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Topological immersions and PL immersions

By Masahiro Kurata

1. Introduction, definitions and notation

TOP
q,m’
) is the topological analogue

In this paper we compute the homotopy groups Hi(V

TOP PL
v q,m) Where V q,m

(resp. the PL analogue) of the stiefel manifold, using the

PL
q,m(resp. v

result of Kirby-Siebenmann [7]. And we consider the relation

between topological immersions and PL immersions of PL manifolds.

Theorem 1.

TOP VPL )

q,m’ q,m
2) Ifgqgm=1 g2lorg-m=2 q26,

1) If g-m > 3, M (V 0 for 0 £ k < m.

TOP PL
Hk(TOPq, PLq) — Hk(V q,m’ A q,m)

is isomorphic for 0 < k < m, and

TOP VPL

TOP , PL ) —— 1T
( q’ q) q,m’ q,m

nm+l m+1(V )

is surjective.

Corollary 2.

Ifg-m=1 q>5o0rqgq-m=2 q > 6,

for k < ﬁ+1,
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Theorem 3.

1) Let Q, M be PL manifolds with dim. g and m respectively,
and f : M — Q be a topological immersion. Then, if gq-m > 3,
there is a topological regular homotopy which takes £ to a PL
immersion. If g-m =1 q > 5o0r q-m =2 q > 6, there is a
topological regular homotopy. which takes f to a PL immersion if
and only if the obstruction c(f) € H3(M, Zz) vanishes.

2) Suppose that fo,fl : M —— Q are PL immersions, there

is a topoleogical regular homotopy which takes f,. to fl’ and

0
g-m = 1, g 2 50org-m=2 q > 6. Then there is a PL regular

homotopy which takes fo to fl if the obstruction d(fo, fl) €

H2(M, 22) vanishes.

In this paper, immersions and embeddings are assumed to

be locally flat.

Definition.

P : PL
a,m (resp. V q,m) is

a Kan complex whose k-simplex f is a topological (resp. PL)

Topological (resp. PL) stiefel VTO

embedding

k

f Akam —> AT X% Rq



-3 -

87

such that f|(a¥x0) = id, pr,°f = pr; and f is locally flat

1
uniformly with respect to Ak (i.e. for any xc¢ Ak, there is a
neighbourhood UCAk of x, and homeomorphisms 8 ¢ UxR™ ——
U x Rm, gy ¢ Uqu — U x Rq, where pry g, = pry (a¥1,2),

such that the diagram

m

T

UxR" C—— 3y x g4

commutes.)

Definition.
Let M', Q be topological (resp. PL) manifolds, NC M M' be

- locally flat proper submanifolds, Q : N —— Q be a topologidal

TOP

(resp. PL) immersion. I r oM, Q) (resp. IPL‘, (M, Q)) 1is
M',0 M',8

a Kan complex of topological (resp. PL) M!'-immersions of M in

Q whose restrictions on N in #. RTOPM, e(M,.'Q) (resp. RPLM, e(M, Q))
] b

is a complex of its representations. When N = ¢, we omit the
subscript 6.
B" denotes n-dim. ball. B" and 9B" denote the interior of

B” and boundary of B" respectively.

Definition.

k

Eﬂk m—k(Bk’ Rq) is a complex of topological kaRm- -immersions

B xR

of Bk in RY which is PL on a neighbéurhood of aBk

x Rk 45

Bk x Rm-k. R (BkXRq) is a complex of its representations.
kaRm-k |
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§2. Prelimilarly results
Lemma 5.
= k q ~ ~ k a
1) m,(I (B™, R*)) & N (R (B", R%))
) 0 kaRm-k ? 0 kaBm—k ?
- TOP PL
- nk(v q,m’ v q,m)
for 0 < k £ m.
~ kK .q PL kK +q
2) W (I (B, RY), I (B™, R*))
i kaRm—k 3 kaRm—k >
- ~ k q PL k q
= 1, (R (B", R%), R (B™, R%))
i kaRm—k ? 2 kaRm-k 2
~ TOP PL
- Hi+k(V q,m’ v q,m)
for 0 <k £m, 1 £i, m < q.
Proof.

1) is obtained from Kirby [7] and Kurata [10].

Proof of 2) is as follows. An isomorphism I (R (Bk,Rq)

' i kaRm-k s
REY (B RY) —
B XR

similarly with the proof of 1).

TOP PL

i+k(V q,m’ \'s q,m) is obtained

The differential

a: 1™ (8% RY) — R
BKxx

PL

k -a
. (B7, R¥)
B m-k

ka

is homotopy equivalent, therefore it 1is sufficient to prove the

homotopy equivalence of

¥ k pa = kK o4
a: I (8%, RY) —— R (8%, RY).
pKxgl=k = plxgm-k o 2

Consider the homotopy equivalence between fibrations
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(B,

TOP
1 K

B k

m-—
xR s

TOP

2kaRm—k

L 1

k “
k(2B -5B

k

I (B

1y

TOP K
2BKxR™"

where 1y 1s induced by the inclusion i

oB¥ x R™ K¢ Rre,

PL

R k

k 1g
(2B"-5B
2kaRm-k 2
.and rTOF T
2B xR

k 1k

k(2B --2'B' s

ig 2 I,

2B xR

= k
iy ¢ R .. (B
2kaRm k 4

with fibres being 1T0P Kk

2B xR i |

respectively, because
i*-l(IPL 1

oBKxpM™

PL
2kaRm~k

2

1 * ( 2 Bk-%é

TOP

equivalences of d : I

PL

I
oBKxR™™

and 4 : 5

¥
B

it follows that 4 : Kk
xR

homotopy equivalence.

k qa P
m—k(B > RY) —f—+I

r9) — gF

k 12

m-k(

rRY) — R

, RY) — 5 R

, R%) —— RrT

PL
2

Note that I
s Rq) are subcomplexes of I

rY) respectively.

L
2

m-k

L (2BK-28K, RY))

» )

2kaRm—k
k

, R4

Bk

L

TOP
2BKxR™K 4
k m-k(
28" R
i*

TOP
, RY)

k 1s
_23

k

(2B

0
P k L) Rq)’

oBXxp™k

k lek q
(2B™-=B R*) and
kaRm—k 2°

(2BK-18K

58", RY)

TOP
2kaRm—k

The restrictions

Kk k(2Bk+%%k, RY), and

B xR™™

Kk m_k(ZBk-%ﬁk, RY) are fibrations
2B"xR '

k

(8%, %) ana R™F , RY)

2B xR 1

~

I Rq) and

k

(B
opKxgmk " °
~ k

Kk m-k(B , R%). By homotopy

R
2BXR

(B¥,

>i

oP q
- » RY)
oBXxg™ K 4

o (2B-38%, rRY),

XR 2

r4) —— RT

PL
- 2B

) —/R Kk

k

,Rq) — R , RY) is a

B

(B
kam-k
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Lemma 6.

The natural inclusion i : pKxrO~k C_; gk « RM-kK (n<m)

induces the following commutative diagrams.

~ kK _q i% = k -q
nn(I (B, RY)) —— n,(I (BT, RY))
0 2kaRm k ’ 0 2kaRn—x ’

Fo T

R*)) —— 1n.(R (B™, R%))
> 0 2kann—k 2

PL i TOP PL
k q,m’ v q,m) Hk(v

q,n’ q,n’ 7

n( B RY, TP (B, RY)
28R 2B xR™K

~-

I, (I
i 2Bk

n

ko9 PL k a
(B*xR?), I (B™, R?))
an-k | ’ 2kaRn—k >

~ PL k o] n
I, (R (8%, rRY), R (8%, rRY)) =
Rl S

L

k PL k
ke (BORD, R (B°, RY))
2B XR " 2B XR

e
e

Lemma 7.
Suppose g-m = 1l,or g-m = 2 q 2> 6. Then

. = kK oq ~ kK Q-
1) i* o 0, (I (B", R*)) — I,(I (B, R%))
0 2kaRq—k ’ 0 2kaRm k

is an isomorphism for 0 < k <
= k

PL k q
i % . q
2) i¥ Hl(I ! ](B , R*), I k__q k(B , R*)) —

= k -ay -PL
m, (I (8%, r%), 17, _
1 pk,pm-k o g HpK g~k

is a surjection for 0 < k < m.

(8%, rY))
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. k m-k q
Proof of 1). Suppose that f : 2B x2B —> R* represent
a vertex of iéBk Rm_k(Bk, RY) . Let (F, V%, ¥) be an induced
x

neighbourhood of 2BX x 2B™ ¥ py £. (cf. [107]).

N

We may assume that v is a g-dim. PL manifold with PL structure

2B

induced by ¢, ¢ is PL immersion and f is an embedding.

We show that f can be extended to an embedding F o 2Bk><2Bq—k

—— v% such that ﬁ]((2Bk—%§k) x 2Bq-k) is PL, moreover such

extension is unique up to isotopy. An exfension F of T can be

constructed as follows.
In the case where g-m = 1. By existance of codimension 1

topological normal bundle, there is a ftopological embedding

k m-k

g : 2Bx2B™" *xgr —— v% such that ?}prl = g, where

pry : 2Bx2B"¥xp —— 2BMx2B™ K

2Bk X 2Bm-kq By the existance of codimension 1 PL normal bundle,

k 1 k

is the projection on

there is a PL bundle p : E —— (2B "=-=B) X 2B K with fibre

being R, and PL embedding g' : E — vq such that
(fl((ZBk—%ﬁk) X 2Bm_k)op = g'. Because codimension 1 topological
normal bundle is unique up to isotopy (c¢f. Brown [2]), g can

be chosen such that png'—lcg = pry. Therefore p : E —— (ZBK-%EK)

T X 2Bm"k is topological trivial bundle. The homotopy equrvalence

between TOP1 and PL1 implies that p : E — (2Bk—lBk) x 2B ~k
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is PL trivial bundle. Then we may assume that E = (2Bk—%§k) x

2™ K « g, p = pry. By the argument of Brown [2], PL embedding
g' : (2Bk—%Bk) x 2B™ K « R —— v9 can be extended to a topologica)
embedding ¥ : 2B%x2B™ ¥xr — v9,

m-k

Let ﬁa . 2B¥x2B xR — V¢ (a=0,1) be extensions of f

such that Fa|((2Bk-%ék) x 2B™ K % R) is PL. By the uniqueness
up to isotopy of codimension 1 PL normal bundle and the isotopy

extension theorem of topological manifolds (Edward-Kirby [3]),
mkyip ——s 2BKx2B™ Ky

there is a topological isotopy Ht : 2BKXZB R

(0<t<l) fixing 2B¥ x 2p™K

k

x 0, such that HO = id.

x R) is PL, and Hloﬁl“lJﬁol((zsk-%ék) x

X R) commutes with the projection on (2Bk~%ék) X 2Bm—k.

k lek m-
Ht[((2B -5B") x 2B

oMk

By the uniqueness up to isotopy of codimension 1 topological

normal bundle, there is a topological isotopy H,(12t22) fixing
105

((2Bk—%ék) x 2B™ % x Ryu (2B¥x2B™ ¥x0) such that H 5

2°Fy
. i . k. m~k
commutes with the projection on 2B" x 2B . Because

Hi(TOP PLl) = 0 for i ;'O, there is a topological isotopy

l’
H, (25t<3) such that H | ((2B*-38%) x 2B™7¥ x R) (256<3) 1s PL,

Htcﬁl_lcﬁo (2<t<3) commutes with the projection on 2Bk x 2Bm"k

H3o§1‘1o§0 is PL. The contractibility of 2BX x 2B
implies that there is a PL isotopy Ht(3;t;4) which commutes
1

>

m-k

m-k F. = id.

with the projection on the 2BXx2B 5

such that H4°F1
ﬁioHt_l (0<tzl) is the required isotopy from ﬁi to ﬁb.
In the case where g-m = 2, q > 6. There is a topological

k 2

extension F : 2B szm-ka —_— Vq os f. By Kirby-Siebenmann

[81, F|((2B%-358%) x 28™¥ x R®) 1s isotopic to a PL embedding.
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Extending this isotopy by isotopy extension theorem (£31), we
obtain the required embedding F. Similar argument to the proof
in the case where g-m = 1 implies the uniqueness of the extensioﬁ
of f, by the existance and uniqueness of codimension‘2 PL normal
bundle ([12]) and the homotopy equivalence between TOP2 and

PL, (Akiba [1], Kneser [9]).

k

Proof of 2). Let f : 2B%x2B™¥xI —— RIxI be an 1-simplex

or I (8%, RY), such that £](2B%x2B™*x1) 15 a PL immersion.
k .m-k
2B xR
k

There is a topological immersion g : 2B XZBm—kXRq_mXI —— Rx1
such that g is an extension of f, g commutes with the projection
on I and g|((2B*-18%) x 28™% x RI™™ x 1) 15 PL. sSimilarly

to the proof of 1), there is regular homotopies.rel.

Jm—-k

2BX x-2B™ K x {4} g, ¢ 2B x2B"¥xg3¥Mx{a} — RIx{a} (a=0,1),

k l=k m-k x RA~M

-keeping PL on (2B -5B7) x 2B x {a}, which take

g[(2BKX2Bm_kXRq-mX{a}) to PL immersions. Extending g, to &

m-k

regular homotopy over 2Bk x 2B x RI™M x I. We obtain an

immersion g' : ZBKX2Bm_kaq-mXI — RI%I, which satisfies the

following. g' is an l-simplix of T _k(Bk, Rq), an extension

2BXxgd o
= 1 k m—k q-m T s a1 ‘ Ty
of f and g'|(2B"x2B" “xRY™™xI) is PL immersion. This shows

= k -a PL
* .
that 1* : M (T ((BS, RY), T

ke
L (B5, e
2BXxg1" ga~k""

28K x
x 4. _PL K
, RY), I

¥ . q :
— I, (I (B (B, R7)) =~
1M, gk gk >

is surjective. The proof is complete.

2Bkam—k

Lemma 8.

Suppose g-m > 3, f : 2BKxopmk — RY be a vertex of
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T (Bk, RY). Then there is a regular homotopy g, which
k m-k : t
2B x2B
takes f to a PL immersion with g, € I m—k(Bk’ rY).

2BkX2B

Proof.

Let (F, VY, y) be an induced neighbourhood by f of

k m-k . . . q . . ~
2B x 2B » Where ¢y is PL immersion, V* is PL manifold and f

is embedding withvfl((2Bk-%§k) X 2Bm_k) being PL. By Kirby-

Siebenmann [8] and Miller [11], there is an isotopy ft which

takes f to a PL embedding keeping PL on (2Bk—%§k) x 2Bk,

~

gt’= w°ft is a required regular homotopy.

-~ /o -



§3. Proof of theorems.
Theorem 1 is obtained by lemma 5-~8.

Corollary 2 follows immediately from Theorem 1 by Kirby—Siebeﬁmann

£73.

Proof of Theorem 3.

Let £ : M" — Qq be a topological immersion. d4f : T™™
——> TQ is its differential. There is a homotopy ft ¢t M —Q
which takes f to a PL map fl. There is a homotopy of locally
flat bundle monomorphism wt : TM —— TQ such that W0»= df and
wt covers ft' When g-m > -3, wl can deform to a PL bundle map
and when gq-m = 1 q > 5 or g-m =2 q > 6 the abstruction to
deform ¥, to a PL bundle mép lies in H3(M, 22) by Corollary 2.
By topological and PL immersion theoréms,([Sj, [10]), it
follows from theorem 3.1). Proof of 2) is‘similaf to those of
1). |
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