On certain non-Kahler manifolds.

~- Introduction to the theory of rigid analytic spaces --
ZAZL Kenji Ueno

In my talk, I gave a few words about non-Kahler analogue
of rigid analytic spaces. Since I am writing the paper on
analytic threefolds with non-trivial Albanese tori, which
was the main topic of my talk, here, I give a short intro-
duction to the theory of rigid analytic spaces.

The origin of rigid analytic space is the theory of
Tate's elliptic curves and Tate also developed the general
theory of rigid analytic spaces ( [T] ). After him there are
many literatures on this subject. As I shall explain below
it seems to me.that there is a possibility to develop the
theory to a different direction, namely the study of compact
rigid analytic spaces after compact complex manifolds.

From our view point, many fundamental theorems such as the
Riemann-Roch theorem, resolution of singularities are missing

and the theory is still a primitive stage.



§0. Introduction.

There are certain similarities between a compact non-K&hler
manifold M and a complete non-singular algebraic variety V in
characteristic p > 0. For example, V may carry a regular m-form

which is not d-closed and it may happen that W y) £ WM v)

where h™ % (v) = diman(V,Qg). Let us consider more closely
non-singular projective surfaces. The following properties are
well-known.
A1) There exists a non-singular projective surface S which
carries a regular 1-form ( with dy # 0.
A2) There exists a non-singular projective surface S with
n'%s) 4 n0 1 (s).

The first Betti number b1(S) of S is equal to 2dim ALB(S).
Hence b1 is always even.

Ad) Put g = ho’1(s), Pg= ho’z(S), A= 29 - b1. Then we have
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Moreover, there exists a surféce S with A = 2Pg > 2.
On the other hand, a compact analytic surface M has the

following properties.

N1) Every holomorphic 1-form is d-closed.

N2) h'r%my = n0r (M) if b, is even and h''%(M) + 1 =

= n% VM) if b, is odd.

0,

N3) by (M) = %y + 0% (M) s 2dim ALB(M).

N4) A= 29 - b1 =0 if b1 is even and A =1 if b1 is odd.



Thus, a non-singular projective surface and a non-K&dhler analytic
surface have different properties. Hence, we cannot expect that
there are some relations between non-singular projective surfaces
and non-Kahler surfaces. But if we drop the non-singularity
assumption, it may be possible to find a certain relation. In the
following we shall give some examples which suggest us such a
relation. For that purpose, we need to consider compact rigid
analytic spaces. In the following first we recall the basic

definitions and facts on rigid analytic spaces.

81, Affinoid algebras and affinoid spaces.

In what follows, by k we always mean a complete non-

Archimedean valuation field with a multiplicative valuation | .
That is, the valuation | | satisfies the following.
U1) |a] =2 0 for each ac k. |a] = 0 iff a = 0.
U2) lasb| = |a]|b| for all a,bek.
U3) la + b| = max {|a],|b|} for all a,be k.
d(a,b) = |a = b| defines a metric on k and k is totally

disconnected with respect to the metric.
Put

k° = { ack]| |a] = 1}, k°° = { ac k| |a] < 1}.

Then k© is a ring and k% is its maximal ideal. The field k¥ =

ko/koo is of characteristic p = min { meZ | m > 0, |m| < 1}.
Put

Tn = k<z1,22, ..... 7% >



= { Za Z'  sssaed | lima, = 0 }
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where Zyresens z, are variables. Tn is a ring consisting of power
series which convergent on (zyreeeez )& k> ||zi|§1,1§isn } .

Define a semi-norm | | on T by
[£] = max |ay|l, £ = }Faz

Then, | | is indeed a norm and (Tn,ﬂ Il ) is a Banach algebra.

Definition 1.1. An affinoid algebra A over k is a k algebra with

a finite k algebra homomorphism 0 : 'I‘n +~ A.(That is A is
a finite Tn module by 0.)
The following theorem is fundamental.

Theorem 1.2 1) Tn is Noetherian.

2) Tn is UFD.
3)Every ideal in T  is closed with respect to || || .
4)For each ideal I of Tn' there exists a finite injective

k algebra homomorphism T

qa Tn/I, where d = Krull dim Tn/I.

5)For every maximal ideal m of Tn' Tn/m is a finite extension

of k.

6)Every affinoid algebra A is isomorphic to Tn/I and has a
structure of Banach algebra by the quotient norm on Tn/I
induced by Tn. The norms on A given by different expressions

Tn/I, Tm/J are equivalent.

7)Every k algebra homomorphism £ : A + B of affinoid algebras

are continous with respect to the norm given in 6).



Definition 1.3 For an affinoid algebra A put

Sp(A) = {m | m is a maximal ideal of A }.
The space A 1is called an affinoid space.
For any point x A, by f(x) we mean the image of £ A in
A/x. Since A/x is finite over k, the valuation | | can be
uniquely extended to that of A/x. Hence |f(x)| is well-defined.

The spectral seminorm |f|Sp of A is defined by

”f”sp= sup |f(x)].

x Sp(A)
The seminorm || ”sp is norm iff the radical of A is zero.
By Theorem 1.2,6) affinoid algebra A has a Banach norm || |.
The Banach norm || | induces a norm on A/x which is larger than
or equal to | |, since on k,| | induces the valuation | |.

Therefore, we have the inequality

g1y, ¢ 8], for any fea.
For T , we can easily show that “f”sp = | £ .

More generally we have the following theorem.

Theorem 1.4. Let A be a reduced affinoid algebra. Then

the spectral seminorm is a norm and is equivalent to the
quotient norm introduced in Theorem 1.2,6).
We also have the following theorem.

Theorem 1.5. If A is a reduced affinoid algebra, then the

integral closure of A in its total quotient ring is a finitely
generated A module.
Let A be an affinoid algebra. Put

A° = { fe A | [EPERISY A°° = { fea | [£] s 11



Then A° is a ring and a°° is an ideal of AO. The quotient

A= Ao/Aoo is k algebra. Let ¢ : A — B be a k algebra

homomorphism of affinoid algebras. Then we have ¢(AO)<;BO,

¢(AOO)CZBO°. Hence, it induces a k algbra homomorphism ¢:A + B.

Theorem 1.6. The following conditions are equivalent.

1) ¢ ¢ A —» B 1is finite.

a° — B? is integral.

2) ¢
3) $§:3A — B is finite.
Any k algebra homomorphism ¢ : A — B of affinoid

algebras defines a map Sp(B) — Sp(A) by xw— ¢-1(X)-

This map is denoted by ¢a. A morphism of affinoid sapces is,

by definition, a map induced by a k algebra homomorphism.
Now we introduce a topology on X = Sp(A) by making

{ xeXx | |f(x)| =1}, fe A, the subbases of open sets. This

topology is the weakest topoyogy that Xo x —>» f(x)¢ k? =

the algebraic closure of k 1is continous for all f€ A. Then

we can easily show that Sp(Tn) is homeomorphic to e

5 n % .
{(zgreeeerz)ek | lzil <1, 1 ¢1i¢n} and Sp(T /I) with

JE?: I is homeomorphic to the closed subset {(z,,....,2 )eDn
1 n

| g(z) = 0 for all ge I} of D",

Example 1.7. on  { (zq,ecees2)e k" I ]ni|<|zi|<1 },

m ek, Iﬂi|< 1, we can introduce a structure of an affinoid

space by Sp(A) where



A = k<z1,. ..... ,zn,w1,....,wn>/(w1z1 “Mqreeeeee W Z - nn).

n'n
™ Tn
We often write A as k<z1,....,an e ee, V.
3 i
z z
1 n

Especially we have

((Zq,eeeerz ek’ | |2,]=1, 124 ¢n } =

Sp(k<z1,....,zn,1/z1,.....,1/zn>).

§2. Rigid analytic spaces.

Since the topology on an affinoid space X above is totally
disconnected, it is necessary to introduce a Grothendieck
topology to obtain a good theory of analytic spaces.

Definition 2.1. An open subset YC X = Sp(A) of an affinoid

space X 1is called an affinoid subdomain, if there exist an

affinoid algebra AY and a k algebra homomorphism ¢ : AY—?.A

such that for any morphism ¢ : Sp(B) — X with ¢ (Sp(B))c Y,

there exists a unique k algebra homomorphism & : AY—ﬁ'B

with ¢ = ¢.¢, ¢
Sp(B) —— Sp(A)

The following lemma is an \\ //ﬂ

N
esay consequence of the \v

the definition. : Sp(AY)
Lemma 2.2. Let YO X = Sp(B) be an affinoid subdomain.
Then the canonical morphism wa s Sp(AY)-—? Y is bijective

Moreover, if xe-Sp(AY), y = wa(x)€ YCSp(A), then there

are canonical isomorphisms



A/yn ~ AY/Xn, n1,

and y = XA

Y.
. o T4
Corollary 2.3 {ig A/yn 8- £%p AY/xn'

By the above lemma, we can consider an affinoid subdomain
as an affinoid space Sp(AY).

Lemma 2.4. Let Y1C.X = Sp(A) be an affinoid subdomain

and Y, C Y1 an affinoid subdomain of Y1. Then Y. is an affinoid

2 2

subdomain of X.

Lemma 2.5. Let £ : Sp(B) —> Sp(A) be a morphism of
affinoid spaces and Y 1is an affinoid subdomain of Sp(A). Then

d -
Y =f 1(Y) is an affinoid subdomain of Sp(B) and B@“ is

~
isomorphic to BG%AY (the complete tensor product). In

particular, if Y1 and Y2 are affinoid subdomains then so is

YN Y,.

Example 2.6 A rational domain R < X = Sp(A) is, by

definition, an open subset in X defined by

R = txex | [£,00] ¢ £ ], 1¢i < ),
where fO'f1"°'°""'fn generate A.

A rational domain R is an affinoid subdomain. The affinoid

algebra A is given by

R



A<IX1I'°"IXn>/(f1 -X-Ifopc-oo.o.,fn-xnfO)

with the canonical injection VYV : A —— AR' where by

A<X ,.....Xn> we mean

1

a ,
AcXgypeeeee,X > = {ZagX age A, lim Ja | = 0 1.
Hl-»oo

If A = Tn/I, then

AKX pennna X > = k<z1,..,zn,x1,....,xn>/1k<..,zi,..,xi,..>.

1
We have the following lemma.

Lemma 2.7 1) If Y1 and Y2 are rationaol domains of X = Sp(a),

. ' . A
then so is Y3 = Y1(\Y and A x AY1€%AY1 .

2) If Y1 is a rationaol domain of X and Y2 is a rationaol domain

of Y then Y1 is a rational domain of X.

17

Now we introduce Grothendieck topologies on X = Sp(A).
Let F be the set consisting of all affinoid subdomains
(resp. rational domains) of X. We consider the empty set ¢
as a ratinoal domain of X. For any U F put

Cov(U) = { U = {U;}; ;] #(D)<>,Uu, =0 1},

where Ui is an affinoid subdomain (resp. rational domain) of

X. Then by virtue of Lemma 2.4 and Lemma 2.5 (resp. Lemma 2.7)
(F,Cov ) defines a Grothendieck topology of X. Namely,

(F,Cov ) has the following properties.

1) ¢eF, Xe¢F, if U,VeF, then UNV <¢F.

2) For any Us F, {U}& Cov(U).

7 & <
3) If {Ui}iG f=Cov(U) and Vc U, V& F,then {UinV}ie : Cov(V).



4) If {Uj}j¢5§ Cov(U) and {Uj }ké'Kﬁ Cov(Uj), j eJ, then

k J

{ } € Cov(U).

Y33 €, kek;

An element of F is called an admissible open set and an

element of Cov(U) is called an admissible covering of U.

The Grothendieck topology given by affinoid subdoamins and the
one given by rational domains are essentially the same by
virtue of the following theorem.

Theorem 2.8.(Gerritzen - Grauert) Any affinoid subdomain

of an affinoid space X is a finite union of rational domains
of X.

Let GX be one of the Grothendieck topologies defined

above. Then, to any admissible open set U, associating AU

we can define a presheaf O, which we call the structure pre-

X
sheaf. Similarly for any finite A module M,

U w—— M®A

I U

defines a preshef M~.

Theorem 2.9.(Tate) For any admissible covering ¥ of X, we have

M, p =0,
VD, . -
HY (X ,M7) =

0, p # 0.

In particular, OX and M~ are sheaves of the Grothendieck

topology.
Thus, on X we can introduce a ringed space structure

(G-ringed space structure) (X,GX,OX ) with respect to the

Grothendieck topology. Moreover, by Corollary 2.3, for any'



point x € X = Sp(A), we have

OX,x = lim A/xn.

Hence, O is a local ring. Thus, (X,G,,0,) 1is a G-local
X,x X""X

ringed space.

Definition 2.10. Let X and Y be affinoid spaces. A morphism

£ = (6,9 : (X,G4,04) —> (Y,G Oy) of G-local ringed spaces

XI
is defined as follows.
1) ¢ ¢: X —» Y 1is a continou map of the Grothendieck

topologies. That is, for any admissible open set U of Y, ¢_1(U)

is admissible in X and for any admissible covering U of U,

¢—1(g) is an admissible covering of ¢_1(U).

2) For any admissible open set U of Y, there is a k algebra
homomorphism wU :.OY(U)-——+ Ox(w_1(U)), which is compatible
with restrictions. Moreover y = { wU } induces a local

homomorphism wx : OY w(x)-——a Ox %*
14 14

One of the main resons why we need to introduce the
Grothedieck topology is the following.

Proposition 2 12. There is a one to one correspondence

between the set of morphisms X —> Y of affinoid spaces and

the set of morphisms (X,GX,OX)-——? (Y,Gy,OY) of G-local ringed

spaces.

Definition 2.12. A morphism f : Sp(B)-—» Sp(A) of affinoid

spaces is a closed immersion (resp. finite), if the correspond-

ing homomorphism f* : A —> B 1is surjective (resp. finite).



Now a rigid analytic space is defined as follows.

Definition 2.12. A G-local ringed space (X,GX,OX) is

called a rigid analytic space over k, if X has an admissible

covering {Xi} (#(I) may be infinite) such that

ierTI
(Xi,lexi,OXIXi) is an affinoid space for each i. A morphism
f : (X,GX,OX)-——? (Y,GY,OY) of rigid analytic spaces is a G-

local ringed space morphism.
Remark. Later we shall construct rigid analytic spaces X by

patching together affinoid spaces Xi' There are many Grothendieck
topologies which induce the same Grothendieck topology on Xi'

Among them we can find the finest one, if the G-topologies
satisfy certain conditions. (See, for example, [BGR],9.1.)
Therefore, in the following we do not give explicitly the G-

topology.

Definition 2.13. 1) A morphism f : (X,GX,OX)_—? (Y,Gy,OY)

of rigid analytic spaces is a closed immersion (resp.finite),

if there exists an admissible affinoid covering {Ui} i Iof

X such that the induced morphism f —}Ui) —> U, of affinoid

spaces is a closed immersion (resp. finite) for each i€ I.
2) A morphism £ : X —> Y of rigid analytic spaces is separated

if the diagonal morphism A : X —> X’%X is a closed

immersion. If Y = Sp(k), X is called a separated rigid analytic

space (over k).



If X 1is separated and U,V<CX 1is affinoid subspaces of
X, then UAV 1is also an affinoid subspace of X.

As already mentioned above, the topology of an affinoid
space X = Sp(A) given by the Banach norm of A is totally dis-
connected and if the residue field k is not finite, X is
not locally compact. But we can define a proper morphism.

Definition 2.14. Let £ : X = Sp(A) —7 Y = Sp(B) be a

morphism of affinoid spaces and U< X an affinoid subdomain

of X. The open set U is called to be relatively compact in

X over Y ( we use the symbol EIG;YX ), if there exist a
positive number ¢ and an affinoid generating system {f1,...fn}

of A over B (that is, ”fi” <1 and B¢T ,ece..,T > > A

T, m———— £,
i i

is surjective B algebra homomorphism) such that

UC { xeX | [£,(x)] & T-greunennnnn. JE )] g 1-e bl

Lemma 2.15. Let X1,X2 be affinoid spaces over an affinoid

space Y and Uidﬁy X;, i = 1,2. Then we have
i

'C_ 2
u, xszx Xy XXy,

Y 2 Y
U, XU, & X, XX, .
175 2 vy 1'y"2

That is, relatively compactness is closed under a base change
and a fibre product.

Definition 2.16. A morphism f : X —> Y of rigid analytic

spaces is proper, if



1) £ is separated.

2) There exist an admissible affinoid covering {Yi}i<$I of

Y and a finite admissible affinoid coverings {Xi }1<j<n
j = ai
-1 .
of £ (Yi? such that xi.ééY.Xi.'
J J i ]

If Y = Sp(k) and £ is proper, X is called a compact rigid

and {Xi.}1;j<n
j =
analytic space.
Note that the underlying topological space of a rigid
analytic space is not necessarily locally compact, a proper
morphism is not necessarily closed.

Definition 2.17. Let (X,GX,OX) be a rigid analytic space

and F an OX module. If there exist an admissible affinoid

covering {Ui} = Sp(Ai), and a finite Ai module Mi

ie I’ Ui

for each i€ I such that F| U, ® MI, then F is called

e
to be cohrent. (If we need to specify the covering U, we say
U coherent.)

Theorem 2.18. (Kiehl ). Let F be an O module over

X
an affinoid space X = Sp(A). The following conditions are
equivalent.

1) F 1is U coherent for an admissible affinoid

covering U of X.

2) F 1is U coherent for any admissible affinoid

covering U of X.

~

3) There exist a finite A module M such that F = M .



Theorem 2.19. (Kiehl ). Let £ : (X,GX,OX) — (Y,GY,OY)

be a proper morphism of rigid analytic spaces and F a

coherent O, module. Then le*g is coherent Oy module

for any interger i.

Corollary 2.20. If X 1is a compact rigid analytic space

over k, then
: i
d1mk H (X,F) < o,

for any coherent Oy module F on X and integer i.

§3 Elementary examples.

In the following, for simplicity we assume that the

field k is algebraically closed.

Example 3.1. Ai. Take an element c&¢k with |c| > 1.

For any interger m 2 0, put

i i (i, +eeo+i_)
1 lim a, c 1 ¥ =0 }.

A ={2a, ee.. T .
i ...1
1 n

m i
1 n

Then Am = k<z1/cm,......,zn/cm> and there are natural

inclusions

:) - - ® e 00905000000 _ ® e oo 00 000 [ ]
Bo =2 B 2 Ay 2 R T

0 m
Moreover, we have

Sp(A_) = { ze-AE | |zi| < !c[m( 1¢i &n}.



n (.} . . .
Hence Ak =L%m_OSP(Am)' Taking { Sp(Am)} as an admissible

; n . .
covering of Ak' we can introduce a structure of a rigid

analytic space on AE. Aloso we have another admissible

covering. Put

n

Uy = { ze A | |zi| < |e]l, i =1,.0.,n}
U = { zeal | |c|™ s |z.]| <|c|(m+1) i=1 n }
Uy = K $jz4] s p =,

where c€k with |c| > 1, m 13255 snssssass s Then we have

U, = Sp(k<z1/c, ..... ,zn/c>),
U, = Sp(k<z1/cm+1,....,zn/cm+1,cm/z1,....,cm/zn>)
o n
U = A.
=0 M k
Example 3.2. An affine scheme. Let X be an affine scheme

of finite type over k. Then X is a closed subscheme of an
affine space, hence using the rigid analytic structure

of the affine space, we consider X as a closed anaytic subspace
of the affine space.

Example 3.3. A scheme X of finite type over k. Since each

affine subscheme of X carries a structure of a rigid analytic
space , by patching together the rigid analytic structures of
open affine subscheme of X, on X we can introduce a rigid
analytic structure. If X is a separated scheme, the correspond-

ing rigid analytic space is separated.



Example 3.4. Projective space Pi.

Put
.
X;= { (zgizqteeieez ) e P l |zk| < Izil,.O <k <n ),
Then we have
X, =~ D% = { (w w ) | |w,| s 1, i=1 n }
i = 11t Wy il = ’ reeey
~ Sp(k<zo/zi,...,zi_1/zi,zi+1/zi, ...,zn/zi>).
If we put
-1
Aij = k<zo/zi,.....,zn/zi,(zj/zi) 55

then we have

ij = Xif\Xj = Sp(Aij). Then a k algebra homo-
morphism aij _— Aji induces an isomorphism Xij = in.
W [t5) _1
z, /2 (zk/zj)(zi/zj)

In this way, Pkn has a structure of rigid analytic space.

.Moreover, Pknis compact. To show it, let us take an

element ¢ of k with |c| > 1 and put

- n
X; = { (zpizgieeaezz )€ By | |Zk| < Iczi|, 0¢ k¢ n },
i=20,1,...,n.
Then Xi is also an affinoid space and { Xi } is
0gig¢n

also a finite admissible covering of Pﬁ. By definition,

we have



Example 3.5. Any projective scheme of finite type over k

has a natural rigid analytic structure which is the closed
analytic subspace of a rigid analytic projective space.

Example 3.6. Tatefs elliptic curve. Take an element g¢ k

with 0 < |g| < 1. The map z - gz generats an infinite
cyclic group <g> of automorphism of kX, Put T = ¥ /<qa>.
By a similar method as in Example 3.1, on k> = A;—{O} we can

introduce a structure of a rigid analytic sapce such that
the map z —— gz defines an analytic automorphism of the
rigid analytic structure. Take an element 7§ with q =g 2,

We let X, (resp. X be the image of { z&¢k | |ql=s |z|] <11}

5 )
(resp.{zck]||q| 2lz]| 2| 7|}) in T. Also by U,(resp.U,), we mean

the image of {z¢k||z|=1} (resp.{ze¢k]||z|=|n|}) in T. Then, we

have X1(\X2 e U1UU2 (disjoint union). We consider X0 Xy,

u,,U, as affinoid spaces. (For example X, = Sp(k<z,q /z>),

U, = Sp(k<z/m,nm/z>) ). Then T is a compact rigid analytic

space and {X1,X2} is an admissible covering. Since {X1,X2} is
an acyclic covering, we can easily calculate the cohomology

groups Hl(T,OT) and obtain dim Hl(T,OT) =1 for i = 0,1.

k
The rigid analytic space T is an elliptic curve. Put

]
p.(z) =2 (1 - d®2)%, p,(2) =z q°2%/(1 - qz)3
1 ] 1

ne 2z ne 2



Then p1(qz) = p1(z), p;(qz) = p{(z) and they are meromorphic
function on T. Put

S = I m g™/ (1 - d),
m>1

p(z) = p,(z) - 2s,, p'(z) = pi(z) + s,

Theorem 3.6. ( Tate ). p, p'satisfy the following

equation.
(*) p'2 +pp' = p >+ Bp+ C,
where
B = —553, C = —(5s3 + 755 )/12.

Moreover, the map
_ 2
T —— P
o W
[z] —— (1:p(2):p'(2))
defines an embedding of T as a cubic curve defined by the
equation (*).

The j invariant of the cubic curve defined byA(*) has

the form

(1 - 48B)2/A, A= qll (1 - g

.
1

1/g9 + R(Q)

1/q + 744 + 1968840 +eeeeeeeeeeny

where R(g)e Z2[[qgq]] (resp. Fp[[q]] ), if char.k = 0 ( resp.

char.k = p > 0 ).
The following proposition shows that not all elliptic

are Tate's curve.



Proposition 3.7. Let k be a complete non-Archimedean

valuation field (not necessarily algebraically closed)
and E an elliptic curve defined over k. Then the following
conditions are equivalent.

1) There exists a finite extension K/k such that

E xK =~ Kx/<q>.
k

2)  |3E)] > 1.

§4. Analytic redution and formal schemes.

Let A be an affinoid algebra. Put

A% = (fen | Mfl =13, 2% = (fen | el <1,

E = A9/a°°,

o
If A =T = k<X;,...,X >, then A7 = {}_:aaxo‘eA | as k™ }

Qa

=k°<x g oms 1% 5y a%°

1 = ko°<X1,.....,Xn>. Since for any element

oo

g =3 baxa » Dok for sufficiently large |q|, 2 =«

E[X1,...Xn]. Since any affinoid algebra is a quotinet Tn/I,

A is a k algebra of finite type. The analytic reduction X

of an affinoid space X = Sp(A) is , by definition, Spec(3),



an algebraic k-scheme.

Lemma 4.1. There exists the reduction morphism R : Sp(A)
~--» Spec(A), where for any maximal ideal m of A, R(m)

is the image of mAA° in A. Moreover, R is surjective

to the set of closed points.

Definition 4.2. Let (X,GX,OX) be a separated rigid analytic
space. An admissible covering U = ({ Ui) is called a pure
covering, if U satisfies the following conditions.

1) For each i, Ui intersect with a finite number of Uj'

If Uif\Uj # ¢ , then there exists an affine open set Vi.<1 U

3j i
. o - —
with Uir\Uj = R, (Vij) where R, : U,—U, and Rij g Uif’Qj

is the canonical reduction.

From the above definition, if { Sp(Ai) } 1is a pure
covering of a rigid analytic space X, we can define a scheme

X 1locally of finite type over k, by patching together Spec(ii).

The scheme X thus obtained is called the analytic reduction

of X (with respect to the pure covering { Sp(Ai) }. Note that

X depends on the choice of a pure covering.

Example 4.3. X=1{zek | |g|lc |z]£ 1} where gek, 0 <

jgf< 1. Then we have

A = k<X, Y>/(XY - q), a° - k°<X,Y>/(XY - 4q),



Hence, we have
A = k[X,Y]/(XY).

Therefore, X = Spec(A) is a join of two affine lines.
|z|=q

|Zl=1

Example 4.4. X =A The admissible covering

n
ko

0 5 s ] 3 3 . » n
{ Ui }Ogi is pure and X is an infinite union of Ak.

Example 4.5 T = kx/<q>. If we use the admissible covering

{X,,X,}, T 1is as follows.
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The dependence of the analytic reduction on pure coverings
is clarified, if we consider the relationship between rigid

analytic spaces and formal shemes. Recall that for A = Tn

(o]

oo = koo<x1,...o’xn> = IIIA I3

(o] o
A = k<X peeenasX >, A

koo’ the maximal ideal of the valuation ring k©.

where m =
Hence we have

o

A” = lim Ao/msAO
<

= lim X°[X ,...,X 1/m°k°[X ,...,X 1.
+

Thus, to A° we can associate a formal scheme Spf A% over
Spf k°. More generally, for any affinoid algebra we have a

formal scheme Spf A° over Spf x° and Sp(A) can be
considered as the generic fibre of it. In general, to any
rigid analytic space X of finite type over k (i.e.,coverd

by a finite number of affinoid spaces), we can associate
a formal scheme X over Spf k°® and X can be considered
as the generic fibre of X -——7> Spf k°. Conversely, for

a formal scheme X ——> Spf x©° locally of finite type,

we can construct a rigid analytic space X over k. The corre-
spondence is not one to one, since the formal schemes depend
on pure coverings. Moreovere,if X' is obtained from the
monoidal transformation of X along a closed subscheme whose

ideal sheaf is contained in an ideal generated by an element



g k with |g| < 1, then the rigid analytic spaces corre-
sponding to X' and X are the same. The details can be

found in [R].

§5. Non-Kahler rigid analytic surfaces.

In this section, we only give the simplest example.

A compact analytic surface S with b1(S) = 29+1, g 21

is an elliptic surface over a curve of genus g and obtained
by means of logarithmic transformations from an elliptic
bundle over the curve C. A rigid analytic analogue of such a
a surface is obtained as follows. '

Let L be the total space of a line bundle over
a complete non-singualr curve C. Then L' = L - O-section
has a structure of rigid analytic space and the fibre wise
multiplication by qé k with |g| < 1 generates the infinite
cyclic group <g> of analytic automorphisms of L', The
quotient space S = L'/<g> with a natural morphism f : S, C
is an elliptic surface without singular fibres. TIf deg L # 0,
then the elliptic surface £ : S - C is an analogue of

a non—ﬁéhler analytic surface with b1(S) = 2g(C)+1.For example

if g(C) = o (resp. g(C) =1 ), then S 1is an analogue of a
Hopf surface (resp. a Kodaira surface ). The analytic reduction

is a cycle of P1 bundle over C and non-projective.



Moreover, if the curve C contains an affinoid space { z¢ k |
|z| < ¢ }, then we can define a logarithmic transformation
of £f : 8 —~C at =z = 0 and obtain an elliptic surface with

a multiple singular fibre over z = 0.
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