The mod 3 cohomology ring of the finite projective general
linear group of degree 3

CHTERY - VAT LAETYY &7 FEH
MASAKI KAMEKO
COLLEGE OF SYSTEMS ENGINEERING AND SCIENCE,
SHIBAURA INSTITUTE OF TECHNOLOGY

S D RIMS #F5eteex THRHOIRET Y —5iL T DEE] T “The mod 3
cohomology ring of the finite projective general linear group of degree 3” & \» 5 T
HEIHECWAEEEE LA REZTVTV VMORIZELESoTVERADT
MRERTDATA NETIZTFIVAAY WO THESE TV EE
TR, EEEDOH A IEFEBRICHEHLZAT A R oD I —T79. ZHIZHAKGE
THEHIHZ D TP BTV EET.

In what follows, English parts are taken from the slides I used in this talk.

1 Introduction

L1 £R3E S LY LT 2 G, AHEEEDOHIH» SIZ LD ET.

We are interested in the mod ¢ cohomology H*(—) = H*(—;Z//) of the classifying
space of

e GL,(C)~U(n),
o GL,(F,),
e PGL,(C) = GL,(C)/C* ~ PU(n) = U(n)/S', and
e PGL,(F,) = GL,(F))/F},
Suppose

e (, p: prime numbers such that (¢,p) =1,
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e g is apower of p, and

e unless otherwise stated, we assume €2|(q —1).

Un) & n IRODL=R Y —RET n IRODEFELUK O —BAREEE GL,(C) & FRE b
V—FfEIZ 0 9. DHEEMERE PE—FEIZZD EIhSsaFERY—HH
BIZRDET. TTDOTIARERY—DFEE L LD LWHKIZIE Un) B GL,(C)
ERELEWVWSZEIZn T, REBUEL L TOBENRER L &, -2 2 I13TEE
Bk C 2GR F, TESHA LS LWIRHIIE Un) Tk < GL,(C) 25 %
LZRBERHDET. Un) lEa 087 bEfE) —fewS 2 THIREMRIZZ D X
TOTIRIY—=DAMIZE > TIX GL(C) & WAk BIfANH D £9

1.2. 2=X Y =8 Un) ®ZDRFEZEM BUn) O arErY—dX<{HsnTH
£9. BGLy(Fy) IZDOWTH EDRMAEDS & TIEEATD & 5 Ak Bk RAH S
NTWET. A (RO THI-72EDIZOWTIEEIMNC DY -
TVWEHA.

We want to know
H*(BPGL,(C)), H*(BPGL,(F,))

and
H*(LBPU(n)).

LX is the free loop space of X, i.e.
LX = {continuous maps S' — X}.
D n IZOVTHFRZNWE ZAERDTTH, D n 12OV TDFEILE TH
LLESDHELZDHETIZE TEEHATERVWEISIZEZXET. TTOTETI13/M
IR A PSHEOHED, L WVWHIEIATT. ZZTVWELRD L Z2BGIETVWET
NZNFEBNV—TEFDOZ & T,
Borel O LAY 7245 R & LT
H*(BGL,(C)) = Z/l[z2, 24, %65 - - - , 22n]
RSN TWE T, Quillen [Qui72] DFER & U THIEH Y —BARAIEEIZ DWW
TH LOSRMFEDD & TR
H*(BGL,(F,) = Z/l[z2,24, %6, - - - ,22n] @ A(21,23,25, - - -, 220n—1)

PHISNTWET. p=L DEHITODVTIESW LRI THETH—
BNZFERIIH D A, PRVELVWEE» BnE . X SIZoHEZEEOH
LV — 7Bz DWTH

H*(LBU(n)) = /22,24, 265 - - - s 220] @ M (21,23, 25, - - -, Z2n—1)



& 725 Z &% Quillen DEFA & [AFLIZ Eilenberg-Moore AR 2 MVRF| % W5
CHETEET. LBUM) DI RER Y —DEEIZHDE R L IER TN WD FA
IZIEhh D £HA. folklore LW REEDZDNHE R A E XN H 5D THF
MO FZTERWFE T B EFENTT.

1.3. ZZTCEENRO X T Toda AT VRS [Tod87] IZDOWTHINTH &
TG EARBEELIZI VA2 M) L LET. T 2 GOHFLOWARE L E
T. T IE7—NIUVEERDT BB 22222 NTEGRTED T 714 13— 2|

BI' — BG — B(G/T)

%

BI' = BG — B(G/T") — BBI'
FTCIERETEZ £, BBl IZHEMOMK HIENPSBHRIZEZHZLDTES
TAN L= arz2HWTURDOLIBRARS MVRIIDEHTE £9.

For
BT' — BG — B(G/T") — BBT,

there exists a spectral sequence
Cotory=ry(Z/¢, H (BG)) = H*(B(G/T)).

Toda % [Tod87] TZDANRT MLRIZREK L, ZTNZEHAWT ¢ =2 DFAEIC
H*(BPU(4n +2)) D Z21TH>TWxd. TOEHHREZRL L ZDARY ML
AN NI M) —BHONEEMD IR ER Y —DFHBIILRVEZFT S TH
HE5IZBZFET. UL, ZTDARY MLRFIH [Tod87] A TEEIZH DT
WAHNIEH D FHA. TORKTIDHEDHKD—DIF ( #£2 DEHHEIZH I D
ARY NVRVIPNSEEBO aFRE0Y —0FHBIZAHTHA I 2 RTIET
T ZDHDS (=3 DEED H*(BPGL3(F,) DFHANZDHFADE —H L\
ST ETEEELWS I IR ET
1.4. ZD— F CHRHY BIGEHUBET BN VWIEAHZSDE n=2D2 D
PGLy(Fy) TY. RIRINFINTEEBMENRTY. ~fRaFsEny—, filx
IX Morava K- &, OFHEIXBIEEWIETY .
n=20rXZlEmod/l IFELAY—IZOVWTIELUTDOLEIBIETLLL LA oT
WET.
PGL,(C) ~ PUQ2) = SUQ2)/C> = SO(3).

For ¢ # 2,

H*(BPGL,(C)) = Z/{[z4],

H*(BPGLy(Fy)) = Z/[z4] ® A(z3)

= H*(LBSO(3)).
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For ¢ = 2,
H*(BPGLy(C)) = Z/[wy, w3,
H*(BPGLy(Fy)) = Z/2[w2, w3] @ A(x1,x2)
= 7/2[x1, wa, w3]/(xT + wax? 4+ w3x)
= H*(LBSO(3)).

mod2 IFEBY—IZDWT ED LS IZEHRTE S DI H*(BPGLy(C)) L HA
BRIZEDD5TY. aRERY—ALHABI 22560 HEV— 72RO 2k
EOYV—RZOHMEUTOERY aNL—HOIARET Y —IZDWTIX, 722
Z 1% Kuribayashi [Kur99], Kishimoto-Kono [KK10] iZ —f%i@h® h £7.

U2 U BPGL3(F,) ® mod3 IHFED Y —FLHABRIZRD FHEADTLEDLS
IZIFWE ¥ A, BPGLy(F,) WHBIV— 7B D IFRED Y —D—KGwX> £ DH
PP SEETERV—FRIXLDOHIE NS Z 227 £7.

We can compute these cohomologies because H*(BG) is a polynomial algebra. BPGL3 ~
BPU(3), ¢ = 3 is the first non-polynomial case.

2 Known results

21. MR ¢ =3, n=3 &L PUQB) ~ PGL3(C), PGL3(Fg) ®4¥H%5[]D mod
3 3KREBRY—%%Z%9. Kono-Mimura-Shimada [KMS75] Tl& Rothenberg-
Steenrod A7 FLRF|ZHWT BPUQB) D mod3 IHRET Y —=2FHAI N TV
% 9. Rothenberg-Steenrod A X2 kL RFI

G — x = BG — BG
D—BLHDBGIZADL T4V b —2arhoklEIngd ART MLRS
COtOI‘H*(G)(Z/f, Z/f) = H*(BG)

EWVWS Z e HTEFE T, Kono-Yagita [KYO3] Tlk PUB) DIEK b —F A T & fli
RBIART =~V 3-30RE Ay = 7/3 x /3 X U TR AT 5 Z ki
£0
H*(BPGL3(C)) — H*(BT) & H*(BA>)

MHHNZR D Z 2R U TWET. 2k Adams O P4 ([KY93] )

(>2 D& X

H*(BG) — [ H*®BA)
AcA
DHHHIIR S, 22T A G DERT =)V (ST EIROES.



M G=PUQB) DHBEITHEVIL->TWVWEILERLTVWET. ULz Hd

From now on, we assume ¢ = 3.

Theorem 2.1 ([KMS75], [KY93]) H*(BPGL3(C)) is isomorphic to

Z/3lys; 22, 212] ® A3, y7)/ (7322, Y722, ¥822 + Y3¥7),
where y3 = Qo(22), y7 = Q1(22), y8 = QoQ1(z2). The induced homomorphism
H*(BPGL5(C)) — H*(BT) ® H*(BA>)
is injective where T is a maximal torus and A, is a maximal non-toral elementary

abelian subgroup of GL3(C).

22T Qi HYX) — H*2E-1(X) 1% Milnor fEIE & X135 2k E 1 Y —
ETCIAFEOY—DILEDRAFIFIAREIY DR TERLET. OFED 2 1T
H?((BPGL3(C)) DT, y3 1% H3(BPGL3(C)) DIt & WS Z 227 £7.

2.2. BPGL3(F,) ® mod 3 IHREWT Y —IZH L Tld Tezuka [Tez02] T ¢ = 4,7
mod 9 DIGEIZ H*(BPGL3(F,)) DERMGEVRESNTWES. MBS 2 H
IV — 7720 LBPUB) @ mod 3 345 €W Y —IZ8 U Tl Kuribayashi-Mimura-
Nishimoto [KMNO06] T H*(LBPU(3)) ® H*(BPU(3))-MEEDFEE N EFHH X T W
9. 205 D5 RIE Rothenberg-Steenrod B D AR 2 hL RS

COtOl‘H*(G)(Z/E, H*(G)) = H*(LBG)
Cotory-()(Z/0, H*(G)) = H*(BG(F,)

ZHW, TNSDARYT MIVRIID E-U RV TIRIELTWA Z 8 2RT I &I
Lo NTVWET. 2o DFERIZ Tezuka F4H [Tez98]

H*(BG(F,)) = H*(LBG) for any integral group scheme G?

7R G=PUQB) g g=4,7 mod 9 DEHIZEDL->TWVWEHEI L2 RLTVWE
$. 2D Tezuka F4%Z g=0 mod 9 DFHIZERT I ENIDOWHEDE S —D
DHKTY.

2.3. £® BPGL3(C) ® mod 3 I HRET Y —DFH L Toda A7 FILRFZ W
TEABIZTEET. IS LOHBTRZINZERS TIZRW o DD Toda
AR FVRINEHAND L RBICFRTEET.

Toda spectral sequence for
BS' — BU(3) =5 BPU(3) — K(Z,3)

collapses at the E;-level.
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Theorem 2.2 As an algebra over Z./3, H*(BPGL3(C)) is generated by
22,212, y3 = Q0(22), y7 = Q1(22), y8 = Q0Q1(22),
H*(BPGL3(C)lyg '1 = (Z/3lys, 212  (v3, y7)lyg '],
©: H*(BPGL3(C)) — H*(BGL3(C)) & H*(BPGL3((C))[y8_1]
is injective and, in H*(BPGL3((C))[))§1],

1
22 = —(=y3y7)
8
Moreover, 2, 712 are characterized by

m™(22) = 22,

T (212) = 73 + 2326 — 7322.

24 LU, EEITREEDD D 3. E-THDOFFE D EARIZR 5 — 5 TE{L
TENESDRRRWIZR > TWEFT. 728 2UE PUQR) % SUB) DREftEE
ATURDES%T7 74 N=%4%%5 2T Toda AT NVRY|ZHEKT 5 Z &
BTEFXITHAINGE E-LLVTIHELL £HEA.

Toda spectral sequence for
B(Z./3) — BSU(3) — BPU(3) — BB(Z/3)
does not collapse at the E;-level.
E> = Z/3[y2, y8, 241 ® A(y3).
dr(z4) = £y2y3.

3 Results

3.1, #ERZVWLSOPIZHBIL L THRARTHEZKRDOD £9. FROKEED
LBPUB) Pmod3 AHRETY—IZDOWTHKD LB ET. DF D ED Tezuka D
FHMN G = PGL3(F,) IZHNUTHD LB ET.
Theorem 3.1 Toda spectral sequence for

BIFqX — BGL3(F,) — BPGL3(F,) — BB}FqX,

that is,
Cotor,,. (BFqX)(Z /3, H*(BGL3(F))) = H*(BPGL3(F,)),

collapses at the E> -level.



Theorem3.2 Asanalgebra, H*(BPGL3(IF,))) is generated by y>,y3,¥7,¥8,21, 22,28, 29,212 -
21, 28, 29 are characterized by

T (z1) = 21,
T (28) = 2127, Qo(zg) = 0, 228 =0,
T™(29) = 2227 + 2123, 0Oo(z9) = 0, Y229 — Y328 = —Y3)8,

where 77 = 2225 + 2324.

Theorem 3.3
H*(BPGL3(Fy)lyg '1 = (Z/3[y2,y8, 2121/ (3 + 3212 = y28) © A3, y)yg '],
@: H'(BPGL3(F,)) — H*(BGL3(F,)) © H*(BPGL3(FF,))[yg 1
is injective.
Theorem 3.4 In H*(BPGL3(F,))[yg ',
1 3
21 = —(2y7 + y2y3),
8
1
2 = —(=y3y7),
8
1
8 = —05 — )5 —»32),
8
1 7
29 = —(=y2y3 — y2y3z12).
8
Theorem 3.5 The mod 3 cohomology ring is generated by elements above with the
following 13 relations
Y222 + ¥321 = ¥228 = Y229 + ¥328 = y2y7 — y821 = 0,
Y322 = Y329 = ¥722 = ¥721 + Y3¥321 = y729 = 0,

y822 +y3y7 =0,

and

»z1212 +y728 = _)’;Zl + y7y8,
y%Zu + y8z8 = —yg + yé,
Y2y3zi2 + Y829 = —Y%m-

B ARBFSEIE ISPS BHFE 17K05263 DB A 21376 DT,
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