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PREFACE

In this thesis, a stability theory of composite
gystems is developed. The theory gives a powerful means
to investigate the behavior of complex nonlinear control
systems.,

The word "stability" originates in mechanics where
it characterizes the equilibrium of a rigid body. The
eguilihrium is called "stable" if the body returns to its
original position after having been "disturbed", i.e.
moved slightly from its position of rest. If the body
tends toward a new position after a slight displacement,
the equilibrium is called "unstable". The above concept
of stability was generalized by Lyapunov for a motion of
a general dynamical system. A motion of a dynamical sys-
tem is a curve or "trajectory" C in some space. If any
trajectory D starting near C remains near G, the trajec—~
tory ¢ is stable. In addition, if D tends to C, the
trajectory C is asymptotically stable. On the contrary,
if D departs from ¢, the trajectory C is unstable. The
stability treated in this thesis is the asymptotic stabil-

ity in the sense of Lyapunov deascribed above.



To investigate the stability of systems, or to be
acourate, of the motion of systems has always been one of
the most important themes in the theory of control systems. -
The importance of the stability problem in the control
engineering results from the fact that we cannot strike
out disturbances from real conirol systems. A% the first
stage of development, the theory of control systems was
constituted by the classical linear theory, i.e. the
theory of linear, time—-invariant systems with a single input
and a single output. The stability criterions named after
Leonhard, Routh & Hurwitz, and Nyquist were, and have been,
used to investigate such linear systems. The classical
linsar theory achieved great success and, still now, i%
constitutes the main part of the control thcory im prac-
tical sense.

A demand for the nonlinear theory in the control
engineering was first oaused by undesirable nonlinear
phenomenons, such as sustained oscillations, observed in
various practical control systems. Later, the develop-
ment of the optimal and adaptive control theory and of
digital machines provoked a rapid increase of the inten-
tional usage of nonlinear elements in control systems.

Thereby, the demand for the nonlinear control theory
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became ever stronger. The first successful trial in the
nonlinear control theory may be the describing function
method which was mainly proposed and used in U.3.A. and
Western Europe. On the other hand, the second method of
Lyapunov was first used by Ruesian scientists and engi-
neers for the investigation of nonlinear control systems.
Especially, this method was applied successfully to the
absolute stability problem, which is a typical nonlinear
problem in the control engineering.

In the last ten yesars, a great number of researches
on the stability problem of control systems were made on
the basis of the linear and nonlinear theory described
above, It would be impossible to survey all of them
because the number is too great and the contents involved
are too much widespread. However, we may classify them
into three big streams. First, there is the endeavor to
obtain ever sharper and more convenient stability oriter—
ions for nonlinear control systems of the classical type,
i.e, nonlinear feedback systems with a single input and a
aingle output. The famous theorem of Popov provoked a
new development in this field. At present, various power-
ful stability oriterions are available for such systems
with a single nonlinear element. Second, there are studies

on new types of stability different from or generalized
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from the stability in the sense of Lyapunov. The studies
on the bounded-input-bounded-output stability, the L,-
stability, the energy stability, the finite-~time stability,
the stability in the mean, the almost sure stability, the
entropy stability and etc. are classified into this siream.
Third, there is the endeavor to develop the theory so that
more general class of systems can be treated. This kind
of researches are often accompanied with the content which
belongs to the second stream because, for the investiga-~
tion of a new olass of systems, a new concept is often
required. Tha researches on multi-input~multi-output,
linear, time~invariant systems, on distributed parameter
systems and on stochastic control systems are classified
into this stream. The research reported in this thesis
also belongs to the third stream.

The recent development of science and industry is
demanding and supplying more and more complex systems.
From the standpoint of the theory of control systems, the
complexity of systems can be understood to mean two things;
first "largenesa", i.e., the largeness of the dimension of
the state vector, the number of inputs and ocutputs and
the number of nonlinear and time-varying elements, and
second "uncertainty", i.e. the uncertainty in observation

and transmission, and the uncertainty of the system itself,
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We may say that the urgent task imposed on the present
control engineers is to overcome the difficulties caused
by these two factors. This consideration ie the main
motivation of the researches on the stability problems
which are classified into the third stream. For exampls,
researches on multi~-input-multi-output linear, time-
invariant systems and on distributed parameter systems
can be interpreted as trials to overcome the factor of
"largeness™, while the researches on stochastic systems
are interpreted as trials to overcome the factor of
"uncertainty™.

The content of this thesis is also motivated by
the above consideration. Here, we aim at establishing
a stability theory which can give explicit results mean—
ingful in practical sense for complex high-dimensional
systems containing many nonlinear elements. PFor this
purpose, we utilize the fact that many of complex engi-
neering systems are made up of an interconnection of
simple subsystems, in short, that they have the
"composite structure". The theory developed here
assumes that the system in question has the composite
structure,and gives a systematic way to know the behavior
of the system from the knowledge on the individual

subsystems and the interconnection among them. By this



composite systems theory, we will obtain various
interesting results on the transient behavior of
complex nonlinear systems, which were difficult to be

analysed before.
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Chapter 1 Introduoction

In this chapter, a review will be made upon the
stability oriterions available at present for multidimen—
sional systems with many nonlinearities, and then the out-
line of the content will be described. In our review, only
the main aapects of important criterions, which assure the
asymptotic stability in the large (a.s.i.l.)* of systems
containing many nonlinearities, will be pointed out, As
for a more general list of recent researches in the field
of deterministic stability problems and their detailed
review, the readers are refered to the literatures by

Brockett [1) and by Pyatnitskii [2].

Sec., 1l.1. Stability Criterions for Continuous-Time
Systems with Many Nonlinearities
The second method of Lyapunov using the "quadratio
form plus integral of nonlinearity" type Lyapunov func-

tions and the frequency domain method proposed by Popov

* Henceforce, we abbreviate both "asymptotic stability
in the large" and "asymptotically stable in the large"
to "a.g.i.1." As for the definition of a.s.i.l., refer
to [44) (for continuous—time systems) and [29] (for

sampled-data syatems).



havy been two main tools of tine siability investigation
of cortrol systems with a singls nonlinearity. [3'6] Those
two methods are generalized and used also for the investi-
gation of conirol systams with many nonlinearities.
The application of the second method of Lyapunov

to systems with many nonlinearities was reported by
Letov [6], Sultanov (7], Tokumaru & Saito (8], and other
authors (of. [2]). The stability criterion obtained by
this method reads as "the system is a.s.i.l. if there exist
a set of constants as many as nonlinearities and a posiiive
definite matrix of order equal to the dimension of the
atate vector such that a certain system of quadratic
‘equations (generalized Lur'e resolving equations) has real
gsolutions." This kind of criterion is theoretically inter-
esting as a generalization of single nonlinearity case.
However, from the practical viewpoint, it is not% so useful
because of the following reasons,
1) To know whether the system of quadratio equations

has real solutions is a formidable work.
2) The oriterion containe many arbitrary parameters,

and we don't have any practical means for establishing

- their existence.

3) The inoreass of the dimension of the system causes a

rapid inorsase of the required computation,



Besides the above way, the second method of Lyapunov can
be applied for the investigation of systems with many non-
linearities in various ways (Krosovskii's theorem 19] or
the variable gradient method [65~67])- However, its direct
application suffers more or less from the same kind of
difficulties described above.

The generalization of the frequency domain criter-
ion for systems with many nonlinearities is reported by
Popov (ef. [2}), Tokumaru & saito (8], Jury & Lee [10],
Anderson Ell], Yakubovich [12] and Partovi & Nahi [13].

The obtained stability criterion reads, in its most general
form, as "the system is a.s.i.l. if there exist a set of
constants as many as the nonlinearities and another get of
constants as many as the constraints on the nonlinearities
such that a certain quadratic form depending upon the com-
plex variable 4 is negative definite for all 4= 17 w
(~o<w<o0)", The relation between this criterion and
the criterion obtained by the second method of Lyapunov

was discussed by Sultanov (7], Tokumaru & Saito (8] and
others (cf, [;2]). This criterion seems suited for a detail-—
ed sgfudy of a comparatively low-dimensional systeme with

a few nonlinearities. In reality, a method of establishing
‘the negative definiteness of the guadratic form for 4= w

was proposed by Lindgren & Pinkos [14] and Hirai & Kurematsu



(15,16 for the case of two nonlinsarities. However, the
application of this criterion to high-dimensional systems
containing several nonlinearities meets with great compu- ._
tational difficulties; i.e.

1) We don't have any practical means for establishing
the negative definiteness of the quadratic form when
the number of nonlinearities is greater than two,.

2) The criterion contains many arbitrary parameters
and we don't have any practical means for establish-
ing their existence.

The main reason of the difficulties involved in the
two methods described above is that we take too much detaile
knowledge on the whole system into oconsideration and do not
have any systematic way to utilize the available information
Reflecting upon this fact, Bailey [17] and some other author
[18,19] proposed a new method of investigating high-dimen~
sional systems with many nonlinearities. Their method is
an attempt to utilize the fact that many of complex engineer
ing systems are made up of an interconnection of simple
subsystems. It can be named the "decomposition" method
of stability investigation.

Bailey (17] reduced the problem of a high-~dimensional
system with many nonlinearities to a problem of a linear

system by decomposing the original system into several



lower-dimensional subsystems with fewer nonlinearities and
asgsuming the knowledge of the Lyapunov functione assoclated
with individual subsystems. His main tool was the vector
Lyapunov function methed [20,2i]. His oriterion reads as
"the system is a.s.i.l. if a certain auxiliary linear system
of order equal to the number of subsystems is a.s.i,l."
Thus, his method presupposes the previous researches which
prepare various methods to consiruct a Lyapunov function for
a comparatively low-dimensional system with a few nonlinear-
ities, and contains the step of investigating the stability
of linear, time-invariant system described by a matrix-
vector type equation, which is generally a formidable work
(of. p. 244 of (22),[23]). Bailey's method was applied to
several practical examples by Piontkovskii & Rutkovskaya [}8]
On the other hand, Michel reported a generalization of the
second method of Lyapunov for the investigation of the
stabllity, transient behavior and trajeotory bounds of com~
posite systems [19]. Michel's theorems are important from
the theoretical point of view, but rather remote from prac-
tical application.

We can say that the researches reported hitherto
using the “decomposition" method have not attained the level
such that they can present practically powerful criterions,

but are indicating a promising direotion for the investiga-



tion of high-dimensional systems with many nonlinearities

becausa of the following reasons:

1) By decomposing the whole system into subsystems, the
method enables us to deal with comparatively high-
dimensional systems compared with the two classical
methods described at the beginning of this section.

2) The detailed study on a subsystem can be utilized in
the investigation of the whole system. Even if some
part of the system is changed, the previous results on
the other parts of the system can be used almost un~—

changed for the investigation of the new system.

Sec. 1.2, Stability Criterions for Sampled-Data
Systems with Many Nonlinearities

The stability theory for sampled-data control systems
has been developed almost in parallel with the one of
continuous-time systems, but still it contains a little
different feature,.

As for the frequency domain oriterion, researches
parallel with the continuous~time case were reported by
Jury & Lee (0] and Yakubovioh [24,25]. The obtained
eriterion contains same drawbacks as the one of the
continuous~time case.

The application of the second method of Lyapunov to

the sampled-data control systems with many nonlinearities
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wa.g proposéd and studied by Kalman & Bertram (Part II of E9J)
Bubnicki [26,27] and Rozenvasser E28). Their researches
have a little different features from those of the contin-
wous-time case. KXalman & Bertram and Bubnicki used the
contraction concept and gave their criterions on the basis
of totally linearized (of. [29]) form of the difference
equations. Rozenvasser also gave his critericn on the basis
of the same linearized form of equations but made use of the
concept of a majorant matrix. Rozenvasser alsc showed that
hig eriterion and the criterion obtained by the contraction
method are equivalent if the investigation can be made with
respect to arbitrary large repetition periods. The above
two methods are interesting and may be useful for a close
examination of low-dimensional systems. But they generally
have the following drawbacks.
1) If we want to obtain a less conservative condition,

we must calculate the transition of the state over a

larger period.
2) The increase of the dimension of the system causes

a rapid increase of the required computation.
Between the above two methods, the Rozenvasser's majorant
matrix method seems more useful for practical application
because the contraction method has the drawback;

3) The criterion contains arbitrary parameters which



determines the norm and we don't have any practical
means to establish the existence of the parameters
satisfying the contraction condition.

The application of the "decomposition" method to
sampled-data systems was mehtioned by Michel and wu (29]
for a special type of sampled-data system, but any general
investigation, which can give a concrete criferion, has

not been reported except those by the author. E30-34]

Sec. 1.3. Outline of the Content

A new sort of stability theory suited for the inves~
tigation of multidimensional systems with many nonlinearities
is developed in the following. The theory presented here
was first established for sampled—-data systems [30-34] and
then it was extended and refined for continuous-time systems
[}5-37]. It is a same kind of theory as proposed by Bailey
and others [}?-1?], but has attained a much advanced stage
by the application of the theory of M-mairixes.

In Chapter 2, the concept of a composite system, on

which the following theory is constructed, is introduced,
and some remarks on the construction of the composite system
model for engineering systems are made. In Chapter 3, a
theorem, which gives a stability criterion for continuous—
time composite systems, is given. The theorem is stated

in Sec. 3.1,, and proved in Sec. 3.2. The relation of our
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theorem to Bailey's result is discussed in Sec. 3.3.
Generalization of the theorem, an estimate of the transient
behavior and scme examples are given in the following
sections. In Chapter 4, a theorem, which gives a stability
criterion for sampled-data composite systems, is given.

The theorem is stated in Sec. 4.1l. and proved in Sec. 4.2.
Generalization of the theorem, an estimate of the transient
behavior and some examples are given in the following sec-—
tione. In Chapter 5, a system composed of subsystems,

each of which contains single nonlinearity, is investi-
gated., Especially, a continuous—time system composed of
first and seccond order subsystems are studied in detail

and a table, which gives constants necessary for the
investigation of the stability of such systems, is
calculated out. In Chapter 6, several concluding remarks
are made. In Appendix, some theorems and definitions

concerning M-matrixes are listed.



Chapter 2 Composite Control Systems

In this chapter, we give the equations of composite

systems, upon which our theory is constructed,

Sec. 2.1, Continuous~Time Composite Systems
Let us consider the system CCS given by a set of

n vector differential egquations*
cbu: .
1 = Z\ ﬁ (x};x) 1’:‘13--—;% (2—1)
=&

Here 2C; is a m;-vector, X is a scalor belonging to
(‘00, 0a), and '&1}(%},1') is a vector function

satisfying
-Wi}.(d)-’ ]tJ = @ (2-2)

We also assume the necessary smoothness requirements on
(x ) guch that the existence, uniqueness and
oontinuity of the solutions of CCS are assured.
We can interpret that CCS is composed of | sub-
systems, each of which is desoribed by the 1 ~th equation

of (2-1). In this sense, we say the system CCS is a

* Throughout this thesis, we assume that the subsoripts <

and J’ take values 1,--—— 5 ML unless otherwise specified.
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continuous~time composite system. Here, ﬁi{(it{,,t) is
interpreted as the dynamical property inherent to the
i=th subsystem and w; is interpreted as the input to the
{-th subsystem where
M{=,Z; . 'ﬁ{j(x},i)
iif%
We can visualize the concept of a composite system as
shown in Fig. 2.1.
For the convenience of the folleowing disoussions,

let us consider the isolated 1 -th subsystem of CCS,

which is given by

d.x{
dt

= 4§, Ce, 1) (2-3-1)

By (2-2), 2;=0 is the equilibrium of the isolated <~-th

Fig. 2.1. A Composite
system ( §; is the

i-th subsystem)
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subsystem. Put = 3,@---@ 2, where © means the direct
sum of vectors. Then, x is a state vector of CCS and
x=0 is an equilibrium by (2-2). Let us say the system

CCS is a.s.i.l. if its trivial solution x=Q is a.s.i.l.

In the following, as a continuous-time composite system,
we mainly treat the system CCS given by (2-1).

Now let us see how the equation (2-1) is obtained
as a model of an engineering system. First, it is possible
to argue as follows: "Construct a2 differential equation of

the form

8% = flx,t) | #(0.£)=0 (2-4)

for an engineering system. Then, find out a partitioning
of the components of > such that (2-4) can be expressed
in the form of (2-1)." A composite system model obiained

in this way may be called a mathematical composite system

model. In this case, each subsystem usually does not
have any physical meaning.

Second, we can derive (2-1) in a more natural way.
In many engineering problems, a complex system is made up

of an interconnection of many transfer systems. Here,

a transfer system S; means an input-output device whose

terminal variables are characterized by
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a
[
{4

|

T = g Gegs £) by, (uy 1) (2-5)

Yy =y, e, 1) (2-6)

where 2;, W4 and y; are the state vector, the input
vector and the output vector of the transfer system S{:
Now, suppose that the system in question is composed of
‘. transfer systems S.,; (i:i,---,‘n) connected by the

relation

wu; =iy (3,5 4o, w(4), 1) (2-7)
where V(4 ) is an outer—input vector. Here, V(i) is
understood as a reference vector of the whole system and
may be fixed. Then, by substituting (2-7) into (2-5),
we obtain

djd:'i.

dx = 1hii(xi"t)+ !his(“éi:"";"j'n)i)

(2-8)
Here, if we can assume that}his is expressed as a sum
of terms, each of which depends only upon the output of
one transfer system and the time t ; we obtain the equa-
tions of the form (2-1). Then, each transfer system
can be understood as the subsystem of CCS in the sense
defined at 9.10. The last assumption will be refersd to

as the superposition assumption of inputs to each sub=

system. A composite system model obtained in this way

13



may be ocalled a physical composite sysiem model.

Usually, it is more profitable to use a physical
composite system model than a mathematical composite sys-—
tem model. For, in the case of a physical composite sys-
tem model, each subsystem stands for a component or phy-
sically meaningful part of the whole system, and the
investigation of individual subsystems has an independent
meaning. However, we cannot deny the possibility that
a complex system is successfully analyzed by use of a
mathematical composite system model while a physical com—
posite system model can not give a satisfactory result.

As an example of application of the composite sys-
tem model to an engineering system, we can refer to the
analysis of the voltage and reactive power control of
electric power systems [33]. We can find another example
in the pitch and roll control problem of an air or

undersea craft [14].

Sece 2.2. Sampled-Data Composite Systems

Let us consider the system SCS given by a set of

n vector difference equations
n
xi.(?*'l):gl“;}ij,(x}(?),?) i=l,-,m  (2-9)

Here 2€; is a M ;-vector, 7 is an integer which means the

14



sampling instant and ﬁ{}(’f§:ij is a vector function

satisfying

Like the continuous~time case, the system SCS can
be interpreted as a sampled-data composite system.

Here, the isolated 1 —th subsystem of SCS is given by

”i(?"'“:d}{i(:‘fi:?) (2-11-i)

By (2-10), JC{=1D is the equilibrium of the isolated 1-th
subsysten. The vector & = 30'.1®~--®1En is a state vector
of 8CS and 2= is an equilibrium of SCS. Here, we also

say the sysiem SCS is a.s.i.l. if its trivial solution

st =0 is a.s.i.l. In the following, as a sampled-data
composite system, we mainly treat the system SCS.

For this sampled~data compogite system model, we
muat note the following two points. First, when we derive
a physical sampled-data composite system model, we must
start, in most cases, from the continuous-time transfer
system model as ziven by (2-5), (2-6) and (2~7). This
would be rather evident if we note that the sampling
devices are used only for the controling scheme. Second,
the equation (2~9) presupposes that all the sampling
devices of subaystems operate synchronously. This ag-

sumption may be satisfied when the subsystems are located

15



geographically in a small region. But, in the case of
composite system such as the electric power system, in
which the subsystems are located over a large area, this

agsumption is rather unrealistic.
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Chapter 3 Asymptotic Stability in the Large of

Continuous-Time Composite Sysiems

Jec. 3.1, Main Theorem
Concerning a.,s.i.1l. of the continuous-time
composite system CCS given by (2~1), we have the next

theorem.

Thecrem 3.1,
Consider the system CCS given by (2-1). Assume
(3-i) that, for each isolated subsystem (2-3-1), there
exists a positive definite function 'Ui(SEi;,tj with

continuous partial derivatives such that*

* Hzniﬂ is the Buclidean norm of z; and EQ'U{ is the
gradient of ¥ with respect to ;. Let X, the k~th

component of aC; and let an stand for mm;. Then
i

m o1 F
{Eﬁiﬂ

4

it

548 ) t
V- V. = ( 'U.!: —— Q’U{;ﬁ__. )

L gxii ? ¥ oo,

means the derivative aleng the

(&% /d2) o 3.4,

trajectory of (2-3-1).
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o(i(]\xiﬁ) < e, ) 8 ,si(i}xillj (3-1)

R
(ﬂl) < Y I )? (3-2)
L (2-3-%) 1 1
17; v & 8 =5l (3-3)

where O{'{/(.‘x:) and pi (x) are continuous ncn-decreasing

function of a positive argument ¢ satisfying
o, (0)= 84 (0)=0
S £ x>0
x,(x) >0, B;lx) >0 for

ai(x)——:» 6 for X > OO0

and ¥; and Si are positive constants,

(3-ii) and that there are non-negative constants
aij (1:%-3;) such that
I ﬁ,;}.(:c}-,mlt = £ EN LY (3-4)
The system CCS is a.s.i.l. if
(3-iii) the matrix A =(aij) is an M-matrix,
i.e, the leading principal minor determinants of A

are all positive (of. Definition A«l. in Appendix),

Here a-:'s are given b
) J

g
=L
&= §;, az‘;’:"éij (3-5)

The theorem is proved in the next section. The

assumption (3-1) means that each isclated subsystem is
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as8e.i.1ls uniformly on the initial time, and the cooulting
2.0.i.1, of CCS is also uniform on the initial %time [9].
The furction 'Vi(ﬁcf,iJ can be obtained by fhe results
of previous rescarches on stability problems, especially
by those on the absolute stability probléﬁ IE—S, 35;41].
The constant ai} of the assumption (3~ii3-isnthe.ﬁ§§er
tound of the d.c. gain of the connectiéh Bébﬁégnﬁéubsystems.
If the connection is linear and timeminvaridnh, i.o, if
{fia,(‘x} 5 it) = CT,}‘ .‘)ta: (‘E‘\’j«) we obtain. 35.!:3; == I{C%“ oF

In the stability condition (3~iii}, &.; is a lkind

of index of stability of cach subsystem {cf. Sec. 3.5. or

Chapter 5) and Jai}l (i#}) zives the strength of the con-
nection. The assertion that A is an M-mabrix éeanénthat
diagonal elemente are dominant in %% [42,43}. So we can
interpret Theorem 3.l. as asserting that, if.the "stabili-
ty" of subsystems is superior to the interconnec{ion among
subsystems, the compomite system is. stable.. This inter~
pretation well agrees with our ;ntu;tQQFJ;,_”

How, let us see that the stability cpndition of
Theorem 3.1, iz a necessary and‘éuffiéiggx:00n3i¥16£‘for
2.8.1,.1. of a certain lineav syste;.njéénéider the gimplest

linear composite system with positive connections given by

Sy A a

* "Ci}" is the norm of a mabrix defined g&;ﬁﬁfﬂfilicijjijn
' WAL=
d
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o> ; L
e ;2;-'1 444 % b= by mmy (3-6)

Here, x, is a scalor and.@g's are constants satisfying
Ly <0 1«;}' 20  (ixg) (3-1)

This system is a special case of CCS, in which the state
vector of each subsystem is one-dimensional. The isolated
1 —=th subsystem is described by

1
Here, by putting v :::cil, the assumptions (3~i) and

(3-ii) are satisfied and the. constants are given by

=24y, =2, &= Ay (3-9)
Therefore, we obtain
Ay = "/Eid«; (3-10)

Then, it is evident, by the condition (A~vii) of Theorem
A.l. in Appendix, that the condition (3-iii) of Theorem
3.1. is a necessary and sufficient condition for a.s.i.l.

of the linear system (3-6). ;

Sec. 3.2, Proof of the Main Theorem and
a Supplementary Theorem

First, we state and prove some important properties
of matrixes with non-positive off-diagonal elements,

Then, we prove Theorem 3,1.
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3.2.1, M¥-Matrixes and Positive Definite Matrixes

An n—th order matrix A :(aij} with non—positive
off-diagonal elements is called an M-matrix if and only
if its leading principal minor determinants are all posi-
tive (Definition A.l. in Appendix). On the other hand,
& necessary and sufficient set of conditions that an n-th
order symmetric matrix B={‘&i§) e positive definite is
also that its leading principal minor determinants are
all positive, Therefore, if an M-matrix A is symmetric,
A is positive definite and if the off-diagonal elements
of a positive definite matrix B are all non-positive, B

is an M-matrix. In addition, we have the next relation.

Lemma 3.14
Let A =(a{;;) an n~-th order matrix with non-positive

off-diagonal elements, i.e.

a3 20 ixg (3-11)
Let B=(-5:£;-;} a symmetric matrix given by

=% (A+AY) (3-12)
If B is positive definite, A is an M~matrix.
Proof : The lemma is evident form=1, So, let us assunme

that the theorem is valid for m< M, and show that an m-th

order matrix A=(ai}'J is an M-matrix if (3—11) is satisfied
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and B given by (3-12) is positive definite. Then, we can
conclude the lemma by the mathematical induction.

By the positive definiteness of B , the (m~1)~th
order matrix at the left upper corner of B is also posi-
tive definite., Hence, the corresponding (m—~1)-th order
matrix at the left upper corner of Ais an M-matrix by
the assumotion. Hence, the first n-1 of the leading
principal minor determinants of A are all positive.
Hence, if we can show JA|>0 , we can conclude A is an
¥i-matrix and the proof iz complete.

By the ordinary reduction of the determinant, we

obtain

|Al = = a,, [A°]  (33)

0
R Y o AP .7

By the positive definiteness of R, we have

a.u = -8-11 >O

Therefore, by (3-11),



o_

Here, let B = (f‘ )a symmetric matrix given by

B° = o (A%A”)

Then, by (3-14),

o i O, 0, + 0.5 Q

g g = &..-I*au)- i 713 gt 1t (3-15)

-1 4-1 2 1 %

¥ S ‘Za_“
1‘:,}‘ ::2,---,%

Here put

R T Ty TPy F=2, -, (3-16)
Then, by (3-12)

@iy =ty Py T (3-17)

By substituting (3-16) and (3~17) into (3-15), we obtain

’ 1
B =4 ¢ — by bi=1,,m-l (3-18)

LIRS
where
=d . __{E__";!’}_L
-1 '?-i ?.

11
1,} = 2; - M

Fieg j-1 = Py P
Since B is positive definite, the (m~1)-th order matrix
Blf-(-@";}j) is positive definite. (Note that a principal
minor determinant of k-th order of 2’ corresponds to a prin-
cipal minor determinant of (k+l)-th order of 2.) +the

(m=-1)-th order matrix @ ={ 2,,3') is also positive definite
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vecause @ is expressed as
- t
Q= pp
)t Hence, the matrix B? is posi-
where ﬂ:""’(f;:.:"“:’r”'m . Hence, th
. A0
tive definite by (3-18). Hence, the (m-1)-th order matrix A
0
is an M-matrix by the assumption. Hence, [A°] > O
Hence, |AI>0 vy (3-13). (2.E.D.)
The direct inverse of Lemma 3.1l. is not valid.
That is, even if A is an M-matrix, B={A+AY)/2 is not
always positive definite, as is exemplified by
( 1 -0.2 -2.1
-4 1 i

But, we have the next lemma, which is a weakened inverse

A=

1
, d 8 (—2.1

of Lemma 3.1.

Lemma 3.2,

Let A=(fl1;}) an n-th order M-matrix, There exists
a set of positive numbers Wy,~==,%, such that the

matrix B given by
1 ;
8= 2 { dla? (q"q ’-“:Wﬂm)'A + Atd’mj (wi »T7T Win )}

(3~19)
is positive definite., Here dia.g(w-i,--- 5 w*.“) means a

diagonal matrix with the diagonal elements Wys=TT s W .

Proof : By the condition (A-ii) and (A-iv) of Theorem A,1,
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in Appendix, there are two seis of positive numbars

Kyy 5Ty ANd Y ooy, such that ¢ ?O) wea g w0

and d,>0,-~~ d,>0 uhere the vectors = (1’1,---,1’:{)?
- . t t

%"'(}p .)?14) ' ﬂ:m(Ci,-*-,C,n') and dx(a!i,-.-...? afﬂ)t

are associated by the relations

¢=Ax d-—-f\tuj,

)

Here put
¥4
M T o (3~20)
¢

Then, we obtain
_ 4 : t . fa
Boc = 5 { ding (w,,--;,) Az + A dieg (wr, , -2, ) 0
= = {diag ( ) €+ d
= mg Wy, === W ) € F }» (3~21)
Hence, the components of Bx are all positive. Hence,
by the condition (A-ii) of Theorem A.l., the matrix [3 is

an M~matrix. Since B is symmetric, B is positive

definite. (Q.E.D.)

3¢2.2. Proof of Theorem 3.1l. and a Supplementary Theorem

As the first step, let us prove the next lemma.,

Lemma 3.3.

Consider the system CCS given by (2-1). Assume
(3-»i) and (3-ii). The system CCS is a.s.i.l. if

(3~iv) there exists a set of n positive numbers s ,--
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--,w,, such that the matrix B = (4 ) is positive

definite. Here, -@1-_3-. 's are given by

Y - w7 ¥y
Q?t 1 1 . .‘} (3-22)
Y= (7" 3’47"’“ J,t) 1%}
Proof : Put
V(x, 1) =2 vy (2, , 4) (3-23)
T

By (3-1), there exist continuous non-decreasing functions

®(x) and /G(JC) satisfying
x(0)= (0} =0

Wx)>0, p(x)>0  go»r x>0

A(x)->» c0 for X ~3 2O
such that
(e 2 Ve, 1) = g(x)) (3~24)

Therefore, if we can show that (‘iV/d*)@_“ is negative
definite, we can conclude the system CCS is a.s.i.l.
uniformly on the initial time by Lyapunov's theorem on
stability. (ef. Theorem 1. of [9])

From (3-23) and (2-1), we obtain

(&), = Lo (Tt G

(2-1) (2-3-1) jij%i
(3-25)
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By {3~3) and (3-4)

v, G, Dl S 8,8 gl eyl (3-26)
By applying the inequalities (3-2) and (3~26) to (3-25),
we obtain

dV Z
—— - 44 o, I o (3-27)
(dzt)u__i) o thllier

, which tells that (dkﬁ&itjcz,i) is negative definite.

(Q.E.D.)

As the second step, let us prove the next lemma.

Lemma 3.4.
The condition (3~iii) is equivalent to the condition

(3~iv).

Proof : First let us show that (3-iv) follows (3-iii).
If (3-iii) is satisfied, by Lemma 3.2., there exists a
set of positive numbers wj,---, %%, such that the matrix

B:‘(#z-.) is positive definite where

5
#1-‘1 W 'g“
, ’ (3-28)
Then, by putting
W
Wy = —t {3-29)
1 51’.

, we can see that (3-iv) is satisfied.
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Next, let us show that (3-iii) follows (3-iv).
If the matrix B=(-g'1}) given by (3-22) is positive
definite, the matrix A’:(O.’i}) is an M-matrix by Lemma 3.1,
whers
a!

w=wily G =-wp s &y (i%i) (3-30)

Then, the matrix A given by (3-5) is an M-matrix by
Theorem A.3. in Appendix because A is obtained from A’
if we multiply each row of A vy 1/w; &, . (Q.E.D.)
By Lemma 3.3. and 3.4., Theorem 3.l. is evident.
Here, let us re-examina the proof of Lemma 3.1l.
If we examine the reduction of (3-27) from the three
relations (3-2), (3-3) and (3~4), we can see that the same
reduction is possible even if [>c;ll is replaced with a
positive definite function Mi(xi) of X ; . In addition,
if the k-th components of ﬂl}(ngt) Ljg=1,-m Pj¥T)
are all identically (J , we can obtain (3~27) even if we
ommit the k-th component of V; V; from the relation (3-3).

Therefore, we obtain the next theorem.

Theorem 3.2.

For the functions ﬂ’ig' (xa;,;t) (j=1,---,m i 1%7),

agsume*

* *ijh (;,;}-,1—) is the k~th component of Ev:j (x},tJ.
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>

_ ) @) ,
‘F;'j,&(x},.t);“o fo, = 72&1 g E ﬁf’i ;J,::i,"“,’h‘_ ,‘}%»

In Theorem 3.1., we can replace (3-2), (3-3) and (3-4) by

dv3 2

#Jtzvs-i) =-Y Mi(ey) (3-2-g)
| modified ( V.vidll £ 6, Mj(aey) (3-3-g)
I35 (oez, 2)) Eg; M3 (oe;) (3~4-g)

Here, P1i('1£i ) is a positive definite continuous func-
tion of € and modified( \7.,: vy ) is a vector made from
Vi vy by replacing k-th components (192:: ’%{fi““; ia(;,i )
with O .

Sec. 3.3. Comparison with the Vector Lyapunov
Function Method

Here, let us compare the stability condition of
Theorem 3.1. with the one obtained by Bailey [l?] using
the vector Lyapunov function method. Bailey gave his
theorem only for the composite systems with linear, time-
invariant connections, i.e. for such systems in which
‘ﬁ:ij(xj,t)'-——cij x4 (j#-'i,). However, his theorem can
be easily extended for the systems with general connect-
ions under the assumption (3-ii), [18] The extended

Bailey's theorem reads as follows.
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Theorem 3.3.2. {Bailey)¥*
Gonsider the system CCS given by (2-1). Assume
(3~i) and that the functions o{(') ard p(’) are

given as
0(1- QE ) = oA e, |*
8; Uaegl) = g Lol

where D(.'-’ and A; on the righthand side arc positive

(3-31)

constants. Assume also (3-ii). The system CCS is
a-s-i-lo if

(3-v) the auxiliary linear system given by

olxi _ i / . e _
Tt "3§i ii} xa_ b—-ij 5N (3-32)
/ — Y{
g = 2B
§.2 m & (3-33)
ST 2a . Eel %€y
,0.’,;}- = { 2N gedi ey R 44,4430
0 i#j,&%=o

* This theorem is an .extension of Theorem 6.3, of the
literature [17]. The quantities 'Q’ij. and Eij’ of the above
theorem correspond respectively to 0.-3‘."_ and "C{,‘?' | of [17].
In the literature [17], the factor "2" in the denominator
of the equation defining Qj; for 1%4 is missing. From
the equation just above eq. (6.10) of [17], it is evident

that aié mus* be given by the equation like (3-33).
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Here, a necessary and sufficient condition for (3-v)
is, by the condition (A-vii) of Theorem A.l. in Appendix,
that the matrix:ﬂ-ﬁei) is an M-matrix, By Theorem A.3.,
this is equivalent to

(3-vi) the matrix D==(di}) is an M-matrix where

4 (%N
di = 5% (5) )
Z«n: 2 ( (3-34)
- é. Phed L
di}'—* Bl hgi A "*3:513*0
0 'i*a’:, Eié.zo J

Therefore, we can convert the above theorem to

the next form.

Theorem 3.3.0.
Under the assumptions of Theorem 3.2.a., the sysiem

CCS is aeseiel. if (3~vi).

Here, let us compare our Theorem 3.l. with
Theorem 3.3. Theorem 3.3. uses more information than
Theorem 3.1; i.e. Theorem 3}.3. uses the information about
the functions o(i'(x) and pi(x) while Theorem 3.l.
requires only the existence of such functions. This

indicates the possibility that Theorem 3.3. gives less
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conservative stability condition than Theorem 3.l. when
such information as given by (3~31) is available con-
cerning the functions 0o;(x) and g;(x) . However,
the contrary is the case in reality, i.e. Theorem 3.3.
is generally more conservative than Theorem 3.1., as
shown in the following.

The assertion that Theorem 3.3. is more conserv-—
ative than Theorem 3.l. means that (3-iii) follows (3~-vi)
but (3<vi) does not always follow (3-iii). First, let
us show that (3-iii) follows (3~vi). Let us suppose that
D given by (3-34) is an M-matirix for olimo(:] Bi =H3*i

»
Ki-:r*i y $;=0°; and &= £%.. , and show that A given

¢ T
by
_ *
@, -"'S*';: ; a‘ij = £ 3 ("H‘}') (3-35)

is also an M~matrix. Let D'——*(d "J’) a matrix given by

’ Y*,; 2,
dyi= ( 5¥s ) 2 dyy } ! 3e)
diy = i P44

Then, by Theorem A.2. in Appendix, D'is an M-matrix since
we suppose D is an M-matrix. Now, consider the simplest

linear composite system (3-6) and let

a’:,f *
ﬂii...——s-f , 1i@i=5i3‘ (i%4) (3-37)
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Put

‘U‘.=‘%' s* x

2
1 1 7

Then we obtain
v * 2 %
.....-.-i—— :‘;"'{-JC. v.'y“‘:é_ o€ -
Ax ) T
(3-8-1)
Therefore, all the assumptions of Theorem 3.3. are satisfied

for this linear system where the constants are given by

- _ L oo ¥ *
Xp=p;=7 8 , V=¥ , §,=5]
. ¥
Eij"éiarl

Since the matrix D’ given by (3-36) is an M-matrix, this
linear system is a.s.i.l. by Theorem 3.3. Then, by the
condition (A-vii) of Theorem A.l., the matrix (“ﬁ-;&') is
an M-matrix. Here, by comparing (3~35) and (3-37), we
obtain A”-("ﬁ»gé), hence A given by (3-35) is an M-
matrix.

Now, let us show that (3~vi) does not always
follow (3-iii). This is easily exemplified by the cases,
in which the ratios o(;/ By ave very small. But, even
when o{;=@; for all ©, we have cases in which (3-vi)
does not follow (3-iii), as follows. First, note that,
if 0'(.{=)61 for all 1 , the matrix A and D are associ-

ated by the relation

- 2
dig = @y

a3



."") 3
f: o a. ; :' . a .
d.. _—;i Al ARl i “iEs 1«3,*0-
K '\ 5
0 '1:“'3', CLiJ =0

Here, we can give the next example.

t -1 -1
A:: -0.8 1 -1
0 0 1

{1 -2 -2
D=\-1.64 1 -164
o o 1

Sec. 3.4. Generalization of the Main Theorem

Two generalized forms of Theorem 3.l. are given
in this section., First, the theorem is generalized for
composite systems, in which the superposition assumption
of inputs to subsystems is not satisfied. Second, the

theorem is generalized to establish a.s.i.l. of an

invariant set.

3.4,1. Cases in which the Superposition Assumption of
Inputs to Subsystems Ia Not Satisfied
In Sec. 2.1., we assumed the superposition assump-
tion of inputs to each transfer system in order to obtain

(2-1) as the equation of a physical composite system
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model {ef. p.13). 1In engineering problems, we frequently
experience that this assumption is not saitsfied. Fig. 3.1.
shows a itypical example of such case. The pitch and roll
control system of an air or undersea craft cited in

Sec. 2.1. [14] 1is a special case of this oxample. In
this example, the inputs and the outputs are all scalors.
The functions ﬁin. and ﬁi?‘ of (2-5) and (2-7) are given

here by

ﬁil(‘ui) = ('ff,(u')

fig (Yoo Yo >§ %ii Y

Controlled System

‘ Actuato?
& P Gr:ls) P
o L7 w1 h

Fig. 3.1. The i-th Transfer System of a Composite System
(A case in which the superposition assumption

of inputs is not satisfied. )
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Ifr @, (ui) is a nonlinear function, the equation of
the gystem is not expressed in the form of (2-1).

However, if we can assume the inequality

?(ﬂi) 90('“ )

/
DRy ('u,: * U7 ) (3-38)

y We obtain

| (wy )= 93 (2 90)] 2 Z' &! Al (3-39)

We can generalize Theorem 3.l. for such cape, in

which an inequalily of the form (3-39) holds, as follows.

Theorem 3.4.
Consider the system given by (2-8) and (2-6),
viz. the system given by

ol
dji' -—-—”1 (Jd; x‘)'i‘#‘l (ihis(xist):-ulhﬂa(x”"*))r

(3-40)
Assume that there are functions ﬁ (JC ) such

that

“gﬂ’{lhii(xh*)”his (‘hia Geg, 1), g Gen, £),4) - £, (e,

é_”“wﬂa{ﬁ}(:ﬂ )} (G-a)

where aﬂn(ﬂt) means a vector, each component of which
is the absolute value of the corresponding component of

the vector ¢ , and the inequality between vectors means
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that the inequality holds for each pair of corresponding
components, Assume (2~2) for functions *ﬂ}(ﬂm#,iﬂ ‘
Assume (3-i) and (3=ii). Then, the system given by

(3-40) is a.s.i.l. if (3-iii).

Proof : The theorem is proved just in the same way as
Theorem 3.1. except that the equation (3-25) in the
proof of Lemma 3.3. must be replaced by the inequality
(3~45) derived in the following.

Put

lhii(x-i J‘t) +lh-i5 (]hia (x'iji)J —-_, lhfaa (:ﬂ:/h,lt), li )

= ey, 1) 1 2, (3742)
Then
dv. d - +
oo (&% T L
(‘L’t )(3-40) (d"' )(2-3-«:) ()" 2,
dv; t
£ |—=* +a,3-¢(V-'u*-)a,31(E)
(O‘Z )('2_3_,2-’) L L
(3-43)

Here, by (3-41),
oba(z,) = ;%m’ a.ﬂ%.{'ffij(xj,i’)}
Therefore,

aﬂ%(‘?,ivi)t obe (2,) £ 2. NV vH ?Fi}(x}-,,t)ﬂ

isd*
(3-44)
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herefore, we obtain

fﬁ‘:‘_/'\ 3 d‘v:i . U .4 :
\dZ /(540 = § w; {7 )(2«3—«;) +§§HM% [ i (e, 0

(3-45)
(Q.E.D.)
3.4.2. Asymptotic Stability in the large of an Invariant Sei
We sometimes encounter a case, in which the equilib-
rium of the system is not a.s.i.l. but a certain invariant
set is stable (cf. p. 170 of [44]). We can prove the next

theorem just in the same way as Theorem 3.l.

Theorem 3.5.
Consider the system CCS given by (2-1). Assume
(3~i') that, for each isolated subsystem (2-3~-i), there
exist an invarviant set [; and a positive
function V;(2€y, 1 ) with continuous partial deriv-
atives such that¥*
di(”xi"ri 1)< 2] (Dﬁ-i,/t) s ﬁi(Hxi-F.,;H) (3-11)
and (3-2) and (3-3) hold for x ;&[5 .

N

Assume (3-ii) for 34:3¢ I"j. Then, the set [’ is an in-

variant set of the system CCS and it is a.s.i.l. if (3-iii).

* Jx;-I; | means the distance of a point >c; from a

A £ Pl = inf s Y
set [y defined by "}11 W= "':'é P ll o€ .931," .
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Here, [’ is the closure of the set l"’r»f’ix—"x [ (the

direct product of [ ---, [y ).

Sec. 3.5, Estimate of Transient Behavior

In this section, we make an estimate of the form

e (IO & KiloeCto)ll exp {-8 (k-20)} 4 ate

for the transient behavior of the continuous-time composite

system CCS.

Theorem 3.6.
Consider the system CCS given by (2~1). Assume

(3~vii) that (3~i) holds where eq. (3-1) is replaced by

x4 ”x-,“Z = V3 (Dﬂii,,tjé B3 “ﬁmuz (3-1-a)

Here, A, and !@i are positive constants.

Assuma (3-ii) and (3-iii). Let C(C?J,) a matrix

given by
H 84
Cip =, Cqy =i Epr (A44)  (3-46
" og, 1] 28; % ( ) )

The matrix { is an M-matrix by (3-iii). (cf. Theorem A.3.
in Appendix). Let ]tc the minimum characteristic reot of
C (cf, Definition A.3. in Appendix).

Then, the solution 2 (£) of the system CCH is.

estimated by
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I ()l S K e Chodl exp f- O e=6) (£-£o)}
=t (3-47)
where £ 4is an arbitrary positive constant, and K is
a pasitive constant depending upon of;,8; 5, ,¥;, Eij and £,
In the above theorem, the assumption (3-vii)
implies the assumption (3-i). Therefore, Theorem 3.l.
can assure a.s.i.l. of the system CCS under the assump-—
tions (3-vii), (3-ii) and (3-iii). 7The above theorem
presents more detailed information; i.e. it establishes
that the system CCS is exponentially stable* and that
an estimate of the damping coefficient is given as
the minimum characteristic root of the N-matrix C .
The assumption {3-vii) is just what is assumed
in Bailey's theorem (Theorem 3.,2.), and it is a necessary

and sufficient condition that the isolated subsystem be

* A continuous-time dymamical system is said exponen—

tially stable if and only if there are positive numbers

g and K such that

()l £ Kllalto)l exp{-6(4-20)) #3214,

holds for the solution of the system.
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exponentially stable. (cf. p. 61 of Krasovskii [45])

In reality, if (3~vii), we can obtain an estimate

e, (N = Ky loe; (o)l ewp -, (£ £5)}

2z
k& (3-48)

for the solution 3 ;(£) of the isolated i~th subsystem.

i, fLa o
Here, &: and K, are positive constants given by

3",‘ ) '3 .
L 23, i) Al SR (3-49)
The relation (3-48) is easily verified by the relation
(cii% £
G, <
\dL (2-3-1) = fis bi {3-50)

which is obtained from (3-l1-a) and (3-2). We can call

e .

i the index of stability of the i-th subsystem.

Now, suppose that each function ’L“.E;cfw,z-,/t) is
given as a quadratic form of ;5 i.2.

V-'g,(xi,ff) = xit P; ot (3-51)

where P{_ is a positive definite va; ~th order matrix,
The constants ﬁi and o are given as the maximum and
the minimum characteristic roots of P‘i , respectively.

Since

V,,; 1/'".‘,: = :2 P; Jd:.':

we obtain
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8, = 284
Then, the matrix C is given by

21 Cij, 3 E»g(.}' (14‘}) (3-52)
Here, we obtain that, for ¥3(x4,%) given by (3-51),
the matrix C is equal to the matrix A of Theorem 3.1.
This helps intuitive comprehension of Theorem 3.l. (ef.
9. 19) and Theorem 3.6+ The next example clarifies the
analogy between Theorem 3.6. and the usual results on
linear, time-invariant systems.

Consider again the simplest linear composite
system with positive connections given by (3-6), which
2

was treated in Sec. 3.1. By putting vy=>x; , we

obtain (3-9) and

Then, the matrix C is given by
C = <"“£1?)

Then, the assertion of Theorem 3.6, turns out "the solu-
tion 2¢(X) of the linear system is estimated by (3-4T)
where ")‘c. is the maximum real part of the characteristic
roots of the coefficients matrix (‘Qu)." This 1is the

well known result on the linear, time—-invariant system

42



(for instance, c¢f. Chapter 11 of Bellman [22]).
Before proceeding to the proof of Theorem 3.§.,

let us prove the next lemma.

Lemma 3.5.
Let A—.;: (ﬂu) an n-th order M-matrix, and let l{_-,,‘
the minimum characteristic root of A Let C = (C,;.{:,)

a matrix given by

C=A-nul (3~53)
where A 1is a scalor. The matrix C is an H-matrix
if and only if

ML Ay (3-54)

Proof ¢+ Choose a sufficiently large scalor b such

that the matrix Br—(ﬂ'zj) given by
is a non—-negative matrix. The dominant characteristic

root 7\.5 of B (ef. Definition A.2. in Appendix)

is associated with Ap by
and the matrix C is expressed as

C=(p-p)I-B

43



Therefore, by Theorem A.d., C is an lM-matrix if and

only if
p-p > Ag
Therefore, (. is an M-matrix if and only if (3-54).

(QOEODO)

Now, let us prove Theorem 3.6.

Proof of Theorem 3.6. + Put

g = A, ~£
By Lemma 3.5. the matrix C.-— '51 ig an M-matrix.
Then, by Theorem A.3. in Appendix, the matrix

given by
/_ _ T . \
C.--(C %I)d'f-'ﬂ;f'\-zﬁij ,-2F511,)
is an M-matrix. Here, the elements C'.,;:r- are expressed as
=¥ =288
1 (3-57)

By Lemma 3.2., there is a set of positive numbers 1w, -~

C

-, W, such that the matrix sz(ﬁ-j) given by
L.
s { d.mg. (Wi e wy ) CTr et diag ('tv‘i,---, Wy ) }

(5-58)

. i L /
1s positive definite. The elements 15'1;}- are expressed as
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/ o ,_
b= vy -2

)

}ifBi )

’ 1 } (3-59)
‘&'.ﬁj :_“E“{?J’{-Si 1} 4 u, 5 £ I i_t_‘}:)
Using the above set of %y, -, W, 9 pub (cf. Lemma 3.3.

and its proof)

Yoo =W Y \
t JRN 3 (e ) , [ (3-22)
ZJ- 2 {%'L 51, 'i" 'Z(.J’ S?‘ {;f’ r ‘?_:{:.d!,)
'
V(i;fJ::%.w%Z%(mi)i) (3-23)
Then, we obtain
,
‘g/ . ) J {3"‘ O)
'LJ, == 1%-01'

Since (3-2), (3—3) and (3-4) are also assumed here,
the relation (3-27) is obtained just in the same way
as the proof of Lemma 3.3, By substituting (3-60)

inte (3-27), we obtain

dV
(?{f)(ﬂ_” Z @ (B ”?12 -2 FZH. % B B I

1
(3-61)

Since B, is positive definite, we obtain
(""" £ -2% >, w. g =, (3-62
AE ) ;g5 g 2 R EN )

By (3~1-a), we cbtain
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-25V (3-63)

Therefore, we obtain

V(selh), #) 5V Galta), 2o ) expi-26 (X=45)]
b I o (3-64)
for the solution of the system CC3. By (3-1-a),

there are positive constants ol and ﬂ such that
o2 2
A loel® 2 V(L) = gllal (3-65)

By (3-64) and (3-65), we obtain the estimate of the

golution of the system CCS as

lalt) 2 K lse(odlenp { -8 (1k-20)} £zt

Here, K is given by

k=L
A
The constants «{ and @ depend upon oLy g By and wy .
The constante 7/, devend wpon, by (3~57), ¥y , 8y
E-e;j y B¢ and € =A.~% . Therefore, K depends upon

G‘(i » fai ) B/‘

1 ] Si [} (E" and a L] (Q.EIDI)

K

Sec., 3.6. Ixamples
Two examples are 7iven here. The first example is

a system with a singzle feedback loop. The second is the
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systen treated by Piontkovskii and Rutkovskaya [19;.

Bxample 3.1.

Consider a system given by

G(?fj_ _
ﬁ“‘"ﬂi(”‘isi)*c’i >y

" 2 {F‘H (9( /{') + ""L .‘Jf o L= 2,1

C. 9
vwhere Ciband i are Myxan,, and myxm, 4 matrixes,

respectively. The block diagram of this system is given
in Fig. 3.2. Hcre, assume (3-vii). Since the conrections
are given by C; , (3-ii) is satisfied where ﬁi} are
[ L ] - 0
Egm ”CLH Eigz = Cll G=2,--n)

":J: = () for the other pairs of 1 a.nd}' H 1"#*}‘
Therefore, the matrix A of (3-iii) is given by

o 0 —--0 e

Therefore, by Theorem 3.1,, the system is a.s.i.l. if

Eiﬂ._(;.i_.‘.l.x — é_?ﬂﬂfﬁl < i

T Y, (3-67)
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and by Theorem 3.6., the estimate of the damping

nus of the greatest® root of

----- b= 0 (3-68)

cocfficient is given as the mi

A+ 8y (A+8y) = #2
' g, = Seleel

S b =
E VYRR VP

Pig. 3.2. The Block Diagram of Example 3.1.

A Cy ,51 w;—-—-_.m..w_> Cp 4 52 -[__;L,
1
g I
S, | S lrz }
e ¢, & [ e
S N W s

Fig. 3.3. The Linear System Which Gives
the Estimate of the Transient

Behavior of Example 3.1,

[ e ¢

BN e VRN RS O v

1 1
—D :g,_' > | [ ST PR (s
Lt “ls+8 " &LJ $+5%, T

SRR W S

L



If we vesard §;/¥; ag 2 goin of the subsystem, (3-67)
means the condition that the loop gain is less than [ .

Ey. (3-68) is the characteristic equetion of the linear

system given in Fig. 1.3.

Example 3.2.

Consider a system given by

5{1'.,; .
Td_,l"‘_ R f;fL x’. i g 1= ’f- 3 2) 3:‘?" ‘Z
s i L (3-69)
-;3:{:' == 27,1 {Gi :Cf ‘%‘/1;53} Qﬂ""}f" (‘33 J
= 1=,

Pe2PsZ faz Pr >0
A 20, pa<O
HCY=L | o f(e) >0
The bloeck diagram of this system is given in Pig. 3.4.

This gystem was treated by Piontkovskii and Rutkovskaya

(18]. They gave

pal >0 i i pe g i B0

as a sufficient condition for a.s.i.l. of this system.
This system contains only one nonlinearity. So,
we can use the Popov's criterion {cf. Chapter 3 of [3]).

The frequency response of the linear part is given by
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LBk
Fig. 3.4 S ~1. | 1
. D Y S Py
The Block Diagram +'E i
of Example 3.2, :
et

i T
— )
RS

s el

ORI e

Fig. 3.5. The lModified Frequency Response

of the Linear Part of Example 3.2

A
Im

50

q\%



(E}‘(i{a!) e { YOEY ] -,0} 35_’1 ;_(:;’T/s;‘ }.

The modified frequency response defined by
* 1 i ) - 0 T :
G’ ('!-L'!)) o= Re { G“('Z.M)]’ + e l-’lﬁ‘l,{ C]'(.7=CJ}):T‘
is as drawn in Fig. 3.5, Here, the constant 1K is

given by

q; !‘Q' ',.1
K= =npa— 2. 2 _J.. (3-71)
b %-.-. ‘.j

Therefore, Popov's theorem gives

1‘31 8‘2. {3 2
lapa) > #5= + L2 4 L = K, (3-72)
t2pal 2 Py Ay 3 L4 .

a3 a sufficient condition for a.s.i.l. of this sysiem.
Here, let us apply Theovem 3.1. and Theorem 3.8.

to this system. Let us regard this system as composed

of five subsystems, each of which is described by one

of the differential equations (3-69). By putting

R 2 . . -2
'Z'"i:xi {1"'1:2:3:4’)3 1/}:‘" ¢

the assumption (3-vii) is satisfied and the constants

are given by

=@8; =1 1= 1 2
3’1!; = 2Py §. = 2 t=4,2,3,

> T

Ye= 2l apa) | 8,22



Ei}‘- == {) i”}' __:‘.12233,4.
Egp=1, E£s; = | a5 i =1,2,3,%4
Therefore, the matrix A and C are given by
f o, o o0 o0 -i
0 P 0 g -1
A=C={ ( ¢ R
0 0 0 py -1
AR AR FA RS AR PP,

Therefore, we obtain

{ 3. | 8. .

as a sufficient condition for a.s.i.l. of the systcm.
Now, let us compare the three stability conditions.

1t is easy to show

Ki > K3 2 K‘?‘ for  B;%0 (3-15)

Therefore, our condition (3-74) is between Povov's
condition and Piontkovskii-Rutkovskaya's condition.

The difference of F(B and H;‘shows an essential character
of Theorem 3.l., viz. the fact that we only consider the
absolute value of the gain of the connection between
subsystems and neglect its phase-shifting effect (ef.

the assumption (3-ii) ).



The characteristic equation of the matrix C is

given as

I}?F.z] (A'*fi)()“v:' f’g)(/\ e Py )
tleel (A-P2)A-pa)O-py )
152} (=P - P3NPy )
#1351 (N =90) (A-P2) (A -Py.)
+1a4] NP =Py A~P3) = O (3~76)

Thig equation gives the estimate of the damping coef-

ficient of the system.
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Chapter 4 Asymptotic Stability in the Large of

Sampled—Data Compnosite Systems

Sec. 4.1, kain Theorem

Concerning a.s.i.l. of the sampled-data composite

system SCS given by (2-9), we have the next theoren.

Theorem 4.1.
Consider the system SCS given by (2-9). Assume
(4-i) that, for each isolated subsystem (2-11-1), there

- 8uch

exists a norm rdi(Jﬂi} of the state vector or;

that

Ni,(eg,.,;(:«z.,;,’f)) -Ni(ifﬂi) =~y M(ee;)
, (4-1)

where X{ is a positive constant and P?iﬁiff) is a

non-negative valued function of xC; satisfying

M. (D)=0C (4-2)
and

A P L - .i’

%iéfl\i '1@(41) >0 (4-3)

for any vounded, closed subset Zki of the vector

\
- ke . .
snace ,KL which does not contain the origin,
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(4-ii) and that there are non-negative constants

Eii (i%}) such that

N, (g ﬂ, L TI)R L M}(.-'Rﬂ&;) i (4-4)

+:
d
The system SCS is a.s.i.l. if
(4-11i) the matrix A= \ﬂ ) is an H-matrix, i.e. the
leading princival minor determinants of A are all
positive (cf. Definition A.l. in Appendix). lere,

aij 's are given by

aﬁ.—a;(i oy =B, (-i:‘r.j.) (4-5)

> g 4

The theorem is proved in the next section. 'The
agsumption (4-i) means that the function :%ii \Ar ’?)
is a contraction with regard to the norm PJi— If each
subsystem is low-dimensional and contains only a few
Nonlinearities, such a norm is obtained by the results of
previous researches [é, 26-28, 461 If a Lyapunov func-—
tion of a quadratic form of the state vector is con-

structed for the isolated subsystem, the norm defined

as the root of the quadratic form satisfies (4-i).

® ><i is the 7ni~dimensiona1 vector space %o which

-in belongs.
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Se, the previous researches on the construction cf a
Lyapurcv function for sampled-data systems [47-49]

also contribute +to establishment of the assumpiion (4-i),
The constant Eij‘ in the assumption (4-ii)} is the upper
bound of the d.c. gain of the connection with regard to
the norm M;(5;) and the function PT%(Dﬁ%) .

In the stability condition (4-iii), @,; is a

kind of index of stability of each subsystem and Iaijl (‘H'-'

is the strergth of the connection. Therafore, we obdtain
the same interpretation of the‘theorem as the continuous-
time case; viz. the composite system is stable if the
stability of subsystems is superior to the interconnection
among subgystems,

Now, let us see that the stability condition of
Theorem 4.1. is a necessary and sufficient condition
for a.s.i.l. of a certain linear system. Consider a

linear difference equation with vositive coefficients

given by
Ii(‘t'?i) =}z=.’-i fez} xj(?) ir.i}---.’ n  (4-6)

where ﬂi}- are constants satisfying

0s2,4<1, ,4,5}. 20 (i%g) (4-7)
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The above squation can be interpreted as desoribing a
composite system of 1 subsystems. In parallel with the
continuous-time case, we call this system the simplest

—_—t

sampled-data linsar composite system with positive con~

rnestions. Wow, let us apply Thoeorem 4.1. to thae gystem
given by (4-6). The isolated i -th subsystem is given

by
x;(z+l) = 2, x,(2) (4~8= 1)

Here, by putting JVi(JCi):=]JCiL the assumpiions (4-i)

and (4-ii) are satisfied, where

Mi(x”i.) = Ixil-
Y =1-4,;; , €., =L, (‘i;Foi,]

Therefore, we obtain
A=I-L (4-10)

where L. is the coefficient matrix (£ ij )+ Thecefore,
the condition (4-iii) of Theorem 4.1, is, by the condi-
tion (A-x) of Theorem A.4. in Appendix, equivalent that
the dominant characteristic root of the positive matrix

L. (cf. Definition A,2.) is less than 1. By the condi-
tion (A-viii) of Theorem A.4., this is necessary and
sufficient for a.s.i.l. of the lincar sysiem (4~6). Thus,

we obtain that (4-iii) is necessary and sufficient for
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8eS.1,1l. of the linear system (4"‘5)-

Sec. 4.2, Proof of the Main Theorem and
a Supplementary Theorem
Here, Theorem 4.1, is proved and a remark on the

condition (4-i) is made.

First, let us prove the next lemma.

Lemma 4.1.

Consider the system SCS given by (2~9). Assume
(4-i) and (4-ii). The system SCS is a.s.i.l. if
(4-iv) there exists a set of 7. positive numbers ; , -—

- Jw-,ﬂ_ such that

?: a.i} wy = c/,f >0 (4-11)

Here @;; are the constants given by (4~5).

Proof : From (2-9), we obtain*

{N; ey (e 1)) = N G (2)) )

(2-9)
= NifoiGei (), b = N; Gey(2))
+j%=\='i. Nilgs; Gy, )} (4-12)

* {N-;(:a:.i('t £13) - N; Conyg (z)]} (2-9) is the difference

of N;(3£;(2+1)) and N;(¢;(2)) along the solution of (2-
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By (4~1) and (4~4), we obtain
{I\l.,;(x,;(ic-%-iJ)—N.t(x,tC’cJ)}(i“”

=¥, M, Gy () + 2, ;M Gy Co)
:J i !
(4-13)
Here, using the set of yre ws,  glven in (4-iv),

put

Then, N{a) is a norm of the vector L . B8y (4-13),

we obtain

INGe Cor ) = N Gaten Yy,

v

S {;j‘. 'lU';-' ni! {‘/}'} (f{}(?’))

=-*Z. d; f"/ (2 (2)) (4-15)
By the property of r1}(3¢j) given in (4-i), we obtain

b § 4 M Oe) > 0 23

for any bounded, closed subset A of X which does not
contain the origin. Therefore, the system S5CS is a.s.i.l.

(cf. Theorem 1 at p. 396 of [9]) (Q.8.0.)
By the condition (A-iv) of Theorem A.l. in Appendix,

the condition (4-iv) is equivalent to the condition (4-iii).
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Therefore, we obtain Theorem R

Now, let us consider the requirement that ?Ji(Jii)
be a norm of 3. A norm of a vector L. ig defined

as a real-valued function Nz', (Jt,‘.-’) of Ty gatisfying

N, () >0 x; % 0 (4-17)
N,(x;) =0 s, = O (4-18)
N, Ovaey) = AL N; () (4-19)
N;Grg+aed) £ N (o) + Ny G (4-20)

where A is an arbitrary real number. In the proof of
Lemma 4.1., the property given by (4-20) is used to
derive (4~12) from (2-9), and the property given by
(4-17) and (4-18) is used to establish the same property
for b{(il) , which is necessary to conclude a.8.i.1. of
the system SCS from the relation (4-15) and (4-16).
However, the linearity property given by (4-19) is not
used anywhere in the proof. Therefore, we have the

next theorem*.

* The wmain theorem is stated here requiring Pﬁ_be a norm
1) because we can have a simpler expression by this, and
2) because we find many literatures which give a norm
satisfying the condition of (4-i). ZXven if we remove
the requirement (4-19), we hardly have more possibility
of establishing (4~i).
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Theorem 4.2.

In Theorem 4.1., Lemra 4.1., and Theorem 4.3.~4.6.,
ve can replace the requirement that Pdi(JIi) be a norn
by the requirement that PJi(Jii) be a real-valued

function of >¢; satisfying (4-17), (4-18) and (4-20).

As an example of a ren)l-valued function h&(mzijof
) 3 N :
A vector “C{:’(‘ciis""ﬁ’ciﬁt) satisfying (4~17), (4-18)

and (4-20), we can give

——— e ——

N, Ge; ) = \/[::cm et 2]

Tm

jec. 4.3, Generalization of the Main Theoren

First, an intuitive interpretation of Lemma 4.1.
8 given in 4.3.1. With relation to this interpretation,
'heorem 4.1. and Lemma 4.l. are generalized, In 4.3.2.
ind 4.3.3., we give two generalized forms of Theorem 4,1.,
thich correspond respectively to Theorem 3.4. and to

‘heorem 3.5. in continuous-time case.

+3.1. An Interpretation of Lemma 4.1. and Generalization
of Theerem 4.1. and Lemma 4,1,
Generally, the assertion that a system is a.s.i.l.
eans that the stabe of the system is restored to the

quilibrium wherever it starts. In Lemma 4.1l., the
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assumption (4-i) means that the restoration of the isolated
subsystem during one sampling period amounts to, at least,
K&P4i(3£iﬂ?))in some measure /V; . Since the subsystems
are interconnected with each other, the restoring move-
ment of one subsystem causes disturbances in the other
subsystems. The assumption (4-ii) means this disturbance
acting on another subsystem during one sampling period

is less than € ; M; (5e;(2)). The condition (4-iii) of
Lemma 4.l1. means that, if we weight subsystems appropri-
ately, the amount of the all disturbances caused by one
subsystem is less than its own restoration.

The above interpretation gives an important result.
Consider a case in which the movement of the system during
one sampling ;)eriod depends only upon the outputs Zi g -
--, &y, of m controllers, i.e, the values of functions
“}-i; (m:} ,%) are determined only by A, ---, Z. ,
(cf, Fig.4.1.) This is the case if the sampling period

is sufficiently long compared with the time constants of

the controlled system. Here, assume

Gii(eisnd= o, 9 Geyey=0 (1))

for

2,=0 =1, -,

This condition is satisfied if the controlled system

62



Mg. 4.1. A BSampled=Nata Composite System

(Each controller corresponds to a subsystem)

Controller

: 2
e C ety TN

Z
No oy

b T
. C-:. 2 - > Controlled st 26,

System

R

Fig. 4.2. Operatien of Controllers
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contains integrators appropriately. Under those assump-

tions, oonsider the case in which the i-~th controller does
not work at some sampling instants but works at least once
in P, sampling periods. This situation is explained in

Fig. 4.2, Even in such a case, the assertion of Theorem 4.

remains valid. Let us state this result as a theorem in a

little extended form.

Theorem 4.3,
Consider the system SCS given by (2-9). Assume

that, for each subsystem, there is a set of integers

2 ;{0}?) s A=0, vl 12, ~}

such that at least one dﬁ}) is contained in any interval
[:"«:‘ R ?ff’)i) (f( .—;:O) ;[_’p_“....-) where #r is a con-
stant positive integer. Assume that (4-1) holds for 1:6.2
and

i (265, 2) = or, } )

5 for T &,  (4-21)

35 (i, 2y =0 j*i

Assume (4-ii),

Then, the system SCS is a.s.i.l. if (4-iii),

The above theorem can be easily proved by slightly

changing the proof of Theorem 4.1. In the theorem, each
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gubsystem can be regarded as corresvonding to one
controller. The set z;i gives the sampling instants

at which the controller works. This theorem is useful

when we study a case in which the sampling periods of
subsystems are not same but their ratios are rational

numbers,
In relation to the above consideration, we can
extend Lemma 4.l. for the case in which there are two

origines of the movement of each subsystem.

Theorem 4.4.
Consider the system SCS given by (2-9). Assume
(4-v) that, for each isolated subsystem, there exists
a norm f¢i<3£i) of the state vector »; such that
} . [ f -
., 1) @) \q402)
= ﬂﬁi i"l,: (xi) “Yi Mi (ar;) (4-22)
(1) (2) )
vhere fi and Y  are positive constants and
M(:)(:rti) and M(:)(xi) are scalor functions of

:ﬁi satisfying

MP@) = MP©0)=0 M7 Ge) 20 a2)
and

inf M?("i) #0 ey

]Lié‘hi
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for any bounded, closed subset Ai of X‘i which
does not contain the origin,

(4-vi) and that there are non-negative constants g

¢
and Ei;} (l'«%—},) such that
. )} = £ M@ L EW p @
N(aj z))HEM( ;M(;)
(4~25)

The system SCS is a.s.i.1l,. if

(4-vii) there exists a set of .. positive numbers Wy sme

i 1‘.3",;,' auch that

~r (1) (1}
B - (4-26
%;‘ i M B ey >0 )
r L 02) @
%.\ a..l.j‘\ —llf‘i o c{-él ‘_2_.0 (4_27)
Here, a{;; and a‘%’ are given by
w)
Y(S’ (s') (s) .. L
5=1,2

The above theorem can be proved Just in the

same way as Lemma 4.1. At present, we don't have any

condition of the form (4~iii), which is equivalent

to (4-vii),
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4.3.2. Cases in which the Superposition Assumption

of Inputs to Subsystems Is Wot Satisfied

Theorem 4.5

Consider the sampled-data system given by

Dd‘..i(’t'-kl) = H’\ﬂ Ca:,;('r),'t) i‘lhm(xi('t),-w, x, (1‘)’ )
(4-29)
Assume that there are functions ‘3%}( i,‘?) which

satisfy (2-10), (4-i), (4-ii) and

NiChyg Gy ) by, Gey e ey, 00 — gy (e, 2))

= ?%ﬁ N; (g,0;, 7)) (4-30)

Then, the system (4-29) is a.s.i.l. if (4-iii).

If we refer to the proof of Theorem 4.1., the

above theorem iz evident.

4.3.3. Asymptotic Stability in the Large of an

Invariant Set

Theorem 4.6.

Consider the system SCS siven by (2-9) and assume
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where Q? is a closed subset of Xj‘ which contains

the origin. Then, the set ["= Fix---xr’n is the

invariant set of the system SC3. Assume

(4-i') that, for each isolated subsystem (2-11-1),
there exists a norm fV%(bti) of the state vector
X such that (4~1) holds, Here, ¥; is a positive
constant and P?i(JIiJ is a non-negative valued
function of 2€; satisfying (4-2) and (4-3) for
any bounded, closed subset A; of X, which does
not contain any point of [ .

Assume (4-ii) for xJ‘Q‘-_ F}

Then, the set [ is a,s.i.l. if (4-iii).

The above theorem corresponds to Theorem 3.4.
in continuous~time case, but it differs in the point
that “}ij(”;"") =0 is required for x;€ f'j . This
difference is caused by the fact that the state " jumps"

in the sampled-data case. The theorem is proved just in

the same viay as Theorem 4.1.
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vec. 4.4, Batimote of Transient Behavior
In this section, we make an estimate of the

form

e (N £ K (3¢, n“"m Tz T

for the transient behavior of the sampled-data composite

system SCS.

Theorem 4.7.
Consider the system SCS given by (2-9). Assume
(4-1), (4-ii), (4~iii) and
M, Gegd =N, (ocjy) (4~32)
Let )\A. the minimum characteristic root of the
matrix A.

Then, the solution 3x(%) of the system SCS is

eatimated by*

el & K laleoll (1-Ap+ €00 (ae23)

Tz 7T,
where £ is an arbitrary positive constant, and K is a
positive constant depending upon the positive constants

Yo Eij , € and the norms Ny .

*® ﬂarﬂ is the Euclidean norm of ¢ . (cf. footnote at p. 17)
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This theorem corresponds to Theorcem 3.§. in the
continuous~time case. The theorem tells that, if we
have (4-32) in addition to the three conditions of
Theorem 4.1l., we can obtain more than the only a.gs.i.l.
of the system 5CS; i.e. we can assert that the system
S5CS is exponentially stable* and that the decay of the
transient response of the system is associated with
the characteristic root of the matrix A .

Now, let us apply the above theorem to the
simplest sampled-data linear composite system with
positive connections given by (4-6). By putting
Nilx )= |l , we obtain (4-9) and (4-10). By
(4-10), we obtain

AL = 1-2Ap

where A, is the dominant characteristic root of the

T TR e A Wt A e s iyt (48 = 4 i o (ke AP e —a S o1

* A sampled-data dynamical system is said exponentially

stable if and only if there are positive numbers n and

K such that

e (D £ K e Gyl (%) 22 7,

0sn<1

holde for the solution of the system.,
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coefficient matrix L.:=(f@§) (¢f. Definition 4.2, in
Appendix). By Theorem A.4., A, is the maximum absolute
value of the characteristic roots of |. . Therefore,
the assertion of Theorem 4.7. turns out "the solution

of the linear system is estimated by

e (o)l € K laeleadl (A, +6)%) 227,

where A, is the maximum absolute value of the charactor—
istic roots of the coefficient matrix L.==(£ij)."

This is the well known result on the linear, time-
invariant sampled—-data system.

Yow, let us prove Theorem 4.7.

Proof of Theorem 4.7. : First, let us prove

O< Ay =1 (4~-34)
By (4~1) and (4-32), we obtain
N;(g;(ae;,2)) £ (1-7;) N; (ocy) (4-35)
Therefore, we obtain
1; = 1 (4-36)

Therefore, by Theorem A.5. in Appendix, we obtain (4-34).

Now, put

n=N-8 <1 (4-37)
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By Lonma 3.5., the maiiix C""‘(“'Lj) given by

C=A-n1
ig an M-matrix. The clements C%; are related to “fi
by
Uy = Caa ¥, Q4= Cy (i%‘j) (4-38)

By the condition (A-iv) of Theorem A.l. in Appendix,

there is a set of 7 positive numbers Wy, ===, W such

M

that
Z C.. tr, = c{,’. >0 -3

Using thes above set of 'wl, e Bl put (cf. Proof of Lemma 4.
Nloe) = 2wy N (ac;) (4-14)

Since (4-i) and (4-ii) are also assumed here, we can
obtain (4-15) just in the same way as the proof of
Lemma 4.,1. By substituting the relation (4~38) into

(4~15), we obtain

INGeler 1) = NG (e}, )

=4 '-_L% wy Sy N; (:m;-('z)) - ; w, oy M, (ey e,
- --%:’, oL}N;.(xé(?:)) - 1 N(e(2)) ( 4-40)

By (4-39), we obtain

2



{NCGe (= 1)) =N (E(?))}(z_?J < -y N(Gele))

(4-41)

Therefore, we obtain

N(elr+1)) £ (1-%) Nt (2)) (4-42)

for the solution of the system SCS. Here, note that,

oy (4-37), we have
1-y>0

By (4-42), we obiain

NGty 5 NGe(e) (1) (e

T2 7,
Since N(2€) is a norm of 2z by the definition (4-14),

there are positive constants o and @ such that
«loe] 2 Nlx) £ gllx] (4-44)

‘Therefore, we obtain the relation (4-33) from the
relation (4-43), where K is given by

8

" = o«
The constants & andﬁ are determined by the property
of the norms N.i and the constants w‘i » 'The constants
%> depend upon the matrix C y which is determined by

z

the constants ¥

£ ;; and the arbitrary constant & .
1t T
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Therefore, {{ depends upon ¥ , ;2 + & and N.,; .

sec. 4.5, Examples

Two examples are given here. The first example
is a relay conftroled sampled-data system composed of
one-dimensional subsystems. The second example is a

system composed of 2 two-dimensional subsystems.

Lixample 4.1.

Consider a sampled~data system given by

uy(e) = i ("x-i(?)) (4-46)
Here, 3?;- are constants satisfying
4,;,; >0 (4~47)
and SD.!: (0".5) are functions given by
dy o> c;
lf’{(ﬂ".i) o 0 | U'.il_s.. < {4-48)
~d; o <-~C;

where c; and d?’. are positive constants, These
functions describe ideal relays with dead zone. The

block diagram of this system is given in Fig., 4.3.



First, let us investigate the isolated 4 —th

subsystem given by

x(erty = 2, (0 + 4, 9, (-x,(2)) (4-49-1)

Put

7, = E"Ci 5 Ci:]

1

Then, [, is the set of the equilibrium points of the

isolated 1 ~th subsystem. If @%i di 4 ¢, , we obtain

A

I+ o= lae, |l 8 -4 196l | = &1 (4-50)

3

if CL<‘$11,5{1<‘2‘:1_ , we obtain

_:{E_- 1‘£ JIE(’YJ!

it 9y dl D) 8 - = 4y

x; & [7; (4-51)

Fig. 4.3. The DBlock Diagram of Example 4.1,

Relay

’

p; (6 ) |—"— Hold

N

15
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Therefore, when & d, < 2¢; , the set [7; is a.s.i.l.

and the condition {4-i') of Theorem 4.6, is satisfied

where

N-L(xi] =|x;l M (x;) = l?i(xi)'
Hhen #ﬁ d'i 2 2 C1 s We cannot obtain that Jx1=+(f’.£ (-xi)l
— |x;l is always negative., When -ﬁﬁ o(,; > 2 £y 4 velf-
oscillations are observed if we choose the initial

values as

¢; < xy(2o) < #pdi- ¢,
A self-oscillation of this kind is stable but not
asymptetically stable because a slight change of the
initial valve provokes another self-oscillation.
Now, let us investigate the behavior of the

composite system given by (4-45) and (4-46). The set

r’ Ziven by

is the direct product of [ ,---, [, and the set of the

equilibrium points of the composite system. If the

constants €; and d{ of the relays are chosen as
‘g?:i di z 2 C.{ (4-52)

our theorem given in the preceding sections cannot give

any result. If the comstants c¢; and ey are chosen as
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4,d, < e, (4-53)

the assumptions (3-i') and (3~ii) of Theorem 4.6. are
satisfied. 'Pherefore, by Theorem 4.,6., the set [7 is

a.8.1.1, if the matrix A is an M-matrix, where A is

given by
o 4, -@Hdlgci )
" E,Eé::;i{iﬁi ci S 4d; <3¢, b (4-50)
%= = Iyl :
Here note that
0 % {{} (4~55)

where 5’2} are given by

&?ﬁ: i, t;“‘ -14; f (1%3)

This relation means that the matrix Bf'-‘-('v?-%,) is always
an M-matrix if the matrix A is an M-matrix. This means
that, if BT is not an M-matrix, Theorem 4.6. cannot
establish a.s.i.l. of the system whatever the constants
of the relays may ve. AL present we don't have any
complete answer to the quenstion whether the composite
gystem can be made a.8.i.1. by an appropriate choice of

the relay constants €y and di when BT is not an H-matrix.
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When M =42 , various trials made by the author are

sugeesting a negative answer,

Example 4.2,

Consider a sampled-data composite system

2

xi(—Hi):—.jZ;li %}(xj(re)) i=1,2 (4-56)

where g and x, are two dimensional vectors and
. (o£;) ave given Y
Hii > g y

*

0 1
(3111(3’:1:) =(_i 0 )3”:1‘ + Qf?i(xi) i=1,2

31}(3‘3‘,} = Eé’ ij(:d:é) i,j=1,2 ;i%j
liere G.P,;(x.i) is a two~dimensional relay function defined
in Fig. 4.4. Let [; the disk centered at the origin in
which ®;(3c;)=0 and let K; the radius of the disk [.
Let us assume K;>1 . Then, we obtain

lgssCae )= 1ac; ,
= { Ueaal = 1)*+ (e ) - 1)* 1 = foxy |

, 4
S{Usegl=14 1} < gy

1
£ -Ke+{(Ki-1)*+1}* <0

i &7 1 i=1,2
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Fig. 4.4. The Two~Dimensional Relay Function q%(:&i)

e D

0

G
(1)

0,%(:»:,-_):(_11) K, ; ()=

For the interaction terms, we have

lg5 Gepdl =vZ €] ac g T

i 1=1,2; 1%]

Therefore, by choosing

Ni (Jﬁ.bJ = “251""

P11:(Jli)‘= :1
the assumptions (4-i') and (4-ii) of Theorem 4.6. are

satisfied, The matrix A is given by
§ o (Ki—/m—um VT €, ] )

- vz | &4] Ka-yf(Ka-1)%+1

7




By Theorem 4.6., the system is a.s.i.l. if

lege,1 < Z-L{ Ke-v(Ke-1)%+1 J{Ka=V(Ka-1)%+1 }

(4-57)

8o



Chapter 5 Appliocation to a System Composed of Sub-

systems Containing a Single Nonlinearity

ec. 5.1. Desoription of the System

Consider a continuous-time system given by

docg

2z =Aux;tby ‘fi(b’,;) +Ciuy (5-1)
o; = dy xg (5-2)

Wy = Z 2 e
1 Fivi IJTLJ_ (5-3)

vy

= A!} ;Hbz}‘f}(ﬁ’ )Jsz;‘}hJ ikg (5-4)
il: yu}z}*q'z} +!h1JY}J'(6_) 14"} (5-5)

xi 2 my ~dimensional vector

u; mf; ~dimensional vector

: m’; ~dimensional vector

y’ii‘ + m”; -dimensional veotor

Aﬁ_t MXMy constant matrix

Ib‘ii‘ mi-dimensional constant vector

C; : m;xm’ oonstant matrix

d : my —ﬂimonaional constant vector

A'f} (i:\:j_) : mhy *mg constant matrix

b.. (1# i) 3 mf,; ~dimensional constant vector

]
81



Eia’- ('l'#j) : Th’-Xm"{J: constant matrix

F-ia' ('f"fj) m-}-xm"z-j constant matrix
qi?' ('f*‘j:) : 1} mz-. constant matrix

ii (1% : m . —ai ional constant vector
lhta, (ﬂ‘}) mii‘ dimensio
and &y (d"i )’s are continuous functions satisfying

¢; (63)

TV

e et SHre——— a—" O 6

P (0)=0 , 0%~ 5 4, (3%0) (5-6)
We can interpret the above set of equations as

follows (of. Fig. 5.1. and Fig. 5.2.). Egs. (5-1) and

(5-2) describe a system with single nonlinearity ¢{

and an input WU, (Fig. 5.1.)- Let us call this system

the 1-th intrinsic subsystem ISS;. Eg. (5-3) tells

that the input to the intrinsic subsystem ISS; is the
sum of the interactions v":j— from the other intrinsic
subsystems (Fig. 5.1.). Egs. (5-4) and (5-5) describe
‘the property of the interaction v‘t’j . " Eq. (5-4) tells
that the interaction ‘W'} from ISS)- to IS5y consists
of two parts : the direct interaction given by the term
A‘ij x; + Jbij. (}9’ (x?) and the delayed interaction
given by the term Eiji}' (Fige 5+2.)« Egas (5-5)
gives the dynamical property of the delayed interaction.
Let us call the system described by (5-5) the -;_-—1

Connecting subsystem C3S ; ij o where we regard the term

fi"i x +ﬂ-, (P}'(:&: ) ag the input. 3By the word
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Fig. 5.1. The i-th Intrinsic Subsystem

Ay F
\ >
{
t
| |
< 59-;(6?;)
Fig. 5.2, The i-j Connection
{As byl ——-
+
xj»?t'(ft') 6) -
M4 ‘i}fi}
>1Gig, hyj Eq;
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subsystem, we refer to the both kinds of subsystems
intrinsic subsystems and connecting subsystems.

The above kind of model is obtained for a multi-
variable control system when the actuators have notice-
able nonlinear properties and the other part of the
systom can be regarded as having linear property
{14, 50]. uhen we construct the above kind of model
for an engineering system, we often encounter the case

in which we must replace (5-3) by

a.&d.('u,li) 2 j%’;i ada (WT;J,) (5-3-a)

(ef. 3.4.1. of Sec. 3.4.). For such a case, the stability
analysis given in the following sections are applicable
without any change. (cf. Theorem 3.4.) An important
example, which belonge to this category, is the case

in which 1n€==i and in wvhich we can construct the

equation of an intrinsic subsystem in the form
d

= Aggory + by 9, (63)

£
G—- -— d -t x . + u -
i T 1 1

Us = 2u Vs
Y i

In such a case, if we can assume
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(63) i(ﬁ"')
?H(Cﬁzzfp Y o< g% Gj';'ﬁff : é§7$€ (5%#=G¥J

i7 %
(5-64)
we obtain
o 2t ;
1z = Auri T by 9 () + ¢ u (5-1)
Ci= 4y {bfh'.
= dit Xy (5-2)
oda(u;) 5 20 ada (vy;) (5-3-2)
d3d%i ¢

Now, in parallel with the continuous~time case
described above, consider a sampled-data system given

by

o (trt) = A gy, ()b, 9y (q (D)4 Cp u () (D)

g:(2) = dit o, () (5-8)
w;(z) = }Z,ﬁ vy (%) (5-9)
v_té(q)f.A . o, (T)Hb’;;-?i( o.(2)) + E? r‘t;,}('r)
%4 (5-10)
by (2+1)=F,, 151?(1‘)-\— G () thy ¢ (o7 ()
i%4 (5-11)
Here, I_,Ell, 1} %J" "'J"fb?of" .dl,E}



F}é ' Qii ,lhﬁ} are as defined in the continuous-

time case and (fiték)'s are functions satisfying (5-6).
We can interpret the above equations just in

the same way as the continuous~time case. If we

introduce a digital computer in the feedback loop,

we obtain this kind of model, In such a case, both

the nonlinear property of the actuantor and the non-

linearity of the quantizer may be involved in the

funotion P;(0°;) . Here, in parallel with the

continuous-time case, we call the system given by

(5-7) and (5-8) the 1-th intrinsic subsystem I85;

and the system given by (5-11) the i-f conneoting

subsystem CSSﬁ} .

Sec. 5.2, General Procedure of Stability Analysis
in Continuous~Time Case
In this section, a general procedure of investi-
gating the stability of the continuous-time system given

by (5-1) ~ (5-5) will be given.

5.2.1. Stability Criterion
Concerning a.s.i.l. of the systom given by
(5-1) - (5-5), we have the next theorem, which is

obtained by applying Theorem 3.1. and considering the
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structure of the system.

Theorem 5.1.

Consider the system given by (5-1) - (5-5).

Assume¥®

(5-1) that, for each intrinsic subsystem ISSi y We have

a Lyapunov function
Ly
] > t ‘
v;(64) = 2% Pyae; +6, So e(E) dE  (5-12)

such that

() sapmeo () 205
> - ba -13
dx ~1), (5-2),u;=0 Pi/ TNy (5-13)

where Pﬁ is an m; ~th order positive definite matrix

and Q-i{ is an (m.-;l-i )~th order positive definite
matrix,

(5-ii) and that, for each connecting subsystem we have a pair
of m’i} -th order positive daf:ijnite matrixes P.,'}

and @ ;; such that

*

x ..
(P") is the (‘mi+i )-dimensional vector, the first
)

Mm; components of which are the components of 2Ly and

the last component of which is g .
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Ff; Pij. * Pij, Fij. =-Q 1 (5-14)

The system is a.s.i.l. if

(5-iii) the n-th order matrix At= (d‘;'}) is an M~matrix,
i.e. the leading principal minor detervminants of A*
are all positive (cf. Definition A.l. in Appendix).
Here, Cl-.r{j_'a are given by

it Aid
% 27\1{"" &ilei"!!d!i"z

(5-15-1)

2A .8
e . . i . - 1 —-_'li -
xgnqﬁnwnﬂan-nd}-u)} igi (5152)
vwhere Aj; and )\1} are respectively the maximum
characteristic roots of P;; and Pij.ﬂ and g ; -and

/-1,;} are respectively the minimum characteristic

roots of Qi{ and Qij. .
Theorem 5.2.
Consider the system given by (5-1) - (5-5).
Assume (5-i) and (5-ii). The system is a.s.i.l, if
(5=iii4 ) the n-th order matrix A*= (a’;?) is an M-matrix
where a,*ij's are given by

o, = M
(2255t 16: - ld D) I Ceh (5-15-3)

88



2AA ;.
= UAg L+ 16y 0l + ,u:; 1E )

(I Cri;"‘*ﬁacﬂﬂn}ﬂ-lldiﬂ)} i%4 (5-15-4)

where )'kii, A{}: " /ll.,:i and /u"j are as given
in (5-iii) of Theorem 5.1.

The proof of Theorem 5.1. is given in 5.2.2. If

ve note the relations

CiA 0 € NCl NAGN , NCy byl = 1G] i)
I¢; Bl DCil IE;)

and if we note Theorem A.2. and A.3. in Appendix,

Theorem 5.2. is evident by Theorem 5.1. Theorem 5.2.

has the advantage that the off-diagonal elements a*,;j (‘&"-\‘j»)
do. not contain any constant of the T ~th intrinsic
subsystem ISS; . When the dimensions m’ ' of the

connections are all one. {scalor connections), (5-iii+)

is equivalent to (5-iii), and otherwise (5-iii+) is
generally more conservative than (5-iii).

The above theoreme show a general procedure to
investigate the stability of the system given by (5-1) -
(5—5). First, for each intrinsic subsystem, construct

a Lyapunov function of the form (5-12). Next, for each



connecting subsystem, find out a pair of Pi; and
Q“fj— satisfying (5-14). For this purpose, give an
arbitrary positive definite matrix Clii and solve the
equation {(5-14) for P1J_ . If F-,,? is a stable matrix,
the solution P-ij_ is always positive definite (cf. [‘9],
p. 245 of [22]), etc.). If we cannot obtain the Lyapunov
function ¥y or the pair of matrixes pfj and Q‘i}' for
some subsystems, we cannot use our theorem. If we can
fulfil the above steps for all subsystems, we can apply
the condition (5-iii).

Concerning the construction of a Lyapunov funct;on
of the form (5-12) for the intrinsic subsystem, the
literatures [2-6, 38~41] provide various useful results.
In order to make the condition (5-iii) less conservative,
it is profitable to make aﬁii as large as possible.

(cf. Theorem A.2. in Appendix) For this purpose, it is
desirable to choose the elements of P;j so that we obtain
the maximum OJii‘ But, generally, it is a difficult
work to maximize “?ii except the case in which mj is
small. Apparently, it seems that we obtain larger a?i{
if we make Ieil smaller. But this is not true because
the matrix @iy (hence the number M; ) depends upon 0.

The research by Yakubovich [38-41] gives an
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intercsting knowledge concerning the construction of the
Lyapunov function for an intrinsic subsystem. For the

1 =th intrinsic subsystem, put
I -1
J&i(-‘l) = fﬂ.& (Aﬁ“‘«d.I) ﬂ).ﬁ (5-16)

Assume that the characteristic roots of A'h’ exist only

in the half planc
Re(e) <-%; (5-17)

where ‘gf is a positive constant. Assume that there

is a positive constant (92' such that¥,*¥
-1 .
L) = &1’ + Re.{(i-l'iw@i)»&i (-8;+ 1‘”)1’ >0
-0 < <CQ (5-18)

Dom nlw)w2>0 i  tem nlw)=0 (5-19)
W00 &) -y 00

¥ Note that 7 is used in two meanings @ the imaginary
unit and the subscript to identify the subsystem.

*¥% he condition given by (5-18) tells that we have a
Popov line of the gradient 91: for the modified frequency

response curve J?It: (-—- gi + -i,w) y where

jj: ("gif"iw) = Ke («&i(-%ifriw))ﬁ" icaIm(zzZ-,;(-'%iﬂu

(er. (39))
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Then, thera exizts a Lyapuncv function of the fora {5~12)
such that*
I
e U
“-l
(d,t ) < -28. v (5-20)
(5"1), (k-2 ): Uy=0
(ef. Yakuhovich f_39]). Here, let Ti an ¥;-th order
non=-singular matrix such that
T
Ty P Te =1
By transforming the state vector of the 7 —th intrinsic

subsystem by

-1

we ohtain

dZ; ol -1 -1

iz = T AT, 2, + T, by; i loy) + Ti C; w4

(5-1*)
1

o=d; T;2; (5-21)
and

n(z)=lz1} *

Ne) =121+ 6, So 0. (8) d¢ (5-12')

By using the expression (5-1') and (5-2%), we obtain

a;z =%, K, (8;,T;) (5-21)

where

* Eq. (5-20) means the i-th intrinsic subsystem is exponen-

tially stable with the exponent ;1', (of. p. 40).
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L
1+ 5 ;6 Mdf T, 1

Ki(ei,Ti): <
- 440 Hdt T,
145 A0 144 T

Here we must note that, in (5-15-2), Ci and d; must
T

i |
be replaced by Ti C{ dind dj; T} y respectively, The

above procedurc is lheoretically interesiing because it

relates the constant (l%i to the knowledse obtained hy

the graphical method. But it requires complex calculation

to obtain the matrix Egi[Bﬁ] and I}. In some

the matrix q?i becomes nearly non-singular and
-1

of 'I}' C% becomes very large. Therefore, the

procedure using Yakubovich's results is not =o

mendable for nractical application in spite of

theoretical importance.

cages,
the norm
above
recom-

its

Concerning the pair of positive definite matrixes

pij

and Clié_for the connecting subsystem, the Kalman's

corollary (p. 380 of [9]) gives a method of transforming

the state vector parallel with the above method based on

the Yakubovich's result. But, either in this case, the

method is not so recommendable for practical purrose
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because of the same reasons.

5¢2.2. Proof of Theorem 5.1. and a Supplement

Let us regard the system given by (5-1) - (5-5)
as composed of 'n"' subsystems, n of which are the intrinsic
subsystems and n(m-1 ) of which are the connecting
subsystems. By applying Theorem 3.l., we will obtain,
as a stability condition, that an Mm% ~th order matrix A
be an F-matrix. By considering the structure of the

system, we can reduce this condition to (5~iii).

Proof of Theorem 5.1. @

Let us number the ™ subsystems with the integer

parameter A y where
L= nx(i-1) +4 (5-23)
for the 1 -th intrinsic subgystem and
L=nxGi-1)+4 144 (5-24)

for the i-—(;i connecting subsystem¥.

First, let us show that the assumption (3-i) is

% In this chapter, £ takes the values 1,---, n*.
The subscripts 7 and }' take the values {,~--,n as

said in the footnote at p. 10.
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satisfied, Consider the 7 —th intrinsic subsystem
and put ¥ (26;) =2, (38;) By (5-12)

V; vp(aes) = 2Pyoc; + 6; 8, ¢, (6;) (5-25)
By (5_6)1

lV.;’ T&(%i)\ 2 2A5 ey ll+ %; 6; Hdillljlxij[ (5~26)
Therefore, ¢q. (3-3) is satisfied where

bp = Ayt k4161 1d,)* L= (i-4)+4

(5~-27)

By (5-13),

d vy
(dt )(5‘-1), (5-2), u;=0 = —/Mﬁ( 26,02+ .2 )
< - ;e i (5-28)
Therefore, eq. (3~2) is satisfied where
Yp = Myi L=n(i-1)+7 (5-29)

Next, consider the i-}' connecting subsystem., By

putting

we obtain
dv, ¢ |
—— - - .-Q.. Le (5"'31)
1
o )(5‘-5),xj=v 4% 7 b4

rﬂ-: ’h(f“i)‘,'; > ?'él'di—

95



Therefore, eqs. (5-2) and (5-3) are satisfied where

}i /1} , 5‘2 -«-?)\} A= n(i-1)+4 , 1%
(5-32)
Eq. (5-1) is satisfied by the assumptions made on V; and
Pi} in (5-i) and (5-ii). Therefore assumption (3-i)
is satisfied.
Next, let us show that the assumption (3-ii) is

satisfied. The equations (5-1) - (5~5) can be rewritten

as

o = Ay e, + by ‘Fi(d ;)

d
s 3#1{ ETETRAS lbt} ‘f}(dt )}
v o2 CE i Yij (5-33)

p $3 ¥t
Lt
At F‘i}' Yig Qz}‘xj +lhfi ?j(d;xj) (5~34)

Therefore, (3~-ii) is satisfied where

l"" 11(1“1)+1 _Q *n(} 1)-]-3,,1:‘:} (5-—35_1)

82«9-' = "C'L E';? " = x,
L=n(i-1+ 1, ' =m(i-1)+f %1 (5-35-2)
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£y ™ llciijunsll bl & 0d; ) = X{}

- . . /_ . . gy
L=n(i-1)+4 , A =n(i-1+7, i+i  (5-35-3)
EE&’." =0 for the other pairs of £ and L, £3 27
(5-35-~4)
Therefore, by Theorem 3,1., the system is a.s.i.l.

if

(5-iv) the matrix A is an M-matrix, where A={Qyy)

is given by
Qop = - L= m(i-1)+7
2 = 2P C o
27 N5 +A; 101 d 1t ” -
(5-36-1)
Mg
a — ______g_"__ . - » ...
02 211_}: L=n(Z-1)+f , 1%}
(5-36-2)
Ogpr= -8y,  LFL (5-36-3)

In the following, let us show that (5-iii) is

equivalent to (5-iv).

Let us write the matrix A noticing the Ly ~th
and .@3 ~th rows and ‘02 ~th and _93 —~th columns (Fig. 5.3.),

where
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Li=m(i-1)+1 , Ly=n(G-1)+}

Ly=n(i-1)+] (%5 )
On the ,@s -th column, the elements are all zero except the
elements on the ﬂi-th and ﬂs-th row., On ihe .Qs-th row,
the elements are all zero except the elements on the ﬂ_z-th

and .43 =th column, In addition we know

~

2, a, . =L
L L4, 2)‘.,}'

Therafora, the k-th order leading principal minor determinant

Qg p, =X

. .. /.
Dg of A is calculated by adding (2 Agj //-l 2):) ?(zJ timas
,Qs—th row to the .Ei ~th row. The resulting matrix is given
in Fig. 5.4. In this way, any leading principal minor de-

terminant D;z,_ of A is related to DL = Iaz}-] (i,j:j, “-,;{‘

by
ﬂ )
— Mt i 4
D& = Dh’ (;",-;)é'i'i 27%} (5-37)

¥po=10,00; %, nG-1)1js 4}
where &’ is the maximum integer such that

n(k'-1)+ &' < £ (5-38)

t
and a.,-j are associated with @, .,/ by
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Fig. 5.3. The Matrix A=(a,,.)

£ 4 2,
0
0
2 Hit O |-xa
3 0 A i O
0

Fig. 5.4. Reduction of the Matrix A= (au/)

i<g



-'-

—_ . ~39-~1
a_ij - ajzﬁi (5-39-1)

¥y _ g0, %4,
@ip = %y, Qp g, (5-39-2)
By (5-37) and (5-39) and by the definition of an
M-matrix, we ocan say that D& is positive if AT is an
M-matrix. Therefore, we can conclude (5-iv) from (5-iii).
The inverse assertion that (5-iii) follows (5-iv) is
evident by the fact that any principal minor determi-
nants of A.r is equal to a principal minor determinant
of A divided by the positive factors Mij /22y,
‘which is shown just in the same way as inducing (5-37).
(QeBuDe)

Here, corresponding to Theorem 3.2. given in
Sec. 3.2,, we have the next supplement to Theorem 5.l.

and 5.2,

Supplement to Theorem 5.1. and 5.2.

If the elements of the :ﬁ(;) -th,~-—, ’G-S:;’*h row of
the matrix C-g are all zero, we can replace Zii and ’itﬂ.‘ "
in (5-15-1) and (5-15-3) by A;; and [|modifiea(d; )|l

whera

100



)“’i\' = [Imodified (P4 )|

If the elements of the ﬁ‘?’ ~ by == &g’; ~th row
T
. Gi» .. __ Gf)
of the matrix Gf.!} and the ’&1 ~th,-——, ?@m} -th com—

ponents of the vector Ph{; are all zero, we can replace

Ay in (5-15~2) and (5-15-4) by Xi} where
X?'-.i = || modified ( Pij,)"
(as for modified( ), cf. Theorem 3.2.),
Generally, we can replace M;j in (5=15-1) and
(5-15-3) by a positive number A;; such that

t
x®. ) 2
(?‘) Qﬁ(,{“) z My lleih (5-40)

for arbitrary real values of Iiﬁ(ﬁsi,m—-}'m{) and @.¥

8Cs F43e A Continuous-Time System Composed of

First and Second Order Subsystems

5+3.1s Desoription of the System
Here, let us study a composite system given by
Fig. 5.5. (at p. 111), where we assume the functicns

Pi (6',-_) ‘s satisfy the welation (5-6).

* In (5-40), 99 wust be regarded zs an incependent

variable.
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This system is a special case of the system given
by (5-1) = (5-5) (to be accurate, (5=3) must be replaced
by (5-3-a) ), where my=1 for 1=1,---,7 . Here, the
quantities Ai}' , lb.l-}- , G-.l} and Ihij degenerate into
scalors. In this section, we confine our study to the cases
in which /&t} has one of the next forms :
2ij

/9'12-}- (s) = T3 Tij,s (5-41)

1
P = -
1’}(5) 1+2%fj-Tijs+(Ti}S)z (5-42)

Since the connections are all scalor connections in fhis

system, we can use Theorem 5.2. without any loss of the

sharpness. of the stability condition. (of. p. 89) In the
following, let us caloulate the elements of the matrix A¥
of the condition (5-iii+ ) of Theorem 5.2, and express the

stability oriterion with the constants T’b} » 3;1} ” /zij "

5¢3.2. First Order Intrineic Subsystem

Let us calculate the diagonal element a_t.} of the
matrix A" of the condition (5-1ii+ ) for the case in which
the transfer function z&ﬁ (S) of the 7 —th intrinsic sub~

system is given by (5-41)

& () = —— 2t
11 ) 1+ Tﬁs
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where we suppose
The equation describing the i-th intrinsic sub-

system becomes

d_xi‘ i Jl-- Jl..
= — I+t (...x)_}. Ry -43)
d £ Tii 1 Tet (fz. 1 T‘;‘i 1 (5
Therefore
A ..
||(;.||==__3."=
Ty
By putting
- 4
we obtain
Et_.v'i) 2 ( i ﬂ'f‘l- -
=2\~ . + {-x;))
(dlf {5‘43)J111:=O 1 'Tjn T T‘f-' SDE i
2
=3 —T. x:‘ (5-44)
i
_g.%’ci = 2x; (5-45)
1
Therefore, we obtain
2
& = e = %-—-— (5-46)
A R ir

i1
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5.3.3. Seccad Owdar Intrinsic Subsysten

-

#*
qu

ase in uhich tha

»*
Let na calcnlate the diagonal element ;4

in jhe condition (5-iii-t+) for the ¢

travsfer functicn ‘&ii of the i-th intrinsiec subsgysten

is given by (5-42)

Aii

1+.28 .. Trs +(Tis)

"&‘ii (s) =

where wWwe suppose
‘h'-n,"o, -2_7_ >0 .T.h'>o
The equation describing the i-th intrinsic subsystem

bagcomes

T’ii +‘2g"Tn d_,t TXq

= ﬂii ?’i ("xi') +"’L‘ii ¥, {5-47)

Here, by putting

dc;
21"—"5\’.'1: R Zz= Ti-—-.zt_z.‘- (5—48)

the equation of the systom is expressed as¥

%* From hore to eq. (5-73), we ommit the subscript 1 in

order to make the exprassion simplser.
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dz, _ 4 _

dt T °2

AT T T T R Rt p@r 2y

@ =- (5-50)

In the matrix-voctor expression used in Ses. S5ele and

5¢2s4 (5-43) and (5-30) is expressed as

A2
-&}-=Az-:~lbfp(¢r)+6u s c=d%z (5-51)
i
0 = 0
_ T )
A“" *i—& 3 $= ..‘?'_)
T~ T > (5-52)
0O -
C= ..‘.’.z'... > d::( 1 w
F 0
Here, put

1 P3

- a2t
V)= 2 (f’s P2

.
)z AR IOLNCEN

where we supposse

2 {5
P70, p2>0, ppa—p*>0, 6>0 (5-58)
Since C has the special form as given by (5-52), we
can use the first part of the Supplament to Theorem 5.1.

and 5.2, (at p. 100), and ws obtain
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N = ||modified (P)I

;.—.“(; :;) = /P2t ps® (5-55)

modified (d) = (8 ) (5-56)

Therefore, the denominator of (5-15-3) is given by

2

2Vp2+p 2 + (5-57)

Now, by differentiating ¥°(&) along the solution

of (5-51) for Uu=0 , we obtain (of. p. 20 of [3))

dv - -5(2,¢(0)) -y (r- £ ) ps)
- )(5-51),u-.=0 ( )%
< -5(z,p(s)) (5-58)
where
2\ [z
S(2,¢)= (p) Q(q;) (5-59)
Q= Q%= (3a4) k,k"=1,2,3
2P| Pu P2 2%P5) _2p
Tsi_“"T!“*"i'i* R
LI S L L
= L 48 P2 - 2P3 | APz, 8
S T A5 A B
: A
! &
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v>0 (5-61)

Here, let us search the posiiive nuamber M. which
satizfies.(cf. Suprlement to Theorem 5.1. and 5.2, at

p. 100)
S(z2,9) zp lzN* (5-40)

(note that, in (5~40), Z and (¢ are not related by
(5~51) but are independent.) Here, we can vary p, , P2
P3 o V and @ arbitrarily under the constraints (5-54)
and (5~61). The number M’ cannot be greater than %11
nor 3,_2_ y and equal to the minimum of @y and 3-;2 when
the off-diagonal elements of @ are all zero. So, let us
confine our search to the region where the off-diagonal
elements of @ are all zero. By putting the off-diagonal

elements of QA zero, we obtain

v= 22 p, (5-62)
6= 22p, (5-63)
Pi= P2+25Ps (ea)

By (5-54) and (5-61), we have the constraints

£2>0, p;2z0 (5-65)
P2+ 2% 2 s ““?’932 >0
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The number /u’ is given by

. 2 4% 2
/Af-_—_m (‘:‘T— Ps , ".f‘f’a“:}'.‘Pa) (5-66)
To obtain u’> 0, we must keep

1
£s >0, pa> 2% P3 (5-67)

By (5-57) and (5-66), we obtain

. 2 o
a'*“= min (P&) ;P-" ﬁ\S) i (5-68)

Here, let us maximize a*ﬁ under the constraints (5-65)

and (5-67). Putting PZ""'%'RS , we obtain

iy = :ié‘ F({%) (5-69)
. 1 25%~1
F(§)= mwm (‘@Tf" » Vi E ) (5-70)
1 |
e 45 ' (5-71)

EZ-%4+ved
In the interval of (5-71), i/ 1+t%% is monotonic decreas-
ing and (255 -1 )/;/1,+ gz is monotonic increasing.

Therefore, the maximum of F (g) is given by the value

of g satisfying
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. 25 % -1

ﬂ*gz'-Jfﬁ?‘ (5-12)

Therefore, we obtain the maximum of a.“.t-,; as

1

@y = L (5-73)
B Ay ﬁ:(?
sii)

5¢3.4. Connection between Intrinsic Subsystems

Let us calculate the off-diagonal element cl*fa_-
of the matrix A* of the condition (5-iii4). 1In the
case of the system given by Fig. 5.5., the factors of

(5~15-4) are given by
ﬂA-;}" = lA-,J_' , nquﬂ = , szl
ldl=1, l1E4I=1

Here, we are required to calculate the number
2

When the transfer function /& 1}- (S) of the

connecting subsystem is given by (5-41)

- i .
/&ij(S) l+7}j$ R T1}>O

Wwe obtain the equation of the "‘J' connzcting subsystem

as
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ol?ﬁ'
T T ;:yi Tf (C”;x Ay 94 O

Hence, we obiain

ENES iU S LM ERe S

and just in the same way as the case of the intrinsic

subsystem given in 5.3.2., we obtain

Ay 1
Ay Ty

Therefore, we obtain
“*i}' = ‘Az’j.!+ ki ,bi;'l'””*ij_l ( l(ii}“' +R; Mz}").
(5-74)

Likewise, when the transfer function

is given by (5-42)

)&()*

(373

1+2$ T{}s-r T s)"

’ gl} >OJ T!; 7&

we obtain

oy = Al kg Lol gl ol ) (laglrhgity)
(5-15)
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Fig. 5.5. A Continious-Time System Composed of
M  Intrinsic Subsystems
(i,j = 1}-'"';1")

Fig. 5.5.a. The i-th Intrinsic Subsystem

+
P A4(s) > X
‘P:.(tf‘)
9’1(0) O O o, < % (0},#0) (5-6)
lwgl g 25 vyl (5-3-a)

i*1,4xi ¢

Fig. 5.5.b. The Interaction from the j—th Intrinsio

Subsystem to the j-th Intrinsic Subsystem

A‘L} x; t+ bt} 79;(0’ )

Q>
.Zzi.(s)

(%i}:x +'£1f!£?(0}) & 3@;
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Table 5 J1l.a.

‘Table 5.1.b.

Table 5.1, Elements of the Matrix A¥* for

the System Given in Fig. 5.5.

Diagonal Elements

45, (s) X
A i i
1+ Tﬁ S "Lii
A i35 i
i < >
| 1+2%, Tiis+(Tii'5) i of 1+(-g;;)2

ﬂii?o P Tﬁ. >0 ) gii?o

Off=diagonal Elements

A i (s) _ a*.;?‘_
Ry - (lAij"" ®;1byl)
1+ I‘}S —]atjl(‘q.ijl"-&}lhq‘)
' —(JAgl+#51by1) -
1+25,. Ty s4(Tys) ~|ay) ,/1+(-§;;,)1 (lgyl+4; Ihygl)

Ty >0, 5 >0, 4,20
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5.3¢5. Stability Criterion

Theorem 5.3« (Stability Criterion of the System QGiven
in Fig. 5.5.)
The system given in Fige. 5.5. is a.s.i.1. if the

* *
matrix A =(ai}'_) is an M-matrix, i.e,

11 77T Ry
i

a

!

! —

5 |70 A=leea
a

A1 77T T Ay

%
Here, a,j are given in Table 5.1, (This theorem has a

supplement at p. 137)

In this seciion, we calculated the elements a,*,'j
of the matrix A* only for the first and second order trans—

fer functions given by (5-41) and (5-42). It is not so
diffioult to obtain a haphazard value of a*,;j for trane-

fer functions of order 3 or 4, but it is difficult to

maximize them.

Sec. 5.4. Examples of Continuous-Time System

Several examples are given in order to show the

usage of the results obtained in the last section and in

order to study the sharpness of the condition,



EnmEla 5.1.
Consider the system given in Fig. 5.6. where P; (x.i)'g

are functions satisfying (5-6) and 'Fi(x‘i.) 's are funo-
tions satisfying

£.(0)=0,

'F-,;(xi)
ek

£E€; (xi%0) (5-16)

If we replace f;(*i)'s with linear gainms, this system
becomes a special case of Example 3.l.

Let us apply Theorem 5.3. We have
BiiG) = 2,() 5 Ay(s)=0, by =0 (%))

£ 12:-;:1-1 ,J,"‘—'i,-“,ﬂ—i
Aijs f-m iﬂi,j.=?1.

0 for the other pairs of 7 and } > 'i*j

Therefore we obtain the stability condition

"
Tasxe, <1 (5-17)
i=1
wvhere }"i
g 4&1‘,(3)-" 1+ T;s
ATy =

2 f A.(s)= 24
ifirgr A8 TR Tse(ms)

i
As a special ocase of the above system, let us

consider the system given in Fig. 5.7. In this case

the stability condition becomes
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Fig. 5.6. The Block Diagram of Example 5ele

'Fﬁ(xn }

.&“(s)r

Palan)

(Pj_(xi) (Pz(xz.)

" :&1_(5) Z-l 'Fg (xi) I x;‘—‘:'
i
|
I
|

v ‘Fh-l(xn'i) ---------------- j

Fig. 5.7. A Special Case of Fig. 5.6.

' 1
%+ 1% Ts | =

x +
1+ Typs

115



(5-78)

£, &, < 1
This system was studied by Tokumaru & Saito [8] for
5 )
£,(0)=0, 05 —L+— (x) <€, i=1, 2
¢ (x;)=0 1=1,2

and they obtained the same stability condition (5-178).

In the system of Fig. 5.7., let us replaca the
nronlinsar functions f‘.,; (xi) and f{)." (xg) by linear gains
‘F';, X; and ‘-P‘-',, 0, respectively where 'ff; and LP;; ars
constants. Then, the whola sysiem becomes a linear, time-
invariant system. A neceseary and sufficient condition

for a.s.i.l. of the linearizad system is
] <(1vei)L1+97) (5-19)

Therefore, if (5-78) holds, the linearized system is

a.s.i.1. for all f and (] such that
, hd
t1s5& , 97 20 i=1;2 (5-80)

Comparing (5-76) and (5-80), where we regard the both equa~
tions as requirements on the d-o gain of the ocommection,

we see that the region

/ /
< -
fs-8 fos-¢,
is excluded in the nonlinear case (5-1’6)- Main reason of
this difference is the fact that we only consider the abeo~

lute value of the gain of interconnection and neglect the

iz o7 the connsotion.
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Example 5.2.
Consider the sysiom given in Fig, 5.8. where
(fi (_:f,_) and (fz(ﬁ) are functions satisfying (5-6).

By applying Theorem 5.3., we obtain the stability con-
dition

1
1Ps P2l < g 2y #og Koy (5~81)

Here, let us replace Y4 (6'1) and (f’z(ﬂ'}.) by
linear gains (P{q and (,02:’ 6, respectively where
(pi” and (p;_' are constanis. The characteristic equation

of the linearized system is

Fig. 5.8. The Block Diagram of Example 5.2.

2320, T4 20, 2,20 , T, >0

0
AL >
T 0y Xy
&
Q . 2 9, () ’,}
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Tesvrgpi+ 2y 1 Pa
229 Py Tas+R22¢2+1

=0 (5-82)

A necessary and sufficient condition that the linearized

system is a.s.i.l, for all
rd
0P sk, , 0P <4,
is that

1

PiPe é(um)(hzﬁ:) (5-83)
Let us compare (5-81) and (5-83), where we regard both
equations as requirsments on the interconnection constants
P1 and P2 . wWhen XA, & 1 and 2%, 1 (weak feedback
case), the difference between (5-81) and (5-83) is small.
except for the negative values of Py f; , but otherwise the
differénce is pretty great., This example will be studied
again in 5.7.1. (at p. 140), where we obtain a sharper

stability condition.

Example 5.3.
Consider the system given in Fig. 5.9. where ¢4 (0 )

and (P,(0z ). are functions satisfying

Pi(6y) - pu (6)
¢;(0)=0, 0% 16‘7:-0'.,: == 2 Ay (q#r{)
i=1,2 (5-6 )

Here, let us convert the system to the form of Fig. 5.5.

We have the relation
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Fig. 5.9. The Block Diagram of Example 5.3.

L N T
+ 0-1-)5 (Pi '5'1) o&i(b)
o&;_(S)
. A4(s)
0 02 -
+ Soi(‘yz) u’l ﬂq,(S)

Fig. 5.10. A Composite System Equivalent to

the System of Fig. 5.9.

Uz Xa X3
ey
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W = @ 07) = oy (—2¢4-X3)
Wz = 9(67) = P, (-2 -X4)

Therefore, by (5-6+) we obtain
|- g-x4)| 8 &4 lzc|
Juls ~ Pa(-2¢4)| £ £, 12|

Therefore, we can express the system as F:ig. 5.10. where
fugl s £y Ix;;l " lua]é "-221|3-'1!+‘&1]3C3|
U3l £ #2560 +752|5"+, , lugl g ""g’z ELY|

Fig. 5.10, is a special case of Fig. 5.5. where the

constants are given by
m=4
Asa =Asqa =A 2 = Asy =A4s=Ag3=0
A1z = Az1 = Az = %, |
Asa=Asg = Atz = R,

8 = 0

/?Z,-,;(s)--/?l.,‘-(s) , /&ij‘(S)=0 (7+7)

%
Therefore, the matrix A is given by

120



4
A*: "'&i I;*- "'gi 0
1
O -k i h
: §
0 - 0 =
\ 2 2%
where
& 2,0 557
1
A% =
T

{1 \2 A
w(G) A e e
i 1+2%,T; s H{s)
‘Therefore, by Theorem 5.3. we obtain the stability
condition

Ay 2y Ay hy (14270 Y(14af Ry ) <1 (5-84)

Example 5.4.
Let us consider the case when the i-th intrinsic
gubsystem and the interconnection are given by Fig. 5.1l1.,

where cf;:(ﬂ'i) is a function satisfying

i (o3 )
9;(0)=0, K; £ ——= < K{ (6 %0)
0
(5-85)
The block diagram of the system can be transformed as

shown in Fig. 5.12., Then the system is regarded as

121



Fig, 5.11. The Bleck Diagram of Example 5.4.

< ! Q%Q&) < - 0
ACEY ks 63 \
+
'4
w; M O—3¥;;(5) oy >
i AL e
+
CFETEE YNCAC >/&ﬁ(”
Fi Ji?’z a7)

ﬁig. 5.12. A Composite System Equivalent to

the System of Fig. 5.1l.

¢;(oy)
+ QEL (6 Ié—
$; (1) ii“ .

+ .
& K. .
=iy : 63 »
t y +/ I
O O— N
uf e + 11(5) s
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Fig. 5.12. (Continued) A Composite System

Equivalent to the System of Fig. 5.ll.

(A;-‘;-‘K.g {'}’1 ')x.i + #';1- (’0{

()

)
(G7i-KiAji)zi+ hss pils0)

‘2‘3{,1;(5)

o

-+

having the same structure with Fig. 5.5. where

Ajp= Az = Ki 4%
b5= 44

Gii= Gy — Ki kg
Ayi=Agi

A7:(s)
ﬂ.i-,;(S) = 2815

Here ({3(0;) satisfies (5-6)
;=K - Ky
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Seo. 5.5. General Procedure ol Stability
Analysis in Sampled-Data Case
In this section, a procedure of investigating the
atability of the sampled-data system given by (5-7) -

(5-11) will be given.
5.5.1. Stability Criterion

Theorem 5.4.
Consider the system given by (5-7) - (5-11).
Assume
(5~v) that, for each intrinsic subsystem ISS;, we have an
m; —th order positive definite matrix Pj; and an (m;+1)~th

order positive definite matrix Qj; such that

{31:1:(1+1)t Py (1) = 265 (=) P:; x(,c)}(s-7),(5'-8),mi=®
Glau) o
(5-vi) and that, for each connecting subsystem we have a
pair of m”ij,"th order positive definife matrixes Pq’
and Q‘ij. such that

t
F‘ij— P‘lJ'F?'é—P’lj.:—Q

The system is a.s.i.l. if

ij (5-87)

¥
(5-vii) the n—-th order matrix A*=(a{j) is an M-matrix,

t
i.e., the leading principal minor determinants of A
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are all positive (cf. Definition A.l. in Appendix).

Here a"' } 's are given by

+ _ Mg

ot = cz (5-88-1)
M

oty == {lCiAylls &by b e+ 52 aniJH

X(IICH;IH&}- hgH4;1) ﬁ; (5-88—2)
where )lﬁ and )\-,;j‘ are respectively the maximum
' characteristic roots of Py and Pi;_ y and Mi; and

/u.gj_ are respectively the minimum characteristic roots

of @i and Q'[j i

Theorem 5.5.

' Consider the system given by (5-7) - (5-11).
Assume (5-v) and (5-vi). The system is a.s.i.l. if
(5-vii+4) the n—~th order matrix A*‘J (a'*'ia,) is an M-matrix,

where a*"';l- 's are given by
AL

a*ﬁ = s “C“ (5-88-3)
=~ {IAgh 4 bl S U

X("Cﬁj"‘fﬁa‘,llhqu'ﬂd}ll)} ixj (5-08-4)

where Ai{ , )HJ" , Mqi and /11} are as given in
(5-vii) of Theorem 5.4.
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Theorem 5.4. and 5.5. correspond to Theorem 9.1,
and 5.2, in the continuous-time case, respectivelye
Theorem 5.5. is derived from Theorem 5.4. in the same
way as the continuous-time case. Theorem 5.4. is proved
in 5.5.2.

By the above theorems, we can obtain a general
procedure to investigate the stability of the system giver
by (5-7) - (5-11), just in parallel with the continuous-
time case. Concerning the establishment of the condition
(5-v), the literatures [47-50] give useful results.

Eq. (5-87) corresponds to eq. (5-14) in the continuous-
time case, If F‘!'.j. has all its characteristioc roots A

inside the unit circle, i.e, if

IAl < 1

s eq. (5-T7) has a positive definite solution Pi;‘ for any
positive definite righthand side Q.‘-j . (or. [48], [9D)
Here, it must be noted that, in the proof of

Theorem 5.4., we use the norm Np_ defined as the square
root of the quadratic form associated with the matrix P‘ii
or. Fyf (of. eq. (5-91) and (5~95) ). This fact suggests
us to search directly a norm N.E» satisfying (4-i) rather
’ch‘an to search the quadratic form as 'ind.icated in the abov

procedure, In reality, there are several researoches
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to establish the stability of the system (the isolated
'subsystem in our problem) by constructing a norm ﬂlf

satisfying the condition (4-i). [9' 46, 51). For this

purpose such norms as given by

my
Nilorg)= 2w i) 1y >0
or
Nylagy= pmix | ™%l w0

are uged. If such a method can be successfully applied
to the isolated subsystems, it will be more profitable

to use it and apply Theorem 4.1l. than to follow the
procedure described above. The procedure described above
based on Theorem 5.4. and 5.5. is a rather circuitous
way though it has advantages that the establishment of

a quadratic form satisfying (5-86) is related with the
character of the frequency response of the linear part
[46, 52, 53] and that we have a rather general procedure

of establishing the pair of Py; anda @iy [47, 48, 501,

5.5.2. Proof of Theorem 5.4. and a Supplement

Proof of Theorem 5.4. :

In parallel with the continuous-time case, let

us regard the system given by (5-5) - (5-11) as composed
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of m* subsystems, and let us number them with the integer

parameter JE where
L=mx(G-1)+1 (5-89)
for the i-th intrinsic subsystem and
L=nx(i-1)+% i%j (5-90)

for the i"}i connecting subsystem.
First, let us show that the assumption (4-i) is

satisfied. Consider the i-th intrinsic subsystem, and

put
1
ACHER e;* Ppyoe; }* (5-91)
Mg ()= lloesll (5-92)

L=nx(i-1)+1
By (5-86), we obtain

{Nﬂ. (Ii(T*i)) - Nj'. (xi (?))}(5-.7) (5-§), Us=(
pY ] (4

HA

1 (3%(1) )f a;(2) )
2N, (e () \gi (52))) St (w(a,;(—n)
Mit . .
‘2\/—31 I x;(2) || L=n(7-1)+1 (5-93)

Hl\

Therefore, (4-i) is satisfied where

= *——/-uii- A=n(i-1)+1 (5-94)
2YA i
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Consider the i-}' connecting subsystem, and put

=t z
Ny (%;) = {%} ij %} (5-95)
m(%;ﬁ Myl (5-96)
L=n(5-1) +3

By (5-87), we obtain

{31}&*1) P‘L} uj’l}('t"'i) yz;.('?) R}?z}(’ﬂ}(s 11),5,=0
$-yy" Qi Y4j () (5-97)
Therefore, we obtain

{ N (ys;(1+1)) ~ Ny (g4 () f (s-11) y2€i=0

M
% = E/ﬁ% "y’ij-" £=m(—t~—i)+g’, (5~98)
Therefore, (4-i) is satisfied where
Mg
= P : (5-99)
2@ L 4’1(1. i)-!*}

Now, let us show that the assumption (4-ii) is

satisfied. The equations (5-7) =(5-11) can be rewritten
2y (2+1) = Agq 204(n) + byg ¢y (0T, ()
ﬁl{ CiAyj i (04 Ciby gy (4 ey (2))



t
?}i}('ﬂ-.l) = F{J‘_ aij(“t)i‘ Ci'l} sz; (T)thj-cf}(dé Dd:j_(‘t]
(5-101)
Referring to eqs. (5-91), (5-92), (5-95) and (5-96)
which give the definition of Ng and Mg , we obtain

that (4-ii) is satisfied with

Ege =z INCiAGIHIC byl 4511450
RA=m(-1)+7, ,@’:ﬂ(}:-iﬂj, T#7 (5-102-1)

o7 = VAy; I1C; Eggll

L=m(G-1)+7, L=m@G-1)+4 , 745 (5-102-2)
€00 = J)‘@{ﬂ%ﬂﬂl bl 45041}

A=mli-1)+f , L=m(j-1)+1, T%f (5-202-3)

!
E.U’." =0 for the other pairs of £ and l’, yED
(5~102-4)
Therefore, by Theorem 4.1., the system is a.s.i.l.

if the matrix A= (am) is an M-matrix, where

Mg
%00 = 3 /)Tz; L=m(i-1)+§ (5-103-1)
Qgg' = = €4, L%2” (5-103-2)

By Theorem A.3. in Appendix, the above condition is

equivalent to the condition that

130



(5-viii) the matrix A’=(O.’ia;) is an M-matrix where

M4
CL! = ""“_é.""' = | - ' 5-104-1
Eaps .
e LR, 4= m(i-1)ry (5-104-2)

=
The above condition (5-viii) is equivalent to the

condition (5-vii). (This can be proved just in the same

way as the proof of the equivalence of (5-iv) and (5-iii).)

(Q.E.D.)

In the above proof, we can replace the relation

(5-93) with
{ NGy (ee1)) = Ny (a5 (2)) )
= -0y lag; ()

where ’J?ﬁ is a positive number such that

14
C;{)tQii (:::1) 2 Ny {xit P xi}z loc; || (5-105-1)

(5-7),(5-8 Jyu;=0

We can also replace (5-98) with a similar relation.

Therefore, we obtain the mnext supplement.

Supplement to Theorem 5.4. and 5.5.
The number M /A,;J; in (5-88-1) - (5-88-4)

can be replaced by
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Ny

where ). and )“J: are positive numbers which satisfy

(5-105=1) and
t
Vi QY = (AT,
1%}

£y
2

1%l (5-105-2)

Especially, when Q?’J = P’*J‘ , we can put

Mig =V M i (5-106)

Sec. 5.6. An Example of Sampled-Data Systems

In this section, an example of the sampled-data

compogite system is studied.

Example 5.5.
Consider the system given in Fig. 5.13., where the

functions !Pi(tfi ) (‘i=i,2.) satisfy (5-6_), and TS is

the sampling period. The system is desoribed by
xi(t+d) =A;2(0) + 2; (1-Aq ) ¢y (o (2))
+Ri(1-A-,;) Uy (z ) (5-107-1)

i=1,2
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Fig. 5.13. The Block Diagram of Example 5.5,

J’li‘?O, T4>0, 2.>0, T, >0

- o -
—»@g—/ Hold ©7) 1 N
0 + Ts-ﬁl_f_gth__i_ 1+Ty4s =
'Pﬂ.(fi) 1+T,S ;t'
¢i(2)=-xz(7) (5-108-1)
i=1,2
Ug(T) = Pa s (63 (7)) (5-109-1)
Uz () = P1 4 (61(2)) (5-109~2)
Ai= exp (-% 1=1,2 (5-110)

where xq(7) , x2(7), 0;(7) ana 62(t) are the

values of ¢, X2, 064 and 0, at the time
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A=7 TES

The above equations are a special case of the
equations (5-7) — (5-11). The system is composed of two
Subsystems, the first and the second of which are described
respectively by (5-107-1) and (5-108~1) and by (5-107-2)
and (5-108-2). The isolated i-th subsystem (1=1,2) is
a.8.1.1. for any P;(0;) satistying (5-6) if and only if

A;ky (1-Ag)-A; <4 (5-111)

In the following, let us assume (5-111) for both subsystems.

First, let us use Theorem 4.l. Put
Ni(axs) =My () =] x;) i=1,2

Then, the assumption (4-i) is satisfied where

2A;
1-A; g0y < 1_;{
V= (5-112)
1+A;- '&ij{-i (i“Al) 245 < ’giﬂi < 2‘_:_&!-

1-A;
The assumption (4-ii) is satisfied where

Eia=24(1-A1) £, |P,]
€a1= 22 (1-A,) A, 1741

Therefore, we obtain the stability condition

1-A;
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1 ¥z
224 2y (1-A1)(4-A,)

where ¥7 and Y3 are given by (5~112).

IP1f2l 2 277 (5-113)

Now, let us apply Theorem 5.4. to the above system.,

We can easily obtain

x: {7 i)l— X z
{ (T 7 () }(5_/07_,:)) ($-/08-7 ), Us =

< —21! x;(2)?
/- Yo
T =nd-3) <%

where B’.’i are given by (5-112). Therefore, by Theorem 5.4.
we obtain the stability condition
Y, ’
TAAE b
Igi ‘&g_/ti /?,_2 (i"'Ai ) (i_/qz)

The condition (5-114) is more conservative than

(5-114)

the condition (5-113). This is because, in obtaining

(5-114), we passed the unnecessary step of constructing

a Lyapunov function of the quadratic form. This example

shows that Theorem 5.4. is not recommendable if we can

construct a Lyapunov function of the "norm" type directly.
This example will be studied again in 5.7.2. (at.

p. 141), where we obtain a less conservative condition.
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Szc. 5.7- Improvement of the Stability Criterion

In this section, it is shown that the stability
condition obtained in the preceding sections can be
improved by use of general positive functions M-i(x{) in

place of [|x£;l] as indicated in Theorem 3.2. or 4.1,

5.7.1. Continuous~Time Case (Supplement to Theorem 5.3.)
In crder to obtain Supplement to Theorem 5.1. and

5.2., we used already Theorem 3.2, But, there, we only

used the replacement of Vi?fii with modified(vi [ ),

and we did not apply thz usage of general positive definite

functions Mi(3€i), 1f we examine a little carafully

the assumption (5-i), we can see that it is possible to

induce the relations (3-2-g), (3~3~g) and (3-4~-g) vy

using the functions M;(>€i) of the form
At \ oy
My (xg) = {(;;:) R4 (J(;:) }* (5-115)

where R-{ is a positive semi~definite matrix. Therefore,
if we can assure that Mi(%€;)'s given by (5-115) are
pogitive definite, we can apply Theorem 3.2. We have
much possibility of obtaining better (less conservative)
stability criterion by the use of M¢(¢;) as given by

(5-115). However, it is tremendously difficult to find
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out generally the best M;(oe;) among all possible My(ati)'s
so that we can obtain the least conservative stability
criterion. Therefore, here we make only one trial to

improve the stability criterion by using a special

b4i(9¢i), and we confine our study to the cass in which

the system has the form as given in Fig. 5.5. and the
transfer function of the intrinsic subsystem is the first

order one given by (5-41).

Supplement to Theorem 5.3.

In the system of Fig. 5.5., assume that, for a

certain value of 7 , we have

A
ﬂ1-(5)=.._.__...3.3-—-—- A")O}T)O
1l 1+ T{-;S 17 - )
Pi(6:) %0 for ;%0 (-0
o
S;‘Fi(ﬁ)d‘% —> 00 for |6i|—>00 (5-117)

Aji=G4:=0 =1, m; %1 (5-118)
Then, the element aﬁ{{ in Table 5.1l. can be replaced by
* Y
@'y = g tRe (5-119)
Proof : First note that the value of 1 is fixed through-

out this proof.

137



Put

‘V.},(xi) - So 1()0(5:) d§ (5-120)
M; (eq) =é—. H’(“xijf (5-121)
KA

By (5-117), the function ¥y (3¢;) satisfies the relation
(3-1), and by (5-116) the function M;j(2x;) is positive
definite. In order to prove the supplemant, we must refer
to 5.2.2, (Proof of Theorem 5.l.), 5.3.2. (First Order
Intrinsic Subsystem) and 5.3.4. (Connection between
Intrinsic Subsystems). To prove the supplement, first

we show that, for the i-th intrinsic subsystem,

-—---dvi) £ s A 1 .

Riligg, 1 }
o4 -(5"43),1;{1:: 0 = T?:i (ﬁ‘&-}- 23 ) Mi(xtf— (5-122)
VY
g | = %y M;(;) (5-123)

hold in place of (5-44) and (5~45). Then, we show that
the interaction from ﬂ.‘! ~th (ﬁi_-_-m(i-i)-l-i) subaystem
to the £-th (,2-.-.-.1,---,%2; L% L4) subsystem is evaluated:

by_ the relation
“ﬁiﬂi(xi,t)" = 8111 M‘i (xi) (3-4-g)

where &, j;a are same as given by (5-35). By these
relations, we can easily conclude the supplement just

in the same way as the proof of Theorem 5.1, and 5.3.
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By differentiating (5-120) along the solution of
(5-43), and considering the relation (5-6), we easily
obtain (5-122). The relation (5-123) is evident from

VY

25 = P -xq) (5-124)
Next, let us consider the interaction from the i-th
intrinsic subsystem to the other subsystems. The inter—
action to the j=th intrinsic subsystem (Jj#i) is given
by the term 4}1 (,0-‘," (--xi). Therefore, the relation

(3~4-g) holds where
Ega, = #5144 (5-125)

.2:-41(;2—1)4(}' , T, Ly=mli-1)+7
The interaction to the ‘i-j connecting subsystem (j.# 1)
is given by the term ﬁ,}‘ (fi (-—xi). Therefore, the

relation (3-4-g) holds where
= p .. (5-~126)
5221 - j&z Hi;.z'

A= m(}-i)-r{ ) J'* 1,41= nl1t-1)+1
If we note (5-118), we can see that the value of Ei'ei

given by (5-125) and (5-126) are same with the values

given by (5-35). (Q.E.D.)
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Here, in order to show the effectiveness of the

above supplement, let us consider Example 5.2. again.

Example 5.2. (ocontinued)

Let us use the Supplement to Theorem 5.3. Then,

instead of (5-81), we obtain the stability condition
1 4 1
| Py pal < ()}_}""51)(41"'&1) Y

1
= (i-i'}i;__,&;)(i‘l‘ /l.ziﬁz ) (5-127)

If we compare (5-127) with (5-83), we see that the con-
dition obtained here differs from the condition for the

linearized system only by the region

f’ifz.é -(i+-};;i—,,;)(i+,z:£2) (5-128)

This is a great improvement compared with the condition

(5-81), The reason of the success of the application of
Supplement to Theorem 5.3. to this example is that, by

use of the supplement, we can utilize the peculiarity of
the structure of the system that the interactions depend

only upon the factor (;(673 ).

In this section, we only made a restricted trial
to improve the stability criterion by use of the funotions

ﬁ4i(35£) given by (5-115). The results obtained here show
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that this kind of trial is very effective when the inter~
action depends only upon the function goi (0"{). The
discussion made here can be extended to the cases of

second or higher order transfer functions though the

results become rather complex,

5.T7.2. Sampled—-Data Case

The same kind of improvement as stated in 5.7.1l.
can be made also in the sampled-data case. Here, let us
study Example 5.5. again and see that the stability con-
dition is improved by use of general positive definite

functions P1i(ﬁti).

Example 5.5. (continued)
First, let us assume the same condition (5~116)
employed in Supplement to Theorem 5.3.

Pi(6:)% 0 for 63 %0 (5-116)

Let us apply Theorem 4.l. by putting

Ni(xi) =]ocg) , My () =]9i(61)] (5-129)
Then, the assumption (4-i) is satisfied where
1 Ai
(i‘Ai)(J‘i*'E) "zi’&iég—:}q';.‘“
= 1+As Ai 134y (57130)

A:(1-A3) 1A<x.&<

&1’ j. Az
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The assumption (4-ii) is satisfied where

£, =2, (1-AL) |Pal

€g1 =25 (1-A2) |P4]

Therefore, we obtain the stability condition

R
Ayang (1-A)(1-AL)

where ¥; and ¥, are given by (5~130).

[Py Pal < (5-131)

Here, let us compare (5-113) and (5-131) for the

case
!4.
Aol ot ey 5
In this case, the condition (5-113) becomes
|P1 P2] < : (5-1131)
Ny Ry kytoy
and (5-131) becomes
1 1
pefe) < (g, 1+ 5%) S

Clearly, the condition (5-~131) is less oconservative than
(5-113).

From the result of the above example, we can guess

that the functions M;(;) of the type
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4‘?11:

A\ = ’ ’

My (Ge1) Ei Mig 1% ial+ M7 1 (63)] (5-133)
!
b1igt 25()‘, qur'g 0
or of the type

Ms (oeg )= mex (Miglxigl, Mi lps(oi) 1) (5-130)

&=1,--~,m; 5 Mipz0, M%20

may contribute to the improvement of the stability con-

dition.
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Chapter 6 Conclusion

Some remarks on the main theorems of Chapter 3
and Chapter 4 will be made in the first section. Then,
remarks on the practical application are made. Lastly,

main results and future problems are summarized.

Sec. 6.1. Remarks on the Main Theorems

First, Theorem 3.1. (the main theorem in the continuous'
time case) and Theorem 4.1l. (the main theorem in the samnpled-
data case) are compared. Then, possibility of obtaining a

less conservative condition is discussed.

6.1.1. Gomparison of the Main Theorems

Theorem 3.1. (at p. 17) gives a stability condition
for continuous—time composite systems and Theorem 4.l.
(at p. 54) gives a stability condition for sampled-data
systems. In both cases, the stability condition is ex~
-pressed as a requirement that a certain matrix.A be an
M-matrizx. The matrix A is given in a similar formula
(egs. (3~5) and (4-5) ) in both cases. Especially, if
a quadratic form Lyapunov function is given for each sub-
system, the stability conditions of both cases have a

same form as given by eqs. (5-15) (at. p. 88) and (5-88)
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(at p. 125). Thus, the results of the two theorems have
a similar property in common.

However, the two theorems differ in their assump-
tions (3~i) and (4-i). 1In (3-i), the Lyapunov function
W (5c;,4) ocan have an arbitrary form under the con-
straints (3-1), (3~2) and (3~3) (or (3-1), (3-2-g) and
(3-3-g) by Theorem 3.2.). On the other hand, in (4-i),
the Lyapunov function M (5¢;) must be a norm (or, by
Theorem 4.2., & positive definite function satisfying the
triangular inequality (4-20) ). The above difference
has its origin in the schemes employed for the proofs
of the two theorems. 1In the proof of Theorem 3.1. (i.e.
the proof of Lemma 3.l. at p. 26), we use the positive
definiteness of a quadratic form to establish the negative
definiteness of the derivative of the funciion L/(JE)
given by (3-23) along the solution of the composite system.
In order to obtain this quadratic form, the relations
(3-2) and (3~3) are necessary (of. p. 26). On the other
hand, in the proof of Theorem 4.1l. (i.e. the proof of
Lemma 4.1. at p. 58), we separate the interaction terms
by the other subsystems from the self-restoration term
of the i—th subsystem in the difference of N(>¢) given
by (4-14) along the solution of the composite system,and

by this separation we establish the negative definiteness
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of the difference., For this purpose, the triangular
inequality is necessary.

The above two schemes of the proofs are respectively
related with the essential characters of the continuous-
time and the sampled-data systems, and it is difficult
to exchange the schemes, In reality, the norm N(x)
given by (4-14) is not differentiable at x;=0 (for
some i ) with respect to the components of ¢ . This
caugzes a2 difficulty in using ﬁ/(ﬂﬁ) as a Lyapunov func-
tion of the continuous~time system giveii by differential
equations (of. [35]). On the other hand, an represent—
ative example of the function ¥ (£, %) satisfying
(3-i) is a quadratic form of 3€;- If we use a quadratic
form vt-(xi,,t) of 2¢; as a Lyapunov function of the iso-
lated subsystem in the sampled-data case, we will have
many cross-terms of the interactions by the other subsys-
tems in the difference of the funntionz&ﬁ!@;t)aloug the
solution of the composite system. This causes a diffi-
culty in establishing the negative definiteneas of the
differsnce of V(x,i‘) given by (3-23), which is necessary

to establish a.s.i.l. of the composite system [33].
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6¢l42. On the Possibility of Less Conservative
Stability Conditions

The discussion of this item is mainly motivated
by the theoretical interest. In the following, we show
that the condition (3-iii) of Theorem 3.l. and the con-
dition (4~iii) of Theorem 4.1l. are respectively the
sharpest stability condition which can be given with the
information contained in (3-i) and (3-ii), or in (4-i)
and (4~ii),

First, let us consider Theorem 3.1. In Theorem 3.1.
the stability condition (3-iii) is given only using the
information given by (3-i) and (3-ii). In other words,
only by knowing the existence of the functions v&(ﬁﬁf,atJ

cxi(ﬂzcin) and fSi(“Jmiﬁ) and the values of the constants

)

1
system by the condition (3-iii). Here, we naturally

' Si and é‘ij. , we can establish a.s.i.l. of the

have a guestion : "Can we obtain any other stability
condition, which uses only the information given by
(3-i) and (3-ii) and which is lese conservative than

the condition (3-iii) 7" The answer to this question is

negative, as shown in the followings

Proposition 6.1.

Let (9] a set of conditions on positive numbers
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6’1; i 5.5(1' = i,-—--—,‘n) and 6:.3:}*_ (t',di= i,----)ﬂ;i#j).
Asgume that the satisfaction of Q implies a.s.i.l. of
any system described by a set of differential equations
of the form (2-1) which satisfies the assumptions (3-i)

and (3-ii). Then, S implies (3-iii).

Proof ¢+ Consider the simplest linear system with positive

connections given by (3~6) and put

=-J%_ - B pagw
Ly = 5,7 0 L= &y U305 1787, €550 ()
By putting
i * 2
‘Z};:(xi,,f)::-z— 6; x; (6~2)

the simplest linear system with the coefficients given
by (6-1) satisfies the assumptione (3-i) and (3-ii),

where

»* *
r;:_-_-_a’i P 51:: i 5 E.. ] a’f. (6"'3)

Here, assume that 52 is eatisfied with the values
of ‘(‘ , Si and 52} given by (6=3). Then, by the assump-
tion on 52 y the simplest linear composite aystem with
the coefficients given by (6~1) is a.s.i.l. Therefore,
by the fact that (3~iii) is necessary for a.s.i.l. of the

simplest linear composite system with positive connections

(at p. 19), (3-iii) is satisfied with the values of ¥, &
and 51"3-' given by (6-3). (Q.B.D.)
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The above proposition tells that the condition
(3~iii) is the sharpest stability condition which can
be given with the information contained in (3-i) and (3-ii).

In the same way, we can prove the next proposition

on Theorem 4.1.

Proposition 6.2.

Let 52 a set of conditions on positive numbers
T, 81 (A= 1,“——,%) and 5.,:6; (i,}:i,---, nii¥g)
Assume that the satisfaction of $2 implies a.s.i.l. of
any system described by a set of difference equations of
the form (2-9) which satisfies the assumptions (4-i) and

(4-ii). Then, S2 implies (4-iii).

Sec. 6.2. Remarks on the Practical Application

The results obtained in the preceding chapters can
be applied for the investigation of the staability of
multidimensional nonlinear systems only if we can construct
a composite system model as given %n Chapter 2 and if the
individual subsystems contain only a few nonlinearities.
Here, it is not always necessary to construct a composite
system model in a narrow sense as given by eq. (2-1)
(at p. 10) or eq. (2-9) (at. p. 14), but it is enough to

construct a composite system model in a wide sense as
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given by eqs. (3-40) and (3-41) or by egs. (4-29) and
(4-30). (of. 3.4.1. in Sec. 3.4. at pp. 34~38 and also
of. 4.3.2. in Sec. 4.3. at p. 67) For a system of
engineering interest, it is almost always poasible to
construct a compositeé system model in a wide sense if

the nonlinearities appearing in the connecting part sat-
isfy the property (3-38) (ef. 3.4.1l. in Sec. 3.4. and
Example 5.3. at p. 118. Note that eqg. (2-~38) is same
with eq. (5-6+4).) In this sense, we can say the results
obtained in the preceding chapters can be applied %o com-
plex multidimensional. nonlinear systems of engineering
interest quite generally, and that there is not a great
restriction on its application.

In the following, as a. typical example of the
practical application of our theorems, we study the multi-
level and decentralized control methods of a large scale
system in a little detailed manner.

In controling a large scale system, it is desirable
to construct a centrali?ed control system¥ from the stand-~

point of optimizing the overall performance of the

* Here, we refer to a case with the word "centralized
control" if all the actuators involved in the system are

operated by one central computer.
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system. However, the centralized control system is not
always profitable if we consider the cost necessary for
the construction of a complete communication system
connecting all actuators and observers to the central
computer, the requirements on the ability of the central
computer and the trouble which might be caused by a
failure in the communication system or in the central
computer. Hereby, we arrive at the "multilevel control™
method where we adopt some decentralization of the
control. [62]

For instance, the two-level control system can
be figurized as Fig. 6.1. Here, each lower level
controller C; controls the input % ; only by observ~

ing Y;. The higher level controller Co determines

Fig. 6.1. A Two~Level Control System

Higher Level Controller Cp

I\

Lower Level Col o o Ca
Controllers Ci o

Yal Uy ke

Uy

Controlled System
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periodically the reference values and possibly some
parameters of the lower level controllers by using all
the information obtained about the system. In such a
two-level control system, the lower level controllers
work for the appropriate operation of the system in a
short period and for the local optimization of the systenm,
while the higher level controller is responsible for the
overall optimization of the system. Considering such rolls
of each controller, it is desirable, and often necessary,
to design the system so that the system is stable even

if the higher level controller is removed and the control
of the system is left to the lower level controllers.

This assertion is also verified by the consideration of
the facts that the higher level controller must make

a compiex calculation and that, therefore, the higher
level controller requires comparatively Iong time for
computation and has more possibility of faults.

For the study of such stability problems, which
appear in multilevel control systems as mentioned above,
the results obtained in the preceding chapters will be
greatly helpful. 1In reality, if we regard each lower
level controller together with some corresponding part

of the system as one subsystem, we obtain a compoeite
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system modsel for a multilevel control system. Then, our
theorems can give a stability condition and an estimate of
the transient behavior of the whole system. Especially,
the latter result will be useful not only for the analysis
but also for the synthesis of the system.

The multilevel control method can be understood as
a hybrid of the centralized control strategy and the decen~
tralized control strategy®. Thereby, the multilevel control
method includes a variety of cases according to the fre-
quency of the instructions given by the higher level con-
troller. If the higher level controller gives instructions
very often, the system becomes near to the centralized
control system, and if the higher level controller gives
instructions very rarely, the system becomes near to the
decentralized control system.

As an example of practical problems, for which

the multilevel control method is proposed in variety

* Here, we refer to a case by the word "decentralized
control” if the actuators and observers in the system

are devided into several groups and actuators belonging
to one group: are controled by an individual computer which

operates only knowing the values obtained from the observers

Y

of that group.
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of forms, we can refer to the voltage and reactive power
control problem in the electric power systems. For this
problem,several authors have proposed variety of strategy
from a purely centralized controcl method to a decentral-
ized control method [54-61]: In this case, if we

adopt a decentralized control strategy, the stability

of the whole system becomes an important problem [58—60].
The method of composite system stability analysis proposed
in this thesis was really applied to the stability pro-
blem appearing in the decentralized control of the power
system voltage and reactive power,and helpful results

were obtained [33].

Sec. 6.3. Main Results and Future Problems

Let us summarize the main results obtained in the
preceding chapters and list up the problems remaining
unsolved.

In Chapter 3, we obtained Theorem 3.1. (at p. 17)
which gives a stability criterion for continuous-time
composite systems. The theorem gives the stability cri-
terion in a very simple form that the principal minor
determinants of a certain matrix A be all positive.

The theorem can be interpreted as a mathematical expression

of the assertion : "if the individual subsystems are
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stable and if the interconnection among the subsystems
is sufficiently small compared with the stability of the
subsystems, the whole system is stable.”

In Sec. 3.1., it was shown that Theorem 3.l. gives
a necessary and sufficient condition for a certain type
of linear system, i.e. the simplest linear composite sys-
tem with positive connections (defined at p. 19). In
Sec. 3.2., the assumptions of Theorem 3.l. were weakened
(Theorem 3.2. at p. 28). In Sec. 3.3. the theorem is
compared with the result previously obtained by Bailey
{17] and it was shown that Theorem 3.1, generally gives
a less conservative condition than Bailey's theorem.

This fact was exemplified in Sec. 3.6. by Example 3.2,

(at p. 49). 1In Sec. 3.4., Theorem 3.1l. was generalized
to the case in which the interactions to individual sub—
systems are nonlinearly superposed (Theorem 3.4. at p. 36)
and also to the case of the stability of an invariant

set (Theorem 3.5. at p. 38).

In Chapter 4, we obtained Theorem 4.1. (at p. 54)
which gives a stability criterion for sampled-data com-
posite systems. This theorem has a similar form and
interpretation as Theorem 3.l. in the continuous~time
case. In Sec. 4.l., it was shown that the theorem gives

a necessary and sufficient condition for a certain type
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of linear sampled-data system, i.e. the simplest sampled-
data composite system with positive connections (defined
at p. 57). The assumptions of Theorem 4.l. are weakened
in Sec. 4.2. (Theorem 4.2. at p. 61) In Sece 4.3.,
Theorem 4.1, is generalized to the case of systems with
irregularly operating controllers (Theorem 4.3. at p. 64),
to the case in which the interactions to a subsystem are
nonlinearly superposed (Theorem 4.5. at p. 67), and alsc
to the cage of the stability of an invariant set

(Theorem 4.6. at p. 67).

The %wo theorems mentioned above, i.e. Theorem 3.l.
and 4.1., together with their generalizaftion enable us to
‘investigate the stability of complex multidimensional
systems with many nonlinearities in a systematic way.

In order to investigate an engineering system by applying
the above two theorems, first we must construct a composite
system model of the engineering system (of. Sec. 6.2.).

If we obtain the composite system model in the narrow sense
as given by egs. (2-1) or (2-9) (Chapter 2, at p. 10 and 14)
or the composite system model in a wide sense as given by
eqs. (3-40) and (3-41) (at p. 36) or egqs. (4-29) and (4-30)
(at p. 67), we can know the stability property of the whole
system by investigating the individual subsystems and the

conneotions among them,
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In Chapter 5, the above procedure of stability
investigation was carried into execution on a system
composed of subsystems containing a single nonlinearity
(Theorem 5.1. and 5.2. at p. 87 and Theorem 5.3. and
5.4. at p. 124). Especially, a continuous-time system
composed of first and second order subsystems was inves-
tigated in detail in Sec. 5.3. and 5.7- Theorem 5¢3.

(at p. 113), together with its supplement (at p. 136),

gives a straightforward stability criterion for such a
gystem as composed of first and second order subsystems
containing single sector nonlinearity (Fig. 5.5. at p. 111).

The studies on the simplest linear composite system
in Sec. 3.l. {(at p. 19), on Example 3.2. in Sec. 3.6.

(at p. 49) and on Example 5.1. and 5.2. in Sec. 5.4. and
5.7. (at p. 114, 117 and 140) show us that Theorem 3.1,
gives a pretty sharp stability condition, if carefully
used, except the point that it negleots the phase-
shifting effect (er, in a simpler word, the sign) of the
interconnection. The consideration in 6.1.2. of Sec. 6.1,
shows that Theorem 3.l. is the sharpest condition which
can be given with the information ocontained in the
assumptions (3~i) and (3-ii). Theorem 4.1, has a

parallel property.
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In addition to the investigation of the mere
stability of the system, Theorem 3.6. given in Sec. 3.5.
(at p. 39) and Theorem 4.7. given in Sec. 4.4. (at p. 69)
enable us to obtain an explicit estimate of the damping
coefficient (or the decaying factor) of the system.

Thus, by the researches reported here, we have
attained a systematic way of investigating the dynamical
property of complex high~dimensional systems containing
many nonlinearities, which were diffioult to be analyzed in
general before. However, the following problems are
still remaining to be solved in the future.

First, Table 5.1l. given in Sec. 5.3. (at p. 112)
only provides constants for first and second order
transfer functions, To enlarge this table for more
complex transfer functions is a work to be done in the
future. Second, concerning the estimate of the transient
behavior of the system, we did not calculated out any
conorete results except Example 3.1. (a$ p. 47) and
Example 3.2. (at p. 49). 8o, to provides constants for
the calculation of the estimate of the transient behavior
of such a general system as given in Fig. 5.5. is left.
Third, it may be interesting to add some new assumptions
and to try to induce a sharper stability condition for

composite systems. Finally, though it is not so important
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from practical viewpoint, it is theoretically interesting
to look for a smaller or the smallest necessary and
suffioient set of conditions that the matrix A be an

M-matrix. (of. Appendix, Note 1)
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Appendix M~-Matrixes

Definition A.1.

An n-th order square matrix A=(Q,;é_} is said an
M-matrix if and only if its off-diagonal elements are all
non-positive

a;,50 %] (A-1)
(4-0) and its leading principal minor determinants are

all pesitive

Qyg ~==Cgp

D‘QE: : o ;&:i’—-——)’n (A-2)
| i

Qpy---04p

Concerning M-matrixes, we have next theorems.

Theorem A.l .

Let A=(a{j_) an n~-th order square matrix with
non-positive off-diagonal elements. Consider the linear

equations associated with the matrix A'.;
Ax=¢ (a-3)

Ay = d (A-4)
Any of the next conditions (A-i) - (A-vii) is a necessary

and sufficient condition that A be an M-matrix.
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(A-i) The principal minor determinants of A are all
positive.
(A-ii) There exists a vector ¢ = (Ci ===, Cn )twith
positive components ¢, }O,—--, C,>0 such that eq. (A-~3)
. - t
has a solution X =(x,~--,%, )" where %420, -, x>0
(A-iii) There exists a vector € = (Cy,==-,Cn )twith
positive components Cyg >O,‘"",Cn>0 such that eq. (A-3)
y - t
has a solution 3¢ -(xi,---—,xn )" where X, 20, - 0.2 Qs
(A-iv) There exists a vector ol = (dy,--~, dx )twith
positive components d.z 70,---, d‘n>0 such that eq. (A~4)
t
has a solution Y = (‘51 5" "3 Yn ) where Y4 >0.""‘,§¢n> 0.
(A~v) There exists a vector d = ("(1,“‘, 7: )twith
positive components di >O,—~-,d“>0 such that eq. (A=-4)
. U3
has a solution Y= (Y1,~==3Yn ) where Y12 0,~--, Yn20,
(A~vi) The matrix A is non-singular and the elements of
A'i are all non-negative.

(A=vii) The real parts of the characteristic roots of A

are all positive.

Theorem A.2.

If we increase an element of an M-matrix so as to
keep the sign of the element unchanged, the value of any
principal minor determinant does not decrease.

Let A=(ﬂij,) and A’=(ﬂ.‘f,;j,) a pair of n-th order
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matrixes with non-positive off-diagonal elemente which

satisfy the relation
) /

Then, if A’ is an M-matrix, A is an M-matrix.

Theorem A.3.
If we multiply a row (or a column) of an M-matrix

by a positive number, we obtain another M-matrix,

The proof of Theorem A.l. is in Nikaido f63,64]
and in QOatrowski [42, 43]. Theorem A.2. is proved in
Ostrowski [42]. Theorem A.3. is rather evident from the
econdition (A-ii) or (A-iv) of Theorem A.l.

The above theorems have close relations with
Frobenius-Perron's theorem (p. 278 of (22], p. 100 of [63],

p. 120 of [64]) on non-negative matrixes.

Theorem A.4. (Frobenius and Perron)

Let B"""('s'ij,) a non-negative square matrix (a square
matrix whose elements are all non—negative). Then, B has
a non-negative characteristic root Ag which has the
following properties.

(A-viii) The absolute value of any characteristic root wg
of B is not greater than Ag.

(A-ix) A non-negative vector -:(xi,---, 2 )t (a vector
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whose components are all non-negative) is associated

with the characteristic root Ag , i.e,

Bax =g L0 ;5 %120,",,20 (a-5)
(A-x) Put
A=pI-B

The matrix.A is an M-matrix if and only if

p>Ag

(A-xi) If there is a non-negative vector Y such that

SY2AY .,y

then
Ag 2 M
Here, the inequality between vectors means that the

inequality holds for each pair of corresponding

components,

Definition A.2.
The characteristic root,ls of a non-negative
matrix B described in Theorem A.4. is said the Frobenius~

Perron root or dominant characteristic root of B.

The next theorem on M-matrixes is derived from the

Frobenius-Perron's theorem.
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Theorem A.5.

Let Az(a{}) an M-matrix. Then, A has a positive
characteristic root }\A which has the follcwing property.
(A~xii) Let Wy a characteristic root of A and let P

the maximum element on the main diagonal of A « Then,

W
and

IP"’“A' -4 P ")\A
Especially,

RQ(NA) = )\A

Definition A-3l
The characteristic root )\A of an M-matrix A

described in Theorem A.5. is said the minimum characteristic

root of A "

Note 1 :
The inequalities (A~2) are not mutually independent

under the assumption
@;; >0, Ay 50 (i%3) (a=6)
For example, suppose M= 3. Then, we can induce

D, >0

from the inequalities
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D, >0
and (A-6). (cf. footnote 3 of [34]) Therefore, in order to
establish the condition (3-iii) of Theorem 3.1. or the
condition (4-iii) of Theorem 4.1., it is not necessary to
examine all the inequalities of (A-2), since (A-6) is
guaranteed by the first two assumptions of the theorem. The
problem of finding a smaller or the smallest set of inequal=-
ities, which is necessary and sufficient that a matrix f\==(a{j

satisfying (A-G) be an M-matrix, is open.

Note 2 :

The term "M-matrix" is due to Ostrowski ([42], (431,
pP. 259 of [22]). At first, Ostrowski defined an "M-determi-
nant" as a determinant with non-negative off-diagonal elements
whose principal minor determinants are all non-negative, and
he called an M-determinant "essential™ if its value is not
zero, i.e. positive and "non-essential" if its value is zero.
[42] Later, he used the terms "M-matrix" and "essential M-
matrix" in the same meaning.[43] With those terms, he meant
such a matrix,the determinant of which is an essential M-
determinant in the sense defined in [42]. Here, according to
Bellman [22],we define an M-matrix by Definition A.l., which
is, in the result, equivalent to the definition of the M-

matrix (or essential M-matrix) given by Ostrowski in [43].
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Nikaido did not use the term "M-matrix", and he
identified this kind of matrix with the adjective phrase
"non-negatively invertible", whioh means the property

of (A-vi).

Note 3 :

The proofs of the above theorems are found at the
places given in the following. As for Theorem A.l., the
equivalence of (A-0), {A-i), (A-iii), (A-v), and (A-vi)
under the assumption (A-1) is proved as Theorem 6.l. and
Theorem 6.2. a pp. 90-96 of [63). The equivalence of
(A-iii) and (A-ii) is mentioned in the first part of the
proof of Theorem 6.1, at p. 91 of [63]. The equivalence

of (A-vi) and (A-vii) under the assumption (A-1) is proved

as Application 3 at p. 105 of [63]. Theorem A.2. is proved

as Theorem II at p. 71 of [#2]. Theorem A.4. is proved as
Theorem T.l. at p. 102 of [83]. Theorem A.5. is mentioned

in Application 3at p. 105 of [63].
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