bracket as

Jh 58] — 5187

ticy = {hi g} = 5 ———
2¥)

(4.4.5)
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Here the bracket {-,-} denotes the classical spin Poisson bracket introduced in Eq. (3.2.4).
The current J; is therefore interpreted as the net energy flux across the virtual boundary
separating sites n — 1 and n.

The symmetries of the Hamiltonian impose several useful constraints. First, owing to the
invariance under the global transformation

(SZI7S7:yaSZZ) — (Sf,_Szy,—SZz), izl,...,N,
we obtain
(S7) = (57) =0. (4.4.6)

Moreover, since the Hamiltonian contains no SY components, any correlator involving two
SY operators factorizes as

(SYSY O) = &, ((S¥)?0), (4.4.7)

for any observable O. These structural identities play a crucial role in simplifying the cumu-

lant expansion of current correlations.
Using Eqgs. (4.4.6) and (4.4.7), together with the cumulant bounds established in Theo-
rem 1, we now proceed to prove the transverse Ising case of Theorem 2.

Theorem 2.1. In the one-dimensional long-range interacting transverse Ising model, under
the condition B < B., the equal-time current correlation is upper-bounded as

(T Ts)| < Con* >, (4.4.8)
for a > 1.

Proof. The equal-time current correlation (J¢Js) admits the following explicit representa-

tion:
. B Jh Sksg — S,ZS;)(S,@SZ’, — Sy,Sj,))
(Ino) = <2> 22 v g
k>nk'>0 k,e%K! ¢
£<n ' <0

(S2S¥52,8%)
(VS Y ey S5

k>n k>0 {a,b}={k,} a,b%a b’
<n [/<0 {a/ b/}*{k’ gl}

w‘k‘

z

(SY
(FEE ¥ ewawanEEEL G
k>n k'>0 {a,b}={kt} ,b
I<n ¢'<0 {a’,b’}:{k’,Z/}

w\“

where the simplification in the final line follows directly from the identity (4.4.7). The
coefficients €, and €,y denote the second-order Levi-Civita symbols, defined by

Eap = L (eb) =0, (4.4.10)
-1, (a,b) = ((,k),



with e, defined analogously.
To provide intuitive insight, we now present a diagrammatic interpretation of the term

—a -«
da,b a’,b

appearing in (4.4.9). Figure 4.4 illustrates the diagram in which vertices correspond to
localized regions of the lattice (representing local spin operators), and edges represent power-
law decays associated with the distances between the corresponding sites.

Figure 4.4: Diagrammatic representation of the factor d,d,, appearing in Eq. (4.4.9). [This
figure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

The three-body correlation function (S?SZ(S{)?) can be decomposed into cumulants as

(5255 (SY)%) = (SaSu(SY))e + (SiSa)e{(SE))e, (4.4.11)
where we have used the symmetry property (4.4.6). Applying Theorem 1, we obtain the
bounds

ch cf
ZSE(SY <5z : 4 4.4.12
(5555500 < ISz IS5 (S (dga/da bt dd) (4412
(S35 < IS 1S3l = (4.4.13)

We shall employ the following elementary inequalities repeatedly throughout the subse-
quent analysis:

1 1

e < S (4.4.14)
dz%j di;
where the lattice spacing is set to 1, and
1 1 1 1
TTT o _Z o o (k,€:1,7N> (4415)
i ki i3 %40 Yl i kz 1] i d di’,(

For completeness, we also provide in Fig. 4.5 the diagrammatic illustrations correspond-
ing to Lemma 4, inequality (4.4.14), and inequality (4.4.15). In these diagrams, constant
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Figure 4.5: Diagrammatic representations of Lemma 4, inequality (4.4.14), and inequal-
ity (4.4.15). Only the distance-dependent structure is shown, and multiplicative constants
are omitted for clarity. [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

prefactors of order O(1) are omitted so as to highlight exclusively the contributions arising
from spatial dependence.

By using Theorem 1, Lemma 4, and (4.4.13)-(4.4.15), we obtain the following upper
bound of (T<J$)|:

< (DY T X T ML), (P,

d%,d*
k>nk'>0 {a,b}={k,¢} a,b%a’ b
€<n ¢'<0 {a/ b }={K' '}

2 1 a1 c cf Co
5 , 1 1
22 2w (d T, s dg’a,)

k>n k>0 {a,b}={kt} aa’da a’,a%a,b

<n <0 {a’ Y }={k 0'}

Jh\?2 1 1 ch A Co
(2) Z Z Z 6b7b/ dg,bdglJ) (dg7a/ —"_ Z dab//db// ! —"_ dg,a// —"_ da /)

E>nk'>0 {a,b}={k,C} b
€<n ¢'<0 {a/ W }={K'0'}
2

< (‘]zh {1+l eut du?} 3

k>n
<0
where Cy = (Jh/2)?{(c1 + (] + c2)u + u*}/{(1 — 22)(2 — 2a) }.
We describe the diagrammatic derivation of the upper bound of (7¢Js), as illustrated in
Fig. 4.6. This figure corresponds to Eq. (4.4.16) and visually represents how each contribution
is connected and how the leading terms that determine the upper bound are extracted.

d?a < Con®?, (4.4.16)
k0

First, by utilizing the cumulant power-law clustering properties in Egs. (4.4.12) and
(4.4.13), edges connecting the vertices are systematically added. By classifying the contribu-
tions based on how the cumulant clusters are connected, four distinct terms are identified,
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Figure 4.6: The diagrammatic derivation for the upper bound of (7¢J§) in (4.4.16). [This
figure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

as shown in the first line of Fig. 4.6. These correspond to the second line of Eq. (4.4.16) and
reflect the general structure of the cumulant decomposition. Next, by applying the inequal-
ities in Eqgs. (4.4.14) and (4.4.15) and performing simplifications based on spin symmetries,
we obtain the second line in Fig. 4.6. This corresponds to the third line in Eq. (4.4.16) and
demonstrates that the vanishing of S¥ components in the Hamiltonian contributes efficiently
to the diagrammatic simplification for the transverse Ising model. Finally, by employing
Lemma 4, the chain connecting k and ¢’ is reorganized into a closed loop, as depicted in the
third line of Fig. 4.6. This corresponds to the fourth line in Eq. (4.4.16) and summarizes the
effect of long-range interactions into the final upper bound expression.

By following these steps systematically in accordance with Eq. (4.4.16) and Fig. 4.6, we
establish the claims of the theorem. That is, through the combination of cumulant clustering,
the symmetries of Hamiltonian, and the chain lemma 4, the upper bound on the equal-time

energy current correlation in the long-range transverse Ising system is rigorously derived.
O

4.4.2 XYZ model

In this subsection, we consider the one-dimensional long-range interacting X'YZ model, which
is described by the following Hamiltonian

N T QT y QY z Qz
H=— Z—:l Z_‘{ [J S”f”*’" +J, S”fj*’” +J, S”f nAr (4.4.17)
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The local energy at site n is defined as

N/2 o o Qo
=3 % [SHSW Sudnr] (4.4.18)

e}
r=1o0=x,y,z r

and satisfies the following continuity equations

atiln - _< ;4_1 - \76>; (4419)
Te=— >, ti_, (4.4.20)
i>n,j<n
li—j|<N/2

Energy transmission operator {7, ; is defined as

A A N J 501802503
tiy = {hi, hy} Z Z 1 3 éach, (4.4.21)

o€Pgye {ab.et={i,j;m}

where 3-,cpeys denotes sums over all circular permutation of the variables (x,y,2). In other
words, o = (01, 09, 03) represents one of (z,y, z), (v, z,z) or (z,z,y), and Yoepry: is defined
as the summation over these permutations. &, is defined as follows:

i {+1, for (a,b,¢) = (i,4,m), (m, j,1), (i, m, ),
Eabec =

(4.4.22)
_17 for (a,b,c):(j,i,m),(j,m,i),(m,i,j),

Note that £, is different from Levi-Civita symbols.
From the symmetry of the Hamiltonian, we note that the following properties hold

(s7)
(8757)

(SY) = (S7) =0, (4.4.23)
00 (S7S7), (4.4.24)

for i,7 = 1,....,n and 0,7 € {x,y,z}. The relation (4.4.23), (4.4.24) is shown that the
Hamiltonian is invariant to the canonical transformation (S7, ST, SY) — (S7,—=ST,—S?) for
{o,7,0} ={z,y,z} andi=1,....N.

Using these properties and Theorem 1, we establish the XYZ case of Theorem 2:

Theorem 2.2. In the one-dimensional long-range interacting XYZ model, under the condi-
tion B < B., the equal-time current correlation is upper-bounded as

(TaT5)| < Con®72e, (4.4.25)
forl<a <2, and
(TnTs)| < Cyn™*, (4.4.26)

for a > 2.
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Proof. The equal-time current correlation (J<Jg) is given as follows:

N 01 Q02 Qo3 QT1 QT2 QT3
<j€je> _ Z Z JU1J02JT1J72 Z 5 é///<5alsb ScdSa’Sb’ Sc’>
nv0 E : E 16 abcca’b/c Ao do do de
k>n k'>0m,m'=1 o,re P37 {a,b,c}={k,L,m} a,cb,c%a’ Y ¢!
£<n ¢'<0 {a' b,/ }={K' ' ;m'}

(4.4.27)

The term 1/(dg . dy .dy dfy o) in (4.4.27) is illustrated diagrammatically in Fig.4.7.

!
b,c%a’ ¢

a C b
@ @ @
d;e  dy°

>, d,“
=

a’,c ./

@
a v

Figure 4.7: The diagrammatic representation of the term d_¢d, *'d, . dy% in (4.4.27) (T J5)-

[This figure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett.
135, 141702 (2025), Copyrighted by the American Physical Society.]

The 6-body correlation (S7'5y2573571 5,2 57) can be decomposed into cumulant products
as follows:
(Sa"5y* 57501 557 5&)

= (S SPrSTSTSEST)e+ Y. (ShSh) (Susrspsit) +(Shsn) (ShSh) (SiSh).

117712 117712 13714 15716
{i1,..ig}

={a,b,c,a’ b’ ,c'}
ue{z7y’z}7llk¢u

(4.4.28)
where we use the relation (4.4.23), (4.4.24). Next, we use Theorem 1 as follows:
1
(STS72SSHSESTYe < el ST-SZ Y. (4.4.29)
{jl 7777 .]6}: djl’jzu'dj5a.j6
{a,b,c,a’ b ,c'}
:connected
1
(susispsy), < elSpl-dsel Y (4.4.30)
’ Gromay G285 55T
{1, 4}
:connected
1
(55,500 < eall i lISE | = (4.4.31)
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By using Theorem 1 and (4.4.29)-(4.4.31), we obtain the following inequality for [(J<Js)|:

al Jor Joy I . 1
(TeTl <222 > 2 ——— X
iy (6% (6% (6% (67
k>n k'>0 mm'=1 o,re P;}* 16 {a,b,c}={k,t,m} da,c b,c%al ¢! db’,c’
<n ¢'<0 {a' W, y={k' £ m'}

9 {|<S;’1552533s;%s;2593>c\

M AR D CEARCEARC ]

{i1,.i6}=
{a’b?cﬁa/’b/’cl}
pe{z.y, 2} vpFu
N Jo1 gy I . 1
o1Y02Y711Y72
syy y oy el ey
k>n k'>0m,m'=1 g€ PLY? {a,b,c}={k,l;m} a,cb,c?a’ .V ! iy, 6} =
£<TL £,<0 {a’,7blvcl}:{k‘/7zlvm,} {a7b7c7a/7b,7cl}
C1 C3 Ca
AT e T Y
11,...,06 11,22 715,06 i1€{a,b,c} 11,82 13,...,1i6 13,14 14,05 15,6
:connected ine{a’ b '} :connected
C3 C3 C3
+ > pTab T (4.4.32)
{i1,i3,i5 }={a,b,c} 11,02 713,14 15,16

{i2,ia,i6}={a’,b',c'}

Let us first consider the contribution of the first term in (4.4.32):

Sy oy oy ks 1 >t
16 de dy de, ,dy ., . = > dS
k>n k,ZO m,m’=1 UyTGchyycz {avbvc}:{kvﬁvm} a,cb,c%a’, ¢’ e {217”-716}: 11,02 5,26
t<n <0 {a’,b’,c’}:{k’,ﬁ’,m’} {a’7b7c7a/7blvc,}
:connected
(4.4.33)

Fig. 4.8 comprehensively covers all the cases of clustering linkage in (4.4.33). Here,
diagrams with identical topology are regarded as equivalent. The existence of 51 topologically
distinct graphs can be verified using Burnside’s lemma (also known as Cauchy—Frobenius
lemma).

The methods of clustering linkage can be classified into two cases: (1) when there are two
or more connected components linking the upper and lower graphs in Fig. 4.7, and (2) when
there is only one connected component.

In the case (1) in Fig. 4.8, let us first compute the upper bound of the contribution to
(T£Js) in the following typical examples: (1)-(i) the first row, fifth column from the left in
Fig. 4.8 (1), and (1)-(ii) the fourth row, ninth column from the left in Fig. 4.8 (1).
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Figure 4.8: The diagrammatic representation of the contribution of the first term in (4.4.32)
to the upper bound of (J<J¢). It can be classified into two cases: (1) when there are two
or more connected components linking the upper and lower graphs in Fig. 4.7, and (2) when
there is only one connected component. [This figure is reproduced with permission from H.
Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

In the case (1)-(i), we obtain the following upper bound of the contribution to (JJs):

N
Yy oy y wimn oy : 2
a Ja o o o a Ja Ja
k>n k'>0m,m’'=1 UJGPCZ}%Z 16 {a,b,c}={k,,m} dg,cdb,cda’,c’db’,c’ da,a’da’,cdc,bdb,c/dc/,b
<n ¢'<0 {a' b, }={K' ' ,m'}
N S S 1
C1
g1Y02YT1YT2
Yy Yy oy delehh e Lo
ank’ZOm,m’:lgﬂ-echyyCz {a,b,c}={k,t,m} a,cb,ca’ ' ¢! Pa,a’ Y el b
L<n <0 {a' b, }={K' ' ,;m'}
ol Ty oy I . ol
C1
o102 11V T2
Yy y oy ke 0
kznk’ZOm,m’:lg’q—gpfyycz {a,b,cy={k,Lym} =1 "a,a’"a’,c/c b e b b, a
£<n /<0 {a' b ' }={k' ' ,m'}
B S S S | 1
1v02Y711Y7T2 5 2—2a
< Z 16 u-c Z d2e <cn ) (4434>
U,TGPCI},?{:Z k>n kLl
<0

where ¢ = u’c; /{(1 — 2a)(2 — 2a) } - Yorepzy Joy Joy Jry Jr, /16. The corresponding diagram-

matic derivation is presented in the upper half of Fig. 4.9.
In the case (1)-(ii), we similarly obtain the following upper bound of the contribution to
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WAN/E
N T Ty Iy 1 c
Yy oy oy emesm oy — 1

k.> ! Y TYz . da b I /dl?/ / dab ? /da/ /da/ ab/
>n k' >0 mm'=1 g,re PLY, {abcy={ktm} Yach.cla Wt Ca b0 ol Cer e,
£<n ¢'<0 {a 0 ¢ Y= (k7 £}
N
cyy y oy bk 1 g
- o (0% (63 (0% (0% (0% (63 (63
E>n k>0 m,m/=1 U,TEPCM{TZ 16 {a,b,c}:{k,@,m} da7c b,c a/’cldb/,c/ da,bda’,cldc’,cdc,b’
t<n £'<0 ’ (o Y= {0 '}
N T T T N
1
< 01Y02¥YT1YT2
B Z /Z Zlf Zz z 16 _Z IIZ da da /da/ /da/ //da// /da/ da da
k>n k'>0 mm/=1 g, re PEY; {a,b,c}={k,Lym} =1 "a,cc,c/ 7 ,a’Fal " b Y e, b™h,a
t<n 120 Y (/W Y ={k 0 '}
Joi oo Iy . 1
1Y02YT1YT2 6 !/ 2—2«
< Z 16 uc Z d2e <cn ) <4435)
0,TEPSYE k:/Zn k'
<0

where ¢ = ufe; /{(1 —20)(2 —2a)} - X, repevz Jo, JoyJr Jr, /16, The corresponding diagram-

cyc

matic derivation is presented in the lower half of Fig. 4.9.

(1)-G) < <>
. . 14 k

(1)-(i) ,é
< '

Figure 4.9: Typical examples of the diagrammatic derivation for the upper bound in the case
Fig. 4.8 (1). [This figure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

IA
IA

IA

IA

IA
e\\:
o

The same upper bound can be obtained for all remaining cases in Fig. 4.8 (1) as well:

N T Ty Iy T 1 c
IDIED VD PIEC DS — > :

de d® d® . ...d% .
k>nk'>0mm/'=1 o re P {a,b,c}={k,t,m} ~a,c”b,cal, 7V ! {i1,..si6 }= 11,22 """ 715,16
<n <0 {a' b, }={kK' &' ,;m'} {a,b,c,a’ b ,c'}
:the case (1) in Fig.4.8
< O(1)n* 2. (4.4.36)

Next, we consider the case (2) in Fig. 4.8. In this case, (k,¢,m) and (kK',¢',m') are
connected via a single edge. We construct closed loops for both (k,¢,m) and (K, ¢',m').
Furthermore, considering the dominant contribution in power-law clustering, the ordering
relation between k, ¢, m, k', ¢, m’ is as follows:

Vu € {k,t,m},Yo € {K'.¢',;m'}, u > v. (4.4.37)
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We define p,p’ € {1,..., N} as p = min{k,{,m}, p’ = max{k',¢',m'}. Here, p € {¢,m} and
p' € {k',m'}, which implies that k, ', p,p’ are arranged as k >n>p>p >0> (.
Since we obtain the following inequality for the contribution of the case (2) in Fig.4.8:

Y ooy y flehh oy 1 DR .
]_6 dOé o a/ /da/ / . . da

kﬂ::ilyz/ q, q O'Tepczy%z {avbvc}:{k7p7Q} a,c b,C a,c b ¢ {Zl 7777 1’6}: Zl i2° i5,16

k2n>p>p/20>z/ {a/)b/7cl}:{k/7p/7ql} {a,b,c,a’,b/,c'}
:the case (2) in Fig.4.8
1 1 1
< 0(1) Z d2a doz d2a ’ (4438>
kp.p' t k,p “p,p" Vp'

k>n>p>p' >0>¢0

where we denote ¢, ¢ as ¢ = {¢,m}\{p} and ¢’ = {k’,m'}\{p'}. The corresponding schematic
diagram is presented in Fig. 4.10.

...gp, pk ......

Figure 4.10: The schematic diagram of the case (2) in Fig. 4.8. [This figure is reproduced
with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025),
Copyrighted by the American Physical Society.]

Let us demonstrate (4.4.38) in a typical example: the second column from the left in
Fig. 4.8 (2). For this example, we obtain the following inequality:

ooy y el ! Cl
(6% (07 (07 (0% « (07 (07
k,p,p/,f/ qq O_Tepczy%z ].6 {a,b,c}:{k,p,q} da7c b,c a’,c’db’,C’ dc,ada,bdb,b’db’ cldc a
k>n>p>p’ >0>4 {a’ b,/ }={t'p",q'}
N —
< ¥y ¥y ek oy e
- 16 de d¢ d® ,d% dsdp,,dy dS
k,p,p’ ¢ a9’ O’,TEchy%z {a,b,c}={k,p,q} a,c”b,c?a’,c' b ¢! ¢'=1 b9, M e al
tk>n>p>p 204/ (o'} ={¢ w4}
Jododudm 5 1 1 1 11 1
< > > u’er =c > :
16 LB o a2, & ds 2,
k.p,p'. ¢/ o, TEPSY’ k,p pp N k,p.p ¢ k,p “p,p N
k>n>p>p' >0>4 k>n>p>p’ >0>0
(4.4.39)

where ¢ = u’c; Y, ¢ peve Joy Joy Jry Jr, /16, The corresponding diagrammatic derivation is
presented in Fig. 4.11.

The same inequality can also be obtained for all remaining cases in Fig. 4.8 (2). Thus,
(4.4.38) has been demonstrated.

In the case (2), the following upper bound for the contribution to (7¢Js) is derived from
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IA
)B\
]

Figure 4.11: A typical example of the diagrammatic derivation for the upper bound in the
case Fig. 4.8 (2). [This figure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

(4.4.38):
5 L1l 1 1 1
kel di?; o dg?"gl Iy (dgn + dpp)>® dg,p’ (dy o+ doe)?™
k>n>p>p' >0>4 k>n>p>p' >0>4"
N/2
1 1 1 1 1 1 1
< < —
1% I,yz=1 (d”»P + x)?e dg,p’ (dp'»o +y)% (1—2a)? % d%?ép_l dpm’ d?),O '
m>p>p' >0 m>p>p' >0
1 1 1 1 u? 1 u?
< - — < — - ne. (4.4.40)
(1—2a)? p%;, dy,ds ydyo — (1=2a)2dy, (1 —2a)?

n>p>p' >0

This bound decays faster than n>~2* when o < 2. Hence, the term shown in Fig.4.8 (2) does
not constitute the leading term for (7:Js) for 1 < a < 2. However, this term should be
dominant for a > 2.

Next, let us consider the contribution of the second term in (4.4.32):

N
J01J02J71J72 1 C3 Co
22 2 2 16 2 ds g d% d5; D I T,

kZTL k/zo m,m’:l 0'7T6ng:’{:z {a,b,c}:{k,l,m} ,C b7C alvc {7,1 ,...,iﬁ}: 1177;2 Z377;4 7/47i5 7/577;6
£<n ¢'<0 {a' b ,c'}={k' ' ;m'} {a,b,c,a’ b ,c'}
i1€{a,b,c}
io€{a’ b ,c'}

13,...,46:connected

(4.4.41)

Fig. 4.12 comprehensively covers all the cases of clustering linkage in (4.4.41). Here,
diagrams with identical topology are regarded as equivalent. The existence of 17 topologically
distinct graphs can be verified using Burnside’s lemma (also known as Cauchy—Frobenius
lemma).

Let us compute the upper bound of the contribution to (J<Jys) in the following typical
examples: (iii) the first row, fifth column from the left in Fig. 4.12, and (iv) the first row,
sixth column from the left in Fig. 4.12.
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Figure 4.12: The diagrammatic representation of the contribution of the second term in
(4.4.32) to the upper bound of (7¢Js). [This figure is reproduced with permission from H.

Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

In the case (iii), we obtain the following upper bound of the contribution to (J<J¢):

N
Yy oy oy dwleld v L
Oé « (6%
k>n k'>0 mm'=1 g, re Po4* 16 {a,b,c}={k,t,m} d b,c”a’ c’d c d a’ db c’dc cdc b’
£<n <0 {a' V', }={K" &' ,;m'}
N T Ty T, J. 1 N
C C
01Y02Y7T1Y T2 3 2
N S S I T 't O
k>n k'>0 mm'=1 g,re P47 {a,b,c}={k,t,m} a,cb,c%a’ ! Pa,al e, f=1 “beTe, fHfV
0<n ¢<0 iy (@' Y=k 0 '}

J¢T1 JU2 JTl JT2 6

< > C2C3 Y = 'n?72, (4.4.42)
0T EPEY 16 iz dk N

where ¢ = u®cycz/{(1 — 20)(2 — 20)} - X5 repzyr Joy oy Jr Jr /16, The corresponding dia-
grammatic derivation is presented in the upper half of Fig. 4.13.
In the case (iv), we similarly obtain the following upper bound of the contribution to

(TnTs):

N
Yy oy oy kb v 2
(6% (6%
k>n k'>0mm'=1 g, re P& 16 {a,b,c}={k,l,m} dg:C b,c™a’ C/db/ 'da g dca/da' bdb b
<n ¢'<0 {a' b ' }={k' &' \m'}
N T Ty T, J. 1
C3 (&)
o1Y02Y 1170
<2 X e > T &2y &l
k>n k'>0mm'=1 o, ePny”CZ {a,b,c}={k,t,m} a,cb ¢ Pab Ye,a’ Yal bYb,b
<n /<0 {a' b/ y={k' 0" m'}
S S . |
S Z o1 0126T1 T2 402032 d l// 2 2a (4443)
o, 7EPLY’ k>n “kt
<0

where ¢ = u'cocs/{(1 — 2a)(2 — 2a)} - Y5 reprvs Joy JoyJr Jr, /16, The corresponding dia-

cyc

grammatic derivation is presented in the lower half of Fig. 4.13.
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Figure 4.13: Typical examples of the diagrammatic derivation for the upper bound in the
case Fig. 4.12. [This figure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

The same upper bound can be obtained for all remaining cases in Fig. 4.12 as well:

N
PPN IIE D ; I
16 de dy.d% ,dg ag . d$ . d¥ . d¥ .

k>n k'>0m,m'=1 g€ PEY? {a,b,c}={k,t,m} “a,c”bcal, TV ! {iy,...ig}= 11,12 V13,14 /14,5 15,16
£<n ¢'<0 {a' b, }={k" £/ ,;m'} {a,b,c,a’ b/ ,c'}

i1€{a,b,c}

i9€{a’ b ,c'}

13,...,ig:connected

< O(1)n* (4.4.44)

Lastly, let us consider the contribution of the third term in (4.4.32).

N
IDIID I SR E DS 1 > Sas
16 de dy .d% ,de dg , de . ds,
k>nk'>0 mm'=1o,rc PEY? {a,b,c}={k,;m} “a,cTb,cal,c’ b ! {4y iz i5}={ab,c} 1,02 "i3,i4 Visie
£<n ¢'<0 {a’ b,/ }={K" ' ,;m'} {i2,i4,i6 }={a’,b',c}
(4.4.45)

Fig. 4.14 encompasses all possible ways of clustering linkage, which are limited to two
cases. Here, graphs with the same topology are considered equivalent.

Figure 4.14: The diagrammatic representation of the contribution of the third term in (4.4.32)
to the upper bound of (J<J¢s). [This figure is reproduced with permission from H. Nishikawa
and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical
Society.|

For the diagram on the left in Fig. 4.14, as in the case of Fig. 4.8(1) and Fig. 4.12, we
can demonstrate that it is bounded by O(1)n*™2, using (4.4.14), (4.4.15), and Lemma 4.
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Next, let us consider the diagram on the right. We classify the cases as follows: (a) when
neither b nor b’ (the two points at the right end of the graph) are equal to k or ¢, and (b)
when b=k and O’ = k.

First, for the case (a), let p € {b,b'} be the point such that p # k,¢'. Without loss of
generality, we can assume p = b. Thus, we obtain the following upper bound for (4.4.45):

N
Yy oy oy fwlelhds oy o
« (07 (6% « a CY
k>n k'>0m,m'=1 o,re PoY? 16 {a,p,c}={k,l,m} da cdp cda c’d c d a’ d
0<n 0120 {a’ b, }={K't/,m'}

p#k,t/

(03)3 u
Z d® ,d% ,d% de de,

Tos Ty o T

SYY YN

k>n k'>0m,m'=1 o,re P37 16 a,c,a’ b ¢ “a,a’ Pal ! b’db’c c,a Ye,d
£<n 10
N
Yy Yy oy Mwlehb oyt
o o
k>n k'>0 mm'=1 o,re P;* 16 a,c,a’ b ! da a’da c’dc’ b’d cdca
<n ¢/ 20
Jo1 oy . 1 _

S Z wuzl(cg)g Z d2a S Ca n2 2047 (4446)

J,TGngyCZ 6 k>n "kt

<0
where ¢, = u*(c3)*/{(1 = 20)(2 — 2a)} - Yo reprys Joy Joy Jry Jr, /16, The corresponding dia-

grammatic derivation is illustrated in the upper half of the Fig. 4.15.
Next, for the case (b): b =k, b’ = ', the following upper bound is derived:

N
JU 1 J, 02 JTI JTQ 1 C3 C3 C3

kg;zk’%:o m;—l g-q-eszy?{f 16 {a,c]g{:g,m} da %c a’ c’df’ < da a’ dk ! db N
4<n /<0 {d/,}={K' ,m'}
< Z Z g: Z ‘]01 JU2‘]71 ‘]72 Z (63)3 u?

]z>n k' >0m,m/=1 UTGPCIyI”::Z 16 dk‘ C’d ’f’df’ c ck doc o

<n ¢'<0
235 % 5 T Ty T T u?a(cs)?

Z o Ja a Jo
16 c,c dk,C’ dc’,f’ dﬁ’,cdc,k

k>n k'>0 m,m'=1 o, 7€ P42
<n ¢/ 20

< 2

TYyz
o,TGPnyC

R SR S
1 2vYT1 2u4a(03)3z
16 k>n
<0

1
o < cen® T, (4.4.47)
dk. gl

with the corresponding diagrammatic derivation shown in the lower half of the Fig. 4.15.

From these results, we can also derive the following upper bound for the contribution of
the third term in (4.4.32):

33 i 5 T Ty Iy T > 1 5 cg C3  C3
k>n Ic/>0 m,m/=1 o, 7€’ 16 {a,b,c}={k,m} daavc 2{70 g’vc’db' ¢ {i1,i3,i5}={a,b,c} dzalvm d%714 dlog i6
<n /<0 {a' b, }={k" £/ ;m'} {i2,i4,i6 }={a’,b' '}

< O(1)n* 2 (4.4.48)
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Figure 4.15: A typical example of the diagrammatic derivation of the upper bound of the
third term in (4.4.32). [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

Based on the above discussion, it has been demonstrated that all terms in (4.4.32) can
be bounded as follows:

HTETE| < O(1)n* 2>+ O(1)n~° (4.4.49)

Hence, for 1 < a < 2, the equal-time current correlation |(J7¢J¢)| is bounded by O(1)n?~2*,
while for a > 2, (T£Js)| is bounded by O(1)n=°. O

4.5 Fluctuating hydrodynamics and Lévy diffusion

We investigate the anomalous transport regime by employing Theorem 2. To this end,
we introduce a fluctuating hydrodynamic description appropriate for long-range interacting
systems, formulated in terms of a continuous field representation on an infinite line. The
hydrodynamic equation for the energy density field €(x,t) is given by

9= V 42’ Dl — ') 2 (', 1) + (1) (4.5.1)

ot x ox
where €(z,t) denotes the energy per unit length at position z, and {(z,t) represents the
thermal noise. The noise correlation is prescribed by the fluctuation—dissipation relation

(&(x,t) (2, ) = 2evkgT*D(z — 2') 6(t — t). (4.5.2)

Fluctuating hydrodynamics of this form may be derived phenomenologically [61, 213], or
from first principles using Zwanzig’s projection operator method [254, 256, 257], as discussed
in detail in Section 3.2.

A key ingredient of this description is the nonlocal diffusion kernel D(x — z’). In systems
with only short-range (e.g. nearest-neighbor) interactions, D(z — ') typically decays rapidly,
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allowing one to approximate it by a local kernel of the form D(z — 2') ~ © §(x — 2’). In
contrast, for long-range interacting systems, D(z — z’) exhibits algebraic decay and retains
its nonlocal character. Using this hydrodynamic framework, we consider the equilibrium
space—time correlation function of energy fluctuations:

C(z,t) := {(0e(x,t) 5e(0,0))), (4.5.3)

where de(z,t) := e(x,t) — €,, and €, denotes the long-time average energy density at position
x.
A direct computation yields the evolution equation for C(x, 1),

0,C(x,1) = 0, / dz' D(x — ') 8y C (2, 1), (4.5.4)
Introducing the Fourier transform a(z,t) = (27)~! [ dk a(k, t)e*®, we obtain
0,C(k,t) = —k*D(k) C(k,1). (4.5.5)

Suppose that the small-wavenumber behavior of the diffusion kernel is characterized by a
power law:

D(k) ~ k™. (4.5.6)

Then the asymptotic behavior of the correlation function C'(x,t) is expected to exhibit the
scaling form

~1/(2—v -
t /( )fLévy (W) , V> 07
Cl,t) ~ (4.5.7)

xr
t_l/QfGauss<t1/2> 7 v <0,

where frevy and faauss denote, respectively, the Lévy-stable and Gaussian scaling functions.
If the nonlocal diffusion kernel decays algebraically in real space,

D(z—a') ~ |z —2'|7" (4.5.8)

for large separations, then the associated exponent satisfies v = 1 — 7. Consequently, normal
diffusion arises for n > 1, whereas n < 1 leads to anomalous (Lévy) diffusion. This analysis
provides a hydrodynamic interpretation of the diffusion regimes inferred from Theorem 2.

We now proceed to a more microscopic characterization of the nonlocal diffusion co-
efficient. Within the discrete lattice formulation, the nonlocal diffusion coefficient can be
expressed in terms of a Green—Kubo-like formula [254] as

D(n — 1) = (kgT?ey)"! /O T AT TS, (4.5.9)
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N =256 —

1 10 100 1000

Figure 4.16: The correlation function (J<Js) for the transverse Ising model with the param-
eter « = 1.3 and 7" = 10 (kg = 1) in the main panel. The inset shows the Green-Kubo-like

20=2)  The equal-time correlation

formula. The solid line is the theoretical line (4.3.1), i.e., n~¢
(TcJS$) explains the power law exponent, n = 2a — 2. [This figure is reproduced with per-
mission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted

by the American Physical Society.]

for which the amplitude of the equal-time contribution can be rigorously bounded by Theo-
rem 2. In the main panel of Fig. 4.16, we present the equal-time current correlation (7 J)
for the transverse Ising model with exponent o = 1.3. The inset displays the correspond-
ing Green-Kubo-type integrated correlations for the same parameter. We have verified that
(TE()Tg) decays rapidly in time such that the integral converges (data not shown). The
results, plotted on a log-log scale, exhibit clear power-law behavior that becomes increas-
ingly pronounced with system size. A finite-size effect is visible at the largest distances.
Strikingly, the extracted power-law exponent 7 coincides with the theoretical upper bound
obtained in (4.3.1), namely n = 2a — 2 = 0.6. The inset reveals the same exponent, demon-
strating that the equal-time correlations determine the qualitative scaling.

As supplementary material for Fig. 4.16, we provide Figs. 4.17 and 4.18. Fig. 4.17 shows
the equal-time current correlations (J<Js) together with the Green—Kubo-type integrals
Joodt (T (1) T5(0)) for the transverse Ising model. Panel (a) corresponds to o = 1.1, while
panel (b) treats & = 1.6. In each case, the main panel displays the equal-time correlations,
and the inset shows the Green—-Kubo-type integral. For every parameter set examined, the
time-dependent correlations decay sufficiently fast to ensure finiteness of the integral. The
log—log plots exhibit power laws whose exponents 7 agree with the theoretical bounds (A.10)
and (4.4.25), namely n = 2a — 2. These observations confirm that the upper bounds in
Theorem 2.1 are optimal across the considered parameter regimes.

Fig. 4.18 presents analogous results for the XY and XYZ models. Panel (a) corresponds to
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Figure 4.17: The correlation function (7 J¢) for the transverse Ising model in the main panel,
with the parameter @ = 1.1 in (a) and @ = 1.6 in (b). Other parameters are J = h = 1.
The inset shows the Green-Kubo like formula. The solid line is the theoretical line, i.e.,
n?~2. The power-law behavior can be explained with the equal-time correlation (J<J¢) and
the power-law exponent is equal to n = 2o — 2. [This figure is reproduced with permission
from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the
American Physical Society.]
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Figure 4.18: The correlation function (J:Js) for the XY model in (a) and the XYZ model
in (b), with the parameter a = 1.3 in the main panel. Other parameters in the XY model
are J, = 1,J, = —0.8, and in the XYZ model, J, = 1,J, = 0.8,J, = 0.5. The inset
shows the Green-Kubo like formula. The solid line is the theoretical line, i.e., n>=2%. The
power-law behavior can be explained with the equal-time correlation (JJs) and the power
law exponent is equal to n = 2o — 2. [This figure is reproduced with permission from H.
Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American
Physical Society.]

the XY model with o = 1.3, and panel (b) to the XYZ model with the same exponent. Again,
the main panels show the equal-time correlations (J<Js), while the insets show the Green—
Kubo-type integrals. The extracted exponents 1 agree with the bounds (A.10) and (4.4.25),
reinforcing the optimality of the theoretical estimate.
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These findings strongly support the scaling form (4.5.7), irrespective of the specific model,
with

v=3—2au. (4.5.10)

To further validate this prediction, we numerically computed the space—time correlations
for the transverse Ising and XYZ models for several exponents «. In the Hamiltonian de-
scription, the space—time correlation function is defined as

C(n,t) := (8hy(t) 6ho(0)), (4.5.11)

where 6h,(t) := h,(t) — (h,). The results are shown in Fig. 4.19. Figs. 4.19(a) and 4.19(b)
correspond to the transverse Ising model, while panels (¢) and (d) correspond to the XYZ
model. Figures 4.19(a) and (c) treat @ = 1.3, whereas panels (b) and (d) treat a = 1.6.
The results demonstrate that both models exhibit Lévy-type scaling for a = 1.3, while
diffusive scaling emerges for o = 1.6, fully consistent with the scaling form (4.5.7) together
with (5.5.13).

. . nt 0.002 n,t
Trans. Ising 0.003 | C(n.t) XYZ Cn.t)
1.3 0.002 0.004 1.3 00015
0.006 |-(a) @ = 1. : 04 F(e) a=1. 0.001
S 0.001 S : 0.0005
- =600 - 0003 F 4729 0005
£ 000 =800 Opme T £ t = 960 Opee ™
S F= 1o ~200-100 0 100 200 I T ~200-100 0 100 200
L 0.002 | ® .
t = 1400 — n | t=1680 — n
S 2, 0.001
[] C L L L L 0 L L L L L
100 50 0 50 100 ~100 50 0 50 100
5/8 5/8
: n/t?/ 0.004 n/t 0.002
Trans. Ising / : C(n,t) XYZ / : C(n,t)
‘ 0.003 0.0015
0.006 (b) o = 1.6 0.003 -(d) o =1.6
= 0.002 —_ 0.001
- t = 1200 0.001 - t=1200 0.0005
£ 0004 F T 00 0 & 0002 4 = 1600 0
3 t = 2000 — L O &= 2000 — R
o | 1=2400 — —200-100 0 100 200 o = 2400 — —200-100 0 100 200
S 0.002 F = 5e00 0,001 4 Z 9800
- n += n
[] _ L L L L L o L L L L
100 50 0 50 100 100 50 0 50 100
n/tl/Q n/t]/Q

Figure 4.19: Space-time energy correlation function C(n,t) := (6h,(t)6ho(0)) for the trans-
verse Ising model with the parameters J = 1 and h = 1 ((a) and (b)) and the XYZ model
with the parameters J, = 1,J, = 0.8, J, = 0.5 ((¢) and (d)). T'= 10 (kg = 1). System size
is N =512. In (a) and (c), we use the parameter ov = 1.3, while (b) and (d) are for a = 1.6.
It is clear that in both models, a = 1.3 case obeys the Lévy scaling, while o = 1.6 shows
the diffusive scaling. [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

As supplementary material for Fig. 4.19, we provide Figs. 4.20 and 4.21. Fig. 4.20 presents
the space-time energy correlations C(n, t) = (3h,(t)0ho(0)) for the transverse Ising and XYZ
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models with a = 1.1. Panel (a) corresponds to the transverse Ising model, and panel (b) to
the XYZ model. Both datasets clearly display Lévy-type scaling, confirming the fluctuating-
hydrodynamic prediction v = 3 — 2a.

Fig. 4.21 shows the XY model for « = 1.1, 1.3, and 1.6. The results again indicate that
the cases a = 1.1 and a = 1.3 obey Lévy scaling, whereas the case o = 1.6 exhibits normal
diffusive scaling. These observations for the XY model provide further confirmation of the
scaling theory based on fluctuating hydrodynamics.

oot Trans. Ising 0.005 XYZ 0.003
0.004 .
Aa=11 = 0008 (b)) a = 1.1 +0.002
oon B Y B
.00
| , 0.001
= 001, g © oot S 0006 b ¢ =240 ©
S L t=160 3 t=320
£ 0008 - T o0 0 £ t =400 — 0
O o006 | =240 ~200-100 0 100 200 O 0.004 | =480 — —200-100 0 100 200
g - =280 — n € t =560 — n
' 0.004 | '
EN = 0002 |
0.002 |
0k , . " 0t : | ! :
~100  —50 0 50 100 100 —50 0 50 100
n/ /6 n/ £5/6

Figure 4.20: Space-time energy correlation function C(n,t) := (6h,(t)6ho(0)) for the trans-
verse Ising model with the parameters « = 1.1 and J = 1, h = 1 in (a), and the XYZ
model with the parameters & = 1.1 and J, = 1,J, = 0.8, J, = 0.5 in (b). The system size
is N = 512. It is clear that both models obey the Lévy scaling. [This figure is reproduced
with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702 (2025),
Copyrighted by the American Physical Society.]

4.5.1 Validity of fluctuating hydrodynamics

To assess the validity of the fluctuating-hydrodynamics description, we perform a direct
comparison between the space-time correlation functions obtained from the fluctuating hy-
drodynamic equation and those computed from microscopic numerical simulations.

In the inset of Fig. 4.16, we demonstrate the convergence of the Green—Kubo-like expres-
sion (4.5.9) for the nonlocal diffusion coefficient. Using these data, we numerically evaluate
the space-time equilibrium correlation function

O(x,t) = (Se(x,t) 5¢(0,0)), (4.5.12)

appearing in (4.5.3), by solving the integro—differential equation (4.5.4), which follows from
the fluctuating-hydrodynamics framework (4.5.1). This procedure enables a direct compari-
son between the hydrodynamic prediction C(z,t) and the correlation function

C(n,t) = (8hy(t) 5ho(0)), (4.5.13)
computed from the microscopic dynamics governed by the Hamiltonian (4.1.2).
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Figure 4.21: Space-time energy correlation function C(n,t) := (3hy,(t)6he(0)) for the XY
model with the parameters J, = 1, J, = —0.8. We use the exponents « = 1.11in (a), a = 1.3
in (b), and o = 1.6 in (c). The system size is N = 512. It is clear that « = 1.1 and a = 1.3
cases obey the Lévy scaling, while & = 1.6 case shows the diffusive scaling. [This figure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

Fig. 4.22 presents this comparison for the case a = 1.3 in both the transverse Ising
and XYZ models. As is evident from the figure, the agreement between the fluctuating-
hydrodynamics prediction and the fully microscopic computation is remarkably close. This
quantitative consistency provides compelling evidence that fluctuating hydrodynamics with
a nonlocal diffusion kernel furnishes an accurate and predictive effective description of the
dynamical properties of long-range interacting spin systems.

4.6 Higher dimensional case

In this section, we provide the sufficient condition of normal energy diffusion for prototypical
long-range spin systems in D dimensions (D > 2). The formulation of the Green-Kubo for-
mula in D-dimensional long-range systems is more complicated than in the one-dimensional
case. Hence, first, we derive the Green-Kubo formula and the current expression in D di-
mensions. Next, using Theorem 1, we prove the upper bound for the equal-time total current
correlations in D-dimensional case (Theorem 3). We provide separate proofs for the long-
range transverse Ising and XYZ model.

Theorem 1 remains valid in arbitrary spatial dimensions. We therefore extend our analysis
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Figure 4.22: Comparison of space-time correlations between C'(n,t), obtained directly from
the microscopic Hamiltonian, and C(x, t), computed via fluctuating hydrodynamics using the
input data D(n — n') computed from a Green-Kubo-like formula. (a) Transverse Ising case
with @« = 1.3, J =1, h = —0.5, and N = 512; (b) XYZ case with « = 1.3, J, =1, J, = 0.8,
J. = 0.5, and N = 512. [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

to a generic D-dimensional lattice consisting of N? sites. To characterize the spreading of
energy fluctuations, which propagate uniformly in concentric patterns, we consider the mean-
square displacement

= N1 SN n? (6e(n,t) 5¢(0,0)),

=1 n

(4.6.1)

where €(n,t) denotes the local energy at site vector n at time ¢, and N = 3, (0e(n) de(0))
is the normalization constant following Ref. [203]. If the energy transport is normal, the

diffusion constant is obtained from the long-time behavior of S(t) as

dt (e,D)
k?BTQCV / C ( )’

NmZZ (T2 (8) T (0)),

i=1n;=1

(4.6.2)

ceP ()

where cy is the specific heat per unit volume, and J 7(;"21_1 denotes the energy current in
the ith spatial direction, defined as the total energy transferred across the virtual interface

between n — e; and n, with e; the unit vector in the ith direction.

Based on this formulation, we establish the following theorem.

Theorem 3. For D-dimensional long-range interacting spin systems with interaction ex-
ponent o« > D and spatial dimension D > 2, whose one-dimensional analogue is given by

Eq. (4.1.2), the equal-time current correlation C’](\?’D)(O) is finite for f < f..
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This theorem, together with the general premise that the amplitude of equal-time current
correlations determines the qualitative class of energy diffusion, leads to an important con-
clusion: in all higher dimensions D > 2, energy diffusion is necessarily normal provided that
a > D. This condition coincides with the requirement of thermodynamic extensivity, which
ensures the finiteness of the specific heat ¢y, and thus precludes the emergence of anomalous
(Lévy-type) transport in these dimensions.

4.6.1 Formula of the diffusion constant in higher dimensions

In this subsection, we provide the detailed formulation of the energy diffusion constant (4.6.2)
through the Green-Kubo expression for thermal conductivity. We begin by considering
the continuity equation for the local energy. The energy current is defined as the collec-
tion of all energy transfers across a specified hyperplane. To introduce this notion in a
D-dimensional lattice, it is necessary to construct subspaces that partition the lattice into
two point-symmetric halves. We therefore provide an explicit constructive definition of such
subspaces.
The continuity equation for the local energy operator h., at site n takes the form

8tiLn = {iLm H} = Z{ﬁn» }Alm} = thu—m = Z tfu—n—i-'r
m m r#0
= Z tiu—n—i—r - t;—m—n = = Z Vn;r ﬁ;r? (463>

reD+ reD+

where the energy transmission operator is defined by

ts ;= {hs, hj}, (4.6.4)

(]

and the discrete divergence and current are respectively given by

vn;'rAn;'r = An—f—'r’;r - An;ra (465)

je P _té
nr " n—rn’

Here, DT denotes one of the two point-symmetric partitions of the full lattice excluding the
origin. We now present a constructive definition of this set.

Let the underlying space be the D-dimensional torus T? := (Z/NZ)P. We fix an ordering
of coordinates {41,142, ...,ip} = {1,..., D} and consider a site n as the origin. For any vector
x, we first decompose the space according to the sign of the i;-th coordinate:

D) :={x € T" | z; =0}, (4.6.7)
D} :={x € T” | z;, > 0}, (4.6.8)
D; :={x €T | z; <0}. (4.6.9)
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We then recursively subdivide the zero sets. Specifically, DZQ1 is decomposed as

D?1§i2 = {w € /D% | Tiy = 0}, (4610)
D}, = {z € D), | z;, > 0}, (4.6.11)
D; ., ={xz €D} | 2, <0}. (4.6.12)
Continuing in this manner, we define for each e = 1,..., D the sets
D’?ﬁ...;ig = {w e D?I;...;’L'e_l ’ :El'e = 0}7 (4613)
o 0
D;;%n;ie T {m € Dil;..‘;ie,1 ’ x’ie > 0}7 (4614)
- o 0
Dil;---;ie T {a: E Dil;...;ie_l ’ xia < O} (4615)
These sets satisfy
0
Dy, = {0}, (4.6.16)
a D
Ui Diu...;ie =T \{0}7 (4617)
e:alt..,D
a b o
Dil;...;ie N Dil;...;if =0 <a7 be {+7 _}7 €, f € {17 cee 7D}> (4618>
Since D;. ;. and D;. . are point-symmetric with respect to the origin, we define
D D
D+ = U D;;;---U:e’ D= U Di—l;---;ie‘ (4'6'19)
e=1 e=1
These satisfy
DTuD =T\ {0}, (4.6.20)
D'ND” =g, (4.6.21)

and DT and D~ form a point-symmetric partition of the space. Thus, we obtain a concrete
and systematic construction of D, which depends on the chosen ordering (i1, ...,ip).

For the two-dimensional case, an explicit illustration of the sets Dt and D~ is shown in
Fig. 4.23. Defining D} = {z | 2;, > 0}, D;, = {z | z;, < 0}, and similarly D}, = {x |
ry, = 0, z;, 2 0}, we obtain D* = D UD; ;. for a = +. As indicated in the figure, these
sets partition the lattice into two complementary halves, excluding the origin.

Next, on the basis of the continuity equation (4.6.3), we derive the Green—-Kubo formula
in D dimensions under the assumption that Fourier’s law is valid. In the diffusive regime,

the mean-squared displacement S(t) is related to the diffusion coefficient © through

S(t) = <Z: nf(t)> =>">"nP(n,t) = /~cBT120V o(t) ~ 20t, (4.6.22)

n =1
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Figure 4.23: The schematic definition of D* = D;f UD;,, and D~ = D; UD; ;. in 2-
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dimensional case. [This figure is reproduced with permission from H. lehlkawa and K.

Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

where P(n,t) denotes the probability density of displacement n, defined by
P(n,t) = N7 0ha(t) 6ho), N = (Shy, Sho), (4.6.23)

and the spatial second moment of the energy distribution is given by

Z S 02 (8l (1) 6ho). (4.6.24)

i=1 n

We now establish the relation between this spatial energy profile and the correlation
function of the energy current. To this end, we divide the space according to the domain
Dt := D*(i,ig,...,ip) introduced previously. Employing the continuity equation (4.6.3),
one obtains the following expression for o(¢):

Z S 02 (hn (1)5ho(0))

iig::n?< </ dsre%v v Tn(s )Mo( )>
zégzp 2 1) [ (T (5)50(0)

U

@
Il
—_

S Y @rm + 1) /0 " ds(TE. (0)5ho(—s))

n peD+t

S @i+ r?) [ ds <J,;,.(o><

reD+

o
=[]

g
Il
—

> [ sV T~ >)>

/€'D+
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where we define the energy current in the ¢th direction as

ni\lrzrl = > thee (4.6.26)
k:k;>n;
£:€¢<ni

which represents the total energy transmission ¢3, , across the hyperplane separating n — e;
and n. As illustrated schematically in Fig. 4.24, the quantity J. "(l€i’|’i')bi_1 captures all contri-
butions to the energy transmission crossing this boundary, thereby enabling a consistent
formulation of the Green—-Kubo expression for energy diffusion in D dimensions.

Thus, when Fourier’s law is valid, we obtain the Green—-Kubo formula for the diffusion
coefficient in D dimensions:

D = lim hm

C(GD = NI~ DZZ< nblnz—l -7()|“1( )> (4.6.28)

=1 n;

/d ) (), (4.6.27)

In D dimensions, prototypical long-range interacting spin systems are generally expected
to be non-integrable. It is therefore natural to assume that the current autocorrelation
function C’](G’D) (t) decays rapidly in time. Under this assumption, the magnitude of the equal-
time current correlations plays a central role in determining the energy diffusion coefficient.
Motivated by this observation, we now turn to an analysis of the amplitude of C’](\?D)(O),
which may be interpreted as the equal-time total energy current correlation.

4.7 Proof of Theorem 3

In this section, we prove Theorem 3 to derive the upper bound for the equal-time total current
correlation C](VD)(O) in D dimensions. Under the assumptions that ¢y is finite and that C{” (1)
decays rapidly in time, the amplitude of C](\,D) (0) determines the sufficient condition for normal
energy diffusion. We provide the separated proofs for the transverse Ising and XYZ models.
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Figure 4.24: The schematic definition of the current [7 _, in ith direction. [This figure is
reproduced with permission from H. Nishikawa and K. Salto Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

4.7.1 Transverse Ising model

We first study the D-dimensional long-range transverse Ising model, whose Hamiltonian is

given by
(4.7.1)
]
The local energy at site n is defined as
. J Sz Sz
b i=—> = + hS;, (4.7.2)
2 dy
j#n
and the current jn(f[fl)i_l is expressed as
75:\;1—1 > thce (4.7.3)
k:k;>n;
E:€i<ni
PR Jh S;Sy — SiS;
tp = {hi, he} = - _—FL (4.7.4)
2 dkl

Here, we establish the transverse Ising part of Theorem 3 as follows:

Theorem 3.1. For the D-dimensional long-range transverse Ising model (D > 2), under the
conditions o > D/2+1, a > D, and < f3., the equal-time total current correlation C'](VD)(O)
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converges to a finite value independent of the system size N. Consequently, C'](VD)(O) remains
finite for all o > D.

Proof. The equal-time total current correlation C’,(VD)(O) can be written as

1-D (e i €,i
CY(0) =N ZZX i1 Jo 1) (4.7.5)
=1 n;
Following exactly the same line of reasoning as in the one-dimensional case, and invoking
Theorem 1 together with the relevant symmetries implied by the Hamiltonian, we obtain the
following upper bound for the equal-time current correlation:

€0 €0 1
(Tiw gy <o) 3 (4.7.6)
k:k;>n; dk N4
24/ <0
For D > 2, the right-hand side admits the bound
1 N/2 —2a/2
Z 2o = / >n; dx; d%H/ dxkdyk{ — ¥i) —i—z }
k:k;>n; kY Yi <0 k#i i
£, <0

—NJ/2

I'n B(E2=L - 2=1 N/2
< D1 ( 5 2 )ND—l/ dxdy(ni+x+y)D_1_2O‘
0

N/2 o0
<o [ dP [ dedys [ dEEPH (- i €2
y;<0

= 9
PD—lB<£ a— b) B -

< 2 2 NP g Pz 477

=2(D—2a)(D+1-2a) K ’ (4.7.7)

where u; = (x; +y;)/2 for j # i, £ = (Z#i(xj — yj)Q)l/Q, I'p_1 denotes the surface-area
coefficient of the (D — 2)-dimensional sphere, and B(z,y) is the Beta function.

Consequently, the dependence of C'](VD)(O) on the system size NNV is obtained in a straight-
forward manner:

CR(0)] < O(1) NP2 4 const. (4.7.8)

Thus, we conclude that C](VD)(O) converges to a finite value in the thermodynamic limit
whenever a > D /2 + 1. O

4.7.2 XYZ model

We consider the D dimensional long-range interacting XYZ model, which is described by the

following Hamiltonian
5759
> Y I i, (4.7.9)

1#£j O=T,Y,2
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The local energy at site n is defined as

Jy SpS5

-2 > o (4.7.10)
J#EN O=T,Y,2 2 d
and the current j _, is described as follows
T == 2 thes (4.7.11)
k:ki>n;
Z:Zi<ni
PO Joi I _ S31 5,287
e = {hihey =30 > = ) gabcﬁ, (4.7.12)
™m gePil {a,b,c}={k,L,m} a,c%b,c

where £, is defined as follows:

1 f b,c)= (k£ L k) (k,m,t
5abc:{+ . for (a.b.c) = (k.£:m), (m. £, k), (k,m. 0), (0713)

-1, for (a,b,c) = (£, k,m),(£,m,k),(m, k, £).

Note that E4pc is different from Levi-Civita symbols.
Here, we state the XYZ part of Theorem 3 as follows:

Theorem 3.2. In the D-dimensional long-range interacting XYZ model, under the condition
a>D/2+1, a>D and B < f,, C](VD)(O) converges to the finite value independent of the
system size N. It immediately follows that C](VD) (0) is finite as long as a > D.

Proof. In complete analogy with the one-dimensional analysis, and by invoking Theorem 1
together with the symmetry properties implied by the Hamiltonian, all contributions to the
current—current correlation, except for case (2) in Fig. 4.8, admit the following bound:

(e, €,1) L
(RAHE | PIAEC R DI (4.7.14)
e@é;?oz

We now turn to the remaining contribution, namely case (2) in Fig. 4.8. In this config-
uration, the triplets (k,£,m) and (k’, £, m’) each form a closed loop, and these two loops
are connected by a single edge. A schematic representation of this structure is provided in
Fig. 4.25.

Let p € {k,£,m} and p’ € {kK’, €', m'} denote the endpoints of the unique edge connecting
the two loops. In the example shown in Fig. 4.25, these correspond to p = £ and p’ = m/.
Next, we introduce the sites

qgef{k emi\{p}, ¢ c{K.£m}\{p}
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Figure 4.25: The schematic diagram of the case (2) in Fig.4.8 in D dimensions. [This figure is
reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135, 141702
(2025), Copyrighted by the American Physical Society.]

which are defined according to their positions relative to the hyperplanes x; = n; and x; = 0:

k, ifpel{z|x>n},
q:= t J (4.7.15)
L, ifpei{x|x <n},

’8/7 if p/ S {513 ‘ x; > O}a

ro_
=9 | (4.7.16)
K, ifp e{x]|x <0}

By construction, the pairs (p, q) and (p’,q’) lie on opposite sides of their respective hyper-
planes, and therefore satisfy

(pi —ni)(qi —ni) <0, Pig; < 0.
In the explicit configuration displayed in Fig. 4.25, we indeed have ¢ = k and q' = £'.

Proceeding in parallel with the one-dimensional argument, we obtain the following bound

for the contributions of case (2) in Fig. 4.8:
1 1 1

Fig.4.8(2) < O(1> Z d2a Jo /d?a

p,q.p’,q¢ ~ap pp P4

(Tl o)

(4.7.17)

Firstly, we estimate the summations over ¢ and q’. For the sum over q, we obtain the
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following bound:

>

q:(pi—ni)(qi—n;)

d 1

d’q
/ i—nq)(qi—ni) <0 (@ —pi)* + Zj;éi(Qj - Pj)Q}za/z

1
dq;,l'p— 1/ el 2{(% —pi)? + 22072

| /\

IN

—ng (Qz n;)<0

<T / dgi
(pi—n:)(gi—ni)<0 (qZ - pi)2a_D+1
<r N d !
B 0 x(x—l—nz _pi>2a—D+1
1 1
<1 =1 (4.7.18)
- o— 200— D
(ni — pi)?P dﬁp,p
where I =T'p_1B(Z+, a — 251)/2, T =T"/(2a — D) and we denote 7, as the foot of the
perpendicular dropped from p to the hyperplane x; = n;, as illustrated in the leftmost part
in Fig.4.26.
Similarly, the summation over q’ is bounded as
1 s 1

Y <V (4.7.19)

q':p}q,<0 P4’ p',0,,

where we denote 0, as the foot of the perpendicular dropped from p’ to the hyperplane
x; = 0, as depicted in the leftmost part in Fig.4.26.
Combining these bounds, we obtain

' 1 1 1 1 1
jéefl ) (ef) < | — , (4.7.20)
‘< ilni—1Y0| 1>‘Flg48 Zdipdegp di 01/7 Zd%ppdgp’dg’o

where in advance, we assume a > D.
To proceed further with the evaluation of this upper bound, we now present the following
lemma.
Lemma 5. If i,j depend on k and @; = 32 1/dy ;) < 00,05 = Xy 1/dy 4y < 00 hold,
under the condition o« > D, the following inequality holds:
1 1

i
v Gk Gy 05

(4.7.21)

where d; 5 = sup iy jiky» and U = 207 (a; + ay).
Proof of Lemma 5.

kv Dk Wiy % D) .dte) i) ki g

5 I 1 dq( k). (k) Z z<k>k+dk3<k)
< da

1 A5y ke + Do jh 1 1 1
< 9ot ik T Degtk) _ gam ( ): 4.7.22
B d Z Eoon  dam) A (4.7.22)
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Here, we use {(z+1y)/2}* < (z*+y®)/2 , following from the convexity of f(z) = 2 and the
convexity inequality. O

Figure 4.26: The diagrammatic derivation for the upper bound of the case (2) in Fig.4.8 in
D dimensions. [This figure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

Finally, utilizing Lemma.5, we obtain the following upper bound:
) (e:d) 11 1
‘<‘7m\nrl 0H>‘ Fig.4.8(2) = Z de de ., de

p,p’ “Mp,P PP plv()p/
1

1 - .
Szdiz l(u—i-uﬁp)supdq )

(6%
p' P00, P Yapp

1 1
:2a—1 ~'r_1,
(u—l—up)qu T

p/ np/ P p’ ’Op/

1 1
< PNt )2 (g, )50 o — = O() 5, (072)
p Un

S

0 7
o’ ,Op/

where 5, = >, dpo ), < I dizr;® < O(1)NP~* < oo for @ > D . Furthermore, let 71, be
the n, that satisfies sup,, d;;{p, = d;&j,p" As shown on the far right of Fig.4.26, n,, coincides

with the foot of the perpendicular dropped from p’ to the hyperplane x; = n;. The condition
of Lemma 5 is satisfied, as o, = Y g, < le/ 2 dlxxr;® < oo and Up,, = D d‘;{p/’p, <
le/2 dlxx;® < oo.

From (4.7.14) and (4.7.23), we obtain the following upper bound for C’J(VD)(O):

‘C’](VD)(O)’ < O(1)NPT272 L O(1)N* 7P~ 4 const.
< O(1)NP+272% 4 const., (4.7.24)

for all spatial dimensions D > 2. The second inequality follows from the fact that the term
O(1) N?7P~ is subleading compared to O(1) N PT272 in higher dimensions.
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Finally, we demonstrate that C’J(VE’D)(O) converges to a finite value in the thermody-
namic limit provided that @ > D/2 4+ 1. Under this condition, the dominant contribution
O(1) N P+2-22 yanishes as N — oo, and hence C"”)(0) admits a finite, well-defined limit.

[
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Chapter 5

Spin Diffusion in the Long-range
Interacting Spin Systems

We investigate spin diffusion in classical long-range interacting spin systems, focusing on the
long-range XXZ model as a prototypical spin-conserving system. In the extensive regime
a > D, we rigorously establish that the amplitude of equal-time spin current correlations
determines the class of spin diffusion. Using the cumulant power-law clustering theorem, we
prove that o > a, = 3/2 is a sufficient condition for normal diffusion in one dimension, while
normal diffusion persists for a« > D in higher dimensions. Numerical results indicate that
this bound is tight, with anomalous (Lévy) diffusion emerging for o < 3/2, consistent with
fluctuating hydrodynamics.

The scaling behavior observed for spin diffusion is completely analogous to that for energy
diffusion, suggesting that it may be universal and independent of the specific type of local
conserved quantities.

5.1 Model and setup

We consider a one-dimensional, translationally invariant classical spin system characterized
by the Hamiltonian

N
H=Y hy, (5.1.1)
n=1

where iLn denotes the local Hamiltonian associated with site n, and N is the total number of
lattice sites. As a representative class of spin-conserving models, we focus on the long-range
interacting XXZ Hamiltonians, for which the local energy h,, is defined as

R N/2
hOXZ) — Zl 23@ > J(S7874, +S7,S7) + J(SiShi, + 55,85 | - (5.1.2)
r= O=T,Y
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The continuous variable S7 denotes the ¢ component of the spin at site n and satisfies
5, (87)? = 1. Periodic boundary condition is imposed such that n = N = n. The exponent
a controls the spatial decay of the long-range interactions, and the condition o > 1 ensures
the thermodynamic extensivity of the Hamiltonian.

The temporal evolution of the spin variables is governed by the classical spin equation of
motion (4.1.3).

For generic parameter values, the XXZ Hamiltonian is known to conserve both the total
energy and the total spin. In particular, the z-component of the spin serves as a locally
conserved density. We investigate the spin transport properties of the system, focusing on
the space-time correlation function of spin (S?(¢)S§) for the long-range XXZ model defined
in (5.1.2). This quantity provides a direct probe of spin diffusion and its possible anomalous
behavior induced by long-range interactions.

5.2 Spin conductivity and Green-Kubo formula

When the system exhibits normal spin diffusion, the spin diffusion constant D? is expressed
in terms of the spin conductivity x® and the inverse spin susceptibility A as D* = k°A,
where A generally remains finite. Consequently, verifying whether spin diffusion is normal
reduces to establishing the finiteness of the spin conductivity. To this end, we focus on
the spin conductivity, which is formulated through the Green—Kubo relation involving the
equilibrium spin current correlation [264].

In the XXZ model, the local z-component of spin, S?, constitutes a locally conserved
quantity, and the associated spin current is defined via the corresponding continuity equation:

S, = —Tnp + I3, (5.2.1)
where the explicit form of the local spin current for systems with long-range interactions is
given by

Tn= 2 ticj Gy =2{57, h;}. (5.2.2)
i>n,j<n—1
li—31<N/2

Here, {-, -} denotes the Poisson bracket for spin dynamics (3.2.4). The quantity #;, ; is
interpreted as the infinitesimal spin transfer from site j to site ¢ mediated across the virtual
boundary between sites n — 1 and n. The local spin current J;7 thus represents the net spin
transfer across this boundary.

The spin conductivity for a finite system of size NV is then obtained via the Green-Kubo
formula:

= A [TaC0. G = AT T, (523

n=1
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Figure 5.1: The spin conductivity for the long-range XX model with the parameters J = 1,
and T'=10 (kg = 1). (a): ky as a function of size N. The inset is the time dependence as
well as the integration of the total spin current correlation for a = 1.3 and N = 1024. (b):
Cn(0) as a function of N.

where A is the inverse spin susceptibility and () denotes the equilibrium average at inverse
temperature 5. The subscript N indicates the explicit dependence on the system size.

Numerical simulations are conducted for the XX model, where the spin dynamics governed
by Eq. (4.1.3) are integrated using a fourth-order symplectic scheme with time increment
dt = 0.01. Initial spin configurations are sampled at temperature 7' via the Monte Carlo
method, and thermal averages are evaluated over 10° independent realizations. As shown
in the inset of Fig. 1(a), the autocorrelation function C%(t) exhibits a rapid decay, and
the running integral [ ds C%(s) becomes effectively stationary by ¢ = 20. Accordingly, we
employ ¢ = 20 as the cutoff time in the evaluation of x%. The same sampling size of 10° is
used consistently for all numerical data presented in this section.

A summary of the results is provided in Fig. 5.1. Figure 5.1(a) displays the system-
size dependence of x};, with the inset highlighting the fast decay of the current correlation
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at @ = 1.3, ensuring the convergence of the Green—-Kubo integral. Such convergence is
physically expected, as the system is non-integrable and resides on a lattice lacking continuous
translational invariance, as seen in Sec. 4.2.

The main panel of Fig. 5.1(a) reveals anomalous behavior for a < 1.5, whereas for larger
values of «a, the conductivity x3 approaches a finite limit, consistent with normal spin dif-
fusion. These observations indicate the existence of a diffusion transition. Importantly, the
anomalous behavior does not originate from a long-time tail in the current correlation, as
clearly evidenced in the inset of Fig. 5.1(a). Rather, it arises from a distinct mechanism: the
anomalous enhancement of the current correlation amplitude, analogous to the case of energy
diffusion. This conclusion is corroborated by the system-size dependence of the equal-time
equilibrium correlation C%(0), presented in Fig. 5.1(b). The close qualitative agreement be-
tween the behaviors of C%/(0) and % demonstrates that the anomalous spin diffusion in this
regime is governed by the amplitude of the equal-time current correlation.

Taken together, these findings provide compelling evidence that the equal-time spin cur-
rent correlation constitutes a key diagnostic quantity for characterizing the nature of spin
diffusion. This structure of diffusion anomaly is completely analogous to the case of energy
diffusion.

5.3 Upper bound for the equal-time spin current cor-

relations

In this section, we investigate the one-dimensional long-range interacting XXZ7 model defined
in Eq. (5.1.2). This model satisfies the continuity relations

atua,n = - ( rr?Jr]_ - ja) , (531)
Ti== >, t_, (5.3.2)
i>n, j<n
li—j|<N/2

for a = s, e. Here, u,,, denotes the locally conserved quantities, with u,, = S} and u.,, = izn

The transmission operator 7, ; is defined as

~ J2 Sz QY
z<—j = 2{ 7hj} - 7 Z Eab C?a b ) (533)
{a,b}={ij} ab
N o .
£03 Joy o . So1S57280s
z<—] ={h; h Z Z % Z gabc%,
m=1 ge Pt? {a,b,c}={i,j,m} a,cb,c

with J, = J, = J. The symbol €, denotes the Levi-Civita symbol,

Eab = {H’ (,0) - Q"D’ (5.3.4)



and &, is defined by

éabc -

(5.3.5)

{H,wM%W&mMM%@mn
_17 (a7b7c):(]7Z7m)7(.]7m77/)7<m77/7.])7

which differs from the standard Levi-Civita tensor. The notation }.,cpsy- represents the
sum over cyclic permutations (z,vy, z), (y, 2, ), and (z,z,y).
Symmetries of the Hamiltonian imply

(57)
(5757)

(S7) =(57) =0, (5.3.6)
00 (S7S7), (o7 € {z,y}),

which follow from the invariance of the Hamiltonian under the canonical transformation
(S7,5¢,57) — (=S7,=57,57), i=1,...,N.
From Egs. (5.3.6) and (5.3.7), it follows immediately that
(T T§') = baw (T TS), (5.3.8)

i.e., cross correlations between distinct conserved quantities vanish.
Using these symmetry relations together with Theorem 1, we obtain the following result.

Theorem 4. For the one-dimensional long-range XXZ model on the infinite line, and for
inverse temperature B < (., the equal-time spin and energy current correlations satisfy

(Tegm| <dn (1<a<2), (5.3.9)

and

(T T

<dn™, (a > 2), (5.3.10)
where ¢, and ¢! (a = s,€) are constants independent of n.

The energy-current case has already been established in Theorem 2; the proof for the
spin current proceeds analogously. By invoking Theorem 1 and employing an appropriate
diagrammatic expansion, one arrives at the bounds stated above. Complete details are pro-
vided in Sec. 5.4. Although Theorem 4 is rigorously established only at high temperatures, it
is widely expected to extend to general finite temperatures, as Theorem 1 captures physically
robust behavior. Furthermore, Theorems 4 and 5 below naturally extend to quantum spin
systems.

Theorem 4 plays a central role in elucidating universal features of spin transport. For
spin diffusion, it yields the upper bound

C5(0) < ¢ N*72* 4+ const., (5.3.11)
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in excellent agreement with the numerical results displayed in Fig. 4.2(b). Consequently, one
concludes that the condition « > 3/2 suffices for normal diffusion, regardless of the specific
model details or the particular conserved quantity under consideration. As discussed later,
Theorem 4 also provides a theoretical foundation for anomalous diffusion behaviors described
by fluctuating hydrodynamics.

5.4 Proof of Theorem 4

Proof of Theorem 4. The equal-time spin current correlation (J°Jg) is given as follows:

S Sy SESy,
TR =T XL T e S 64
k>n k'>0 {a,b}={k,t} by
I<n ¢' <0 {a' b }={K' 0’}

The term 1/(dg,dg ;) in (5.4.1) is illustrated diagrammatically in Fig.5.2. In Fig.5.2, the
vertices of the diagram are mapped to the local areas which corresponds to local quantities
within the ensembles (i.e., local spin variables). The edges of the diagram represent the
power-law components of the distance between these areas, indicating the connections among

them.
a, da b b

Figure 5.2: The diagrammatic representation of the term d,jd, %, in (5.4.1)

The 4-body correlation (S*S/S%S;) can be decomposed into cumulant products as fol-

lows:
(SESYSESyY = (S28YS5.50) e + (S28%) (S S ) e, (5.4.2)
where we use the relation (5.3.6) and (5.3.7). Next, we use Theorem 1 as follows:
1
(S80S0 < el SEASEl Y (5.43)
{J1serjat=—J1:927" 52,43 " 13,J4
{a,b,a’ ,b'}
connected
(57,55)e < cal|S7 111153 Hda - (5.4.4)
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where > "¢;, .1 denotes taking the summation over the vertices, which are connected from
:connected

J1 to Jm along the Hamilton path.
By using Theorem 1, (5.4.3) and (5.4.4), we obtain the following upper bound of (72 Js)|:

1
(67 (e}
da,bda’,b’

{Ieszsyszsy)ol + 152525158l |

S S J4
[VVHIEDSDIETIEDY
E>n k>0 {a,b}={k,C}
0<n <0 {a' b }={K' '}

<ZZ£ > : > - + 2 (5.4.5)
= 4 de e, o de e, " dedg,

k>n k’'>0 {a,b}={k,(} {i1,0yia}= 15827 12,93 713,14
£<n <0 {a’ W }={K '} {a,b,a’b'}
:connected

Let us first consider the contribution of the first term in (5.4.5):

J4 1
Z Z Z Z o Jo Z de dzl o (546>
k>nk'>0 {aby={k£} “a.bTa’ W (i1, ia}= "11,02"12,03 13,04
{<n ¢'<0 {a' b }={K',0'} {a,b,a’ ,b'}

:connected

Fig. 5.3 comprehensively covers all the cases of clustering linkage in (5.4.6). Here, dia-
grams with identical topology are regarded as equivalent.

The methods of clustering linkage can be classified into two cases: (1) the left two graphs:
when there are two or more connected components linking the upper and lower graphs in
Fig.5.3, and (2) the most right graph: when there is only one connected component.

Figure 5.3: The diagrammatic representation of the contribution of the first term in (5.4.5)
to the upper bound of |(J?Js)|. It can be classified into two cases: (1) the left two graphs:
when there are two or more connected components linking the upper and the lower graphs
in Fig.5.3, and (2) the most right graphs: when there is only one connected component.

In case (1) in Fig. 5.3, we compute the upper bound of the contribution to [(J:Js)| of
the graph leftmost as a typical example.
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J4 1 C1
L2y A5, dSy g doyd sy

k>n k'>0 {ab}={k,e} “a,
(<n <0 {d' b r={k' '}

vyl ooy ‘
= 4 d2 gy ds, do

k>nk'>0 {a,b}={k,£} oV a
£<n ¢'<0 {a’ b }={K" '}
<> J—4@ u? ! < dn?? (5.4.7)
=~ 4 1 dza ~ 3 .
k>n k¢
<0

where ¢ = J*c;u?/{4(1—2a)(2—2a)}. From the first line to the second line, we use (4.4.14).
From the second line to the third line, we also use Lemma 4. The same inequality can also
be obtained for the graph in the middle of Fig.5.3.

In case (2) in Fig. 5.3, we compute the upper bound of the contribution to (7, Jy) of the
graph leftmost.

In this case, (k,¢) and (K',¢') are connected via a single edge. We construct closed loops
for both (k, ¢) and (K’,¢’). Furthermore, considering the dominant contribution in power-law
clustering, the ordering relation between k, £, k', ¢’ is as follows:

Vu € {k,0},Yv € {K', ('}, u>wv. (5.4.8)

We define p,p’ € {1,..., N} as p = min{k, ¢}, p’ = max{k’,¢'}. Here, p = ¢ and p' = ¥/,
which implies that k, ¢, k', ¢ are arranged as k > n > ¢ > k' > 0 > ¢'. Since we obtain the
following inequality for the contribution of the case (2) in Fig.5.3:

J4 1 C1

> 4 > d® ., d° > de . do . de .

kOE 0 {a,b}={k,} “aba b {iq,. . ig}= "t1,02"02,13713,i4
k>n>0>k'>0>0 {a' b }={K'0'} {a,b,a’ ,b'}
:connected

1 1 1
<O0() > (5.4.9)
k4K 0 k0K YK

k>n>0>k' >0>40

The corresponding schematic diagram is presented in Fig. 5.4.
From (5.4.9), we obtain the upper bound for the contribution to [(JJ;)| in the case (2)
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Figure 5.4: Typical examples of the diagrammatic derivation for the upper bound in the case
Figure.5.3 (2)

of Fig. 5.3:
5 11 1 S 1 1 1
k,f,k/,ﬁ' d%% dzk/ d%/ofe/ kp.p 75, (dk,n + dn7£)2a d?,k’ (dk’,O —|‘ d07Z/)2a

k>n>0>k' >0>0 k>n>0>k' >0>0
N2 1 1 1 1 1 1 1

< <

- %ﬁ; 1‘;1 (dn@ _'_ 1‘)20‘ Zk/ (dk/’(] + y)2a - (1 - 206)2 %‘; d2a 1 dz 1% dQOz 1

m>L>k'>0 n>L>k'>0
1 1 1 1 u? 1 u?

< - < - e, 5.4.10

(1 —-2a)? % dppdip dig — (1 —=2a)2dy,  (1-— 2a)2n ( )
m>ISK >0

This bound decays faster than n>~2* when o < 2. Hence, the term shown in Fig.5.3 (2) does
not constitute the leading term for (J7°J5) for 1 < a < 2. However, this term should be
dominant for o > 2.

Next, we consider the contribution of the second term in (5.4.5):

1 Co
ZZ* > s B (5.4.11)

k2nk'>0 {a,b}={k.0}
£<n /<0 {a’ b }={K' 0"}

Figure 5.5: The diagrammatic representation of the contribution of the second term in (5.4.5)
to the upper bound of [(J:J)|

Fig. 5.5 comprehensively covers all the case of clustering linkage in (5.4.11). Here, di-

agrams with identical topology are regarded as equivalent. We obtain the following upper
bound for (5.4.11):

1 1

— — — < 02u < ('pP2e (5.4.12)
kz>;1k/z>:0 {a,b}z:{k,z} dg pdgry dg 'db b Z iy
<n ¢! <0 {a’,b’}:{k’,é’} £/<0
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where ¢’ = J*cou?/{4(1 — 2a)(2 — 2a)}. To derive the first inequality, we also use Lemma 4.
Based on the above discussion, it has been demonstrated that all terms in (5.4.5) can be
bounded as follows:

(TETE| < O()n* 2 + O(1)n™ (5.4.13)

Hence, for 1 < a < 2, the equal-time current correlation [(J:7:5)| is bounded by O(1)n?~2,
while for v > 2, |[(J2Js)| is bounded by O(1)n~°.
O]

5.5 Fluctuating hydrodynamics and Lévy diffusion

We investigate the anomalous transport regime within the framework established by Theo-
rem 4. Here, we develop fluctuating hydrodynamics of energy and spin for long-range inter-
acting systems, formulated in a continuum description on the infinite line. The dynamics of
conserved fields is modeled by

9] 0 , N 0 ,
aua(x,t) = [%:/dx Dyo(z—2") %ua/(x )+ Ea(z,t) |, (5.5.1)

where u,(x,t) denotes the coarse-grained density of local conserved quantities labeled by a=s
(spin) and a =€ (energy). The stochastic term ,(x,t) has zero mean, and its correlations
are given by

{(Ealz,t) Eu (2, 1)) = 2A;}I,Da,a/ (x — ') g 0(t — 1), (5.5.2)

with A, . the inverse susceptibility matrix.

The derivation of fluctuating hydrodynamic equation (5.5.1) is presented in detail in
Sec. 3.2, and it extends naturally to systems with multiple conserved quantities, such as long-
range interacting spin chains possessing both energy and spin conservation. A key feature is
the nonlocal diffusion kernel D, . (z—2'), which encodes how the long-range couplings modify
the transport. In short-range models the kernel decays rapidly, allowing the approximation
Dyw(x —2') >~ ®D,.0(x — 2'). By contrast, in long-range systems D, . (z — 2') typically
retains an algebraic tail, fundamentally altering the hydrodynamic behavior.

Within this framework, we focus on the space-time equilibrium correlation function

Coa(x,t) := {(duq(z,1t) duy (0,0))), (5.5.3)

where du,(x,t) = uq(x,t)—u,, and u, denotes the long-time stationary value of the conserved
field. The evolution equation for C, . (z,t) follows directly from (5.5.1),

atCa,a/ (l’, t) - (936 Z / dl’/ Da,a” (l’ — LL’/) &E/Cau’a/(x’, t) (554)
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Introducing the Fourier representation A(z,t) = i [ dk A(k,t)e™*® we obtain
0 Cow(k,t) = —=k*> " Dy (k) Con o (K, 1). (5.5.5)

Assume that the small-wavenumber scaling of the diffusion kernel is
Do (k) ~ k7", (a,a" = s,¢). (5.5.6)

Then the long-time, large-distance behavior of the correlation function takes the scaling form
V) frg (x/tl/@—l/)) . v >0,
Y2 fauss (x/tl/Q) : v <0,

where frevy and foauss denote the Lévy and Gaussian scaling functions, respectively. When
the diffusion kernel exhibits an algebraic tail in real space,

Coar(,1) ~ (5.5.7)

Dyow(x —a') ~ |z —2a|™" (|lz — 2| = o0), (5.5.8)

the exponent v is related to n through v = 1 — 7. Consequently, n > 1 corresponds to
normal diffusion, whereas 7 < 1 marks the onset of anomalous (Lévy) diffusion driven by the
long-range interactions.

107! ¢

1 10 100 1000

Figure 5.6: The correlation function (77 Js) for the XXZ model with the parameter a = 1.3
and 7' =10 (kg = 1) in the main panel. The inset shows the Green-Kubo like formula. The
solid line is the theoretical line (5.5.13), i.e., n~?**=2. The equal-time correlation {7,J)
explains the power law exponent, n = 2o — 2.

To establish a microscopic connection between the nonlocal diffusion kernel and the un-
derlying lattice dynamics, we return to the discrete formulation. On the lattice the kernel
D, o (n —n') admits an effective Green-Kubo representation [254],

Daw(n—n') = AZY [t (79(t) T2 . (5.5.9)
’ 0
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so that the equal-time contribution to the integral can be constrained using Theorem 4.
Owing to the symmetry relation (5.3.8), cross-terms vanish and one has

Da@'(n - n/> = 5a,a’ Da,a(n - n,)' (5510)

Consequently, the continuum fluctuating-hydrodynamic equation (5.5.1) can be written in a
discrete form appropriate for the lattice as

0

aua(n, )=V,

Z Dyo(n —n") Vyug(n', t) + &(n, t)] : (a = s,e), (5.5.11)

where V,, denotes the discrete gradient. The corresponding space-time correlation function
in the lattice representation satisfies the diagonal form C, ,/(n,t) = 94,0 Ca (1, t) and evolves
according to

0:Coa(n,t) = V,

n

> Dyo(n—n") VuCoa(n/, t)] : (5.5.12)

Fig. 5.6 presents numerical data for the equal-time spin-current correlation (7°J3) com-
puted for the transverse Ising model at « = 1.3. The inset reports the corresponding
Green—Kubo-like integral for the same parameter set. The time-dependent correlator (7.2(t) Jg)
decays rapidly in time, so that the time integral converges (data not shown). When plotted
on logarithmic axes, the equal-time data approach a clear power-law regime as the system
size is increased, up to finite-size deviations at the largest separations. The extracted power-
law exponent 1 coincides with the theoretical upper bound given in Eq. (5.3.9), namely
n =2a —2=0.6 for « = 1.3. The inset reproduces the same exponent, indicating that the
equal-time contribution already determines the scaling of the nonlocal kernel.

Taken together, these observations provide strong support for the scaling ansatz (5.5.7)
across different models and conserved quantities. In particular, the data imply the relation

v = 3-2aq, (5.5.13)

which links the small-k exponent of the effective diffusion kernel, D(k) ~ k™", to the mi-
croscopic interaction exponent a. This scaling behavior is also analogous to that of energy
diffusion.

To validate the scaling prediction, we next compute the full space-time correlation func-
tion for the XX model across a range of long-range exponents «. In the Hamiltonian formu-
lation, the relevant correlation function is

Cas(n, 1) := (55(¢) 55(0)), (5.5.14)

which probes the spreading of spin fluctuations in real space and time. Fig. 5.7 summarizes
the numerical results. Panel (a) shows the correlation profiles for o = 1.3, while panel (b)
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Figure 5.7: Space-time spin correlation function C*(n,t) := (SZ(¢)S§) for the XX model (?7)
with the parameters J = 1. T'= 10 (kg = 1). System size is N = 512. In (a), we use the
parameter a = 1.3, while (b) for a = 1.6. It is clear that o = 1.3 case obeys the Lévy scaling,
while av = 1.6 shows the diffusive scaling.

displays those for &« = 1.6. The results clearly show that o = 1.3 case obeys the Lévy
scaling, while & = 1.6 case shows the diffusive scaling, as suggested by the scaling (4.5.7)
with (5.5.13).

These results confirm that the transition from Gaussian to Lévy diffusion occurs precisely
at the theoretically predicted threshold o = a, = 3/2, reinforcing the validity of fluctuating
hydrodynamic framework developed above.

5.6 Higher dimensional case

Theorem 1 extends to higher spatial dimensions. Accordingly, we next consider a generic
D-dimensional hypercubic lattice with periodic boundary conditions, containing NP sites.
The microscopic Hamiltonian is taken to be the spatially uniform classical Hamiltonian

H =Y hy, (5.6.1)

nEZﬁ

where h,, denotes the local Hamiltonian associated with lattice site n € ZX. As a concrete
class of models we analyze the D-dimensional generalization of (?7), namely the long-range
XXZ model,

A 1 €T x z z
e Yy (ansj + JSLSY + JZSnSj). (5.6.2)
Jjezy L2y

i#n
Here SZ(t) is the o € {z,y, 2} component of the classical spin at site m and time ¢. The
model possesses two locally conserved densities, the energy A**%) and the z-spin density SZ.
The equation of motion for the local z-spin reads

2S,(1) = Y toim (5.6.3)

m#n
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where the microscopic spin transmission operator is defined by

ti ;= 2{S;, h;}, (5.6.4)

with {-,-} the spin Poisson bracket.
To characterize isotropic spreading of spin fluctuations, we introduce the mean-square
displacement

=N~ Z;zn:n (S2(t) S5(0)), (5.6.5)

where N' = 3,,(5%(0)S5(0)) normalizes the correlator [203]. In the normal-diffusion regime
the long-time growth of o(t) defines the spin diffusion constant via the Green—Kubo relation,

o° — 1im 20 _ 4, / Tt o) (t),

0o 2t
o - (5.6.6)
CNS ND 1 Z Z< nzlnl—l «70|Sl1( )>
i=1n;=1

where A, denotes the spin susceptibility per unit volume. The current in the ith direction
is defined as the net spin transmission across the hyperplane between n — e; and n,

nj\lvzz—l = Z et (5.6.7)

k: k;>n;

£: €i<ni
so that J =) _, collects all microscopic transmissions crossing the (D —1)-dimensional bound-
ary orthogonal to the ith axis. A derivation of the Green-Kubo relation (5.6.6) in this

geometric setting is given in Sec 4.6.1.
We now state the higher-dimensional bound for the equal-time total spin-current corre-

lation.

Theorem 5. Consider the D-dimensional long-range XXZ model (5.6.2) with D > 2. For
interaction exponent o > D and inverse temperature 8 < (., the equal-time total spin-current
correlation

CS7D) ND 1 Z Z< nj|zvz)z—1 \70“)>

i=1n;=1

remains finite in the thermodynamic limit.

Under the physically motivated assumption that the amplitude of the equal-time total
current correlation governs the asymptotic transport class, Theorem 5 implies that spin
diffusion in spatial dimensions D > 2 is normal provided o > D. The condition o > D
ensures thermodynamic extensivity and finiteness of thermodynamic susceptibilities, which
are prerequisites for the applicability of the Green—-Kubo description. A detailed proof of
Theorem 5 is given in Sec. 5.7.
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5.7 Proof of Theorem 5

Proof of Theorem 5. C’ v D)(O) is expressed as follows:

C( Nl DZZ< nz|n1—1‘70|s Z1> (571>

=1 n;

where ‘775:"72_1 is the spin current in ¢-th direction, which is defined as

T = 2 fices e = 2{Si he (5.7.2)
=

Therefore, the equal-time current correlation is described as
(s,2) (s,9) s s
<jnz|”1_1j0| > Z Z tk(—lt ’<—£’ . (573)

k:ki>n; k- k’>0
Gli<ni g0/ <0

In exactly the same manner as the one-dimensional case, utilizing Theorem 1 and the
symmetry derived from the Hamiltonian, we obtain the following upper bound for the current
correlation, except for the case (2) in Fig.5.3:

1

(8,2 $,8)
‘<j”2|n171j0| > except Fig.5.3(2) = 0(1) k:kz>n dl%‘%’ <574>
Z’:l};—<0Z
For D > 2, the right-handed side is bounded as follows:
1 20/2
> T < / o, dridyi T / dmkdyk{ —y)?+ > (z; }
kiki>n; kY yi<0 ki J#
£, <0
N/2 oo
< F1:)—1/ dD_lU/_> _difidyi/ dﬁgD_z{(fUz' - yz’)Q + 52}_2a/2
—N/2 g 0
I'n B(2=L o - =1 N/2
< p—1B( 22,04 D) )ND_l/ dxdy(ni+x+y)D_l_2o‘
0
FD 1B<7 o — E) _ _
< 2 ND 1, D+1-2a 5.7.5
=9D-20)(D+1-2a) ’ (5.7.5)

where u; = (z; 4+ y;)/2 for j # i, & == {S;u(z; + y;)?}% Tpy is the coefficient of
(D — 2)-dimensional spherical surface area, and B(x,y) is Beta function.

Next, we consider the contribution of case (2) in Fig.5.3. In this case, we construct closed
loops for (k,£) and (K',€'), and they are connected by a single edge. The corresponding
schematic diagram is shown in Fig.5.8.

By definition of {k,£,k’,£'} in (5.7.3), k and £ are on opposite sides of the hyperplane
x; = n;, and k' and £ are on opposite sides of the hyperplane x; = 0. Thus, the condition
(ki —ni)(l; —n;) <0 and ki¢; <0 are satisfied.
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Figure 5.8: The schematic diagram of the case (2) in Fig.5.3 in D-dimensions.

In the same manner as one-dimensional case, the contributions of the case (2) in Fig.5.3
are bounded as follows:
8,1 8,2 ]. ]. ].
(Tl

<001 -
Fig.5.3(2) — ( ) k,gc;,fl di?z dzk/ d2(117e/

(5.7.6)

Firstly, we evaluate the sum over k,#. For the sum over k, the following inequality is
obtained:

(ks miy<0 Tk~ Jimno@—n<o{(ki = G)? + Xk — £5)7 20
1
< dk;T / JeeD—2
= otz Oy B T ap gy
1

<r [ dk;
> (ki—n;)(£;—n;)<0 (k‘l _ gi)Qa—DJ,-l
< F/ /N/2 d 1
= 0 X (.:C + n; — gi)Qa—D-‘rl

1 1
= =1 5.7.7
— (ng— ;)% D dff“ eD’ ( )

£

where I =T'p_1B(E:1, a0 — 271)/2, I = 1" /(2 — D) and we denote i, as the foot of the
perpendicular drop from £ to the hyperplane x; = n;, as in the leftmost part of Fig. 5.9.
Similarly, for the sum over £, the following inequality is obtained:

1 1
<1’ 5.7.8
Z d — d2a ( )

£k 0 <0 R k',

where we denote 0y as the foot of the perpendicular dropped from k' to the hyperplane
x; = 0, as in the leftmost part in Fig. 5.9.
Thus, we obtain the following upper bound:

¥ 11 111
(a1 T ) g 50 < Z d?a D g 42D = ngﬂdak, ds, o

Te,L Lk

(5.7.9)
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Figure 5.9: The diagrammatic derivation for the upper bound of the case (2) in Fig.5.3 in
D-dimensions

where in the last inequality we use a > D.
Next, to further evaluate this upper bound, we use Lemma 5 as follows:

(Tnima )| <
niln;—1¢0[—1 — o
' Fig.5.3(2 Ek/dnzfdlfk’dk/o/

<Z ~ 20‘1u+unl)sup -
dk’ Ok’ d’nzk’

1

1 1
= 2w+ Un,) Y n ~
* K’/ dﬁk/,k’d xw

1 1
<27 Y u+ Gin,, )27 (i, + unk,)sup T =O0(1)—, (5.7.10)
k'

né
s, Ok’ ?

where i, = Y dp? < le/2 dizz;* < O(1)NP= < oo for « > D . Furthermore,
let 7y be the ny that satisfies supy dz? v = dz? . As shown on the far right of Fig.
5.9, ny coincides with the foot of the perpendicular dropped from k' to the hyperplane
x; = n;. The condition of Lemma 5 is satisfied, as tg , = > d%k/,k, < /i N/2 dlxr;® < oo and
Uy =Yg ds o < 7 dlzay™ < oo.

From (5.7.5) and (5.7.10), we obtain the following upper bound for C$"™(0):

’C’(SD ’ < O(1)NP272 L O(1)N?*7P=* 4 const.
< O(1)NP+272% 4 const., (5.7.11)
for D > 2. Finally, we show that C'](VD)(O) converges to a finite value under the condition

a > D/2+ 1. With the assumption o > D (> 2), it immediately leads to C’](VD)(O) < 00 as
long as a« > D.

]
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Chapter 6

Energy and Spin Diffusion in the
Long-range Interacting Spin Systems

in the Regime a < D with the Kac
Factor

In the preceding chapters, we have restricted our analysis to the weak long-range interacting
regime, a > D. In the present chapter, by contrast, we address energy and spin diffusion
in the strongly long-range interacting regime 0 < o < D. In this regime, the interaction is
non-extensive, and the energy per site generally diverges in the thermodynamic limit. As a
consequence, the theoretical framework and arguments developed so far are no longer directly
applicable.

As a first step toward a systematic investigation of the strongly long-range interacting
regime 0 < o < D, we consider models equipped with the Kac normalization factor. The
inclusion of the Kac factor restores thermodynamic stability, ensuring that the energy per
site remains finite. Furthermore, within this framework, results analogous to the cumulant
power-law clustering theorem can still be established, which allows us to apply essentially
the same mathematical techniques as those employed in the weak long-range regime.

By arguments parallel to those presented in the previous sections, we can show that,
in one-dimensional systems, the equal-time current correlations (J72J§) for both spin and
energy transport (a = s, €) are upper-bounded by a constant independent of the separation
n. In higher spatial dimensions, the corresponding equal-time total current correlations are
likewise shown to converge to finite values in the thermodynamic limit.

On the other hand, the convergence of the time integral appearing in the Green—Kubo
formula, as well as the system-size dependence of the associated relaxation time, remains
poorly understood in this regime. Numerical investigations are severely affected by strong
finite-size effects, preventing a clear assessment of the asymptotic behavior. As a result, the
physical implications of the rigorous upper bounds obtained for the current correlations in
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the strongly long-range interacting regime have not yet been fully clarified.

6.1 Models and setup

We begin by considering a uniform one-dimensional classical spin system described by the
Hamiltonian

N
H=Y h,, (6.1.1)
n=1

where Bn denotes the local Hamiltonian at site n, and N is the total number of lattice sites.
As a representative example, we focus on the long-range interacting XXZ model with Kac
normalization, whose local Hamiltonian is given by

A o
h;XXZKaC) - — ; 2./\/,0(41)7“06 [ Z J(SZSZ:_;'_T + SZ—’I’SZ) + JZ (stfz-‘r?" + Sﬁ—rsi)‘| . (612)

o=x,Y

Here, E;XXZK“) represents the local Hamiltonian of the long-range XXZ model equipped with
the Kac factor. The parameter o characterizes the power-law decay of the interaction and is
restricted to the strongly long-range regime 0 < o < 1.

The quantity N denotes the Kac normalization factor in one dimension, defined as

N/2
N =3 = O(N'?), (6.1.3)
r=1
which diverges algebraically with the system size for &« < 1. The inclusion of this nor-
malization ensures the thermodynamic extensivity of the Hamiltonian even in the strongly
long-range interacting regime 0 < « < 1, thereby rendering the energy per site finite in the
thermodynamic limit.

6.2 Cumulant power-law clustering theorem for the long-
range interacting systems in the regime a < D with
the Kac factor

In this section, we study general D-dimensional k-local long-range interacting spin systems
equipped with the Kac normalization. The Hamiltonian is defined in Eq. (2.1.1), and through-
out this section we assume that the interaction structure satisfies the following decay condi-
tion:

g g . ’
Jig = |hz|| £ —5— = =, (1 £1"), (6.2.1)
2:25{ii'} ./chD)dﬁi/ diy
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where N(P) denotes the Kac factor in D dimensions, defined by

NP =3 d % = O(NP=). (6.2.2)

jeA
Here, we have introduced the rescaled distance

di i = (N(D

) o

Nad, . (6.2.3)

We consider D-dimensional lattice systems in the strongly long-range interacting regime
0 < a < D. Owing to the presence of the Kac normalization factor (6.2.2), the Hamiltonian
remains thermodynamically extensive even in this regime, ensuring the finiteness of the energy
density in the thermodynamic limit.

Under the above assumptions, we observe that the total interaction strength associated
with a given site can be bounded as

dnzll<>] >0 bzl < g, (6.2.4)

Z3i JEN Z>(4,5)

where we have defined
=2 d; . (6.2.5)
jeA

In the regime 0 < a < D with Kac factor, it is also possible to establish a power-law
clustering property for equilibrium cumulants. Specifically, we obtain the following theorem.

Theorem 6. Consider a k-local long-range interacting spin system with the Kac factor on
a D-dimensional lattice. Let Ox; be observables supported on disjoint sets X;, satisfying
X;NX; =0 fori# j. Under the conditions 0 < o < D and 5 < B, the n-th order joint
cumulant in equilibrium obeys the upper bound

(X, [+ X Py, ) /B

<OX1"'O <c2”n‘H||OX HZ

6% 9
P i=1 (pr XPZH)

where B, = (ngik) "W (1/2¢%) and W denotes the Lambert W function. Using the inequality
W (1/2¢?) < 1/(4e), we further obtain the bound 3, < (4engtik)~" . Here, c is a constant, and
|Ox|| denotes the mazimum absolute value of the observable Ox. The symbol P represents
a Hamiltonian path on a graph whose vertices correspond to the supports Xy, ..., X,, with
Xp, denoting the support at the i-th step along the path. The distance dxy is defined as the
minimal distance between the supports X and Y, and |X| denotes the number of sites in the
support X.

(6.2.6)

As in the weakly long-range interacting regime, this cumulant clustering theorem serves
as a fundamental ingredient for deriving the upper bounds on equal-time current correlations,
which are formulated below as Theorems 7 and 8.
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Proof of Theorem 6. Theorem 1 can be proven by employing a connected cluster expansion
in the high temperature regime, together with repeated applications of Lemma 4. For the
proof of Theorem 6, the same strategy applies. Specifically, one replaces Lemma 4 with
Lemma 6 stated below, and substitutes d; ; and u in the proof of Theorem 1 with Ji,j and
U, respectively. In this way, the argument can be straightforwardly extended to establish
Theorem 6.

As in (2.4.56), the justification of the proof is ensured under the high-temperature con-
dition 8 < B..

O
Lemma 6. Assuming that 0 < « < D, the following inequalities hold.
1 1 U,
S o< (6.2.7)
w Ay di irj

where cz” = (NCSD))l/adiﬂj and i, = 2%, J;,? = 29(NIPH=L o, d; 1 (< 00).

Proof of Lemma 6.

> 11 1 1 5 d2,
vy dy, TN ag NP ay s NPy 7 NS gy
1 Z (dz,k + dk,j)a < 20‘_1 Z 3k + daj

< <
NP e, 57 NP aody ;= NS ae, 57 NEP dedg

2y

ga-1 1 ( 11 o
_ - a) _ Yo (6.2.8)
NP g, %-:Ném diw  di;/ Y

Here, we use {(z+y)/2}* < (2 +y*)/2 , following from the convexity of f(x) = z* and the
convexity inequality. O]

6.3 Upper bound for the equal-time current correla-
tions in one-dimensional case

In this section, we consider the one-dimensional long-range interacting XX7 model with Kac
factor (6.1.2). This model satisfies the following continuity equations

atua,n = _( 7(Ll+1 - j??)’
T =— Z tZ—j?

i>n,j<n
li—j|<N/2
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for a = s,e. Here u,, is local conserved quantities, and we denote us,, = S} and e, = hy.

The transmission operator 7, ; is defined as

A J? SrSy
tie; = 2050, hi} = > aleT,

{a,b}={i,5} a,b
ng Iy

(6.3.3)

N o
A A B Sng 25’53
tiej = {hi hi} Z Z A Z €abe qo bJa )

m=1 GPfyyf {a,b,c}={i,j,m} a,cb,c
where J, = J, = J. Here, ¢4, is Levi-Civita symbol, defined as (5.3.4) and &g, is also defined
as (5.3.5). The notation 3-,¢pry= represents the sum over all cyclic permutations of (z,y, 2),
1 e" (l’? y7 z)? (y’ 27 x)? (Z’ I7 y)'

From the symmetry of the Hamiltonian, similarly as (5.3.6) and (5.3.7), the following

properties hold:

(S7) = (S1) = (57) = (6.3.4)
(S7ST) = 00r (S7ST) (6.3.5)
fori,j =1,..,N and 0,7 € {z,y}. From (6.3.4) and (6.3.5), we also easily obtain (J%7%) =

da,a (T3T%). For (JeJ%), using these properties and Theorem 6, we obtain the following
theorem:

Theorem 7. For the one-dimensional long-range interacting XXZ model with Kac factor
(6.1.2) in the infinite line, under the condition 5 < f., the equal-time spin and energy
current correlation (T JTs) (a = s,€) is upper-bounded as

(T T < Ca, (6.3.6)

for 0 <a <1 anda#1/2. Here, C,,C! (a = s,€) are constants that do not depend on n.

For a = 1/2, the equal-time current correlation of NV spins is upper-bounded as [(J*J§)| <
log(n + N). Therefore, this provides only a trivial constraint in the case av = 1/2.

6.4 Proof of Theorem 7

Proof of Theorem 7. In the following, we provide the proof only for the spin current. The
corresponding statement for the energy current can be established in an entirely analogous
manner.
The equal-time current correlation (j,fjg”} is described as follows:
(S2SY5%.S0)

jsjo Z Z — Z 5ab5a’b’—- (641)

(0%
k>n k' >0 {a,b}={k,0} Aoy b
(<n <0 {a' B y={K 0}
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This expression (6.4.1) is obtained from (5.4.1) in the proof of Theorem 2, by replacing d; ;
to Ji,j. Therefore, by applying Theorem 6 and Lemma 6 instead of Theorem 1 and Lemma
4, we can carry out the analogous argument as the proof of Theorem 2.

As seen in (5.4.7) and (5.4.12) for the proof of Theorem 2, the contribution to the upper
bound of equal-time current correlation, except for the case (2) in Fig.5.3 is given as follows:

S S 1
|<\7n‘-70>HexceptFig.5.3(2) < 0(1) Z d (642>
k<n Q0
<0
For a # 1/2, the right-handed side of (6.4.2) is upper-bounded as
Z /N/2 /N/2
k<ndlgoé’ - n—i—x—l—y)
<0
1
< (N(D)-2 N)2-2 _ 9 N/9)2-20 4 220
= 0(1), (6.4.3)

where we use NV = O(N'~). On the other hand, for a = 1/2, the right-handed side of
(6.4.2) is upper-bounded as

1 N/2 N/2 ,
pi 1/2 / dy(n+z+y)”
k<n Ykl

<0

< O(1)log(n+ N), (6.4.4)

< (M)2{(n + N) log(n + N) — nlogn — N}

where we use No(élz)l/g = O(N'/?). From (6.4.4), we obtain only a trivial bound in the case of
a=1/2.

Similarly as (5.4.9) for the proof of Theorem 2, the contribution from the case (2) in
Fig.5.3 is obtained as follows:

1 1 1

|<jrf~769>HFig.5.3(2) < O(1) Z

k E k/ el d d?k/ dk/ el
k>n>0>k'>0>0

SO R M

k0K 0
k>n>0>k'>0>0

1 1 1
(6.4.5)

Z k./ dk/ el
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The right-handed side of (6.4.5) is upper-bounded as follows:

5 Loy > 11 1
72 doc d @ d?a de d2a

k0K 0 kL Yok Qi k0K 0 k£ Qe g Qpr
k>n>0>k'>0>0 k>n>0>k'>0>0
= ( N(l))fs Z 1 1 1

(6%
wime (et dig)? diy (dis o + doer)®
k>n>0>k'>0>0

<N S /N/2 /N/2 1 1 (6.4.6)
B ox d€+l’)2adek/(dk/o+y) o

:n>€>k’>0

To estimate the integral in (6.4.6), we consider the two cases, 1/2 <a < 1land 0 < a < 1/2.
Firstly, for 1/2 < a < 1, we have

N/2 N/2 1 1
o [T
(W) 2 M“‘x)h A (divo +y)**

L,k
:n>€>k’>0
o W) L1 1 (M) 11 1
= (1 _ 2@)2 7 dZOc 1 d@ y d?oz 1 = (1 o 20()2 Py d2a 1 dzo’;/ 1 d?oz 1
m>>k'>0 m>>k'>0

B (No(él))(ﬁa—B)/a—S 1 1 1

(1-2a)? oAy Ry

m>L>k'>0
\1-3/a (7 2 ~ 2 H)\—2—-2/«
(No([ ) / (U2a71) _ (u2a71> (No(é )) / _ O(N(2+2a)(a71))nlf2a’ (647)

(1—20)2 a%"  (1—-2a)2 n2al

where to derive the last line, we use Lemma 6. Secondly, for 0 < o < 1/2, we have

N/2 N/2 1 1
NP
(Ne) 2 / / €+x)2adzk'(dk’0+y)

LK

:n>€>k’>0

- (N5 1 1 1
(1 —-2a)? e (N/2 + dpg)?* 1 dfy (dp o + N/2)201

m>0>k'>0
_ NI 1 1 1

(L=20)* 77 (dngnye)®*  dip (dy —nj2)* !

m>0>k'>0
- (No(él))(Goz—S)/oa—B 1 1 1
T (1202 ww (dopnyae)® ! dzz'_l (dgr,—ny2)? !

m>0>k'>0
< (Nél))lfk%/a (a2 —1)2 _ (aQa—l)z (Ncgl))72i2/a _ O(N—Za(l—a)—l) (648)
— (1-2a)? 42! (1—2a)2 N2l ’ o
/2,—N/2

129



where in the last inequality, we also use Lemma 6. From (6.4.7) and (6.4.8), for a # 1/2, the
case (2) in Fig.5.3 does not contribute to the leading term for (J°Js) compared to (6.4.3).

From (6.4.3), (6.4.7) and (6.4.8), we finally obtain the following upper bound for |( 7 J3)]|
in the case a # 1/2:

(T2 T5) < O1). (6.4.9)

]

6.5 Higher dimensional case

Theorem 6 also holds in higher spatial dimensions. We therefore proceed to analyze a generic
D-dimensional lattice consisting of N” sites. We focus on energy and spin diffusion that
propagates isotropically in concentric patterns, and characterize the transport by the mean
square displacement o(t) defined in Eq. (5.6.5). When the diffusion is normal, this quantity
gives rise to the diffusion constant ©®“ and the associated total current correlation function
C](\?’D) (t) (a = s,€) through the Green-Kubo formula (4.6.2) and (5.6.6). Within this frame-
work, we establish the following theorem, which provides an upper bound on the equal-time
total current correlation C’](\?’D) (0).

Theorem 8. In D (> 2)-dimensional long-range interacting spin systems with the Kac factor,
satisfying 0 < o < D, a # D/2, a # (D 4+ 1)/2, and B < B., including the one-dimensional
realization given in Eq. (6.1.2), the equal-time total current correlation C](\?’D)(O) (a = s,¢)
remains finite.

6.6 Proof of Theorem 8

Proof of Theorem §8. In the following, we provide the proof only for the spin current. The
corresponding statement for the energy current can be established in an entirely analogous

manner.
C](\?’D) (0) is described as follows:

D
s,D — 5,8 5,8
CNP0) = NS (g0 gy, (6.6.1)
=1 n;

where \775;"2_1 is the spin current in i-th direction, which corresponds to (5.7.2) under replac-
ing d; ; to JM. Therefore, by applying Theorem 6 and Lemma 6 instead of Theorem 1 and
Lemma 4, a similar argument can be developed to the proof of Theorem 3. In the same way
as (5.7.4), we obtain the upper bound for the current correlation, except for the case (2) in
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Fig.5.3 as follows:
1

(T T )

<0O(1 < 6.6.2
except Fig.5.3(2) — ( >kk2;n dl?%’ ( )
E’:CZZOZ 7

For D > 2, the right-handed side of (6.6.2) is upper-bounded as
> = (N2 Y0

2 2a
kk‘lznl dk,f’ k::kizni dk7€,
£':4,<0 £':4,<0

1 1

N/2 20/2
< (NPH=2 / o daidy; T / dwkdyk{ — )2+ (z;—y;) }
Z<0 k#i J#i
N/2

<Tpa(WP)2 [

~N/2

dDilu/ >n; dx; dyl/ AP { (i — yi)* + €2}~ 22

y<0
p_1B(B2 a— 21 N/2
< 1D ( 227 )(N(D) 2ND—1/ drdy(n; + x + y)P-1-2%
0

(N PHZ2 NP1 bH=2a - for (D4 1)/2 <a < D
IV (NP2 N2D—2e for 0 <o < (D+1)/2, a# D/2

< (6.6.3)

where u; = (z; 4+ y;)/2 for j # i, & == {Z;u(z; + y;)?}% Tp_y is the coefficient of
(D — 2)-dimensional spherical surface area, B(z,y) is the Beta function, and we denote
I"'=Tp_1B(Zt,a— 221)/(2(D — 2a)(D + 1 — 2a)).

From (6.6.3), in both cases (D +1)/2 <a < D and a < (D +1)/2, a # D/2, we obtain

the following upper bound for C’J(VS’D)(O), except for the case (2) in Fig.5.3 :

v ()

except Fig.5. 3(2) - 1 i Z Z ‘< éj;z 0(|Sjl)>

=1 n;

<O(N*P)y+0(1) = 0(1), (6.6.4)

except Fig.5.3(2)

where we use N{P) = O(NP~%) and D > 2.
Next, we consider the contribution of case (2) in Fig. 5.3. Similarly to (5.7.6), we obtain
the following upper bound for the current correlation for case (2) in Fig. 5.3:

1 1 1

<0O(1) E —— =
. = 2 2a0 )
Fig.5.3(2) ey dlﬁz dg‘k, d T

(Tainaada)]

(6.6.5)

where we take the summation over {k, £, k', €'} such that we construct closed loop for (k, £)
and (k',£'), and they are connected by a single edge. Therefore, it satisfies that k; > n; > ¢;
and k] > 0> 0.

Firstly, we evaluate the sum over k,£. For the sum over k, the following inequality is
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obtained:

1 1
— — (D)y—2 _—
> Lower oy L
k:(kifni)(éifm)go k.2 k:(kifm)(éifm)go k.
1

< (ND) —2/ Ak
< Wa™) (ki—na)(ti—ni)<0 (ki = G)2 + X (k; — ;)2 }20/?

00 1

S A Ly A (evpew e
1

< TN /(lﬁ__m)(&_m)<0 dk; (k; — €;)20=D+1

N/2 1
< F”(NOED))J/O dx(x + n; — £;)20-DF1
) F/,/(NC(!D))_2W _ F”/(Nc(uD))_2di%£D for D/2 < a < D,
T g T e fr0za <Dl

(6.6.6)

where IV = Tp_1B(251 0 — 221)/2, T =T /(2a — D). For D/2 < o < D, we denote 7,
as the foot of the perpendicular drop from £ to the hyperplane x; = n;, as in the leftmost
part of Fig. 5.9. On the other hand, for 0 < a < D/2, we define ny + IN/2 as the point
obtained by extending the perpendicular drop from £ to the plane z; = n; by an additional
distance N/2.

Similarly, for the sum over £, the following inequality is obtained:

1

! F”’(/\/O(CD))*QW for D/2 < a < D,
Y o< . "’kl’ (6.6.7)
exe<o Qi e I"WNPHY2—— for0<a<D/2
k',0, —N/2

where for D/2 < a < D, we denote 0y as the foot of the perpendicular drop from k' to the
hyperplane z; = 0, as in the leftmost part of Fig. 5.9. For 0 < a < D/2, we also denote
0 — IN/2 as the point obtained by extending the perpendicular drop from k' to the plane
z; = 0 by an additional distance N/2.

Substituting (6.6.6) and (6.6.7) into (6.6.5), we obtain the upper bound for D/2 < v < D
as follows:

1 1 1

(s,9) (5,%) < (T")2(N(P))—5
_ 1 1 1
S <F///)2(N0(4D)> ° Z 2a—D an—D d?a—D' (668>
Lk Y'ngl L.k’ k@(‘)k,
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For 0 < o < D/2, we also obtain the following upper bound:

, ; 1 1 1
jrfs’;),ljo(sill) . S (F,//)Q(NO(zD))_5 Z 200—D e} a—D
‘< ilni | >HF1g.5.3(2) K dﬁg+N/2,e d@,k’ di’,(_)k/—N/Q
_ 1 1 1
< (F//I)Q(NO(zD)> ° Z d2a—D d2a—D d2a—D ' (669>
Lk “ng+N/2.8 VLK k0, —N/2

Next, to further evaluate the upper bound (6.6.8) and (6.6.9), we present the following
lemma, which corresponds to Lemma 5 by replacing d; ; with d; ;.

Lemma 7. Consider t,3 depend on k, and assume that u; := Y 1/02131'(1@) < oo and uj =

Yok 1/J,§j(k) < o0 hold. Under the condition 0 < o < D, we obtain the following inequality:
< ==, (6.6.10)

2. .

v ditkyk Gy e 4G5

1 1

ja . e = . 9ga—1(7 =
where d; 5 = sup iy i(yr and Ug := 297 1(U; + uy).

Proof of Lemma 7.

¥ = W)Y - )y L S
e itk D g % Qi) 1o Do) k. Qik).jik) Yi(k) kCk.j (k)
o 1 (dir) & + i)™ o 5 1 iy e T Ahejh
< (NéD)) 2dTZ (dri " J(k) <2 1<N(£D)) 2dTZ éa) . J(k)
ij K a(k),k Uk i (k) ik Qik) k%K)
1 1 1
— 20471 Z ( +
(D) 0 (D) ;0 (D) o
Na d;’.; k Na dz(k)k Na dk](k)
1 1 1 i,
Y < e — > = o (6.6.11)
05k Mgk g ;s

Here, we use {(z+1y)/2}* < (z*+y®*)/2 , following from the convexity of f(z) = x* and the
convexity inequality. O

Firstly, we consider the case D/2 < o« < D. Applying Lemma 7 to (6.6.8), we obtain the
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following upper bound:
(s,2) (s,2)
‘<‘7m\m—1‘70\—1>‘ Fig.5.3(2)
1 1 1

S (F///)2<N(£D))_52d%a—D —D d2a_D

d2a —
Lk Tngl VLK k,0,/
— (" 2 N(D) (6a—3D)/a—5 1 1 1
_( ) ( @ ) Z CZ2a—D CZQa—D CZQa;D
Lk Yng.l Lk’ k',0,,
1 22a—D—1 1

d?a;D (UQO‘_D + uﬁlﬂ) sup CZQO(—D
k' %0, L Qp, g

b _ _ aD/a 1 1
— 22a D I(F///)Z(U2a—D + uﬁk)(No(éD))l 3D/ Z
k/

< (F///)Q(N(D))l—:’;D/a Z

[0}

720—D F2a—D
Qs i T,

1
7200—D
dﬁk/,()k/

S 22(2a_D_1)(F/”)2(ﬁ2a—D + ﬂﬁk)(a()k/ + aﬁk/)(-/\/:)(cD))l_SD/a sup
k/

(D))—(2a—D)/a
— O(1>(NCED))1—3D/Q (Na )2a7D _ (/)(1)(./\/’(D))—1—2D/ozniD—2o¢7 (6612)
n:

)

where usn,, = > ,dP2% < oo for o < D . Furthermore, let ng be the ng that satisfies
k k nk/,k

SUpPy/ dgj,g% = J,ffj,g*, As shown on the far right of Fig. 5.9, ny coincides with the foot of
the perpendicular dropped from k' to the hyperplane x; = n;. The condition of Lemma 5 is
satisfied, as ug,, = Xp J(—i:i?‘ < 0o and Uz, = >k cz,i:icf < 00.

Secondly, we consider the case 0 < a < D/2. Using the Lemma 7 and (6.6.9), we obtain

the following upper bound:

‘ <‘77§S\7ZL)—1‘70(\S—21) > ‘ Fig.5.3(2)

_ 1 1 1
S (F”/)2(NO(4D)) 52 d%oz—D d2cx—D d2cx—D

ek’ Ya,N/2.0 Yk Y0, —N/2

1 1 1
2 D)\ (6a—3D)/a—5
- (IW) (No(z ))( )/ Z an—D CZQa—D CZQa—D
Lk Yryr N/2.0 QoK k.0, —N/2
_3D/a 1 D1/~ _ 1
S (F///)Q(NOED))l 3D/ Z JQQ_D 22 D 1(U2a—D + Uﬁe)Sup -
K Y0, —N/2 L Op,  N/2, K/

1 1
_ QQQ_D_l(F”/)Q(fLQa—D + ﬂﬁk)(No(tD))l_SD/a Z J?a—D CZQQ—D

k' Qa1+ N2k Qa6 —NJ2
< DO DD i1y, -+ T ), -+ T SN s0p =
k' O+ N/2,0, — N2

= O()NP) 2P/ - N)P=22 (6.6.13)

1

(NO(CD))7(2a7D)/a
(ni + N)ro—D

— O(l)(N(D))1—3D/a
From (6.6.12) and (6.6.13), in both cases 0 < a < D/2 and D/2 < o < D, we obtain the
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following upper bound for C’](\f’D)(O), for case (2) in Fig.5.3:

R (0)

D . .
Fig.5.3(2) < NP ;; ’<‘77§j|777;)i_1 0(|8—711)>’

< O(N'-e2PW0=e)fey 1 O(1) = O(1), (6.6.14)

Fig.5.3(2)

for D > 2.

From (6.6.4) and (6.6.14), we finally obtain that the equal-time total spin current corre-
lation C’]((;’D) (0) is finite in the thermodynamic limit:

e ?(0)] < 0(1). (6.6.15)
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Chapter 7

Conclusion

In this thesis, we have investigated the nature of energy and spin diffusion in long-range
interacting spin systems.

Our analysis has focused on several prototypical models: the transverse Ising model and
the XYZ model for energy transport, and the XXZ model for spin transport. These models
are defined on a D-dimensional lattice with an interaction exponent v > D, which ensures
thermodynamic extensivity.

In one-dimensional systems, we have demonstrated that both normal and anomalous
diffusion can occur. We have shown that the anomalous regime originates from an anomalous
enhancement in the amplitude of equal-time current correlations.

To analyze such equal-time current correlations, we introduced the cumulant power-law
clustering theorem (Theorem 1). This theorem extends the conventional clustering property
to higher-order cumulants and is applicable to long-range interacting spin systems defined
on D-dimensional lattices.

By applying the cumulant power-law clustering theorem to equal-time current correla-
tions, we established a series of rigorous results that lead to a unified conclusion (Theorems 2
and 4): in one dimension, a sufficient condition for energy and spin diffusion to be normal is
a > 3/2, independently of the specific model or choice of parameters.

Furthermore, we constructed a theoretical framework of fluctuating hydrodynamics for
long-range interacting systems (Sec. 3.2), which provides an effective description of the
anomalous regime. Within this framework, the emergence of Lévy diffusion for a < 3/2
is consistently captured, indicating that the above condition is optimal.

In higher dimensions, D > 2, our results show that diffusion remains normal whenever
a > D, which is the threshold required for thermodynamic extensivity (Theorems 3 and 5).

We have also addressed energy and spin diffusion in the strongly long-range interacting
regime 0 < o < D by introducing the Kac factor. In this setting, results analogous to the
cumulant power-law clustering theorem can still be established (Theorem 6), allowing us to
employ essentially the same mathematical techniques as in the weak long-range regime. In
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one-dimensional systems, the equal-time current correlations are shown to be upper-bounded
by a constant independent of the separation n (Theorem 7). In higher dimensions, the
corresponding equal-time total current correlations are likewise proven to converge to finite
values in the thermodynamic limit (Theorem 8).

On the other hand, the convergence of the time integral appearing in the Green-Kubo
formula, as well as the system-size dependence of the associated relaxation time, remains
poorly understood in this regime. Numerical studies are strongly affected by finite-size effects,
making it difficult to reliably extract the asymptotic behavior. Consequently, the physical
implications of the rigorous upper bounds obtained for current correlations in the strongly
long-range interacting regime have yet to be fully clarified.

Overall, our analysis provides a systematic and exact framework for the study of transport
phenomena in long-range interacting spin systems.

It would be of interest to extend this exact framework to energy transport in spring—
particle systems with long-range interactions, as briefly discussed in Sec. 1.4. The behavior
of energy and spin diffusion in the regime o < D, both with and without the Kac factor,
remains an open problem. Moreover, the cumulant power-law clustering theorem is valid for
quantum systems as well, and it is therefore intriguing to examine whether similar diffusive
phenomena arise in the quantum setting.

In deriving Theorem 1, we relied on the finiteness of the one-site energy (gu < oo and
|Ox;|| < o0). As a consequence, the theorem is not directly applicable to systems with
unbounded local variables, namely those with gu — oo and [|Ox;|| — co. Energy diffusion
in systems with unbounded degrees of freedom, such as bosonic lattice models, therefore
remains an important open problem.
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Chapter A

Energy Diffusion in the Long-range
Interacting XY Model

In this chapter, we present rigorous results on the upper bounds for energy current correla-
tions in the context of energy diffusion in the long-range interacting XY model. Although
these results are already contained in Theorem 2 and 3, which address the more general XYZ
model, the XY case admits a substantially simpler diagrammatic computation compared to
the XYZ model. For this reason, we include the analysis of the XY model in this chapter as
an appendix.

A.1 Upper bound for the equal-time energy current
correlation in one dimension

In this section, we consider the one-dimensional long-range interacting XY model, which is
described by the following Hamiltonian

N sesE SySY
ZZ[ 4, ;ﬂ. (A.1)
n=1r=1 r
The local energy at site n is defined as
N/2 g0 go g9 g0
:_ZZ [ n n—H“ n;r]7 (AQ)
r=1o0=zy r
and satisfies the following continuity equations
Oy = —(TSp1 — T, (A.3)
Ti=— 2 ti (A.4)
i>n,j<n
|i—j|<N/2
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o ¢
The energy transmission operator &, ; is defined as

SSYS?
Eap a2 (A.5)
4 Z dg,cdb,c

m=1 {a,b,c}={i,j,m}

where €4, is defined as follows:

~ _l_l’ for (a7b’C): (i’j’m)7(m’j’i)7(i’m7j)7
Eabe — (A6)

_17 for (a,b,c):(j,i,m),(j,m,i),(m,ij),

Note that &, is different from Levi-Civita symbols.
From the symmetry of the Hamiltonian, we note that the following properties hold

(S7) = (5/) = (57) =0, (A.7)
(S787) = 6,7 (S7S7) (A8)
(5:8:0) = 6,5 ((5)0), (A.9)

fori,j=1,..,n and 0,7 € {z,y,z}. The relation (A.7), (A.8) is shown from the fact that
the Hamiltonian is invariant to the canonical transformation (S¢, ST, SY) — (S7,—ST, —SY)
for {o,7,v} = {z,y,2} and i = 1,..., N. The relation (A.9) is derived from the absence of
components 57 in the Hamiltonian.

Using these properties and Theorem 1, we establish the XY case of Theorem 2:

Theorem A.1. In the one-dimensional long-range interacting XY model, under the condition
B < B, the equal-time current correlation is upper-bounded as

(TaT5)| < Cin?72, (A.10)
for a > 1.

Proof. The equal-time current correlation (J<Jg) is given as follows:

Y T3y . (STSYSESTSYSE)
<jn\70> = Z Z Z 16y Z EabcEalb' ¢! do 204 de o
lzzn IZ’Z(()) m,m/=1 {{cz,b,c{:?]z,éém}} a,cb,c™a’ .Y !
n ¢ < a' W, y={k' &' m'
N2 o S7.SY 5% SY (S22
- Z Z Z 16y Z gabcga’b’c’(sc,c’< C(lla bdaada (d;) > (All)
k>n k'>0 m,m/=1 {a,b,c}={k,l,m} a,c™b,c™a .V e
l<n ¢'<0 {a' W & Y={k' .0/ m'}

where we use the relation (A.9). The term 1/(d§ .dj.d% dp ) in (A.11) is illustrated dia-

/
b,c%a’,

grammatically in Fig. A.1.
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Figure A.1: The diagrammatic representation of the term d¢d, *d,%d,% in (A.11). [This

b,c “a’,c

figure is reproduced with permission from H. Nishikawa and K. Saito, Phys. Rev. Lett. 135,
141702 (2025), Copyrighted by the American Physical Society.]

The 5-body correlation (S%SyS% S5 (S57)?) can be decomposed into cumulant products as
follows:

(ST SYSESH(S2)?) = (STSSSH(S2) e + (STSYSSH), ((52)7)
+ (8755 (S2)%) (SYShY. + (S2S5). (SYSy(S2)”) + (SiSa). (SySp). ((S2)%)

(A.12)
where we use the relation (A.7), (A.8). Next, we use Theorem 1 as follows:
X xr z X z 1
(eSS SH(SE) e < allSal- IS 22— (A.13)
{J1,0js}= d1:J27""jasds
{a,b,a’ b/ ,c}
:connected
xX €T X 1
(Se5ySaSHe < Al S A Y (A1)
{J1yeensjat=J1:J2 J2,J3 3,4
{a,b,a’ b’}
:connected
g g z g g z 1
(82.55,(52%), < callSTINSTMESD ¥ (A.15)
{j1.J2,g3}= "J1:32732,]3
{i1,42,c}
:connected
o o [ea o 1
(57.59) < el SIS (A16)

where 3"¢;, ;.1 denotes taking the summation over the vertices, which are connected from j;
:connected

to jm along the Hamilton path. By using (A.13) - (A.16), we obtain the following inequality
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for [(T;T5)1:

€ 7€ al Jﬂ?J; 68,0/
|<‘-7n‘-70>‘§22 Z 16 Z de de d¢ o
k>n k' >0 m,m/=1 {a,b,c}={k,l,m} “a,c”b,ca’,c?V c
<n ¢'<0 {a' W, y={k' £ m'}

x $ [(S2SYS5.55(52)%)e

+ |(S7SyS5SH). ((S2)7)| + [ (SES5.(52)%)_(StSp).

+ (S5m0 (STSH(SE)?) | + |(S7S%). (SSh). <<ss>2>!}

N T2 Ot
cyy oy By e
k>n k'>0m,m/=1 {a,b,c}={k,t,m} “'a,c”b,ca’,c™V c
<n ¢'<0 {a' b, }={k" £/ ,;m'}

C C
o

{i1,..i5}= 1,82" " id,l5 {i1,.ia}= 11,02 12,03 13,i4
{a7b7a/7bl7c} {a7b7a,7b,}
:connected :connected
23 cy (c4)?
T Z Z a Jo o + d® ,d% (A.17)
{i1,iay={a,b,a’ '} {j1,42,d3}= ~J1:32 "J2:J3 13,14 a,a’""bb’

{i1,i2}={a,a’},{b,b'} {i1,iz,c}

:connected

Let us first consider the contribution of the first term in (A.17):

N J2J? J,
zy c,c/ 1
Z Z Z 16 Z de d¢ d% o Z de . a (A18>
k>nk'>0 mm/=1 {a,b,c}={k,t,m} a,cb,cal e e {4, ig}= Ti1i2T id,is
£<n ' <0 {a' b, }={kK &' ,;m'} {a,b,a’ b/ ,c}

:connected

Fig. A.2 enumerates all possible cases of clustering linkages in (A.18) and illustrates the
derivation of the upper bound for each case. Here, diagrams with identical topology are
regarded as equivalent.

Corresponding to the case (1) in Fig. A.2, we obtain the following upper bound of the
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| N

) < < << >
A k

Figure A.2: The diagrammatic derivation for the upper bound of the contribution of the first
term in (A.17). [This figure is reproduced with permission from H. Nishikawa and K. Saito,
Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.]

contribution to (J;J;s):

N 2 72
Y oy By D M—
16 d® d% d% d% o o d% .
k>n k'>0m,m/=1 {a,b,c}={k,,m} a,c”b,ca . e {ig,.ig}= T Ci2 2,837 4,5
L<n ¢'<0 {a' b,/ }={K",&',;m'} {a,b,a’ '}
:connected
N o J2J? 0,
vy c,c/ (&1
S22 2 e X a2 T g
k>n k'>0m,m/=1 {ab,c}={k,;m} “a,cb,ca,cTV i {ig,.. i5}= 02,13 Via,i5
L<n ¢'<0 {a' b,/ }={K" &' ,;m'} {a,b,a’ '}
:connected
N J2J2 N 5
C
zy c,c't1
syy y ooy oy oy o e
k>n k’20m,m’:1 {a,b,c}:{k,[,m} =1 {ig,...ig,}: 12,83 7/13,C 7 C,04 7 ia,i5 i5,c Ve ig
4<n /<0 {a’ b, Y={K ' m'} {a,b,a’,b"}
:connected
J2J2 1
zy 4 (1),,2—2a
< 16 U 012 Pa < cYn , (A.19)
k>n Okt
<0

where ¢V = (J2J2/16)u'cy /{(1 — 20)(2 — 20v) }.
Corresponding to the case (2) in Fig. A.2, we similarly obtain the following upper bound
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of the contribution to (J<Jg):

N g2 S ¢
Sy oy By e e
k>n k'>0 m,m’=1 {a,b,c}={k,L,m} a,c”b,cal . {iy,ig,ig,05 = 11,C7Ci3 13,04 14,15
£<n ¢'<0 {a' b, }={k'£';m'} {a,b,a’ b’}

:connected
N2 J 2 0,
c,c! C1
<Y Y Y ) L —
k>n k'>0m,m/=1 {a,b,c}={k,;m}  {i1,iz,ia,i5}= " 11,C"12,¢714,C7"i5,C i1,¢7i3,14 4,5
£<n ' <0 {a' b ' }={k' ' m'} {ab,a’ b’}
:connected
N J2J2 N 5
¢, C1
D S S D X A oy
k>n k'>0m,m/=1 {a,bcy={k,t;m} =1 {i1,i3,ia,i5}= —1,C Cla 12,03 13,04 " ia,c" 7"
£<n <0 {a’ b, y={K' 0/ ,m'} {a,b,a’ b'}
:connected
J2J?
< ZmW A Z (D220 (A.20)
6 k>n k7£l
7'<0

Corresponding to the case (3) in Fig. A.2, we similarly obtain the following upper bound
of the contribution to (J<Jg):

N 2 72
Sy oy By ) )

, 16 - do dgde, dg A de . de do, de
k>n k'>0m,m {a,b,c}={k,t,m} c a e ¢ {i1,i2,ia,i5}= 1,827 12,c70C,04 Vg, i5
<n /<0 {a' b, }={k'" ', m'} {a,b,a’ b’}

:connected
N J2J2 0,
c,c! C1
<22 > 5 > oyl D
k>n k'>0m,m’'=1 {a,b,c}={k,tym} “a,cbcal .V e {iy i, iayis}= 02 4,05
£<n ¢'<0 {a' V' }={k &' ;m'} {a,b,a’ b’}
:connected
N J2J2 N 5
c,c'C1
SES LA Yy Y et
k>n k>0 m,m/=1 {a,b,c}={kbm} "=1 {i1,iz,ia,i5}= 11 si2 Tig,etiey i igyis s, el
£<n <0 {a’ b, y={K' ' ,m'} {a,b,a’ b'}
:connected
J2J? 1
< 2V Z —— < cMp2—2a (A.21)
16 an dk,,gl
<0

From the above case analysis, we obtain the following upper bound for the contribution
from the first term in Fig. A.2:

N J2J2 Oc.c!
C1
>0 > > Y e <3 (A22)
16 de do de de de . Je
k>n k>0 m,m/=1 {a,b,c}={k,t,;m} cb,cPal e e {iy,..05)= " i1s827 iyl
L<n <0 {a' b,/ }={K" &' ;m'} {a,b,a’ b/ ,c}

:connected
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Next, let us consider the contribution of the second term in (A.17):

N J2J? 0,
vy c,c/ C2
Z Z Z 16 Z de de do [o" Z de [e] o (A23>
k>n k'>0m,m/=1 {ab,c}={ktm} Ta,cTbcTa,cPV e {iy,. ig}= "i1,02 2,03 3,04
L<n ¢'<0 {a' b ' }={kK' ' ,m'} {a,b,a’ b’}

:connected

Fig. A.3 illustrates the method of clustering linkage in (A.23), which, when considering
graphs with equivalent topology as identical, is restricted to a single case. Furthermore, it
shows the derivation of the upper bound for this case.

XXX

Figure A.3: The diagrammatic derivation for the upper bound of the contribution of the
second term in (A.17). [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

In this case, we obtain the following upper bound of the contribution to (J<Js):

2 72
vy » v g
16 de de do o ] . de « %
E>n k' >0 m,m/=1 {a,b,c}={k,t,m} a,cb,cal b e {ig,.ig )= 1,02 12,03 73,104
4<n /<0 {a' b, }={k' ' ;m'} {a,b,a’ '}
:connected
N J2J2 50 . s
< Z Z Z Z de de de « Z d® . 2
E>n k' >0 m,m/=1 {a,b,c}={k,t,m} a,c”b,c?a .U e {iq,.ig )= 1,02 13,04
<n ¢'<0 {a' b, }={K" &' ,;m'} {a,b,a’ '}
:connected
N2 N St Co
< Z Z Z 1 Z Z Z dOé d()é dOé da dOc d
k>n k>0 m,m/=1 {a,b,cy={k,t;m} =1 {i1,...ig}= ~t1,82 "i2,c7"C,i3 3,04 i, ! i
€<TL £l<0 {alablzcl}:{k/7£lvml} {a7b7al7bl}
:connected
J§J2
< y wley 3 d n?-2e (A.24)
k>n “kt
<0

where ¢ = (J2J2/16)u’c; /{(1 — 20)(2 — 2av)}.
Next, let us consider the contribution of the third term in (A.17):

Z Z i J2J2 Z 5c,c’ Z Z 203 Cy
16 da o dJo e a de
k>n k>0 m,m’=1 {a,b,c}={k,L,m} bcPal,c™b e {4y, i )= {a ba' b’} {j1,52,j3}= ~J1:J2 ]2 3 73,04
€<n 0'<0 {a' V', }={K" 0/ ,m'} {i1,i2}={a,a’}, {b b’} {i1,i2,c}
:connected
(A.25)
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XXX

Figure A.4: The diagrammatic derivation for the upper bound of the contribution of the
third term in (A.17). [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

Fig. A.4 illustrates the method of clustering linkage in (A.25), which, when considering graphs
with equivalent topology as identical, is restricted to a single case. Furthermore, it shows
the derivation of the upper bound for this case.

In this case, we similarly obtain the following upper bound of the contribution to (J<J¢):

N 2 72
Yy oy By Jee >y e o
. 2o TG £ do dp do, do / o e
k>n k'>0 m,m/=1 {a,b,c}={k,t,m} a,c?b,c?al, T e {iq,..,ia}={a,b,a’ b’} {j1.2,j3}= I1:J2 ]2 13 3,04
4<n /<0 {a' b, }={kK' ' ;m'} {i1,i2}={a,a’},{bb'} {i1,i2,c}
:connected
N o J2J? 0 2
zy c,c! C3 (4

Yy i oy e g 2o

k>n k'>0 m,m/=1 {a,b,c}={k,l,m} a,c™b,c™al eV e {4y, igy={a,b,a’ b/} 102 i3,ig

<n /<0 {a' b ,c'}={k" ' ;m'} {i1,i2}={a,a’},{b,b'}

N J2J2 N )
c,c’C3C4

S ol D D O N T

E>n k>0 m,m'=1 {ab,c}={k,t;m}  "=1 {i1,...ig}= "i1,02 "02,C7C,i37"i3,14 " ig,c” "

£<n ¢'<0 {a' b,/ }={K" &' ;m'} {a,b,a’ b’}

:connected
J2J2
2 2a
utesey > = d ; (A.26)
k>n “kt
<0

where ¢® = (J2J2/16)u’cseq/{(1 — 20)(2 — 2av)}.
Lastly, let us consider the contribution of the fourth term in (A.17):

vy vy 2y by _{es) (a2
k>n k'>0m,m/=1 16 {a,b,c}={k,,;m} dg,c (C)Y,c g/,c /¢ dg a’ db v
Z<TL Z/<0 {a/7blvc/}:{k/7zl7m/}

Fig. A.5 illustrates the method of clustering linkage in (A.27), which, when considering graphs
with equivalent topology as identical, is restricted to a single case. Furthermore, it shows
the derivation of the upper bound for this case.
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IA

<O
A k

Figure A.5: The diagrammatic derivation for the upper bound of the contribution of the
fourth term in (A.17). [This figure is reproduced with permission from H. Nishikawa and K.
Saito, Phys. Rev. Lett. 135, 141702 (2025), Copyrighted by the American Physical Society.|

We similarly obtain the following upper bound of the contribution to (J<J):

N 2 72
>y oy Ly e _le)
k>n k'>0 m,m/=1 16 {a,b,c}y={k,l,m} dﬁ,cdicdif,cdi‘,c dé’iwdib/
£<n ¢'<0 {a' b ' }={K' ' ;m'}
N J2J2 N 5 (C )2
zy c,c/\t4
cyy oy ey e telel
k>n k'>0m,m’'=1 {a,b,c}={k,Ly;m} =1 "a,a’"a’,ce,b’ 7V b, e a
4<n ¢'<0 {a' b ' }={k' &' ,m'}
J2J? 1
< ptutle)® Y e <t (A.28)
16 an dk‘,f/
<0

where ¢ = (J2J2/16)u*(cq)?/{(1 — 20)(2 — 200 }.
From (A.22), (A.24), (A.26), (A.28), we demonstrate that all terms in (A.17) can be
bounded as follows:

(TsT5) < Cin®72, (A.29)

where C; = 3¢ + ¢®@ + ¢ 4+ @ Thus, we establish the claims of the theorem. O

A.2 Upper bound for the equal-time total energy cur-
rent correlation in higher dimensions

We consider the D dimensional long-range interacting XY model, which is described by the
following Hamiltonian

STST SYSY
H=-Y L2 4,200 (B.1)
izt i di';
The local energy at site n is defined as
o SoS57
D S P (B2)
]?én o=,y 2 dn’J
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and the current jTE_E’i) is described as follows

zlni_l
jrgieffz)i—l == > tlkes (B.3)
k:k;>n;
Ll <n;
7 7 JacJ . Sf;SySﬁ
toee = {hi, he} = 1 z > Cabe gy fi“ ; (B.4)
m {a,b,c}={k,t,m} a,c”b,c

where 3>, ¢ peuz is defined as sums over all circular permutation of the variables (z,y, z), and
Eabe 18 defined as follows:

_ +1, for (a,b,c) = (k,£,m),(m, L, k), (k,m,£),
Eabe = (B5)

-1, for (a,b,c) = (£,k,m),(£,m. k), (m,k,£).
Note that E4pc is different from Levi-Civita symbols.

Theorem A.2. In the D-dimensional long-range interacting XY model, under the condition
a>D/2+1, a>D and § < f,, C'](VD) (0) converges to the finite value independent of the
system size N. It immediately follows that C’](VD) (0) is finite as long as a > D.

Proof. In exactly the same manner as the one-dimensional case, utilizing Theorem 1 and
the symmetry derived from the Hamiltonian, the following upper bound for the current
correlation can be obtained:

1

(Tinadi) <o) 3 o (B.6)
k:ki>n; kY
E’:€;<O

Thus, in exactly the same manner as Theorem 3.1, we establish the claim of the theorem.
O

147



Bibliography

[1]
2]

3]

A. Campa, T. Dauxois, and S. Ruffo, Phys. Rep. 480, 57 (2009).

A. Campa, T. Dauxois, D. Fanelli, and S. Ruffo, Physics of long-range interacting
systems (OUP Oxford, 2014).

N. Defenu, T. Donner, T. Macri, G. Pagano, S. Ruffo, and A. Trombettoni, Rev. Mod.
Phys. 95, 035002 (2023).

L. Beguin, A. Vernier, R. Chicireanu, T. Lahaye, and A. Browaeys, arXiv preprint
arXiv:1302.4262 (2013).

M. Saffman, T. G. Walker, and K. Mglmer, Rev. Mod. Phys. 82, 2313 (2010).

C. S. Adams, J. D. Pritchard, and J. P. Shaffer, J. Phys. B: At. Mol. Opt. Phys. 53,
012002 (2019).

H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran, H. Pichler, S. Choi, A. S.
Zibrov, M. Endres, M. Greiner, et al., Nature 551, 579 (2017), article.

B. Yan, S. A. Moses, B. Gadway, J. P. Covey, K. R. Hazzard, A. M. Rey, D. S. Jin,
and J. Ye, Nature 501, 521 (2013).

M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A. Sen(De), and U. Sen, Adv.
Phys. 56, 243 (2007).

[. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885 (2008).

C. D. Bruzewicz, J. Chiaverini, R. McConnell, and J. M. Sage, Appl. Phys. Rev. 6
(2019).

J. W. Britton, B. C. Sawyer, A. C. Keith, C.-C. J. Wang, J. K. Freericks, H. Uys, M. J.
Biercuk, and J. J. Bollinger, Nature 484, 489 (2012).

P. Richerme, Z.-X. Gong, A. Lee, C. Senko, J. Smith, M. Foss-Feig, S. Michalakis,
A. V. Gorshkov, and C. Monroe, Nature 511, 198 (2014).

148


https://www.sciencedirect.com/science/article/abs/pii/S0370157309001586
https://academic.oup.com/book/11588
https://academic.oup.com/book/11588
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.82.2313
https://doi.org/10.1038/nature24622
https://doi.org/10.1038/nature12483
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1103/RevModPhys.80.885
https://pubs.aip.org/aip/apr/article-abstract/6/2/021314/570103/Trapped-ion-quantum-computing-Progress-and
https://pubs.aip.org/aip/apr/article-abstract/6/2/021314/570103/Trapped-ion-quantum-computing-Progress-and
https://www.nature.com/articles/nature10981
https://www.nature.com/articles/nature13450

[14]

[15]

P. Jurcevic, B. P. Lanyon, P. Hauke, C. Hempel, P. Zoller, R. Blatt, and C. F. Roos,
Nature 511, 202 (2014).

J. G. Bohnet, B. C. Sawyer, J. W. Britton, M. L. Wall, A. M. Rey, M. Foss-Feig, and
J. J. Bollinger, Science 352, 1297 (2016).

J. Zhang, G. Pagano, P. W. Hess, A. Kyprianidis, P. Becker, H. Kaplan, A. V. Gor-
shkov, Z.-X. Gong, and C. Monroe, Nature 551, 601 (2017).

T. F. Gallagher and P. Pillet, Adv. Atom. Mol. Opt. Phys. 56, 161 (2008).

D. Lynden-Bell, R. Wood, and A. Royal, Monthly Notices of the Royal Astronomical
Society 138, 495 (1968).

P. Hertel and W. Thirring, Ann. phys. 63, 520 (1971).

D. Mukamel, in AIP Conference Proceedings, Vol. 970 (American Institute of Physics,
2008) pp. 22-38.

J. Barré, D. Mukamel, and S. Ruffo, Phys. Rev. Lett. 87, 030601 (2001).
W. Thirring, Z. Phys. A: Hadrons Nucl. 235, 339 (1970).
P. Hertel and W. Thirring, Commun. Math. Phys. 24, 22 (1971).
M. Antoni and A. Torcini, Phys. Rev. E 57, R6233 (1998).
. Latora, A. Rapisarda, and C. Tsallis, Phys. Rev. E 64, 056134 (2001).
. Christodoulidi, C. Tsallis, and T. Bountis, Europhys. Lett. 108, 40006 (2014).
. Torcini and M. Antoni, Phys. Rev. E 59, 2746 (1999).
. Latora, A. Rapisarda, and S. Ruffo, Phys. Rev. Lett. 83, 2104 (1999).

. Latora, A. Rapisarda, and S. Ruffo, Phys. Rev. Lett. 80, 692 (1998).

Vv
H
A
Vv
Vv
C. Anteneodo and C. Tsallis, Phys. Rev. Lett. 80, 5313 (1998).
D. Bagchi and C. Tsallis, Phys. Rev. E 93, 062213 (2016).

T. Mori, Phys. Rev. E 82, 060103 (2010).

T. Mori, Phys. Rev. E 84, 031128 (2011).

T. Mori, J. Stat. Phys. 147, 1020 (2012).

F

. J. Dyson, Commun. Math. Phys. 12, 91 (1969).

149


https://doi.org/10.1038/nature24654
https://www.sciencedirect.com/science/article/abs/pii/S1049250X0800013X
https://doi.org/10.1093/mnras/138.4.495
https://doi.org/10.1093/mnras/138.4.495
https://doi.org/10.1016/0003-4916(71)90025-X
https://doi.org/10.1063/1.2839123
https://doi.org/10.1103/PhysRevE.82.060103
https://doi.org/10.1103/PhysRevE.84.031128
https://doi.org/10.1007/BF01645907

[36]
[37]
[38]
[39]
[40]
[41]

[42]

[43]

[44]
[45]

[46]

[47]

[48]
[49]
[50]
[51]

[52]

[53]
[54]
[55]

[56]

J. M. Kosterlitz, Phys. Rev. Lett. 37, 1577 (1976).

M. E. Fisher, S.-k. Ma, and B. G. Nickel, Phys. Rev. Lett. 29, 917 (1972).

A. Dutta and J. K. Bhattacharjee, Phys. Rev. B 64, 184106 (2001).

S. Fey, S. C. Kapfer, and K. P. Schmidt, Phys. Rev. Lett. 122, 017203 (2019).

T. Kuwahara and K. Saito, Nat. Commun. 11, 4478 (2020).

T. Koffel, M. Lewenstein, and L. Tagliacozzo, Phys. Rev. Lett. 109, 267203 (2012).

D. Vodola, L. Lepori, E. Ercolessi, A. V. Gorshkov, and G. Pupillo, Phys. Rev. Lett.
113, 156402 (2014).

Y. Y. Yamaguchi, J. Barré, F. Bouchet, T. Dauxois, and S. Ruffo, Physica A: Stat.
Mech. Appl. 337, 36 (2004).

T. Kuwahara, New J. Phys. 18, 053034 (2016).
T. Kuwahara and K. Saito, Phys. Rev. X 10, 031010 (2020).

M. C. Tran, A. Y. Guo, A. Deshpande, A. Lucas, and A. V. Gorshkov, Phys. Rev. X
11, 031016 (2021).

M. C. Tran, A. Y. Guo, C. L. Baldwin, A. Ehrenberg, A. V. Gorshkov, and A. Lucas,
Phys. Rev. Lett. 127, 160401 (2021).

T. Kuwahara and K. Saito, Phys. Rev. Lett. 126, 030604 (2021).

G. Bentsen, Y. Gu, and A. Lucas, Proc. Natl. Acad. Sci. 116, 6689 (2019).
C. Olivares and C. Anteneodo, Phys. Rev. E 94, 042117 (2016).

D. Bagchi, Phys. Rev. E 96, 042121 (2017).

S. Tubini, P. Di Cintio, S. Lepri, R. Livi, and L. Casetti, Phys. Rev. E 97, 032102
(2018).

D. Xiong and J. Wang, Phys. Rev. Res. 6, 033191 (2024).
J. Wang, S. V. Dmitriev, and D. Xiong, Phys. Rev. Res. 2, 013179 (2020).
S. Tamaki and K. Saito, Phys. Rev. E 101, 042118 (2020).

F. Andreucci, S. Lepri, C. Mejia-Monasterio, and S. Ruffo, J. Stat. Phys. 192, 8 (2025).

150


https://doi.org/10.1103/PhysRevLett.37.1577
https://doi.org/10.1103/PhysRevLett.29.917
https://doi.org/10.1103/PhysRevB.64.184106
https://doi.org/10.1103/PhysRevLett.122.017203
https://doi.org/10.1038/s41467-020-18055-x
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.109.267203
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.156402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.156402
https://doi.org/10.1016/j.physa.2004.01.041
https://doi.org/10.1016/j.physa.2004.01.041
https://doi.org/10.1088/1367-2630/18/5/053034
https://doi.org/10.1103/PhysRevX.10.031010
https://doi.org/10.1103/PhysRevX.11.031016
https://doi.org/10.1103/PhysRevX.11.031016
https://doi.org/10.1103/PhysRevLett.127.160401
https://doi.org/10.1103/PhysRevLett.126.030604
https://www.pnas.org/doi/abs/10.1073/pnas.1811033116
https://doi.org/10.1103/PhysRevResearch.6.033191
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.101.042118
https://link.springer.com/article/10.1007/s10955-024-03383-9

[57] G. Benenti, D. Donadio, S. Lepri, and R. Livi, La Rivista del Nuovo Cimento 46, 105
(2023).

[58] R. Livi, Physica A: Stat. Mech. Appl. 631, 127779 (2023).

[59] S. Lepri, R. Livi, and A. Politi, Phys. Rep. 377, 1 (2003).

[60] A. Dhar, Adv. Phys. 57, 457 (2008).

[61] H. Spohn, J. Stat. Phys. 154, 1191 (2014).

[62] B. Kloss and Y. Bar Lev, Phys. Rev. A 99, 032114 (2019).

[63] A. Schuckert, I. Lovas, and M. Knap, Phys. Rev. B 101, 020416 (2020).

[64] E. Lieb and D. Robinson, Commun. Math. Phys. 28, 251 (1972).

[65] S. Bravyi, M. B. Hastings, and F. Verstraete, Phys. Rev. Lett. 97, 050401 (2006).
[66] J. Eisert and T. J. Osborne, Phys. Rev. Lett. 97, 150404 (2006).

[67] A. Hamma, F. Markopoulou, I. Prémont-Schwarz, and S. Severini, Phys. Rev. Lett.
102, 017204 (2009).

[68] L. Bonnes, F. H. L. Essler, and A. M. Lauchli, Phys. Rev. Lett. 113, 187203 (2014).

[69] J. Junemann, A. Cadarso, D. Pérez-Garcia, A. Bermudez, and J. J. Garcia-Ripoll,
Phys. Rev. Lett. 111, 230404 (2013).

[70] J.-S. Bernier, R. Tan, L. Bonnes, C. Guo, D. Poletti, and C. Kollath, Phys. Rev. Lett.
120, 020401 (2018).

[71] D. Damanik, M. Lemm, M. Lukic, and W. Yessen, Phys. Rev. Lett. 113, 127202 (2014).
[72] J. Eisert and D. Gross, Phys. Rev. Lett. 102, 240501 (2009).

[73] 1. Prémont-Schwarz, A. Hamma, I. Klich, and F. Markopoulou-Kalamara, Phys. Rev.
A 81, 040102 (2010).

[74] B. Nachtergaele and R. Sims, Commun. Math. Phys. 265, 119 (2006).
[75] M. Hastings and T. Koma, Commun. Math. Phys. 265, 781 (2006).
[76] C. K. Burrell and T. J. Osborne, Phys. Rev. Lett. 99, 167201 (2007).
[77] B. Nachtergaele and R. Sims, Contemp. Math 529, 141 (2010).

[78] D. Poulin, Phys. Rev. Lett. 104, 190401 (2010).

151


https://link.springer.com/article/10.1007/s40766-023-00041-w
https://link.springer.com/article/10.1007/s40766-023-00041-w
https://www.sciencedirect.com/science/article/abs/pii/S0378437122005155
https://doi.org/10.1103/PhysRevA.99.032114
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.020416
https://doi.org/10.1007/BF01645779
https://doi.org/10.1103/PhysRevLett.97.050401
https://doi.org/10.1103/PhysRevLett.97.150404
https://doi.org/10.1103/PhysRevLett.102.017204
https://doi.org/10.1103/PhysRevLett.102.017204
https://doi.org/10.1103/PhysRevLett.113.187203
https://doi.org/10.1103/PhysRevLett.111.230404
https://doi.org/10.1103/PhysRevLett.120.020401
https://doi.org/10.1103/PhysRevLett.120.020401
https://doi.org/10.1103/PhysRevLett.113.127202
https://doi.org/10.1103/PhysRevLett.102.240501
https://doi.org/10.1103/PhysRevA.81.040102
https://doi.org/10.1103/PhysRevA.81.040102
https://doi.org/10.1007/s00220-006-1556-1
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1103/PhysRevLett.99.167201
https://doi.org/10.1103/PhysRevLett.104.190401

[79] N. Schuch, S. K. Harrison, T. J. Osborne, and J. Eisert, Phys. Rev. A 84, 032309
(2011).

[80] I. Prémont-Schwarz and J. Hnybida, Phys. Rev. A 81, 062107 (2010).

[81] M. B. Hastings, Phys. Rev. B 69, 104431 (2004).

[82] M. B. Hastings and X.-G. Wen, Phys. Rev. B 72, 045141 (2005).

[83] M. B. Hastings, J. Stat. Mech. 2007, P08024 (2007).

[84] L. Masanes, Phys. Rev. A 80, 052104 (2009).

[85] K. Van Acoleyen, M. Marién, and F. Verstraete, Phys. Rev. Lett. 111, 170501 (2013).

[86] M. P. Miiller, E. Adlam, L. Masanes, and N. Wiebe, Commun. Math. Phys. 340, 499
(2015).

[87] L. Aolita, F. De Melo, and L. Davidovich, Rep. Prog. Phys. 78, 042001 (2015).
[88] C. Gogolin and J. Eisert, Rep. Prog. Phys. 79, 056001 (2016).

[89] E. Iyoda, K. Kaneko, and T. Sagawa, Phys. Rev. Lett. 119, 100601 (2017).
[90] M. B. Hastings and S. Michalakis, Commun. Math. Phys. 334, 433 (2015).
[91] M. B. Hastings, arXiv preprint arXiv:1001.5280 (2010).

[92] S. Bravyi, M. B. Hastings, and S. Michalakis, J. Math. Phys. 51 (2010).

[93] S. Bravyi and M. B. Hastings, Commun. Math. Phys. 307, 609 (2011).

[94] S. Michalakis and J. P. Zwolak, Commun. Math. Phys. 322, 277 (2013).

[95] M. B. Hastings, Phys. Rev. Lett. 93, 140402 (2004).

[96] S. Hernéndez-Santana, C. Gogolin, J. I. Cirac, and A. Acin, Phys. Rev. Lett. 119,
110601 (2017).

[97] M. B. Hastings, Phys. Rev. Lett. 93, 126402 (2004).
[98] T. Kuwahara, T. Mori, and K. Saito, Ann. Phys. 367, 96 (2016).

[99] F. Machado, D. V. Else, G. D. Kahanamoku-Meyer, C. Nayak, and N. Y. Yao, Phys.
Rev. X 10, 011043 (2020).

[100] T. J. Osborne, Rep. Prog. Phys. 75, 022001 (2012).

152


https://doi.org/10.1103/PhysRevA.84.032309
https://doi.org/10.1103/PhysRevA.84.032309
https://doi.org/10.1103/PhysRevA.81.062107
https://doi.org/10.1103/PhysRevB.69.104431
https://doi.org/10.1103/PhysRevB.72.045141
https://doi.org/10.1088/1742-5468/2007/08/p08024
https://doi.org/10.1103/PhysRevA.80.052104
https://doi.org/10.1103/PhysRevLett.111.170501
https://doi.org/10.1103/PhysRevLett.119.100601
https://doi.org/10.1103/PhysRevLett.93.140402
https://doi.org/10.1103/PhysRevLett.119.110601
https://doi.org/10.1103/PhysRevLett.119.110601
https://doi.org/10.1103/PhysRevLett.93.126402
https://doi.org/10.1016/j.aop.2016.01.012
https://doi.org/10.1103/PhysRevX.10.011043
https://doi.org/10.1103/PhysRevX.10.011043
http://stacks.iop.org/0034-4885/75/i=2/a=022001

[101] T. J. Osborne, Phys. Rev. Lett. 97, 157202 (2006).
[102] M. B. Hastings, Phys. Rev. B 76, 201102 (2007).

[103] M. C. Tran, A. Y. Guo, Y. Su, J. R. Garrison, Z. Eldredge, M. Foss-Feig, A. M. Childs,
and A. V. Gorshkov, Phys. Rev. X 9, 031006 (2019).

[104] W. W. Ho, C. Jonay, and T. H. Hsieh, Phys. Rev. A 99, 052332 (2019).

[105] D. A. Roberts and B. Swingle, Phys. Rev. Lett. 117, 091602 (2016).

[106] J. Maldacena, S. H. Shenker, and D. Stanford, J. High Energy Phys. 2016 (8), 1.
[107] Y. Gu, X.-L. Qi, and D. Stanford, J. High Energy Phys. 2017 (5), 1.

[108] X. Chen and T. Zhou, Phys. Rev. B 100, 064305 (2019).

[109] I. Kukuljan, S. c. v. Grozdanov, and T. c. v. Prosen, Phys. Rev. B 96, 060301 (2017).
[110] A. Nahum, J. Ruhman, S. Vijay, and J. Haah, Phys. Rev. X 7, 031016 (2017).

[111] V. Khemani, D. A. Huse, and A. Nahum, Phys. Rev. B 98, 144304 (2018).

[112] Y.-L. Zhang, Y. Huang, and X. Chen, Phys. Rev. B 99, 014303 (2019).

[113] D. J. Luitz and Y. Bar Lev, Phys. Rev. B 96, 020406 (2017).

[114] J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng, and J. Du, Phys. Rev. X 7,
031011 (2017).

[115] S. Pappalardi, A. Russomanno, B. Zunkovi¢, F. Iemini, A. Silva, and R. Fazio, Phys.
Rev. B 98, 134303 (2018).

[116] D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, and E. Altman, Phys. Rev. X 9,
041017 (2019).

[117] T. Zhou, S. Xu, X. Chen, A. Guo, and B. Swingle, Phys. Rev. Lett. 124, 180601 (2020).

[118] M. Cheneau, P. Barmettler, D. Poletti, M. Endres, P. Schauf}, T. Fukuhara, C. Gross,
I. Bloch, C. Kollath, and S. Kuhr, Nature 481, 484 (2012).

[119] T. Langen, R. Geiger, M. Kuhnert, B. Rauer, and J. Schmiedmayer, Nat. Phys. 9, 640
(2013).

[120] F. Meinert, M. J. Mark, E. Kirilov, K. Lauber, P. Weinmann, M. Grébner, A. J. Daley,
and H.-C. Néagerl, Science 344, 1259 (2014).

153


https://doi.org/10.1103/PhysRevLett.97.157202
https://doi.org/10.1103/PhysRevB.76.201102
https://doi.org/10.1103/PhysRevX.9.031006
https://doi.org/10.1103/PhysRevA.99.052332
https://doi.org/10.1103/PhysRevLett.117.091602
https://doi.org/10.1103/PhysRevB.100.064305
https://doi.org/10.1103/PhysRevB.96.060301
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevB.98.144304
https://doi.org/10.1103/PhysRevB.99.014303
https://doi.org/10.1103/PhysRevB.96.020406
https://doi.org/10.1103/PhysRevX.7.031011
https://doi.org/10.1103/PhysRevX.7.031011
https://doi.org/10.1103/PhysRevB.98.134303
https://doi.org/10.1103/PhysRevB.98.134303
https://doi.org/10.1103/PhysRevX.9.041017
https://doi.org/10.1103/PhysRevX.9.041017
https://doi.org/10.1103/PhysRevLett.124.180601
https://www.nature.com/articles/nature10748

[121] S. Hild, T. Fukuhara, P. Schauf}, J. Zeiher, M. Knap, E. Demler, I. Bloch, and C. Gross,
Phys. Rev. Lett. 113, 147205 (2014).

[122] V. Lienhard, S. de Léséleuc, D. Barredo, T. Lahaye, A. Browaeys, M. Schuler, L.-P.
Henry, and A. M. Lauchli, Phys. Rev. X 8, 021070 (2018).

[123] M. Foss-Feig, Z.-X. Gong, C. W. Clark, and A. V. Gorshkov, Phys. Rev. Lett. 114,
157201 (2015).

[124] M. C. Tran, C.-F. Chen, A. Ehrenberg, A. Y. Guo, A. Deshpande, Y. Hong, Z.-X.
Gong, A. V. Gorshkov, and A. Lucas, Phys. Rev. X 10, 031009 (2020).

[125] C.-F. Chen and A. Lucas, Phys. Rev. Lett. 123, 250605 (2019).
[126] J. M. Deutsch, Phys. Rev. A 43, 2046 (1991).

[127] M. Srednicki, Phys. Rev. E 50, 838 (1994).

[128] H. Tasaki, Phys. Rev. Lett. 80, 1373 (1998).

[129] S. Popescu, A. J. Short, and A. Winter, Nat. Phys. 2, 754 (2006).
[130] P. Hayden and J. Preskill, J. High Energy Phys. 2007 (09), 120.
[131] Y. Sekino and L. Susskind, J. High Energy Phys. 2008 (10), 065.

[132] N. Lashkari, D. Stanford, M. Hastings, T. Osborne, and P. Hayden, J. High Energy
Phys. 2013 (4), 1.

[133] A. W. Harrow and R. A. Low, Commun. Math. Phys. 291, 257 (2009).
[134] B. Swingle, Nat. Phys. 14, 988 (2018).

[135] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and S. L. Sondhi, Phys. Rev. X 8,
021013 (2018).

[136] S. Xu and B. Swingle, Phys. Rev. X 9, 031048 (2019).

[137] Y. Huang, F. G. S. L. Brandao, and Y.-L. Zhang, Phys. Rev. Lett. 123, 010601 (2019).
[138] S. Xu and B. Swingle, Nat. Phys. 16, 199 (2020).

[139] S. Xu and B. Swingle, PRX Quantum 5, 010201 (2024).

[140] M. Gérttner, J. G. Bohnet, A. Safavi-Naini, M. L. Wall, J. J. Bollinger, and A. M. Rey,
Nat. Phys. 13, 781 (2017).

154


https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1103/PhysRevX.8.021070
https://doi.org/10.1103/PhysRevLett.114.157201
https://doi.org/10.1103/PhysRevLett.114.157201
https://doi.org/10.1103/PhysRevX.10.031009
https://doi.org/10.1103/PhysRevLett.123.250605
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1103/PhysRevLett.80.1373
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevX.9.031048
https://doi.org/10.1103/PhysRevLett.123.010601
https://doi.org/10.1103/PRXQuantum.5.010201

[141]

142]

[143]

144]

145

[146]

[147)

148

[149]
[150]

[151]

[152]
[153]

154]

[155]

[156]

[157]
[158]

[159]

B. Vermersch, A. Elben, L. M. Sieberer, N. Y. Yao, and P. Zoller, Phys. Rev. X 9,
021061 (2019).

K. A. Landsman, C. Figgatt, T. Schuster, N. M. Linke, B. Yoshida, N. Y. Yao, and
C. Monroe, Nature 567, 61 (2019).

M. K. Joshi, A. Elben, B. Vermersch, T. Brydges, C. Maier, P. Zoller, R. Blatt, and
C. F. Roos, Phys. Rev. Lett. 124, 240505 (2020).

Y. Gu, A. Lucas, and X.-L. Qi, J. High Energy Phys. 2017 (9), 1.

A. Das, S. Chakrabarty, A. Dhar, A. Kundu, D. A. Huse, R. Moessner, S. S. Ray, and
S. Bhattacharjee, Phys. Rev. Lett. 121, 024101 (2018).

J. Schachenmayer, B. P. Lanyon, C. F. Roos, and A. J. Daley, Phys. Rev. X 3, 031015
(2013).

P. Hauke and L. Tagliacozzo, Phys. Rev. Lett. 111, 207202 (2013).

J. Eisert, M. van den Worm, S. R. Manmana, and M. Kastner, Phys. Rev. Lett. 111,
260401 (2013).

D. Métivier, R. Bachelard, and M. Kastner, Phys. Rev. Lett. 112, 210601 (2014).
M. Pino, Phys. Rev. B 90, 174204 (2014).

Z. Eldredge, Z.-X. Gong, J. T. Young, A. H. Moosavian, M. Foss-Feig, and A. V.
Gorshkov, Phys. Rev. Lett. 119, 170503 (2017).

A. Kitaev, in Proceedings of the Fundamental Physics Prize Symposium 10 (2014).
J. Maldacena and D. Stanford, Phys. Rev. D 94, 106002 (2016).

A. W. Harrow, L. Kong, Z.-W. Liu, S. Mehraban, and P. W. Shor, PRX Quantum 2,
020339 (2021).

G. Bentsen, T. Hashizume, A. S. Buyskikh, E. J. Davis, A. J. Daley, S. S. Gubser, and
M. Schleier-Smith, Phys. Rev. Lett. 123, 130601 (2019).

R. Belyansky, P. Bienias, Y. A. Kharkov, A. V. Gorshkov, and B. Swingle, Phys. Rev.
Lett. 125, 130601 (2020).

C.-F. Chen and A. Lucas, Commun. Math. Phys. 385, 1273 (2021).
D. J. Thouless, Phys. Rev. 187, 732 (1969).

J. C. Halimeh and V. Zauner-Stauber, Phys. Rev. B 96, 134427 (2017).

155


https://doi.org/10.1103/PhysRevX.9.021061
https://doi.org/10.1103/PhysRevX.9.021061
https://doi.org/10.1103/PhysRevLett.124.240505
https://doi.org/10.1103/PhysRevLett.121.024101
https://doi.org/10.1103/PhysRevX.3.031015
https://doi.org/10.1103/PhysRevX.3.031015
https://doi.org/10.1103/PhysRevLett.111.207202
https://doi.org/10.1103/PhysRevLett.111.260401
https://doi.org/10.1103/PhysRevLett.111.260401
https://doi.org/10.1103/PhysRevLett.112.210601
https://doi.org/10.1103/PhysRevB.90.174204
https://doi.org/10.1103/PhysRevLett.119.170503
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.1103/PRXQuantum.2.020339
https://doi.org/10.1103/PRXQuantum.2.020339
https://doi.org/10.1103/PhysRevLett.123.130601
https://doi.org/10.1103/PhysRevLett.125.130601
https://doi.org/10.1103/PhysRevLett.125.130601
https://doi.org/10.1103/PhysRev.187.732
https://doi.org/10.1103/PhysRevB.96.134427

[160]
[161]
[162]
[163]
[164]
[165]
[166]
[167]
[168]
[169]

[170]

[171]

[172]

[173]
[174]

[175]

[176]
[177]
178]
[179]
[180]

[181]

B. Zunkovi¢, M. Heyl, M. Knap, and A. Silva, Phys. Rev. Lett. 120, 130601 (2018).
K. Saito, Europhys. Lett. 61, 34 (2003).

Z. Rieder, J. Lebowitz, and E. Lieb, J. Math. Phys. 8, 1073 (1967).

H. Matsuda and K. Ishii, Prog. Theor. Phys. Suppl. 45, 56 (1970).

A. Casher and J. Lebowitz, J. Math. Phys. 12, 1701 (1971).

S. Lepri, R. Livi, and A. Politi, Phys. Rev. Lett. 78, 1896 (1997).

K. Aoki and D. Kusnezov, Phys. Rev. Lett. 86, 4029 (2001).

O. Narayan and S. Ramaswamy, Phys. Rev. Lett. 89, 200601 (2002).

T. Mai, A. Dhar, and O. Narayan, Phys. Rev. Lett. 98, 184301 (2007).

K. Saito and A. Dhar, Phys. Rev. Lett. 104, 040601 (2010).

C.-W. Chang, D. Okawa, H. Garcia, A. Majumdar, and A. Zettl, Phys. Rev. Lett. 101,
075903 (2008).

V. Lee, C.-H. Wu, Z.-X. Lou, W.-L. Lee, and C.-W. Chang, Phys. Rev. Lett. 118,
135901 (2017).

X. Xu, L. F. Pereira, Y. Wang, J. Wu, K. Zhang, X. Zhao, S. Bae, C. Tinh Bui, R. Xie,
J. T. Thong, et al., Nat. Commun. 5, 1 (2014).

M. S. Green, J. Chem. Phys. 22, 398 (1954).
R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Jpn. 12, 1203 (1957).

S. Lepri, Thermal transport in low dimensions: from statistical physics to nanoscale
heat transfer, Vol. 921 (Springer, 2016).

S. Lepri, R. Livi, and A. Politi, Physica D: Nonlinear Phenom. 119, 140 (1998).
T. Hatano, Phys. Rev. E 59, R1 (1999).

T. Prosen and D. K. Campbell, Phys. Rev. Lett. 84, 2857 (2000).

H. Van Beijeren, Phys. Rev. Lett. 108, 180601 (2012).

S. Chen, Y. Zhang, J. Wang, and H. Zhao, Phys. Rev. E 89, 022111 (2014).

H. Zhao, Phys. Rev. Lett. 96, 140602 (2006).

156


https://doi.org/10.1103/PhysRevLett.120.130601
https://doi.org/10.1209/epl/i2003-00241-3

[182] V. Zaburdaev, S. Denisov, and P. Hénggi, Phys. Rev. Lett. 106, 180601 (2011).
[183] S. Chen, Y. Zhang, J. Wang, and H. Zhao, Phys. Rev. E 87, 032153 (2013).

[184] S. G. Das, A. Dhar, K. Saito, C. B. Mendl, and H. Spohn, Phys. Rev. E 90, 012124
(2014).

[185] J.-S. Wang and B. Li, Phys. Rev. Lett. 92, 074302 (2004).
[186] B. Hu, B. Li, and H. Zhao, Phys. Rev. E 61, 3828 (2000).
[187] M. Toda, Physica Scripta 20, 424 (1979).

[188] C. Bernardin, V. Kannan, J. L. Lebowitz, and J. Lukkarinen, J. Stat. Phys. 146, 800
(2012).

[189] B. Hu, B. Li, and H. Zhao, Phys. Rev. E 57, 2992 (1998).

[190] G. Tsironis, A. Bishop, A. Savin, and A. Zolotaryuk, Phys. Rev. E 60, 6610 (1999).
[191] K. Aoki and D. Kusnezov, Phys. Lett. A 265, 250 (2000).

[192] C. B. Mendl and H. Spohn, Phys. Rev. E 90, 012147 (2014).

[193] C. B. Mendl and H. Spohn, J. Stat. Mech. 2015, P03007 (2015).

[194] M. Kardar, G. Parisi, and Y.-C. Zhang, Phys. Rev. Lett. 56, 889 (1986).

[195] A.-L. Barabési, H. E. Stanley, et al., Fractal concepts in surface growth (Cambridge
university press, 1995).

[196] J. Quastel and H. Spohn, J. Stat. Phys. 160, 965 (2015).

[197] K. A. Takeuchi, Physica A: Stat. Mech. Appl. 504, 77 (2018).

[198] Y. Minami, H. Nakano, and K. Saito, arXiv preprint arXiv:2511.12574 (2025).
[199] D. Bagchi, Phys. Rev. E 95, 032102 (2017).

200] D. Bagchi, Phys. Rev. E 104, 054108 (2021).

[201] S. Iubini, S. Lepri, and S. Ruffo, J. Stat. Mech. 2022, 033209 (2022).

[202] G. Basile, C. Bernardin, and S. Olla, Phys. Rev. Lett. 96, 204303 (2006).

[203] G. Basile, C. Bernardin, and S. Olla, Commun. Math. Phys. 287, 67 (2009).

[204] M. Jara, T. Komorowski, and S. Olla, Commun. Math. Phys. 339, 407 (2015).

157



[205] H. Suda, in Ann. Inst. Henri Poincaré Probab. Stat., Vol. 57 (Institut Henri Poincaré,
2021) pp. 2268-2314.

[206] C. Bernardin and R. Chetrite, J. Stat. Phys. 192, 7 (2025).
[207] H. Araki, Commun. Math. Phys. 14, 120 (1969).
[208] L. Gross, Commun. Math. Phys. 68, 9 (1979).

[209] M. Kliesch, C. Gogolin, M. J. Kastoryano, A. Riera, and J. Eisert, Phys. Rev. X 4,
031019 (2014).

[210] D. Kim, T. Kuwahara, and K. Saito, Phys. Rev. Lett. 134, 020402 (2025).
[211] T. Kuwahara and K. Saito, Ann. Phys. 421, 168278 (2020).
[212] T. Kuwahara, K. Kato, and F. G. S. L. Brandao, Phys. Rev. Lett. 124, 220601 (2020).

[213] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Second Edition (Butterworth Heine-
mann, Oxford, UK, 1987).

[214] J. H. Ferziger, M. Peri¢, and R. L. Street, Computational Methods for Fluid Dynamics
(Springer-Verlag, Berlin, 2002).

[215] W. Evans, J. Fish, and P. Keblinski, Appl. Phys. Lett. 88, 093116 (2006).
[216] O. A. Castro-Alvaredo, B. Doyon, and T. Yoshimura, Phys. Rev. X 6, 041065 (2016).

[217] M. Schemmer, I. Bouchoule, B. Doyon, and J. Dubail, Phys. Rev. Lett. 122, 090601
(2019).

[218] P. Ruggiero, P. Calabrese, B. Doyon, and J. Dubail, Phys. Rev. Lett. 124, 140603
(2020).

[219] U. Agrawal, S. Gopalakrishnan, and R. Vasseur, Phys. Rev. B 99, 174203 (2019).

[220] B. Doyon, S. Gopalakrishnan, F. Mgller, J. Schmiedmayer, and R. Vasseur, Phys. Rev.
X 15, 010501 (2025).

[221] J. Gooth, F. Menges, N. Kumar, V. Siig, C. Shekhar, Y. Sun, U. Drechsler, R. Zierold,
C. Felser, and B. Gotsmann, Nat. Commun. 9, 4093 (2018).

[222] A. Lucas and K. C. Fong, J. Phys.: Condens. Matter 30, 053001 (2018).

[223] J. A. Sulpizio, L. Ella, A. Rozen, J. Birkbeck, D. J. Perello, D. Dutta, M. Ben-Shalom,
T. Taniguchi, K. Watanabe, T. Holder, et al., Nature 576, 75 (2019).

158


https://link.springer.com/article/10.1007/s10955-024-03384-8
https://doi.org/10.1103/PhysRevX.4.031019
https://doi.org/10.1103/PhysRevX.4.031019
https://doi.org/10.1103/PhysRevLett.134.020402
https://doi.org/https://doi.org/10.1016/j.aop.2020.168278
https://doi.org/10.1103/PhysRevLett.124.220601
https://link.springer.com/book/10.1007/978-3-642-56026-2
https://doi.org/10.1063/1.2179118
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.1103/PhysRevLett.122.090601
https://doi.org/10.1103/PhysRevLett.122.090601
https://doi.org/10.1103/PhysRevLett.124.140603
https://doi.org/10.1103/PhysRevLett.124.140603
https://doi.org/10.1103/PhysRevB.99.174203
https://doi.org/10.1103/PhysRevX.15.010501
https://doi.org/10.1103/PhysRevX.15.010501

[224] M. Polini and A. K. Geim, Phys. Today 73, 28 (2020).

[225] L. Fritz and T. Scaffidi, Annu. Rev. Condens. Matter Phys. 15, 17 (2024).
[226] J. De Nardis, D. Bernard, and B. Doyon, Phys. Rev. Lett. 121, 160603 (2018).
[227] A. Onuki and K. Kawasaki, Ann. Phys. 121, 456 (1979).

[228] P. C. Hohenberg and J. B. Swift, Phys. Rev. A 46, 4773 (1992).

[229] K. Balakrishnan, A. L. Garcia, A. Donev, and J. B. Bell, Phys. Rev. E 89, 013017
(2014).

[230] C. Kim, A. Nonaka, J. B. Bell, A. L. Garcia, and A. Donev, J. Chem. Phys. 146 (2017).
[231] K. Narayanan and R. Samtaney, Phys. Rev. E 97, 043111 (2018).
[232] B. Barker, J. B. Bell, and A. L. Garcia, Proc. Natl. Acad. Sci. 120, 2306088120 (2023).

[233] 1. Srivastava, D. R. Ladiges, A. J. Nonaka, A. L. Garcia, and J. B. Bell, Phys. Rev. E
107, 015305 (2023).

[234] U. C. Tauber, V. K. Akkineni, and J. E. Santos, Phys. Rev. Lett. 88, 045702 (2002).
[235] H. Nakano and S.-i. Sasa, J. Stat. Phys. 176, 312 (2019).

[236] H. Nakano and S.-i. Sasa, Phys. Rev. E 101, 033109 (2020).

[237] Y. Kado and S.-i. Sasa, Phys. Rev. Lett. 132, 057101 (2024).

[238] H. Nakano, Y. Minami, and K. Saito, arXiv preprint arXiv:2502.15241 (2025).

[239] D. Ronis and I. Procaccia, Phys. Rev. A 26, 1812 (1982).

[240] J. Lutsko and J. W. Dufty, Phys. Rev. A 32, 3040 (1985).

[241] P. L. Garrido, J. L. Lebowitz, C. Maes, and H. Spohn, Phys. Rev. A 42, 1954 (1990).
[242] J. Dorfman, T. Kirkpatrick, and J. Sengers, Ann. Rev. Phys. Chem. 45, 213 (1994).
[243] J. B. Bell, A. Nonaka, A. L. Garcia, and G. Eyink, J. Fluid Mech. 939, A12 (2022).

[244] R. M. McMullen, M. C. Krygier, J. R. Torczynski, and M. A. Gallis, Phys. Rev. Lett.
128, 114501 (2022).

[245] D. Bandak, N. Goldenfeld, A. A. Mailybaev, and G. Eyink, Phys. Rev. E 105, 065113
(2022).

159


https://doi.org/10.1103/PhysRevLett.121.160603
https://www.sciencedirect.com/science/article/abs/pii/0003491679901052?via%3Dihub
https://doi.org/10.1103/PhysRevA.46.4773
https://doi.org/10.1103/PhysRevE.89.013017
https://doi.org/10.1103/PhysRevE.89.013017
https://pubs.aip.org/aip/jcp/article/146/12/124110/636099/Stochastic-simulation-of-reaction-diffusion
https://doi.org/10.1103/PhysRevE.97.043111
https://www.pnas.org/doi/10.1073/pnas.2306088120
https://doi.org/10.1103/PhysRevE.107.015305
https://doi.org/10.1103/PhysRevE.107.015305
https://doi.org/10.1103/PhysRevLett.88.045702
https://link.springer.com/article/10.1007/s10955-019-02302-7
https://doi.org/10.1103/PhysRevE.101.033109
https://doi.org/10.1103/PhysRevLett.132.057101
https://doi.org/10.1103/PhysRevA.26.1812
https://doi.org/10.1103/PhysRevA.32.3040
https://doi.org/10.1103/PhysRevA.42.1954
https://www.annualreviews.org/content/journals/10.1146/annurev.pc.45.100194.001241
https://www.cambridge.org/core/journals/journal-of-fluid-mechanics/article/abs/thermal-fluctuations-in-the-dissipation-range-of-homogeneous-isotropic-turbulence/2F84D45D9339AFB84A56D6CC55DC1277
https://doi.org/10.1103/PhysRevLett.128.114501
https://doi.org/10.1103/PhysRevLett.128.114501
https://doi.org/10.1103/PhysRevE.105.065113
https://doi.org/10.1103/PhysRevE.105.065113

[246] D. Bandak, A. A. Mailybaev, G. L. Eyink, and N. Goldenfeld, Phys. Rev. Lett. 132,
104002 (2024).

[247] B. J. Alder and T. E. Wainwright, Phys. Rev. A 1, 18 (1970).
[248] D. Forster, D. R. Nelson, and M. J. Stephen, Phys. Rev. A 16, 732 (1977).
249] H. Spohn, J. Stat. Phys. 154, 1191 1227 (2014).

[250] C. W. Chang, D. Okawa, H. Garcia, A. Majumdar, and A. Zettl, Phys. Rev. Lett. 101,
075903 (2008).

[251] V. Lee, C.-H. Wu, Z.-X. Lou, W.-L. Lee, and C.-W. Chang, Phys. Rev. Lett. 118,
135901 (2017).
[252] O. Narayan and S. Ramaswamy, Phys. Rev. Lett. 89, 200601 (2002).
[253] H. van Beijeren, Phys. Rev. Lett. 108, 180601 (2012).
[254] K. Saito, M. Hongo, A. Dhar, and S.-i. Sasa, Phys. Rev. Lett. 127, 010601 (2021).
[255] P. C. Hohenberg and B. 1. Halperin, Rev. Mod. Phys. 49, 435 (1977).
[256] R. Zwanzig, Phys. Rev. 124, 983 (1961).
[258] H. Mori and H. Fujisaka, Prog. Theor. Phys. 49, 764 (1973).
[259] K. Kawasaki and J. D. Gunton, Phys. Rev. A 8, 2048 (1973).
[260] H. Fujisaka, Prog. Theor. Phys. 55, 430 (1976).

261]

O
H
K
P
R
[257] D. N. Zubarev and V. G. Morozov, Physica A: Stat. Mech. Appl. 120, 411 (1983).
H
K
H
N. G. Van Kampen, Can. J. Phys. 39, 551 (1961).
N

[262] N. G. Van Kampen, Stochastic processes in physics and chemistry, Vol. 1 (Elsevier,

1992).
[263] H. Touchette, Phys. Rep. 478, 1 (2009).

[264] R. Kubo, M. Toda, and N. Hashitsume, Statistical physics II: nonequilibrium statistical
mechanics, Vol. 31 (Springer Science & Business Media, 2012).

[265] M. Suzuki, J. Phys. Soc. Jpn. 61, 3015 (1992).

160


https://doi.org/10.1103/PhysRevLett.132.104002
https://doi.org/10.1103/PhysRevLett.132.104002
https://doi.org/10.1103/PhysRevA.1.18
https://doi.org/10.1007/s10955-014-0933-y
https://doi.org/10.1103/PhysRevLett.101.075903
https://doi.org/10.1103/PhysRevLett.101.075903
https://doi.org/10.1103/PhysRevLett.118.135901
https://doi.org/10.1103/PhysRevLett.118.135901
https://doi.org/10.1103/PhysRevLett.89.200601
https://doi.org/10.1103/PhysRevLett.108.180601
https://doi.org/10.1103/PhysRev.124.983
https://doi.org/https://doi.org/10.1016/0378-4371(83)90062-6
https://doi.org/10.1143/PTP.49.764
https://doi.org/10.1143/PTP.55.430
https://doi.org/10.1143/JPSJ.61.3015

	Abstract
	Acknowledgements
	List of publications
	Introduction
	Physics of long-range interactions
	Information propagation in the long-range interacting systems
	Anomalous heat transport in the low-dimensional nonlinear systems
	Anomalous heat transport in the long-range interacting systems
	Anomalous spin and particle transport in the long-range interacting systems
	Overview of the results
	Cumulant Power-law Clustering Theorem
	Mathematical preliminaries
	Joint cumulant
	Cumulant power-law clustering
	Proof of Theorem 1

	Fluctuating Hydrodynamics for the Long-range Interacting Systems
	Fluctuating hydrodynamics for many-body systems
	Microscopic derivation of fluctuating hydrodynamics in the long-range interacting systems


	Energy Diffusion in the Long-range Interacting Spin Systems
	Models and setup
	Thermal conductivity and Green-Kubo formula
	Upper bound for the equal-time energy current correlations
	Proof of Theorem 2 
	Fluctuating hydrodynamics and Lévy diffusion
	Higher dimensional case
	Proof of Theorem 3

	Spin Diffusion in the Long-range Interacting Spin Systems
	Model and setup
	Spin conductivity and Green-Kubo formula
	Upper bound for the equal-time spin current correlations
	Proof of Theorem 4
	Fluctuating hydrodynamics and Lévy diffusion
	Higher dimensional case
	Proof of Theorem 5

	Energy and Spin Diffusion in the Long-range Interacting Spin Systems in the Regime <D with the Kac Factor
	Models and setup
	Cumulant power-law clustering theorem for the long-range interacting systems in the regime <D with the Kac factor
	Upper bound for the equal-time current correlations in one-dimensional case
	Proof of Theorem 7
	Higher dimensional case
	Proof of Theorem 8

	Conclusion
	Energy Diffusion in the Long-range Interacting XY Model
	Upper bound for the equal-time energy current correlation in one dimension
	Upper bound for the equal-time total energy current correlation in higher dimensions
	Bibliography


