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Abstract

Part I The homological monodromy of a degeneration whose singular fiber has
at most normal crossings was described by C. H. Clemens. In his work, local
monodromies were described in detail. It is actually a classical result that the
local monodromy around a node is a Dehn twist. For higher-dimensional case, we
describe local monodromies alternatively: On a local smooth fiber of dimension
n > 2, we construct n + 1 singular foliations and then describe the action of the
local monodromy on each leaf. Here the ith singular foliation is used for describing
its action on the ith face of the boundary of a local smooth fiber.

Part IT Motivated by the canonical model of degenerations of Riemann surfaces,
we consider a quotient space Ay_1/I" of a ‘multiplicative’ A-singularity Ag_1 in
C"*! under a certain cyclic group action I' on Ay ; (unlike an ‘additive’ A-
singularity, the singular locus of Ay 1 is not isolated if n > 3). We explicitly
construct a small finite abelian subgroup G of GL(n,C) such that Az_1/T is iso-
morphic to C"/G (uniformization theorem). Moreover: (1) We give a numerical
criterion for a certain subgroup of GL(n,C) to be small. (2) For a certain family
of subgroups of GL(n,C), we show that if one subgroup of this family is small,
then all subgroups of this family are small (equi-smaliness theorem).

Future work We plan to generalize the method in Part I, to apply to describe the
topological monodromy of the degeneration Ay_1/I" — C constructed in Part II.
This topological monodromy is regarded as a higher-dimensional fractional Dehn
twist.
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Background material



Historical background

Let M be an n-dimensional complex manifold. A proper surjective holomor-
phic map 7 : M — D = {s € C : |s| < 1} is said to be a degeneration of
complex manifolds if 771(0) is singular and all other fibers 77!(s) (s # 0) are
smooth. The topological monodromy h : 7=(s) — w~1(s) of a degeneration
m: M — D is a lift of a counterclockwise rotation around 0 € D (Figure 1),
which describes how M is ‘twisted’ around the singular fiber 71(0). The
automorphism h, of Hy(7(s), Z) induced from h is called the (homological)
monodromy of this degeneration.

Figure 1:

For degenerations of elliptic curves, K. Kodaira [Kod| showed that there
are 8 degenerations. For degenerations of Riemann surfaces of genus 2, Y.
Namikawa and K. Ueno [NU] showed that there are about 120 degenerations.

A topological monodromy has more information than a homological mon-
odromy. In fact, Y. Matsumoto and J. M. Montesinos [MM2] showed that the
degenerations of Riemann surfaces of genus > 2 are topologically classified by
their topological monodromies. Here note that homeomorphisms appearing
as topological monodromies are pseudo-periodic homeomorphisms of nega-
tive type [Ima], [ST], [ES]. S. Takamura [Tak2] reconstructed Matsumoto-
Montesinos’ results from algebro-geometric viewpoint.

A fractional Dehn twist f is a self-homeomorphism of an annulus such
that for some integer N > 2, fV is a Dehn twist. Depending on whether
its twist is positive or negative, it is said to be positive or negative. Any
negative fractional Dehn twist appears as the restriction of a pseudo-periodic
homeomorphisms of negative type.

Set Ag_y = {(z,w,t) : 2w = t%}, then A4y — C, (z,w,t) — tis
a degeneration whose topological monodromy is a (—d)-Dehn twist. More
generally, given a negative fractional Dehn twist, we may construct a degen-



eration whose topological monodromy is it. Its total space is the quotient
of Ag_1 under the action of some cyclic group I". Here A, ;/T" is actu-
ally isomorphic to some cyclic quotient singularity C*/G [Tak2], where G
may be explicitly constructed. The minimal resolution of Ay 1/I" is thus
given by the Hirzeburch-Jung resolution. In Part II, we generalize this to
higher-dimensions, while in Part I, we describe the monodromy of a relevant
degeneration in terms of foliations on a smooth fiber.

We plan to generalize the method in Part I, to apply to describe the
topological monodromy of the degeneration Ay 1/I' — C constructed in
Part II. This topological monodromy is regarded as a higher-dimensional
fractional Dehn twist.

Background material

Throughout this paper, manifolds are assumed to be orientable and homeo-
morphisms are assumed to be orientation-preserving.

Degenerations and topological monodromies

A degeneration is a proper surjective holomorphic map 7 : M — D from a
smooth complex manifold M to an open disk D such that 7=1(0) is singular,
and all other fibers 7 !(s) (s # 0) are smooth complex manifolds. Let
h: 7 1(s) = 7 !(s) be a homeomorphism given as a lift of a counterclockwise
rotation around 0 € D. Then the homeomorphism A (precisely, its isotopy
class) is called the topological monodromy of a degeneration 7 : M — D,
and the automorphism h, of H,(w~'(s), Z) induced from h is called the
(homological) monodromy of this degeneration.

The topological monodromies of degenerations of closed surfaces are pe-
riodic or negative pseudo-periodic homeomorphisms [Ima], [ST], [ES]. Here
a homeomorphism h : ¥ — ¥ of a closed surface ¥ of genus g > 1 is pseudo-

periodic if there exist disjoint simple closed curves ly,ls,...,l; on ¥ such
that
(1) h preserves {ly,ls,...,l,} as a set, and

(2) the restriction of h to X\ {ly,l,...,l,} is isotopic to a periodic home-
omorphism of X\ {l1,l,...,[,}.

The set {l1,1s,...,1;} is called the admissible system of h. (Note: A pseudo-
periodic homeomorphism is a “reducible map” of the Nielsen-Thurston clas-
sification of homeomorphisms of a compact surface.)



The order of the periodic homeomorphism in (2) is called the pseudo-
order of h. It is alternatively defined as the least positive integer N such
that A" is generated by Dehn twists along Iy, s, ..., l,. If these Dehn twists
are all positive (resp. negative), h is said to be positive (resp. negative).

A degeneration of Riemann surfaces is minimal if its singular fiber does
not contain (—1)-curves. Here a (—1)-curve is a projective line whose self-
intersection number is —1. Matsumoto and Montesinos [MM2] proved that
for a closed surface Y of genus > 2 and a periodic or negative pseudo-periodic
homeomorphism h : ¥ — 3 there exists a minimal degeneration of > with
topological monodromy h. They also showed that two minimal degenerations
of genus > 2 are topologically equivalent if and only if their topological
monodromies are conjugate. Here two degenerations 7 : M — D and 7’ :
M' — D' are topologically equivalent if there exist homeomorphisms F' :
M — M'"and f: D — D’ such that f(0) = 0 and that the following diagram
commutes:

ML

1k

D——D"

Note that in this case, the topological monodromies h and b’ of © and 7’ are
conjugate. Indeed, h' o F' = F o h.

Construction of local models of degenerations

For a periodic or negative pseudo-periodic homeomorphism h of a closed
surface >, a degeneration 7 : M — D of ¥ with topological monodromy A is
explicitly constructed by Takamura’s cyclic quotient construction in [Tak2].
We explain it.

For the case that h is negative pseudo-periodic, let {ly,ls,...,l,} denote
the admissible system of h. For a loop [;, let r; be the least positive integer
such that h"i(l;) = I;. Then A" is, in a neighborhood (an annulus) of I;
in ¥, either a fractional Dehn twist (non-amphidrome) or a Nielsen twist
(amphidrome) along [;. In particular, some power of h™ is a negative Dehn
twist along ;.

We first outline the construction of a degeneration of annuli whose topo-
logical monodromy is a (negative) fractional Dehn twist or a Nielsen twist.
This is a local model of a degeneration of Riemann surfaces, and used for
the construction of a global degeneration with the prescribed topological
monodromy.



Fractional Dehn twists and Nielsen twists

A (+1)-Dehn twist is a self-homeomorphism of an annulus given as follows:

D
twist one time “
D ———

and paste ‘
N

(+1)-Dehn twist

Set S* = {z € C : |z| = 1} (a unit circle), then a (+1)-Dehn twist f of
an annulus [0, 1] x St is explicitly given by f(,2) = (t,e*z). The k times
composition f* of f is called a (+k)-Dehn twist, the inverse f~1 is a (—1)-
Dehn twist, and (f~1)* is a (—k)-Dehn twist. Note that (+1)-Dehn twist
(resp. (—1)-Dehn twist) is also called a left (resp. right) Dehn twist.

Next let a, m (0 < a < m) and b, n (0 < b < n) be relatively prime in-
tegers. A self-homeomorphism g of an annulus [0, 1] x S* given by g(t, z) =

(t, e?millt=Da/mtib/n} ) g called a (&, %)—fmctianal Dehn twist. More gen-
erally, the composition h = f* o g is said to be an (%, %, k:) -fractional
Dehn twist. Explicitly, h(t, z) = (t, ?m{{t=Da/m+tb/n+tk} ) “Note that f* and
g are commutative.

} k times

A self-homeomorphism f of an annulus [0, 1] x St is a Nielsen twist if the
action of f interchanges the boundary components {0} x S' and {1} x S*,
and f? is a fractional Dehn twist of [0,1] x S1. (Roughly speaking, it is the
composition of an involution and a fractional Dehn twist.) Explicitly, an
%m—Nz’elsen tunst is given by

(t, 2) € [0,1] x ST — (t, 2™{E=Da2mizy 19 1] x ST,




Figure 2: An 51--Nielsen twist h.

%, %)-fractional Dehn twist.

More generally, an <%’m’ /{) -Nielsen twist is the composition of an %m_

Its square is an — (

Nielsen twist and a (—k)-Dehn twist (not +x), explicitly given by

( ) [0 1] % Sl ( : 27ri{(2t—1)a/2m+m}z> c [O, 1] % Sl.
Its square is a — (% = 2/{)—fractional Dehn twist.

Local model of degenerations

A fractional Dehn twist appears as the topological monodromy of a degen-
eration: Set ¢ := ged(m,n), m’ := m/c, n' :=n/c, and let v : C*> — C3 be
an automorphism defined by

v (Z,U),t) N (62Wia/m2, 627rib/n

w, 627ri/m’n/ct)' (1)
Suppose that v preserves Ay_1 := {(z,w,t) € C3 : zw = t}; this is the case
precisely when e?mie/me2mib/n — g2mid/mm'e that js L 4 % = # mod Z.

: _ a b : a b
Write d = m/n’c <m +q+ /i) for some integer x such that 77 + 7 +x > 0.

Let I" be the cyclic group generated by . Define a holomorphic map ® :
Ag-1 = C by &(2,w,t) = t™n'e. Then & is I-invariant, so descends to a

holomorphic map ® : A;_1/T" — C, which is a degeneration of annuli whose

topological monodromy is a — <%, %, /<a> -fractional Dehn twist.
A Nielsen twist also appears as the topological monodromy of a degener-

ation: Let 7/ : C* — C? be an automorphism defined by

’}/ . (Z, w,t) N (627ria/2m,w7 627ria/2mz, 627ri/2mt)_ (2)

Suppose that 4/ preserves Ag_;; this is the case precisely when e?m%/™ —=

e?mid/2m that is, L = 5,; mod Z. Write d = 2a + 2ms for some integer
k > 0. Let I'" be the cyclic group generated by «'. Define a holomorphic
map &' : Ag_1 — C by ®'(z,w,t) = t*™. Then @' is ['-invariant, so descends
to a holomorphic map 9 Ay 1/T" — C, which is a degeneration of annuli

whose topological monodromy is an (%m’ /i)—Nielsen twist.
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The total spaces Aq_1/T" and Ay 1/I" of the above degenerations are
singular, so in order to obtain degenerations whose total spaces are smooth,
we have to resolve them. Takamura [Tak2] showed that A;_;/I" is actually a
cyclic quotient singularity C?/G, and moreover he showed that Ay /T is a
quotient of Az_1/ r by an involution, where [isa cyclic group generated by
(v)? (and thus A4_1/T = C2/G for some cyclic group G). We can explicitly
construct the above subgroups G, G’, GcC GL(2,C).

These groups are small, that is, do not contain pseudo-reflections. Here
a matrix A € GL(n,C) is called a pseudo-reflection if it is diagonalizable
and its eigenvalues are p,1,1,...,1, where u # 1 is a root of unity. (In
particular if p = —1, then A is called a reflection.) If G is generated by
pseudo-reflections, then C*/G = C" (Chevalley-Shephard-Todd theorem).

Remark 1. If A € GL(n,C) is a pseudo-reflection, a linear map h : C* —
C™, h(Z) = AZ is also called a pseudo-reflection. Let Fix(h) denote the
hyperplane in C" fixed by h. For example, for a root ( of unity, a linear map
h : C* — C" given by h(z1,22,...,2,) = (21,...,(2i,...,2,) is a pseudo-
reflection and Fix(h) is a hyperplane defined by z; = 0 (see Figure 3).

\Z?’\\. (Zla 29, Z3)

_—
Fix(h)
\

h

(Czb 29, 23)./

21/

\

Figure 3:

Cyclic quotient construction

Given a periodic homeomorphism h of a closed surface C', we can construct a
degeneration 7 : M — D :={s € C : |s| < 1} with topological monodromy
h as follows: Let m denote the order of h and define an automorphism
g:CxC—CxChby

g: (z,t) — (h_l(m),e%i/mt).

Let G be a cyclic group generated by g and take a holomorphic function
¢ : C xC — C given by ¢(x,t) = t™. Then ¢ is G-invariant, and it

10



thus determines a holomorphic function ¢ : (C' x C)/G — C. Here note
that (C' x C)/G has cyclic quotient singularities. They are resolved by the
Hirzeburch-Jung resolution explained below. Let vt : M — (C' x C)/G be
the minimal resolution. The composite map 7 : ¢ ot : M — C is then a
degeneration with topological monodromy h.

The singular fiber X := 771(0) is star-shaped (stellar): X consists of a
central irreducible component (the core) and chains of projective lines ema-

nating from it (the branches). Let vy, vs,...,v; denote the branch points of
a quotient map ¢ : C' — B := C/(h). Then B is the core of X, and the
I

branches E; emanate from vy,vs,...,v0: X =mB+ ) E;.
j=1

Hirzeburch-Jung resolution

Let [ and ¢ (0 < g < I) be relatively prime integers and let g be an automor-
phism of C? given by

g: (u,v) — (e%/lu, ezm/lv).

Let G denote the cyclic group of order [ generated by ¢g. Here the origin
is the fixed point of the action of G, and its image 0 € C?/G under the
quotient map C? — C?/G is an isolated singularity (a cyclic quotient sin-
gularity) of C?/G. The minimal resolution of C?/G is explicitly constructed
as follows (Hirzeburch-Jung resolution): First take the negative continued

fraction expansion of é:

l 1
1 9

q vy — —

rs—.. _ —

rs
where r1,79,...,7s are integers greater than 1. Take projective lines Oy,
Oy, ..., ©5. Let ©, = U; UV, be an open covering by two complex lines
(U; = V; = C) where w; € U; \ {0} and z; € V; \ {0} are glued via z; = wl

Next construct a line bundle N; on ©; by gluing (w;,n;) € (U; \ {0}) xC and
(2i,G) € (Vi \ {0}) x C via

-
z = —, G = w;'n;.
Wy

Let R denote the smooth complex surface given by patching N; and N;i,
(1=1,2,...,0—1) by (wir1,mi+1) = ({, 2z;). Then R is the minimal resolution

11



space of C?/G: There exists a holomorphic map (resolution map) t: R —
C?/@ such that the restriction v : R\t~!(0) — (C?/G)\{0} is an isomorphism
and the exceptional set tfl(O) of R is the chain of projective lines ©1 + O, +
---+0©;. Here note that the self-intersection number ©,-©; of ©; in R is the
degree of N;, that is, —r;. In particular, ©; is not an exceptional curve in R,
because r; # 1.

N, L&

@3 NS R

s | n,

Figure 4: The resolution space R of C?/G is constructed by “plumbing” the
line bundles Ny, Ns, ..., Ns.

Here the resolution map t is given as follows: First take a sequence of
integers mg > my > -+ > mgs (= 1) > msyy (= 0) inductively defined by

mo =1l,my =g,
Mi1 = Tim; — Myi—1 (i:1,2,...,6)7
and define the degeneration map 7 : R — C by

m(wi, ) = w; (w;,m;) € Uy x C,
m(zi,G) = 2 G (21,Gi) € Vi x C.

% 7

Next let ¢* (0 < ¢* < [) be the integer satisfying g¢* = 1 mod [ and take
a sequence of integers by > by > -+ > bs (= 1) > bsy1 (= 0) inductively
defined by

bo =1,b1 = ¢,
biv1 = 1ibi — biq (Z =12,... 75)-

Then define the canonical projection pr : R — C by

pr(w;, n;) = wfiflﬁfi (wy,m;) € U; x C,
pr(zi, G) = 2,1 (2,¢) € Vi x C.

)
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Define next an l-valued map t : R — C? by
t(z) = {(ezmk/lpr(:c)l/l,62’”’“”7?(3:)1/’) ck=1,2,..., l}.

Here note that for each point z € R, the image t(z) is an orbit under the
G-action, so the T : R — C determines a single-valued map v : R — C?/G,
which is the resolution map of C?/G.

Construction of degenerations with negative pseudo-periodic mon-
odromies

Given a negative pseudo-periodic homeomorphism A, we may construct a
degeneration with topological monodromy h. We outline its construction:
Let h be a negative pseudo-periodic homeomorphism of a closed surface X2,
with admissible system {ly,ls,...,l;}. Let N be the pseudo-order of h, and
suppose that b is generated by negative Dehn twist along Iy, [y, . ..,[,. For
each loop I; (i = 1,2,...,q), let a; be the least positive integer such that
h% is a Dehn twist (say a (—d;)-Dehn twist) along [;. Noting that a; divides
N, set v; = %. Then in a neighborhood of I; in ¥, AV is a (—v;d;)-Dehn
twist along ;. 'Here d; and v; are referred to as the twist number and cotwist
number of h along [;.

Now let C' be a singular complex curve obtained from > by pinching each
loop I; to a point p;; so C' has nodes pi, ps, ..., p,. Then there exist a stable
degeneration ¢ : S — A with topological monodromy A" and a periodic
automorphism ¢g : S — S of order N such that

(i) €' =¢7(0) (sopi € C C9),
(ii) S has A,,q4,—1-singularities at p; (1 =1,2,...,¢), and

(iii) the following diagram commutes:

s—.g
T lﬂ'
LN

Y

A

where k : t — ¢2™/N¢ is a 2W7T—r0tation of A.

Here ¢ : S — A is explicitly constructed by patching C; x C (where
C; is an irreducible component of C) and A,,4,_1-singularities. Let G be a
cyclic group generated by g. Then 1 := ¢" is a G-invariant holomorphic

13



function on S, and it thus determines a holomorphic function 1 : S/G — A.
Let v : M — S/G be the resolution of the quotient space S/G, then the
composite map m = ot : M — A is the desired degeneration — its
topological monodromy is h.

The configuration of the singular fiber X := 771(0) is constellar: X
consists of cores, branches, trunks and bihorns. The action of A is a rotation
around a branch, a fractional Dehn twist around a trunk, and a Nielsen twist
around a bihorn.

Example: Pseudo-periodic homeomorphisms and de-
generations (non-amphidrome case)

Using a fractional Dehn twist, we can construct a pseudo-periodic homeo-
morphism of compact surfaces. Let 1 be a torus and f : 3; — 37 be a self-
homeomorphism of order 6 that fixes a point p, interchanges two points ¢, ¢o,
and permutes three points r1, ry, r3 as ry — rq, 19 = r3, r3 — 11 (Figure 5).
Next let Y5 be another torus, and g : ¥y — ¥5 be a self-homeomorphism of
order 3 that fixes three points p', ¢/, " (Figure 5).

o, Y,
O f (Yyg

Figure 5:

Suppose that f is a 27 X D_rotation around pand ¢ is a 27 X L yotation
around p'. Let Dy, Dy be disks in X, 39 centered at p, p’. Set 3] := 1\ Dy,
¥y = Y9\ Dy and let f’, ¢ denote the restrictions of f, g to X}, ¥5. As
illustrated in Figure 6, combining ¥ \ Di, ¥5 \ Dy and an annulus A, we
obtain a compact surface Y of genus 2. Take an integer x and let p: A — A
be a (%, %, /{)-fractional Dehn twist. Then f': ¥ — ¥, ¢ : ¥ — 3}
together with ¢ : A — A defines a self-homeomorphism h of ¥. Note that
h is a pseudo-periodic homeomorphism. In fact, h preserves a loop [ in ¥
and the restriction h |y is isotopic to a periodic homeomorphism of order 6.

Moreover h is positive, indeed it is generated by a (%, %)—fractional Dehn

twist (so A is a (+9)-Dehn twist along [ and (h |s\;)® is isotopic to the identity
map of ¥\ [).

14



l piping

by

Figure 6:

Remark 2. An (%, %)—fractional Dehn twist ¢ is isotopic to the identity
map. It is however not isotopic to the identity map through an isotopy fixing
the boundaries, and the self-homeomorphism A : ¥ — ¥ (which is defined by
‘patching’ f’, ¢’ and ) is not isotopic to the identity map of 3. In particular,

[h] is a nontrivial element of the mapping class group of X.

Corresponding degenerations

We next consider the inverse h™ : ¥ — 3 of the positive pseudo-periodic
homeomorphism h. Similarly as h, we can construct h~! from periodic self-

homeomorphisms f=*, ¢g=! of tori and a — <%, %, /{) -fractional Dehn twist
o~ ! of an annulus. Note that h~! is a negative pseudo-periodic homeomor-
phism. Indeed it is generated by a — <%, %, H)—fractional Dehn twist. If

k > —1, it appears as the topological monodromy of a degeneration of 3.
For x > 0, a degeneration 7 : R — C with topological monodromy h~! is as
illustrated in Figure 7.

The singular fiber X of 7 : R — C is given by connecting singular fibers of
two degenerations of tori whose topological monodromies are periodic home-
omorphisms f~1, g7

15
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k41
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5
0
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X
¢ T
o C

Figure 7: A circle means a projective line, and the number on it is its mul-
tiplicity.

singular fiber of .~
a degeneration of tori:

singular fiber of
a degeneration of tori :

The topological monodromy around the trunk connecting two singular fibers
isa — (%, %, /4:) -fractional Dehn twist.

On the other hand if Kk = —1, the singular fiber of 7 : R — C is given
by omitting a part of the trunk of the singular fiber of the case K > 0 (see
Figure 8).
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Figure 8:

Example: Pseudo-periodic homeomorphisms and de-
generations (amphidrome case)

Consider the smooth surface ¥ in Figure 6, and let h be its negative pseudo-
periodic homeomorphism generated by a <%, H)—Nielsen twist along .
Then [ is the fixed point set of h. Let C' be the stable curve of genus 2

obtained by pinching [ on ¥ of Figure 6. Then an automorphism f : C' — C'
induced from h interchanges irreducible components Cy, C5 of C.

pinch
—

by I h ¢ D f
Figure 9:

Set d := 2 + 2k, then there exists a stable degeneration ¢ : S — A and a
periodic automorphism g : S — S of order 2 such that C' = ¢o=1(0), g|c = f
and the complex surface S has A, ;-singularity at p. Next let G be the cyclic
group generated by g. (Note: G = Z,.) Then the quotient map S — S/G
maps two irreducible components C;, Cy of C to a complex curve Cy, and
S/G has a dihedral singularity at p, which is resolved by a bihorn containing
k + 1 copies of the projective line with multiplicity 2: Let v : M — S/G be
the minimal resolution of S/G, then ¢ ot : M — D is a degeneration with

17



topological monodromy h (Figure 10).

R

M
X
v
. A
Figure 10:

Two kinds of A-singularities

There are two kinds of generalizations of A;_;-singularity to higher-dimensions:

Vir={(21,22, -, 2n,t) €C" ¢ 22 422+ 4 22 =17,
Wy = {(21,22,...,zn,t) eCrtl . 2122"'Zn:td}.

They are respectively an additive and multiplicative Ay_1-singularities. The
holomorphic maps f : V; — C, f(z1,...,2,,t) = t and g : W; — C,
g(z1,...,2n,t) = t are two generalizations of the local model of degenera-
tion whose topological monodromy is the (—d)-Dehn twist. Here note that
the topological monodromies of f and g are different, in fact the singularity
of Vj is the origin, while the singular locus of Wy is {z; =2, =t =0 (1 # j)}.

For the case d = 1, the topological monodromy of f is described by the
double covering method (see [AGV]): Let f : C* — C be a holomorphic
function given by f(z,w) = 22 +w?. For A € C, set V3 := f~}(\) = {(z,w) :
22 +w? = A\}. Then the map (z,w) € V) — 2z € C is a ramified double
covering, whose branch points are +v/\. Joining two copies of C along the
cut (—v/A, V), an annulus Vy (\ # 0) is obtained.

Take a positive number « and set A(¢) := e*™a (0 < t < 1). Ast
varies from 0 to 1, the branch points z = £+/A(t) = e™(£,/a) move around
the point z = 0 in the positive direction. The orbits are semicircles, so a
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_\/X-H—/-/—/-f'\/x ~ '

Figure 11:

branch point arrives at the other’s place. Thus, a family of diffeomorphisms
{T : Vag) = V@ Jo<i<i is constructed, where Iy is the identity map and I'y
is the topological monodromy of f.

(SIS =T

Next let f : C" — C be a holomorphic function given by f (21, 22, ..., 2,) =
22+ 224422 For A € C, set

Vii= ) = {(21, 20,y 20) 1 20 + 25 -4 28 = AL

The map (21,...,2,) € VA = (21,...,2,-1) € C" ! is a ramified double
covering. Its branch locus is 27+ --+22_; = A. Then V) (X # 0) is obtained
by joining two copies of C"~! along the loci defined by 27 +23+---+22 | = \.
The topological monodromy of f is constructed and described by using this
model similarly as in the case n = 2.

Clemens’ description

Clemens [Clel] described the homological monodromy of a degeneration
of compact complex manifolds whose singular fiber has at most normal
crossings, that is, the underlying space of the singular fiber is locally de-
fined by z129---2z, = 0 (accordingly this degeneration is locally given by
(21,22, -y 2n) = 21292+ 2" where my, ma, ..., m, are positive inte-
gers). Initially he described its local monodromies: Consider a holomorphic
map 7 : C" — C, 7(21,22,...,2,) = 27252 ---2". Every smooth fiber
of m consists of m := ged(my, ma, ..., m,) connected components and each
of them is homeomorphic to H x T"" ! where H := {(A1,...,\,) € R" :
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A+ +A, = 1} and T is an (n—1)-dimensional torus. For a smooth fiber

77 1(s), Clemens constructed a map ® : 771(s) = A,y = {(A\1,..., \y) €
R™ : Ai+--+ X, =1,0 <\ <1} (the (n—1)-standard simplex). The map
® is the composition of 771(s) = RZ, (21,...,20) = (|z1],...,]2a]) and a

homeomorphism R?; — H and a retraction H — A,_;.

He then constructed a 1-parameter family of homeomorphisms {fy :
7 l(s) = 7 (se?) }o<o<ar as follows: For (21, 29,...,2,) € 7 1(s), setting
(/\1, /\2, ey /\n) = <I>(zl, 29y e 7Zn)7

folz1, 2, ..oy 2g) o= (e92/Migy elfhe/may, o oi0An/mny )

Then fo, : 7 (s) = 7 1(s) is the monodromy of 7 : C* — C. The restriction
of for to the compact part (Figure 12) gives the desired local monodromy.
Patching them together yields the global monodromy.

Figure 12:

Monodromy theorem [Clel] Letm: M — D ={s € C : |s| <1} be a
degeneration of compact complex manifolds whose singular fiber has at most
normal crossings. For a smooth fiber X, := 7 1(s) (s # 0), the homological
monodromy h. y : Hi(Xs, C) = Hip(Xs, C) (k=1,2,...) is quasi-unipotent.

Here a square matrix P is unipotent if (P — I)® = O for some positive
integer b, and quasi-unipotent if (P* — I)® = O for some positive integers a
and b.

Example 1. (1) If the topological monodromy h is a periodic homeomor-
phism of order [, then h' = id and thus hi,k = [ for any k, so the
monodromy h, j is quasi-unipotent.

(2) If X, is a torus, then take a basis [a], [8] of H;(X,, C) = C%
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5

If the topological monodromy h is a (—d)-Dehn twist along «, then

hey = ((1) _1d) So (hs1 — I)* = O, and thus h, ; is unipotent.

If X, is a torus and h is a negative pseudo-periodic homeomorphism,
say that hY is generated by negative Dehn twists, then

(Y, —1)*=0.

S0 h, 1 is unipotent if N = 1, and quasi-unipotent if N > 2.

Similarly if X is a closed surface of genus ¢ and h is negative pseudo-
periodic, say that A" is generated by negative Dehn twists, then Hy (X, C) =
C* and h,, € GL(2g, C) satisfies (h); —I)** = O. So h, is unipotent

if N =1, and quasi-unipotent if N > 2.
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Introduction

Introduction to Part I C. H. Clemens [Clel] described the homological
monodromy of a degeneration whose singular fiber has at most normal cross-
ings, and showed that its action is quasi-unipotent. On the other hand, Y.
Matsumoto and J. M. Montesinos [MM2] showed that the topological type of
a degeneration of Riemann surfaces of genus > 2 is determined by its topolog-
ical monodromy. A simple example of a degeneration of Riemann surfaces
is a Lefschetz fibration whose topological monodromy is a Dehn twist. In
higher-dimensional case, there are two different generalizations of a Dehn
twist: Consider additive and multiplicative Ay_1-singularities:

Vi={(21,22,. ., 2n,t) €C™ 1 22 422+ 22 =17,
Wy i={(21,20,...,2n,t) €C"™ ¢ 21252, = 1}

Then f:Vy; — C, f(z1,...,2n,t) =t and g : Wy — C, g(z1,...,2,,t) =1
are degenerations, and their topological monodromies F; and G4 are two
different generalizations of a (—d)-Dehn twist. Note that Fy = (F})? and
Gq = (G1)4, so it suffices to describe the case d = 1. In the sequel, we omit
d to write V; and Wy as V and W.

Remark Ifn >3,V and W are not isomorphic (in contrast for n = 2, they
are isomorphic). In fact, the singularities of the singular fiber of g : W — C
are not isolated, while that of f : V' — C is isolated.

The topological monodromy of the degeneration f : V — C is described
by the double covering method (see [AGV] p.6). We will describe the topo-
logical monodromy of the degeneration g : W — C. First note that W is iso-
morphic to C" via (z1, 22, . . ., 2n, ) — (21, 22, . . ., 2n), accordingly g : W — C
is identified with a map 7 : C" — C given by 7(z1, 22, ...,2,) = 2122+ * Zp.

Now set N := {(21,22,...,2,) € C" : |z129-++2,| < 1} and D := {s €
C : |s| < 1}. The restriction @ : N — D of 7 : C" — C to N is a
‘shrinking’ of 7 : C* — C. Here N is closed but not compact (see (1) of
Schematic figure). To obtain a compact one, take p > 1 and set M :=
{(z1,22,...,20) €E N : |z <p (i =1,2,...,n)}. Note that M is compact,
indeed M is the intersection of the closed set N and the polydisk of radius p
(see (2) of Schematic figure). The restriction 7 : M — D of 7 : C* — C to
M is a local model of a degeneration of complex manifolds.
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Schematic figure for n = 2

In order to describe the homological monodromy of a degeneration of complex
manifolds, Clemens [Clel] describes the monodromy of the degeneration 7 :
M — D above. In this paper, we alternatively describe it from a different
viewpoint. While for n = 2, the topological monodromy of 7 is known to
be a (—1)-Dehn twist of an annulus, for n > 3, we describe the action of
the topological monodromy in terms of n foliations constructed on a smooth
fiber of 7; precisely speaking, these are singular foliations — the dimension
of some leaf is less than that of a generic leaf. The ith foliation is used for
describing its action on the ¢th face of the boundary of a smooth fiber.

More explicitly, the description of 771(s) (s = rel® # 0) proceeds as
follows:

Step 1 Express 7 !(s) = J. x K¢, where

Jy={(@n,. . 2) ER":0< < p, a1 ox, =1},
Kg — {(eial,...7eia")GTnZOzl‘l‘"""anEngdZﬂ-}

are respectively homeomorphic to the standard (n — 1)-simplex A,,_; and an
(n — 1)-dimensional torus 7" 1.

Step 2 We explicitly construct homeomorphisms ¥ : J. — A,_; and
P : K¢ — T 1. The construction of the former is quite involved and based on
induction on the dimension. The latter is constructed as follows: Noting that
Ke CT" let pr: T" — T™ ! be a projection given by pr: (e!*1,..., ") —
(€1, ..., €% 1), Then the restriction ® = pr|g, : K¢ — T""! is a homeo-
morphism.

Step 3 Using ¥, we construct a l-parameter family of homeomorphisms
{fo : M — M}ocg<or by fo @ (21,...,20) = (€121, e®n2)) where
(A, M) := U(|z1],. .., 20]). Then h := for : 7 1(s) — 7 1(s) is the
topological monodromy of 7. Under the identification of 77!(s) with A,,_; X
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T 1 via U x &, we show that h is given by

(A1 An), (Bry ey tast)
— (()\1, RN )\n)y (6277»\1?51, Ce ,6277»\"_175”_1)).

(3)

(See Remark 3 in §4 for another 1-parameter family constructed by Clemens
[Clel].)

Step 4 As illustrated in Figure 13, we shrink the (n — 1)-simplex A, _; to
obtain a family of (n — 1)-simplexes A,_q}, (0 < u < 1) such that A, 11 =
A,_y and A, _y|o is the barycenter b of A,,_;.

Figure 13:

Then {OA,_1ju }o<u<1 is a singular foliation of A, _;. We foliate A,,_; x Tn1
by OA, _1jy, X T (0<u<l):

A,y x Tt = H (OA,_1ju % T" 1) (disjoint union).

0<u<1

Now identify A,_; x T""! with a smooth fiber of 7 : M — D and
regard the topological monodromy of 7 as a homeomorphism A : A, 1 X
T — A,y x T" 1. By (3), h maps each leaf A,,_yj, x T to itself. To
describe this action, we introduce n foliations of A, _y}, X Tm 1. First let
T; (i = 1,2,...,n) be a foliation of T"~! by parallel subtori Tl"lv_z (v e St
as illustrated in Figure 14 (for n = 3). Then 9A,_y, x 7" ! is foliated by
8An,1|u X TZTU_Q (’U € Sl)

As mentioned above, h maps 9A,_y, x T"! to itself. We describe this

action separately for v = 0 and u # 0.
D1) Where b = OA,,_1|y is the barycenter of A,,_1, h acts on {b} x T ! as
|
(b, t1,ts, ... 7tn—1) — (b, €2ﬂi/nt1, GQWi/ntl, c ,€2ﬂi/ntn_1).

In particular, h maps {b} x T2 to {b} x T3

Z|1) l|v627'ri/n'
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T3

Figure 14:

Now let 8A£ﬁl (j =1,2,...,n) denote the jth face of 9A,,_1, accordingly
5’Af21|u denotes the jth face of A, 1}, (u # 0). See Figure 15.

\
Figure 15:

(D2) The action of h on dA,, 1, x " (u # 0) maps each face 8Afljll|u X

T 1 (j=1,2,...,n) to itself. Setting u := 1 —X_ this map is explic-
itly given by

(()\1, cey /\j—la M, /\j+17 ce ,/\n), (tl,tg, . 7tn—1>) —
(()\1, R 7)\]'—1’ L, )‘j-i-la . ,)\n), (62ﬂ—i>\1t1, Cee GQWthj, RN 627ri>\n_ltn_1)).
Next fixing u # 0 and 4, set £, := 0A,_q}, X T[|LU_2 and consider a foliation
F = {L}vesr of OA,_yy, x T"1. Then L := 9AY | = x T2 is the jth
face of L,,. The following holds:

(D3) h does not preserve F — each face L5 (j # i) of a leaf £, of F is not
mapped to a face of a leaf of F. In contrast, for the case j = 4, h maps
£ to Ei?zm(l_u)/n. To describe the action of h on 5’Aff)_1|u x T we

may thus describe its action on c for each v € S* separately.

For the case n = 3, each face of 0A,,_yj, x T[EQ (u # 0) is an annulus,

which as u — 0, shrinks to a circle S* (Figure 16).
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Q-0 D-09-0
u=1

u=20

Figure 16:

Accordingly the action of the topological monodromy h varies from a (—1)-

Dehn twist to the %@—rotation of St (Proposition 2). A similar description
is valid for arbitrary dimension.

= = 0,
(—1)-Dehn twist | | ! y —--rotation

SEDRNCIV NG

Figure 17: The variation of the action of h.

ii
[

Introduction to Part II Let d be a positive integer and consider the
following two complex varieties:

V={(z1,22,...,20,t) €C" t af 423+ 422 =14},
W = {(Zl,ZQ,...,Zn,t> € CnJrl A /) I A :td}

We say that V' is an additive A-singularity and that W is a multiplicative A-
singularity. Iif n = 2, V and W are isomorphic via (x1, 2) = (21+iz22, 21—i29).
In contrast if n > 3, they are not isomorphic. In fact, the singular locus of
V' is isolated, while that of W is not isolated — the former is the origin,
while the latter is the union of ,,Cy hyperplanes H;; = {2, = z; =t = 0},
1<i<j<n.

Now let f : V' — C be a holomorphic map given by f(x1, 22, ..., x,,1) =,
and g : W — C be a holomorphic map given by ¢(z1, 29,...,2,,t) = t. A
smooth fiber f~!(s) (s # 0) of f (resp. g~'(s) (s # 0) of g) degenerates to
the singular fiber f=1(0) (resp. ¢g~1(0)) as s — 0, where the singular locus of
F740) (resp. ¢g7*(0)) coincides with that of V' (resp. W).

When n = 2, the topological monodromy of f: V' — C (and g : W — C)
is a (—d)-Dehn twist (Figure 18).

When n > 3, the topological monodromy of f : V — C is called a generalized
Dehn twist, and is described by using the double covering method (see [AGV],
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Sl

Figure 18: (1) The topological monodromy of f : V — C. (2) It is a (—d)-
Dehn twist.

p.6). The topological monodromy of g : W — C is another generalization
of a Dehn twist, and is described in [Clel]. In what follows, we exclusively
consider W, and write it as Aq_1.

We next introduce a fractional Dehn twist. Where a and m (0 < a <
m) and b and n (0 < b < n) are two pairs of relatively prime integers,

an (— —)—fmctional Dehn twist is a self-homeomorphism of an annu-

lus [0,1] x S* illustrated in Figure 19. It is explicitly given by (¢, €)
(t, eQTri{—(l—t)a/m+tb/n}€i9>‘

2#%

Figure 19: An (%, %)—fractional Dehn twist.

More generally, where s is an integer, an (%, %, m) -fractional Dehn

twist is defined as the composite map of a (+x)-Dehn twist and an (%, %)—

fractional Dehn twist (it is illustrated in Figure 20). If & + % + K >
a b . . )

0, a — <m, s /f)—fractlonal Dehn twist appears as the topological mon-

odromy of a degeneration: Set ¢ := gcd(m,n), m' = m/e, n' = njc

and d := n'a + m'b + m'n’ck, or d = m'n’c (% + % + k). Let I' be the

cyclic group acting on Ay ; generated by an automorphism ~ : (z,w,t) €
Ag_y s (ePmalmy 2mibing, 2mi/mmiery ¢ A, . Then the induced map
®: Ag_1/T — C by a I-invariant map ® : (z,w,t) € Ag_; — t""¢ € Cisa
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degeneration whose topological monodromy is isotopic to the — (%, %, /{)-

fractional Dehn twist.

} Kk times

271'%
, /<a) -fractional Dehn twist.

|
i

S|

a
m

Figure 20: An (

We point out that ® : Ay ;/T" — C arises as a local model of a degener-
ation of Riemann surfaces; recall that a proper surjective holomorphic map
7 : M — A from a smooth complex surface M to A := {s € C : |s| < 1}
is a degeneration of Riemann surfaces (of genus g) if 771(0) is singular and
7 1(s) for s # 0 is a Riemann surface (of genus g). Figure 21 (1) illus-
trates an example of a singular fiber, which consists of cores, branches and
a trunk. Contracting the branches and the trunk of this singular fiber yields
the canonical model 7" : M' — A of 7 : M — A; the branches and the
trunk become cyclic quotient singularities of M’ (because the contraction of
a chain of projective lines yields a cyclic quotient singularity). The singular
fiber (7')71(0) is thus as illustrated in Figure 21 (2). Let p € 7—1(0) be the
point resulting from the contraction of the trunk. A neighborhood of p € M’
is then isomorphic to A4_1/T" (for a/m = 4/11, b/n = 3/5, k = 0). Moreover
the restriction 7’ |4, ,/r coincides with ®: Ay /T — C, and the topological

monodromy of 7' |4, ,/risa — <%, %, 0>—fracti0na1 Dehn twist.

More generally, for any trunk (see Figure 22), the same result holds: A
neighborhood of its contraction is isomorphic to Ag_1/I" (for some a/m, b/n,

a

x), and the local topological monodromy is a — { 77, 77, & )-fractional Dehn

twist, and Ay_1 /I is a cyclic quotient singularity.

In the above, the contraction of a trunk yields A4_1/I", which is a cyclic
quotient singularity. In fact, for any I' (that is, for any a/m, b/n, k), the
quotient Ay 1 /T is a cyclic quotient singularity, that is, A4,/ = C?/G for
some cyclic group G = (g), where the generator g is of the form (u,v)
(e2mi/ly, e2ma/ly) for some relatively prime positive integers | and ¢q. This
is the starting point of the present work — we generalize it to the higher-
dimensional case in order to apply it to degenerations of complex manifolds.
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Figure 21: Intersections of irreducible components are transversal. The pos-
itive integer on an irreducible component denotes the multiplicity of that
component. The five bold points on (7')7!(0) denote the cyclic quotient
singularities of M’ .

ko ko1
Declee

Figure 22: A trunk is a chain of projective lines connecting cores.
(ko, k1, ..., ksy1 are multiplicities.)

Let a; and m; (i = 1,2,...,n) be relatively prime integers such that
0 < a; <m;. Set c:=ged(my, ma,...,my,) and m; := m;/c. Take an integer
k such that %—11+%+---+T%—Z+H>O, and set

n
e . ! LIS ! . .. / / / . .. /
d:= ( E a;my - - -1y, mn> + mymsy - - - M, CK,

=1

where m; means the omission of m}. Or

a a ap
d:m’lm'z"'méc<_1+_2+"'+_+K>' @
mq ma mp

Now let v be an automorphism of C"*! given by

2miay /my, 27ri/m'1m’2-~milct).

. 2miay/m
v (T, X0, t) — (e Umig e T, €
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Then (4) ensures that v preserves Ay, 1 := {(ml’ﬂfg, e, T, t) € CrHE

T1Xo - Ty = td}. Let I' be the cyclic group generated by ~. Let & :
Ay_1 — C be a I'-invariant holomorphic map given by ®(xy, z9, -, z,,t) =
tmmamu and ® denote the holomorphic map on A4_; /T induced by ®. The

a a4y )
m17m27 7mn7

fractional Dehn twist. This will be described in [SaTa]. (Remark: Clemens
[Clel] describes the monodromy of z{"z5? - - 2" = t.)

In this paper, we will show that the cyclic quotient Ay_1 /T is uniformized
by a small abelian group. Here a finite subgroup of GL(n,C) is small if it
contains no pseudo-reflections, where a pseudo-reflection is a diagonalizable
matrix such that one of its eigenvalues is a root of unity (distinct from 1)
and all other eigenvalues are 1.

The following was originally proved by the second author:

topological monodromy of ® : A;_;/T" — Cis called a — (

(i) Uniformization theorem for dimension 2 There exists a small
cyclic group G C GL(2,C) such that Ag_1/T = C?/G (Theorem 1).
(This ensures that the minimal resolution of A, 1/T is obtained by the
Hirzebruch-Jung resolution.)

(ii) Moreover under this isomorphism, ®: Ay /T — C corresponds to the
map ¢ : C*/G — C induced by the G-invariant map ¢ : C* — C,
o(u,v) = u"v™ (Lemma 6).

The construction of G appearing in the uniformization theorem is outlined
as follows (see §5 for details): The universal covering p : C* — Ay 1 of Ay,
is a d-fold covering given by p(X,Y) = (X%, Y4, XY). In the sequel, we often
write the universal covering space C2 as Ay_;. Next let ¢ : Ay — C2 be an
m’'n/-fold covering given by ¢(X,Y) = (X™,Y"™), and consider the following
diagram:

A/d—l = Cz
- ~g (5)
C? Ag-1.

Lift T to a group I’ (actlng on Ad 1) and then descend [ to a group G (acting
on C2). Then Ay, /T = Ay, /T 2 C%/G and G C GL(2,C) is a small cyclic
group.

Remark In the paragraph subsequent to Lemma 4.2.2 of [Tak2], it is stated
that A = an’ and B = bm/+km’'n’c are relatively prime to d. This is however
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generally not true, and moreover unnecessary in the construction of G.

The uniformization theorem for dimension 2 is generalized to an arbitrary
dimension > 3 as follows:

Main Theorem A (Theorem 4 and Corollary 14) There exists a small
finite abelian group G C GL(n,C) such that Ag_1/T" = C"/G, where G is

CyCliC Only when n = 2. Here G is €$plzcztly given as ?OHO’LUSZ First set
/ ~ / i
IR R PR

l; is a (positive) integer; see Remark 7 below). Then G is generated by the
following matrices QQ, Ry, Ro, ..., R, _1:

e27ril1a1/cd O

627ril2a2/cd

1 -

627riln_1an_1/cd

O e2miln (an+mnk)/cd
I 5 O

2rilm! /d

Riz € < )

O 6—27rilnmgl/d

Unlike n = 2, if n > 3, the construction of G requires one more descent,
which uses the following diagram of coverings (cf. (5)):

q A =cC p
I/ (Cn/ \Adfla (6)
(CTL

where p, ¢ and r are covering maps given by

o p(X1, Xo, ..., X,) = (X4, X2 XT XX, X,) (note: p: Ay, —
C™ is the universal covering of A, 1),

o ¢(X1, Xo,. .., X,) = (X0, X0, X,
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o r(up, ug, ... uy) = (u}, ul, ... ulr), where I; is the positive integer

n
appearing in Main Theorem A.

We lift and descend I' with respect to the diagram (6): Lift I" to a group
r (acting on Zd_l), and then descend I to a group H (acting on C"), and
next descend H to a group G (acting on C"). Then Az /" = gd,l/f .
C"/H = C"/G and G C GL(n,C) is a small finite abelian group.

Actually H may be small, in which case the second descent is unnecessary
and it suffices to take H as G. This case is characterized by the following
numerical criterion of smallness:

Main Theorem B (Theorem 3 (2)) The finite abelian group H is small
if and only if ged(m;, m’;) =1 for any i, j such that i # j.

Next let P be the pseudo-reflection subgroup of H, that is, P is generated
by all pseudo-reflections of H. Regard x as a ‘parameter’, and write I', H, P
as 'y, H, P.. Then the following holds:

Main Theorem C (Lemma 33 and Theorem 6)

(1) The pseudo-reflection subgroup P, of H, does not depend on k: Let kg
denote the least integer among k in the definition of d, then

Poy=Puyp1 = =P =

(2) (Equi-smallness) If H,, is small, then H, is small for any k, and if
H,, is not small, then H, s not small for any k.

Now let & : A; ; — C be a holomorphic map given by ®(x1, o, ..., z,, )=

Then & is I-invariant, thus induces a holomorphic map ® :
Ai1 /T — C. Next set k; := lem(m/,...,m., ..., m,)c where 7, means
the omission of m;, and let ¢ : C* — C be a holomorphic map given by
G(v1, v, ... v,) = V5108 - - Fn. Then ¢ is G-invariant (Theorem 5 (1)), thus

induces a holomorphic map ¢ : C*/G — C. The following then holds:

/ / /
My myc

Main Theorem D (Theorem 5 (2)) Under the isomorphism Ag—1/I" =
C"/G in Main Theorem A, ® corresponds to ¢.
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1 Local models of degenerations and their
fibers

Let m : C" — C be a holomorphic map given by 7(21, 22, ..., 2,) = 2122 * * Zn.
Its singular fiber Y := 771(0) is a complex analytic variety 2125 -z, = 0 in
C". Set C* := C\ {0}. Each smooth fiber B, := 7 !(s) (where s # 0) is
biholomorphic to (C*)"! via

(21,22, 20) € By = (21,20, 201) € (C)"7 1, (7)

Next set N := {(z1,22,...,2,) € C" 1 |2129---2,] < 1} and D = {s €
C : |s| < 1}. Take p > 1 and set A := {(z1,2,...,2,) € C" : |z] <
p (i = 1,2,...,n)}. Set M := N N A, then the restriction « : M — D of
m:C" — C to M is a degeneration. Its singular fiber is X := Y N A while
Cs = B;NA (s #0) is a smooth fiber. They are compact. Note that since
Cy is a domain in By, the positive orientation of By naturally defines the
positive orientation of the complex manifold Cj.

Write a nonzero complex number s as rel (r > 0, 0 < £ < 27). Then set

0<z;<p(i=12,....,n)
T1Xg Ty =T ’

Jr: {(;Ul,l'g,...,xn) cR" :
ng {(eial, eia2, ”"eian) eT" - a1+a2+...+an55mod 271-}7

where T = S' x S' x -+ x S' is an n-dimensional torus. (Note that K is

n
homeomorphic to 7"t via (€1, 192 ... e'*) € K¢ > (€', €'%2, ... e%-1) €
77 1) Asmooth fiber C5 = 7 1(s) of 7 : M — D is homeomorphic to J, x K¢
via

(21, -y 20) = (216, 2€) = ((21, ..., @), (€9,...,€7)).

We say that J, is the real slice of C, which is a part of a higher dimensional
hyperboloid in R" (Figure 23).

Note that J, is homeomorphic to the standard (n — 1)-simplex A,,_;
(Figure 24). In §2, we explicitly construct a homeomorphism between them.

The barycentric divisions of J, and A,_; are given by J, = |J A4; and
i=1

An—l = U BZ', where

=1

Ai:{(mlw"axn)EJr : xzzx] foranyj;éz’},
By ={(M,...,\) € Ay 0 N < ) for any j # i}
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Figure 24:

The boundary dA,,_; of A,,_; consists of n faces aAffll (1=1,2,...,n),
where 8AS)_1 is defined by A\; = 0 in A,,_;. Similarly the boundary 9.J, of J,
consists of n faces 9J (l=1,2,...,n), where 0JY is defined by x; = p in

Figure 25: The barycentric divisions of J,. and A, _; for n = 3. The points p
and ¢ are the barycenters of J, and A,.
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Subsequently we explicitly construct a homeomorphism from J, to A,,_; that
maps the barycentric division of J, to that of A,,_; and maps 0JY to GAS)_I,
[=1,2,...,n.

2 Construction of a simplicial homeomorphism
)

We construct a homeomorphism W : J, — A, _;. The construction is based
on induction on n, so it is convenient to write n — 1 as m and V¥, J,., A,
as Uy, Iy A We first construct Wy (below, z; and x5 are denoted by
x and y). Let o : J; — [0,00] and 7 : [0,00] — [0, 1] be maps given by

1
_ Ly telo1
o(x,y) = p _% and 7(t) = 2 1 ( 0. 1]) , then the composite map
P 1— 5 (te[l,00])
A:=T1o0:J; —[0,1] is a homeomorphism.
Yy g T
ol

[0,1]

Figure 26: A\ := 7 o 0 maps the midpoint of J; to that of [0, 1].

Next define a homeomorphism ¢ : [0,1] — A; by ¢(t) = (1 —¢,t). The
composite map Vi := o A :J; — Ay is the desired homeomorphism:

Uy (zy) €1 — (1= Az,y), Mz,y)) € Ay (8)
As illustrated in Figure 27, ¥; maps the barycentric division of J; to that of

A
The construction of ¥, : J,, — A,, (m =2,3,...) proceeds as follows:
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Figure 27: ¥; maps A4; to B; (i = 1,2).

m+1 m+41
Step 1 Let J, = |J A; and A,,, = |J B; be the barycentric divisions. We
i=1 e
then construct homeomorphisms ; : A; — B; (i =1,2,...,m+ 1) by using
the homeomorphism W,,_1 : J,—1 — Ap_1.

Step 2 We show that ¢, = ¢; on A; N A;. Thus ¢ : A, — B; (i =
1,2,...,m + 1) together define a homeomorphism ¥,, : J, — A,, that
maps the barycentric division of J,, to that of A,,.

Construction of Uy o Jy — AQ Let Jy = A1 UAQ UAg and AQ = BiUByU
Bs be the barycentric divisions. We first construct ¢, : Ay — B; (below,
xl,xg, xs are denoted by z y, z). Foliate Ay, Bj as illustrated in Figure 28:

{L }\f<c<p B }O<d<1/3
L =ANn{z=c} B
1
L&:Blﬂ{)\lzd}
q
Figure 28:

Note that Ls; = p, L/1/3 = ¢, and L}, (d # 1/3) is homeomorphic to A; via
o(d,y, z) — (1—2d—(1—3d)z, d+(1—3d)z>. For ¢ # /r, a homeomorphism

p:Jy — L. is given as follows: First take L. as subsets of R? by ignoring
the x coordinate:

T r r
LC:{(va>€R23?SySC,C—QSZSC,yz:E}.

37



Let r : R? — R? be a parallel transport given by 7(y, z) = (y+p—c, z+p—c).
For (y,z) € Ji, denote by p'(y,z) the intersection of r(L.) and the line
connecting (y, z) and (p, p). Then we have a homeomorphism p’ : J; — (L),
and hence the composition p :=r~tou': J; — L. is a homeomorphism.

Now let d : [/r, p] — [07 %] be a function given by d(c) := m,
and for each ¢ € (/r, p], set {, = o toW,opu™t : L. — Ly, where
U, J; — Ay is the simplicial homeomorphism in (8):

Cc(ca Y, Z) - (10_1 © \Dl o :u_l(ya Z)

The homeomorphism (g : L gz — LY 5 is naturally defined by Cyz(p) = ¢
Then the family of homeomorphisms {C. : L. — L) } ¢7<c<, determines the
homeomorphism ¢ : Ay = B;. In particular,

Ui(p,y,2) = Colpy, 2) = (0,910 ™y, 2)). (9)

Similarly 1, and 13 are constructed. By construction, ¢; = ¢; on A;NA;,
so they together define a homeomorphism Wy : Jy, — As.

For m > 3, we can similarly construct ¥,, : J,, — A,, from V¥, ; :
Im—1 = A,_1. We refer to V,,, as a stmplicial homeomorphism. The positive
orientation of A,, induces the positive orientation of J,, via ¥,, : J,,, = A,,.

3 One-parameter family of homeomorphisms
and topological monodromy

Fix p > 1 and set
M:{(zl,ZQ,...,zn)EC” Nzl <p(i=1,2,...,n), |2122-~-zn|§1}.

Consider the degeneration 7 : M — D defined by 7(z1, 29, ... 2,) = 2122+ - 2.
Then C, := 7 !(s) for nonzero s is a smooth fiber and X := 771(0) is its
singular fiber. The projection p : M — J, of M to its real slice J, is given by
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pi(z1, 22,y 20) = (|21], [22], - -+, |2a])- Let W J. — A, _; be the simplicial
homeomorphism constructed in §2, where A,,_; := {()\1, o) ERT 0L
Ai <1, A+ -+ A, = 1} is the standard (n—1)-simplex. Consider the com-
posite map F :=Wop: M — A, 1. Set (A, Aa, ..., ) = F(21,22,...,2n),
and for any 6 € R, define a map fy : M — M by

fo(z1, 22, .., 2n) = (emlzl, 2z ,eie’\"zn). (10)
Lemma 1. fy: Cy — C,ae. In particular, for : Cy — C.

Proof. Tt suffices to show that if 21252, = s, then (e1z))(e%22,) .-
(€% 2,) = se?. Since (A1, Xay...;A\n) € Ap1, A1+ Ao+ -+ + A\, = 1, thus
(€12))(eP225) -+ (0 z,) = €921 29 - -+ 2, = €ls. O

Note that {fp : M — M }ycr is a 1-parameter family of homeomorphisms:
(i) fo is the identity map and (ii) fy,+9, = fo, © fo,. (i) is obvious. (ii) is
confirmed as follows: Note first that

(21,22, 2n) & (6102)\121, ef2224, . ,eieﬂ"zn)
&) (6101)\’1€i62)\1zl’ 01N gi02de ”76101,\;6102/\712”)7
where
{ (A, Aoy \) = U(|21), |22], - - -5 [2al)s
(NN, ) = W ([elf%2P 2], €922 2|, . €922 2, ).

Since [e*™iz;| = |z (i = 1,2,...,n), we have (N[, Xy, ..., X)) = (A1, Mgy oo An).
Hence
f91 o f62<’z17 Zoy. .., Zn) _ (€i91A1€i92)\1Z1’ 6101)\26i92/\222, o 7€i91/\n€i92)\nzn)
— (ei(91+92))\1 Z]_, 61(91+92)/\222, L 76i(91+92))\n2n)
== f01+92(217 2oy 7Zn)'

In what follows, we consider {fp : M — M }o<p<or. Take a circle S! =
{z € C : |2] < r} contained in the unit disk D. For s € S!, the flow
Fp = { fo(p) : 0<6< 27?} starting at p € Cy transversely intersects each
smooth fiber C o (0 < § < 27), which defines a “parallel transport”:
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The homeomorphism h := fo, : Cy — C§ is the topological monodromy
of 7 : M — D. For ((z1,...,3,), (wi,...,w,)) € J, x K¢ (= Cs), set
(A, An) == U(2q,...,2,), then

h((:ﬁl,...,xn), (wl,...,wn)) (11)

— ((xl, o), (™M ,62”1’\”10”)).

Recall that for each I =1,2,...,n, ¥ maps the [th face I of 0J, (defined
by x; = p) to the [th face aAS)_l of A, 1 (defined by \; = 0). Hence the

action of h on the [th face (’3J7§l) x K¢ of the boundary 0J, x K¢ of J, x K¢
is given by setting z; = p and A\; = 0 in (11):

h((z1, - i1, Py Tigt, -5 @), (W, wy) (12)
= ((xl, S Ty Py Ty - -5 L),
(XL Nty g, e A L ,62”1’\”10”)).

We next construct a homeomorphism between C and A,,_; x 777!, and
regard the topological monodromy h : Cy — C§ as a homeomorphism A,, 1 X
Tt — A,_; x T" !, which is more easy to describe.

First let pr: 7™ — T ! be the projection given by pr: (e!*, ..., %)
(e, ..., en=1). The restriction pr : K¢ — T"! is a homeomorphism, in
fact its inverse is given by

(€9, ..,y e TV s (e, eia"*,ei(g"’”’""a”*l)) € Ke. (13)
The positive orientation of 77! induces the positive orientation of K, via
3

pr : K¢ — Tt Then ¢ = ¥ xpr : Cy = J, X Ke — Apy x Tt
is an orientation-preserving homeomorphism. We say that ¢ is a datum
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homeomorphism, which gives a trivialization of C; (this is analogous to the
trivialization of vector bundle). Similarly, for Cye (0 < 6 < 27), define the
datum homeomorphism ¢y : Cyeo = J. X Keyg — A,y XT" 1 by ¢pg = U Xpr.
Set Fy := ¢pgo fgo ¢~ L; then For = o for 0~ as ¢or = ¢. The following
diagram commutes, and thus, to describe fy, it suffices to describe Fj.

fo

Cs Clgio
¢l - l%
An—l x Tt o An—l x T 1.

Lemma 2. Fy: A, x Tt — A,_; x T is given by

FO(()\l, T An)’ (th T ’tn*l)) = ((Ala SR )‘n)a (ei)\latla c.. 7€i)\n_19tn71>).
Proof. Write t; as € (i = 1,2,...,n —1). For (Ay,...,\,) € A,_1, set
(z1,...,2n) = U (\,..., \,). Then

Fy((MsooyAn), (€97, €9 1)
=¢@go fgo (]5*1(()\1, ce An), (eial’ o ’61%,1))
= ¢p © fe((xl, ces ,.73”), (eio‘17 . 7610%—17 ei(5*a17---fan,1)>)
= Qbe((flfl, R 7.17n)7 (ei/\19€ia1, . ,ei)\"fleeia"’% eiAneei(f—al—"'—an,1)>)
= ((Ala ceey An), (ei)\19€io¢1’ e ,eiknfleeio‘”*l)»
[

The Ith face aAif)_l (Il =1,2,...,n) of the boundary 0A,,_; of A,_; is
defined by A\; = 0. Hence:

Corollary 1. The action of Fy on the lth face 8A£f)_1 x T of the boundary
ON,_1 x T L of A,_1 x T™ L is given by

Fo((As- e N1, 0, M1, -, M), (B, )
— (()\1, C.e ,)\171,0, )\l+17~ . .,)\n), (61)\19t1, C.e 7tl7' . .,eiAnfletnfl)).

For n =2, A,_; x T" ! is an annulus A; x 7! and by Lemma 2,
Fy (()\1,)\2), tl) € Al X Tl — (()\1,)\2), 627ri)\1t1) € Al X Tl. (14)

Here A\ + Xy = 1, Ag varies from 0 to 1 and ¢ : Ay € [0,1] — (1—Xa, \y) € Ay
is an orientation-preserving homeomorphism, so Fs, : ((1 — Ao, A2), tl) —
((1 = X2, A2), e2™%2ty), which is a (—1)-Dehn twist of Ay x T
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= = 7

A1XT1 A1XT1

Remark 3. Instead of 7 : M — D, Clemens [Clel] began with the ‘whole
map’ 7 : C* — C; so J, is replaced with an (infinite) hyperboloid Jror-cpt
defined by z12--- 2, = r in R%;. Then instead of ¥ : J, — A,_;, he con-
structed a map J2™°P* — A, _; that is a composition of a homeomorphism
and a retraction as illustrated in Figure 29, and then he restricted this map to
a compact domain in J2°™P*. Using this map, he constructed a 1-parameter
family of homeomorphisms F}, : A, 1 x T" ' — A, ;1 x T (0 < 6 < 27)
different from ours.

-cpt
JROP o g retract
D D

Figure 29: H is the hyperplane in R"” containing A,,_;.

4 Description of the action of the topological
monodromy on foliations

We describe the action of the topological monodromy Fh, on A,_; x 77!
(n > 3) in terms of foliations. As illustrated in Figure 30, we shrink the
standard (n —1)-simplex A,_; to obtain a family of (n —1)-simplexes A, _,
(0 <u <1)such that A,_y1 = A,y and A,,_y)o is the barycenter b of A,,_;.

Then {9A,_1}u o<u<1 is a (singular) foliation of A,,_1, and {0A, 1, XT" ' }o<u<i
gives a foliation of a smooth fiber A,,_; x 771,

The topological monodromy h 1= Fo, : A, xT" 1 — A,_; xT" ! maps
each leaf A, _y), X T~ to itself. To describe it explicitly, we introduce n
foliations on 7"~'. First for each i = 1,2,...,n, let My, (v € S*) be the
(n—2)-dimensional subtorus in K¢ defined by '* = v, then K; = { M}, }rest
is a foliation on K by parallel subtori (Figure 31 for n = 3).

The homeomorphism pr : K¢ (C T™) — T given by (e',...,e")
(e, ..., e 1) transforms the foliation K; = { M), },es1 to a foliation 7; =
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Figure 31:

{T}}, *hoesr of T Then {94, 1, x Tj*}oest is a foliation of A, 1), x

i|v
T 1. Here varying u yields a singular foliation of A,_; x 7™~ L,

The monodromy action on {b} x 7"~ The barycenter b (= dA,_1))

of A,_1 is <%, e %), and the topological monodromy h : A,_; x "1 —

A,y x T 1acts on {b} x T"! as
(b, t1,t9,. .. 7tn—1) — (b, €2ﬂ—i/nt1, €2m/nt2, ey 62Wi/ntn_1).

In particular h maps each leaf {b} x TZTU_Q to {b} x T2

Z|,U(327\'i/'rl’

The monodromy action on 9A,_y, x T ' (u # 0): For each j =
1,2,...,n,let 0AY " denote the gth face of A, 1}, = A, _y; then 6Af£1|u

n—1|u

T is the jth face of dA, 1, x T""'. Fixing u # 0 and i, set £, :=
ON,_1jy X TZTU_2 and consider a foliation F = {Ly},egr of A, _y, x T
Then £ = GASEHU X Ti"lv_Q is the jth face of £,. While h maps each face
of DA, _1j x T to itself, h does not map a leaf L, to itself. Moreover, as
we will see below, h maps LY to itself only if j =1 and u = 1.

We specify the parameter u such that the side length of 0A,,_y, (u #0)

is v/2u. Then for u # 0, the jth face 8A££1‘ of A, _1}, is defined by

Aj = 1 E U in OA,_1},. We first consider the case j = i; we describe the

X

u
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x T2 Set pu = l—u Then by Lemma 2,

action of h on Egi) — gAY n

n—1lu i|v

the restriction of h to £ is explicitly given by

((Ala ceey )‘i—lvﬂw Ai-i—la ceey An)» (th s 7ti—1vv7ti+17 s 'tn—l)) —
(()\1, ey >\i—17 My )\H—l? ceey >\n>7 (ezﬂ-i/\ltl, c 7627ri“'l)7 . ,627ri)\n_1tn_1>).

We thus obtain the following:

Lemma 3. h maps £ to ﬁiie)%(l_u)/n. In particular when v = 1, it maps

£ to itself, and is explicitly given by

h: (()‘17"->\i—1707 /\H_l,...,/\n), (tl,...ti_l,U,ti+1,...,tn_1)) —
(()\1,. oAl 0, >‘i+17' . -7>\n); (627Ti/\1t1,. ey Uy ,ezﬂi)‘”*ltn_l)).

Remark 4. While h maps £ to £f}ie)2ﬂ<1,u)/n, for j # i, h does not map £
(7 # 1) to a face of a leaf of F. Indeed,
RLD) = {((M\r- o Aa), (B tar)) € 0AY | X Th 0ty = ve?™
~ gAY T2,

n—1|u

To emphasize n, write h as hy, : Ap_y x T"1 = A,y x T" 1. Here

8AS)71|1 X T[|Lv_2 is homeomorphic to A,_s x T2 via

2 (<)\17'“7)‘i—1707)\7j+17"'7)\n)7 (tla'"7ti—lavati+17'”tn—1>)
— (()\17'--7/\i—17)\i+1>"-7)\n)7 (tla-'-ati—lati—i-lw”tn—l))-

Identify 8A£21I1 X TZ."_2 with A,_s x T"? via ¢. From Lemma 3,

|v

pohy,o 90—1(()\1’ coy A1), (.. ,tn,g))

=@oh, (A, A1, 0, A, oo M), (B, tim1, 0,6y o))
= go(()\l, AL 0N A), (€M, ,62”1)‘”*215”_2))
= (()\1, o An), (R ,62”1’\"*225,1_2))

= o1 (Moo Ancn)s (B, - ts2)).

Thus po h, 0™t =h,_1, so

Proposition 1. The restriction of h,, to 6AS)_1|1 X TiT_Q 18 hy_1.

v
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Variation of topological monodromy As u — 0, the ith face £ =
OAY |, x Tih2 of the leaf £, = OA,_yj, x T}, ? shrinks to the (n — 2)-
dimensional torus T" 2. Accordingly h, := h | £ varies. In the case n = 3,
£ for u # 0 is an annulus and for © = 0 a circle, and as we see below, h,,
varies from a (—1)-Dehn twist to a rotation of S', where recall that for each
integer k, a k-Dehn twist is a self-homeomorphism of an annulus [0, 1] x S*
given by (z,t) € [0,1] x St — (x,e*™*t) € [0,1] x St

Proposition 2 (n = 3). Asu varies from 1 to 0, h,, varies from a (—1)-Dehn

0

™ .
¢ —-rotation

)0

twist to the 2?ﬁ—mtation of St as illustrated in Figure 32.

a
/
=le
Extl
G
=

l'

(—1)-Dehn twist |

Figure 32:

Proof. We show the assertion for ¢ = 1 (it is similarly shown for other

i). Identify £V and L’f}gwi(l,u)/g with the annulus [1_7“, %} x S via the

homeomorphism ((/\1,/\2,/\3), (tl,tg)) — (A3, t2). Regard then h, : £l -
E(l)

pezni(i—wys as @ homeomorphism

hy : (x,t) € [15%, H24] x St o (x, e 2ot (mu)/Shy) g [Lou La2u] o g1

As u varies from 1 to 0, this varies from a (—1)-Dehn twist of [0,1] x S* to
the %E—rotation of St as illustrated in Figure 32. O
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5 Uniformization theorem for dimension 2

5.1 Proof

Let a and m (0 < a < m) and b and n (0 < b < n) be two pairs of relatively

prime integers, and set ¢ := ged(m,n), m' := 2, n’ := . (Note that m/
b

and n’ are integers.) Take an integer x such that % + 7tk >0, and
set d :== an’ + bm’ + m/n’ck. Let 7 be the automorphism of C? given by
v (2w, t) e (€2 My 2Ty e2m/m M er) - Then y preserves Ag_q =
{zw =t} in C3. Let T be the cyclic group generated by «. Then:

Theorem 1 (Uniformization theorem [Tak2]). There exists a small cyclic
group G C GL(2,C) such that Ay_1/T = C?/G. Here G is explicitly given
as follows: Let a* (0 < a* < m) be the integer such that aa = 1 mod m, and
let q (0 < q < cd) be the integer such that q = 2 dm mod cd (the right

hand side is indeed an integer; see Remark 5 below). Then G is generated

by the automorphism g of C? given by g : (u,v) s (e2™/hy, e?mia/edy),
* !/
Remark 5. Substituting d := an’ + bm' + m/n’ck into adT—/n yields
-1,

& —2n'+a*b+a*n’ck. Here since aa® = 1 mod m, we may write aa*—1 =

* /
Km (: Km'c), where K is an integer. Then adT—/n = Kn'c+a*b+a*n'ck.

Proof. Note first that the universal covering p : Ay (=C?) — Ag_1of Ay
is a d-fold covering given by p(X,Y) = (X, YV XY). Next let ¢ : Ag_; — C2
be an m'n/-fold covering given by ¢(X,Y) = (X™,Y™), and consider the
following diagram:
zzd,1 - CQ
L (15)
C? Ag-1.

Let T be the lift of T’ with respect to p, and G be the descent of T with
respect to g. Then Ay /T = Ay 1/F C?/G.

We next show that G is generated by g. For j = 1,2,...,m/n'c and
E=1,2,...,d, let 75 : Aq_1 — Agz—1 be the automorphism given by 7;
(X,Y) o (ePriliatkm)/md x o2mi{j(btnr)—kn}/ndy’) “and g, : C* — C? be the
automorphism given by g;, : (u,v) > (e2miathm)/edy = o2mi{j(binn)—kn}/edy)
Then for each j = 1,2,...,m'n’c, the set of all lifts of v/ € I" with respect to
pis {7k : k=1,2,...,d}, and for any j, k, the descent of 7, with respect
to q is gj ;. Hence T and G are explicitly given by

T={F%:7=12....mnc k=1,2....d},

G={gjx:7=12....,mn'c,k=1,2,...,d}.
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Therefore GG is generated by the following two automorphisms «, 3:

2mia/cd 27ri(b+n/~c)/cdv>

(u,v) —> (e

a: u,e
ﬁ ( ) — (627rim’/du e—27rin'/d )
)

)

Let | (0 <l < cd) be the integer such that | = maa* mod cd. Then by
Corollary 15,

afl=g, g"=a, g"=p
Hence g € G and G is generated by g.
We next show that G is small. Recall that G is generated by ¢ : (u,v) —

(e2mi/edy, e2mia/edy))  Here q and cd are relatively prime (Lemma 4 (2) below),
so (G is small. ]

Supplement Let a* (0 < a* < m) be the integer such that aa* 1 mod m,
and let q (0 < q < cd) be the integer such that q = ¢ dm

where the right hand side is indeed an integer (Remark 5). Similarly let b*

(0 < b* < n) be the integer such that bb* = 1 mod n, and let r (0 < r < cd)

r = b*d —/ m/
n

mod cd,

be the integer such that mod cd, where the right hand side is

an integer as for q.
Lemma 4. (1) qr =1 mod cd, that is, r = q*.

(2) q and cd are relatively prime.

Proof. (1): It suffices to show that ¢ dm n' " dn M’ — 1 mod ed. Here

- - n/b* _|_
m n

*d 2! b*d _ / * 1 bb* _
a4 " mo_ g (aa ; —m'a* + a*b*m’n/cm) + 1.
m

Write aa* — 1 = Km (= Km/c) and bb* — 1 = Ln (= Ln'c). Then

*d ! b*d _ !/
¢ - n - o cd(Kn'b* + Lm'a* + a*b*m'n'k) + 1
m n

= 1 mod cd.

(2): Since qr = 1mod ed, qr = 1 + Mecd for some integer M. Then
gr — Mcd = 1. Note that ged(q, ed) divides the left hand side, hence divides
1. Thus ged(q, ed) = 1, that is, q and cd are relatively prime. O
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5.2 Comments on uniformization theorem

We explicitly give the isomorphism Ay ;/T" = C?/G in the uniformization
theorem. To that end, let p : Ag1 — Ag_q and ¢ : A4y — C? be the
covering maps appearing in the diagram (15). Note that:

e Since I is the lift of I' with respect to p, the map p induces an isomor-
phism p: Ag—1 /T — Ay /T

e Since G is the descent of ' with respect to ¢, the map ¢ induces an
isomorphism g : A4_;/T — C?/G.
The isomorphism Ay ;/T' = C?/G in the uniformization theorem (Theorem
1) is then given by

Ui=gop': Ay T —> C/G, (16)

Explicitly:

Lemma 5. U([z,y,t]) = [am/4, y7'/d],

where we denote the image of a point (X,Y) e Ad 1 under the quotient map
Ay — Ay 1/F by [X,Y] € Ay 1/F and so on.

Proof. Since p(X,Y) = (X%, Y XY), we have p([X,Y]) = [Xd v XY],
so D[z, y.t]) = [z, y/9]. Next since ¢(X,Y) = (X™,Y™), we have
q([z?, y*Y) = [a™/4, yv'/?]. Hence ¥ := gop~' is explicitly given by
\If([a:,y,t]) = [:cm//d, y”//d]. O

Correspondence between functions Let ® : A; ; — C be a holomor-
phic map given by_q)(z, w,t) = ™", Then ® is I-invariant, so induces a
holomorphic map ® : A;_1/T" — C. As explained in § Introduction, the

%, %, /f) -fractional Dehn twist.

topological monodromy of ® is a — <
Under the isomorphism W : Ay ;/T'—C?/G in (16), the holomorphic

map ® : A;_1/T" — C corresponds to a holomorphic map on C?/G. This map
is explicitly given. First let ¢ : C2 — C be a holomorphic map defined by
¢(u,v) = u™™. Then ¢ is G-invariant. To see this, recall that by Theorem
1, the cyclic group G is generated by ¢ : (u,v) +— ( 2mifedy, e2ma/edy)) wwhere

q (0 < q < cd) is the integer such that q = ¢4~ d " mod cd. Then

¢ o g(u,v) _ gb( 27ri/cdu 627r1q/cd ) 627r1c(n +m q)/Cdunvm

_ 627rlca d/cdunvm by n' —+ m,q = a*d mod cd
— 627r1a unvm — unvm
= qb(uv U)'
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Thus ¢ is G-invariant, so induces a holomorphic map ¢ : C2/G — C.

Lemma 6 ([Tak2]). Under the isomorphism W : Ay /T’ = C?%/G in (16),
& corresponds to ¢, that is, ® = po .

Proof. Note first that
¢o \I/([x, Y, t]) =¢ ([mm,/d, y”//d]) by Lemma 5

m’n/dyn/m/d _ ( m'n’c/d'

=z xy)

Here 2y = t¢ (because (z,y,t) € Ag_1), so ¢ o ¥([z,y,t]) = t™™. Thus
¢ o U([z,y,t]) = ®([z,y.1]). O

Wheret: R — Ay_1/T is the minimal resolution of A;_;/I", the composite
map 7 := ®or: R — C is a degeneration. As we see immediately, thanks to
the uniformization theorem, the degeneration 7 : R — C is isomorphic to a
degeneration which is easy to describe.

Where v : R — C?/G is the minimal resolution of C?/G, the composite
map 7’ := ¢ot' : R" — C is a degeneration. Since Ayz_,/I" and C?/G are
isomorphic (Theorem 1), two minimal resolutions v : R — Ay_1/I" and v/ :
R’ — C?/G are isomorphic, that is, there exists an isomorphism U:R—> R
that makes the following diagram commute:

R > R
i . IF (17)
AgyJT C2/G.

1%

Theorem 2. The following diagram commutes:

ASK

R R

S~ (18)
c.om

Hence two degenerations 1 := ®or: R — C and 7 := pot' : R — C are
1somorphic.

Proof. By Lemma 6, the following diagram commutes:

v C2/G

= (19)
T~ <

AgJT

Combining the commutative diagrams (17) and (19) yields the commutative
diagram (18). O
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The degeneration 7’ := ¢ot’ : R* — C may be described as follows: Since
G is cyclic, C%/G has a (unique) cyclic quotient singularity, which is resolved
by a chain of projective lines (Hirzebruch-Jung resolution). Accordingly the
singular fiber (7/)71(0) of 7’ : R' — C is as illustrated in Figure 33 (see also
Remark 6).

Y SOc 3
singularity of C?/G NI/
‘ Resolve @ Pl

S\ O © v
\ge A=l | @
(C c?*/G R :
0 SPANGED S

C ®

Figure 33: The positive integers kg, ki, ..., ksr1 are multiplicities. They are
explicitly determined from I', more specifically, from m, n, a, b, k (Remark
6).

Remark 6. The multiplicities of the singular fiber (7/)7(0) in Figure 33
is explicitly determined from m, n, a, b, k. Let a* and b* (0 < a* < m,
0 < b* < n) be the integers such that aa* = 1 mod m and bb* = 1 mod n.

Define then two sequences of integers mg > m; > -+ > my = 1 and ng >
ny > --- > n, = 1 inductively by the division algorithm with negative
residues:
mo:=m, my:=a",
mi—1 = simy — Mip1 (0 <My < my), i=1,2,..., A1,
ng:=mn, np:=>bL",
ni_lztini—niﬂ (0<ni+1<ni), i:].,2,...,l/—]..
Then:

(i) If k > 0, then (7/)71(0) is as illustrated in (1) of Figure 34.

(ii) If kK = —1, then there exists a unique pair of integers Ay and vy (0 <
X < A0 < vy < v) such that my 41 + nyyr1 = My, = ny,, and
(7')71(0) is as illustrated in (2) of Figure 34.
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)k >0
(2)/{2

00 oL

Figure 34: The singular fibers for (1) kK > 0 and (2) kK = —1. A circle stands
for P! and a hemicircle for C. (Each intersection is a node.)

6 Lifting and descent

6.1 Diagram of covering maps

We generalize the uniformization theorem for dimension 2 (Theorem 1) to
an arbitrary dimension. To that end, we begin with some preparation.

Lemma 7. Let a; and m; (i = 1,2,...,n) be relatively prime integers such
that 0 < a; < m;. If k is an integer satzsfymg 7676111 +m a2 ++m a” + k>0,
then Kk > —n + 1.

Proof. Since 0 < a; < m;, we have 0 < %—ii <1(@G=12...,n). In

: a a a
particular, m_ll + Wé + o+ < n, 80
n

an
—+ —+ -t —FRK<INn+A
my My My,

Here the left hand side is positive by assumption, so 0 < n + k, that is,
-n+1<k. O

We keep the notation of Lemma 7. Let x be an integer satisfying 7%—11 +

%+"'+%—1+H>0. Set ¢ := ged(my, ma, ..., my), m; :=m;/c and

n
:<E aim'l---m;---m;>+m’1m'2---m;cm, (20)
i1

where 77; means the omission of m/.

Lemma 8. d > 0.
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Proof. Rewrite (20) as

a a an,
d:m’lm'z---m;c(—l+—2+---+—+/£>. (21)

my My my
Hereﬁl—ll+%—22+---+%—’;+/ﬁ>0 by assumption, so d > 0. n

We next show that

627ri(a1/m1+a2/m2+---+an/mn) — eQﬂ'id/m’lm’Q---m;c. (22)
To show this, rewrite (21) as
ay ao Qn, d
_+_+"+_:ﬁ_"i
mp - me m,  mymy---mc
Thus
eZﬂ'i(al/m1+a2/m2+---+an/mn) _ eZﬂid/m’lm’Q---m’ncefZWin

Here r is an integer, so e 2% = 1, confirming (22).
Note next that:

Lemma 9. Let v be an automorphism of C*** given by

2mian /mn 2771/m’1m’2m%ct)

. 2miay /m
Nio(@y, T, t) (2T Mg e T, €

Then ~ preserves Aqg_1 = {(a:l,xz,...,xn,t) e C"l . pyxe---x, = td},
that is, v maps Aq_1 to itself.

Proof. 1t is sufficient to show that if (zq,...,x,,t) € Ag_1, then

: H : ! /... !
(627r1al/m1$17 e 627r1an/mnmn7 e27r1/mlm2 mnct) c Ad—la
or explicitly if z 25 - - -z, = t?, then
: : : R Y
(627r1a1/m1$1) <627r1a2/m2x2> . (627r1an/mn$n) _ (6271'1/mlm2 mnct)d’

that is,

. s )
e27r1(a;1/m1+a2/m2+ +an/mn)x1x2 e Xy, = e2md/m1m2 mnctd. (23)

The assumption 125 - - - 2, = t¢ and (22) ensure that (23) indeed holds.
[
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In what follows, regard v as an automorphism of A, ; (Lemma 9). Let
' be the cyclic group generated by ~.

The universal covering p : Ag_y (= C") — Ag_1 of Ay is a d" !-fold
covering given by p: (X1, Xo, ..., X)) — (X& X4, ... X X, Xy X,,).

Consider the following diagram of coverings:

q Ay, =C" p
e
/T/C” \Ad*17 (24)
CTL
where
o ¢: (X1, Xy,...,X,) — (Xinll7 X;né,...,XTT;‘) is an mimj - --m, -fold
covering,
o 11 (uy, U, ... uy) — (ult, w2, ul) s an Ly - - - 1,-fold covering.
Here . ., .
m nn-m,-.am
l; == ! ! L 1=1,2,...,n),
lem(mf,...,m;,...,m)) ( )

where 7, means the omission of m/. Note that [; is a positive integer
(see Remark 7 below).

/ ~ /
my-eemgem : e
=1 } L—n - is a (positive) integer, because
cm(my, ... My, ...,m,)
!/

from the definition of lem, the denominator lem(m/, ..., m/, ..
/ /

the numerator m} - - - ---m/,.

/

Remark 7. [; :

.,m.) divides

Now let I be the lift of ' with respect to the covering p, H be the lift
of I' with respect to the covering ¢, and G be the lift of H with respect to
the covering r. We will show that G is a small finite abelian group such
that A;—1/I' = C"/G (the uniformization theorem). We begin with some
preparation.

6.2 f, H and G are finite groups
We first show that I is a group.

(i) 1 €T: This is the trivial lift of 1 € T' (that is the identity map of Ag_).
(i) el = ¢ tel: IfEisalift of 47 €I, then €' is a lift of v € I.

(i) &, & el = && e D I &y, & are lifts of 49, 4% € T, then &,&, is a lift
of v tF € T
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We next show that H is a group as follows (similarly we can show that
G is a group):
(i)’ 1 € H: This is the descent of 1 € T".

(i) he H :>Nh_1 € H: If h is the descent of ¢ € I, then h™! is the descent
of &1 el

(iii)” hy, he € H = hihy € H: If hy, hsy are the descents of &, & € f, then
hyhs is the descent of £1& € T'.
The orders of I', H and G are determined as follows (below, |T'|, |H| and
|G| denote the orders):
Order of T': Since I is the lift of I" with respect to the d"'-fold
covering p, we have |['| = d"~!T|. Here |[['| = mim}---mlc, so |T'| =
mimb - -mled™ L
Order of H: Since H is the descent of T (or [ is the lift of H ) with re-
spect to the m{m, - - - m/ -fold covering g, we have |I'| = m\m},---m/ |H].
Here || = m\m}y -+ -m/ cd"! so |H| = cd™ L.
Order of G: Since G is the descent of H (or H is the lift of G) with
respect to the ljls - --l,-fold covering r, we have |H| = lily---1,|G]|.
n—1
Here |H| = cd™™, so |G| = led—l (This is indeed an integer. See
Remark 8 below.)

The results obtained in this section are summarized as follows:
Proposition 3. Let T be the lift of I' with respect to the covering p. Let H
be the descent of I' with respect to the covering q, and let G be the descent of
H with respect to the covering r. Then:

(1) The lift T of T is a finite group of order m\ml---m!,cd"~. (In fact, T
is abelian. See Lemma 13.)

(2) The descent H of T is a finite group of order cd™ 1. (In fact, H is
abelian. See Lemma 15.)

n—1
(3) The descent G of H is a finite group of order ljgd—l (In fact, G is

abelian. See Lemma 28.)

m—1
Remark 8. The fact that |G| = ljgd—l is an integer is reconfirmed as

follows (we show this only for n=3): Using
d=m\mlmic <7%—11 + %—22 + %’g + /<a> (see (21)),

mymg L mymg L mymy
= —_— 0 9 = = e
lem(mb, my)’ lem(m],my)” " lem(m), m})’

lli
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2
rewrite |G| = llcli I &

lel :c{ [T lem(m!, m, )}c (%+%+%m>

i#]
= c[] lem(m},m/,) 23: ) +> 200,
i v = ; 7 [
Here [] lem(mj, m}) = lem(mj, mj)lem(m), mg)lcm(mé, m4) is divisible by
i#]
my, (mj)?, mim/, so the last expression is indeed an integer.

7 Determination of H

Recall the diagram (24) between the covering maps:

q Ay =C" p
I/ cr / \ Adfla (25)
(CTL

where the covering maps p, ¢ and r are given by
® p(Xl,Xg,...,Xn) = (X{l, Xg,...,Xg,Xle"'Xn),
o (X1, X, ..., X)) = (X", X0, X0,

mlm;m;
~ ! /
~lem(m), . ml o ml)

(! means the omission of m!) is a positive integer (see Remark 7).

o r(uy, Ug, ... uy) = (Ul w2, ... uln) wherel; :

rn

We adopt the following notation: For j = 1,2,... . mim}---m/c,

° Liftg): The set of all lifts of v/ € I" with respect to the covering map
pr A1 — Ag1.

° q, (Lift(j)): The descent of Lift") with respect to the covering map
q:Ag,— C".

® 1,0, (Lift(j)): The descent of g, (Lift(j )) with respect to the covering
map r : C" — C™.

Then

~ mimhjempe ,
o [ = U LiftY) is the lift of T’ with respect to the covering map
j=1
pr A — Agr.
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mymy-my,c ‘ -
o = U ¢ (Lift(j )) is the descent of I with respect to the covering
j=1
map q: Ag_1 — C".

mimb--myc )
o G = U roq (Lift(])) is the descent of H with respect to the
j=1
covering map r : C" — C™.

U / /
mimy--mgc

Actually, T’ = U  LiftY is a disjoint union. Namely, if j # k,
j=1
then Lift”) N Lift™ = @. On the other hand, H =  (J = ¢.(Lift?) and
j=1
mimb--mic )
G = U Ty O (s (Lift(j)) are not disjoint unions. In fact, a descent of

j=1
an element of Lift"? may coincide with that of an element of Lift® (J#k).
In this case, g, (Liftm) N q. (Lift(k)) # (), and moreover, r, o g, (Liftm) N7, o
s (Lift(k)) + .
- . mymhemie ,
In what follows, we write I as a disjoint union: I' = [[  Lift".
j=1

7.1 The lifts of each element of I

We next determine the set Lift") of all lifts of ~7 € T with respect to the
covering p. For j = 1,2,..., m\mb---mc, we first define a set AU of
n-tuples of integers as follows:

AV) = {(pl,pg,...,pn) ezZ" . 0<p; <d, Z% = ‘% mod Z}. (26)
i=1

Lemma 10. The number of elements of AY) is d" 1.

Proof. Setting = := {(p1,pa, ..., pn_1) € Z" 1 : 0 < p; < d}, consider a map

2 A(j) — =2 given by <p17p27 s 7pn—lapn) — (pl7p27' . 7pn—l)~ Here =

consists of d"~! elements, thus it suffices to show that ¢ is bijective.

Surjectivity: We show that for any (p1,ps,...,pn—1) € Z, the inverse image
n—1

0 Yp1,pay. .., pn_1) is not empty. Set N := jx — > p; and let p, (0 <
i=1

pn < d) be the integer such that p, = N mod d. Then (p1, ps,...,p,) € AW,

Moreover @(p1,p2; -, Pn) = (P1,D2,- -+ Pn-1), thus @~ (p1,p2, - .-, Pu-1) is
not empty.
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Injectivity: We show that for any (pi, p2,...,pn_1) € Z, the inverse image
o Y(p1,p2, ..., pn_1) is a single point. Note that (pi,pa,...,p,) is contained
in o Y(p1,pa,...,pn_1) precisely when p, satisfies > % = ‘% mod Z, that

i=1
n—1

is, p, = jk — >, p; mod d. Such an integer p, (0 < p, < d) is unique, so
i=1

o Y(p1,p2, ..., pn_1) is a single point. ]

Let AU) be the set given by (26). For each (py, pa, ...,pn) € AU, define

an automorphism 'ilgjl),p%”,pn c Ay — Agq by

(Xl,XQ,...,Xn) —

(627ri(ja1+m1p1)/m1dX1’ 627ri(ja2+m2p2)/m2dX2’ o e27ri(jan+mnpn)/mnan) )

9

Lemma 11. For any (p1,pa,--.,0n), (04, Dby ..., 0,) € AV, the following
hold:
(1) Fori=1,2,...,n,
e2mi(jaitmip;)/m;d

— ezﬂi(jllﬂrmm;)/mz‘d€27ri(m *pé)/d'

(2) If (p17p27 s 7p'fL) 7é (p/17p/27 s Jp%)7 say Pi 7é p; fOT’ some i; then
627ri(jai+m¢p¢)/m¢d 7& 627ri(ja¢+m¢p;)/mid'

(3) ]f (p17p27 ce 7pn) 7é (p/1>p/27 e 7p{n)7 thG?’L ;3//1(7]1'?1721---71771 7é ?Y/ZEZ?PIQ ..... Pl

Proof. (1): From jai+mip;  jai+mip; _ pi—pj

o =g we have L% = 1iPi fmipi =

(2

. , .
jal;gbmi + B 7 P i which yields the equation in assertion.
1

(2): Since 0 < p; < d and 0 < p; < d, p; # p; implies p; Z p, mod d,
/
accordingly Z% # 0 mod Z. Hence >™(Pi=7)/d oL 1 in (1), implying that
627ri(jai+m¢p¢)/m¢d 7& 62ﬂi(ja¢+m¢p’i)/mid'
(3): This follows from (2). O

We next show the following:

Corollary 2. The number of elements of {%{?p%,,pn : (p1,p2,---,Dn) €
ADY s dnt,

Proof. By (3) of Lemma 11, the number of elements in the set {~1§{),p2,__,pn :
(p1,p25---,Pn) € A(j)} coincides with that of AU), and by Lemma 10, it is
dvt. O
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Recall that d = m m - - (Z nal_ ) (see (21)), so

27%_1— /—/d — — K. (27)

m1m2 st mnC

Lemma 12. For any (py,ps, ..., pn) € AV,

n . .
Ja; +mip; _ J d7
izzl mid T mimy---mlc moa &

Proof. Using (27), the left hand side is rewritten as

N ja; + mp; J JK y23
ST md e T

= mzd

Here Z % = % mod Z (because (p1,pa, ..., pn) € AD), 50 Y Jai +mip;
‘7 v mod Z. 0

m1m2

Corollary 3. For each j, let LiftY) be the set of all lifts of v e T with
respect to the covering p : Aq_1 — Aq_1. Then the following hold:

(1) The number of elements of Lift¥) 4s d"!.
(2) For any (p17p27 e ;pn) € A(])} ﬁlg{),Pz,~~~,pn € Llft(j)
(3) Llft W = {,/?I(’jl,ll’% -Pn (p17p27 e apn) € A(j)}

Proof. (1): Since the covering p is d"~'-fold, for each j, 7/ € I' has d"~! lifts,
so Lift") consists of d"! elements.
(2): It suffices to show that the following diagram commutes:

~ ()

A 7}71,})2, -Pn ~
Ad—l Ad—l
pl lp
7‘7
Adfl Adfl-
For (Xi,...,X,) € Ag_,
pe ﬁz(g?pz,.‘.,pn (X1, - ,Xn)
= p(627ri(jal—i—177,111>1)/7rblcl)(17 N 7€2Wi(jan+mnpn)/mnan)

= (eQ”ijal/lel, e ,e27rija"/m"Xn, 627riZ?:l{(jai+mipi)/mid}X1X2 - Xn)
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Here e?m 2imi{(Gaitmip)/mid} — g2mij/mymymne by Temma 12, thus

podd, (X1, Xn)
= (eiam/miy, L eFmien/mn X e/ mimy e X X - X,).
On the other hand,
7V op(Xy,..., X,)
= (ePmimXy, e imn X, eIy e X X - X,
Hence p o %f ),pQ,__,,pn = 77 o p, confirming the assertion.
(3): From (2), {7,(,]1'?1,2,,,,4,” : (p1,p2,---Pn) € A(j)} C LiftY). Here “c”

w__»

is “=", because the numbers of elements of both sets are equal, indeed they
consist of d"~! elements ((1) and Corollary 2). O

The following will be used in later discussion:

Corollary 4. %j?m _____ o descends to v7.  Moreover if %(fl'),p%._,,pn 1s of the
form (X1,...,Xi, ..., X)) = (Xy,...,e2m0etmp)/mdx. X ) then it

descends to 7 of the form

2mija; /m; 2mi(ja;+m;p;) /mqid
(T4, Ty t) — (@q,..., 20/ Mg, g PmiGaitmip)/midy)

Proof. The first statement follows from Corollary 3 (3). To show the second

statement, it suffices to show that %{?p27,,,7pn and 4/ of the above forms satisfy

P OF . pn =~ 0 p, which is confirmed as follows:
podd o (Xiy Xiy, X))
= p(Xy,...,e2muetmp)/mdx, X
= (X{,... emmimixd X ermbactmipd/mid Xy, LX)

=~y op(Xy,..., X5 ..., Xn).
[l
By Corollary 3 (3), Lift?) = {~,§{),p2,,,,,pn : (p1,p2,- .-, pn) € AW}, Since

/ / ’
mimy---mgc

[ = [ LiftY (disjoint union), we have
J=1
_ mymb--m/c ‘ |
b= {Nzgj),pz,---,pn : <p17p2; - 7Pn) c A(])}'
Jj=1

i: - {fﬁy]gz?pz,,..,pn : (p17p27 <o 7pn) € A(j)’ j = 1’ 2’ e ’mllmé o mibc} (28)
We thus obtain:
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Lemma 13. The lLift r of I' consists of the automorphisms :37;()]1'2;)2,...,1)” :

Ag_1 — Ag_q given by

(X17X27"'aXTL) 7
(627ri(ja1+m1p1)/m1dX17 e27ri(ja2+m2p2)/m2dX2, o e27ri(jan+mnpn)/mnan)’

where (p1,p2,-..,pn) € AV and j = 1,2,...m\m}---m!c. (In particular,

any two elements of I' commute, so I' is abelian.)

7.2 Determination of H
Recall that [' = 1 ]2_[ ' Q« (Lift(j )), where Lift") denotes the set of all lifts
j=1

of v9 € T with respect to the covering p : Agq — Ay Accordingly H =
U ¢ (Lift(J )), where ¢, (Lift(j )) is the descent of Lift") with respect to
j=1

the covering q : Ag_1 — C". We determine s (Lift(j)). To that end, for j =
L2,... ,miymb---m.c and (p1, p2, ...,pn) € AV, define an automorphism
B s+ C = C" by

(ug,ugy ... Upy) —>

(627r1(]a1+m1p1)/cdu17 62771(]a2+m2p2)/cdu 27r1(]an+mnpn)/cdun) .

2y ..., €

Lemma 14. (1) hé{),pz,,,,,pn is the descent of Ay}(,z?p27,,,,pn with respect to the

covering q : Aq_1 — C™.

2) . (Litt") = {hips. p + (D1,p2, .., D0) € AD}.
(3) H={hlpurpn 0102 p) €AY, = 1,2, iy},

Proof. (1): Since (e%i(j‘“*mipi)/mid)m; = e2milatmipi)/ed for § = 1.2 ... n,
the following diagram commutes:

~E))

P1:P25---3Pn

fzid—l fzid—l
qi h) lq
(Cn P1,P2;---,Pn (Cn

Hence hl(){),p%._,p is the descent of %{?p%,__7pn with respect to the covering q.

n
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(2): By Corollary 3 (3),

Llft(j) = {:?g?pz,,..7pn : (p17p27 s >pn) € A(])}a

accordingly by (1),

s (Lift(j)) = {hg),pz,...,pn : (p1,p2, -+ Pn) € A(j)}.

(3): This follows from H = |J . (Lift(J )) and (2). O
j=1
For later discussion, we restate (3) of Lemma 14 as follows:

Lemma 15. The descent H off consists of the automorphisms h;i{p27,_,,pn :
C"* — C™ given by

(ug,ug, ... upy) —>

(627r1(ja,1—&-mlpl)/cdul7 62”1(]a2+m2p2)/cdu27 e 627r1(]an+mnpn)/cdun)’

where (p1,p2,-..,pn) € AY) and j = 1,2,...m\m}---m!c. (In particular,
any two elements of H commute, so H is abelian.)

8 The pseudo-reflection subgroup of H

8.1 Cyclic subgroups I'; of I' and I'; of T’
Let v: Ay_1 — Ag_1 be the automorphism given by
N (T, T, t) — (2T Mgy o e2man/mn g, 62”1/7”/1’”,2"‘"‘;1%). (29)

(The order of ~y is mimi - --m/,c.) Consider the cyclic group I' generated by

y:
F={y :7=12,...,m\my---mlc}.

Let I'; (i =1,2,...,n) be the subgroup of I" consisting of automorphisms of
the form

2mij/mimb---mic
t),

2mija; /m;
(T1se o Tiy e e Ty t) — (@, ..., €™ Mg g e

that is, -
(#)  eFue/me — 1 (k=1,2,...,4,...,n).

Lemma 16. For j € Z,
v €Ty < j is a multiple of lem(m/, ... m. ...,m.)ec.
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Proof. =: If 47 € Ty, then from (%), jay is divisible by my, (k = 1,2, ...,
i,...,n). Here a and my are relatively prime, so j is divisible by my (k =
1,2,...,4,...,n). In particular, j is a multiple of lem(my, ..., "M, ...my) =

lem(mf,...,m.,...m.)c.

<—: If j is a multiple of lcm(ml, cy M, ..ml)e, then j is divisible
by mg (k = 1,2,...,4,...,n), S0 ‘% is an integer. Thus e?™kax/ms = 1
(k=1,2,...,4,...,n),s097 €T} O

From Lemma 16, the following holds:

_ lcm(m’l,...,m;,...,mﬁl)c'

Corollary 5. I'; is generated by ~v; ==y

This element is explicitly given by
Vit (@1, Ty T, E)

2mia;l ! el m/] ! 27l LM " mb-m!
(951, L..e miaglem(my,...,m;, ’m")/ml.il?i, T, € wilem(m,...,m,...,my, ) /mim} m”t)

: ’ <1 ’ Lol ! Il
Here 627r11cm(m1,..,,mi,...,mn)/mlm2 my, 627r1/m1l1’ because

/ ~ / / / ~ / /
lem(my,...,m;,...,m,) 1 lem(mi,...,my,...,my) 1
/ !/ /! / !/ ~ /! / /
mymy - - -my, m; My -y my, m;l;

Vit (T1y. Ty, X, T)

s / - , , e
— (xl; o ’eQmallcm(ml,...,mz,-..,mn)/mzxi’ T, 62m/mll’t)_

Set L; :=lem(m/,...,m., ...,m.), then

77

2mia; L; /m/,

Vit (X1, .. T, t) — (:Ul, ...e iTiy .y Ty 62“/’”;“25).

For k € Z,

k . 2mia; Lik/m’. 2mik /m/l;
Ve (T, Ty X, ) (3:1,...,6 ilik/mig. L x,, e2TR “t).

In particular,

271'1(11'[/7; k/m’

i =1 and e*™k/mili = 1,

v¥ =1id if and only if e

Here:

(A) e?rialik/mi — 1 if and only if [Tjrlf is an integer (because a; and m/ are
relatively prime).

(B) e?ik/mili = 1 if and only if ml?l' is an integer.

7
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/
We restate (A). First write LZ, as L%' where L) and m. are relatively prime
m .

K3 7

L;
ng(Li7 m;)

m/

e ;o ’
positive integers (or, L. := —gcd(Li,m’i))' Then

and m; =

L.k L'k . : : e e .
o (: Wz,,) is an integer if and only if m!/ divides k. Thus (A) is re-
stated as:

(A) e2miailik/mi — 1 if and only if m! divides k.
From (A)" and (B),

v¥ =id if and only if k is a common multiple of m! and m/l;.

Here m} is a multiple of m! (because m! := . Thus any common

ng(Li7 m;)
multiple of m! and m}l; is necessarily a multiple of m/l;. Therefore:

Lemma 17. v = id if and only if k is a multiple of m/l;. In particular, the
order of ~y; is mil;.

We summarize the above results (Corollary 5 and Lemma 17) as follows:

Corollary 6. For eachi=1,2,...,n, let I'; be the subgroup of I' consisting
of automorphisms of the form

2mija; /m; 27rij/m’1m’2~~-milct>

(X1, ooy Ty oy Ty ) — (2, ... € Tiy .o Xy, €

Then T; is a cyclic group of order mil; generated by the automorphism

. 2mia; L; /m!; 2mi/mll;
Vi (ml,...,xi,...,xn,t)»—>(ml,...,e L/ Mg T, € /”t),
m/...m/...m,
where L; :=lem(m/),...,m},...,m}) and l; .= —L T .
(3

Let p : Ay (= C") — Ay be the covering of Ay, given by
p(X1, Xo, .., X)) = (X8 XS X4 X Xy X)),

and T be the lift of T’ with respect to p. Next let & : Zd_l — ﬁd_l be the
automorphism given by

G (Xp, X, X)) — (X, eFmilX X)), (30)
Then:
Lemma 18. (1) The order of & is mil;. (The order of ~; is also m.l; by
Lemma 17.)
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(2) & € T. In fact, & is a lift of v € [ (C T), that is, the following
diagram commutes:
&

A/d—l Avd—l

| »

Vi
Agq Ag_y.

Proof. (1) is clear. We show (2). It suffices to show that po&; = v; 0p. Note
first that
pofi(Xla"'inw"aXn)

= (Xx¢,... ermdmibixd o Xd 2mmilix X, X,).
On the other hand,
Yi Op(Xl,...,Xi,...,Xn)
= (X4, epmabymixd xd 2mmilix X, X)),

Thus to show that po&; = ;0p, it suffices to show that e2™d/mili — g2miaili/m;
that is,
d iLz
= a — mod Z. (31)
m;l; m; ) , ,
Since d = mfl -l (4 {2 4ol ) and ] = P
the right hand side of (31) is
d arl; asL; anL;
= L ek
m;l; my me, .
a Lz a Lz anLi
= 1, + 2, + -+ —— mod Z.
Here L; := lem(m/,...,m}, ..., m!) is divisible by m}, (k =1,2,...,4,...,n),
S0 ak_[//i € Z, that is, ak[//" =0modZ (k=1,2,...,4,...,n), hence C,Z =
my my, mil;
a%f,’i mod Z, confirming (31). O

i
As we saw in Lemma 13,

b= {il(’{),pz,...,pn : (p17p27 e 7pn> < A(j)7 J=12,... 7m/1m,2 o .mlnc},

where AU) = {(pl,pg,...,pn) ezZ” : 0<p; <d, sz‘ = 1% mod Z} and
NI(;j ?m _____ P Ag_q — Ay is the automorphism given by
(X17X2, c.. ,Xn) —

<e27ri(ja1+m1p1)/m1dX1’ 627ri(ja2+m2p2)/m2dX2’ . 627ri(jan+mnpn)/mnan) )
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Here Corollary 4 states that (i) ﬁé{?pQ,,,.,pn descends to 7/ and (ii) moreover if
Av';,(,{zp%.,pn is of the form (X1, ..., X,) — (X4, ..., e2m0admp)/md x, X,
then it descends to 77 of the form

(X1, Ty, t) — (21,...,¢€ Tiyoooy Ty, €

Note the following:
Lemma 19. In the case of (ii), there exists an integer s; such that

Proof. Since the 77 in (ii) is an element of T';, and T'; is generated by ~;
(Corollary 6), there exists an integer s; such that v/ = ~;*. Here

@) o (. P e mdg)
) S o fen/ L
7;1 : (Ila <oy Ty t) = (xla s 7627”%[/151/”%1‘2'7 <oy I, €2mSl/milzt)7
S0 627rijai/mi — e27riaiLisi/m; and 627ri(jai+mipi)/mid — eQﬂ'isi/m;li' N

Let &; : ﬁd_l — /~1d_1 be the automorphism given by
& (Xn,.. X, X)) — (X, ermmilix X,
Then & € I' (Lemma 18 (2)). In fact, & € INZ;, where Z; (i = 1,2,...,n) is

the multiplicative group of automorphisms consisting of scalar multiplication
of the ith coordinate of A, (= C"):

=, = {(Xl,...,Xi,...,Xn) s (X1 AX e X)) AeCX}.

Setting fl = fﬂEi, we claim that &; in fact generates fi, that is, any element

of T'; is a power of &. To see this, note that I'; consists of 31 p,...p, of the
form
TG ot (X1, X X)) (X, @m0l fmad X,

Here for each 75p,.. . € Ly, there exists an integer s; such that e2riliai+mip:)

e?msi/mili (Lemma 19). Then

74 D (X X X)) e (X, ermsimilx X)),

P1,P2;---:Pn

/mid

SO ;?,()j ?m ,,,,, e = &', confirming that & generates L;. HNere the order of &; is

m;l; (Lemma 18 (1)), so the order of the cyclic group I'; is m/l;.
We formalize the above result as follows:
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Proposition 4. Foreachi=1,2,...,n, let f, be the subgroup off consisting
of V51 pa.con Of the form
(X1,..., X, .., X)) — (Xq,...,em0aitmp)/midy. 0 x )

Then T; is a cyclic group of order ml; generated by the automorphism

G ( Xy, X X)) — (X, el X)),

where [; ==

8.2 Cyclic subgroups H; of H

We have described cyclic subgroups fl (i=1,2,...,n)of . We next describe
subgroups of H corresponding to them. Here H is the descent of I" with
respect to the covering map ¢ : Ay (= C"*) — C" given by

/

Q(X1, Xo, .o, X)) = (X7, XT2 . X,

n

Explicitly H is given by (Lemma 15):

H = {h(j) : (prypas--- pn) €AV G = 1,2,...,m'1m’2---m;10},

P1,P25---sPn
where hé{{m,,,,,pn : C" — C" is the automorphism given by
(up,ug, ... uy) —
(627Ti(ja1+mlpl)/0du17 62wi(ja2+mzpz)/cdu27 o ’627Ti(jan+mnpn)/cdun).
Now let H; (1 =1,2,...,n) be the subgroup of H consisting of hz(ﬂ),pz,‘..,pn of

the form

(Ups .oty ) — (U, ..., eFmiGatmp/edy ooy, (32)
Lemma 20. Let h; : C* — C™ be the automorphism given by
hio (g, Uiy Upn) — (U, € Uy, Uy, (33)

Then h; € H. In fact, h; is the descent of &; € I (C f), that is, the following

diagram commutes: N £ N
Ag Ag
ql lq
h;
cn (O
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Proof. Tt suffices to show that g o & = h; o q. This is confirmed as follows:
qo&( Xy, .., Xiy. o, X)) = q(Xy, ..., e@™milix, X))
= (XY, X X
= R(XT X X
:hio X,...,XZ',...,Xn.
q(X1 ) ]

Since I is a cyclic group generated by & (Proposition 4) and h; is the
descent of & with respect to ¢ (Lemma 20), the following holds:

Lemma 21. The descent of T, is a cyclic group generated by the automor-

phism h; : (uy, ..., un) = (ug, ..., e b oo uy,).

In fact, as we show subsequently, this cyclic group coincides with the
subgroup H; of H consisting of hpj1 pa,..pn Of the form

2mi(ja;+m;p;)/ed,,

(Upy ooy Uiy ey Up) —> (Ug,...,€ Uiy ooy Up). (34)

In other words, F descends to H; with respect to the covering map q.
To show this, it suffices to show that for any hpl,pz, .pn € H;, there exists

an element of I'; that descends to hp1 po....pn- Here
{ hl(){),p%_,_,pn C(ug, ) (U, @G fedyy gy Y
g (X1, Xo,. o, X)) — (XI5 XD X,
Thus an automorphism ( : Zd_l — gd_l given by
C:( Xy, X)) > (X, .. emtUampd/midy xo 0 00X)(35)

descends to hg),pgwpn. We show that in fact ¢ € r (then from the form of (,
¢ €Iy, so ( is a lift of hé]l),m,,,,,pn).
Step 1 Since ¢(X1, Xo, ..., X,) = (X", X2, ..., X, the set of all lifts

of K9, (U1, ..., un) = (ug,...,e¥mGatmp)/edy, = g ) with respect
to the covering ¢ consists of automorphisms

(Xl, o ;Xn) — ( 27rik1/m’1X1 27ri{(jaieripi)/miclJrk,‘/mé}){i7 ol 627rikn/m;zXn)’
where ki, ks, ..., k, are mtegers

Step 2 Since ’y]gl),m pn € I'is alift of hp1 p2,...pn. With respect to ¢ (Lemma 14
(1)), ’y]gjl)m, pn coincides with one of the automorphisms in Step 1. Namely
for some integers kq, ko, ..., ky,

:\y/éjl) . (Xla"'7X’i7""Xn)'—>

sP25--5Pn
. , crpa - _ o . ,
(627r1k1/m1 )(1’ — e27r1{(]a1+mzpz)/mld—l—kz/mi} )(ia . e27r1kn/mn )(n>
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Next for each k£ = 1,2,...,n, take the automorphism
&t (X1, Xn) = (X, .., e2mide X X)),

The composite automorphism %j ?pQ,,_.7p,L£1_ fkyglaka - & ks then given by
(X1, Xiy o, X)) — (X, ..., e2ritUadtmp)/mid} 5o 0000
This coincides with the automorphism ¢ given by (35), thus

~(j —liki ¢—lok “lnk
C= A 1 HE PR g

Step 3 Since %{?m,,,,,pn €T and & € r (k=1,2,...,n), we have
~]()]12p2,...,pn€1_llk152_l2k2 - &olnkn € T Hence ¢ € T, confirming the assertion.
We thus obtained the following:

Lemma 22. For each h,(D{),pQ,,_,,pn € H;, there exists an element of T; that
descends to it (with respect to the covering q). In fact, the automorphism ( :
Ag 1 — Ay given by ¢ : (X1,..., X,) — (Xy, ..., e2rlbadmpi)/mid} X 0 0 0 X
1s an element of f, that descends to

h,(gjgp2,,__7pn C(ury ) e (U, @2mGa R fedy gy ),

Corollary 7. H; is the descent of fl with respect to the covering q.

The descent of I; with respect to the covering ¢ is a cyclic group gener-
ated by h; (Lemma 21). On the other hand, this descent coincides with H;
(Corollary 7). Thus:

Lemma 23. H; is a cyclic group generated by the automorphism h; : (uy, ..., uy,) —
(uy,...,e¥ by, .. u,). (Here the order of h; is I;, so the order of Hj is I;.)

We summarize the above results as follows:

Proposition 5. (1) I'; is a cyclic group (of order mil;) generated by the au-
tomorphism & = (X1,..., X4, ..., Xn) = (X1,...,e2™/mib X, X)),
! /

o ml...mi...mn L
where 1; : Tom(m )’ (See Proposition 4.)

) 79

(2) H; is the descent of IN“Z with respect to the covering q : gd_l — C" given
by (X1, Xo, ..., X,) = (X7, X2, .., X0™). (See Corollary 7.)

(3) H; is a cyclic group (of order l;) generated by the automorphism h; :
(g, s up) = (g, .. €@Vl oo uy,). (See Lemma 23.)
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8.3 The pseudo-reflection subgroup of H

We keep the notation above. Let H be the descent of T with respect to the
covering q : Aq-y — C™. Let H; (i = 1,2,...,n) be the subgroup of H
consisting of hé)]l),m,,,,,p of the form

n

hg)’m ..... o (UL Uy ) (U e2mibaitmipd/edy, ). (36)

In fact, H; is a cyclic group of order [; generated by the automorphism

hi @ (ug,...,up) = (u,...,e* by, ... u,). See Proposition 5 (3). Note
that if ¢ # j, then H; N H; = {1}. In particular,
H1H2---Hn:H1><H2><~--><Hn. (37)

Note also that the set of all pseudo-reflections in H is given by Lnj Hi> \{1}.

Now let P be the pseudo-refiection subgroup of H that is éﬁ(le subgroup
generated by all pseudo-reflections in H, that is, by (Lnj Hi) \ {1}. Here
H; (i =1,2,...,n) is a cyclic group generated by h;, slo:1P is generated by

hla hg, . 7hn7 thus P = H1H2 s Hn = H1 X HQ X X Hn (see (37)) Since
the order of H; is l;, the order of P is lly---1,. This confirms the following:

Proposition 6. Where H; (i = 1,2,...,n) is a cyclic subgroup of H gen-
erated by the automorphism h; = (uy, ..., un) + (ug,...,e* by, . uy,), the
pseudo-reflection subgroup P of H is the direct product P = Hy x Hyx---x H,
and the order of P is lily---1,.

In particular, P = {1} if and only if [y =l = --- = [, = 1. Thus:
Corollary 8. H is small if and only if l; =1l =--- =1, = 1.

Now let GG be the descent of H with respect to the lyl5 - - - [,-fold covering
r: C" — C" given by 7(uy, ug, ..., up) = (uf', B, ... ulr). Then |} = I, =

woo =1, = 1 if and only if v is the identity map, or equivalently H = G.
This, combined with Corollary 8, gives the following:

Lemma 24.

Hissmal <— lL1i=l=---=1,=1
<= 1 1s the identity map
— H=C(G.

The following arithmetic results are proved later (Corollary 10):
(1) Ifn= 2, then ll = 12 =1.
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(2) If n >3, then |y =l = --- =1, = 1 if and only if ged(m], m}) = 1 for
any j # k.
This, combined with Lemma 24, yields the following:

Theorem 3 (Numerical criterion of smallness). (1) Ifn =2, then H
15 always small.

(2) If n > 3, then H is small if and only if ged(mj, m}) = 1 for any i, j
such that i # j.

Example 2. If n =3, a1 =a; = a3 =1, my =2, my =4, m3 = 6 and
k = 0, then ¢ = ged(my,ma,m3) =2, m) =1, mh =2, mi =3 and d =
2+3+6 = 11. In this case, I' is generated by the automorphism v of A4 (=
Ao) given by (w1, g, 3, 1) > (€22, 2™/ Ag, 2m/0p, 2M/124) Lot T
be the lift of I" with respect to the covering p : Ay — Ajo, p(X1, Xo, X3) =
(X1 X1 XM X, X,X3), and let H be the descent of T' with respect to
the covering ¢ : Ay — C3, (X1, X5, X3) = (Xy, X2, X3). Then, since
ged(my, my) = 1, ged(mf, m}) = 1 and ged(mj, m4) = 1, Theorem 3 ensures
that H is small.

8.4 Supplement: Arithmetic result

This section is devoted to proving an arithmetic result used in §8.3.
Let A1, Ag, ..., A, be positive integers such that ged(Aq, Ag,..., \,) = 1,
) VIS PR |
h > 2. Set l; := L D
Where = 2. ¢ e, - s )
of \;. Note that [; is a positive integer (cf. Remark 7). We show that if

, where \; means the omission

n >3, then iy =1y =--- =1, = 1if and only if ged(\;, \y) = 1 for any
J# k.
Remark 9. If n = 2, this equivalence is vacuous, because [y = I, = 1 always
holds (and ged(Aq, A2) = 1 by assumption). In fact I; = gcci\(lx\l) = 1 and
= —2 =1,

ged(A2)

We begin with some preparation:
Lemma 25. For any i, j, k such that i,5 and k are distinct, [; > ged (A, ).

Proof. We only show the assertion for ¢ = 1, j = 2 and k = 3 (the assertion
for other cases are similarly shown). Note first that Aods = ged(Ag, A3) -
lem (A, Az). Multiplying A4 --- A, to this yields:

AoAgAg - - Ay = ged(Ag, Ag) - lem(Ag, Ag)Ag - -+ Ay
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Here, since lem(Ag, A3) Ay -+ Ap > lem(Ag, Az, Ay, ooy An),
AoAgAy -+ Ay > ged(Ag, Az) - lem(Ag, Az, Ay, ooy Ap).
Dividing this by lem(Ag, Az, Ag, ..., An),
AoA3Ag -+ Ay
lem(Ag, Az, Ay -+ An)
Since the left hand side is [;, we have [; > ged(Ag, A3). (Note: If n = 3, then

the equality holds. In fact, [; = % = ged(Ag, Ag).) O
2, N3

Z ng()\Q, )\3)

We next show that:

Lemma 26. For each i =1,2,...,n, the following are equivalent:

(1) I; =1. (2) ged(Nj, \x) =1 for any j # k (distinct from i).
Proof. (1) = (2): By Lemma 25, for any i, j, k such that ¢,j and k are
distinct, [; > ged(A;, Ax). Hence if [; = 1, then ged (A, \y) = 1 for any j # k
such that j and k are distinct from .

(2) = (1): If ged(Aj, Ax) = 1 for any j # k such that j and k distinct
from 4, then lem(Ay, ..., Ay ..oy An) = Ao+ A+ -+ Ay, and thus [; = 1. O
Lemma 26 yields (2) of the following:
Corollary 9. Let \i,...,\, be positive integers such that gcd(Ay, ..., \,) =
) VIS P |
1 h > 2. S tll = 1 Lo n 5
o wRere = £ 0e lem(, - M0 )
sion of A\;. (Note that [; is a positive integer (cf. Remark 7).) Then the
following hold:

(1) If n=2, thenly =l =1 (Remark 9).

where \; means the omis-

(2) Ifn>3, thenly =1y =--- =1, =1 if and only if gcd(\;, \y) =1 for
any j # k.

Now let My, My, .., My be positive integers. Set ¢ := ged(m/, my,...,m))
and m; = % (1t =1,2,...,n). Then m},mi, ..., m, are positive integers
such that ged(mf, ms, ..., m),) = 1. So we may apply Corollary 9 to the case
that m/, mb,...,m, are A\;, Aa,..., \,, then we obtain the following:
Corollary 10. Let M1, My, -5 M be %Jositiv/e mteglers. Set ¢ := ged(mf,

/ / .y - My -1y My, o
my, ..., my), m;:= g and l; : lem(mnl, i) where 1h; means

the omission of m). (Note that [; is a positive integer (cfil Remark 7).) Then
the following hold:
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(1) Ifn=2, thenly =1y = 1.

(2) Ifn >3, thenly =l = --- =, = 1 if and only if ged(m}, m}) =1 for
any j # k.

9 Uniformization theorem for arbitrary di-
mension

9.1 Determination of G

Recall the diagram (25) between the coverings maps p, g, r:

A =C
e Tl (39)
o e
Then
o= mlmﬁ'mnc Lift") (disjoint union), where Lift?) is the set of all lifts

j=1
of 4/ € T with respect to the covering p.
mymy:-my,c . . :
o H= U ¢ (Lift(j)), where ¢, (Liftm) is the descent of Lift") with
j=1
respect to the covering q.
o G = U rogq (Lift(j)), where r, o g, (Lift(’)) is the descent of
j=1

s (Lift(j )) with respect to the covering r.
Here Lift") = {5, .. - (p1,p2,---,pn) € AU} (Corollary 3 (3)) and
s (Lift(j)) = {h,(ﬂ)p2 ..... on ¢ (P1,D2y - Dn) € A(j)} (Lemma 14 (2)). We next
determine r,oq, (Lift(j)). Forj=1,2,...,m\m}---m/cand (p1, p2, ..., pn) €
AW define an automorphism g,gjl'),m ,,,,, pn - C"— C" by

(Ul,Ug, e ,'Un) —
(€2Wil1(ja1+m1m)/0dvb 62Wilz(ja2+M2p2)/Cdv2 )

PR

e27riln (jan—l—mnpn)/cdvn) '

Then
Lemma 27. (A) gy(,]%p2 ,,,,, o 1S the descent of hz(>]1),pz ,,,,, ». With Tespect to the
covering v : C" — C".
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(B) ri0q. (Lift(j)) = {gé{),pz,...,pn t (p1,p2s -, Pn) € A(j)}.
(C) G= {g,(fl),p% o (D1, D2y D) € A9 =12 ... Ty - - ~m§lc}.

Proof. (A): For each i = 1,2,...,n, (62”i(jai+mipi)/6d)li = e2mili(jaitmipi)/cd

The following diagram thus commutes:

Cn hI(JJI »P25--,Pn Cn
rl | lr
Cn glgjl),}?% Pn Cn'

Hence gé{%pQ,,,.,pn is the descent of hz(fl'),m,,,,,pn with respect to the covering r.
(B): Lemma 14 (2) and (A) imply

Ts O g (Llft(j)) {gp1,p2, \Pn p17p27 s 7pn> S A(])}

mimb--mic )
(C): This follows from G = (J 7. 0q.(LiftY) and (B). O
j=1
For later discussion, we restate (C) of Lemma 27 as follows:
Lemma 28. The descent G of H consists of the automorphisms g,(,{),m,,,,,pn :
C* — C™ given by
(v1,09,...,0,) —>

(627Til1(ja1+m1p1)/cd 2mila (jaz+map2)/cd

vy, € Vo, 62ml"(]a"+m"pn)/0dvn),

where (p1,p2,-..,pn) € AV and j = 1,2,...m\m}---m!c. (In particular,
any two elements of G commute, so G is abelian.)

9.2 Uniformization theorem

A pseudo-reflection is a diagonalizable matrix such that one of its eigenval-
ues is a root of unity (distinct from 1) and all other eigenvalues are 1. In
particular, a pseudo-reflection is not the identity matrix.

Let H be the descent of I" with respect to the m\mj, - - - m/ -fold covering
q: C" — C" and P be the pseudo-reflection subgroup of H, that is, P is
generated by all pseudo-reflections in H. Let G be the descent of H with
respect to the [yls - - - [,,-fold covering r : C* — C". We then define a group
homomorphism r, : H — G by r.(h) := the descent of h € H with respect
to r. This is surjective and Ker(r,) = P, hence by the first isomorphism
theorem,
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Lemma 29. G = H/P.
Moreover the following holds:

Proposition 7. G contains no pseudo-reflections, that is, is a small group.
(In fact, G is obtained from H by collapsing the pseudo-reflections in H:
precisely speaking G = H/P (Lemma 29), where P denotes the pseudo-
reflection subgroup of H.)

Proof. First recall Lemma 28 that states: G consists of automorphisms g :
C" — C™ given by

g: (v1,v2,...,0,) —>
<627ril1(ja1+m1p1)/cdvl7 627ril2(jaz—i-mzpz)/cdv2 .

VAR

627r1ln(jan+mnpn)/cd,u )

nj)

where (p1,pa,...,pn) € AU and j =1,2,...m\m,---m!c.
We now show that GG contains no pseudo-reflections by contradiction. If
g € G is a pseudo-reflection, then it is necessarily of the form:

27il; (jas+mip;)/cd

g: (vi,v2,...,0,) — (Uh---,vi—l,e Uz',Uz‘+17---,Un>-

But then Lemma 30 below implies that g = 1, contradicting the assertion
that ¢ is a pseudo-reflection. O

Lemma 30. Any element g € G of the form

g: (v1,09,...,0,) (vl, U, €2mliGamip) fedy, gy ,vn) (39)

is necessarily the identity map, that is, e>™lileitmipi)/ed — 1

Proof. Recall that H is the lift of G with respect to the covering r : C* — C"
given by 7 : (up, ug, ..., uy) —> (v1,00,...,0n) = (ult, u2, ... uln). Let
g € H be a lift of (39) given by

e2mi(jaitmip;)/cd

g (ur,uy, ... u,) — (U1,~~-7Uz‘—1, uiaui+17---aun>'

Notice that g € H;, where H; is the subgroup of H appearing above Lemma
20; in fact H; is a cyclic group generated by h; (Proposition 5 (3)). Thus
g = h$ for some integer s. Here

s . 2mis/l;
hi . (ulau2a"'7un) — <u17"'7ui—176 /Zuiaui-‘rl?"'aun))
S0 627ri(ja¢+m¢pi)/cd _ 627ris/l¢‘ Hence 627rili(jai+mipi)/cd — (627ris/li)li, that iS,
e?mili(jaitmip)/ed — 1 " confirming the assertion. O
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Recall now the diagram of covering maps:
A/d—l - (Cn
2
Z_/ Cn Ad—l . (40)
(Cn
e [ is the lift of T (with respect to the covering p : Ay — Ag1),
e H is the descent of [ (with respect to the covering g : Agq — Ccm),

e (5 is the descent of H (with respect to the covering r : C" — C").

Hence Ay 1/I' = Zd,l/f = C"/H = C"/G. Here G is a finite abelian group
(Proposition 3 (3)) and small (Proposition 7). Thus A,—;/I" is uniformized
by the small finite abelian group G, so the following is established:

Theorem 4 (Uniformization theorem). Let I' be the cyclic group gener-
ated by the automorphism v : Aqg_1 — Ag_1 given by

(@ T t) s (2T a2 mey)
Then there ezists a small finite abelian group G C GL(n,C) such that Ay, /T’ =
Cc"/q.

We explicitly give the isomorphism A, ;/I' = C"/G in the uniformization
theorem. The covering maps p, ¢ and r appearing in the dlagram (40) induce
isomorphisms p : Ay 1/I‘ — Ay1/T and 7 : Ay 1/F — C"/H and 7 :
C"/H — C"/G. The isomorphism A, /T = C"/G in the uniformization
theorem (Theorem 4) is then given by

U:=Fogop ': Ay/T = c"/G. (41)
Explicitly:

Lemma 31. \If([xb N ZEn,t]) _ [xrln’lh/d .”,x?;ln/d]y

where we denote the image of (X1, Xo,...,X,) € Aq_1 under the quotient
map Ag 1 — Ay 1/F by [ X1, Xo, ..., Xy] € Ag_1/T and so on.

Proof. Since p(X1, Xo, ..., X,) = (X, X4, ... X% X1 X5+ X,,), we have
T?([Xl,Xz, Ce ,Xn]) = [Xii,Xg, c. ,Xg,Xle < Xn]a SO

1_7—1([9317$2,...,xn,t]) — [l,i/d7 x;/d’ -..,I}I/d]

76



Next since ¢(X1, Xo, ..., X,) = (XInII,X;né, . ,X;n;‘) and r(uy, Uy, . .., Up) =
(Wl ul2, .. ul), we have G([X0, X, ..., X)) = [X7™, X5™, ..., X and

n
T([ur, s, .. ) = [l u2, .. uln], so
_ d 1/d _oomh/d mb/d
rog(ley @y, /) = ([ 2y )
= [xgnllll/dv x;nIQlQ/{ cee axnm%ln/d} :

1

Hence W :=7ogop~ is explicitly given by

U ([0, @2, -y @, 1)) = [78004) 2522 gmdasd]

9.3 Correspondence between functions

We use the notation in §9.2. Besides, let ® : A;_; — C be a holomorphic map
given by ®(xq, s, . s T, t) = t™m2 M Then ® is [-invariant, so induces
a holomorphic map ® : A;_1/I" — C. As we explained in § Introduction, the

topological monodromy of ® is a — <TC;L—11, %—é, e 7%—’;, /-4;) -fractional Dehn

twist: If n = 2, then the topological monodromy of ® is the — (%—11, 7%—22, /{)—
fractional Dehn twist.

Under the isomorphism ¥ : A; /T = C"/G in (41),®: Ay ,/T — C
corresponds to a holomorphic map on C"/G. We describe this map. To that
end, we need the following:

Lemma 32. For an element g € G given by

(Ub o 7Un) — (e2ml1(1a1+m1pl)/0dvl’ o e27rlln(1an+mnpn)/0dvn),
write n; = e?rGaitmipl/ed (j — 1.9 'n). Nest fori = 1,2,...,n, set
[ / ~ ! ! ~ / . . /
ki = lcm(zll, ol o ml)e, where ) means the omission of ml. Then
1 2 —
mngt et =1
m/ ...m/...m/
Proof. Since [; = 1 L—n .~ we have k;l; =m}---ml---mlc,
lem(my,...,m;,...,m,)
SO
n]f177§2 . nkn — 627rik1l1(ja1+m1p1)/cd€27rikgl2(ja2+m2p2)/cd . 627riknln(jan+mnpn)/cd
n
— 2mimimbmi,e 3T (jai/mitpi)/d
n
Here 3" p;/d = jr/d (because (p1,ps, ... pn) € AY), s0
i=1
627rim/1m’2---mi,lcZ?zl(jai/mi+pi)/d _ 627rijm’1m’2---m;lc(z;l:1 ai/miJrn) /d
=™ by (21).
Hence nf'nh? ... pkn = 2™ = 1, O
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We next show the following (this generalizes Lemma 6):

Theorem 5. Let ¢ : C" — C be a holomorphic map given by ¢(vy, va, ... v,) =

viokz ook where ky = lem(ml, ..., W, ..., m!)e. Then:

(1) ¢ is G-invariant. In particular, this induces a holomorphic map ¢ :
Cc"/G — C.

(2) Under the isomorphism ¥ : Ay /T = C"/G in (41), ® corresponds
to &, that is, ® = po V.

Proof. (1): For (vq,vq,...,v,) € C" and an element g € G given by g :

(U1, 09, ..., U,) = (MUL, NV, « . o, Dy Un),
¢ o g(v1,vg, ..., 0,) = G(ur, NV, ..., Npy) = (N 052 - pliphe o gk
= 77f177§2 e '775"¢(Ula V2, ... 7U7L)
= ¢(v1,v9,...,0p) by Lemma 32.
Thus ¢ o g = ¢, confirming the assertion.
(2): Note first that
GoU([z1,m2,... 2y, 1]) = 5([951”“1/6[, x;nlzlr"/d, . ,xnm;ll"/d]) (Lemma 31)
_ lelllkl/dx;n/QZQkQ/d ... le{nlnkn/d

Here since k;l; = m}---m}---m)c, we have ml;k; = mim}---m/c. Thus

the last expression is rewritten as

miliki/d mblakz/d

/ Lo oo
xl 9 .. x?nlnkn/d — (x1x2 PO xn)m1m2 mn/d

! /.” !
= ¢MMa T Mnc because z1xs - - - T, = t°.

Hence ¢ o \I/([avl,xQ, . ,a:n,t]) = 5([351,:1:2, o ,xn,t]). ]

9.4 Equi-smallness theorem

Let I' be the cyclic group generated by the automorphism v : Ay 1 — Az 1
given by

2miay /my, 27i/m/ mémﬁlct)
)

. 2miay/m
v (T T, t) (2T Mg e T, €

n
where d = > apm---1mj ---m, + mimh---mlck. Here k is an integer
k=1

satisfying (x) T%—ll + 7%—22 +e+ TCTLL_Z + kx> 0. Then kK > —n + 1 (Lemma 7).
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Let T be the lift of I' and H is the descent of I. The pseudo-reflection
subgroup P of H is generated by the automorphisms h; : C* — C" (i =

1,2,...,n) given by h; : (uy,...,u...,up) + (ug,...,e¥ by, . uy,)
m/ . m/ e m/
(Proposition 6). Here [; = 1 i—n —— does not depend on
lem(my,...,m;,...,m,)

k. Thus:
Lemma 33. The pseudo-reflection subgroup P of H does not depend on k.

In what follows, regarding x as a ‘parameter’, write f, H, Pas INj,.i, H,., P..
These are subgroups of GL(n,C). From Lemma 33,

PKO: no+1:"‘:Pn:"'a (42)

where ko denotes the least integer in the set S of integers x satisfying (). If
H,, is small, then P,, = {1} and by (42), P,, = Pyys1 =+ = P, = -+ =
{1}. Thus H,, is small for any x € S. This confirms the following:

Theorem 6 (Equi-smallness). Let S be the set of integers k satisfying
7%—11 + 7%—22 +- T%—T; + k>0, and let Ky denote the least integer in S. Then
H,, is small <= H, is small for any k € S. (In other words, H, is not
small <= H, is not small for any k € S.)

Example 3. (i): When n = 3, a; = a3 = a3 = 1, m; = 2, my = 4 and
mg = 6, ¢ = ged(my, ma,m3) = 2, m) = 1, my = 2 and mjy = 3. Then
7%11+a22+a3=%+21xf+% %,andthus%+/f>0. Hence k¢ = 0.
Here by Example 2, H,, is small. Thus by Theorem 6, H, is small for any
integer k such that x > 0.
(ii): When n = 3, a1 = 1, a2:2, a3:3, m; = 2, mp = 3 and
mg = 4, ¢ = ged(my, ma,m3) = 1, m}) = 2, my, = 3 and m} = 4. Then
,%11—1—%22—{-@3—%+2+%—%%,andthus%%+/ﬁ>0 Hence ko = —1.
Here since ged(m/, mj}) = 2, Theorem 3 ensures that H,, is not small. Thus

by Theorem 6, H, is not small for any integer x such that k > —1.

10 Generators of f, H and G

Let I" be the lift of I’ with respect to the covering p. Let H be the descent of r
with respect to the covering ¢, and GG be the descent of H with respect to the
covering r. Then G is a small finite abelian group such that A;_;/I' = C"/G.
We explicitly give generators of f, H, G.
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10.1 Generators of '
Recall that (see Lemma 13)

I'= {?;g{),pz,...,pn : (plap?a s 7pn) € A(])v ] = 17 2a s 7m,1m/2 e m;c}7

where AU) = {(pl,pg,...,pn) eZ" : 0<p <d Y B =2%mod Z} and
~I(3j?p27--.7pn : Ay — Agq_q is an automorphism given by
(Xl,XQ,. .. 7Xn) —

(627ri(ja1erlpl)/mld)(*l7 e27ri(ja2+m2p2)/m2dX2’ e e27ri(jan+mnpn)/mncl)(n) )

Recall that I' is generated by the automorphism v : A; 1 — Ag_1 given by
v (1, x,t) € Agq — (62”1‘“/’”1%1, ... eZman/mn g eQ’Ti/(mllmIQ"'mglc)t).
The automorphism 9 : Ed,l — ﬁd,l given by

(X1, Xa, ..., X)) s (Pm/mdxy ePrieimady, o gprilantman)fmnd )
is a lift of v € I' with respect to the covering p : gd_1 — Ag_1. Hence 6 € r.
The automorphism n; : Ay_1 — Ag_1 (1 =1,2,...,n— 1) given by

(X1, Xoy oo, X)) — (Xpye o, X0, €2™9XG Xy, o0, e 24X

is a lift of the identity 1 € I' with respect to the covering p. Hence n; € r
(t=1,2,...,n—1).

Lemma 34. Any element of T is expressed by 0, M, 12, Mn—1 € I. In

Jact, 36 pa...pn € T s cxpressed as Fplpn...p. = im0l

Proof. Tt suffices to show that 35, .6 In P n; P2 122" is the identity.

n—1

For brevity, express %{?m,,,,,pn (%) = A%, §(¥) = BZ and n;(¥) = C;&, where

e27ri(ja1+m1p1)/m1d O
627ri(ja2+m2p2)/m2d
A= ,
O 627ri(jan+mnpn)/mnd
e?ﬂ'ial/mld O
6271'iag/mgd
B= ,
627rian_1/mn_1d

O 627Ti(an+mnn)/mnd
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e2mifd o]

O e—27ri/d

Accordingly %jgpz,___,pné_jnfpln;p"’ s PN(T) = ABTIC Oy - PR

n—1

It suffices to show that the matrix D := AB=C["'C,"*--- C 717" is the
identity matrix. Since A, B, C; are diagonal, D is also diagonal, so it suffices

to show that any of its diagonal entries is 1. This is confirmed as follows:
e Fori=1,2,...,n—1, the (,7) entry of D is
627ri(jai+m,-pi)/mid(627riai/mid)—j(eQWi/d)—pi -1
e The (n,n) entry of D is

27ri(jan+mnpn)/mnd(627ri(an+mnn)/mnd)—j(627ri/d)p1+~--+pn,1 _ 2wi(pi+-+pn—iK)/d

€ =c

Here since (p1,pa, ..., pn) € AV, we have Y % = % mod Z, and thus
=1

e2mi(pit+-+pn—jr)/d — 1 ' N

Lemma 34 implies that:

Corollary 11. L is generated by 0, m1,M2, ..., Mu_1, O as a subgroup of
GL(n,C), generated by the matrices B, Cy, Cy,...,Cy,_1 appearing in the
proof of Lemma 34.

10.2 Relations among generators of r

Recall that I is a finite abelian group of order m/m, - - - m/,cd™™* (Proposition
3 (1)) and is generated by &, n1, n2, .. ., nu—1 (Corollary 11). These generators
are generally not independent. In fact, the following holds (the proof is the
same as that of Lemma 34):

! ! I ! I ’ / / !
"mleeem/ a1MoMaq M a2mi;mq-m Ap—1M M, oMy,
mime:-m,cC 23 13 n
Lemma 35. §™™2"Mn¢ = p, "1 meeen

Caution: As we will see in (2) of Corollary 12, if the order of § is mim}, - - - m/ ¢,

then this relation is vacuous. To show this, we need some preparation:

Lemma 36. (1) Ezxpress §(Z) = BZ, where B is the matriz appearing in
the proof of Lemma 34. Then det B = e2™/mimamauc,
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(2) If 6¥ =1, then k is a multiple of m/mbmie. In particular, the order of
d is a multiple of mimb ---m/ c.

(3) lcm(Tr/L'l, m’Q, = ,m,)cd is a multiple of mim}---mlc, and
6lcm(m1,m2,...,mn)cd —1.

(4) Write lem(m/, mj, ..., m.)ed = Nmim}---m,c where N is a positive
integer. Then the order of 6 is lmymb ---m/ c for some positive integer
[ (1<I<N).

Proof. We show the assertions only for n = 3 (the proof is the same for any

627ria1/m1d 0 0
(1): Since B = 0 g2miaz/mad 0 , we have
0 0 627ri(ag-l—m3,‘f)/m3d

det B = e27ria1/m1d€27rizz2/m2d 627ri(a3+m3/<)/m3d — 627ri(a1/m1+a2/m2d+a3/m3+n)/d‘
Here (ay/my + aa/ms + as/ms + k) /d = 1/mimimic (because
d := mimhmie(ay/my + aa/ms + az/ms + k)), confirming the assertion.
(2): If 6* = 1, then B¥ = I (the identity matrix), so det(B*) = 1. Then
e2mik/mimamsc — 1 by (1). Thus k is a multiple of m}mymje.
(3): We first show that lem(m/, mb, mj})cd is a multiple of m)mf4m/ec, for
lem(my, my, my)cd
mymaymsc

which it is sufficient to demonstrate that is an integer.
Using d := mim4ymic (%—11 + #L—Zz + ;;L—?; + li), we rewrite:

lem(mf, my, my)ed

oo a a
T T 1 :lcm(mlam27m3)c —+—+—+K
mymymsye

— lcm(mllaméamé)cal 4 lcm(mllam%mfi)ca

my mo

1 !/ !/ /
cm{m, My, m3)0a3 + lem(mf, my, my)ck.

ms

Since m; = mlc, the last expression is equal to
777

! / / ! / /
lem(my, my, my) lem(my, my, my)
7 ai + 7 as
my Mo
/ ! !
lcm(mla m27 mS)
!
ms

as + lem(mf, mgy, mj)ck.

This is an integer, because

lem(m, my, my) - lem(my, my, my) lem(my, my, my)
Y )

7 are integers.
my My mg
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lcm(ml,mz,mg) cd
mymaymsc
We next show that glem(mymymaled — 1 - For an integer k, the automor-
phism 6% : A;_; — Ay, is given by

Thus is an integer, confirming the assertion.

(Xla XQ, Xg) — (627ria1k:/m1dX1, eQﬂiagk/mngQ’ 627ri(a3+m3n)k/m3dX3)'
Here if k = lem(m/, mb, mj)cd, then

k/mad = lem(mf, my, ms)/mf, k/maod = lem(m}, my, m3)/msy,
k/m3d = lcm(m/h m/27 mé)/mgv
hence k/mqd, k/msd, k/msd are integers, consequently

5lcm(m1,m2,m3)cd (Xl, XQ, Xg) (X1, X2’ Xg), SO 5lcm(m’1,m/2,mg)cd —1.
(4): This follows from (2) and (3). O

Since n; : Agq — Ay (1=1,2,...,n—1) is given by
(X1, Xo, ., X)) — (Xy, o, Xy, @9XG X, e X)),

the following is clear:

Lemma 37. The order of n; (i =1,2,...,n—1) isd.
We next show that:

Lemma 38. (1) There is no nontrivial relation among M,M2s -+« Mn_1. Namely

n—1

menz--nle—l thenallOfm,n%...,nnl are 1.
(2) Let k be an integer such that 6% # 1. If 8% is expressed by ny,m2, - - -, M1,
that is, 6% = 77?17%2 . 7751” - for some integers ly,ly, ..., l,_1, then k is a

multiple of mimb ---m/ c.

(3) If an integer k is not a multiple of m\my - --m! c, then §¥ # 1. Moreover

6% cannot be expressed by n1, g, ..., Np_1.
(4) Let (5) and (n1,m2, ..., Mu—1) denote the subgroups of GL(n,C) generated
by 6 and ny, M2, ..., Nn—1 respectively. If the order of § is mimb ---m/c,

then (0) N (M1, M2y -+, 1) = {1}.

Proof. We show the assertions only for n = 3 (the proof is the same for any
(1): The automorphism nfink2 : A,y — A4y is given by (Xl,XQ,X3>
(627rik1/dX1, 627rikg/d)(27 e 2mi(kitka)/d X ) If ,r]kl ko — 1, then e2miky/d

e2mik2/d — 1 e=2milkitha)/d — 1 Accordingly nt' =1 and né” = 1 hold.
(2): Suppose that 6* = nl'n’2. Here since 6 € I is a lift of er, §F el
is a lift of ¥¥ € T" and since 1,7, € T are lifts of 1 € T, nhnk e T is a lift of
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1 € I'. The relation §* = ni'n thus implies that 6* is a lift of both 4* and 1,
so v® = 1. Since the order of vy is m|mbymjc, this implies that k is a multiple
of mimimie.

(3): Since the order of § is a multiple of m)mimie (Lemma 36 (2)), if
an integer k is not a multiple of m/mfimje, then 68 # 1. The rest is a
restatement of (2).

(4): This can be shown by contradiction. If ()N (ny, n2) # {1}, then there
exist elements 6* # 1 of (8) and ni'n2 # 1 of (11, ny) such that 6* = iyl
Then (2) implies that k is a multiple of m/m4ymje. But 6™™2™3¢ = 1 by
assumption, accordingly §* = 1. This contradicts that 6 # 1. n

By (4) of Lemma 36, the order of § is Imjm} ---m! c for some positive

/ / !/
integer [ (1 <[ < N), where N = lem(my, my, . .., my )ed

mimy - --m.c
holds:

Corollary 12. Let T be the lift of the cyclic group T' with respect to the
covering p : Ag1 — Ag_1. Recall that 6, m; € T (i = 1,2,...,n— 1) are
automorphisms of Ag_1 given by

. The following

5 (Xl, XQ, o 7Xn) — (627ria1/m1dX1’ eQwiaz/mdeQ’ o ’627ri(an+mnn)/mnan)’
n; - (Xla X27 s 7Xn) — (Xla s 7Xi—17 62m/dXi7 Xi+17 s 76_2ﬂi/an)-

Then the following hold:

! ! / 1ot / I ! /
(1) (Smllmém;lc _  G1MaMge My a2mymgmy, An—110 1, oMMy
=T 2 Mh—1 .

(2) If the order of & is mim}---m/c, then the relation in (1) is vacuous,

that ds, g™ mhe=, g Ty
3) If the order of 6 is mmb---m! c, then T is isomorphic to the product o
17792 n
cyclic groups (§) X (m1) X (n2) X =+ X (Nn_1), where (§) and (n;) denote
the cyclic groups generated by 0 and n; respectively.

Proof. (1): This is already shown in Lemma 35.

(2): We show the assertion only for n = 3. If the order of § is m{mbmjc,
then 6™1™2™s¢ = 1. Here by (1), n?lmémgngzmamg = 1. Thus by Lemma 38
(1), nflmémé =1 and 7732’”'1’”5 =1 hold, confirming the assertion.

(3): We also show the assertion only for n = 3. By Lemma 38 (4), if the
order of § is mimymye, then (§) N (m, o) = {1}. Since I is generated by
d,m1,m2 (Corollary 11), we obtain I" = (6) x (1, m2). Here (1, 1m2) = (n1) X (n2)
because there is no nontrivial relation between 7, and 7, (Lemma 38 (1)).

Hence I' 2 (8) x () x (), confirming the assertion. O
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Remark 10. If the order of 6 is greater than m\ml---mlc, then T is not
isomorphic to (0) X () X (M) X -+ X (n,_1), because there is a nontrivial
relation among 6, Ny, N2, ..., Mu—1 (Corollary 12 (1)).

10.3 Generators of H and relations among them

Recall that (see Lemma 15)
H = {hgl,pz, b (p1,p2, -+ Pn) € A(j)7 j=1,2,....,m\m}-- -m;c},

where hé{{m,,,,,pn : C" — C" is an automorphism given by

(Ul,UQ, Ce ,un) —
(627r1(]a1+m1p1)/cdu1’ e27r1(]a2+m2p2)/cdu2’ o 7627r1(jan+mnpn)/cdun) )

Recall that T is generated by d, m, n2, ..., Nn—1 (Corollary 11), where
5 (Xh X2’ o 7Xn) N (627ria1/m1dX1’ 627ria2/m2dX2’ e 627ri(atnern.l@)/7rznal)<'n)7
n; - (Xl, Xo, ... ,Xn> — (Xl, oo, X, 627ri/dXZ‘, Xi+17 ey 6_27ri/an).

Let o, 5; (i =1,2,...,n — 1) be automorphisms of C" given by

27r1a1/cdu17 627r1a2/cdu2 ) 762ﬂ1(an+mnn)/cdun)’

—2mim!, /d
n/ Up).

a: (up,ug,. .. u,) — (e

27im) /d

51'3 (ul,uz,...,un) — (ul,...,ui_l,e Ujy Uit 1y ..., €

They are respectively the descents of 9, n; € r (with respect to the covering
q:As—1 — C"), hence «, 5; € H.
Lemma 39. Any element of H is expressed by «, [y, PBa, ..., n_1. In fact,

B o € H s capressed as iy, = ad B3R <o 001,

Proof. Since «, 5; € H are the descents of 9, n; € r respectively,
QI YY1t € H is the descent of 5]7711717752- -m b€ T. On the

n 1
other hand, hpl,m, pn € H is the descent of 7, vpl,m,,,.,pn € I' (Lemma 14
(1)). The relation 7;(,1%;)27,“7% = §n'nh? - nP" ' (in Lemma 34) then implies
W) pn = QTG G5 - O

Lemma 39 implies that H is generated by «, 51, 8o, ..., Bn_1. Here o and
B; are expressed by the following matrices:

e2mial /ed O

e27ria2/cd

627rian71/mn71d

O 627ri(an+mnn)/cd
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O 6727rimil /d
Thus:

Corollary 13. H is generated by «, (1, Pa, ..., Bn_1, or as a subgroup of
GL(n,C), generated by the matrices S, Ty, To, ..., Ty 1.

Here «, By, B, . .., Bn_1 are actually not independent. In fact, there are
relations among them:

Lemma 40. The generators «, (v, PBa, ..., 0Bn_1 of H satisfy the following
equations:

! i ! ! ! I li / !
mmleem! e QIMGME My asmimeemy Ap—1mimb--m) _,
a) oMM n-1¢ = f3 o B 1

e .

(b) Fori=1,2,...,n—1,

. I/ ’ ol ] ’ / N Ry ’
m ) emle a1Mig MMy, ﬁ(alml---mi---mnfd)/mi Ban_lml my--ml, _,my,
i

«Q = P1 n—1

where note that (a;m - - - M), - --m,, —d)/m} is an integer. (Observe that

a;my---ml--m/ —d)/m)

the exponent of BZ-( “1in (b) is slightly different from that

of 5;im/1mm;mm£“1 in (a).)

The existence of nontrivial relations among 9, 1y, 7s, . . ., m,_1 implies that
H = (5, m, m2,...,0n_1) is not isomorphic to the product of cyclic groups

() x (Br1) X (B2) X ==+ X (Bn1)-

We summarize properties of H:

Proposition 8. (1) The descent H off s a finite abelian group of order
cd™™* (Proposition 3 (2)).

(2) H is, as a subgroup of GL(n,C), generated by matrices S, Ty, Ts, ...,
T,,-1 (Corollary 13).
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10.4 Generators of G and relations among them

Recall that (see Lemma 28)

G= {glgjl')aPQ,---,Pn : (pl;pZ, s >pn) S A(j)a .7 = 17 2a S 7m/1m/2 e mlnc}7

where g}(f )7;,,2,,,,7,,” : C" — C" is an automorphism given by
(v1,09,...,U,) —
(62771l1(]a1+m1p1)/cdv1, 627r1l2(ja2+m2p2)/cdv2’ o ,€2ml"(]a"+m”p”)/6dvn).

Recall that H is generated by «, B, 5, ..., 8,1 (Corollary 13), where

27ria1/cdu1 27ria2/cdu 2ri(an+mnk)/cd

Un),
’ efZWim;L/dun).

a: (ug,ug,. .. u,) — (e e 9y,

. 2mim/ /d
Bi : (u17u27 e ;Un) — (ulv-“uuifl;e i/ Uy Wit 15 - - -

Let f,g9; (i =1,2,...,n—1) be automorphisms of C" given by

. 2riliay /cd 2milsas /ed 27ily (an+mnk)/cd
o (1,09, ... vn) — (e2mhar/edy, p2milzaz/edy, - 2miln(antmar)/edy,

2ril;m, /d —2rilnm!, /d
G+ (U1, 09, 0n) > (V1,0 2T Ay, L e By

They are respectively the descents of «, 5; € H (with respect to the covering
r:C" — C"), hence f,g; € G.

Lemma 41. Any element of G is expressed by f, g1, g2,---,gn_1- In fact,

(9) . (9) __ fj.p1 D2 Dn—1
Gp1.parpn € G 18 expressed as Gpyps,.pn = 791 92" G

Proof. Since f, g; € G are the descents of «, B; € H respectively,
figitgh? - gi"1' € G is the descent of o/ B8? ... 38"1" € H. On the

n—1
other hand, gfojl),p%,,,,pn‘ € (G is the descent of hl(fl),p%,,,,pn € H (Lemma 27
(A)). The relation B p = adfPAR2 ... 8P (in Lemma 39) then im-
plies g5 ps...pn = FIg0 g8 - gl O

Lemma 41 implies that G is generated by f,g1,92,...,9,-1. Here f and
g; are expressed by the following matrices:

6271'il1 ai/cd O

6271'il2 az/cd

627riln,1an,1/mn,1d

O e27riln (ant+mnk)/cd
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O 6727rilnm’n/d

Thus:

Corollary 14. G is generated by f,qg1,92,...,9n_1, or as a subgroup of
GL(n,C), generated by the matrices QQ, Ry, Ra, ..., R, 1.

Here f,q1,92,...,9,—1 are actually not independent. In fact, there are
relations among them:

Lemma 42. The generators f, g1, g2,...,9n—1 of G satisfy the following
equations:

lem(m! mb,....m! e _ arlem(mf,mh,...,m}, _,)/m} an—_1lem(mfy,mb,..m/ _)/m!/ _,
(a) f (my,mj n-1) =g G ,
where note that aplem(my, ... ,m,_,)/m; (k=1,2,...,n—1) is an in-
/ o !/ ! !/
teger (because mj, divides lem(m/,mb,...,m!,_)).

(b) Fori=1,2,...,n—1,

flcm(m’l,..‘,mg,...,m’n)c

o allcm(m’l,A..,m;,.“,m%)/m’l' » (almﬁm;mgfd)/llm; ) an—1ilem(mf,...m},...m} ) /m) _,

=01 i "In—1 )

where note that (a;m} ---ml---m. — d)/l;m] is an integer, and that
fork =1,2,...,1,...,n, aglem(m}, ... ,m; ...,ml)/m} is an integer
(because m), divides lem(m/, ... m;, ...,m.)).

(Observe that the exponent of gfaim/lmm;mm%_d)/limg in (b) is slightly

different from that of g?ilcm(ml’""m"’l)/mi in (a).)

The existence of nontrivial relations among f, g1, go, ..., g,—1 implies that
G = (f, g1, g2,---,9n-1) 18 not isomorphic to the product of cyclic groups

(f) x{g1) x {g2) x -+ X {gn-1).
We summarize properties of G-
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Proposition 9. (1) The descent G of H is a finite abelian group of order
n—1
Ll (Proposition 3 (3)).

(2) G is, as a subgroup of GL(n,C), generated by matrices Q, Ry, Rs, ...,
R, 1 (Corollary 14).

The case n =2

Let a} (0 < af < my) be the integer such that a;af = 1 mod my. If n = 2,

then G is a cyclic group generated by g : (uy,ug) = (2 /0y, e?mia/edy,),
* 7 /

% mod cd (The-

1

where q (0 < q < cd) is the integer such that q =

* !/
orem 1). Note that % is an integer (cf. Lemma 4 (1)). Here the
1

2mi/ed
automorphism g is expressed by the matrix P := c 0 6%2‘ Jea | and
as a subgroup of GL(2,C), G is generated by P. On the other hand by

2mia/cd
Corollary 14, G is generated by two matrices () = < ¢ 0 Q2mi(b-tn) fed )

2mim’ /d
and Ry = ( © 0 o—2rin'/d |- Note that when n = 2, [; = [ = 1 and

thus G = H, f = a, g = ;. We denote the relation between P and @), R;.

For simplicity, write my, maq, a1, aq, aj, B, Ry asm, n, a, b, a*, 8, R, and

set ¢ := ged(m,n), m' == %, n = % and d := an’ + bm’' + m/n’ck.

Proposition 10. The matrices P, Q, R € GL(2,C) that express the auto-
morphisms g, a, 8 are related as follows:

(1) PP=Q, P" =R

(2) Noting that I—Tcm,* is an integer (because aa* =1 mod m), let | (0 <
[ < cd) be the integer such that | = 1—Tom* mod cd. Then Q* R! = P.
a(a*d—n') _ d—an
/ - /

Proof. (1): We first show P® = (). Since aq = - —

b+ nk mod cd,

" 627ria/cd 0 627ria/cd 0
}):( 0 emiaed | =g piGg/a | =@

* 7 !
We next show P™ = R. Since mq = M = a*cd — en’ = —en’ mod

m
cd,
627rim/cd 0 6271'im’/d 0
pPm = < 0 627rimq/cd = 0 6727rin’/d = R.
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(2): We first show P +ml = P Since | = 1 —maa* mod cd and aa* +

1—aad"
m

m =1, we have aa* + ml = 1 mod cd. Hence

2mi(aa*+ml)/cd __ 6271'i/cd 2mi(aa*+ml)q/ed __
- ’

e _ 627r1q /ed )

e

Accordingly, P* *™ = P. Then (P%)% (P™)! = P. Here since P* = Q and
P™ = R hold by (1), Q¥ R" = P. The assertion is thus confirmed. O

Corollary 15. The automorphisms g, o, 3 : C2 — C? are related as follows:

(1) g*=a, g™ =p.

(2) Noting that 1 —maa* is an integer (because aa* =1 mod m), let | (0 <

[ < cd) be the integer such that | = 1—Taa* mod cd. Then a® B' = g.
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