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Threshold odd solutions to NLS on the line

By

Takahisa INUT*

Abstract

This is a résumé of our previous paper [10] for the global dynamics of the threshold odd
solutions to the nonlinear Schrédinger equation on the line.

§1. Introduction
We consider the following nonlinear Schrédinger equation on the real line:

i0wu + O2u+ [ulP~lu =0, (t,z) € lxR,
- : ul ()
U(O,%) = UO(x)7 r € R,

where u = u(t,z): I x R — C, up is a given function in H'(R), and p > 5. It is well
known that (NLS) is locally well-posed in H'(R). Moreover, the energy E and the mass
M, which are defined by

1 1 o
E(u) = Z|[u'll72 - ) lullf5is and M(u) = [lul?z,

are conserved. Here, v’ := d,u. A blow-up alternative holds, that is, if the forward

maximal existence time T.y is finite, then limy_,p o ||u/(2)| 2 = co. See e.g. [4].

max

For more general NLS

(1.1) i+ Au+ |ulPlu =0, (t,z) eI xR?
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2 TAKAHISA INUI

with w(0,z) = uo(z) € H'(RY), where d € N and 1 +4/d < p < 2* — 1 (2* = oo if
d=1,2 and 2* = 2d/(d — 2) if d > 3), let us recall the results of the global dynamics.
Let @ be the ground state, that is, the least-energy, radial, positive solution to the
nonlinear elliptic equation:

~AQ+ Q- QP =0inR%

Below the ground state @, we have the following scattering or blow-up (grow-up) di-

chotomy result. Let s. := g — ]ﬁ.

1—

Theorem 1.1 ([7, 1, 8,5, 9]).  Assume thatM(uo)%E(uo) < M(Q) E(Q)

(1) If |luoll ;=™ < leQlE*Ive
directions.

(2) If Juoll 2 [ Vuol 5 > QI 2% IVQ
or grows up in both time directions.

VUO

72, then the solution u scatters in both time

72, then the solution u blows up in finite time

Here, we say that u scatters in positive time direction if there exists ¢, € H'(R?)
such that ||u(t) — eit@igp+||H1 — 0 as t = +oo and u grows up in positive time if u
exists on [0,00) and limsup;_, .., [[Vu(t)| > = co. In the case of (2), if we additionally
assume that uo is radially symmetric when d > 2 and p < 5 or that zug € L?(R?), then
the solution blows up in both time directions. We note that it is not known whether
grow-up actually happens or not.

On the other hand, another global behavior appears in the threshold case. That
is, there exist solutions of (1.1) converging to the ground state as follows.

Theorem 1.2 ([3]).  There exist two radial solutions UL (t) in H'(R?) such that

e M(UT) = M(Q), E(UT) = E(Q), UT exist at least on [0,00), and there exist
C,c > 0 such that |[UT(t) — e Qg < Ce™ fort >0,

e |[VUT(0)||r2 > [IVQ|lL2 and U blows up in finite negative time,
o [VU(0)||12 < |VQ| 12 and U™ exists globally and scatters backward in time.

Moreover, we know the global dynamics on the threshold.

1—

Theorem 1.3 ([3, 11]).  Assume that M(uo)%E(uo) = M(Q) = E(Q).

(1) If luoll 2 [Vuollzz < QI 2> V@
either u scatters in both directions or w = U™ up to symmetries of the equation.

2 = 1Ql="Ive

7%, then the solution u exists on R. Moreover,

(2) If Jluoll 2° Vo
equation.

7%, then v = eQ up to symmetries of the
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(8) If lluoll 2" IVuolle > [1QI=*IVQ
grows up, or u=U" up to symmetries of the equation.

72, then either the solution u blows up or

In the case (3), if we additionally assume that wug is radially symmetric when d > 2
and p < 5 or that zug € L*(RY), then the solution u either blows up in finite time in
both time directions or u = QT up to symmetries. The blow-up result with additional
assumption is proved by [3] and the above blow-up or grow-up result is proved by [11].
Similar to the below case, it is an open problem whether grow-up actually happens or
not.

Go back to our 1d equation (NLS), which is (1.1) with d = 1. This is, of course,
included in the previous result when we consider the general solutions in H'(R). How-
ever, the restriction to odd solutions gives the other threshold 2% E(Q)M (Q)(1—e)/s¢
since () is even and thus is excluded. For odd solutions, we also know the scattering or
blow-up (grow-up) dichotomy result below the threshold. Let Hl, (R) be the set of all
odd functions in H'(R).

Theorem 1.4 ([15]).  Assume that ug € H!  (R) satisfies M(uo)%E(uo) <
1—

ZiM(Q) = E(Q). Then the following hold.

(1) If fluoll ;2 ubllye < 20QI =1
tions.

(2) If uollzz"

ug

SLCQ, then the solution u scatters in both direc-

> 2R

ug 7%, then the solution u blows up or grows up.
Next, let us consider the threshold case. Unlike Theorem 1.3, we do not have
the ground state under the odd restriction. Thus, we have the following scattering or

blow-up dichotomy result by [10].

Theorem 1.5 ([10]).  Assume that ug € H} (R) satisfies M(uo)lgcscE(uo) =

1—s¢

ZiM(Q) se F(Q). Then the following hold.
(1) If fluoll 2 o

tions.

upls < 2@l

SLCQ, then the solution u scatters in both direc-

V@

(2) We additionally assume that zug € L*(R). If||uo||i§SC | Vg
then the solution u blows up.

75 > 2[Qllz"

Se
L2

In the present paper, we give a résumé of the proof of Theorem 1.5 (1). See [10] for
the precise proofs. It is enough to show the following proposition in order to Theorem
1.5 (1).

Proposition 1.6.  Let ug € H!j(R) satisfy M(uo) = 2M(Q) and E(up) =
2E(Q). If K(up) > 0, then the solution scatters in both time directions.
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The proof is based on Duyckaerts, Landoulsi, and Roudenko [6]. They proved the
scattering result for the threshold solutions to 3d cubic NLS outside an obstacle. We use
contradiction argument to show Theorem 1.5 (1). If we suppose that scattering result
does not hold, combining a concentration compactness argument and a modulation
argument, we construct a critical element w, which is a non-scattering global solution
on the threshold. The critical element u has the following compactness property: There
exists a translation parameter X (t) satisfying for any & > 0 there exists R = R(g) > 0
such that

/ [/ (¢, 2)|? + |u(t, z)|*dx < &

{le—=X @) |>R}N{|z+X(t)|>R}

for all t € [0,00). By using this compactness property, modulation argument, and
repulsion coming from oddness, we get a contradiction as follows. The modulation
argument implies that %X (t) — 0 and thus X(¢) should converge to some constant.
Such a convergence is used in [3] to get Theorem 1.3 above. On the other hand, the
oddness gives the key estimate, which is considered as repulsion coming from oddness
(see Remark below Lemma 2.10),

SQC—y) — Q(—-—y) —29(Q) ~ e,

where S = E+ M /2, for sufficiently large y > 0. This estimate implies that e=<X® — 0
and thus X () — oco. These convergence and divergence give contradiction.
We remark that we can conjecture the following by comparing Theorem 1.3 (3).

Conjecture 1.7.  Let ug € H! 4 (R) satisfy

1—s¢ 1—s¢

M (ug) %" E(ug) =27 M(Q) =" E(Q)

and

ol 72"

Se

72 > 21Ql= Q155

Then the solution blows up or grows up in both time directions.

/
Ug

The conjecture is natural. However, we have not yet known whether the above
conjecture is valid. Moreover, even if the conjecture is true, it is difficult to show the
existence or non-existence of grow-up solutions. We will give similar conjectures for

NLS with repulsive delta potential in the appendix, Section A.

Remark.  In [15], dichotomy result is shown for more general group invariant
solutions to (1.1) below the corresponding threshold. The global dynamics of such
solutions on the threshold is also an interesting problem.
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Notation. ~ We set ||v]|zr x5y = [[lv]lx®)llr(ry for a space-time function v(t, z),
a spatial Banach space X, and a time interval I. For y > 0, we set R, f(x) = f(z —
y) — f(—x —y). We define R¢ :=id. We define T, f(z) = f(x — y) for y > 0. Let xr
be a smooth and even cut-off function satisfying xyr(x) =1 on |x| > R and yxgr(x) =0
on |z| < R/2. We set x5 = Ip, xg and Gr,f = xhf(x —y) — xgf(-x —y). A~DB
means that there exist ¢, C > 0 such that ¢cB < A < CB.

§2. Idea of proof of Theorem 1.5 (1)

§ 2.1. Variational structure and localized virial identity

In this section, we recall the variational results for odd functions and localized virial
identity. See e.g. [10] for the proofs. Let K be the virial functional defined by

—1

K(f) = |If]2. — =2—— | fIIP L,
(N =171 - 5o 115

We also set

p(f) =21Q 72 = IIf'll7:
and let p(t) :== p(u(t)) for the solution w.

2.1.1. Variational structure
Lemma 2.1. Let f € Hl  (R). Assume M(f) = 2M(Q) and E(f) = 2E(Q).
Then the following are equivalent:
(1) K(f) > 0.
(2) £l Nf
(3) u(f) > 0.

In fact, we can show that K(f) = %u(f) it B(f) =2E(Q).

Sc

L2

Q/

e <2Q)

Proposition 2.2.  Under the assumption of Proposition 1.6, the solution u exists
globally and K(u(t)) > 0 (equivalently p(t) > 0) holds for allt € R.

2.1.2. Localized virial identity
For a solution u(t), we define

J(t) = J(u(t) = Joo(u(t)) == /R | u(t, x)|*da.
Then we have

J(t) = %J(u(t)) = ZIm/qu(t,:L‘)u’(t,x)d:c,
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J(t) = %J(u(t)) — 8K (u(t)).

Let ¢ be an even function in C§°(R) satisfying

2%, (|l <1,

=900 (el > 2)

For a solution u(t), we set
x

Tr(t) = Jn(u(t)) ::/RR?@(R) lu(t, ) |2 de.

Then, we have

d

Tr(t) = - T(u(t)) = 2In /R Ry (%) w(t, D) (¢, ) de

and

Jutt) = Sz utut) =4 [ o (2) {0 - 2 lute P e

[ (Rt
= 8K (u(t)) + Ap(u(t)),

where we set

Ar(u(t)) = _4/|$|>R {2 v (%)} {|8xu(t,x)|2 . 259111) |u(t,x)|p+1} da

1
_/R y QRﬁSO/W (%) |u(t,x)|2dx.
<|x|<

§ 2.2. Strichartz estimates and long time perturbation

Definition 2.3 (admissible pair).  Wesay that (¢, 7) is an admissible pair if (¢, T)
satisfies 2 <r < oo and 2/g=1/2 - 1/r.
We set

Ap+1) 2(p* — 1) 2(p* — 1)
,r=p+1, a:=——2= and b= .
p—1 P p+3 p-1)2?—-(p—-1)—4

Here (q,r) is an admissible pair and (a,r) is a non-admissible pair.

Lemma 2.4 (Strichartz estimates).  We have the following estimates. Let I 30
be a time interval.

2002 ito2
1€ Fllporyn + 1€ Fllosreery S I 1ms
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H/ei(t—s)ﬁiFdS
I

H/ei(t—s)ﬁiFdS
I

We have the long time perturbation lemma. See [7, Proposition 4.7] for the proof.

5 ||F||Lq/L7‘/(I)’
LiLy(I) t

5 ||F||Lb’Lr’ n:
L?L;(I) t m( )

Lemma 2.5 (Long time perturbation).  Let I be a time interval with 0 € 1.
Given A > 0, there exist €(A) > 0 and C(A) > 0 with the following property. If
ue C(I: HY(R)) is a solution of (NLS), ifv e C(I: H'(R)) and e € L}, (I : H-(R))
satisfy 10w + v + v|P~ v = e, for a.e. t € I, and if

[vllpaqrory < A4,

lell Lo .y < € < e(A),

&% (@(0) = v(O) | o(rar < & < £(A),
then v € L*(I : L"(R)) and ||u — v|papr(ry < Ce.

We note that if u exists globally forward in time and satisfies [[u||za([0,00):2r) < 00
then u scatters in positive time direction (see [7, Proposition 4.2]).

§ 2.3. Profile decomposition
We have the following linear profile decomposition. See [10, Proposition 22].

Lemma 2.6 (Linear profile decomposition).  Let {, }nen be a bounded sequence
in Hl ((R). Then there exist a subsequence of {on}n (which is also denoted by {on }tn ),
a sequence {'(Zj}j C HY(R), a sequence {/Wv,{}n] C H!, (R), a time sequence {t }n ;,
and a spatial sequence {x%,},, ; C R>o such that

J
on =3 R gl L W for all T € N
j=1

satisfying the following.
(1) For any fized j, we have:

either t/, = 0 for any n € N, or t! — +co as n — oo,

either 22, = 0 for anyn € N, or 27 — 0o as n — oo.
If 23, = 0, the profile Jj 1$ an odd function.
(2) Orthogonality of the parameters:

|t‘ZL—tffL|—|—|:L“,7;—xffL — 00 asn — 0o, Vj#k.
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(3) Smallness of the remainder:

Ve > 0,3J = J(¢) € N such that limsup ||eitaiva,;7||Lgfm <e.

n—oo
(4) Orthogonality in norms: for any J € N

J
lenllFe =D IR 97 117e + IW 172 + 0a(L),
j=1

J
[0cpnllte = D 10:R 5 407 172 + 10 W, 72 + 00 (1)

=1

Moreover, we have

J
—it1 82 T4 syt
lonllbe =D IR e %7 |4, + W90 + 0n(1), g€ (2,00), ¥JeN
i=1

§2.4. Modulation

We have the following modulation lemma. See [10, Lemma 26].

Lemma 2.7 (Modulation).  Let R > 0 be sufficiently large. There exist po > 0
and a function e : (0, uo) — (0, 00) with e(p) — 0 as pu — 0 such that the following holds.
For any 0 < pu < po and for all f € HL(R) satisfying E(f) = 2E(Q), M(f) = 2M(Q)
and 0 < p(f) < p, there exist (0,y) € R x (R, 00) such that

lef —R,Qllm < &(u)

and, letting g = e_iéf - R,Q,
(2.1) [ g TQde =0, Re [ g0GiT,Q)'ds =0,
R R

The parameter (0,y) is unique in R/277Z x (R, 00) and the mapping f — (0,y) is C*.

Let u be an odd solution satisfying M (u(t)) = 2M(Q) and E(u(t)) = 2E(Q). We
set I, = {t € Imax ; p(t) < po}, where Iy denotes the maximal existence time
interval of the solution. By Lemma 2.7, we have C! functions 8 = 8(¢) = 0(u(t)) and
y = y(t) = y(u(t)) for t € I,,,. Weset # := 60— 1. We also have orthogonality conditions
(2.1). We set

(2.2) ult, ) = TR, Q(x) + gt 1))
= TRy ) Q) + p(t)G R,y Q) + h(t, ),
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where

_ Re [gxi(Ty0)Q)7dx
SR (Tyw@r+de

Then it follows from (2.1), (2.2) and (2.3) that

(2.3) p(t) :

(2.4) Im/RhXJ]SLTy(t) Qdxr = Re/Rh(XJ]SLE(t)Q)/dx = Re/RhXJ]SL(E(t)Q)pdx = 0.

2.4.1. Estimate of the parameters We will give estimates of the parameters.
Lemma 2.8.  We have the estimates

ol S Ngllezs Mglla < ol + 1Bl [RIa S ol + lglla S Nl
The above lemma is easily showed by the definitions of p and h.

Lemma 2.9.  We have |p| ~ [u(t)| + O(e™ + ||h|3).

Proof. By the definition of y and decomposition of u = e+ (R,Q+ pGr ,Q+h),
we get the estimate, where we also use the fact that () is the solution of the elliptic
equation. n

The following lemma plays a key role.
Lemma 2.10.  For a sufficiently large number y > 0, it holds that
S(R,Q) —25(Q) ~ e~ .

In the one dimensional case, the function ) is explicitly given by

o) = (257 femn (252) ) 7T

This means that Q decays like e~|#l. This decay gives the above exponential estimate.

Remark.  Oddness of R, = Q(- —y) —Q(—-—y) is used to show this key lemma.

If we consider the even case, we have

SQE—y)+Q(—-—y) —29(Q) ~ —e™?V.

This does not give the following lemma. Intuitively, these difference means that oddness,
which we may consider as Dirichlet zero boundary condition at the origin, gives repulsion
and, on the other hand, evenness gives attraction. The attraction by evenness causes an
even logarithmic two-soliton with the same action as 25(Q) (see [17]). Such a solution
does not appear in the odd case as shown in Theorem 1.5.
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By using the above key estimate and coercivity of the corresponding linearized
operator, we get the following.

Lemma 2.11.  We have e=2Y + ||h||3;: S p(t)?.

Rough sketch of the proof. Since u is decomposed as the main term R, () and the
residue term ¢, we add S(R,()) with the assumption S(u) = 25(Q). We get

0= 5(u) — 25(Q) = S(u) — S(R,Q) + S(R,Q) - 25(Q).

We estimate the first term in the right hand side from below using the coercivity of
the linearized operator. (Here, R, () is not the precise solution and thus an error term
arises. However, since the error is smaller than e=2¥, it can be absorbed by the second
term.) The second term is estimated from below by e 2¥ as shown in Lemma 2.10.
These implies the desired estimate. [

Combining the above estimates, we get the following.

Corollary 2.12.  We have |p| + ||kl g + gl g + €72Y < |u(t)].

~

2.4.2. Estimate of the derivatives of the parameters
We have the following estimate of the derivatives of the parameters.

Lemma 2.13.  We have [0(t)]| + [p(®)| + [5(t)]| < |u(t)].

Proof. The previous calculation in [10] is a little bit incorrect. So, we give a
modification of the proof. By a direct calculation, h satisifies

ih+ 0?h = 0(t)(RynyQ +g) + h
— Ryy@+ 9P (RyyQ+9) + Ry QI7
— Ry + [T, Q1 — [T-, QI
— (=R ) 9:Q + p()G R 1)@ — PTGy )02 Q)

— pM{(2x )T, Q — (Oaxw) T—yQ}
— p){(0ux})0: Ty Q — (00X )02 Ty Q}
+ p(t)G R,y ) (QF)

where we use the fact that @ is a solution to —Q" + Q — QP = 0.
Since by the orthogonality condition (2.4) we have

d
7 Im/ hXJISLTdex =0,
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we get

Tm / hx T, Qdx — 4 Tm / hx (T, Q' dx = 0.

Multiplying XJISLTyQ into the equation of h and taking the integral and the real part, we
obtain

0(t) = O(lhll s + Rl 2 |g] + llglms + |pl +e72),

where we used |§Im [ hx57,Q'dx| < ||h|lz2|9].

Similarly, since we have
Re [ ink(T,Q)"de — g Re [ (T, T,Q'ds =0

by the orthogonality condition (2.4), multiplying x5(7,Q.)? into this equation and
taking the integral and the imaginary part, we obtain

p(t) = O(hll e + IRl 2 |9] + 10lgll e + gl + e + e [5(0)]).

In the same way, since we have
Re [ h(xkT,Q)de — e [ MO TQ)dr =0

by the orthogonality condition (2.4), multiplying (x5 7,@Q)’ into this equation and taking
the integral and the imaginary part, we obtain

() = OUhlms + 7l 2|91 + 10O lgl mrs + e721pE)] + llglla + o] + 7).

Thus, we get

0]+ 1p()] + 5 (t)]
S Ml + Rz 19l + 0@ lg e + Nglla: + e 4+ e [5()| + e~V [pH)] + |pl.

By taking R > 0 sufficiently large and |||/ ;2 and | g|| g1 small enough, we get

IRz 191+ 10O gl + e [5(0)] + e 1p(0)] < 5= (19l + 18] + [a(E)]).

1
2C
Therefore, it holds that

6O+ 160+ HO1 S Il + gl + e + [l

and thus [0(t)] + [o(t)] + [9()] < |u()]. m
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§ 2.5. Construction of a critical element

Proposition 2.14.  We suppose that Proposition 1.6 fails, that is, there exists
a solution u € HL  (R) satisfying M(uo) = 2M(Q), E(uo) = 2E(Q), K(uo) > 0, and
u does not scatter in positive time direction. Then, there exists a function z: [0,00) —
[0,00) such that for any ¢ > 0 there exists R = R(¢) > 0 such that

/ [/ (t, 2) > + |u(t, z)|*dx < & for all t > 0.
{lz=z(O)[>R}0{|z+z(t)|> R}

This can be shown by the profile decomposition and long time perturbation. Since
u is odd, it seems to be difficult to rewrite this into a terminology of set theory such
that {u(t,- — x(t)) ; t > 0} is precompact in H'(R), which appears in the proofs for
general solutions.

We define X by

w(t), (& L),
y(t)v (t S IMO)‘

Then we see that for any ¢ > 0 there exists R = R(e) > 0 such that

X(t) =

/ [/ (t, 2)|* + |u(t, z)|?dz < € for all t > 0.
{le—=X @) |>R}IN{|z+ X (t)|>R}

§ 2.6. Extinction of the critical element

We show that there is no critical element by contradiction by showing X (t) is
bounded and unbounded.

2.6.1. X(t) is bounded
Proposition 2.15.  Let u be an odd solution with M(u) = 2M(Q), E(u) =
2E(Q), and K(u(t)) > 0 such that for any € > 0 there exists R = R(¢) > 0 such that

/ [/ (t,2) |2 + |u(t, z)|*dz < e
{le=X®)|>R}n{|z+X (t)|> R}
for all t € [0,00). Then X(t) is bounded.

By using the scattering result for general solutions on the threshold [3], long time
perturbation lemma, and Lemma 2.11, we can show the following.

Lemma 2.16. X (t,,) — oo is equivalent to u(t,) — 0 when t,, — oo.

Thus, roughly, if we suppose that X(¢,) — oo, then u(t,) — 0 and this implies
X (t,) converges since | £ X (#)] < pu(t) — 0 (see Lemma 2.13). This is a contradiction
and thus X should be bounded. See [10, Section 5.2.1] for precise proofs.
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2.6.2. X(t) is unbounded
As shown in Proposition 2.15, X(¢) is bounded. Then we get the following: For
any € > 0, there exists R > 0 such that

/ [/ (t, 2) | + |u(t, z)]*dx < e.
{l=[>R}

By using the localized virial identity, the above compactness, and K ~ p, it is shown
that there exists time sequence {t,,} such that u(t,) — 0. This implies X (¢,,) — oo by
Lemma 2.16. This contradicts that X is bounded.

§ A. Conjectures for NLS with repulsive delta potential
Let us consider the following NLS with repulsive delta potential:

10 + O2u 4+ vou + [ulP"lu =0, (t,z) € I xR,

(ONLS)
u(0,7) = uo(x) € HY(R),

where v < 0, 4 is the Dirac delta with the mass at the origin, and p > 5. Here,
A, = 87 + 4 is defined as follows:

—ALf = —f"for f € D(-A),
D(-A,) :={f e H'(®R) N H*R\ {0}) : f'(0+) = f'(0-) = —7f(0)}.

The energy E, and the mass M, which are defined by

1 1
B, () = 50/ @) = e, 00 = = u(®l5, and M) = oz,
are conserved. For (dNLS), we have the global dynamics results as follows. Let w > 0

and we define

, gl p—1 +1
Ko (1) = W' = Jlut OF - 2=l
w
S~ () = B (u) + EM(U)

Let us consider the two minimizing problems:

Ny 1= mf{Sww(f) fe Hl(R) \ {O}va(f) = 0}7
Twey = mf{Sww(f) fe Helven(R) \ {0}7 Kv(f) = 0}7

where H!

aven (R) is the set of even functions in H'(R). It is known that n,, , < 1, for

w > 0 and v < 0 (see e.g [14] and references therein). This difference gives different
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thresholds for general solutions and for even solutions, which is similar to (NLS) for
general solutions and for odd solutions. First, we recall that the dichotomy result for
general solutions below the threshold. Here, @) denotes the ground state of (NLS),
which appears in the previous sections.

1—s,

Theorem A.1 ([14]).  Assume that M(uo)%Ev(uo) < M(Q) = E(Q). Then
the following hold for (SNLS).

(1) If K., (uo) > 0, the solution scatters.
(2) If K, (uo) < 0, the solution blows up or grows up.

We also have a dichotomy result at the threshold.

1—s¢

Theorem A.2 ([2, 16]).  Assume thatM(uo)%Ev(uo) =M(Q) = E(Q). Then
the following hold for (SNLS).

(1) If K (uo) > 0, the solution scatters.

(2) If K. (up) < 0 and zuo(x) € L*(R), the solution blows up.

For this result, we have the following conjecture similarly to Conjecture 1.7.

1—s¢

Conjecture A.3.  Assume thatM(uo)%Ev(uo) = M(Q) = E(Q). If K (u) <
0, then the solution blows up or grows up in both time directions.

Next, we consider even solutions to (JNLS). Then, r,, - is attained by

2
Qw,fy(x) = wp—ilQ <\/a|$| + p— 1 tanh_l <%>>
if w > ~?/4. The function @, ., is the solution to

_QZ,V — Y0Quwy + WQuy — Qf;,y =0.

On the other hand, there is no minimizer if w < +?/4.
We have the following dichotomy result for even solutions below the threshold 7, .

Theorem A.4 ([14]).  Assume that ug € Haon(R) satisfies S, ~(uo) < 1w~ for
some w > 0. Then the following hold for (ONLS).

(1) If K, (uo) > 0, the solution scatters.
(2) If K, (uo) < 0, the solution blows up or grows up.

Next, when w > ~%/4, we have the following two results on the threshold, which is
similar to (NLS).
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Theorem A.5 ([12]). Let w > ~%/4. There exist two even solutions UjfV to
(ONLS) such that the following hold:

. M(Uiv) = M(Qu~), E, (Uffﬁ) =FE,(Qu~), UjfV exist at least on [0, 00), and there
exists ¢ > 0 such that

U () = €' Qo |2 S ™ fort > 0.

o K (U, (0) <0 and U}, blows up in finite negative time.
e K, (U;,(0)) >0 and U, scatters backward in time.

Theorem A.6 ([12]). Let w > ~*/4. Assume that ug € HL, (R) satisfies
M(uo) = M(Qu,) and E,(uo) = Ey(Qu,). Then the following are true for (0NLS).
(1) If Ky(uo) > 0, the solution u scatters, or else u=Ug . up to symmetries.

(2) If K. (ug) =0, then u = €' Q,, ~ up to symmetries.

(3) If Ky(uo) < 0 and zuo € L*(R), the solution u blows up, or else u = U} up to
symmetries.

Thus we conjecture the following.

Conjecture A.7.  Under the assumption of Theorem A.6, if K (uo) < 0, then
the solution u blows up or grows up, or else u = Ujj’V up to symmetry.

When 0 < w < 4?/4, the dichotomy result on the threshold is valid.

Theorem A.8 ([13]). Let 0 < w < ~%/4. Assume that ug € HL,. (R) satisfies
M(uo) = 2M(Qu,0) and E,(uo) = 2E(Qw,0). Then we have the following:

(1) If K, (uo) > 0, the solution w scatters.

(2) If K., (ug) <0 and zuo € L*(R), the solution u blows up.

Conjecture A.9.  Under the assumption of Theorem A.8, if K, (uo) < 0, then
the solution u blows up or grows up.

Remark.  We only consider evenness as the symmetry for (JNLS), since the odd-
ness erase the potential. Indeed, the jump condition in the definition of A, becomes

f10+) = f/(0-) = —vf(0) =0

for an odd function f and thus it is equivalent to consider odd solutions to (NLS).
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