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Abstract

The disturbance rejection problem is one of the main issues in control system analysis and
synthesis, and system norms are used to evaluate the effect of disturbances on the system
outputs. Depending on the nature of the disturbance affecting the system and performance
measures, one can define a number of different system norms. Among various system norms,
the L-induced norm of control systems is used to deal with the maximum amplitude of the
regulated output for the worst persistent exogenous input with a unit magnitude. Because
evaluating the maximum magnitude of the regulated output is very important in many
control systems and bounded persistent disturbances such as steps and sinusoids are often
encountered in control systems, the L.-induced norm control problem should be solved for
performance evaluation and performance improvement. For the computation of the L..-
induced norm of continuous-time linear time-invariant systems, we need to integrate the
absolute value of the impulse response of the given system (i.e., we nee to compute the L,
norm of the impulse response), where the response corresponds to the kernel function in
the convolution formula for the input/output relation. Hence, the study associated with
the treatment of the L. -induced norm has been called the L; problem. However, it is
very difficult to compute this integral exactly or even approximately with an explicit upper
bound and lower bound. Indeed, there have been no results on an exact computation of the

Lo-induced norm as well as its upper and lower bounds.

On the other hand, sampled-data systems arise in feedback control when continuous-
time plants are to be controlled by discrete-time controllers, and they occur naturally in
feedback control applications, such as process control, attitude control and so on. The
study associated with sampled-data systems shows promise in providing deeper insight and
improved performance in many applications since discrete-time controllers are so widespread
in feedback control systems. Thus, the study associated with sampled-data systems plays
important roles in practical senses and is one of the main issues in the analysis and synthesis
of control systems. In particular, a number of studies of sampled-data systems relevant to
the disturbance rejection problem have been addressed by many researchers. However, there

have been no studies on giving an exact computation of the L.-induced norm as well as its



upper and lower bounds of sampled-data systems, and thus we pay attention to the studies
associated with the L..-induced norm of sampled-data systems.

This thesis studies computing the L.-induced norms of continuous-time and sampled-
data systems and develops two simple approaches named input approximation and kernel
approximation for computing the L..-induced norms. They are two different approaches in
terms of the viewpoint behind approximations but share a common technical feature that
they employ a piecewise constant approximation or piecewise linear approximation scheme
of functions.

This thesis first applies these two approaches to computing the L.-induced norm of
stable continuous-time finite-dimensional linear time-invariant (FDLTI) systems. In the
input approximation approach, the input of continuous-time systems is approximated by a
piecewise constant or piecewise linear function and computation methods for an upper bound
and lower bound of the L..-induced norm are given. In the kernel approximation approach,
the kernel function in the convolution formula of continuous-time systems is approximated
by a piecewise constant or piecewise linear function and computation methods for an upper
bound and lower bound of the L.-induced norm are given. These approaches are introduced
through the fast-lifting technique, by which a finite time interval [0, h) with a sufficiently large
h is divided into M subintervals with an equal width, and it is shown that the gap between
the computed upper and lower bounds converges to 0 at the rate of 1/M in the piecewise
constant approximation scheme and 1/M? in the piecewise linear approximation scheme,
under both the input approximation and kernel approximation approaches. The effectiveness
and validity of the obtained theoretical results are demonstrated through numerical examples.

Stimulated by the success in the studies of the L.,-induced norm analysis of continuous-
time systems, this thesis next applies the two approximation approaches, i.e., input approxi-
mation and kernel approximation approaches, to the L.-induced norm analysis of sampled-
data systems. These applications are also supported by the fast-lifting technique and the
two approximation schemes, i.e., piecewise constant approximation and piecewise linear ap-
proximation schemes. Through these applications, an upper bound and lower bound of the
L.-induced norm associated with sampled-data systems can be readily computed and it is
shown that the gap between the computed upper and lower bounds converges to 0 at the rate
of 1/M in the piecewise constant approximation scheme and 1/M? in the piecewise linear
approximation scheme, under both the input approximation and kernel approximation ap-
proaches. The effectiveness and validity of the developed theoretical results are demonstrated
through numerical examples.

Furthermore, this thesis also deals with the L, optimal sampled-data controller synthesis

problem, by which we mean the discrete-time controller synthesis minimizing the L..-induced
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norm of sampled-data systems. To solve this problem, we develop two methods by using the
ideas of the input approximation approach with the piecewise constant approximation and
piecewise linear approximation schemes. In these methods, discretization procedures of the
continuous-time generalized plant for the L; optimal sampled-data controller synthesis are
derived. These procedures approximately convert the L; optimal sampled-data controller
synthesis problem into the discrete-time [; optimal controller synthesis problem, where the
latter problem can be solved with an existing method. By using the arguments of preadjoint
operators, we give two important inequalities that form theoretical bases for the discretization
procedures. More precisely, mathematical bases for the piecewise constant approximation
and piecewise linear approximation schemes associated with the L; optimal sampled-data
controller synthesis are shown through these inequalities together with convergence proofs
again in the rate of 1/M and 1/M?, respectively. Effectiveness of the proposed methods is
demonstrated through a numerical example.

Through the ideas of the input approximation and kernel approximation approaches, the
readily computable upper and lower bounds of the L..-induced norm of continuous-time
and sampled-data systems together with the associated convergence rates can be obtained.
Furthermore, we provide methods for the L; optimal sampled-data controller synthesis,
by which the L.-induced norm of sampled-data systems is minimized. We believe that
this thesis offers innovative and fundamental methodologies associated with the L.-induced
norm analysis and the L; optimal sampled-data controller synthesis. The theoretical results
developed in this thesis will play quite important roles in dealing with the bounded persistent

disturbances.
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Chapter 1

Introduction

This thesis is concerned with the problems associated with disturbance rejection control
and sampled-data control systems, and this chapter reviews the background in these control
problems. This chapter further discusses the contribution of this thesis over the existing
results in the problems of disturbance rejection control and sampled-data control systems,

and provides some mathematical preliminaries used in this thesis.

1.1 Background in Disturbance Rejection Control and
Sampled-Data Control Systems

The background in the problems of disturbance rejection control and sampled-data con-

trol systems is reviewed in this section.

1.1.1 Background in Disturbance Rejection Control

The disturbance rejection control is very significant in control system analysis and syn-
thesis. System norms are used to evaluate the effect of disturbances on the system outputs.
Depending on the nature of the disturbance affecting the system and performance mea-
sures, one can define a number of different system norms. The system norms used in the
disturbance rejection control problem are as follows.

The Ly norm (or [y norm) can be used for evaluating the energy of continuous-time
(or discrete-time) signals, and the Ls-induced norm of a continuous-time finite-dimensional
linear time-invariant (FDLTI) system (or the ly-induced norm of a discrete-time FDLTI
system) corresponds to the H,, norm of the transfer matrix of the system, which is the
supremum of the magnitude of the transfer function evaluated on the imaginary axis (or
the unit circle in the discrete-time case). Hence, the study associated with the treatment

of the Lo-induced (or ly-induced) norm has been called the H., problem. The H,, problem
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was first investigated in [76], where the sensitivity reduction problem associated with single-
input/single-output (SISO) continuous-time systems was dealt with in the measure of the
H,, norm. Subsequently, there have been a number of studies on the continuous-time or
discrete-time H,, problem since this system norm has been used as a typical measure in the
sensitivity problem, robust control problem and so on. The output feedback design method
for optimizing sensitivity to disturbances and robustness under plant perturbations relevant
to SISO continuous-time systems was developed [77] in a weighted H., norm. Furthermore,
the determination of the optimal weighted sensitivity function and an upper bound on this
norm relevant to SISO continuous-time systems were derived [31] by applying the theory of
Sarason [64]. The methods for H., optimal controller synthesis associated with multi-input/
multi-output (MIMO) continuous-time and discrete-time systems were obtained in [12],[32]
by using the idea of the Wiener-Hopf approach [69],[74],[75], while the state-space approach
to the MIMO continuous-time H,, optimal controller synthesis was proposed in [25]. A
simple method for computing the H., norm was derived in [7] by using the idea of bisection
algorithm, while the linear matrix inequality (LMI) approach to computing the H.,, norm
was discussed in [8]. Nowadays, the LMI approach is one of the representative methods in
the field of the H,, problem.

The Hy norm can be used to evaluate the power of the output for a white noise input.
The another interpretation of the Hy norm is the Ly norm (or the [y norm) of the output
for unit impulse disturbances. The H, problem has originated from the problem of linear
quadratic Gaussian (LQG) control [56], and the study of the LQG control problem was
started with the study of Kalman Filters [44],[45]. The LQG control synthesis method was
first introduced in [26], and much work has been reported on the LQG control problem since
then. For example, a comprehensive analysis of the LQG control problem was given in [1],
[57].

The reformulation and generalization of the LQG control problem as an Hs norm problem
is more recent, and the state-space approach to the MIMO continuous-time Hs optimal
controller synthesis was developed in [25]. Nowadays, the arguments in [25] are regarded as
standard in the Hs problem.

With these studies, the H,, and H, optimal controller synthesis problems have been well
studied in a number of books such as [29],[57],[78],[79] and so on.

The L, norm (or [, norm) can be used for considering the maximum amplitude of signals,
and the Ly-induced norm of a continuous-time FDLTT system (or the l,-induced norm of a
discrete-time FDLTI system) corresponds to the L; (or [;) norm of the impulse response of the
continuous-time (or discrete-time) system. Thus, the study associated with the treatment of

the Lo-induced (or l,-induced) norm has been named the L; (or [;) problem. Along similar
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lines to the H, problem, the L; problem was first formulated in [70], where some special cases
of the Ly (and [y) problem associated with SISO continuous-time and discrete-time systems
were discussed. Subsequently, there have been a number of studies on the L; (or ;) problem
because evaluating the maximum amplitude of the output is very important in practical
senses and this problem is pertinent to bounded persistent disturbances often encountered
in control systems. Regarding a more general situation, the continuous-time L; problem
of SISO continuous-time case was dealt with in [20], while the discrete-time I; problem
of MIMO discrete-time case of square systems (i.e., the one-block problem) was dealt with
in [19]. The central ideas for the solution of nonsquare (i.e., multiblock) problems were given
in [21], including a method for constructing approximate suboptimal solutions iteratively.
These ideas are based on the solution of a linear program representing a truncated version of
the original problem. A similar method for solving the fixed input optimization problem was
presented in [22]. A general treatment of the multiblock case was provided in [59], where an
optimal solution is shown to exist under some assumptions. A method for computing lower
bounds on the optimal norm was discussed in [23], while a rational approximation approach
to the L, optimal controllers relevant to SISO continuous-time systems was given in [62].
Motivated by the lack of a solid understanding of the general discrete-time [; multiblock
problem, a comprehensive treatment of the general [; multiblock problem was given in [24].
With these studies, the [; optimal control problems have been well studied in a number of
books such as [18],[30] and so on. After that, a new method for solving the /; optimal control
problem was presented in [47] by introducing the scaled-@Q) approach.

However, in contrast to the case of the discrete-time [; problem, there are few studies
on the continuous-time L; problem. The L; problem associated with SISO continuous-
time systems was dealt with in [20],[62] but there is no study on MIMO continuous-time
systems. Thus, the author tackled the MIMO continuous-time L; analysis problem, by
which the L..-induced norm computation of MIMO continuous-time systems is meant. As
a result, the following results were obtained by the author. A computation method for
the L..[0, h)-induced norm of a compression operator, which corresponds to computing the
L.-induced norm of a continuous-time system in a truncated fashion, was developed first
in [49]. A more sophisticated argument to the compression operators was provided in [51]
by using the idea of input approximation approach, and its extension to the L..-induced
norm analysis of continuous-time systems with a new computation method named kernel
approximation approach was studied first in [53]. Furthermore, a comparison between the
input approximation approach and the kernel approximation approach in the L.-induced
norm analysis of continuous-time systems was presented in [55]. These results relevant to

the Lo.-induced norm analysis of continuous-time systems are discussed in this thesis.
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1.1.2 Background in Sampled-Data Control Systems

Sampled-data systems arise in feedback control when continuous-time plants are to be
controlled by discrete-time controllers, and they occur naturally in feedback control appli-
cations, such as process control, attitude control and so on. The study of sampled-data
systems is very important in control system analysis and synthesis and shows promise in
providing deeper insight and improved performance in many applications since discrete-time
controllers are so widespread in feedback control systems and have several advantages over
continuous-time controllers. For example, changing or tuning controllers requires just re-
programming the control algorithm in discrete-time controllers while hardware extension
or reinstallation is need in continuous-time controllers. Thus, the study of discrete-time
controller synthesis plays important roles in practical senses and is one of the main issues
in control systems, and there are three basic ways to design discrete-time controllers. The
first is to do a continuous-time synthesis and then a discrete-time implementation, the sec-
ond is to discretize the plant and do a discrete-time controller synthesis, and the third is
the so-called sampled-data controller synthesis. The advantages of the first way are that
continuous-time controller synthesis is natural and one could normally expect recovery of
the performance specifications as the sampling frequency increases. However, often in an
industrial setting, the sampling frequency is not designable by the control engineer. The
second way has the obvious disadvantage of ignoring intersample behavior. Furthermore,
the sampling frequency must be selected a prior: and adjusting its effect therefore is out of
the synthesis loop. In connection with this, the study associated with sampled-data systems
taking account of their intersample behavior (i.e., the third way) plays important roles in

practical senses and is one of the main issues in control system analysis and synthesis.

Starting from the studies of sampled-data systems associated with the computation of the
Lo-induced norm [13] and the input-output stability analysis [14], there have been a number
of studies associated with sampled-data systems. Intersample behavior of sampled-data sys-
tems can be treated by using the ideas of the fast-sample/fast-hold (FSFH) approximation
technique [46], the lifting technique [4],[68],[71], the FR operator approach [2] and so on.
Frequency response gain of sampled-data systems could be computed through the FSFH ap-
proximation technique [73], the lifting technique [72] and the FR operator approach [2]. After
that, a convenient idea of bisection algorithm for computing the frequency response gain of
sampled-data systems [41] in both the lifting technique and the FR operator approach treat-
ment was developed, while an idea of finite-rank approximation of compression operators in
the Hilbert Schmidt norm was introduced in [37] for giving a simple method for comput-

ing upper and lower bounds of the frequency response gain of sampled-data systems. The
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H., sampled-data control problem was also dealt with in [42], and its solution procedures
have been further developed through the FSFH approximation technique [46], the lifting
technique [6],[40],[60],[61],[68], the FR operator approach [34] and so on [67]. Furthermore,
computing the L,[0, h)-induced norm of compression operators was developed in [27] as a
fundamental study of the H,, sampled-data control problem. The study of the Hy sampled-
data control can also be classified by the type of the frameworks used in taking account of the
intersample behavior, i.e., the lifting technique [5],[48],[60],[61], FR operator approach [33]
and so on [15],[16],[39]. With these studies, the problems of sampled-data systems associ-
ated with the H,, and Hy norms have been well studied in a number of books such as [17],
[63] and so on.

Another very important framework to deal with sampled-data systems is the fast-lifting
technique [38]. The fast-lifting technique has an integer parameter M as in the FSFH ap-
proximation technique, but it is used only to subdivide the sampling interval [0, k) into M
smaller pieces, while the FSFH approximation technique takes M equally spaced sampling
points on the interval [0, ); no information is hence lost as to signals on [0, h) by apply-
ing fast-lifting. Through the fast-lifting technique, more sophisticated studies on the H,,
sampled-data control problem have been developed as follows. A discretization procedure
for the H., sampled-data control problems was developed in [38] in a y-independent fashion,
where v is the H,, performance level, when the direct feedthrough matrix D;; from the
disturbance to the controlled output is assumed to be zero. This result was further extended
in [36] for the case of D3 # 0. An idea of quasi-finite-rank approximation of compres-
sion operators on the Ls[0, h)-induced norm was developed in [35] to alleviate difficulties in
~v-independent discretization for the H,, sampled-data control problem.

On the other hand, it should be noted, in contrast to the cases of the H,, and H,
problems of sampled-data systems, that there are few studies on the L; problem of sampled-
data systems. More precisely, the only approach to the L; problem of sampled-data systems
has been to introduce a discrete-time system through the FSFH approximation technique
as developed in [3],[28],[66], and it is shown that the [-induced norm of the approximating
discrete-time system converges to the L.-induced norm of the original sampled-data system
as the FSFH approximation parameter M tends to infinity. However, these studies did not
evaluate how close the [, -induced norm for a given M is to the exact value of the L..-
induced norm. By noting that fast-lifting plays important roles in the H., sampled-data
control problems, the author developed a method for computing upper and lower bounds
of the L.-induced norm of sampled-data systems by applying the idea of the fast-lifting
technique. More specifically, the computation method developed in [49],[51] on compression

operators has been used as a fundamental tool for the L.-induced norm computation of
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sampled-data systems. In [50], readily computable upper and lower bounds of the L..-
induced norm of sampled-data systems were derived by using the ideas of the fast-lifting
technique and piecewise linear approximation scheme. Furthermore, a computation method
for the L..-induced norm of sampled-data systems was presented in [54] by using the ideas of
piecewise constant approximation and piecewise linear approximation schemes. The author
also extended the arguments in [54] to the L; optimal controller synthesis of sampled-data
systems. In connection with this, a mathematical basis for the piecewise linear approximation
in the L; optimal controller synthesis problem of sampled-data systems was provided in [52].

These results relevant to the L; sampled-data control problem are discussed in this thesis.

1.2 Contribution of This Thesis

This section discusses the contribution of this thesis over the existing results in the
L.-induced norm analysis of continuous-time and sampled-data systems and L; optimal

controller synthesis in sampled-data systems.

1.2.1 L, -Induced Norm Analysis of Continuous-Time Systems

As mentioned in the above section, there have been a number of studies on the discrete-
time [y -induced norm problem associated with MIMO FDLTI systems [18],[19],[21]-[24],
[30],[471,[59],[70]. This is because evaluating the maximum amplitude of the output is very
important in many control systems and this problem is also pertinent to dealing with bounded
persistent disturbances such as steps and sinusoids, which are often encountered in control
systems. However, in contrast to the case of the discrete-time [, -induced norm problem,
there are few studies on the continuous-time L..-induced norm problem; the L.-induced
norm problem associated with SISO FDLTT continuous-time systems was dealt with in [20],
[62],[70] but there have been no studies on giving an exact computation method of the
Lo.-induced norm as well as its upper and lower bounds associated with MIMO FDLTI
continuous-time systems. This is because an accurate computation of the L.-induced norm
associated with a MIMO FDLTI continuous-time system is very hard since we need to
integrate the absolute value (i.e., we need to compute the L; norm) of the impulse response
of the system, which corresponds to the kernel function in the convolution formula for its
input/output relation.

With the difficulty of computing the above integral exactly in mind, this thesis provides
two simple approaches named input approximation and kernel approximation for computing

the L.-induced norm associated with a MIMO FDLTT system. Through these approxima-
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tion approaches, the input or kernel function relevant to a MIMO continuous-time FDLTI
system is approximated, and this leads to a simple method for computing the L..-induced
norm of MIMO continuous-time FDLTT systems. More precisely, these two approximation
approaches are supported by the application of fast-lifting which has the parameter M, and
they share a common technical feature that they employ a piecewise constant approximation
or piecewise linear approximation scheme of functions. One of the main contributions of this
thesis is to show that the upper and lower bounds of the L..-induced norm associated with
MIMO continuous-time FDLTT systems can be readily computed and the piecewise constant
approximation and piecewise linear approximation schemes lead to gaps between the upper
and lower bounds converging to 0 at the rate of 1/M and 1/M?, respectively, in both the

input approximation and kernel approximation approaches.

1.2.2 L, -Induced Norm Analysis of Sampled-Data Systems

The Lo-induced norm analysis of sampled-data systems has been dealt with in [3],[28],
[66]. However, in contrast to the cases of the Hy and H,, problems of sampled-data systems,
no precise solution has been obtained even for the analysis of the L.-induced norm, for
which only approximate methods have been provided. A drawback of these studies is that
they are not pertinent to evaluating how close the approximately obtained [,.-induced norm
for a given M is to the exact value of the L..-induced norm.

As a significant advance over the existing results, this thesis provides readily computable
upper and lower bounds of the L..-induced norm of sampled-data systems. More precisely,
stimulated by the success in the L.,-induced norm computation of continuous-time systems,
we extend the input approximation and kernel approximation approaches, which involve the
piecewise constant approximation and piecewise linear approximation schemes, to the com-
putation of the L..-induced norm of sampled-data systems. Then, another main contribution
of this thesis is to show that readily computable upper and lower bounds of the L..-induced
norm of sample-data systems are obtained and the piecewise constant approximation and
piecewise linear approximation schemes lead to gaps between the upper and lower bounds
converging to 0 at the rate of 1/M and 1/M?, respectively, in both the input approximation

and kernel approximation approaches.

1.2.3 L; Optimal Sampled-Data Controller Synthesis

As mentioned in the above subsection, we derive readily computable upper and lower
bounds of the L..-induced norm of sampled-data systems by using the ideas of the input

approximation and kernel approximation approaches. Unfortunately, however, these meth-
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ods are restricted to analysis and cannot be used directly for synthesis. This is because they
require to compute the L;[0, h/M) norms of kernel functions determined by the continuous-
time system and the discrete-time controller and the structure of the way the controller
parameters are involved in the kernel functions is complicated.

In this respect, this thesis also considers the L; optimal sampled-data controller syn-
thesis problem, by which we mean the discrete-time controller synthesis minimizing the
L.-induced norm of sampled-data systems. More precisely, we develop two methods in
the input approximation approach with the piecewise constant approximation and piece-
wise linear approximation schemes. By applying the arguments of preadjoint operators, we
provide two important inequalities that form theoretical bases for the piecewise constant
approximation and piecewise linear approximation schemes to the L; optimal sampled-data
controller synthesis problem. These inequalities show that the piecewise constant approxi-
mation and piecewise linear approximation schemes are in the convergence rate of 1/M and
1/M?, respectively, and the associated error bounds in the approximation schemes could be
derived through these inequalities. In connection with these convergence rates, we further
give two discretization procedures of continuous-time systems for the L; optimal sampled-
data controller synthesis through the piecewise constant approximation and piecewise linear
approximation treatment. The last main contribution of this thesis is thus the derivation of
the theoretical bases for the piecewise constant approximation and piecewise linear approxi-
mation schemes in the L; optimal sampled-data controller synthesis with the developments
of the discretization procedures. Furthermore, effectiveness of the developed methods is

demonstrated through a numerical example.

1.3 Contents of This Thesis

In Chapter 2, we study computing the L..-induced norm of MIMO continuous-time
FDLTI systems. More specifically, we develop the input approximation and kernel approx-
imation approaches with application of the fast-lifting technique [38], which has parameter
M. These two approximation approaches share a common technical feature that they employ
a piecewise constant approximation or piecewise linear approximation scheme of functions.
Through these approximation methods, this chapter shows that the input approximation
and kernel approximation approaches derive readily computable upper and lower bounds of
the Lo-induced norm, and the gap between the upper and lower bounds in the piecewise
constant approximation or piecewise linear approximation scheme converge to 0 at the rate
of 1/M or 1/M?, respectively, in both the input approximation and kernel approximation

approaches. Furthermore, this chapter investigates the relationship between such gaps in
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the input approximation and kernel approximation approaches. The effectiveness of the
developed computation methods is demonstrated through numerical examples.

In Chapter 3, we consider the problem of the L,-induced norm analysis of sampled-data
systems. We first introduce operator theoretic approach to sampled-data systems by using
the idea of the lifting technique [4],[6],[68],[71]. This approach derives the input and output
operators describing the input/output relation of the sampled-data systems. In contrast to
the case of continuous-time systems, we should apply adequate approximations to both the
input and output operators in computing the L.-induced norm of sampled-data systems,
even though the only input operator was treated approximately in continuous-time systems.
With application of the fast-lifting technique, we develop the approximation methods for
the output operator, by which the output of the sampled-data systems is approximated by
a piecewise constant or piecewise linear function. We further apply the two approximation
approaches used in Chapter 2, by which the L.-induced norm computation was carried out
for continuous-time MIMO FDLTT systems, to the input operator, by noting that the struc-
ture of the input operator remains essentially the same as that in continuous-time FDLTI
systems. Through these approximation methods, this chapter shows that an upper bound
and lower bound of the L.-induced norm can be easily computed and the gaps between the
computed upper and lower bounds converge to 0 as the fast-lifting parameter M tends to
infinity. More precisely, the piecewise constant approximation and piecewise linear approxi-
mation schemes lead to the gaps between the upper and lower bounds converging to 0 at the
rate of 1/M and 1/M?, respectively, in both the input approximation and kernel approxima-
tion approaches. Furthermore, a relationship between the gaps in the input approximation
and kernel approximation approaches is discussed and the effectiveness of the resulting four
types of computation methods is demonstrated through numerical examples.

In Chapter 4, we deal with the L; optimal controller synthesis problem of sampled-data
systems. More precisely, in the lifted representation of sampled-data systems, we provide two
discretization procedures of continuous-time systems for the L; optimal controller synthesis
problem of sampled-data systems by using the ideas of piecewise constant approximation
and piecewise linear approximation schemes under the input approximation approach. By
applying the arguments of preadjoint operators, we provide two important inequalities that
form theoretical bases for the piecewise constant approximation and piecewise linear ap-
proximation schemes to the L, optimal sampled-data controller synthesis problem. Through
these inequalities, it is shown that the convergence rates for the L; optimal sampled-data
controller synthesis in the piecewise constant approximation and piecewise linear approxima-
tion schemes are in 1/M and 1/M?, respectively, and the associated error bounds are derived.

In connection with these convergence rates, we further give two discretization procedures of
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continuous-time systems for the L, optimal sampled-data controller synthesis through the
piecewise constant approximation and piecewise linear approximation treatment. The effec-
tiveness of the developed discretization methods is examined through a numerical example.

In Chapter 5, we summarize the obtained results. We then give concluding remarks,
with a possible direction of a future work for further developments in the rejection control

problem of bounded persistent disturbances.

1.4 Notations and Mathematical Preliminaries

This section gives some mathematical preliminaries used in this thesis. Notations and the
definitions of spaces used in this thesis are explained in detail. We particularly discuss the
arguments of adjoint and preadjoint operators which play important roles in the L; optimal
sampled-data controller synthesis.

The notations R%,, R} and R(-) are used to denote the Banach space of v-dimensional
real vectors equipped with vector oo-norm, the Banach space of v-dimensional real vectors
equipped with vector 1-norm, and the range of an operator, respectively.

The dual space of a Banach space X, i.e., the space of all bounded linear functionals on
X, is denoted by X*.

Let X and Y be Banach spaces. For a linear operator T : X — Y, its adjoint [10],[11],
[58] is denoted by T* : Y* — X*, which by definition satisfies

Vo€ X, Vo eY*, (Tz,¢)=(z,T"0) (1.1)

where the notation (y, ¢) means the value of the linear functional ¢ at y. For the given Banach
spaces X and Y, suppose that there exist unique Banach spaces, denoted by X, and Y, such
that their dual spaces (X,)* and (Y,)* coincide with X and Y, respectively. Then, if there
exists an operator T, : Y, — X, such that (T,)* =T, then T, is called the preadjoint [10],
[11],[58] of T : X — Y’; we can easily see that such an operator T,, if it exists, is unique.
It is a fact that ||T.|| = ||T||, where ||T.|| denotes the norm of T, induced from the norms
on Y, and X,, while || T|| denotes the norm of T = (T,)* induced from the (dual) norms on
(X.)*=X and (Y,)* =Y.

Regarding (Ls[0,h))”, we sometimes drop v and slightly abuse a term for simplicity,

especially when we refer to the induced norm of an operator; for an operator T : X — Y

with X and Y being Banach spaces with norm || - ||x and || - ||y, respectively, we call
|IT|| := sup [|Tz|ly/||z|lx the Ls[0, h)-induced norm of T if either X or Y is (Lu[0, h))¥.
zeX\{0}

A similar convention applies when L. [0, k) is replaced by a similar space.
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The notation || - || is used to mean either the L..[0, k) norm of a vector function, i.e.,

1)l = maxess sup | fi(2)] (1.2)

0<t<h

(or that with h replaced by h/M or o), the L..[0, h)-induced norm (or that with h/M or

oo instead of h) of an operator, or the co-norm of a matrix or a vector, i.e., for A € R%Z™,

m
Al = z 1.
A= _max > oy 13
7j=1
whose distinction will be clear from the context. On the other hand, the notation | - ||; is

used to mean either the L;[0, h) norm of a vector function, i.e.,

1Ol =3 [ ol (1.4

(or that with h replaced by h/M or oo), the L]0, h)-induced norm (or that with h/M or oo

instead of h) of an operator, or the 1-norm of a matrix or a vector, i.e., for A € R}*™

)

]6{17 7m}

JAfl; == max > ay] (1.5)
=1

whose distinction will also be clear from the context.
For a Banach space X, we identify the direct product (X™)" with X™" when we refer

to the norm on the former. We also use the notation [y to denote the space of all X-valued

sequences, where X is a Banach space. For {f,}32, € l(Loojo,ny), We call I{fe}l| == sup || fll
k
the 17° o) norm, and the induced norm [|T[| := sup |[Tzlly/[|z[x is sometimes called
’ zeX\{0

the li‘;[o,h) or lzooom’h,)—induced norm of T if T : X — Y and either X or Y is [ _jo,n))~ or

lLoolon)-
Throughout this thesis, (G, H) denotes the so-called lower linear-fractional-transformation

given by Gi1 + G — Gaootl) "Gop when G = .
(LFT) given by G1y + G1oH (I — GoyH) *Goy when G [G“ G”]
Go1 G
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Chapter 2

Loo-Induced Norm Analysis of
Continuous-Time Systems

2.1 Introduction

The L.-induced norm of control systems is the peak magnitude of the output for the
worst bounded persistent input with a unit peak magnitude. There have been a number
of studies on the L.-induced norm problem associated with a linear time-invariant (LTT)
system [20],[62],[70] and a positive system [9],[65] since evaluating the peak magnitude of
the output is very important in many control systems. Because this norm corresponds to
the L; norm of the impulse response of the system in the (strictly causal) finite-dimensional
single-input/single-output (SISO) LTT case, the study associated with the treatment of the
L-induced norm has been called the L; problem. This problem is pertinent to dealing with
bounded persistent disturbances such as steps and sinusoids, which are often encountered
in control systems. Accurate computation of the L.-induced norm associated with an LTI
system is very hard since we need to integrate the absolute value (i.e., we need to compute
the L; norm) of the impulse response of the LTI system, which corresponds to the kernel
function in the convolution formula for its input/output relation, and it is very difficult to
compute this integral exactly. An exact computation of the integral could be done only
when the relevant system is a positive finite-dimensional LTT system [43] (for which the
impulse response is nonnegative and thus the operation of taking its absolute value may
be eliminated, leading to an analytic formula for the integral), and there have been no
studies on giving an exact computation of the L.-induced norm as well as its upper and
lower bounds associated with (not necessarily positive) finite-dimensional LTT systems. This
chapter studies to compute upper and lower bounds in such a way that these bounds can be
made as close to each other as one desires.

In this chapter, we provide two simple approaches named input approximation and kernel
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approximation for computing the L.-induced norm associated with a stable FDLTT system.
They are two different approaches in terms of the viewpoint behind approximations but
share a common technical feature that they employ a piecewise constant approximation or
piecewise linear approximation scheme of functions. In these input and kernel approximation
approaches, we first apply a truncation idea, by which the time interval [0, 00) is divided into
[0, h) and [h, 00) with a sufficiently large constant h. Then, the behavior of the system on the
time interval [0, h) is treated as accurately as possible while that on [h, c0) in a comparatively
simple way. This is because the effect of the latter interval on the L..-induced norm is very
small when A is large enough; this implies that evaluating the effect of the latter interval
in a relatively rough way does not cause severe deterioration of the resulting upper and
lower bounds for the induced norm, as long as the effect of the former interval is evaluated
adequately. Such an accurate evaluation is achieved by first applying to the signals on the
former interval the fast-lifting [38] treatment, which has an integer parameter M and simply
divides (without applying sampling of signals) the time interval [0, ) into M subintervals
with an equal width (in the context of the present chapter, the role of fast-lifting is essentially
the same as the conventional lifting [4],[6],[68],[71] in the studies of sampled-data systems
and time-delay systems, except that the original interval [0,h) is finite). With this fast-
lifting treatment, the input as well as the kernel function associated with the convolution
formula for FDLTT systems can be dealt with independently on each of the M subintervals.
Fast-lifting plays a role in reducing the size of the intervals to be directly dealt with, and
provides us with improved accuracy in the approximation of the input and kernel functions.
We next develop the piecewise constant approximation and piecewise linear approximation
schemes, by which the input and kernel functions associated with the convolution formula
for FDLTT system are approximated by a piecewise constant or piecewise linear function;
constant or linear approximation is applied to the input and kernel function on each of
the M subintervals. Indeed, it is shown that the piecewise constant approximation and
piecewise linear approximation schemes lead to approximation errors in the computation of
the Lo.-induced norm converging to 0 at the rate of 1/M and 1/M?, respectively, in both the
input approximation and kernel approximation approaches. To reveal the mutual connection
between the input approximation and kernel approximation approaches, however, we further
investigate the relationship between the error bounds in the input approximation and kernel
approximation approaches and also give explicit upper and lower bounds for the L..-induced
norms obtained by these two approaches. Finally, we demonstrate the effectiveness of the
resulting four types of computation methods through numerical examples.

The organization of this chapter is as follows. In Section 2.2, we formulate the problem

definition, i.e., computing the L.-induced norm of continuous-time FDLTT systems. We
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develop the input approximation approach in Section 2.3. We further provide the kernel
approximation approach in Section 2.4. In Section 2.5, we present the main result in this
chapter and the guideline for taking the parameters used in computing the L..-induced norm.
Comparison between the input approximation and kernel approximation approaches is given
in Section 2.6. The effectiveness of the proposed computation methods is demonstrated
through numerical examples in Section 2.7. In Section 2.8, we provide concluding remarks.
Finally, the proofs of the lemmas given in this chapter and the rationale for taking the

specific functions fo(7) and fi(7’) given later are provided in Section 2.9.

2.2 Problem Formulation

This chapter is concerned with the stable continuous-time FDLTT system G shown in
Figure 2.1. Suppose that G is described by

dx

2= Cz+ Dw
where x(t) € RY is the state, w(t) € R% is the input and z(t) € R is the output. It is well
known that

2(t) = /0 Cexp(A(t — 7)) Bw(r)dt + Dw(t) =: (Goow)(t) (0 <t < 00) (2.2)

where G is the operator from (L )™ to (Ls )™ associated with the input/output relation

of the stable system (2.1). The Ly-induced norm of the system (2.1) is given by

sup |[(Goow) ()|l = [|Geo | (2.3)

[[w][<1

where || - || on the left hand side denotes the L., norm. The aim of this chapter is computing

the Ly-induced norm ||Go||.

2.2.1 Truncation Idea

For simplicity, let us assume D = 0 for a while; we will return to the general case with

D # 0 before we provide our final results. Then, by noting that (G.w)(t) is a continuous

Figure 2.1: Continuous-time FDLTI System G.
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function, the L..-induced norm |G| is described by

[Gooll = sup sup [[(Goow) (t)]| = sup sup [|(Goow)(?)]] (2.4)

lwll<1 t tflwl<t

Here, the L,.-induced norm ||G|| can be rearranged as

|Gsoll =sup sup |[(Goow)(t)]]

t flwll<1
¢
=sup sup / Cexp(A(t — 7)) Bw(T)dr + Dw(t)H
t Jlwli<1]lJ0
t
=sup sup / Cexp(Af)Bw(t — 6)df + Dw(t)H
t Jlwli<1l]l/0
t
=sup sup / C exp(Af)Bu(6)db + Du(O)H
t Jul<1ilJo
=:sup sup |[(Gu)(@)| =: |4 (2.5)
tlul<1

where the equalities in the third and fourth lines are validated by letting 6 := ¢t — 7 and
considering u(f) := w(t — #) for 0 < § < t. On the other hand, it readily follows from the
property of L., that

sup [[(Gu)(Th)]| < sup [|[(Gu)(T3)]| (2.6)

f[ull<1 [Jul| <1

whenever 0 < T} < Ty. This is because for every u; € Lo[0,77) such that ||ui]] < 1, the

function u, defined as

us(t) = (2.7)

Ul(t> 0<t<T]
0 T <t<T

belongs to Lu.[0,T3), satisfies ||uz|| < 1 and (Gu1)(T1) = (Guz)(Ty). By combining these
arguments, the L,-induced norm [|G|| in (2.5) can be described by

1G]] = lim sup [[(Gu) (1) (2.8)

T lull<1

Hence, this chapter computes |G || by computing the L. .-induced norm ||G|| instead because

of some simplicities in the following arguments.

Remark 2.1 Even though we have been assuming for a while that D = 0 as mentioned

above, note that F has been defined in (2.5) and (2.8) for a general D for later purposes.
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To compute ||G|| when D = 0, we first introduce a truncation idea of G. We thus take a
sufficiently large h. Without loss of generality (see the limit in (2.8)), we then take ¢ larger

than h and decompose G into
(Gu)(t) = G, u+ (G, u)(t) (2.9)
where
Gru = /O " Coxp(AO) Bu(B)dh,  (Gu)(t) = /h ' O exp(A9) Bu(0)d6 (2.10)

Then, we have

1G, = 11G I < 11GI < 1G, 1| + 1G] (2.11)
where
19, I := sup G ull, 1G]l == lim sup [|(Gu)(1)] (2.12)
lull <1 O jul|<1

It will be explained in Section 2.5 that ||G; || has an upper bound proportional to ||C exp(Ah)||
and the latter norm becomes arbitrarily small by taking h sufficiently large by the stability
assumption of (2.1). Hence, our approach to computing ||G|| uses (2.11), in which ||G, | is
computed as accurately as possible while the computation of |G, || is treated in a compar-
atively simple way; we aim at computing upper and lower bounds of the L..-induced norm
|G| through approximations of G, and an upper bound computation of ||G;"||. The choice

of h (as well as other parameters to be introduced) will be discussed in Section 2.5.

2.2.2 Fast-Lifting Treatment of G,

In this subsection, we suppose that h is given and aim at computing upper and lower
bounds of ||G, ||. This is because a closed-form expression for this norm (can readily be
obtained but) requires us to compute the integral of the absolute value of each entry of the
matrix function C'exp(Af#)B. Since it is very hard to perform such computations exactly,
we consider computing the norm approximately but in such a way that its upper and lower
bounds are available. To achieve this goal, we introduce input approximation or kernel!
approximation approach, where the former is related to u(#) while the latter to C' exp(A6)B.
They are two different approaches in terms of the viewpoint behind approximations but

share a common technical feature that they use either a piecewise constant approximation or

Even though this term should make sense only such a part of (2.5) relevant to w is referred to, we retain
this term with a slight abuse of terminology even when we view such a part of (2.5) relevant to w.
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piecewise linear approximation scheme of (either the input or kernel) functions. Furthermore,
the associated approximation errors converge to 0 at the rate of 1/M and 1/M? in the
piecewise constant approximation and piecewise linear approximation schemes, respectively.
Here, M is the parameter of fast-lifting [38] applied to subdivide the interval [0,h) into
M subintervals with an equal width, as a preliminary step to develop such approximation
schemes.

To describe the details of the approximate computation methods for ||G, ||, we first review
the fast-lifting technique [38] (which in the context of the present chapter is nothing but
lifting [4],[6],[68],[71] applied to signals with finite duration). As shown in Figure 2.2, for
M € N and h' := h/M, fast-lifting is defined as the mapping from f € (L.[0,h))" to
f=10fNT ... (fMNTT € (Loo[0,h))M¥, and is denoted by f := Ly, f, where

FO@) = f(i =W +6) (0<0 <h) (2.13)

It is easy to see from the fast-lifting treatment of u(¢) (0 < # < h) that the operation of G,

on u is described by

M
Gru— Z C(A/d)i—lB/u(i) (2.14)
i=1
where
. h/ ‘
B/u(l) = / exp(Ael)Bu(z) (Hl)dﬁl, Aii = eXp(Ah/) (215)
0

Note that right hand side of (2.14) corresponds to the expanded representation of G, L,/ i,

where % = Lyu = [(uM)? - (u®M)T]T,

10 ()

/ o)

Ly F@)

| / M =3 o)

0 h/3 2h/3 h 0 h/3

Figure 2.2: Fast-lifting L.
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It readily follows that
G, 1| = 16, L/ | (2.16)

where || - || on the right hand side denotes the induced norm from (L [0, ")) to Rz,
Regarding the right hand side, it follows from (2.14) that the operator G, L), is described
by

G, Lyt = Cons B’ (2.17)
where

Coy=1C CA, - C(AYMT] (2.18)

and (-) denotes diag[(-),--- , (-)] consisting of M copies of (-).

As mentioned before, it is difficult to compute ||G, || exactly since computing the integral
of the absolute value of each entry of the matrix function C'exp(A€)B is very hard. We thus
aim at its approximate computation, for which the above application of fast-lifting is helpful
when we are to compute ||G; || by computing ||G, L/ || = |C",,B|| instead. This is because
the input function and kernel function Cexp(A#')B, 0 < § < b’ associated with the operator
B’ are defined on a smaller interval than the interval [0,h) on which G, is defined. This
provides us with a better chance for more accurate approximation. In particular, we aim
at computing upper and lower bounds of |G, || through the input approximation or kernel

approximation approach.

2.3 Input Approximation Approach

In this section, we provide the first method for computing the L.-induced norm of
continuous-time FDLTI systems, i.e., the input approximation approach. Through the input
approximation approach, we readily compute the upper and lower bounds of |G, ||. More
precisely, constant and linear approximations to the input of B’ (which by (2.17) lead to
piecewise constant and piecewise linear approximations to the input of G, ) are introduced

for computing ||G, ||, as well as the associated convergence rates in M.

2.3.1 Piecewise Constant Approximation Scheme
We introduce the averaging operator Jj : (Loo[0,1'))™ — (Loo[0, k)™ defined by
"
(Tou) (#) = / W) (0< ¢ < 1) (2.19)
0
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and the operator Bl : (Loo[0,h))"™ — RZ defined as Bi, := B'Jj, where the subscripts
i and c stand for input approximation and continuous-time systems, respectively. In other
words, introducing the operator B;,, corresponds to restricting the input of B to constant
functions and that B! u = B'u whenever u is a constant function.

We next consider the operator G, obtained by replacing B" with B in (2.17):
Gnario = CanrBico (2.20)

It is easy to see that G, is the fast-lifted counterpart to the piecewise constant approxi-
mation of G, (under the input approximation approach). This chapter shows that ||G, !l
can be computed exactly and tends to ||G, || as M — oo. The following two lemmas play

significant roles in establishing the above facts and the associated convergence rate.

Remark 2.2 The treatment of D has been recovered in the second lemma. The same

argument is repeatedly applied to the arguments of Lemmas 2.4, 2.6 and 2.8 given later.

Lemma 2.1 The following inequality holds:
2

h
1B~ Biooll < 3pallAll- 1] el (221)

Lemma 2.2 Let Bj_; be the matrix defined as

h/
Ocd = / exp(A¢’) Bd¢' (2.22)
0
Then, ||G, 0]l coincides with the co-norm of the finite-dimensional matrix G, ,;, given by
Gario = [CBeq -+ C(AYY ' Byey D] (2.23)

The proofs of these lemmas are deferred to the appendix of this chapter, i.e., Subsec-
tion 2.9.1 since they are quite technical. From Lemmas 2.1 and 2.2, we can readily obtain

the following result.

Theorem 2.1 The inequality

_ KMicO — — KMicO
|Grnsoll = 22 < Gy | < Gl + 2 (224)
holds with K0 given by
h2
Ko = o1 Can - 1Al - | B[ el AImAT (2.25)

Furthermore, Ko has the following uniform upper bound with respect to M:

Kigo := 2[[C - Al - | B[ eM1" (2.26)
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Remark 2.3 By noting that the piecewise constant approximation is norm-contractive in
the input approximation approach, we can show that the lower bound of ||G, || in (2.24) can
in fact be replaced by |G} 0l 1-€., the following inequality holds:

Ko

Gl < 1G5 | < NGimagl + =22 (227)

Remark 2.4 The second assertion of Theorem 2.1 can be proved easily if we note from

(2.18) that
Gl < Ol (2.28)

The same arguments are repeatedly applied to the arguments associated with KY,, KY,, and

KY, in Theorems 2.2, 2.3 and 2.4, respectively.

C

Theorem 2.1 implies that an upper bound and a lower bound of |G, || can be computed
through matrix co-norm computations, and as the fast-lifting parameter M becomes larger,
the gap between the upper and lower bounds tends to 0 at no slower convergence rate than
1/M.

2.3.2 Piecewise Linear Approximation Scheme

We next introduce the ‘linearizing’ operator J| : (Loo[0, ")) — (L [0, h'))™ given by

B B
(Jiu)(0) = i fo(u(r")dr" + 6’ i fi(7u(r")dr' (2.29)

where the scalar-valued functions fo(7’) and fi(7’) are defined as

6 4 12 , 6

(h/)zT/+ e () = (h/)gT o (W)

fo(7') = — (2.30)

The rationale for taking such specific functions will be precisely discussed in the appendix,
Subsection 2.9.3, but we would like remark that among important properties of J; is that
Jiu = u whenever u is a linear function. Let us further introduce the operator Bi , := B'J].
Introducing this operator is equivalent to restricting the input of B’ to linear functions, and
B!.,u = B'u whenever u is a linear function.

We next consider the operator G, ., obtained by replacing B with B} in (2.17):
G = CanrBia (2.31)
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It is easy to see that G, is the fast-lifted counterpart to the piecewise linear approximation
of G, (under the input approximation approach). In the following, we show that ||G, |l
can be computed exactly and converges to |G, || as M — oo. The following two lemmas are

important in establishing the above facts together with the associated convergence rate.

Lemma 2.3 The following inequality holds:

3

2M3

IB' = Bl < 5yllAIP- 1Bl (2:32)

Lemma 2.4 Let Tj. (j =1,--- , M) be the matrix consisting of the L0, 4’) norm of each

entry of the matrix linear function
Sjc() + de@’ = O(A;)j_lo/co + Yclé") (233)

where the matrices Y. and Y., are defined as

6 4 12 6
Yeo := _WBicd + EB(I)cda Yor := Wy led — WB(,ch (2.34)
through the matrices B, and
h/
Bl = / exp(A0)0'Bdo’ (2.35)
0

Then, ||G, 1] coincides with the oo-norm of the finite-dimensional matrix G, ,,;; given by

GF_LMil = [Tlic tee TMic D} (236)

The proofs of these lemmas are given in the appendix of this chapter, Subsection 2.9.2.

From Lemmas 2.3 and 2.4, we can easily obtain the following result.

Theorem 2.2 The inequality

_ K _ _ K1
Gl = <191 < Gl + — 5~ (2.37)
holds with K1 given by
h? 2 Allh/M
!
Kaier = ozl Canll - 1Al || B el (2.38)

Furthermore, Kji.; has the following uniform upper bound with respect to M:

icl -

h3
Ky = el 1A% B[ (2.39)
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Theorem 2.2 implies that an upper bound and a lower bound of ||G, || can be computed
through the matrix co-norm |G} ||, and as the fast-lifting parameter M becomes larger,

the gap between the upper and lower bounds tends to 0 at no slower convergence rate than

1/M?.

Remark 2.5 The idea of the input approximation approach developed in this chapter
could be used in developing a computation method for the L..-induced norm of sampled-

data systems. The details are pursued in Chapter 3.

2.4 Kernel Approximation Approach

In this section, we provide the second method for computing the L..-induced norm of
continuous-time FDLTI systems, i.e., the kernel approximation approach. Through the
kernel approximation approach, we can easily compute the upper and lower bounds of ||G, ||.
In other words, we apply piecewise constant and piecewise linear approximations to the
kernel function Cexp(Af#)B (or more precisely, constant and linear approximations of the
kernel function exp(A6)B, 0 < ¢ < I/ of B') and show the associated convergence rates in
M.

2.4.1 Piecewise Constant Approximation Scheme

We introduce the operator By, : (Loo[0, h)))™ — R” defined as

hl
Bl u = / Bu(60")do’ (2.40)
0
where the subscript k stands for kernel approximation. Introducing the operator By, corre-
& AQ):
sponds to the zero-order approximation of the kernel function exp(Af#')B = Z ( 5 ) B of
il
i=0

the operator B'.
We next consider the operator G, ., obtained by replacing B’ with B}, in (2.17):

Gnarco = CanBieo (2.41)
It is easy to see that G, ., is the fast-lifted counterpart to the piecewise constant approxi-
mation of G, (under the kernel approximation approach). This chapter shows that ||G, 0l
can be computed exactly and tends to ||G, || as M — oo. The following two lemmas play

important roles in establishing the above facts and the associated convergence rate.
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Lemma 2.5 The following inequality holds:
h2
2M?

1B’ - B,

C

oll < 5oz 1Al 1B eI (2.42)

Lemma 2.6 ||G, ., coincides with the co-norm of the finite-dimensional matrix G; 0

given by
G == [CBW -+ C(A)M~'BI D] (2.43)

The proofs of these lemmas are omitted because they are essentially the same as those
of the input approximation approach. From Lemmas 2.5 and 2.6, we can readily obtain the

following result.

Theorem 2.3 The inequality

_ KMch — — KMkCO
1G ol = —7— <G | S NGl + —7— (2.44)
M M
holds with Ko defined as
h2
Ko := 57 1Canll - 1Al | B el 41mA (2.45)

Furthermore, Ko has a uniform upper bound with respect to M given by

h2
Ko = F1CI-1A] - 1B el 41" (2.46)

2.4.2 Piecewise Linear Approximation Scheme

We introduce the operator B, : (Ls[0, 7)™ — R defined as
h/
Bl u:= / (I + A0")Bu(8')do' (2.47)
0

Introducing the operator By, is equivalent to the first-order approximation of the kernel

& AR
function exp(A#)B = Z ( S ) B of the operator B'.
2!
i=0
We next consider the operator G, ., obtained by replacing B’ with B}, in (2.17):

Grna = CanrBrer (2.48)

It is easy to see that G, ., is the fast-lifted counterpart to the piecewise linear approximation
of G, (under the kernel approximation approach). In the following, we show that |G, ;4|
can be computed exactly and converges to ||G, || as M — oo. The following two lemmas are

significant in establishing the above facts together with the associated convergence rate.
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Lemma 2.7 The following inequality holds:
3

6M3

IB"— B,

C

< A7 - || B] el (2.49)

Lemma 2.8 Let Tjx. (j = 1,---, M) be the matrix consisting of the L;[0, h’) norm of each
entry of the matrix linear function C'(A})'~'(I + A#)B involved in (2.48). Then, ||G; /|l

coincides with the co-norm of the finite-dimensional matrix G, ,,,, given by

Gl:Mkl = [lec e TMkC D] (250)

The proofs of these lemmas are also omitted since they are essentially the same as those
of the input approximation approach. From Lemmas 2.7 and 2.8, we can readily obtain the

following theorem.

Theorem 2.4 The inequality

_ KMkcl — — KMkCl
Gl = = S 19, | < 1Ghanall + — 55— (2.51)
M M
holds with K defined as
h3
Kk := 6WHC&MH JAJP - || Bl| el AT (2.52)

Furthermore, K1 has a uniform upper bound with respect to M given by

h3
Kig, = < I 1A 1B el 41" (2.53)

Remark 2.6 It is expected that the idea of the kernel approximation approach developed
in this chapter may be used in the computation of the L..-induced norm of sampled-data
systems. Such a computation method is also expected to lead to an improved gap between
its upper and lower bounds than the computation method through the input approximation

approach. The details are pursued in Chapter 3.

2.5 Computation of the L,-Induced Norm and Guide-
line for Taking Parameters

This section is dedicated to a computation method for an upper bound of ||G;"||, which
together with the arguments in the preceding sections leads to methods for computing upper
and lower bounds of the L.-induced norm [|G|| of the FDLTI system (2.1). Theses bounds

are ensured to converge to each other as the parameters A and M tends to co.
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2.5.1 Computing Upper Bound of |G/ ||

We first note from (2.12) (with ¢ replaced by t 4+ h) and (2.10) that

1G]] < lim sup
£=00 Jluf|<1

/0 ' exp(A6) Bu(f + h)deH € exp(AR)| (2.54)

If we take ¢ > 0 such that ||exp(Aq)| < 1, it readily follows that

t
lim sup /exp(AH)Bu(eth)dQH
=0 <1 11 Jo
q
<1+ espldg)] + fespag) +--) s | | exp(46) B89
v||< 0
1
< .qellAllq B 2.55
ey pery (2.55)

Summarizing (2.54) and (2.55), we can obtain the following result.

Proposition 2.1 If we take ¢ > 0 such that ||exp(Ag)| < 1, then

I < ge! 7| B]| |
~ 1= lexp(Ag)|l

1G% |Cexp(Ah)|| =: Kng (2.56)

and K, converges to 0 regardless of ¢ as h — oc.

2.5.2 Main Results in the Computation of the L. -Induced Norm
of Continuous-Time FDLTI Systems

In this subsection, we give the main results in the computation of the L..-induced norm
of continuous-time FDLTI systems. Combining Theorems 2.1-2.4, Proposition 2.1 and Re-
mark 2.3 together with (2.11), we are led to the following main results.

Theorem 2.5 If we take ¢ > 0 such that || exp(Aq)|| < 1, then

KMICO

HG;MiOH th <||Q|| < ||GZM10|| + M + th (2-57)
_ KMicl _ KMlcl
Gl = = Kne SIGI < NGhamll + — 5= + Kng (2.58)
_ Krkeo _ K vrkeo
||GthoH - M - th SHQH < ||Gtho” +t—F M + th (2-59)
_ Kk _ K kel
|Granall — ez Kng <IIGI| < | Grppall + — 75— IVE + Kng (2.60)
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) KU
ic0» icl» kc0
and KY, defined as (2.26), (2.39), (2.46) and (2.53), respectively. Thus, the error bounds

Kario/M, Ky /M?, Kyno/M and Kypg /M? in (2.57)—(2.60) converge to 0 as M — oo,

while K}, converges to 0 regardless of ¢ as h — oo.

Furthermore, Kico, Karie1, Ko and Kpxer have uniform upper bounds KY,, KY

It should be noted in Theorem 2.5 that the uniform upper bounds KY,, KY,, KU, and
KY, given in (2.26), (2.39), (2.46) and (2.53), respectively, depend on h, and increase as h
is increased to reduce Kj,. However, Kj, is bounded from above in the exponential order

oh in h regardless of ¢, where ¢ < 0 is the maximum real part of the eigenvalues of A. It

e
is hence expected that Kj, can be made small with a modest h and thus we can keep the

uniform upper bounds KY,, KY,, KU, and K, modest.

icO» icl» cl

2.5.3 Guideline for Taking Parameters

Regarding a guideline for taking the parameters h, M and ¢, we can summarize the
above arguments as follows. It may be reasonable to take a relatively small ¢ as long as
| exp(Aq)|| < 1; this is to avoid undue increase of Kj,, or in particular el4le. Once ¢
is fixed, the next step would be to take an h such that K}, is as small as we wish; this is
always possible by taking h sufficiently large. Once h is also fixed, the uniform upper bounds
KY, KY, KY, and KU, in (2.26), (2.39), (2.46) and (2.53), respectively, are determined,
and thus the last step would be taking an M such that KU /M, KY,/M?* KU,/M and
KT, /M? are as small as we wish. It is obvious that following this kind of guideline leads to
computation methods for the L.-induced norm of the FDLTT system (2.1) to any degree of

accuracy.

2.6 Comparison between the Input and Kernel Ap-
proximation Approaches

In this section, we compare effectiveness of the input approximation and kernel approx-
imation approaches in the treatment of G, . We see that Kyeo and Ky relevant to the
approximation errors in the kernel approximation approach developed in this chapter are
smaller than K0 and K yier, respectively, relevant to those for the input approximation ap-
proach. More precisely, we can see from (2.25) and (2.45) that Ko = Kprico/2 for the piece-
wise constant approximation scheme, while (2.38) and (2.52) implies that Kyne1 = Kasic1/3
for the piecewise linear approximation scheme. If we note that the treatment of the truncated
part G, discussed in the preceding section is common for all the four methods discussed in

this section, the following interpretations of these two relations will be justified.
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The former relation implies that the gap between the upper and lower bounds in (2.57)
and that in (2.59) coincide with each other. This could be interpreted as implying that the
overall ability is the same for the input approximation and kernel approximation approaches
as far as the piecewise constant approximation scheme is taken. For the piecewise linear
approximation scheme, on the other hand, the latter relation implies that the gap between
the upper and lower bounds in (2.60) for the kernel approximation approach is one third of
that in (2.58) for the input approximation approach. Meanwhile, it will be (numerically)
demonstrated in the following section that the piecewise linear approximation scheme is
superior to the piecewise constant approximation scheme in the computation of ||G|| under
both the input approximation and kernel approximation approaches. Summarizing these
observation clearly indicates an advantage of the method with combined use of the piecewise
linear approximation scheme and the kernel approximation approach over the other three
methods.

2.7 Numerical Examples

In this section, we study numerical examples and examine effectiveness of the computa-

tion methods discussed in this chapter.

Let us first consider the stable SISO FDLTT oscillatory system

A:0_2,B: 1 ,C=1[1 1], D=1 (2.61)
A IR S I

We compute estimates of its L..-induced norm, or equivalently ||G||, by taking the fast-
lifting parameter M ranging from 500 to 5000 on the condition that h = 25 and ¢ = 2
following the guideline in Subsection 2.5.3, which leads to Kj, = 2.26 x 10~7. The results
for the upper and lower bounds of |G| obtained by Theorem 2.5 and the computation
times under the piecewise constant approximation scheme are shown in Table 2.1, while
those with the piecewise linear approximation scheme are shown in Table 2.2. We are
mainly interested in the comparison between the input approximation approach and the
kernel approximation approach developed in this chapter. Hence, these (and the following)
tables consist of Case (a) for the input approximation approach and Case (b) for the kernel

approximation approach.
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Table 2.1: Results with piecewise constant approximation scheme in SISO example.
Case (a): Input approximation approach

M 500 1000 2000 5000
K ic
|\ Grasoll + % + Ky | 3.703542  3.361762 3.215702 3.135198
|Grariol] — Kng 3.084104 3.084248 3.084370 3.084370
time (sec) 0.015281 0.030330 0.036423 0.079816
Case (b): Kernel approximation approach
M 500 1000 2000 5000
Kke
|\ Granoll + KJA\?{ 0+ Khng | 3.392950 3.222860 3.149950 3.109775
| Granoll — j]\(/[kco — Kpq | 2773512 2.945347 3.018618 3.058947
time (sec) 0.015093 0.024384 0.036143 0.078988

Table 2.2: Results with piecewise linear approximation scheme in SISO example.

Case (a): Input approximation approach

M 500 1000 2000 5000
K ic
||GhMﬂ||+ﬁ+th 3.146314 3.098249 3.087656 3.084882
_ Micl
HGhMHH—W—th 3.022426 3.070497 3.081089 3.083865
time (sec) 0.020353 0.035159 0.049186 0.120428
Case (b): Kernel approximation approach
M 500 1000 2000 5000
K
||G;Mk1||+ﬁ+[(hq 3.108609 3.089882 3.085686 3.084578
_ Mkcl
IGrnall = =75~ — Kuq | 3067312 3.080631  3.083497 3.084238
time (sec) 0.019011 0.032270 0.038521 0.119789

We next consider the stable MIMO FDLTT oscillatory system

-1 0 2 2
1 -1 2 3
A= 0 -2 -2 0
1 -1 -1 -2

Y

B =

N O
O = =
Q
Il
1
—_
—
(e}

(2.62)

We compute the upper and lower bounds of its L.-induced norm by taking the fast-lifting

parameter M ranging from 500 to 5000 on the condition that h = 25 and ¢ = 2, which leads
to Kpq = 2.65 x 1078, The results are shown in Tables 2.3 and 2.4.

We can see from these tables that the error bounds for the computation of |G| (i.e.,
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Table 2.3: Results with piecewise constant approximation scheme in MIMO example.

Case (a): Input approximation approach
M 500 1000 2000 5000
|G ranoll + % + Kpq | 18.548486 13.828079 11.996866 11.041614
|Graiol] — Kng 10.458708 10.458788 10.459380 10.459432
time (sec) 0.017563  0.033310  0.048476  0.094044
Case (b): Kernel approximation approach
M 500 1000 2000 5000
1Goamoll + Kaneo | Kpg | 14576154 12.181119 11.246745 10.758005
| Granoll — K]?\/[E{CO — Kpy | 6486376  8.811828  9.709259  10.175823
time (sec) 0.015604  0.026847  0.040918  0.090371

Table 2.4: Results with piecewise linear approximation scheme in MIMO example.

Case (a): Input approximation approach
M 500 1000 2000 5000
K ic
||GhMi1||+ﬁ+th 11.875157 10.754256 10.526707 10.469630
HG,;MHH—%—KM 9.043735 10.164630 10.392177 10.449254
time (sec) 0.025248  0.038933  0.064876  0.134318
Case (b): Kernel approximation approach
M 500 1000 2000 5000
Kprxe
HG;MMH+ﬁ+KhQ 10.943846 10.560772 10.482617 10.462958
_ Mkcl
|Granall = =75~ = Kag | 10.000038  10.364230 10437774 10.456166
time (sec) 0.022003  0.038181  0.061540  0.133024

the gaps between the upper and lower bounds) decrease by taking the fast-lifting parameter
M larger for all estimates. Hence, all the four approximation methods discussed in this
chapter can be validated as methods for computing the L..-induced norm. A more important
concern in this chapter, however, lies in the effectiveness comparison between (a) the input
approximation approach and (b) the kernel approximation approach. In this respect, we
had an earlier discussion in Section 2.6, which implies that, under the piecewise constant
approximation scheme, the kernel approximation approach can provide no advantage over
the input approximation approach in reducing the gap between the computed upper and
lower bounds. As seen from Tables 2.1 and 2.3, the convergence of this gap (common for the

input approximation and kernel approximation approaches) is not fast with respect to M.
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This suggests us to use the piecewise linear approximation scheme instead, which exhibits
much faster convergence as seen from Tables 2.2 and 2.4. We can further observe from these
tables that once we switch to the piecewise linear approximation scheme, an advantage of
the kernel approximation approach over the input approximation approach is prominent.
This is because the range between the upper and lower bounds obtained by the kernel
approximation approach is always contained in (and thus less conservative than) that by the
input approximation approach for the same M. Furthermore, the computation times in the
kernel approximation approach are slightly smaller than those in the input approximation
approach under the same parameter M. As an overall evaluation, the kernel approximation
approach with the piecewise linear approximation scheme exhibits the smallest range for the
L.-induced norm estimates with relatively short computation times among the four methods

discussed in this chapter.

2.8 Concluding Remarks

In this chapter, we tackled a difficult problem of accurately computing the L.-induced
norm associated with a stable FDLTI system, which is very important in many control
systems. To this problem, we applied a truncation idea with a sufficiently large h, which
mostly reduces the problem to the induced-norm computation of F, defined on the time
interval [0, h) (describing the input/output relation of the FDLTT system on that interval).
We first introduced the input approximation approach to the L..-induced norm computa-
tion associated with continuous-time FDLTT systems based on the fast-lifting treatment. We
next developed the kernel approximation approach to the L-induced norm computation,
which is also based on fast-lifting. In these two approximation approaches, we applied two
schemes in approximating input and kernel functions, i.e., the piecewise constant approxi-
mation scheme and the piecewise linear approximation scheme. It was then shown that the
approximation errors in our two approaches converge to 0 at the rates of 1/M and 1/M? in
the piecewise constant approximation and piecewise linear approximation schemes, respec-
tively, as the fast-lifting parameter M tends to infinity. Even though these convergence rates
are qualitatively the same in the two approximation approaches, our detailed analysis showed
that the approximation errors through the kernel approximation approach are smaller than
those through the input approximation approach, when the piecewise linear approximation
scheme is used. We then gave a method for evaluating the effect on the truncated interval
[h,00), and this was used commonly in both the input approximation and kernel approx-
imation approaches. Through this evaluation together with the input approximation and

kernel approximation approaches, we can compute the L.-induced norm of FDLTT systems
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to any degree of accuracy. Finally, we examined effectiveness of the two approximation ap-
proaches through numerical studies and confirmed that the kernel approximation approach
works more effectively than the input approximation approach, not only in accuracy but also

in computation times, especially when the piecewise linear approximation scheme is taken.

We remark that the input approximation and kernel approximation approaches developed
in this chapter can be extended to the computation of the L,-induced norm of sampled-data
systems (i.e., the L; analysis of sampled-data systems), and such extensions will be discussed
in Chapter 3.

We further note that constructing the jth-order approximants By ; and B, ; to B’ (with
desired properties from the jth-order approximation viewpoint) could be carried out even for
J > 2 by following the same line of arguments as in the appendix, i.e., Subsection 2.9.3 and
Section 2.4, respectively. However, the overall performance improvement by taking ;7 > 2
may not be definite since it would take a longer time to compute the L]0, h’) norms of jth-
order polynomials when 7 > 2. This is in sharp contrast with the present chapter dealing
only with 7 =0 and j = 1 (i.e., constant and linear functions) and might govern the overall
performance as the fast-lifting parameter M becomes larger. Analyzing such an aspect and
developing an effective computation method exploiting a jth-order approximation idea for

J > 2 may be an interesting future topic.

Finally, we remark that for the class of positive finite-dimensional LTI systems [43], the
L.-induced norm computation reduces to the finite-dimensional matrix oo-norm compu-
tation ||[D — CA™'B|| as shown in [9] (for essentially the same reason as that stated in
Section 2.1). More interestingly, this explicit result has been extended to positive LTI sys-
tems with distributed delays in [65], where an ‘equivalent’ finite-dimensional LTI positive
system has been clarified that possesses the same L.-induced norm as the original system
with distributed delays. This might suggest that computing upper and lower bounds of the
L-induced norm of (not necessarily positive) LTI systems with (distributed) delays may
still be a tractable problem. If the L.-induced norm of (not necessarily positive) LTI sys-
tems with (distributed) delays can also be reduced to the Ly-induced norm associated with
‘equivalent’ LTT systems without delays, both the input approximation method and kernel
approximation method discussed in the present chapter can immediately be applied to the
latter systems, but it is nontrivial whether such equivalent systems do exist generically. This
may be an interesting topic to study. On the other hand, aiming at direct extension of the
kernel approximation method in the present chapter to the distributed delay systems, in
which the kernel functions associated with distributed delays are approximated, could also

be a (quite nontrivial but) interesting future topic.
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2.9 Appendix

This section is concerned with the proofs of the lemmas presented in this chapter. They
are based on the Taylor expansion of the matrix exponential of A9’ (or Ah’), and the proofs
of lemmas in the kernel approximation approach proceed in essentially the same way as those
of lemmas in the input approximation approach. Hence, only the proofs of the lemmas in the
input approximation approach are given. Furthermore, this section is devoted to explaining

the rationale for taking the specific functions fo(7') and fi(7') given in (2.30).

2.9.1 Proofs of Lemmas 2.1 and 2.2

Proof of Lemma 2.1:

By considering the Taylor expansion of exp(A#'), it readily follows that

I 1
(B'— B, )u= /0 {exp(AH')B — WB(IM} u(0")do' (2.63)

Because

exp(A0') B — %B()Cd _ Zl { W;fml _ (Ejl(}f))' } B (2.64)

we can confirm that the following inequality is established.

/ / M & A : 9/1‘ A ‘ h, : / / /
IB” = Bieoll < ||B||/0 Z{” ”Z.,( L+ ”(Z.||+(1),) }d@ < (W)*||All - || B]|elIn
i=1 ’ :
(2.65)

Thus Lemma 2.1 is proved.

Proof of Lemma 2.2:

By noting that the input of B, may be confined to constant vector functions, we can

easily see that, for a n,-dimensional vector wy, the relation
{Biow | [w]l <1} = {Bjeqwa | [wall <1} (2.66)

holds. We hence may replace C’,,Bi, with C’,, B}, by identifying constant vector functions

with constant vectors. Thus, the Lemma 2.2 is proved.
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2.9.2 Proofs of Lemmas 2.3 and 2.4

Proof of Lemma 2.3:

Since fy, and f; are scalar valued functions, it follows from the Taylor expansion of
exp(A¢') that

B
(B — Biy)u /0 {exp(A0) B — By fo(0') — Bieaf1(6") u(0)do’ (2.67)
By the definition of fy and f;, we can show that
exp(A0)B — Biey fo(0') = Bieaf1(6')
o) (A B VA P SECEL IO
Z{ A= (v > e

=:L4.(¢)B (2.68)

Here, because we can establish the inequalities

h/
/ | Lacl0)]d6r
0

h! 0 i (0 j .
ey, (o Yoo / i
< . + | = J do” + Al (W) do
/ Z{ A (A AL
1, ,
< YA (2:60)
we have
, , h/3 ,
B~ Bl < a2 s (2.70)

This completes the proof.

Proof of Lemma 2.4:

We next consider the computation of ||G,,,,;|| (assuming that D = 0). This norm is
described by

||ghM11” = lsuP ||ghM11“|| (2.71)

lall<

where

M
Gnrin® = Z C(AY ' Bigu?,  [(M), - @™)T] =4 (2.72)
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By the definition of B! ,, we can see that

icl»

h/
C(AY 'Bigul? = [ CAY " {fo(0')Bleg + f1(0') Biogyu (6)do’
0
W . 6 4 12 6 4
— A/ j—1 o / = B/ /o B/ G (p /
ot { (g + ) B+ (G ~ ) B 2 000
h/
= [ C(A) (Yoo + Yar0)uV)(0')do/ (2.73)

0

Note that the integrand involves the function used in defining Tj.. Hence, by the property
of Ls[0,h') and the definition of G}, it follows that ||G, ;|| coincides with the co-norm
of the finite-dimensional matrix G}, given by (2.36) with D removed. Then, the assertion

of Lemma 2.4 for the case D # 0 follows immediately again by the property of L..[0,h’).

2.9.3 The Rationale behind Our Specific Choice of fy(7') and fi(7')

This subsection is devoted to explaining the rationale behind our specific choice of fy(7')
and f1(7’) given in (2.30). The aim of introducing the functions fy(7’) and f;(7’) is computing
G, || in the order of 1/M?. To this end, we first note that

Q;LX; - gh_Mil = {C<B/ - B;d) T C(A&)M_l(B/ - Bgcl)] (2-74)

By noting (2.74), we aim at finding scalar-valued linear functions fo(7') and fi(7’) such
that |B’ — B, || converges to 0 in the order of 1/M?. Taking such fo(7') and f;(7') makes
G, L — Gyl converge to 0 in the order of 1/M?2. If we note (2.67), it suffices to take
fo(7") and fi(7') such that

h/

sup {exp(A0) B — By fo(0) — Bieaf1(0) yu(0)do" (2.75)

flull<1

0

converges to 0 in the order of 1/M3. Tt is easy to see that the above condition is satisfied if

N
/0 {exp(A6) B — Bieafo(0') — Bieaf1(6)} ] d6’ (2.76)
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is bounded by the order of 1/M?3. Tt follows readily from the Taylor expansion of exp(A6')
that

eXp(‘Ae,) - B(l)cdf(](e/) - Bicdfl(e/)

B e (A)i(@/)i ) S (A) (h/)z-l—l o h/ 142
_{ZT_‘wa); (¢ + 1)! —h Z z+2 }

=0 =0
2 3

+{§: <A)i( ) fo(8) f: h/ - — fi(0 i Zi{:z} (2.77)

=2 = =2

- {(1 +Af) — (m’ + é(h')Q) fol0') — (I(h’)2 £ 2wy ) fi (0’)} B

where the integral from #" = 0 to 8 = A’ of the norm of the second term can obviously

be bounded by the order of 1/M? regardless of the linear functions fy(#") and fi(#") such
h/
that / |fi(6")|d#" is proportional to (h')~* (i = 0,1). Hence, let us note the first term and

require these linear functions to further satisfy that

hl
/0

is bounded by the order of 1/M3. An easy way to satisfy these conditions is to assume that

fo(0)) = ({5;29' J;f,“ nd f1(6) = éﬁ; 0 + (;3;2 (with fo1, foo, fi1, fi0 independent of A')

and seek for these coefficients such that the function in the integrand of (2.78) is identically

o (2.78)

(10— (1 + 5007 ) 0 = (G007 + 500°) ®)

zero (with respect A as well as 7/). This treatment leads to the unique solutions for fo(0")
and f1(6') given by (2.30).

Remark 2.7 The use of Jj in the piecewise constant approximation method was motivated
by the study in [3], but a similar argument can actually show that this operator follows as

a unique solution in that method.
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Chapter 3

Loo-Induced Norm Analysis of
Sampled-Data Systems

3.1 Introduction

There have been a number of studies associated with sampled-data systems [2]-[6],[14]-
[16],[28],[33],[36],[38],[41],[46],[60],[61],[66]-[68],[71],[73] taking account of their intersample
behavior by using the lifting technique [4],[6],[68],[71], the fast-sample/fast-hold (FSFH)
approximation approach [46],[73] or the FR-operator approach [2],[33], and so on. These
studies can also be classified by the type of system norms dealt with, where the typical
studies for sampled-data systems are the H,, problem [6],[34],36],[38],[60],[61],[67],[68] and
the H, problem [5],[15],[33],[60],[61]. These norms play important roles in the analysis and
synthesis for sampled-data systems relevant to practical control problems. However, they
cannot be used for dealing with the problems of bounded persistent disturbances, such as
steps and sinusoids, which are often encountered in control systems. In this regard, we need
to consider the L..-induced norm of sampled-data systems, and this problem has been named
the Ly problem of sampled-data systems [3],[28],[66]. In [3],[28],[66], a sampled-data system
is approximated by a discrete-time system through the FSFH approximation technique, and
it is shown that the [, -induced norm of the approximating discrete-time system converges
to the L.-induced norm of the original sampled-data system as the FSFH approximation
parameter M tends to infinity. However, these studies do not evaluate how close the .-
induced norm for a given M is to the exact value of the L..-induced norm. In other words,
no upper and lower bounds have been derived for the L..-induced norm through the FSFH
approximation approach.

As a significant advance over the existing result, this chapter derives two approaches for
computing the upper and lower bounds of the L.-induced norm of sampled-data systems.

By using the idea of lifting [4],[6],[68],[71], we first derive input and output operators de-
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scribing the input/output relation of sampled-data systems. In contrasted to the case of
continuous-time systems, both the input and output operators should be approximated in
computing the L..-induced norm of sampled-data systems. Thus, we develop two approxi-
mation methods for the output operators, by which the output of sampled-data systems is
approximated by a piecewise constant or piecewise linear function. Furthermore, by noting
that the structure of the input operator is essentially equivalent to that of the convolution for-
mula of continuous-time FDLTT systems, we extend the two approximation approaches used
in continuous-time systems to approximating the input operator. In other words, the input
operator of sampled-data systems is approximated through the idea of input approximation
or kernel approximation approach. This is stimulated by the success of employing these ideas
in Chapter 2 in computing the L.-induced norm of continuous-time FDLTT systems. The
fast-lifting technique introduced in Chapter 2 also plays an important role in introducing
both approximation approaches, which divides the sampling interval [0, /) into M subin-
tervals with an equal width (without applying sampling of signals). Two approximation
approaches involve piecewise constant approximation and piecewise linear approximation
schemes, by which the input of the sampled-data system or the kernel function of the input
operator is approximated by a piecewise constant or piecewise linear function. Even though
the central part of the method with the input approximation approach and the piecewise
constant approximation scheme essentially coincides with a conventional method via FSFH
approximation after all, we show that our new arguments supported by the application of
fast-lifting not only successfully allow us to develop the extended piecewise linear approxi-
mation scheme but also lead to upper and lower bounds of the L..-induced norm, whose gap
converges to 0 at the rate of 1/M in the piecewise constant approximation and 1/M? in the
extended (i.e., piecewise linear) approximation scheme, under both the input approximation
and kernel approximation approaches. Furthermore, we examine effectiveness of these meth-
ods through numerical studies, and we show that the kernel approximation approach with the
piecewise linear approximation scheme achieves the best efficiency in the four computation
methods.

The organization of this chapter is as follows. In Section 3.2, we first introduce the lifting
approach to sampled-data systems and formulate the problem definition, i.e., L..-induced
norm analysis of sampled-data systems. We next develop the input approximation approach
in Section 3.3. In Section 3.4, we further give the kernel approximation approach. The main
results in this chapter together with the guideline for taking approximation parameters
are given in Section 3.5. We then do comparison between the input approximation and
kernel approximation approaches in Section 3.6. In Section 3.7, the effectiveness of the

proposed methods is demonstrated through numerical examples. We give concluding remarks
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in Section 3.8. Finally, the proofs of the lemmas given in this chapter and the derivation of
Theorem 3.2, which is concerned with the L.-induced norm computation through the input
approximation approach with the piecewise linear approximation scheme, are provided in
Section 3.9.

3.2 Problem Formulation

In this section, we first introduce sampled-data systems and discuss the L.-induced
norm of the sampled-data systems. We then derive the lifted representation of sampled-data

systems [4],[6],(68],[71] and describe the L.-induced norm in such representation.

3.2.1 Lifted Representation of Sampled-Data Systems

This chapter is concerned with the sampled-data system Ysp shown in Figure 3.1, where P
denotes the continuous-time finite-dimensional linear time-invariant (FDLTI) system, while
¥, H and S denote the discrete-time LTI controller, the zero-order hold and the ideal
sampler, respectively, operating with sampling period h in a synchronous fashion. Solid lines
and dashed lines in Fig. 3.1 are used to represent continuous-time signals and discrete-time

signals, respectively. Suppose that P and ¥ are described respectively by

dx
7 = Az + Byw + Bsu

P Z = Olflf + DHU} + Dlgu <31)
y = Csx
e {wk+1 = Ayx + Boy

(3.2)
up = CyP + Doy

where x(t) € R, w(t) € R, u(t) € R%, z(t) € R%, y(t) € R, ¥ € RV, yp = y(kh)
and u(t) = ug (kh <t < (k+ 1)h). The assumptions that Dy; = 0 and Dyy = 0 are made

Lo ______ Y/ P — _J

Figure 3.1: Sampled-data system Ygp.
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to guarantee that the sampler operates on continuous signals and the map from u to y is
strictly causal, respectively.
The L,.-induced norm of the sampled-data system Ygp denoted by || Xspl|, is defined as
[ Zspll :== sup |[]] (3.3)
lwll<1
We next introduce the lifting technique [4],[6],[68],[71]. Given f(:) € (L )", its lifting
{fk}z"zo with fk() € (L]0, h))” (k € Ng) (with sampling period h) is defined as follows:

Ful®0) = f(kh +6) (0<6<h) (3.4)

As shown in Figure 3.2, the lifting can be visualized as taking a continuous signal and
dividing it up into a sequence of pieces each corresponding to the function over an interval
of length h. Let us denote the lifting by Wy, : (Loo)” — Iz [0,n))»- Then, we easily see that
W), is a liner isomorphism and is an isometry, i.e., it preserves norm.

By applying lifting to w and z, the lifted representation of the sampled-data system Xsp
is described by

Sy1 = A& + By,
2k = C&, + Dy,

with &, := [z] FT (2}, := x(kh)), the matrix A and the operators B, C and D defined as

(3.5)

Ag+ BagDyChq ByyCly
A= (R R 3.6
{ ByCaa P e (3.6)
B = JsBi: (Lo[0,h))™ — R™ (3.7)
C=M,Cy : R — (Ly[0,h))™ (3.8)
D =Dy : (Lual0, )™ — (L0, 1)) (39)

where
h
Ay :=exp(Ah), By := / exp(AQ)Bydl, sy := Oy (3.10)
0
I 1 0

_ (n+nyg)xn —

Js [0] e R . Oy {DWCM CJ (3.11)
h
Byw = / exp(A(h — 0)) Byw(0)do (3.12)
0

<M1 m) (8) = Cy exp(As0) m (3.13)

A2 = |j§ BE)Q:| y C() = [Cl D12] (314)
(Dpw)(0) = /0 Chexp(A(0 — 7)) Byw(T)dT + Dyyw(0) (3.15)
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Figure 3.2: Lifting technique.

In the following, we denote the lifted representation of the sampled-data system Ysp in
(3.5) by Ssp. By using the properties of L., and Ly [0, k), the L-induced norm of the lifted
sampled-data system Ysp denoted by ||Zspl|, can be described by

IZspll = sup  sup |3 (3.16)
H{@:}261<1 keNy

where ||[{w;}32,|l < 1 of the right hand side of (3.16) implies that

sup [|wgl] <1 (3.17)

iENo

As mentioned above, because the lifting W/, is norm preserving, it readily follows that
[ Zspll = | Zspl (3.18)

Thus, in the following, we call ||Zsp]| also the Loo-induced norm of the sampled-data sys-
tem Ygp. We further assume that the sampled-data system Xgp is internally asymptotically
stable, i.e., A has all its eigenvalues in the open unit disc. This is necessary (and sufficient
by the stability of YXsp) for the L.-induced norm of the sampled-data system Ysp to be
bounded /well-defined.

" Ysp .

Figure 3.3: Lifted representation of the sampled-data system Ygp.
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3.2.2 Toeplitz Structure of Input /Output Relation and Trunca-
tion Idea

In this subsection, we give preliminaries for the arguments in this chapter, i.e., the
Toeplitz structure of the input/output relation of E’SD and its truncation idea.
To compute the Lo-induced norm ||Zsp||, we first note (3.5) and describe the relation

between wy and z;, (k € Ny) as follows:

2o D 0o - Wo
Z CB D 0 -- Wy
Hl_lcaB ¢eB D 0 - ) (3.19)
23 CA*B CAB CB D 0 ---| |ws
Since the above operator has a Toeplitz structure and since || f|| = sup ||| for f € Lo, it

k‘GNo
follows readily from the properties of L., that the L.-induced norm ||Xsp|| coincides with

the L0, h)-induced norm of
P:=[D CB CAB CA’B --'] (3.20)

Remark 3.1 Essentially the same assertion can be found in [66], but noting the Toeplitz

structure leads to a concise statement (as above) as well as an obvious proof of the assertion.

Remark 3.2 Implicitly assumed in (3.5) (and thus (3.20)) is the assumption that t = 0
is a sampling instant. One might argue that if an intersample instant is taken as t = 0,
the corresponding L..-induced norm might become different from the present one. Since the
input-output mapping of Ysp between w and z is h-periodic, however, this is not the case

as an immediate property of an induced norm (as in the H,, or Ly-induced norm).

It is, however, still difficult to compute ||P|| since P consists of an infinite number of

columns. To alleviate this difficulty, we take an N € N, decompose P into

P="Py+P (3.21)
Py:=[D CB --- CANB 0 0 -] (3.22)
Py=1[0 -+ 0 CAN'B CAN*B ... (3.23)

and compute the L0, h)-induced norm ||Py|| as accurately as possible while the compu-
tation of ||Py|| is treated in a comparatively simple way (because this norm is expected to
be small when NV is large enough); we aim at computing upper and lower bounds of ||P||
through approximation of Py, and computing an upper bound of ||P;;||. The choice of N (as

well as other parameters to be introduced) will be discussed in Subsection 3.5.3.
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3.2.3 Fast-Lifting Treatment of Py

As a key idea in the computation of the L.-induced norm of sampled-data systems
within any prescribed error bound, we next apply the fast-lifting technique introduced in
Chapter 2. Approximations are applied later in the following section on the top of the fast-
lifting treatment, by which signals on [0, h/M) are constrained to constant functions or linear
functions. Piecewise constant approximation or piecewise linear approximation scheme of
signals on [0, h) can be achieved easily in such a way.

It readily follows from the norm-preserving property of L,; that
|Pxll = || [La DLy -+ LyCAVBLy || (3.24)

To facilitate the treatment of the right-hand side, we introduce D7,, B| and M defined as
Dy, By and My, respectively, with the horizon [0, k) replaced by [0,4') (= [0,h/M)), and
also introduce the matrices

I

Al =exp(AN), AL, :=exp(A), J:= [0

] € R{Hmu)xn (3.25)

Then, it is easy to see that Ly,DL},; and Ly,CA’BL,; (7 =0,---, N) in (3.24) are described
respectively by

Ly DLy} = M, AY,B| + D/, (3.26)
LyCABL; = ML AL, Co Al s AL, BY (3.27)
where
I
Ay = [(APMTH I, Ay = : (3.28)
(A5
0 0 0
A0, = J (‘) (3.29)
(Ap )M =2T o]0
and (-) denotes diag[(-), ---, (-)] consisting of M copies of (-). Hence, the operator matrix

on the right hand side of (3.24) admits the representation
Py = |MIAYBI + D), MjAyB] -+ MjAunB] (3.30)
where

Antj = AopgyCs A T Ay (7 =0,---,N) (3.31)
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Remark 3.3 The structure of the operator B] is essentially equivalent to that of the
operator B’ discussed in Chapter 2. We hence readily extend the input approximation and
kernel approximation approaches given in Chapter 2 to the approximation of the operator

B associated with sampled-data systems, in Sections 3.3 and 3.4, respectively.

3.3 Input Approximation Approach

This section gives computation methods for the L..-induced norm of sampled-data sys-
tems by using the idea of the input approximation approach discussed in Chapter 2. This
approach is developed in the fast-lifted representation Py;,, and leads to piecewise constant
approximation or piecewise linear approximation scheme of the operators By, M; and Dy,

(i.e., constant or linear approximation of the operators B, M) and D/; involved in Py,,)-

3.3.1 Piecewise Constant Approximation Scheme

In this subsection, we suppose that N is given and aim at computing upper and lower
bounds of ||Pyl|(= ||Pyll) through piecewise constant approximation scheme of Py .

In piecewise constant approximation scheme, a central role is played by the ‘averaging’
operator J;, defined as (2.19). We introduce the operator Bj; := BJy, i.e.,

= /0 exp(A(K — 6))By - (Tyw)(0')d6/ (3.32)

which corresponds to restricting the input of B} to constant functions. Obviously, Bjyw =
Bjw whenever w is a constant function. On the other hand, we further introduce the

operators M}, and D/, defined respectively by

<M;O m) ) = Cy m 0<¢ <l (3.33)

(DLyw) (@) = Dyw(d) (0<0 < i) (3.34)

Remark 3.4 The above two operators M., and D/, will also be used in the kernel approx-

imation approach with the piecewise constant approximation scheme in Subsection 3.4.1.

Introducing the operator M, corresponds to a zero-order approximation of the Taylor ex-
: e (A
pansion of the output = Cj Z F
i=0
multiplication by the matrix Dy;.

[x} of M. The operator D), means the operator of
u
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We are in a position to introduce the constant approximation Py, o for Py,,, by which

we mean to replace B}, M} and D7, in (3.30) with B{,, M/, and D/, respectively:
Prvssio = |[MigA3,Bly + Dl MigAuoBly -+ MigAunBy) (3.35)

This corresponds to piecewise constant approximation of P. This subsection shows that
| Pyasioll can be computed exactly and converges, as M — oo, to |Py| at the rate of
1/M. To establish a more precise assertion relevant to upper and lower bounds of ||Py||, the

following three lemmas are important.

Lemma 3.1 The following inequality holds.

h?
1By = Bioll < 75141 | AG By || eI (3.36)

Lemma 3.2 The following inequality holds.

h
M = M, || < 7| CoAa el 421 (3.37)

Lemma 3.3 The inequality

| (M43, B + D) — (M2, B, + Dy < 202 (3.39)
holds, where
h2
Koo = HICH - | Bl P ) A | By b
M—-2
S {ICHAY S + G (AH A (3.39)
k=0

Furthermore, Kj;pip has a uniform upper bound with respect to M given by

Ky = RICil - | Bulle 1 2n2 (|G| - JA] - || B ]| - €41 (3.40)
The proof of Lemma 3.1 is omitted because it is essentially the same as that of Lemma 2.1
in Chapter 2, while the proofs of Lemmas 3.2 and 3.3 are given in Subsection 3.9.1. From

Lemmas 3.1 and 3.2, we can obtain the following result.
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Proposition 3.1 The inequality
VA= = P L
||M1-’4MjB1 - MaO‘AMjBiOH < 7 (3-41)

holds for j =0,--- , N, where
h2

Kjio = e WM | Awgg | - 7 - {lICo Aol - | Bl e 412 (I Col - [LA] - (| 4GBy 1}
(3.42)
Furthermore, Kj;io has a uniform upper bound with respect to M and j given by
Kupo = W2 || By - Ko {[[CoAg]| - el 42l 4 [|Co| - [|A]] - el (3.43)
where
K, = max [|A|| - eIA4IFI42DR 1 cy | (3.44)

iENo
Remark 3.5 max ||A’| exists since A* — 0 as i — oo by the stability assumption of Zgp.

iGNo

Proof. By applying triangle inequality to (3.41), we readily have the following inequality.

M An By — Mg An B || < [[(M7 — ML) Au B || + | MLo A (B) — Bh)||
< [V = M) || - (1A - 1B+ M| - (A - (BT — Bl (3.45)

By noting that

h
1Bl < 7B el (3.46)
Mol < [1Coll (3.47)

with (3.36) and (3.37), it readily follows that
N A BTN A T < Ko
||M1~AMJ'B1 - MaoAMij” < M (3.48)

The second assertion can be proved easily if we note that

| Ay < Al (3.49)
[ | < MeAIHADE| O max A7 (3.50)

iENo
This completes the proof. Q.E.D.
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Remark 3.6 Because of the structure of A}, the left-hand side of (3.38) is actually in-
dependent of By and Djy involved in (3.14). Similarly for Lemmas 3.6, 3.8 and 3.10 given

later.

Remark 3.7 Even though the arguments in Lemmas 3.1 and 3.2 could be employed in
establishing the assertion of (3.38) with changing K/pjo slightly, Lemma 3.3 gives us a less

conservative error bound for approximating D.
Proposition 3.1 and Lemma 3.3 readily lead to the following result.

Proposition 3.2 The inequality
Ko

o P < 3.51
P~ Pravll < 22 (3.51)
holds, where
N
Ko == Kypio + Z Krjio (3.52)
j=0

In addition, Ky has a uniform upper bound with respect to M given by

K == Kp+ (N +1) - KgABiO (3.53)

Remark 3.8 By noting that the piecewise constant approximation is norm-contractive,

we can show that the lower bound of ||Py,,|l in (3.51) can in fact be replaced by ||Pyasioll;

i.e., the following inequality holds:

Krio
M

1Py asioll < Pyl < IPyasoll + (3.54)

To evaluate ||Py|| = [Pyl through (3.51) and the triangle inequality, we next provide
a method for (exactly) computing || Py0ll- To facilitate the arguments, let us first suppose
that Dy; = 0 (so that D), = 0). Since ||w| > ||Jyw]|| whenever w € (Lu[0,h))™ and since
Jow is a constant function, it follows readily from (3.35) that the input of Py, may always
be assumed to be a constant function when we evaluate || Py 0l By (3.33), the output of
Pyurio 1s also a constant function determined by the matrix Cy. Hence, ||Py 0l coincides

with the oo-norm of the matrix obtained by replacing the operators Bj, and M., with B},
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and Cy, respectively, where By, is the matrix representing an ‘equivalent operation’ in (3.32)

for constant functions w:

h/
od = / exp(A(h' — 6"))B1db’ (3.55)
0

Combining the above arguments leads to the following prelude to the first main result in

this chapter.

Theorem 3.1 The inequality

_ _ _ Krio
1PN asioll < 1P IF < T Pyvasioll + — 7~ (3.56)
holds, where
Praio = [D_ll FOA?\/[B_(/M FOAMOB_(/)d FOAMN% (3.57)

Remark 3.9 The above arguments under the assumption D;; = 0 immediately lead to
(3.57) without the extra entry D1y, but it is not hard to see that dealing with D;; # 0 and
thus the corresponding multiplication operator D_;O in (3.35) simply leads to introducing this
extra entry by the property of L..[0,/'); the treatment of Dy, is essentially the same as that
in [66]. Similarly for Theorems 3.2, 3.3 and 3.4

We can summarize the arguments in this subsection as follows: Computing the approxi-
mate value ||Py|| for the Lo-induced norm can be achieved by piecewise constant approxima-
tion through the fast-lifted treatment, its upper and lower bounds can be computed exactly
through matrix manipulations, and the gap between these bounds tends to 0 at the rate of

1/M (since Ko has a uniform upper bound KJ given in (3.53)).

Remark 3.10 We would like to note that although the use of Py, (and thus the central
part of the computation method in this subsection) has something in common with [3],[28],
[66] (and would essentially recover the computations in these studies if we were to consider
only the limit of || Pyl for N — o0), the overall method with piecewise constant ap-
proximation here is completely different from that in these existing studies. This is because
the present paper provides readily computable upper and lower bounds of the L..-induced
norm (aside from the extension to piecewise linear approximation discussed in the following
subsection), while the existing studies only show the convergence rate without providing any

readily computable upper and lower bounds.
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3.3.2 Piecewise Linear Approximation Scheme

This subsection considers computing upper and lower bounds of ||Py|| through piecewise
linear approximation scheme of Py .

A key idea in this direction is to use the ‘linearizing’ operator J; defined as (2.29).
This specific operator satisfies Jjw = w for any linear function w (among other technically
important properties). The rationale for taking such specific structure of J; in sampled-data
problem is essentially the same as that of continuous-time problem given in Subsection 2.9.3.

By using the operator J}, we introduce the operator Bj; := B1J, i.e.,
h/
B w = / exp(A(R' — 0)By - (Jyw)(0")do' (3.58)
0

This is equivalent to restricting the input of B/ to linear functions. We further introduce

the operators M; and D}, defined respectively by
(Min {ﬂ) (0') = Co(I + As)) [ﬂ (0<0 <h) (3.59)

(D, w)(#") = C1B; /00/ w(r)dr' + Dpw(8') (0<6 < k) (3.60)

Remark 3.11 The above two operators M., and D!; will also be used in the kernel

approximation approach with the piecewise linear approximation scheme in Subsection 3.4.2.

Introducing M., corresponds to the first-order approximation of the Taylor expansion
2 ;

A 9/ (2

of the output C E (4:9')

i=0

introduced to approximate D/, and its specific structure plays important roles in establishing

' [ﬂ of M} and thus its output is also a linear function. D/, is
2!

Lemma 3.6 given later. We further note that, unlike B{;, introducing D’ is not equivalent to
restricting the input of D/, to linear functions even when D1; = 0. It may be quite interesting

to note that the compact operator D}, — D1, is approximated by the infinite-rank but rather
0/
amenable integral operator D), — Dy = C’lBl/ -dr.
0

We are in a position to introduce the linear approximation Py, for Py,,, by which we
mean to replace B}, M} and D/, in (3.30) with B{;, M/, and D/, respectively:

,P]?/Mil = [M;IA?\/[B_h + D_;d MglAMOB_h MinAMNB_h] (3'61)

This in turn defines piecewise linear approximation of Py. This subsection shows that
| Pxasisll can be computed exactly and converges to ||Py || at the rate of 1/M?. The following

three lemmas are important in establishing a more precise assertion.
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Lemma 3.4 The following inequality holds.

h3
1B} — B[l <

< S AR - [ 4yBy el (3.62)

Lemma 3.5 The following inequality holds.

h2
M — M, || <

< gapllCoAsllel I (3.63)

Lemma 3.6 The inequality

e - Ko
| (M A3, + DY) — (M, A3, B, + D) < =22 (364)

holds, where

1 1 h3
Ky = S|Cull - [|A] - (| BulR® AT 4 S| AJ2 - || By el
2 2 M
M—-2
>3 { O (AL)F|| elAIn/A Jmax {|Cy (1 + AGY (A } (3.65)
k=0 B

Furthermore, Kj;p;; has a uniform upper bound with respect to M given by
1 1
Kpy = S[ICl - 1ALl 1By |2 el 4 SIC- AT - 1Byl - WPl (2 4 | AllR) - (3.66)

The proof of Lemma 3.4 is omitted since it is essentially the same as that of Lemma 2.3
in Chapter 2, while the proofs of Lemmas 3.5 and 3.6 are given in Subsection 3.9.1. From

Lemmas 3.4 and 3.5, we easily have the following result.

Proposition 3.3 The inequality

— - _ Kars
M A B — M An B | < =5 (3.67)

holds for 7 =0,--- , N, where

1 h3
K = 5 el I A 57 - mae (1o (T + A ] - 14331

+ [[CoA|| el By} (3.68)
Furthermore, Kj; has a uniform upper bound with respect to M and j defined as

1
Kl = 5h* e B K - { (IColl + [ Cosl| ) AN eI AI" + [|Co 3| el 2l }
(3.69)
where K, is given by (3.44).
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Proof. Applying triangular inequality to (3.67) leads to

HWAMjg— M A Bl | < (M = M) Aug BY [+ 1M, Av (B — B
<M = M) || - [ Aagg |- 1B+ M - A |- 1By — Byl (3.70)

By noting that
M/, || = Co(I + A0’ 3.71
IV = e [Co(7 -+ Aaf)]| .7

with (3.46), (3.62) and (3.63), we easily have (3.67). The second assertion could be proved
readily if we note (3.49), (3.50) and

0'e{0,h'}
This completes the proof. Q.E.D.

From Proposition 3.3 and Lemma 3.6, we readily obtain the following result.

Proposition 3.4 The inequality

—_ KMll
IPaas = Panll < S (373)
holds, where
Ky = Kupin + Z Kjin (3.74)
5=0

In addition, K1 has a uniform upper bound with respect to M given by
K{ = Kpy + (N +1) - Ky (3.75)

With an application of the triangle inequality to (3.73) in mind, we now turn to giving

a method for (exactly) computing the L0, ~')-induced norm

I Prxasisll = sup [(Pyamw)(C)ll (3.76)

lwll<1

We note on the right hand side of (3.76) that

<7>Nan><9'>=i(M_;1AMjB_;lwm) (0') + (M A% B + Diuo ) (¢)  (3.77)

Jj=0
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where w =: [, -, wi 4]
We first consider the matrix function <(M;1A?\4B_{1+D_gﬂ)w0> (0') in (3.77). Let us
further introduce the partitioned notation w; =: [(w§1))T, s (wj(»M))T}T (j=0,---,N+1)

by noting that w; is in fact a fast-lifting representation of a signal on [0, k). Then, for every
pe{l,--- M}, w(()p) appears only on the ith block row in D_glwo while it appears only on
the kth block rows in MglA%/[B_ﬁlwo with & > p; this is because of the strict block lower
triangular structure of AY,. We further note in (3.76) that

[(Pyamw)()ll = max [Py w)p(-)]] (3.78)

where (-), denotes the pth block row of (). This implies that the block rows mentioned
above can be handled one by one, and thus when (M_;lAng_il + D_iu)wo is expanded into
D’ wy and M/, A B! wy, the input wy in the first term may be handled independently of
that in the second term (i.e., they may be regarded to be different functions), as long as we

further take sup asin (3.76). This is equivalent to saying that Py ,,;; may be redefined as
flwl|<1

,P]:/Mil: [D_;d MglA(Z)MB_gl M:ﬂAMOB_{l MlalAMNB_;l (3'79)

without changing ||Py ]l Noting the definition of D}, in (3.60), let us further introduce
the integral operator D!, := D!, — Dy;. Then, it follows again from the property of L.,[0, /)

that Py ,; may be redefined further, without changing its norm, as
Pyt = [D_ll D/alo MglA(Z)MB_gl M:ﬂAMOB_;l o MélAMNB_;l (3.80)

Throughout the rest of this chapter, we mean (3.80) by Py i1

Summarizing the above arguments, we may replace the function (M., A%, Bl,+D. )wy)(¢')

in (3.77) by Dijwgo + D owor + M., A%, B! wgs, where ||Jwy|| <1 (i =0,1,2), as long as we
consider evaluating ||Py /|- Note that the third term is a linear function by the definition
of M, as well as all the terms in (3.77) except the last. For simplicity, let us suppose
Dy, = 0 for a while, even though we will eventually deal with the case of D1 # 0. Then,
all the terms of (3.77) are linear functions except D jwo;, where D/, is simply an integral
operator. By noting the signs of each elements in each rows of the matrix CB; involved in
D!y, we could choose the each entry of wg; as 1 or —1, and this procedure leads to that
the output of the operator D;, becomes a linear function with its slope to be maximized or
minimized. Then, the output of Py, for an arbitrary w is always contained in the sector
determined by the maximum and minimum slopes. Here, the L,[0, ') norm of any function

in the sector is bounded by the maximum of the following two values: one is the absolute
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value of the sector at 8/ = 0 and the other is the maximum of the two absolute values of the
sector at h'. Thus, (3.76) reduces to

_ _ Pryuw)(0)
Praill = sup  max ||(Pyamw)(@)|| = su [( ML H' 3.81
PRall = s g [P @)] = s || (P ) 351
where w is redefined as [wgy, wiy, wl,, wi, -+ wh |7, and (Pyymw)(R') is defined by con-

tinuity of a linear function.
: : [0] (7] (0] (7] _ Cio— :
By using the matrices V,;*, Vi, T;; and T} (p = 1,--- ,M;j = 0,---,N) given
in Subsection 3.9.2, we can obtain the following prelude to the second main result. In
particular, it gives an exact computation method for the L [0, h')-induced norm ||Py |l

given by (3.81). See Subsection 3.9.2 for the arguments leading to this result.

Theorem 3.2 The inequality

_ KMil _ _ KMil
| Prarinll — BV 1Pyl < [Py ll + Uz (3.82)

holds. Furthermore, ||Py |l coincides with the co-norm of the finite-dimensional matrix

0 0 0
Pyan = UUlf[h']] ;Eé’]] ;:f\[},\{;] (3.83)
where
v = [Dn 0y (3.84)
Ul[h,] = D CiBl/ Vi[hq (3.85)
I = |1 T =0 ) (3.86)
T = |l T}'X}] (j=0,---,N) (3.87)

Remark 3.12 In (3.83) (or more precisely in (3.84) and (3.85)), we have recovered the

general case with Dy; # 0, which can be validated as in Remark 3.9.

To summarize, we have shown in this subsection that similar arguments to the preceding
subsection can be developed by piecewise linear approximation through the fast-lifted treat-

ment, in which the gap between the upper and lower bounds of ||Py|| tends to 0 at the rate
of 1/M?.
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3.4 Kernel Approximation Approach

This section provides methods for computing the L.-induced norm of sampled-data
systems by using the idea of the kernel approximation approach discussed in Chapter 2. This
approach also employs the fast-lifted representation P,,, and leads to piecewise constant
approximation or piecewise linear approximation scheme of the operators B;, M; and D,
(i.e., constant or linear approximation of the operators B}, Mj and D/; involved in Py,,)-
More precisely, the approximation operators M., D!;, M/, and D, are also used in this
section, and the only difference between the kernel approximation approach and the input
approximation approach is the way the operator B] is approximated. This is because the
operators M} and D/, are comparatively simple and thus there seem to be little variations
for their reasonable approximations. Hence, the main contribution of the present section
over the results in Section 3.3 is a new approximation approach of the operator B}. As
it turns out, the new method for approximating the operator B in this section leads to

improved upper and lower bounds for the L..-induced norm of sampled-data systems.

3.4.1 Piecewise Constant Approximation Scheme

In this subsection, we suppose that N is given and aim at computing upper and lower
bounds of ||Py|| through piecewise constant approximation scheme of Py.
The main idea in this subsection is approximation of the kernel function exp(A(h'—6")) B,

of the operator B}. In other words, we introduce operator Bj, described by
h/
oW = / Al Byw(6')de’ (3.88)
0

This approximation corresponds to the zero-order approximation of the kernel function
o :
_Ae/ (2
exp(A(h' — 0))B; = A g %Bl of the operator B|. Furthermore, we consider the
7!
i=0
operators M, and D/, defined as (3.33) and (3.34), respectively.
We are in a position to introduce the constant approximation Py, for Py,,, by which

we mean to replace B}, M) and D7; in (3.30) with B},, M/, and D/, respectively:

NMKO = [MQOA?\/[ i<0 + D;() M/aoAMOBﬁo MQOAMNB_io (3.89)

This corresponds to piecewise constant approximation of P. In this subsection, we show
that || Pyl can be computed exactly and converges, as M — oo, to ||Py]|| at the rate
of 1/M. To establish a more precise assertion associated with upper and lower bounds of

| Px|l, the following two lemmas are significant.
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Lemma 3.7 The following inequality holds.
hQ

B~ Biol < 51

1A - [| A By |41 (3.90)

Lemma 3.8 The inequality

A YA KMDkO
I(M A3 By + D) — (Mg A3 Bl + Di)ll < — (3.91)

holds, where

h?
Ko := h||Cy| - || By|| eI/ MHAH || By || el Al

M-2

> (%nol(A;)’f“H + ||01<A;>'f||e“/M) (3.92)

k=0

Furthermore, Kj/pio has a uniform upper bound with respect to M given by

3h?
Kpyo = hl|Crll - | Boll ! + = [|Ca| - [|A]l - || B! (3.93)

Remark 3.13 From the comparisons between Lemmas 3.1 and 3.7 with Lemmas 3.3 and
3.8, we can easily see that the kernel approximation approach leads to smaller error bounds
than those in the input approximation approach under the piecewise constant approximation
scheme. This is very important in deriving improved upper and lower bounds of the L..-

induced norm of sampled-data systems.

The proofs of these lemmas are omitted because they are essentially the same as those of
the input approximation approach. From Lemmas 3.2 and 3.7, we readily have the following

result.

Proposition 3.5 The inequality

_ . _ Kors
IV Ay B, — Mg Ay B | < 200 (3.99)
holds for 7 =0,--- , N, where

h? 1
Koo = M Ay | - {ICoAal - B + 1G] -1A1 - 14351
(3.95)

Furthermore, Kjsjko has a uniform upper bound with respect to M and j given by
KUy = R2eMIn 1B K L0 Ay el 42in 4 Lyl g el 2,06
CABKO 5
where K, is given by (3.44).
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The proof of Proposition 3.5 is omitted because it is essentially the same as that of

Proposition 3.2. From Proposition 3.5 and Lemma 3.8, we easily have the following result.

Proposition 3.6 The inequality

P~ Priagoll < om0 (397)
holds, where
N
Ko = Kypro + Z Krjko (3.98)
j=1

In addition, Ko has a uniform upper bound with respect to M given by

Ky =Ko+ (N +1) - K ap (3.99)

To evaluate ||Py|| = || Pyl through (3.97) and the triangle inequality, we give a method
for exactly computing ||Pnaxol|- To facilitate the arguments, we first suppose that Dy; =0
(so that D!, = 0) for a while, even though we will eventually deal with the case of Dy # 0.
It readily follows from (3.89) that the output of Py, is & constant function determined by
the matrix Cjy. Furthermore, the input of Py, may always be assumed to be a constant
function when we evaluate ||Pnaskol|.- This is because we can see easily from (3.88) that the

Nw

following relation holds for a constant function wy € (Ls[0,h)
{Bigwa | [[wall <1} = {Byow | [lw] <1} (3.100)

Hence, ||Py 0l coincides with the co-norm of the matrix obtained by replacing the opera-
tors B}, and M., with A", B;l/ and Cy, respectively. Combining the above arguments leads
k0 a0 d p y g

to the following result.

Theorem 3.3 The inequality

_ Ko - _ Ko
I Pxasoll = M <Pyl < [[Pyvancoll + Y (3.101)
holds, where
Pyano = [Dun CoAYA BN CoAmoAuBily -+ CoAnnALB ] (3.102)

Remark 3.14 As mentioned in Remark 3.9, we have recovered in (3.102) the general case
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To summarize, we have studied computing the approximate value ||Py| for the L..-
induced norm by piecewise constant approximation through the fast-lifted treatment, in
which its upper and lower bounds can be computed exactly through matrix manipulations,
and the gap between these bounds tends to 0 at the rate of 1/M (because Ky has a uniform

upper bound K given in (3.99)) .

3.4.2 Piecewise Linear Approximation Scheme

This subsection studies computing upper and lower bounds of ||Py|| through piecewise
linear approximation scheme of Py;.
We introduce the operator By : (Loo[0,h))™ — R™ defined as

h/
Bl w— / AT — A0 Byw(6)do' (3.103)
0
Introducing the operator By, corresponds to the first-order approximation of the kernel
2. (=AY
function A’dz ( - ) By of the operator B].
7!

i=0
We next consider the operator Py, obtained by replacing B}, M) and D}, with

B}, M, and D, respectively, in (3.30). In other words, we define

Pna = | M ALBL + DL M AwBl, -+ My AunBp (3.104)

This subsection shows that ||Py, | can be computed exactly and converges to ||Py|| at
the rate of 1/M?2. The following two lemmas are important in establishing a more precise

assertion.

Lemma 3.9 The following inequality holds.

!/ / h3
B~ Blall < =

LAII - | AGBy | ! AT (3.105)

Lemma 3.10 The inequality

o K
M} AY, B + DYy — (M, A}, Bl + Diy)|| < fﬁkl (3.106)
holds with Kj;pi; defined as
1 2 Nl Lyae 1y B
Kupia = 5 ||Cu| - [[A]] - || Brl|h”e + S IIA[" - (| Bille —
2 2 M
M-2 1
' Z {||01(A&)’||6A'h/M + 5 max [|[Cy(I + Ae')(A&)ZHH} (3.107)
— 3 0/e{0,n'}
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Furthermore, Ky;pyx; has a uniform upper bound with respect to M given by

1 1 4+ ||Al|h
K i= 1G24 - LA |- w8t (2L a0s)
Remark 3.15 From the comparisons between Lemmas 3.4 and 3.9 with Lemmas 3.6 and
3.10, it readily follows that the kernel approximation approach leads to smaller error bounds
than those in the input approximation approach under the piecewise linear approximation

scheme.

The proofs of these lemmas are omitted. From Lemmas 3.5 and 3.9, we easily have the

following result.

Proposition 3.7 The inequality

T A B N A w Kajia
M3 A BY = Moy Aw B || < =75 (3.109)

holds for 7 =0,--- , N, where

1 R (1

Ko = 5 M A1 37 - {5 mae 1Co(1 + 400) |- 417 - 1431

+ [CoAZ]| 41" 3y} (3.110)

Furthermore, Kjz;x has a uniform upper bound with respect to M and j defined as

1
KYug = SHI B K. { (IColl + [ CoAslih) [ AJZel 41 + |!CoA§HeA2”h}

1
3
(3.111)

The proof of this proposition is omitted. From Proposition 3.7 and Lemma 3.10, we

readily have the following result.

Proposition 3.8 The inequality

_ _ Kyna
”,PNM - PNMle < W (3-112)

holds, where

N
Ky = Kypia + Z Ky (3.113)

Jj=1

In addition, K has a uniform upper bound with respect to M given by

Ky o= KB + (N + 1)K 451 (3.114)
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We next give a method for exactly computing ||Py ]l By essentially the same argu-
ments to those in Subsection 3.3.2, which deal with the computation method for || Pyl

we can have the following result.

Proposition 3.9 Let Vk[o] be the matrix consisting of the L[0, ) norm of each entry of
the matrix linear function CyAS,A(I — A0')B;, while let Vkm be the matrix constructed
in the same way from Cy(I + Axh') A8, AL (I — A#') By. Furthermore, let T}ﬁ] (j=0,---,N)
be the matrix consisting of the L;][0,2’) norm of each entry of the matrix linear function
CoAn; AL(I — A0 By, while let Tj[ﬁ/] (j=0,---,N) be the matrix constructed in the same
way from Co(I + Aoh/) Apj AL (I — A0')By. Then, ||Pyynall coincides with the co-norm of

the finite-dimensional matrix

(0] o .. o]
Py = | by Do I (3.115)
Uy To -+ Ty
where
U = [D_n 0 Vk“”} (3.116)
vl = Do G v (3.117)
Combining Propositions 3.8 and 3.9 lead to the following result.
Theorem 3.4 The following inequality holds:
_ Kna _ _ Kyna
”PNMkIH - W < ”PNH < HPNMk1H + W (3-118)

This theorem implies that upper and lower bounds of ||Py|| can be obtained through
| Pyasall together with Kypq /M?, and by taking the fast-lifting parameter M larger, the
gap between those upper and lower bounds converges to 0 at no slower convergence rate

than 1/M? (because Ky has a uniform upper bound KY).

3.5 Computation of the L. -Induced Norm and Guide-
line for Taking Approximation Parameters

This section gives a computation method for an upper bound of ||P}||, which together
with the arguments in the preceding sections leads to methods for computing upper and
lower bounds of the L.-induced norm ||P|| of the sampled-data system Xgp. These bounds

are ensured to converge to each other as the parameters M and N tend to oo.
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3.5.1 Computing Upper Bound of [P}

In this subsection, we give a computation method for an upper bound of ||Py||. We first
note that

B
IPHI| = ||lc [AN+ AN+ ] B <|lC|-|1BI| - || [AN+T AN+ L
(3.119)

We take a constant L € N such that || A < 1, which does exist by the stability assump-

tion of Ysp. Then, if we note that introducing

Ayp o= [ANFL ANT2 L ANHL] (3.120)
leads to
Ant
[ANJrl AN+2 } _ [] AL ] Anr (3.121)

it readily follows that

Anll
ANFLANTZ ] < Azl (3.122)
I ) < {4l
Summarizing (3.119) and (3.122), we obtain the following result.
Proposition 3.10 If ||A%]| < 1, then
A

P31 < Ay e 8y = Ko (3.123)
and Ky converges to 0 regardless of L as N — oo.
Proof. To derive (3.123), it suffices to show that

ICIl < [|ColleM =IOz (3.124)

I1B]| < hel 41t By | (3.125)

but these inequalities follow readily from the definition of B and C. The last assertion is
immediate from the fact that || Ax.|| — 0 as N — oc. Q.E.D.
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3.5.2 Main Results in the Computation of the L, -Induced Norm
of Sampled-Data Systems

In this subsection, we give the main results on computing the L..-induced norm of
sampled-data systems. Combining Theorems 3.1-3.4 and Proposition 3.10 together with
(3.21), we are led to the following results.

Theorem 3.5 If ||AL|| < 1, then

I Paasoll ~ K <IPI < 1 Prssoll + 25 4 Koy (3.126)

| Prssall = 2L Koy, <[P < 1P|+ 8L Ky (3.127)
IPaasiall = 22 — iy I[P < [Pl + 120 + Ky (3.125)
| Pyari|l — K]\]gl — Ky <||P|| < | Pyl + K]\];;d + Knp (3.129)

Furthermore, Ko, Ky, Ky and Ky have uniform upper bounds Ki%] , Kil{ , Kﬁ{)
and KUY defined as (3.53), (3.75), (3.99) and (3.114), respectively. Thus, the error bounds
Kano/M, Ky /M?, Kyo/M and Kpypa /M? in (3.126)—(3.129) converge to 0 as M — oo,

while Ky converges to 0 regardless of L as N — oo.

3.5.3 Guideline for Taking Parameters

It should be noted in (3.126)—(3.129) that the uniform upper bounds K of Ko, KY of
K, KY of Ky and KY of Ky given in (3.53), (3.75), (3.99) and (3.114), respectively,
depend on N, and increase as N is increased to reduce Kyr. However, Ky is bounded
from above in the exponential order p" in N regardless of L, for any p < 1 larger than the
spectral radius of A and thus should reduce relatively fast with respect to N. Hence, it is
expected that we can keep the uniform upper bounds K, K, K{, and KY modest, and
thus Kyno/M, Ky /M?, Kyno/M and Kypg/M? can also be made small with a modest
M.

Regarding a guideline for taking the parameters N, M and L, we can summarize the
above arguments as follows. It may be reasonable to take a relatively small L as long as
| AL < 1; this is to avoid undue increase of Ky, or in particular ||Axz|| (or the computation
time for them). Once L is fixed, the next step would be to take an N such that Ky is as

small as we wish; this is always possible by taking N sufficiently large. For example, if

A= PyAPY (3.130)
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with a diagonal A 4, then it is easy to see that

Ky < pV Ky (3.131)
where
Cs Pl P3t
Kam 21 An”,'a'uﬁ Ljcuetetnetan s, (3.132)

This implies that Ky, < € whenever N > N, := (loge — log K4)/logp — 1. Once N is
also fixed, the uniform upper bounds K9, KY, Ky and Ky, in (3.53), (3.75), (3.99) and
(3.114), respectively, are determined, and thus the last step would be to take an M such
that KG/M, KY/M? KL /M and KY/M? are as small as we wish. It is obvious that
following this kind of guideline leads to computation methods for the L..-induced norm of

the sampled-data system Ysp (given by ||P||) to any degree of accuracy.

3.6 Comparison between the Input Approximation and
Kernel Approximation Approaches

In this section, we compare effectiveness of the input approximation and kernel approx-
imation approaches in the L..-induced norm analysis of sampled-data systems. We could
see that Ko and K relevant to the approximation errors in the kernel approximation
approach are smaller than K0 and Ky, respectively, relevant to those for the input ap-
proximation approach. More precisely, we could see from Lemmas 3.1 and 3.7 that the error
bound in the approximation of the operator B/ through the kernel approximation approach
is smaller than that through the input approximation approach, under the piecewise con-
stant approximation scheme. Furthermore, by comparing Lemmas 3.4 and 3.9, we see that
the error bound through the kernel approximation approach is smaller than that through
the input approximation approach, under the piecewise linear approximation scheme. These
observations are closely related to the L.,-induced norm analysis of continuous-time FDLTI
systems, in which the operator B’, which is similar to B, is approximated by using the input
approximation or kernel approximation approach. In other words, this chapter directly ap-
plied the approximation ideas developed in Chapter 2 to the approximation of the operator
B} when we compute the Ly-induced norm of sampled-data systems.

We also should note that the kernel approximation approach leads to smaller error bounds
in the approximation of the operator D than those through the input approximation ap-
proach, while there is no difference between the input approximation and kernel approx-

imation approaches in the approximation of the operator M}. This could be confirmed
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by comparing Lemmas 3.3 and 3.8 and Lemmas 3.6 and 3.10. From these observations, it
is expected that the kernel approximation approach works more effectively than the input
approximation approach in the L.-induced norm analysis of sampled-data systems. How-
ever, in contrast to the case of continuous-time FDLTI systems given in Chapter 2, for
the piecewise constant approximation scheme, the error bound in (3.126) through the input
approximation approach is smaller than that in (3.128) through the kernel approximation

approach. This is because we could see from (3.39), (3.42), (3.52), (3.92), (3.95) and (3.98)

that §K vio < Ky < Ko On the other hand, for the piecewise linear approximation
scheme, the error bound in (3.129) through the kernel approximation approach is smaller
than that in (3.127) through the input approximation approach since Ky < Kpi. The
discrepancy between the continuous-time systems and sampled-data systems in the use of
the piecewise constant approximation scheme is interpreted as stemming from the following
reason. The h-periodic nature of the input/output relation of the sampled-data system Ygp
requires us to deal with not only the operator B; but also the operators M; and Dy (more
precisely, not only the operators B} but also the operators M) and D7;) and the error
bounds K0, K, Ky and Ky are dependent on all the approximations of the oper-
ators By, M; and Dy; while we only need to approximate the operator B (which is similar

to By in sampled-data systems) in the continuous-time case.

To summarize, the gap between the upper and lower bounds in (3.129) for the kernel
approximation approach is smaller than that in (3.127) for the input approximation approach
when we use the piecewise linear approximation scheme. However, for the piecewise constant
approximation scheme, the gap in (3.126) is smaller than that in (3.128). Meanwhile, it will
be numerically demonstrated in the following section that the piecewise linear approximation
scheme is superior to the piecewise constant approximation scheme in the computation of
|P|| under both the input approximation and kernel approximation approaches. Combining
these observations clearly indicates an advantage of the method with a combined use of
the piecewise linear approximation scheme and the kernel approximation approach over the
other three methods.

3.7 Numerical Examples

In this section, we study two numerical examples and examine effectiveness of the com-

putation methods developed in this chapter.
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Let us first consider the stable SISO sampled-data system

A:{O _0'5], Blz{o], Bzzﬂ, Ci=1[0 15], Cy=1[0 1]

1 —15 -1 0
D=1, D=0 (3.133)
A, — [—0.4888 1.6687 ] B, — [—3.1180}
0.0737 —0.2547|° 0.4701
Cy = [-1.6601 5.7348], Dy = —7.5709 (3.134)

with A = 0.5. We compute estimates of the L,.-induced norm ||P|| by taking the fast-lifting
parameter M ranging from 50 to 500 on the condition that L = 10 and then N = 50, which
follow in this order by the guideline in Subsection 3.5.3, leading to Ky = 6.71 x 1078, The
results for the upper and lower bounds of ||P|| obtained by Theorem 3.5 and the computation
times under the piecewise constant approximation scheme are shown in Table 3.1, while
those with the piecewise linear approximation scheme are shown in Table 3.2. We are
mainly interested in the comparison between the input approximation approach and the
kernel approximation approach discussed in this chapter. Hence, these (and the following)
tables consist of Case (a) for the input approximation approach and Case (b) for the kernel
approximation approach.
We next consider the stable MIMO sampled-data system

1 -2 1 0.5 0 10
S S I AP RS T

Dy, = [8 8} , D= [8] (3.135)

0.0010 —0.1780
Av = {0,0043 _0.7740] , By =[0.2815 1.2240]
Cy = [-0.0305 5.4482], Dy = —5.0894 (3.136)

and h = 0.5. We compute the upper and lower bounds of its L..-induced norm by taking
the fast-lifting parameter M ranging from 50 to 500 on the condition that L = 10 and then
N = 50, which leads to Ky, = 3.76 x 10~7. The results are shown in Tables 3.3 and 3.4.

We can see from Tables 3.1-3.4 that the error bounds for the computation of ||P]| (i.e., the
gaps between the upper and lower bounds) decrease by taking the fast-lifting parameter M
larger for all estimates. Thus, we can confirm validity of all the four approximation methods
provided in this chapter for computing the L..-induced norm ||P|| of sampled-data systems.
A more important concern in this chapter, however, lies in the effectiveness comparison

between (a) the input approximation approach and (b) the kernel approximation approach.
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Table 3.1: Results with piecewise constant approximation scheme in SISO example.
Case (a): Input approximation approach

M 50 100 200 500
| Py asioll + —— Ku O 4 Kyr | 5.509782 4.504184 4.014698 3.725265
| Pnasiol| — Kz 3.533585  3.533967 3.533983  3.534023
time (sec) 0.033683 0.099336 0.436956 4.189501

Case (b): Kernel approximation approach

M 50 100 200 500
| Pyanoll + ——— Kano + Ky | 5.009958 4.256218 3.891201 3.675982
| Py ol — % — Ky | 2.018439 2.792301 3.167054 3.388178
time (sec) 0.029470 0.097271 0.433973  3.942940

Table 3.2: Results with piecewise linear approximation scheme in SISO example.

Case (a): Input approximation approach

M 50 100 200 500
K
| Praia || + }éﬂj S 4 Kvp | 3.556322 3.530553  3.535367  3.534243
_ Mil
|Poall = = jo- — Kwe | 3510848 3.528381 3.532508  3.533802
time (sec) 2459881 9.838883 38.889801 259.028169
Case (b): Kernel approximation approach
M 50 100 200 500
K
1 Fall + jkwf(m 3.548239 3.537549 3.534868  3.534164
_ Mkl
|Fianall = =75+ — Ko | 3518779 3530347 3533088 3.533881
time (sec) 2.361763 9.235672 37.372630 240.347713

In this regard, we had an earlier argument in Section 3.6, which implies that, under the
piecewise constant approximation scheme, the kernel approximation approach can provide no
advantage over the input approximation approach in reducing the gap between the computed
upper and lower bounds. As seen from Tables 3.1 and 3.3, the convergence of this gap
(common for the input and kernel approximation schemes) is not fast with respect to M. On
the other hand, as seen from Tables 3.2 and 3.4, the piecewise linear approximation scheme
exhibits much faster convergence. This demonstrates that the piecewise linear approximation
scheme works much more effectively than the piecewise constant approximation scheme. In
this respect, it should be observed that the piecewise linear approximation scheme requires

much larger computation time than the piecewise constant approximation scheme under the
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Table 3.3: Results with piecewise constant approximation scheme in MIMO example.

Case (a): Input approximation approach
M 50 100 200 500
| P asioll + % + Ky | 9.334245 7.816323 7.097122 6.677878
| Pnasiol| — Kz 6.403292 6.403316 6.403397 6.403411
time (sec) 0.040395 0.135144 0.735836 7.968628
Case (b): Kernel approximation approach
M 50 100 200 500
| Py ancoll + % + Ky | 8.757358 7.537009 6.959637 6.623409
| Py ol — % — Ky | 4176935 5.333536  5.878978 6.196126
time (sec) 0.037555 0.130486 0.689447 7.673816

Table 3.4: Results with piecewi

se linear approximation scheme in MIMO example.

Case (a): Input approximation approach
M 50 100 200 500
| Pyl + f + Kyp, | 6444728 6.413338  6.405846  6.403799
_ Mil
| Pyasiall — S Kyp | 6.367203 6.394763  6.401300  6.403080
time (sec) 2.674662 10.671502 43.783685 287.790821
Case (b): Kernel approximation approach
M 50 100 200 500
K
| Foara |l + %L;d + Kyp | 6.427564  6.409233  6.404843  6.403640
_ Mkl
| ll — 2 Kyp | 6.385214  6.399080  6.402357  6.403247
time (sec) 2.646978 10.664925 43.601142 287.277921

smaller than those in the piecewise

suggest that the piecewise linear app
constant approximation scheme.
We can further see from these tables that once we switch to the piecewise linear ap-

proximation scheme, an advantage

same parameter M. However, we can also see from these tables that the gaps between the
upper and lower bounds in the piecewise linear approximation scheme with M = 50 are much
constant approximation scheme with M = 500, while
the computation time for the former is smaller than that for the latter. These observations

roximation scheme drastically outperforms the piecewise

of the kernel approximation approach over the input
approximation approach is prominent. This is because the range between the upper and

lower bounds obtained by the kernel approximation approach is always contained in (and
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thus less conservative than) that by the input approximation approach for the same pa-
rameter M. Furthermore, the computation times in the kernel approximation approach are
slightly smaller than those in the input approximation approach under the same parameter
M. As an overall evaluation, the kernel approximation approach with the piecewise linear
approximation scheme exhibits the smallest range for the L,.-induced norm estimates with

relatively short computation times among the four methods developed in this chapter.

3.8 Concluding Remarks

In this chapter, we considered a difficult problem of accurately computing the L.-induced
norm associated with a stable sampled-data system, which is very important in many con-
trol systems. To solve this problem, we first introduced lifted representation of sampled-data
systems. In the lifted representation, the input and output operators of sampled-data sys-
tems are derived, and these operators should be approximated to compute the L. .-induced
norm. In this respect, we developed two approaches for computing the L.-induced norm
of sampled-data systems by using ideas of input approximation and kernel approximation
approaches. This is stimulated by the success in computing the L..-induced norm of a stable
FDLTI system. In these two approximation approaches, piecewise constant approximation
and piecewise linear approximation schemes are applied via the fast-lifting treatment of
sampled-data systems, so that the input or kernel function of the input operator and the
hold function of the output operator associated with sampled-data systems are approximated
by piecewise constant or piecewise linear functions. We showed that an upper bound and
lower bound of the L.-induced norm can be readily computed through such approximation
methods and the gap between the upper and lower bounds in the piecewise constant approx-
imation or piecewise linear approximation scheme is ensured to converge to 0 at the rate of
1/M or 1/M?, respectively, under both the input approximation and kernel approximation
approaches, where M is the fast-lifting parameter. Even though these convergence rates are
qualitatively the same in the two approximation approaches, our detailed analysis showed
that the approximation errors through the kernel approximation approach are smaller than
those through the input approximation approach, under the piecewise linear approximation
scheme. We then examined the effectiveness of the two approximation approaches through
numerical studies and confirmed that the kernel approximation approach with the piecewise
linear approximation scheme derived the smallest range for the L..-induced norm estimates
with relatively short computation times among the four methods developed in this chapter.

Finally, we give some remark on why this chapter confines itself to piecewise constant

approximation and piecewise linear approximation schemes and does not deal with piecewise
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higher-order-polynomial approximation. Simply constructing the pth-order approximant B{p
and B{{p to B} (with desired properties from the pth-order approximation viewpoint) could
be carried out even for p > 2 by following the same line of arguments as in Subsection 2.9.3
and Section 3.4, respectively. The pth-order approximant M;p to M can also be introduced
readily through the Taylor series expansion. Nevertheless, extension of the present studies
to p > 2 is nontrivial because it seems very hard to find a way to uniquely fix the input
of M}, to such a value that is ensured to be ‘the one we may assume in our induced-norm
computation.” Hence, we cannot predetermine the timing 6’ € [0, ') such that the output of
M'ap at 6 does correspond to our induced-norm computation. This is in sharp contrast with
the present paper dealing only with p = 0 and p = 1 (i.e., constant and linear functions),
in which it is obvious that considering only ' = 0 and 6’ — h’ suffices whatever the input
of M;p may be (i.e., despite that even p = 0 or p = 1 does not allow us to uniquely fix its
input, either). Note that this strong feature was the key in successfully circumventing the
reference to @’ when (3.163) was reduced to (3.168) and (3.173) (and similarly for the ¢ in
(3.166)) and leading to finite-dimensional discretization. Another obstacle may be how to
construct and deal with suitable approximants D, to D}, for p > 2, which is also nontrivial.
Resolving all these issues might lead to an extension of the results in this chapter to p > 2,

and such a direction might be qualified as a possible future study.

3.9 Appendix

In this section, we give proofs of the lemmas given in this chapter. They are based on
the Taylor expansion of the matrix exponential of A0’ (or AR'), and the proofs of lemmas in
the kernel approximation approach proceed in essentially the same way as those of lemmas
in the input approximation approach. Hence, only the proofs of the lemmas in the input
approximation approach are given. We further deal with the derivation of Theorem 3.2 which

is concerned with computing || Py ll-

3.9.1 Proofs of Lemmas 3.2, 3.3, 3.5 and 3.6

As mentioned above, only the proofs of the lemmas relevant to the input approximation
approach are given. Because the proofs of Lemmas 3.1 and 3.4 proceed in essentially the
same way as those of Lemmas 2.1 and Lemma 2.3, respectively, we omit the proofs of these

lemmas. Hence, only the proofs of Lemmas 3.2, 3.3, 3.5 and 3.6 are given here.
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Proof of Lemma 3.2:

By the Taylor expansion of exp(A26’), it readily follows that

(o n) [} @) = < Pt H (3137

=1

Then, we can see that

> A i—1 h/ i—1
MG — M| < oy )
=1

7!

= || As||F (R ) ,
< [|Cos | Z“'# < ||CoAs |1l 1" (3.138)

=0

This completes the proof.

Proof of Lemma 3.3:

We first note that (M;A9,B} + D},) — (M.,A9,B/, + D’,) has a Toeplitz structure
because of the Toeplitz structure of Ay. Thus, its Lo [0, A')-induced norm coincides with
the L..[0,h')-induced norm of its last block row, i.e.,

Eio [M/ (Aéd)M QB/ MllBll Dln] - [Mgo(Aéd>M_2Bgo Mnggo D/ao]
(3.139)

It readily follows that ||Eo| is bounded from above by

M-
Z {11V (A5) "B — M (A%) "B |} + D}y — Dyl (3.140)
k=0

We next consider an upper bound of €{. By considering the Taylor expansion of exp(A#’),

it readily follows that

(M} (A45) "By — M;(A5,) " Big) w) (¢')

h/
=C, (A" / {exp h'—7") — FA/ }Blw(T')dT'
0

+ C1(A]) kz At / exp(A(R — 7)) Byw(r")dr’ (3.141)
i=1
where
I B
A= / exp(A(l — 0))d6 = A, / exp(—Ad')dd (3.142)
0 0
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Since

exp(A(h —7')) — %Agd = Ay { CAE) (_A)i(h/)i} (3.143)

— i! (i 4 1)!
we can confirm that the inequalities
M (A B — M(44,) B |

gy [ (AR AR
<llewcap=imi 3 {1+ TG b

A )
PN TEN) DL LEay QS
i=1 ’

< PA]- 1B 1M (J[Cy (AR |+ [|Cr(ap)* | i) (3.144)

are established. On the other hand, it is easily see that

9/
D1y — Dill < [Cill - |1Ba]| sup / | exp(A(0 = ) [[dr’" < 1| Cy| - || Byl el 41"
0<0’<h’ J0o
(3.145)

Combining (3.144) and (3.145) leads to

K .
U o Z2MDi0 3.146
610 — M ( )

This completes the proof.

Proof of Lemma 3.5:
By the Taylor expansion of exp(As6’), we can see that
x (A0 [z
(o v [ ) 1 =003 (3.147)

It immediately follows that

2 / i— 2 /
I - < 1o Z | s =2(h)
il/2
< G A3 () i [ Ao ()’ ||COA2||(h’) ollA2(lA

- 2 , 7! -
=0

(3.148)

This completes the proof.
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Proof of Lemma 3.6:
Because (M A%,B] + D),) — (M, A%,B, + D’,) has a Toeplitz structure, its Loo[0, i)
induced norm coincides with the L, [0, h')-induced norm of its last block row, i.e.,

E| = [MS(A’M)M’QB& -+ M|B] Dlu] - [Mgl(Aéd)Mingl -+ M, B D;l]
(3.149)

Obviously, ||E;;|| is bounded from above by
i = 2 {IM(450) B — ML (A7) By [} + DY — Dl (3.150)

We next consider an upper bound of €. Since fy and f; are scalar valued functions, it

follows from the Taylor expansion of exp(A#’) that
((M,1<Al2d)kB, - Mgl(A,Zd)kBgl) w) ()

b
= Ci(I + A0")(AY)" - i {exp(A(h' — 7)) = Agafo(7") = AL fi(7)} Biw(r')dr’
+C (Z (AZQ!/> ) (AL)* /0 exp(A(h" — 7)) Byw(7")dr’ (3.151)
where
% W
A, = /0 exp(A(h' — 6))(0")do" = Afj/o exp(—A8')(0")do’ (3.152)

By the definition of fy and f;, we can show that
exp(A(h — 7)) — Agafo(r') — Algfi(7')

:A&g{<_A2:(T/)i_((iiiz)!<_A)i(h/) > } Qii ;;) ) ()"

= A La(T") (3.153)

Hence, we have

M (A5,)"BY — M, (43,) "B

h/
< (O (14 AN A 1B [ IEAG) o
0

0'e{0,n'}
= 1Al )T /
+||lCy (ADE| HBlHZT'/O AN g
1=2
1 ,
SO NAIBM e [C3(1 + A9) (A
1 ,
+ 5 (I B 24 | O (A" (3.154)
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because we can establish the inequalities

/0 L

1 . /
<5 (WAl (3.155)

from the definition of L (7).

Remark 3.16 Because L4(7') in (3.153) is essentially the equivalent to L.(#') in (2.68),
we have the same result (3.155) as (2.69).

On the other hand, it is obvious that
D1 — Day |

9/
= sup sup / Cy (exp(A(0' — 7)) = I) Byw(7")d7’
0

[lw||<1 0<6'<h/

(3.156)

9/
= sup sup / C (exp(As) — I) Byw(0' — s)ds
0

Jwl|<1 0<0'<h’

Hence, we have

h/
1D}, = DLl < I - 1B / lexp(As) — 1| ds
0

7

W oo o
|| Al|"s 1 /
SRl / > g < SN - AL - 1B €41 (3.157)
0 =1 :
Combining (3.154) and (3.157) leads to
Kupi
SRy (3.158)
This completes the proof.

3.9.2 Computation Method for ||Py,,ll

This appendix is devoted to the derivation of Theorem 3.2. We begin by giving a concise

way for representing (Py,,w)(0) and (Pyyw)(R'). A direct computation shows that
vl = [ (Bahle) + Bahi ()l ()i
0

% .
_ / (Go + Gy ywl) () (3.159)
0
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where

h/
B, = / exp(A(H' — 0))0' By do! (3.160)
0
6 4
Go = =y Bla + 7B (3.161)
2 ., 6
Gl = WBld - WBOd (3162)

Hence, noting (3.59), we readily see that the function ( A B lw]+1> (0") in (3.77) equals

the linear function

M

hl
> (Hjpo + Hijpt') / (Go+ Gir Y (7')dr’ (3.163)
0

p=1

where the matrices H;y0 and Hjpy (p=1,--- ,M;j=0,---,N) are defined as

Hjpo := Co Ay Cs A Js (AM—P (3.164)
Hjpy := C1[A By Al O Al T (A)MP (3.165)
Similarly, under the notation wg, = [(wé?) Lo ,(wé],y))T] (k = 1,2), it follows that

(M, A% Bl wgs)(#) equals the linear function

M b
S (S0 + Spt) / (Go + Grr Yl (+)dr" (3.166)
p=1 0

where
SpO = EA%P’ Spl = Ol [A BQ]AR/[;) (3167)

and A}, is the pth block column of Af;.
It follows from a direct computation with (3.163) and (3.166) together with the definition

of D)o that (Pyymw)(0) with w = [wl, wl;, wl, wi, - ,wk 4] is determined by the
mappings
») "0 0l @)
wjz—)kl H / (Yij + YplT/) J]—JH( )dT (] =0, ’N) (3‘168)
0
w0 w0 (3.169)
h/
wlf = [ (2 + 287l () (8.170)
0
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where

Yo = HiwGo, Vi1 i= HipeGh (3.171)
Z[%] = SpoGo, ZI[?Ol} = SpOGl (3172)

Similarly, since wy; could be assumed to be a constant function (whose value equals wp; (0))
by noting the signs of each elements in each rows of the matrix C;B; when we deal with

| Pyasills it follows that (Py,5,w)(R') is determined by the mappings

Ap) - / 3/][1’;0] ]pl T )wj(ljl—)l (T,)dT, (.] =0,---, N) (3173)
woo — 0, w01 — C1By h’w01 (0) (3.174)
w) / (28" + Z8 ) (7 dr’ (3.175)
0
where
Y= (Hjpo + Hjp ) Go, Y1 = (Hjpo + Hipol!)Gh (3.176)
Z0 = (Spo + SV G, ZU = (Spo + Sl Gy (3.177)

The above mappings immediately lead us to a procedure for the computation of || Py |l
given in (3.81). This can be summarized as follows if we note that computing the induced
norm of the operator representing the action (3.168) would require us to compute the L;[0, k')

[0] [0]
norm of each entry of Y, 5 + Y, ;7'
repeat essentially the same arguments:

Let T (j =0,---,N; p=1,---, M) be the matrix consisting of the L;[0, /) norm

7’5 by the properties of the L.[0, h') norm, it suffices us to

jpi
of each entry of the matrix function Y][I?(]) + Y[O]T involved in (3.168), while let T[h.] (j =
0,---,N; i =1,--- ;M) be the matrix constructed in the same way from Yg[po] Y;[;l]T’

involved in (3.173). Similarly, let V[-O J'be the matrix consisting of the L1[0, h’) norm of each
entry of the matrix function Z [t Z [0] 7' involved in (3.170), while let Vp[lh 1 be the matrix
made in the same way from ZEL] +z0h 1 17 involved in (3.175). Note that each L;[0, h’) norm
can easily be computed exactly, since we only deal with linear functions. Theorem 3.2 now

follows immediately from Proposition 3.4 by applying the triangle inequality.
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Chapter 4

Sampled-Data Controller Synthesis
for Loo-Induced Norm Minimization

4.1 Introduction

The disturbance rejection problem is one of the main issues in control, and system norms
are used to evaluate the effect of disturbances. Among various system norms, the L..-
induced (or l,-induced) norm is used to deal with the bounded persistent disturbances,
such as steps and sinusoids, which are often encountered in control systems. Because this
norm corresponds to the L; (or ;) norm of the impulse response of the system in the
continuous-time (or discrete-time) case, the study associated with the treatment of the L.-
induced norm (or /.-induced norm) has been named the L, (or [;) problem. Some special
cases of the L; (or l;) problem have been formulated but a general case was not dealt
with in [70]. The general case of the continuous-time L; problem was discussed in [20],
[62] while the discrete-time {3 problem was dealt with in [19],[21]-[24],[47],[59]. Stimulated
by the success in these studies, the L; problem of sampled-data systems (with intersample
behavior taken into account) has been studied in [3],[28],[66]. However, in contrast to the case
of sampled-data H,, problem [6],[13],[34],[36],[38],[60],[61],[67],[68] and Hs problem [5],[15],
[16],[33],[39],[60],[61], no exact solution has been obtained for the L; problem of sampled-data
systems and only approximate methods have been provided. More precisely, a sampled-data
system is approximately treated in [3],[28],[66] as a discrete-time system through the fast-
sample/fast-hold (FSFH) approximation technique [46], and it is shown that the [.-induced
norm of the resulting discrete-time system converges to the L.-induced norm of the original
sampled-data system at the rate of 1/M, as the FSFH approximation parameter M tends
to infinity.

As a significant advance over the conventional methods through the FSFH approximation

technique, we developed in Chapter 3 extended methods for the L..-induced norm analysis
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problem of sampled-data systems by using the ideas of fast-lifting with the input approx-
imation and kernel approximation approaches. Fast-lifting also has an integer parameter
M as in the FSFH approximation technique. However, it is used only to subdivide the
sampling interval [0, k) into M smaller pieces, while the conventional FSFH approximation
technique takes M equally spaced sampling points on the interval [0, 2); no information is
hence lost as to signals on [0, h) by fast-lifting. This feature is crucial in developing piece-
wise constant approximation and piecewise linear approximation schemes under both the
input approximation and kernel approximation approaches, while the FSFH approximation
technique corresponds to applying only piecewise constant approximation scheme under the
input approximation approach. Methods for computing an upper bound and a lower bound
of the L.-induced norm of sampled-data systems through the input approximation and ker-
nel approximation approaches are provided and it is shown that the gap between the upper
and lower bounds converges to 0 at the rate of 1/M or 1/M?, in the piecewise constant
approximation or piecewise linear approximation scheme, respectively, for the fast-lifting
parameter M.

Unfortunately, however, these methods are restricted to analysis and cannot be used
directly for synthesis. This is because it requires to compute the L;[0,h/M) norms of
kernel functions determined by the continuous-time finite-dimensional linear time-invariant
(FDLTTI) system and the discrete-time controller and the structure of the way the controller
parameters are involved in the kernel functions is complicated. In contrast, this chapter
aims at establishing two discretization procedures of the generalized plant P described by
(3.1) for the L; optimal controller synthesis problem of sampled-data systems via the piece-
wise constant approximation and piecewise linear approximation schemes under the input
approximation approach. These discretization procedures are achieved by introducing two
types of ‘constant approximation operators’ or ‘linear approximation operators’ for signals
on the interval [0, h/M) obtained by applying fast-lifting, one for the input signals and the
other for the output signals. By applying the arguments of preadjoint operators [10],[11],
[58], which are reviewed in Chapter 1, we provide two important inequalities that form the-
oretical bases for the piecewise constant approximation and piecewise linear approximation
schemes to the L; optimal controller synthesis problem. Here, we would like to note that
not every operator has a preadjoint, but those operators we deal with in this thesis do; it
suffices to note that for X = (Ly[0,h))” and X = RZ, a unique X, such that (X,)* = X
is X, = (L1[0,h))” and X, = R}, respectively. On the other hand, these two inequalities
show that the piecewise constant approximation and piecewise linear approximation schemes
are in the convergence rates of 1/M and 1/M?, respectively, for the sampled-data L; op-

timal controller synthesis. In connection with these convergence rates, we further give two
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discretization procedures of a generalized plant for the sampled-data L; optimal controller
synthesis through the piecewise constant approximation and piecewise linear approximation
treatment.

On the other hand, however, it is not clear whether the kernel approximation approach
can be directly applied to the L; optimal controller synthesis problem of sampled-data sys-
tems while the input approximation approach can be. The reason is relevant to the question
on the parallel convergence arguments for the operators Ty and T such that By, = B} - T}
and B}, = B - T. The preadjoint arguments, which play a crucial role in tackling the L;
optimal controller synthesis problem with the input approximation approach, would some-
how apply to the operators T; and T} in the kernel approximation approach, but it is
still unclear whether parallel convergence rates could be established. This, in turn, implies
that developing a theoretical basis of the kernel approximation approach for this synthesis
problem seems to be a nontrivial issue. This interesting topic is left for future topic.

The organization of this chapter is as follows. In Section 4.2, we first formulate the
problem definition with the review of the lifted representation of sampled-data systems. In
Section 4.3, fast-lifting treatment of sampled-data systems is reviewed. We next apply the
idea of the piecewise constant approximation to the L; optimal sampled-data controller syn-
thesis problem in Section 4.4. The L; optimal sampled-data controller synthesis problem in
the piecewise constant approximation is reduced to the discrete-time [; optimal controller
synthesis problem in Section 4.5. We further apply the idea of the piecewise linear approx-
imation to the L; optimal sampled-data controller synthesis problem in Section 4.6. The
L, optimal sampled-data controller synthesis problem in the piecewise linear approximation
is reduced to the discrete-time [y optimal controller synthesis problem in Section 4.7. In
Section 4.8, the effectiveness of the proposed methods is demonstrated through a numerical
example. We give concluding remarks in Section 4.9. Finally, the proofs of the lemmas
given in this chapter and the approximation of the vector set @,,, which is relevant to the
discretization of the continuous-time generalized plant through the piecewise linear approx-

imation, are provided in Section 4.10.

4.2 Problem Formulation

Let us consider the sampled-data system Ygp shown in Figure 3.1, where P denotes the
continuous-time generalized plant, while ¥, H and S denote the discrete-time LTI controller,
the zero-order hold and the ideal sampler, respectively, operating with sampling period A in a
synchronous fashion. Solid lines and dashed lines in Fig. 3.1 are used to represent continuous-

time signals and discrete-time signals, respectively. Furthermore, we suppose that P and
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¥ are described respectively by (3.1) and (3.2) where z(t) € RYL, w(t) € R, u(t) €
R™ 2(t) € R, y(t) € RY, ¥ € Ry, = y(kh) and u(t) = uy (kh <t < (k+ 1)h).

This chapter studies the so-called L; optimal control problem of the sampled-data sys-
tem Ygp, i.e., a synthesis method for the stabilizing controller ¥ such that the L..-induced
norm of the mapping F(P, H¥S) between w € (Ly)™ and z € (Lo)™ is minimized.
Even computing the L.-induced norm when P and ¥ are given is a difficult problem, to
which the ideas of the fast-sample/fast-hold (FSFH) approximation approach [46] and the
input approximation and kernel approximation approaches in Chapter 3 have been applied.
FSFH approximation approach leads to the associated approximate discretization of P [3],
[28],[66], with which the computation problem is reduced to a discrete-time counterpart
(i.e., an [; problem). An important role was played by the lifting technique [4],[6],[68],
[71] in such a direction, through which a synthesis method of ¥ was also developed in [3],
[28] with the FSFH approximation. Stimulated by the recent success of (approximate but
asymptotically accurate) computation of the L.-induced norm via the piecewise constant
approximation (which, under the input approximation approach, essentially coincides with
the FSFH approximation approach) and piecewise linear approximation schemes introduced
in Chapter 3, the present chapter aims at developing new theoretical frameworks for the L,
optimal control problem of sampled-data systems. More precisely, we establish two inequal-
ities by using the ideas of the piecewise constant approximation and piecewise linear ap-
proximation schemes under the input approximation approach together with the arguments
of preadjoint operators, which form mathematical bases of these approximation schemes
for the L optimal sampled-data controller synthesis; the piecewise constant approximation
and piecewise linear approximation schemes are in the convergence rates of 1/M and 1/M?
respectively, where M is the fast-lifting parameter. Even though the convergence rate in
the piecewise constant approximation scheme is the same as that in [3] through the FSFH
approximation, the arguments for the convergence proof in [3] are more involved, and our
following arguments utilize a simpler inequality and circumvent such involved arguments.
With these convergence rates, we develop two discretization procedures of the generalized

plant P for the L, optimal sampled-data controller synthesis problem.

By applying lifting to w and z while discretizing u and y, the (partially) lifted represen-

tation of the continuous-time generalized plant P is described by

Tp1 = Agzi, + By, + Bagquy,

ﬁ . /Z\k = Cll’k + Dlllfl}k + Dlguk (41)
yr = Caqxy,
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where
(Ciz)(0) = Crexp(Af)z : R, — (Loo[0,h))™ (4.2)
(Diaug)(0) = /0 Chexp(A(0 — 7)) BadTuy + Diguy : RE — (Loo[0, h))™ (4.3)

and the other matrices and operators are the same as those in (3.10), (3.12) and (3.15). The
above two operators C; and Dy constitute the operator M; in (3.13); M; is divided by
M, = [C; Dy3], and these two portions are described by (4.2) and (4.3), respectively.

As shown in Figure 4.1, connecting ¥ to the above P leads to the mapping between
{Wi}32, and {Z; }72, which we denote by F (P, W); it coincides with the lifted representation
W, F(P,H¥S)W, " for the mapping F (P, H¥S). Since W}, is norm-preserving, we can see
that the Ly-induced norm [|[F(P,H¥S)| of the sampled-data system Ygp coincides with
the {77 -induced norm || 7 (P, w)]||, which is discussed in Chapter 1.

Remark 4.1 The mapping between {wy}72, and {z;}72, in Figure 4.1 is essentially the
same as that in Figure 3.3; the closed-loop system obtained by connecting P and ¥ in
Figure 4.1 could be described by E’SD in Figure 3.3.

We further introduce the (standard lifting-free) discrete-time plant

Tpy1 = Agr + Mk + Baqug

I 0
Pd . <k = [O Ty + I U (44)
yr = Coquy,

and denote by F(P,, ¥) the mapping between the discrete-time signals 7, € R” and (; €
R agsociated with the closed-loop system obtained by connecting ¥ to the above Py.
Then, by comparison between this P; and the lifted generalized plant p , we see that F (ﬁ, V)

admits the representation

F(P,w) =M, F(P;, ¥)B; + Dy, (4.5)
Wy 2
U, ]3 Yk
r— - " ™ -~~~ " 7
Lo A P ]

Figure 4.1: Closed-loop system by P and V.
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and the mapping between wy, and Z, in (4.5) could be described through Figure 4.2.

Remark 4.2 1In (4.5), since the left hand side denotes a dynamical system in discrete-time
with the lifted input {@wy};2, and output {z;}7°,, the operator By on the right hand side
acts on every wy, and Zj is associated with the output of M; for every k. Similarly for the

interpretation of Dy;. Similar conventions apply to the following arguments.

Since F (ﬁ, V) =W, F (ﬁ, HYS)W, ! and W), is norm-preserving as mentioned above,
it readily follows that the L; optimal controller synthesis problem of the sampled-data system
Ysp reduces to the synthesis of ¥ minimizing ||F (]3, ¥)||. This, however, is still a difficult
problem because the operators By and M; (as well as Dy;) cannot be exactly discretized
with finite-dimensional matrices in contrast to the Hy and H,, problems of sampled-data
systems. With this in mind, this chapter aims at approximating the operators By, M;
and Dq; by using the ideas of the piecewise constant approximation and piecewise linear
approximation schemes under the input approximation approach, and establishing associated
discretization procedures of the continuous-time generalized plant for the L; optimal control
problem of sampled-data systems. More precisely, we provide, by introducing what we call
L, discretization of the generalized plant, two (almost) equivalent discrete-time l;-optimal

control problems together with the associated approximation errors.

Dll
Wy, Mk Ck A+ 2k
B1 ****** g I —> M1
U Pd Yk
r-——""" e - " 1
| |
| |
l l
| |
Lo ___ 4 ¥ b J

Figure 4.2: Operator representation of the sampled-data system Xgp.

4.3 Review of Fast-Lifting Treatment of the Sampled-
Data System Jgp

As a preliminary step to apply the piecewise constant approximation and piecewise linear

approximation schemes to the L; optimal sampled-data controller synthesis, we first review
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the fast-lifting treatment of the sampled-data system Jsp. Because the fast-lifting L, is

norm-preserving, it readily follows that
|F(P, #)|| = [[LarF (P, ¥)Ly/ || (4.6)

where the right-hand side means the [7°_, ,-induced norm with B := h/M, which is dis-
cussed in Chapter 1. Let us consider applying fast-lifting on w; and Zj in the (partially)

lifted generalized plant 16, and consider its fast-lifted counterpart

Py = diag[Lyy, I] P diag[Ly}, 1] (4.7)
Then, we see that LM]:(ﬁ, )Ly = F(ﬁM, ¥), and it admits the representation

F(Py, ¥) = LyM,F(P,, ¥)B,L;} + LDy Ly} (4.8)

which we call the fast-lifted representation of the sampled-data system Ygp.

We are in a position to review the piecewise constant approximation and piecewise linear
approximation treatment of the operators By, M; and Dj; in the above fast-lifted rep-
resentation (4.8), which immediately leads us to piecewise constant and piecewise linear
approximations of the sampled-data system Ysp. Such approximations were developed in
Chapter 3 for analysis problems, but it was far from straightforward to extend the methods
in Chapter 3 in such a way that the L; optimal sampled-data controller synthesis prob-
lem can be dealt with. The present chapter employs essentially the same approximations
of these operators as fundamental tools but aims at taking completely new approaches so
that we can establish discretization procedures of the continuous-time generalized plant for
the L, optimal sampled-data controller synthesis problem. As in existing studies, this is a
problem that aims at minimizing the L.-induced norm of the sampled-data system Xgp, for
which our discretization procedures of the generalized plant, together with the associated
approximation error analysis, provide two approaches that reduce the problem to an (al-
most) equivalent discrete-time l; optimal controller synthesis problem (which is the problem

of minimizing the [, -induced norm).

4.4 Piecewise Constant Approximation to the L; Op-
timal Sampled-Data Controller Synthesis Problem

In this section, we apply the piecewise constant approximation (via the input approxi-
mation approach) introduced in Chapter 3 to operators By, M; and Dy;. We first introduce
the operator Ji : (Loo[0,h))™ — (Le[0,1'))™ defined as (2.19), by which Jyw is always

80



a constant function. Jj is used to approximate the input of B; with a piecewise constant
function and is tailored to possess important properties in terms of some Taylor expansion
arguments (see Section 3.9 for details), in addition to the property that Jyw = w for any
constant function w. We next introduce the operator Hy : (Lo[0,h"))" — (Ls[0, 1))
described by

(Hy)(0) = 2(0) (0< 8 <) (4.9)

as well as the operator D) : (Le[0,1)))™ — (Le[0,h'))" given in (3.34). Obviously, Hj
could be interpreted as an operator producing a constant function that preserves the value
of the input at 6 = 0, and thus Hyz = z for any constant function z on [0,h’). Strictly
speaking, H, is not an operator on (L4 [0, 4’))™ but on its subspace of functions continuous
at time 0. However, this issue causes no problems since Hy, is used for approximating M; (or
its output with a piecewise constant function) and operates only on its output. In contrast,
approximation of B; should take into account that its input may be discontinuous, and this
is why the other more involved operator Jj in (2.19) is used. D, is used for approximating
D; as in Chapter 3, and it corresponds to ignoring the compact portion of the compression
operator defined on [0,4). The details of our approximation treatment employing these
operators are as follows.

Following the basic ideas mentioned above, we consider replacing L;/M; and BleTj
in (4.8) with E&LMMl and BlLﬁJ_g, respectively, (i.e., M; and B; are approximated by
L7 H LM, and B,L7}J Ly, respectively) where (-) denotes diag[(-), - - - , (-)] consisting
of M copies of (+). To facilitate such treatment, let us introduce the operators Hyso and J

given respectively by

Hygo = HyLay : (Loo[0, h)™ — (Loo[0, 1)) (4.10)
Jnro = Ltd0 : (Lao[0, W) M™e — (Loo[0, B))™ (4.11)

Remark 4.3 Because B;L}; can be described as A&MB_’I, approximating B;L}; with
B;L;; J; is equivalent to approximating B/ with B} J{ = B,, which is defined as (3.32) (i.e.,
approximating the input of B} with a constant function). Similarly, approximating L, M;
with E’OL mM] is equivalent to approximating M] with HoM| = M, which is defined as
(3.33) (i.e., approximating the output of M} with a constant function).

Next, to facilitate the treatment of LjyDy;L;; in (4.8), we again note from (3.26) that
LMDHL]TJ(: LMDLX;) is described by

LDy L;} = M/ A% B, + D, (4.12)
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Applying once again the aforementioned ideas to (4.12), we further define the operator
Do = Hy M; A} B} J) + DLy« (Loo[0, 1)M™ — (Loo[0, h)) M (4.13)

What has been done up to now is that the input and output of My F (P, ¥)B; in (4.8)
are approximated by piecewise constant functions, similar treatment has been done on the
first term on the right hand side of (4.12), and the second term of (4.12) was approximated
by D_f&o. This treatment has followed the same arguments in Chapter 3. To summarize, we

have introduced the following approximation of F (]3M, w):
F(Pao, ¥) 1= HyoMy F(Py, %)B1J a0 + Dasg (4.14)

We call it piecewise constant approximation of the sampled-data system Xsp, which
alleviates the difficulty in designing the discrete-time controller ¥ minimizing ||F (]3, )| =
|IF(Py, ¥)||, and the mapping between @, and 2, in (4.14) could be described through
Figure 4.3.

Do
Wy Tk Gk Lot 2k
Jwmo By [----- M - M, Hro
U, Fa Yk
r-—--- ~ oo B
A | ]

Figure 4.3: Piecewise constant approximation of the sampled-data system Xgp.

4.4.1 Error Analysis of Piecewise Constant Approximation

This subsection is devoted to showing that the error in the piecewise constant approx-
imation converges to 0 at the rate of 1/M as M — oo when we design the discrete-

time controller ¥ through F (ﬁMo, ¥). To evaluate the error in the approximation of
|F(P, ®)|| = |F(Py, ®)|| by |F(Pyo, ¥)||, we first introduce ‘finite-rank portions’ of
F(Py, ¥) in (4.8) and F(Pyo, ¥) in (4.14) given respectively by
FO(Py, W) := LyM  F(Py, ¥)ByLy} = F(Py, ¥) — LyDyy Ly, (4.15)
fo(ﬁMo, W) = HMOMI-F(Pdu W)BlJMO = f(ﬁM(]y lp) — DMO (416)
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By comparing the above equations, we could see that evaluating Jy;9 — LA_j and Hjy o — Ly
is important in the error analysis. The following lemma is relevant to such evaluation and

plays a key role in our discussions.

Lemma 4.1 Suppose that (A, By) is controllable and (Cy, Ay) is observable, where these
matrices are relevant to the continuous-time generalized plant P in (3.1). Then, we have
the following properties regarding the preadjoints By, and J,s0. and the operators M; and
H 0.

a) There exists a constant K pg such that

Ko

|(Lar = I o) R |1 < a (4.17)

where R(Bj.) denotes the range of By, as mentioned in Chapter 1 and is viewed as a
subset of (L1[0,h))™.

b) There exists a constant K¢o such that

Keo

| (Lar — Haro) | vyl < oA (4.18)

where R(M;) denotes the range of M; as mentioned in Chapter 1 and is viewed as a
subset of (Loo[0, h))"=.

Remark 4.4 The two norms || - ||; and || - || in Lemma 4.1 mean the L0, h')-induced
norm and the L. [0, ')-induced norm, respectively. From the definition of the preadjoint
in Chapter 1, By, : R? — (L1[0, 7)™ and Jpro. : (L1]0, R))™ — (Ly[0,)))M™ are given
respectively by

(B1.2)(0') := Bl exp(AT(h—0"))x (0<6 <H) (4.19)

where the preadjoint Jy, : (L1[0,1/))™ — (L1[0,/))™ is given by

(30w)(0) = hl /0 w(@)dr (0< ¢ < K) (4.21)
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Remark 4.5 If we note (4.20), it is not hard to see that the claim (4.17) can be roughly
restated as the assertion that ||(I —J), ) LyBy. |y = [|B1L; (I —J))| can be made arbitrarily
small with the order 1/M as M tends to oco. Roughly speaking, the latter assertion could
be interpreted as a result of the following observation: if M is large enough, the input of
B, could be approximated by a piecewise constant function with M segments, causing only
slight effects on its output, because of the ‘low pass’ nature of the integral operator B;. The
claim (4.18) also has a similar interpretation. Regarding rigorous proof of Lemma 4.1, we
mostly follow similar arguments to the proof of Lemma 4 in [3], which is a result concerned
with the FSFH approximation technique [46]. In [3], however, integral inequalities are used
to establish the associated convergence rate (see (18), (19) and (20) in [3] for details). We do
not need to use these integral inequalities for establishing (4.17) and (4.18), and the proof
of Lemma 4.1 could be established instead by a Taylor expansion technique. Similarly for

Lemma 4.3 relevant to piecewise linear approximation given in a subsequent subsection.

Remark 4.6 The controllability and observability assumptions in Lemma 4.1 are only for
the ease in the proof, and can in fact be removed. This is because we can always replace
these pairs with controllable and observable ones, without changing the ranges R(Bj,) and
R(M;). However, the proof of Lemma 4.1 is omitted because it is essentially the same as

that of Lemma 4.3, which is associated with the piecewise linear approximation.
We have the following important result from Lemma 4.1.

Proposition 4.1 There exists a constant K independent of ¥, such that

~ ~ K, ~
|F°(Paso, ) — FO(Pur, W) < MOHJTO(PM, 7| (4.22)

Remark 4.7 A similar inequality with F O(ﬁM, ¥) replaced by fo(ﬁMo, ¥) on the right
hand side is established in [3] by using the arguments of the integral inequalities mentioned
in Remark 4.5 together with slightly modified versions of inequalities (4.17) and (4.18).
However, the proof of the modified inequalities becomes more involved. We would like to
stress that our following arguments successfully utilize the simpler inequality (4.22) and

circumvent such involved arguments.
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Proof. We first deal with the approximation on the output side.

following “finite-rank portion’ of F(P, ¥):
FOP, W) := My F(Py, ¥)B,
From the second assertion of Lemma 4.1, we have
|7°(Pur, ) = Hao PO (P, 9)Ly/ |
=||Ly M, F(Py, ¥)B1Ly,} — Hy oM F(Py, ¥)B L/ ||

=||(Lar — Haro)| rowy) MaF (Py, ¥)B1 Ly |

_K .
COIIM F(Pa, ¥)Bi Ly, |

K
=P IF B, )]

In particular, this implies

. K N
(P )Lt < (1455 ) 17, )]

Let us introduce the

(4.23)

(4.24)

(4.25)

We next deal with the approximation on the input side. It follows from the first assertion

of Lemma 4.1 that
IH 0 F° (P, W)Ly} — F(Puo, ¥)||
=||[Hp oM, F(Py, ¥)B1 Ly, — Huy oM F(Py, ¥)B1J |
=||(HaoM1 F(Py, W))BI(LE — J o) ||
=[|(Lar — Jns04) Bra(Haro M1 F (P, ¥)).l1
=||(Lar — Jaroe) | R ) (Hao M1 F (Py, ¥)B1).1
<P ML F (P, 0B

K
BO||HM07:O(P ULy ||

Combining (4.24), (4.26) and (4.25) leads to
|F°(Paro, ¥) — FO(Par, W)
<||FO(Por, 9) — HaoFO(P, 0)LH| + | HaroFO(P, W)Ly}
K K _
<SP IF P, )]+ P Hano PP, )L |

Koo | Kpo Kco
< {w 2 (14 —)} 7P 0]

<KBO(1 + Kco) + Keo
- M

IF(Par, #)]] = MOHfO(ﬁM, |
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This completes the proof. Q.E.D.

In view of (4.15) and (4.16), it is also important to evaluate Do — Ly D11 Ly}, for which

we quote the result of Lemma 3.3 as follows.

Lemma 4.2 The inequality
Kpio

M
holds, where K%, is defined as (3.40).

Do — Ly DLy || < (4.28)

We are in a position to give the following main result on the error analysis of piecewise

constant approximation.

Theorem 4.1 The following inequality holds:

% ~ ~
(1 - 5) IF(B,w)]| S22 < | F(P, )] < | F(P, )] (4.20)

Proof. By noting that the piecewise constant approximation is norm-contractive, it readily
follows that || F(Pyo, ¥)|| < ||F(P, ¥)||. A key in the proof is to show that ||FO(P, ¥)|| <
|F(P, ¥)||. This inequality follows from the properties of Loo[0, i) if we note that the infinite
(Toeplitz) matrix representation of the input/output relation of F O(ﬁ L) =M F(Py, V)B4
is strictly block lower triangular (with respect to the partitioning associated with wj and
Z1) because of the structure of P; (note that (4.4) has no direct feedthrough matrix between

ne and (); this infinite matrix obviously has no overlap of nonzero entries with the infinite
matrix representation of F(P, V) — FO(P, ¥) = Dy; (which is nothing but the infinite block
diagonal matrix with all diagonal entries given by D).

It follows form Proposition 4.1 and Lemma 4.2 that

|F (Paro, W) — F(Par, ¥)||
<[|F*(Paso, %) — FO(Par, ¥)|| + | Daso — L DLy} |

K, - KY,
<SP F By, )]+ 2

M

Ky ~ Kgo
<— P - 4.30
<R F(By. )+ Koo (4.30)
Since || F(Py, ¥)|| = || F(P, ¥)]|, the assertion follows immediately. Q.E.D.
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4.4.2 Features of Piecewise Constant Approximation

Here, we provide the validity of the piecewise constant approximation in the L; optimal
control problem of sampled-data systems by using the assertion in Theorem 4.1.

Theorem 4.1 clearly implies that the approximation error in the piecewise constant ap-
proximation converges to 0 at the rate of 1/M as M — oo, when the L. -induced norm of
the sampled-data system Ysp is computed for a fixed controller ¥. Theorem 4.1 also gives
a theoretical basis for such an indirect and approximate approach to L; optimal controller
synthesis for the sampled-data system Ssp that seeks for ¥ minimizing || F (P, ¥)|| for a
sufficiently large M. To see this, let

Yopt := inf | F(P, ¥)] (4.31)

and take an M. Suppose that ¥y is an e-suboptimal controller with respect to || F(Puo, ¥)||,
i.e., | F(Pyo, Yaro)|l < yazo + € (€ > 0), where vz := i%f IF(Pago, ¥)||. Let My € N be the
minimum such that My > Ky. Then, for M > M,, the first inequality of (4.29) implies that

Yopt < IIF (P, Pao)|

Ky D Kg‘o
<\ 14+ —) ||F(Pro, ¥ —=
< (14 3722 ) 17 P )l + 25
Ko Ko
<|(1l4———— — 4.32
< (14 372 ) w0+ 7 28 (4.32)

On the other hand, it follows from the second inequality of (4.29) that

YMO S Yopt (433)
Substituting this into (4.32) and taking a sufficiently large M such that M > M,, we see
that

~ X
Yopt. < | F(P, Paro) | < Yopr + €+ 77 (4.34)

where
KO ’YOpt Kgio KOZ':

Xo =
T T TRy My 1= Ky/My 1= Ky /M,

(4.35)

Since € > 0 is arbitrary, letting M sufficiently large and taking a suboptimal ¥,;, with
respect to || F(Pyo, ¥)|| (sufficiently close to the infimal performance) is ensured to lead to
a method for L; optimal controller synthesis for the sampled-data system Xsp. By (4.34),
we could say that the convergence of ¥y is in the order of 1/M. We will further show in
Section 4.5 that the synthesis problem of a suboptimal ¥,;y can be equivalently reduced to

a discrete-time [; optimal control problem.
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4.5 Main Results in Piecewise Constant Approxima-
tion: Reduction to the Discrete-Time [; Optimal
Control Problem

The preceding subsection showed a mathematical basis of the piecewise constant ap-
proximation in the L; optimal sampled-data controller synthesis problem. To exploit this
approximation scheme, we need to have an explicit method for computing || F(Pyso, %)/, and
this section provides such a method. More precisely, we derive a discretized generalized plant
(for the continuous-time generalized plant P) that is useful for computing ||F (ﬁM(b 7). We
further show that the discretized generalized plant together with the associated error anal-
ysis converts the synthesis problem of an L; optimal controller ¥ for the sampled-data
system Ygp into the discrete-time synthesis problem of an [; optimal controller.

To derive such a discretized generalized plant, we need to consider replacing the operators
B1J v, HyoM; and D 0 with finite-dimensional matrices. Here, we note that || F(Pyo, ¥)]|
coincides with || Py 0l in (3.57) when we take N — oo. In connection with this, we could

derive from (3.31) and (3.57) the matrices B9, Hpro and Dyppo defined respectively by

Dano = [P Cod, B, (4.38)

and we easily see that || F(Pyo, ¥)|| coincides with the co-norm of the infinite-dimensional

matrix
Puo = [Dayro HaoCsJsBano HyoCsAJsBao HyoCsA*JgBao -] (4.39)

Here, we further note again that A9, is strictly block lower triangular. Based on the property

of I, the matrix Djs1p may be redefined as
Dano = CoAS, B, + D1y (4.40)

without changing || Ppsol|. The matrix Py with the modified form in (4.40) corresponds to
the “last block row” of the input/output relation of a discrete-time system. Thus, the L;
problem of F(Pyo, ¥) is reducible to the following discrete-time I; problem.

Let us introduce the discrete-time plant given by

Tp1 = AgTr, + Bynows, + Baguy
Phioa 2k = Croxr + Danowy + Doy (4.41)

yr = Coqmy,
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where the matrices Cy19 € R%”ZX” and Dy € ]R{é‘f"zm“ are given respectively by
[Crro Darao) := Huo (4.42)

The other matrices are given in (3.10), (4.36) and (4.40). Then, we readily see that the
closed-loop system obtained by connecting ¥ to the above discrete-time plant P04 has
the state-space representation (A, JxBari0, HyoCs, Dario). Since the “last block row” of
the infinite (Toeplitz) matrix representation of the input/output relation of this closed-loop
system is nothing but Py given in (4.39) with the modified form in (4.40), it follows readily
that computing || Pyo|| is equivalent to computing the l,,-induced norm of the above closed-
loop system as shown in Figure 4.4. This implies that the L; problem of F (ﬁMO, V) is
exactly reducible to the discrete-time [; problem for the discretized generalized plant Pyoq
in (4.41).

Let us denote by ||F(Para, ¥)|| the discrete-time l.-induced norm. Then, by the pre-
ceding arguments, || F(Pyog, ¥)|| coincides with || F(Pyo, ¥)||. More precisely, we have the
following result regarding approximately solving the L, optimal sampled-data controller syn-
thesis problem such as ir;f | F (ﬁ , ¥)|| through the discrete-time [; optimal controller synthesis
problem such as i%f | F (Paroa, )||-

Theorem 4.2 The following inequality holds:

Ky D Kgio D
L= o7 JIFP 0)| = =22 < |IF (Paoa 0)|| < | F (P, 0)] (4.43)

Even though the central part of (4.43) (i.e., ||F(Proa, ¥)||) essentially coincides with a
conventional method in [3] via FSFH approximation [46] after all, the above inequality (4.43)
is different from that in [3]. As mentioned in Remarks 4.5 and 4.7, we do not need to use the
involved arguments of the integral inequalities in [3] for establishing (4.17), (4.18) and (4.22)

as well as (4.43), and we successfully circumvent such involved arguments in this chapter.

Wk 2k
——————-- — ---=---- —
Ug Patod Yk
T 1 FTTTT 7
| |
| |
l l
| |
Lo ____ )/ PSS i

Figure 4.4: Discrete-time system obtained by piecewise constant approximation.
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4.6 Piecewise Linear Approximation to the L; Optimal
Control Sampled-Data Controller Synthesis Prob-
lem

This section is devoted to providing a method for the L; optimal sampled-data controller
synthesis by using the idea of piecewise linear approximation (via the input approximation
approach) introduced in Chapter 3. We first introduce the operator J| : (Ly[0,h'))"™ —
(Loo[0, h'))™ defined as (2.29). J] is used to approximate the input of By with a piecewise
linear function and is tailored to possess important properties in terms of some Taylor ex-
pansion arguments (see Section 3.9 for details), in addition to the property that Jjw = w for
any linear function w. We further introduce the operator H} : (Lyo[0,h'))"™ — (Loo[0, R))"
described by
dz(0")

dr’
as well as the operator D) : (L[0,1)))™ — (Ls[0,1/))" given in (3.60). Obviously, H}

could be interpreted as an operator producing a linear function that preserves the value and

(H 2)(0') = 2(0) + ¢

=0 (00" <) (4.44)

derivative of the input at ¢ = 0, and thus Hjz = z for any linear function z on [0, ).
Similarly for Hj, in Section 4.4, strictly speaking, H) is not an operator on (L..[0,R"))"
but on its subspace of functions continuous and (right) differentiable at time 0. However,
this issue causes no problems since H) is used for approximating M; (or its output with
a piecewise linear function) and operates only on its output. However, similarly for Jg,
approximating B; should take into account that its input may be discontinuous, and this
leads to the more involved definition of J} in (2.29). D!, is used for approximating Dy, as
in Chapter 3, and it corresponds to applying constant approximation to the kernel function
associated with the compact portion of the compression operator defined on [0,4). The
details of our approximation treatment employing these operators are as follows.

We consider replacing Ly,M; and B;L}; in (4.8) with E’ILMMI and BIL;jJ_'l, respec-
tively, (i.e., M; and B, are approximated by LX/}ELMNL and BlLﬂ_jJ_'lLM, respectively).
To facilitate such treatment, we introduce the operators Hy;; and J,;; described respectively
by

Hyy = HiLy : (Loo[0, 7)™ — (Lao[0, b)) (4.45)
I = Ltd0 s (Lao[0, )M — (Loo[0, B))™ (4.46)

Remark 4.8 Approximating B1LX41 with BlLﬁJ_’1 is equivalent to approximating B} with
B}J| = B}, which is defined as (3.58) (i.e., approximating the input of B} with a linear
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function). Similarly, approximating Lj;M; with E’lL v M is a equivalent to approximating
M) with H{M| = M., which is defined as (3.59) (i.e., approximating the output of M}

with a linear function).

Next, to facilitate the treatment of Ly/D;;Ly; in (4.8), we define the operator
Dy = H) M AYB, I, + D, (Lo [0.0)M™ — (Loo[0, B')) M7= (4.47)

What has been done in the above treatment is that the input and output of My F (P, ¥)B;
in (4.8) are approximated by piecewise linear functions, similar treatment has been done on
the first term of (4.12), and the second term of (4.12) was approximated by D,. This treat-
ment has followed the same arguments in Chapter 3. To summarize, we have introduced the

following approximation of F (ﬁM, v):

F(Py, W) := Hyy My F(Py, )M 31 + Dy (4.48)

We call it piecewise linear approximation of the sampled-data system JYsp, which alle-
viates the difficulty in designing the discrete-time controller ¥ minimizing || F(P, ¥)| =
|IF(Py, )|, and the mapping between @, and 2, in (4.48) could be described through
Figure 4.5.

DMl
Wy Tk Gk Lot 2k
Jan By ----- g [ E - M, Hyn
Ug Fa (7
r-—--- ~ oo B
A | ]

Figure 4.5: Piecewise linear approximation of the sampled-data system Xgp.

4.6.1 Error Analysis of Piecewise Linear Approximation

This subsection is devoted to showing that the error in piecewise linear approximation

converges to 0 at the rate of 1/M? as M — oo. To evaluate the error in the approximation
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of |F(P,w)| = || F(Py, ®)| by |F(Py, ¥)||, we first introduce ‘finite-rank portion’ of
F(Pyn, ¥) in (4.48) given by

fo(ﬁMl, W) = HMlMlJT(Pd, W)BlJMl — f(ﬁMl, W) — DM1 (449)

Comparing the above equation with FO(Py, ¥) in (4.15), we see that evaluating J;; — L,/
and Hj;; — Ly, is important in the error analysis. The following lemma is relevant to such

evaluation and plays a key role in our discussions.

Lemma 4.3 Suppose that (A, By) is controllable and (Cp, Ay) is observable, where these
matrices are relevant to the continuous-time generalized plant P in (3.1). Then, we have
the following properties regarding the preadjoints J ;1. and By, and the operators H,;y and
M,.

a) There exists a constant Kp; such that

Kp1

1< e (4.50)

[(Lar = Inrni) |Reean)

where R(B;,) denotes the range of By, as mentioned in Chapter 1 and is viewed as a
subset of (L1[0,h))™.

b) There exists a constant K¢ such that

K,
1(Lar — Han) | rewo || € 5 (4.51)

S
where R(M;) denotes the range of M; as mentioned in Chapter 1 and is viewed as a
subset of (Luo[0, h))™=.

Remark 4.9 The two norms || - ||; and || - || in Lemma 4.3 mean the L0, h')-induced
norm and the L [0, h')-induced norm, respectively. From the definition of the preadjoint in

Chapter 1, Jys1. : (L1]0, h))™ — (L]0, h/))M™ is given by
I = I, Ly (4.52)

where the preadjoint Ji, : (L]0, 1'))™ — (L1]0, h’))™ is given by
W 1%
(T0)(0') = /o(0) / w(r)dr' + f,(0') / () dr (4.53)
0 0
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Remark 4.10 If we note (4.52), it is not hard to see that the claim (4.50) can be roughly
restated as the assertion that (I — J7,)LyBu,|l; = |BiL3 (I — J7)| can be made arbi-
trarily small with the order 1/M? as M tends to co. The claim (4.51) also has a similar

interpretation.

The proof of Lemma 4.3 is given in Subsection 4.10.1 since it is very technical. We have

the following important result from Lemma 4.3.

Proposition 4.2 There exists a constant K; independent of ¥, such that

IFO(Pany, 0) = FO(Par, ¥ )H<—HFO(PM, | (4.54)

Remark 4.11 Similarly for Lemma 4.1, we could also establish a similar inequality with
F 0(13M, ¥) replaced by F O(JSMl, ¥) on the right hand side, if we use slightly modified versions
of inequalities (4.50) and (4.51) (see (28), (29) and (32) in [52] for details). However, the proof
of the modified inequalities becomes more involved. We stress that our following arguments

successfully utilize the simpler inequality (4.54) and circumvent such involved arguments.

Proof. We first deal with the approximation on the output side. From the second assertion

of Lemma 4.3, we have

IFO(Par, ¥) — Han FO(P, W)Ly |
=||Lyy M F(Py, ¥)B1L;} — Hy M F(Py, ¥)B L/ |
=[|(Las — Han) | rowy) My F(Py, 9)B1Ly |

K _
<73 IMWF (P, )B L |
KCI
—IF (Por, w)| (4.55)

In particular, this implies

~ _ Ker
(P L] < (14 55 ) 1P, )] (4.56)
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We next deal with the approximation on the input side. It follows from the first assertion
of Lemma 4.3 that

[HLn FO(P, 0)Ly) — FO(Pan, 7))
=||[Hy M F(Py, ¥)B1L,} — Hyn MyF(Py, W)B1J ||
=||(Hayn My F(Py, ¥))Bi(Ly; — Jan)||
=||(Lar — Jns1e) Bra(Hann MU F (Py, ¥)).] 1
=[|(Lar — Iare) | sy Han M F (Py, ¥)Bq). i

K
<£||HM1M F(Py, ¥)By||

K
=k ||HM1f0(P UL/ || (4.57)
Combining (4.55), (4.57) and (4.56) leads to

|FO(Papy, W) — FO(Pyy, )|
<[|FO(Par, @) — Han FO(P, UL} || + [[Han FO(P, )Ly} — FO(Part, ¥))|

<BO PPy, )] + B PP, )L/ |

(R 2o (1s K—C)} PP, )]

SKB1(1 —l—]\fj[?) + Kt 1F° (B, )| = Mlzu}—o(ﬁ% o) (4.58)
This completes the proof. Q.E.D.

In view of (4.15) and (4.49), it is also important to evaluate Dy — LDy, Ly, , for which

we quote the result of Lemma 3.6 as follows.

Lemma 4.4 The inequality

U
KDil

D — LMD11LX41|| < 2

(4.59)

holds, where K%, is defined as (3.66).

We are in a position to give the following main result on the error analysis of piecewise

linear approximation.

94



Theorem 4.3 The following inequality holds:

Kgll
M?2
(4.60)

Kl D Kgll D
L= SV IFP ) = B2 < F B, 0 < (14 ) [P, 0+ S

Proof. We note from the proof of Theorem 4.1 that || FO(P, )| < ||F(P, ¥)|. Then, it

readily follows form Proposition 4.2 and Lemma 4.4 that

|F(Part, W) — F(Par, )|
<|F*(Par1, #) — FO(Part, ¥)|| + |Dart — Ly DLy |

K, EN KUi

SwH}—O(PM, )|l + ]\;21
<5z I (Pas D) + ]\2321 (4.61)
Since || F(Pyr, ¥)|| = || F(P, ¥)]|, the assertion follows immediately. Q.E.D.

4.6.2 Features of Piecewise Linear Approximation

This subsection provides the validity of piecewise linear approximation in the L; optimal
control problem of sampled-data system by using the argument in Theorem 4.3.

Theorem 4.3 clearly implies that the approximation error in the piecewise linear approx-
imation converges to 0 at the rate of 1/M? as M — oo, when the L..-induced norm of the
sampled-data system Ygp is computed for a fixed controller ¥. Theorem 4.3 also provides
a theoretical basis for such an indirect and approximate approach to L; optimal controller
synthesis for the sampled-data system Ssp that seeks for ¥ minimizing || F(Py, ¥)|| for a
sufficiently large M. We consider yop given in (4.31) and take an M. Suppose that ¥y is an
e-suboptimal controller with respect to || F(Pas1, W), ic., | F(Pu1, Uar)|| < Yarn+e (e > 0),
where Yy := inf |F(Py1, W)||. Let My € N be the minimum such that M? > K;. Then,
for M > M, the first inequality of (4.60) implies that

Yopt < [ F(P, an)|

K, KY,
§(1+M2 K)”ﬂPMl’ WM)”JFM?—Kl

K, KY,
<(14-—21 __biL 4.62
—(+M2—K1)(7M1+6)+M2—K1 (4.62)
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On the other hand, it follows from the second inequality of (4.60) that

K KY,
Va1 S (1 + Mg) “Yopt + ]\;21 (463)

Substituting this into (4.62) and taking a sufficiently large M such that M > M, we see
that

X4

Yopt < Hf(P7 !le)” < Yopt + €+ M2

(4.64)

where

— 4.65
1— K /M2 " 1K /M2 " 1—K/M? (4.65)

Since € > 0 is arbitrary, letting M sufficiently large and taking a suboptimal ¥,;; with
respect to || F(Py, ¥)|| (sufficiently close to the infimal performance) is ensured to lead to
a method for L; optimal controller synthesis for the sampled-data system Xsp. By (4.64),
we could say that the convergence of Wy is in the order of 1/M?. We will further show
in Section 4.7 that the synthesis problem of a suboptimal ¥y can be (almost equivalently)

reduced to a discrete-time [; optimal control problem.

4.7 Main Results in Piecewise Linear Approximation:
Reduction to the Discrete-Time [; Optimal Control
Problem

The preceding section is concerned with a promising aspect of dealing with the piecewise
linear approximation F (ﬁMl, ¥). To exploit this approximation, however, we obviously
need to have an explicit method for computing || F(Py1, ¥)||, and this section is devoted
to giving such a method. More precisely, we show that a discretized generalized plant (for
the continuous-time generalized plant P) can be introduced that is useful for computing
| F (ﬁMl, ¥)||. We further show that the discretized generalized plant together with the
associated error analysis converts the synthesis problem of an L; optimal controller ¥ for
the sampled-data system Xgp into the discrete-time synthesis problem of an [; optimal

controller.

Remark 4.12  Even though || F(Py1, ¥)|| coincides with || Py, || in (3.83) when we take
N — 00, the arguments in this section are completely different from those in Chapter 3. More
precisely, the arguments in Chapter 3 could not lead to discretization of the continuous-time

generalized plant P, but the arguments in this section lead to such a discretization.
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To derive such a discretized generalized plant, we recall that F(Pyy, ¥) is given by (4.48)

and consider replacing B1J 1, Hy;1 M and Dy, with finite-dimensional matrices.

4.7.1 Approximation of the Unit Ball Image of B{J,/;

This subsection provides a method for approximating the closed unit ball image of B1J

with that of a matrix in the [, sense. To this end, we first review the operation of B1J /1 =
BILX;J_Q' For Lyw = [(wM)T, -+ (w™)T)T € (L]0, )™ we have

w®
B Jyw = [(ApMt - ]]B_,l']_ll :
W)
= [(ApM-1 ... []B_;Ld(bM (4.66)
where
B/ R / 6 / / 6 / 4
hd = 4BOd_ﬁBld _3B0d+ﬁB1d (4.67)
T
e [ N U R L TR (4.68)
o._ 1" W._ 2 ("
do =g | WO 67 = o / wt ()'dr’ (4.69)
0 0

with A, B{, and B}, defined as (3.25), (3.55) and (3.160), respectively. Hence, it is expected
that considering the set of the vectors ¢y, for all w in the unit ball of (L [0, )™ and

M=1 .. I]B_;Zd in (4.66) may be helpful in computing

replacing B1J 1 with the matrix [(A})
|IF(Py, ¥)|. The following result is associated with B/J} in (4.66) (or, more precisely,
with each [(6)7, (¢{)7]7 in (4.68)) and plays an important role in representing the above

vector set, denoted by @),.

Theorem 4.4 Let

bo = hl /0 el by = ﬁ /0 " )t (4.70)

where w € Ly[0,h') is a scalar function. Then, the set of (¢, ¢1) corresponding to all w

such that |w|| <1 is characterized by

—1<p <1 (4.71)

G200 -1, ¢+ 2 +]
2 == 2

(4.72)
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Proof. It is obvious that (4.71) holds for every w such that ||w| < 1. Let us take an
arbitrary ¢ satisfying (4.71), and take the following w(t), which satisfies ||w|| < 1 and the
first equation of (4.70).

-1 0§t<%

w(t) = ) <%gt<h’)

(4.73)
Because of a particular waveform of this w, together with the fact that ¢ is strictly increasing,
it is obvious that this w attains the maximum of ¢; among those satisfying the first equation
of (4.70). Similarly, the above w with ¢, replaced by —¢o and with the sign inverted attains
the minimum of ¢; among those satisfying the first equation of (4.70). For these particular
w, we see that ¢, takes the extreme values in (4.72). Taking convex combinations of the

above two extreme inputs completes the proof. Q.E.D.

The area associated with (4.71) and (4.72) is shown in Fig. 4.6, which is obviously convex.
Hence, it is expected that this area can be approximated in the [, sense, with an arbitrary
degree of accuracy, by using the tangents for the boundary curves. This approximation
procedure can be described as follows. We introduce the approximation parameter ) € N,
and draw the tangents for the boundary curves at the points ¢g = 2(i — 1)/(Q — 1) — 1 for
i=1,---,Q (> 2) in Fig. 4.6. The area in Fig. 4.6 can then be approximated with these
tangents by a convex polygon as shown in Fig. 4.7, and this technique can be applied! to the
s approximation of the set @,,. For example, when () = 3 in Fig. 4.7, the convex polygon

is determined by

—1<d<1 (4.74)
—1< =2¢g+2¢; <1 (4.75)
—1< =29+ ¢1 <1 (4.76)

and the set @), is outer-approximated with such M 2Q)-polygons, or more precisely, by the
set (denoted by @ES]) of all vectors whose image by A9l lies in the closed unit ball of RY@me

where
Onw [nw
AR — ABl.— | 21, 2I, | € RYmM>2nw (4.77)
=21, I,
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Figure 4.6: The set of (¢g, ¢1) given by (4.70) with ||w|| < 1.

In the following discussions, it is convenient to describe the outer-approximated set 4558]

as the unit ball image of 0191 with a suitable matrix 209, To give the representation of such
2 we take vy, - - - ,vg to be the non-negative vector representations of the @) left-upper
edges of the polygon, aligned from the rightmost one to the leftmost one?. For example,
when @) = 3 in Fig. 4.7,

RS RS

By using these vectors v; = [v;1, vi]”, the matrix 219 is defined as

L vl - voll
Q — L |V1idny Qtdn, 2 X Qo
? L)m L oo ven fnJ € RZ (4.79)

Then, the outer-approximated set 45531 coincides with the set of all vectors 2@lw, with
|lwg|| < 1 (see Section 4.10 for the proof). Summarizing the above arguments, we see from

(4.66) that the operators B}J} and B;J,;; may respectively be replaced by the matrices

B =B, 09, By, =AM - 1] B (4.80)

Furthermore, it is obvious from the above arguments that 45%}] converges to @, as () — oo.

4.7.2 Replacing H;;1M; and D);; with Appropriate Matrices

In this subsection, we give a method for replacing the operators Hy;1M; and D,;; with

appropriate matrices so that ||F(Py1, ¥)|| can be computed as the lo-induced norm of a

'We can apply Theorem 4.4 to each entry of the vector function w because (4.69) can be computed
entrywise. This leads to the formulation with the identity matrices I, in (4.77) and (4.79).

2We remark that the ith block row of AlQ! corresponds, by definition, to the strip determined by two
lines, each of which contains the edge corresponding to the vector v; and the other parallel edge.
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Figure 4.7: Approximation of ¢y and ¢;.

discrete-time system (if the approximation error associated with the parameter @) in the
preceding subsection were ignored; the error will be considered later). Here, note that
the infinite (Toeplitz) matrix representation of the input/output relation of F (ﬁMl, V) =
H) M, F(P;, ¥)B1Jyn + Dy is block lower triangular (with respect to the partitioning
associated with @, and Z) because of the structure of P,;, as mentioned in the preceding
section. We then see that ||F (Pa, 7)|| coincides with the L..[0,h’)-induced norm of the

“last block row” of the above infinite matrix. Note that F (ﬁMl, V) admits the representation

{gkﬂ = A& + JB1Jan @y, (4.81)

Zk =H) M Cs&; + Dz
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Hence, by the “last block row” mentioned above, we mean

P := [Dayn HyiMCsJsBiJyn HyiM Cs AdsBiJ
H, M;Cs A% JsB1J 1 HyyMiCs A2 TsB Iy -] (4.82)

(where we have reversed the order of the operator entries for notational simplicity). Here,
recall that Dy, = EEA?VIB_'IJ_'I + D!

al»

Hence, it follows that D/, can be handled separately from H_QM’IAS{/[B_'IJ_'I Furthermore, to
facilitate the treatment of the operator D!,

which is an integral operator by the definition of D, in (3.60). Then, by using the properties
of L]0, R"), Py may be redefined as

where AS, is strictly block lower triangular.

we use again the notation D), := D.; — Dy,

P = [Dy Dy, H, M, A,B, I, Hy M CsJsB1Jy
H)/ M,C5AJsB Jyn HynMCs A2JsBiJ -] (4.83)

without changing its norm.

For simplicity, let us suppose D;; = 0 for a while; we will return to the general case
with Dj; # 0 around the end of this subsection. Then, based on the property of L. [0,%),
we can apply essentially the same arguments as those in Chapter 3 to show that the input
of the operator D/, may be restricted to a constant (vector) function in its treatment for
the computation of ||Py1]| in (4.83); this is because D!, is simply an integral operator and
the outputs of the operators in the other entries in Py are linear functions. An immediate
consequence of this restriction is that the output of P, itself also becomes a linear function,
so that the L..[0, k') norm of the output of Py, can be evaluated by considering only its
values at #/ = 0 and & = A’ — 0. More precisely, since the operations of Hy;;M; and m

are respectively given by

1 1

T

(Fn |2 ) @) = FOOE . MG et

(D,ow) (') = C,Byw(0)" (4.85)

(where w is assumed to be a constant function in (4.85) by the preceding arguments), the

operators H M) and D/, in Py;; may be replaced by the matrices

! C’0 2N, Xn
Hi = {CO(IJFAQh,) € RZ=*", (4.86)
0 nexn
Dl = {ClBlh,} € RZ1=Xm (4.87)
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respectively, without changing ||Py1]|. After such replacement, the only operators remaining
in Py are B1J 1, but the preceding arguments suggest that it can be further replaced by
the matrix Bz[\?]u in (4.80).

By using the matrices BEQ]/, BJ[\?}H, H{ and D.,,, the Lo.[0, h')-induced norm ||Py | and
thus || F(Py, ¥)|| is obtained by computing the ls-induced norm of the matrix P]E%] (with

an error associated with the approximation of @,; by 4553})3 given by

Pz[\% = [ Zjll Dglo F{A?WB?], HMICZJEBJ[\?]H

Hy1Cs AJsBY HyyCoA2JsBY, ] (4.88)
where
! D
Hyp i= Hy : , Dypi= {DE] (4.89)
(Agy)M 1

Here, we note again that A9, is strictly block lower triangular and @ > 2. Then, based on

the property of L[0, 1), the matrix P][\% may be redefined as
P} = D3y HanCsJeB), HanCoAJsB, - (4.90)
without changing its norm, with the matrices

Dy, = H A B + D' e r2m=xMQne (4.91)
Dz[fl?]/ = [Dém 511 0] € R?)QZXQ"” (4.92)

Because the matrix P][\% (in the modified form in (4.90)) corresponds to the “last block

row” of the input/output relation of a discrete-time system, the L; problem of F (ﬁMl, v)

is reducible to the discrete-time [; problem described in the following subsection.

Remark 4.13  We have recovered the general case with Dy # 0 in (4.88) and thereafter.
Indeed, the preceding arguments immediately lead to (4.88) with the first entry Du removed,
and it is not hard to see that dealing with D;; # 0 leads to (4.88) as it is; the treatment of

Dy, is essentially the same as that in [66].

4.7.3 Discretization of the Continuous-Time Generalized Plant

This subsection is devoted to showing that the arguments in the preceding subsection
immediately lead us to a discretization procedure for the continuous-time generalized plant

3Because SPE\(/Q[] converges to @, as ) — 0o, we can have an arbitrary degree of accuracy. See Theorem 4.5.
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P that can be used in dealing with the L; problem of F (ﬁMl, ¥) through a discrete-time Iy
problem.

Indeed, let us consider the discrete-time plant given by

Th+1 = Ad17k + B][\/[]llwk + Bgduk
P][\?l]d : 2, = Cynixy + D[Q] 11 Wk + Do ug (4.93)

Yr = CoqTy,

where the matrices Cyrqp € R2M™=X" and Doy € REMm=X1u are given by
[Crri Darat] := Han (4.94)

The other matrices are given in (3.10), (4.80) and (4.91). Then, we readily see that the closed-
loop system obtained by connecting ¥ to the above discrete-time plant P][\%d as shown in
Figure 4.8 has the state-space representation (A, J 231[\%1, HynCy, Dz[\(}?]n)- Since the “last
block row” of the infinite (Toeplitz) matrix representation of the input/output relation of this
closed-loop system (with the entries aligned in the reverse order) is nothing but P[Ql given
in (4.90), it follows readily that computing ||P][\% || is equivalent to computing the [,-induced
norm of the above closed-loop system. This implies that the L; problem of F (13M1, ¥) with
the relevant outer-approximation of @,, by ﬁ[Q] is exactly reducible to the discrete-time [y
problem for the discretized generalized plant P}?l] -

Let us denote by |[|F (Pjﬁﬂd, ?)|| the l.-induced norm computed through this outer-
approximation. Then, by the preceding arguments, ||F (P][\% s Y)|l can be made arbitrarily
close to [|F (]31\/11, 7)|| by taking a sufficiently large ). More precisely, we have the follow-
ing result regarding approximately solving the L; optimal sampled-data controller synthesis
problem such as inf |F(P, ¥)|| through the discrete-time I; optimal controller synthesis

problem such as mf | F(P 1£41d> ¥)||, where k9 is defined as the largest x > 0 such that

/4;!15%(3] C Py (Whlch can be computed easily for each Q).

Theorem 4.5 The inequality
K, - K,
(1 57 ) 1P = 522 < 7Pl )
1 K, K,
<3 Kl+ W) |F(P, w)| + ST (4.95)

holds and 9! converges to 1 as @ — oo.

Note that the above lower bound of ||]-"(P]§1]d, ¥)|| is the same as that of || F(Py1, ¥)||
n (4.60), while the upper bound is larger than that of || F(Pyy, ¥)| in (4.60) by the factor
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Figure 4.8: Discrete-time system obtained by piecewise linear approximation.

of 1/kl9l: this follows immediately from &,; C 455\3] and k@ !1553] C @,,. The assertion
on k9 is also obvious (see Fig. 4.7). This theorem obviously ensures that the L; optimal
sampled-data controller synthesis can be carried out through F (P}%d, ¥) with sufficiently
large M and Q).

4.8 Numerical Example

This section examines the effectiveness of the discretization methods developed in this
chapter through a numerical example.

We consider the continuous-time generalized plant

A:B :;] Blz[_ll}, Bgz{_ol}, Ci=[1 0], Co=[1 0]

Dll == D12 - O (496)

and take the sampling period h = 0.3. Let ¥, and W][\% be the discrete-time [; optimal
controllers minimizing the [-induced norms ||F(Paroq, ¥)| through the L;-discretization
Pyoq of P via the piecewise constant approximation and |F (P][\%d, 7)|| through the L;-
discretization P][\;ﬂd of P via the piecewise linear approximation, respectively. They are de-
signed under the fast-lifting parameter M = 2, 3,4 together with ) = 3. The results of the
lso-induced norm of the discrete-time system F (P04, Yar0) and the L-induced norm of the
sampled-data system Ssp with ¥ = Wy (ie., | F(P, ¥ar0)|) are shown in Table 4.1. Fur-
thermore, the results of the [.-induced norm of the discrete-time system F (P}% & LP][\%) and
the L..-induced norm of the sampled-data system Xsp with ¥ = Ll'/][\% (i.e., H]—"(]g, W][\%)H)
are shown in Table 4.2. These values are computed so that they are accurate up to the digits

shown therein?. We can see from these tables that || F(P, LT/][\%) || successfully becomes much

4Even though the arguments of Theorem 4.5 can be used also for analysis, the L..-induced norm com-
putation for the designed controllers is carried out through the arguments in Chapter 3. This is because the
computation of the upper and lower bounds therein is much simpler, even though its extension to controller
synthesis is very hard.
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smaller than || F(P, ¥y)|| under the same approximation parameter M. Furthermore, we
can also see from these tables that ||]-"(15, W][\%)H/H}"(P][\%d, W][\%)H is much closer to 1 than
IF(P, Uaso)ll/||F (Pasogs Yaro)|| under the same parameter M. This implies that taking the
intersample behavior of the sampled-data system Ygsp into account can be more accurately
reflected on the controller design even with a relatively small M through the piecewise lin-
ear approximation than the piecewise constant approximation. These observations clearly
suggest that the piecewise linear approximation method is very effective and drastically out-
performs the piecewise constant approximation method in the L; optimal controller synthesis

of sampled-data systems.

Table 4.1: Results of the L; optimal sampled-data controller synthesis through the piecewise
constant approximation.

M 2 3 4
| F(Paroa, Yaro)|l | 0.4835 0.5362 0.5552
|F(P, aro)|| | 3.7012 1.7814 1.6169

Table 4.2: Results of the Ly optimal sampled-data controller synthesis through the piecewise linear
approximation (Q = 3).

M 2 3 4
|FPEL el T 0.6617 0.6226 0.5931
IF(P, Y| | 1.5048 0.6453 0.6351

4.9 Concluding Remarks

In this chapter, we developed two discretization methods for the L; optimal controller
synthesis problem of sampled-data systems by using the ideas of piecewise constant and
piecewise linear approximations discussed in chapter 3. The key techniques in these devel-
opments were the application of fast-lifting and the introduction of two types of ‘constant
approximation operators’ or ‘linear approximation operators,” one for input signals and the
other for output signals. With these approximation operators, the continuous-time sig-
nals (i.e., the input signals and the output signals) are approximated by piecewise constant
or piecewise linear functions, and this leads to the operator approximations of the input
and output operators associated with the lifted sampled-data systems. To demonstrate the
benefit of these operator approximations in the L; optimal controller synthesis problem of
sampled-data systems, we first established Theorem 4.1 or the inequality (4.29) through the

arguments of preadjoint operators. This inequality was shown to play an important role
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in the piecewise constant approximation treatment for the L; optimal controller synthesis
problem of sampled-data systems. In particular, it was shown that the convergence rate
associated with the piecewise constant approximation is 1/M with respect to the fast-lifting
parameter M. We then provided a discretization procedure for the continuous-time general-
ized plant through the piecewise constant approximation. This procedure enables us to give
an ‘equivalent’ discrete-time generalized plant to the continuous-time generalized plant with
any degree of accuracy, and thus the L; optimal controller synthesis problem of sampled-data
systems can be reduced to the discrete-time [; optimal controller synthesis problem. Even
though the arguments of such an equivalent discrete-time generalized plant together with
the associated convergence rate essentially coincide with a method in [3] through the FSFH
approximation technique [46], the arguments in this chapter lead to the simpler inequalities
(4.17), (4.18), (4.22) and (4.29) and circumvent involved arguments in [3]. We further estab-
lished Theorem 4.3 or the inequality (4.60) through the arguments of preadjoint operators.
This inequality was shown to play an important role in the piecewise linear approximation
treatment for the L; optimal controller synthesis problem of sampled-data systems, and it
was shown that the convergence rate associated with the piecewise linear approximation is
1/M? with respect to the fast-lifting parameter M. We also provided a discretization proce-
dure for the continuous-time generalized plant through the piecewise linear approximation,
and this procedure enables us to give an ‘(almost) equivalent’ discrete-time generalized plant
to the continuous-time generalized plant. Thus, the L; optimal controller synthesis problem
of sampled-data systems can be reduced to the discrete-time [; optimal controller synthesis
problem through the piecewise linear approximation. Finally, we examined the effectiveness
of the developed methods through a numerical study, and it was confirmed that the piece-
wise linear approximation method works far more effectively than the piecewise constant

approximation method.

4.10 Appendix

In this section, we give proof of Lemma 4.3 and deal with the approximation of @,,.

4.10.1 Proof of Lemma 4.3

Because the proof of Lemma 4.1 proceed in essentially the same way as that of Lemma 4.3,

we omit the proof of Lemma 4.1 and only the proof of Lemma 4.3 is given here.

a) As a preliminary step to obtain the bound (4.50), we first show the existence of a constant
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¢, independent of M such that
hH[IZ’Hl S ClHBl*xHh Vr € RIL (497)

To show this, let us introduce the operator T'p : (L1]0, h))™ — R} given by
h
Tpw = / exp(A(h — 0))Bruw(6)do (4.98)
0

(Note that Tp is formally the same as B; except that the domain is not (Ls[0, h))™ but
(L1[0,h))™ and the codomain is not RZ but R}.) Then, since By, is given by (By.x)(0) =
BT exp(AT(h — 0))x, we have

TpB1. = / ' exp(A(h — 0)) By Bl exp(A”(h — 0))d6 (4.99)

Note that (4.99) implies that T 5By, coincides with the controllability Grammian, which we
denote by Wg. We then have
hllzlly = hIW5 ' TpBrall < hlWg' 1 Tal: Bl
< AWgt 1By 1By =: e[| Braz|h (4.100)
because W' exists by the controllability assumption.

Next, let g € R(B1.), i.e., g(0) = BT exp(AT(h — 0))z for some x € R?. Then, a direct
computation with (4.52) and (4.53) leads to

BY (Agp) M1 (A, 00T

(Jarg)(0') = : x (4.101)
BYf(A0)"
where
A = (Ay)" (4.102)
fIA ) = fo(0) Aga + f1(0) Al (4.103)

with Aj, and A}, defined as (3.142) and (3.152), respectively. Because h|jz||; < ¢1]lg][1 by

(4.97), a direct computation together with the Taylor expansion arguments leads to

||(LM - JMI*)QHI = ||LMBl*$ - JM1*B1*IH1
<|[(I = 7. LyBual

h/
<|| B[y el I ar - / 1F(A,0)T — exp(AT (W — 0)[1d0/|[«||x

T ]. h3 T ’
<||BY|| el llthéW”A:iTHl AT el AR )y
R, K
7 saing 42 _ K,
§2M2€ IAI7][Billellgll =: e gllx (4.104)
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This implies (4.50) and the proof of part a) is completed.

b) As a preliminary step to obtain the bound (4.51), we show the existence of a constant ¢,
independent of M such that

o]l < coolMupll,  Vp € R™ (4.105)

To show this, we introduce the operator T¢ : (L0, h))™ — RZ™ given by
h
Tez —/ exp(A30)Ca z(6)do (4.106)
0
Then, we have
h
TeM; = / exp(AL0)CT Cy exp(Ay0)do =: We (4.107)
0

Since W is the observability Grammian, the remaining part of the proof proceeds in a
similar way to part a) with || - ||; replaced by || - ||; by using essentially the same arguments

as part a), we have

Ipll = [IWe " TeMup|| < W] - [Tl - [Map]
<|We [he M CT | - M| =: el M (4.108)

From (4.105) and a direct computation together with the Taylor expansion arguments, we
can obtain

B2
2M?

Ko

1Col - 1 Aalf?e? 2o = 25

[(Lar = Hon) | goviy Il < (4.109)

4.10.2 Approximation of the Vector Set &),

In Section 4.7, we showed that the vector set @,; can be outer-approximated by the set
@E\Cj] of all vectors whose image by A% lies in the closed unit ball of R9™». In this subsection,
we show that 4558] can be alternatively represented as the image of the closed unit ball of
R9™ by the matrix 219, i.e.,

{wa | [4%wa] < 1} = {Q2%wy | [Jwa]| <1} (4.110)

In the proof, we assume n,, = 1 without loss of generality.
It is obvious from the definition of vy, -+ ,vg that, for wy = [1,--- ,1]7 € RY, we have

2@y, = [1,1]7, which coincides with the right-upper vertex of the 2Q-polygon associated
with the outer-approximation of the set @, (recall Fig. 4.7). Reversing the sign of the
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first entry of wy, we readily see from the definition of vy that 2/@w, then coincides with
the vertex of the 2Q-polygon to the left of the aforementioned vertex. Reversing the other
entries of wy one by one from the upper ones (until we take @Q-different values of wy) and
further considering the (completely) sign-reversed versions of these ) values of w,, we readily
see that all vertices of the 2Q-polygon lie in the unit ball image of 20!, Since the unit ball

image is convex, we readily see that the 2Q)-polygon is contained in the unit ball image, i.e.,
{wa | |A%wa] <1} € {02%wq | [Jwal| < 13 (4.111)

To show the opposite inclusion relation, we first represent the matrix A9l by

Uy
A9 | (4.112)
uQ
where u] € R%2 (i =1,---,Q). Then, we consider the matrix
|
Al = 5| | [ vl (4.113)
UuQ

By the definition of u;, the (i,7) entry of A®l is 0 for i = 1,---,Q by orthogonality. Fur-
thermore, since all entries of the vectors vy, - - - ,vg are non-negative and the slope v;/v;; of
the ith edge increases as 7 increases, the (4,7) entry of the matrix A@! is positive for i > j

while it is negative for ¢ < j. Thus, the absolute sum of the ith row of A9 is given by

1
§{|Uivl| + A wvisg | F wi| + v + -+ Jwon ]}
1

:5{—%(@1 + -+ v) Fui(vigr + - Fow)}

=u; {117 = (o1 ++v;)} (4.114)

since vy +- - +vg = [2 2]T. If we note that [1 1] — (vy +- - - +v;) is nothing but the ith vertex
to the left from the right-upper vertex [1,1]7 along the left-upper edges of the polygon and
thus lies on the ith edge of the 2Q)-polygon, we see from the definition of u; that the above
absolute sum equals 1 for each i = 1,---,Q. This implies that the unit ball image of 2
is contained in the 2Q)-polygon, i.e.,

{wa | |A%wa]l <13 5 {02%wg | [Jwal| < 13 (4.115)

This completes the proof.
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Chapter 5

Conclusion

This thesis studied performance analysis and sampled-data controller synthesis for bounded
persistent disturbances. The L..-induced norm was used to deal with bounded persistent
disturbances, and methods for computing the L. -induced norm of continuous-time and
sampled-data systems were provided by using ideas of input approximation and kernel ap-
proximation approaches. Furthermore, the sampled-data controller synthesis problem for
L..-induced norm minimization was dealt with. We summarize the main contributions of

this thesis in the following.
In Chapter 2, we tackled a difficult problem of accurately computing the L.-induced

norm associated with a stable continuous-time finite-dimensional linear time-invariant (FDLTT)
system. To solve this problem, we applied a truncation idea with a sufficiently large h, which
mostly reduces the problem to the induced-norm computation of the compression operator
defined on the time interval [0, h). We first developed an input approximation approach to
L.-induced norm computation based on the fast-lifting treatment, by which the input of a
continuous-time FDLTT system was approximated by piecewise constant or piecewise linear
functions. We next developed a kernel approximation approach to the L..-induced norm
computation problem, by which the kernel function associated with the convolution formula
of continuous-time FDLTI systems was approximated by piecewise constant or piecewise
linear functions, and this approach was also based on fast-lifting. Even though they are two
different approximation approaches in terms of the viewpoint behind approximations, they
share a common technical feature that they employ a piecewise constant approximation or
piecewise linear approximation scheme of functions. We then showed that the approximation
errors in these two approaches converge to 0 at the rates of 1/M and 1/M? in the piecewise
constant approximation and piecewise linear approximation schemes, respectively, as the
fast-lifting parameter M tends to infinity. Through these evaluations, we gave methods for

computing an upper bound and lower bound of the L.-induced norm of continuous-time
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FDLTT systems to any degree of accuracy. We examined effectiveness of the two approxi-
mation approaches through numerical studies and confirmed that the kernel approximation
approach works far more effectively than the input approximation approach, not only in
accuracy but also in computation times, especially when the piecewise linear approximation
scheme is taken.

In Chapter 3, we considered a difficult problem of accurately computing the L.-induced
norm of sampled-data systems. We first applied the lifting technique to sampled-data systems
and derived the input and output operators in the lifted representation of sampled-data
systems. To compute the L..-induced norm, we approximated these operators by using the
ideas of input approximation and kernel approximation approaches discussed in Chapter 2.
Both approximation approaches use ideas of piecewise constant approximation and piecewise
linear approximation schemes via the fast-lifting treatment of sampled-data systems. In
particular, the input or the kernel function of the input operator as well as the hold function
of the output operator associated with sampled-data systems are approximated by piecewise
constant or piecewise linear functions. Through these ideas, we gave methods that can readily
compute an upper bound and lower bound of the L..-induced norm. Furthermore, we showed
that the gap between the upper and lower bounds in the piecewise constant approximation or
piecewise linear approximation scheme is ensured to converge to 0 at the rate of 1/M or 1/M?,
respectively, under both the input approximation and kernel approximation approaches,
as the fast-lifting parameter M tends to infinity. We further clarified that even though
these convergence rates are qualitatively the same in the two approximation approaches,
the approximation errors through the kernel approximation approach are smaller than those
through the input approximation approach. We finally examined the effectiveness of the
two approximation approaches through numerical studies and confirmed that the kernel
approximation approach with the piecewise linear approximation scheme derived the smallest
range for the L.-induced norm estimates with relatively short computation times among
the four methods developed in this chapter.

In Chapter 4, we provided discretization methods of the continuous-time generalized plant
for the L, optimal sampled-data control problem, which allows us to carry out sampled-data
controller synthesis for L..-induced norm minimization through existing synthesis methods
for the discrete-time controller minimizing the /,-induced norm. We applied the ideas of the
piecewise constant approximation or piecewise linear approximation scheme together with
the input approximation approach discussed in Chapter 3 to the L; optimal sampled-data
control problem. Through these applications, the continuous-time signals (i.e., the input
signals and the output signals) were approximated by piecewise constant or piecewise linear

functions, and this led to the approximations of the input and output operators associated
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with the lifted sampled-data systems. We further established two important inequalities
through the arguments of preadjoint operators, which formed mathematical bases for the
piecewise constant approximation and piecewise linear approximation schemes to the L; op-
timal sampled-data controller synthesis problem. More precisely, it was shown from these
inequalities that the convergence rate for the L; optimal sampled-data controller synthe-
sis in piecewise constant or piecewise linear approximation is 1/M or 1/M?, respectively.
We further gave discretization procedures for the continuous-time generalized plant through
piecewise constant and piecewise linear approximations. These procedures enabled us to give
an ‘equivalent’ discrete-time generalized plant to the continuous-time generalized plant with
any degree of accuracy, and thus the L; optimal sampled-data controller synthesis problem
was reduced to the discrete-time [; optimal controller synthesis problem through piecewise
constant and piecewise linear approximations. We finally examined the effectiveness of the
developed methods through a numerical study and confirmed that the piecewise linear ap-
proximation method works far more effectively than the piecewise constant approximation
method.

To summarize, we studied performance analysis and sampled-data controller synthesis
for bounded persistent disturbances by taking the L..-induced norm as a measure for quan-
tifying the effect of the disturbances. The input approximation and kernel approximation
approaches played key roles in computing the L..-induced norm of continuous-time and
sampled-data systems. We further provided methods for the L; optimal sampled-data con-
troller synthesis, by which the L.-induced norm of sampled-data systems is minimized.
This synthesis problem was tackled only through the input approximation approach, unlike
the analysis problems for continuous-time and sampled-data systems, for which the kernel
approximation approach was also studied and, more importantly, outperformed the input ap-
proximation approach. However, it is not clear whether the kernel approximation approach
can be directly applied to the L, optimal controller synthesis problem of sampled-data sys-
tems while the input approximation approach can be. The reason is relevant to the question
on the parallel convergence arguments for the operators Ty and T such that By, = B} - T
and By, = B} -T}. The preadjoint arguments, which play a crucial role in solving the L; op-
timal controller synthesis problem with the input approximation approach, would somehow
apply to the operators Tj, and T in the kernel approximation approach, but it is still unclear
whether parallel convergence rates could be established. This, in turn, implies that devel-
oping a theoretical basis of the kernel approximation approach for this synthesis problem
seems to be a nontrivial issue. This interesting topic is left for future studies.

Another issue worth noting in the arguments of this thesis is that only piecewise constant

and piecewise linear functions were used in the approximation treatment of systems. Roughly
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speaking, these functions correspond to jth order polynomials with j = 0 and j = 1, and
one might ask whether higher order polynomials with j > 2 could be used to develop
parallel frameworks and derive more effective methods. In fact, constructing the jth order
approximations for the L.-induced norm computation of continuous-time and sampled-data
systems could, in principle, be carried out even for j > 2 by following the same line of
arguments as in Chapters 2 and 3. Nevertheless, the overall performance improvement by
taking 7 > 2 may not be definite since it would take a longer time to accurately compute
the L1]0, h’) norms of jth-order polynomials when j > 2. Furthermore, extension to j > 2
in sampled-data systems is nontrivial because we cannot predetermine the timing 6’ € [0, h')
such that the output of M;j at 0’ does correspond to our induced-norm computation. This
is in sharp contrast with the arguments in this thesis dealing only with j = 0 and j =1
(i.e., piecewise constant and piecewise linear approximations), in which it is obvious that
considering only @' = 0 and ¢ — 1’ is sufficient. Analyzing such an aspect and developing
an effective computation method exploiting a jth-order approximation idea for j > 2 may

be an interesting future topic.
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