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Vibrational spectroscopy of a harmonic oscillator system nonlinearly
coupled to a heat bath
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Vibrational relaxation of a harmonic oscillator nonlinearly coupled to a heat bath is investigated by
the Gaussian—Markovian quantum Fokker—Planck equation approach. The system—bath interaction
is assumed to be linear in the bath coordinate, but linear plus square in the system coordinate
modeling the elastic and inelastic relaxation mechanisms. Interplay of the two relaxation processes
induced by the linear—linear and square—linear interactions in Raman or infrared spectra is
discussed for various system—bath couplings, temperatures, and correlation times for the bath
fluctuations. The one-quantum coherence state created through the interaction with the pump laser
pulse relaxes through different pathways in accordance with the mechanisms of the system—bath
interactions. Relations between the present theory, Redfield theory, and stochastic theory are also
discussed. ©€2002 American Institute of Physic§DOI: 10.1063/1.1503778

I. INTRODUCTION tion of the system fails. Such nonlinear interactions contrib-

The vibrational spectra of molecules are determined b)}’te to the energy dissipatiqn and t_he phase relaxation, and
their three-dimensional structures and their vibrational forcdn@Y Play an important role in the vibrational spectrum. The
fields. An analysis of thesEusually infrared(IR) and Ra- use Qf an explicit molegular quel for 'th|s problem is com-
mar] spectra can therefore provide information on the struc putationally too expensive and it complicates the understand-
tures and on the intra- and intermolecular interactions. Ovel9 Of the problem. _ _
the years, normal-mode calculations have provided insight When Okumura and Tanimura introduced the general-
into the spectra of molecules in the condensed phasahe ized Brownian oscillator model with aonlinear system—
normal-mode frequencies are obtained by solving the seculdath interactiort;! they expressed the interaction as square in
equation that must be satisfied if the molecule is to havéhe system coordinate and linear in the bath coordif@te
harmonic modes of vibration. The molecular motion can therinteraction and calculated a two-time correlation function of
be decomposed into normal modes, by defining new coordithe system coordinate perturbatively. Their result was ana-
nates that describe the system as a collection of uncoupldytical, but its applicability was limited. Then, Steffen and
harmonic oscillators. Tanimura derived a quantum Fokker—Planck equation with

For a molecular system in the condensed phase interathe SL interactiotP'® by generalizing the quantum Fokker—
tions may be divided into two categories: intramolecular ancdPlanck equation for a Gaussian—Markovian batfiand cal-
intermolecular. In such a case, instead of employing an erculated two-, three-, and four-time correlation functions of
semble of uncoupled oscillators, it is natural to consider ghe Raman polarizability or the dipole moment for various
primary system corresponding to the intramolecular vibra-coupling strengths and noise correlation times in the context
tion interacting with a bath of harmonic oscillators for the of two-dimensional spectroscopy®?°It was shown that the
intermolecular ones. This is a Brownian oscillator descrip-fast modulation limit of the SL model corresponds to a situ-
tion of molecular vibration§™* This description is espe- ation with a homogeneous distribution of oscillators, and the
cially useful to analyze vibrational spectra where the laseslow modulation limit to an inhomogeneous distribution of
field only interacts with Raman or infrared active modes.oscillators; the Raman or infrared signals calculated from the
One can regard such modes as the primary modes wheregee- and four-time correlation functions show the echolike
the others are the bath modes. The conventional Browniafeature only in the inhomogeneous ca&é'??In these stud-
oscillator model assumesliaear—linear system—bath inter- jes, they investigated only the effects of the SL interaction
action (LL interaction with respect to the vibrational coor- assuming that the LL interactions are very small, but, in gen-
dinates; therefore, physically, it is equivalent to the normal-era|, the LL interaction plays a role as well. In this study, we

mode model, and one can reduce to the normal-mode modgbnsider both the LL and SL interactions and discuss the
by diagonalizing the total Hamiltonian of the Brownian os- jnterplay between the two.

cillator model. Although the normal-mode and Brownian 0s- | the next section, we present a description of the LL
cillator models seem to give reasonable explanations of Vigng SL system—bath couplings. The derivation of the
brational spectra, in a real system, interactions betweepqker—Planck equation for an oscillator system in contact
atoms or molecules are nonlinear, and the harmonic descriRgitn the Gaussian—Markovian noise bath is given in Appen-
dix A. Difference between the present theory and the Red-
dElectronic mail: tkato@ims.ac.jp field theory is discussed in Appendix C. In Sec. Ill, we dis-
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cuss third-order Raman vibrational spectroscopy. The LL coupling SL coupling
response function formalism is also summarized to relate
with the wave packet dynamics in the correlation function.

After a brief explanation on the computational method in

Sec. IV, the wave packet motions and the time evolutions of
the coherences between the vibrational levels of a harmonic
oscillator system are calculated and compared with the re-
sults from the conventional Brownian oscillator model. A FIG. 1. Schematic illustrations of the effects of the system—bath coupling

selection rule that determines the vibrational relaxation path®”  rélévant harmonic potential system. The LL coupling and the SL cou-
pling induce the displacement and the fluctuation of the relevant potential,

ways after the photoexcitation of the system i_s disculsse%spectively, and are responsible y-type andT,-type vibrational relax-
focusing on the presence of both the LL and SL interactionsation processes in the weak coupling limit.

We also analyze the optical response functions and spectra
by changing the physical parameters such as the coupling
strength, the temperature and the correlation time of the ba
fluctuations, and compare with the stochastic theory. Th
concluding remarks are given in Sec. V.

cig X C2q2x;

tI%\tion. We refer to the bilinear coordinate coupling term pro-
%ortionalcl as the linear—lineallL ) coupling term, and the
term proportional toC, as the square—linedBL) coupling
term. The dimensionless const&@y will be set to either 1 or

0, i.e., the system—bath interaction either includes the SL
coupling or it does not. The LL model has been widely used
in studying the effects of dissipative processes in quantum
A. Hamiltonian dynamic$™1° such as tunnelifg!® and curve-crossing

4,25 : :
Consider an optically active molecular vibrational modeProblems?# in the field of spectroscopy such coupling

in the condensed phase, which couples to the optically ina(’mechanisms have been used to describe energy dissipation

tive bath degrees of freedom. The Hamiltonian of the wholefrom the vibrational system to the heat bath modes, which is
system is expressed as called population decay df;-type relaxatior?. In addition to

the energy dissipation due to the LL coupling, we expect that
system potential fluctuations will arise due to the presence of
the SL coupling, which is related to pure dephasing or
T,-type relaxatiorf°=28 These notions of the relaxation phe-
nomena are made for a harmonic oscillator system denoted
by the creation and annihilation operataa$,anda, respec-

o R tively, with a weak system—bath coupling. This is equivalent
Here,q, p, M, andU(q) denote, respectively, the coordinate 4 the harmonic system with the coordinate operajor

(displacement from the potential minimyinmomentum, re- A nt .
. . ) o= + -
duced mass, and the potential of the optically active oscilla- hl(2Mwo)(at+a’), where wo is the fundamental fre

tor, which is called the system in the following discussion,dUency. It can be understood that the LL couplinga(
The bath degrees of freedom are treated as an ensemble 6R') leads to one-quantum transitions of the system, while
harmonic oscillators, and the coordinate, momentum, masghe SL coupling éc1+2£f‘£1+ a2+ é*z) implies elastic inter-
and frequency of th¢th bath oscillator are given hy;, p;,  action (1+2a'a) as well as two-quantum transitions%
m;, and w;, respectively. The system—bath interaction is+a'?) as shown in Fig. Isee Eqs(2.16)].

given by

Il. FOKKER-PLANCK EQUATION FOR AN
OSCILLATOR SYSTEM NONLINEARLY COUPLED
WITH HEAT BATH OSCILLATORS

1. .
_ 2
A=y +U(q)+§j)

(2.1

Hsg= —; xjFi(a), (2.2 B. specification of the bath modes

where only the linear dependence on the bath coordinates is 1° derive a Fokker—Planck equation which describes the
taken into account. For the system coordinatere include system dynamics in the presence of both the LL and SL

' Y na couplings with the heat bath, one has to define a spectral
terms up to second order,

densityJ(w). We employ the spectral density relevant to the

~ 0 - - g - SL coupling
Fi(@)= % (2C10+C20°)= 5 V(a), (2.3

whereg; denotes the coupling strength to tita bath mode.

The interaction described by Eg&.2) and(2.3) are the first
few terms of the general system—bath interaction HamilWhere an infinite number of bath modes is assumed and the

tonian géBZE_(a.;('JF . ')(ba+b'a2+ -..).% Constants summation of Dirac delta functions is replaced by a continu-
C,=0 andC, are introduced to specify the relative impor- OUS function ofw. The constany represents the width of the
tance of the couplings via thigor G term, respectively. For spectral distribution of the bath modes and is related to the

the sake of this discussion only the ratiGq/C, is neces- correlation time of the noise induced by the bath
sary, but it is convenient to leave them in the present formu-  7.=1/y. (2.5

2 2
g; M oy
J(w)= (w—w)=———, 2.4
(@=3 grodo-e=—"—os 2
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To see this relationship, we define the interaction coordinate

of the bath modes as 7 Wa(p.a,t) = —{Ls+ny}Wy(p,q,t)
~ i~ _(D ) W il lt
XEZ %Xj _ 2.6 w(P, ) Wh . 1(p,a,t)
: +nOw(P,d)W,_1(p,q,t), (2.99

Within the high temperature approximatiofz y<1 (B P
=1/kgT, with kg anle being the Bo[tzmann con;tant and —Wy(p,,t) = —{Ls+Ny}Wy(p,a,t)
temperature, respectivglythe symmetrized correlation func- at

tion of the interaction coordinate takes a single exponential

decay formi® +Tw(p,d)Wn(p,a,t)

+N®W(p1q)WN—l(p!q1t)- (29@

_ L K O%(0) £ KOXO)a= Y ool (2
S(O=Z(XOX(O0)+X(O)X()e= B¢ L Egs. (2.9, only Wy(p,q,t)=W(p,q,t) has physical
meaning and the other#/,(p,q,t) (1=n<N), are auxiliary
where X(t) is the Heisenberg operator & and (---)g  functions being introduced to avoid the explicit treatment of
means taking the thermal average with respect to the batiie inherent memory effects during the time evolution of the
degrees of freedom. Equatid®.?) states that the bath oscil- reduced density matriksee Eqgs.(A2) and (A4)]. By the
lators disturb the system with Gaussian—Markovian noiseexponential decay assumption of the bath correlation func-
The Gaussian nature is apparent since the harmonic oscilléion [Eq. (2.7)], the time nonlocality in the equation of mo-
tor bath is completely characterized by the second-ordetion is taken into account as the hierarchical structure of the
cummulant® above expression; the time evolution is described by a set of
coupled Markovian-typ€first-order derivative in timeequa-
tions, which allows us to implement numerical calculations
using well-established method$The depth of the hierarchy
N is chosen according to the time scale of the correlation
time 1/y and the strength of the system—bath interactions

In this subsection, we present the quantum Fokker{see Sec. IV.
Planck equation with the LL and SL interactions for the  Some details of transformations from the coordinate rep-
Gaussian—Markovian noise bath. This equation is valid foresentation to the Wigner representation are listed in Appen-
colored Gaussian—Markovian noise from weak to strongiix B. Here, we give the explicit expressions of operators in

system—bath coupling under the high-temperature conditiogqs. (2.9). The action of the system Liouvillian on the
fiy<kgT. The procedure to derive the equation of motion iswigner function is defined by

described in detail in Refs. 16 and 17, where a prescription
based on the influence functional formalism is utiliZédVe

C. Fokker—Planck equation for a Gaussian—Markovian
noise bath

Jd
summarize it for the reduced density matrikq,q’,t), in-  —LsWa(p,q,t)=— 5£Wn(l3,q.t)
cluding both the LL and SL interactions, in Appendix A.
Here, we write it in the Wigner representatitfiThe Wigner 1 (= dp’ , ,
distribution function is the quantum analog of the classical B gﬁwmv(p—p AWn(pP",9,1)

distribution function in phase space, and is defined as
(2.10a9

e

(2.8)  with the potential kernel

1 - iprit r r
Wp.ay=5—| dre®Pplg=-5.q+5.t).

The Wigner distribution function is a real function in contrast V(p q)EZder Sin(pr/ﬁ)[ U(q+ r
to the complex density matrix. Wigner transformation of the 0 2

equations of motion for the reduced density matrix derived in (2.10p
Appendix A yields the quantum Fokker—Planck equation for
the Gaussian—Markovian noise bath The relaxation operators induced by the system—bath inter-

actions are given by

d
EWo(p,q,t)=—EsWo(p,q.t)—<I>W(p,q)W1(p,q.t),

d
(2_93 q)w(p-Q):—Z(ClJFCzCI)%, (2-113
vy = —{Lt+ W J h? &
at WaP A= "1Lst 1Wa(p.a ) Owl(p,a)=2£7| (C1+Co) p+§%)+czz&p6q},
— Dy(p,q)Wa(p,a,t) (2.118
+Ow(p,q)Wo(p,q,t), (29p  and
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, 0 M o mth vibrational level of the systerim) to thenth level and
F'w(p,q)=4(C1+C2Q) %( p+ B %) the dephasing rate between these levels, respectively. These
are given by
3 2
2 T - *
FALCACH ) @O Ry =A@ do Iw)IN(@) 50~ o)
We shall represent the SL coupling between the system and +{N(w)+1}8(w+ w,m) ](NFm), (2.153

the heat bath by a set of parametées and y. Here, (g
=/{C, denotes the SL coupling strength and has the dimen-
sion of m~2s~1. According to Eqs(2.3) and(2.4), the LL
coupling strength,, is also defined by

fLL=4[C. %, (2.12 _<m|v(a)|m>}2fwdrjwdw J(w)
0 0

with the dimensiors™ 1. If we putC,;=0, i.e., the SL model,
the above equations, Eq2.9—(2.12), reduce to that derived
in Refs. 15 and 16 as should be, whte=0 leads to the
conventional Brownian oscillator mod¥l!® Thus, the where the notationy =S, R: r.mm is Used for the popu-

present Fokker—Planck equation unifies the SL couplinqation decay rate out of thenth vibrational level andw,, .

::ri]lcl)a(tjtilr c;;)cr)\j;jlered in Refs. 15 and 16 and the Brownian os- w,— oy for the frequency difference between the relevant

_ Bho_ 1y ; _
The Gaussian-white noise bath represented by thlgevels.N(w)—ll(e. 1.) 'S the thermal occupation num
Ohmic spectral density ber of .the hgrmonlc oscillator of thg frequenoy andy(q)
is defined in Eq.(2.3. The transition rate satisfies the
J(w)=M{g ol (2.13  detailed  balance  condition, e.g., Ry_15-1:nn
=eﬁh“’n,n*an'n;n,1yn,l. For a harmonic oscillator system
is the limit of the Gaussian—Markovian bath with a vanish-with fundamental frequency, and the Gaussian-white bath
ingly short correlation time compared to the characteristigepresented by Eq2.14), the above tensor elements reduce
time scale of the system, e.g.,y—o and S(t) to

—2M g 6(1)/B. A Fokker—Planck equation for the R .. =m N +11s +(m+1
Gaussian-white noise bath can be derived by following the ™"™™ fiN(@o) + 17 dn -1+ Mo

1 2 “
Ran,m;n,m]: - E(Kn+ Km)— %{<n|V(Q)|n>

X cofwT)(n#m), (2.15bH

N 1
(w)+§

procedure described in Appendix A, but is quickly obtained XN(wg) p,m+1+mM(M—1)% g {N(2wg) + 1}/
by formally puttingN=0 in Eq.(2.9) as (M®g) 8y m-2+ (M+2)(M+1)% {5 N(2wq)/

J Mwg) 6, 2.16

Ew(p,q,t):_[«SW(p,q,t)+Fw(p,q)W(p,q,t), ( wO) n,m+2: ( a

(2.14 and
1

in which the time evolution of the system is described by a R Ry p:nml=— E(Kn-F Km)— st 2(n—m)2,
Markov-type differential equation. Physically, E(.14) is M Bwg
valid wheny>w., wherew, is the characteristic frequency (2.16h

of the system such as the frequency of the harmonic potemespectively. The second term of EQ.16b represents the
tial, thus, the high-temperature condition now impliespure dephasing rate constant and its magnitude is propor-
Bhw.<11%Y Equation(2.14 is also derived by a second- tional to the square of the difference of the quantum numbers
order perturbation theory and the six different approachesf the relevant vibrational levef8:262738-41Because of the
have been carefully compared for the LL coupling moel. RWA, expressions in Eq$2.16) are valid regardless of the
We see that the numerical evaluation of the Gaussian-statistics of the bath modes, i.e., the bath modes that contrib-
Markovian equations of motiofEg. (2.9)] is more time con- ute to the LL coupling and those to the SL coupling can be
suming than that of the Gaussian-white equation of motionindependent from each other. We can see, on the other hand,
however, the former can be applied with more moderate rethe interferences between the effect from the LL coupling
striction on the bath temperatur¥s. and that from the SL coupling as the cross terms being pro-
For comparison, we present some of Redfield tensoportional toC,C, in the relaxation operator of E¢2.110.
element&~3"for the present modéLf. Appendix Q. The  These interferences will vanish when the spectral overlap
Redfield theory has been utilized to describe quantum dissbetween the bath modes that participate in the LL coupling
pative dynamics by the reduced density matrix in the energyand those that participate in the SL coupling are absent. Ef-
level representatioff where the system—bath interactions fects of this interference might be described by the Redfield
are treated with second-order perturbation theory. There aensor elements beyond the RWA.
two important tensor elements within the rotating wave ap-  To conclude this section, we mention an alternative form
proximation (RWA) (or secular approximatioff®3’3*i.e.,  of a Fokker—Planck equation investigated by Yaf? with
Ry n:mm and RéR, ., m] describing the transition rate from which one can handle a non-Markovian heat bath within two
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different partial resummation schemes. In the Markovianspace operator, and...z[ﬂy...] for the Liouvillian in the
bath limit, Yan's two prescriptions result in a Fokker—Planckrightmost expression in Eq3.4). We can make it further
equation consisting of two coupled differential equatiths, suitable for numerical calculations by the use of our Fokker—
where the number of coupled equatiomMé<2) is indepen-  planck equation. For example, in the Gaussian-white noise
dent of the bath correlation time. It consists of a single dif-path[Eq. (2.14)], it is given by

ferential equation for the white bath case and agrees with our o

Fokker—Planck equation in E¢R.14) applied to the LL cou- R(Ty)=Tr{ay e tw Wi, W, (3.9

pling model:**” Quite recently, a fourth-order perturbation whereW®{(p,q) stands for the thermal equilibrium Wigner
theory was applied to derive a quantum master equation fQfjistribution function of the systeifsee the next sectionand
the Markovian heat bath model, and the relation between the, 1eans the integration overandq variables. The actions

path integral formalism and the perturbation treatment wag ihe Wigner operators corresponding to the commutagpr

discussed? and the anticommutatar,,° on the distribution function are
given in Appendix B [Egs. (B3) and (B4)]. For the

lIl. OPTICAL RESPONSE FUNCTION FOR Gaussian—Markovian noise bath, the Wigner distribution

VIBRATIONAL SPECTROSCOPY function and time-evolution operators are cast into the hier-

archical form. The operatar,, and a,° operate throughout
In this section, we present an expression for the nonresghe hierarchical elementd/,(p,q,t) (0=<n=<N). After the

nant third-order Raman spectroscopy on the oscillator sysime evolution and operation afy,°, the zeroth order ele-
tem, which is a correlation function of the system coordinatementW,(p,q,t) is used to calculate the signal.

to demonstrate the effects of the vibrational relaxation for
different system—bath coupling mechanisms. In this spec-
troscopy, molecular vibrations in the electronic ground statd - NUMERICAL RESULTS AND DISCUSSION
are coherently excited by the pumping laser puige) via Here, we note some details of the numerical calculations.
an interaction through the polarizability(q) followed by  In the following calculations, we employed the dimension-
the probe laser pulge(t), which induces the Raman polar- less momentum and coordinate defined Res p/VAM wg
ization to be detected. The time separation between the pumgnd Q=q\Mwgy/#%, respectively. The SL coupling strength
and the probe pulse, denoted By, is controlled in the (g is determined by the dimensionless coupling strength
time-resolved experimefitThe Hamiltonian including the {5 =his /(Mw3). The magnitude ofC, is determined
pumping laser field is from Eq.(2.12, which accounts for the influences of the LL
N N - 5 coupling even when the SL coupling is absent, i&5=0 in
Hramari=H — a(q)E(D)". (3.1 Eq. (2.9. We assume the harmonic potential)(q)
Note that since the Hamiltonian for the resonant infrgt&d =M w§q2/2, for the system oscillator where the fundamental
spectroscopy is given btz = — () E(t) with the dipole ~ frequency is set to béw,=38.7 cm* (T, =861 f9 being
operatoru(q), one can treat the linear IR response by for-tN€ Same value as our previous pap&rs Although Eqs.

. N - . (2.9 can be applied to high-frequency vibrations 1000
mally replacing the polarizability operatar(q) by the di- cm™ 1), we limit our calculations for a low-frequency mode,

pole operatoru(q) in Egs. (3.4 and (3.5 below. In the  gjnce in addition to the SL interaction, one needs to take into
following, we will discuss Raman spectroscopy, but the same, .oy nt the anharmonicity of the potential, which should be
results can be applied to IR spectroscopy by appropriatelyygied as a separated work. The second term on the right-
replacmg' the.p.hy5|cal guantities involved. ' . hand side of Eq(2.108 reduces toM w%ann(p,q,t)/ap
_ For simplicity, we assume that the laser fields are impulyo, 5 harmonic potential. The polarizability operator is as-
sive, and defined by, sumed to ber(q) = «1q. Then, the expression of the Wigner
E(t)=E8(t) and E(t)=&8(t—Ty), (3.2  operator ayy, can be cast into a differential form as

. .—aydlap.
where £ denotes the pulse area. The Raman polarization is a%l'hepthermal equilibrium distribution®ve%(p,q) (0=<n

calctulateld by ?S;gg ;;ertu;b ation t(;wgory with réegg)ect to the N) required as the initial condition are obtained by inte-
system-—iaser field inferactions and 1S express=ras grating Eq.(2.9) or (2.14) from timet=—1t;<<0 tot=0 with

P(t)=ErE26(t—T1)R(Ty), (3.3 trial initial conditions
with the Raman response function Wo(p,q, —t;) = Ne~ AP7@M)+U(@), (4.13
i - Al i n and
R(Tl)zg<[a<Tl>,a<0>1>:<a<q)e "Tl’hgo%(q>>,
(3.9 W,(p,g,—tj)=0(n=1,... N), (4.1b
N 7T B E reTra - whereV'is the normalization constant. During the time evo-
wherea(t) =" a(qg)e " is the polarizability operator lution for the interval t;=1/y, auxiliary functions

in the AHesenbprg representation, afe) =Tr{: -+ peg, in W,(p,q,0) (1=n<N) become nonzero and the wave pack-
which pe;=e~#"/Tr{e”#"} means taking the thermal aver- ets become stable. The depth of the hierasrghould fulfill
age with respect to the system and the bath degrees of fregty>4w, andNy>4/g from the numerical simulation'.
dom. We use the notatioA™---=[A,---] for the Liouville ~ We notice that the distribution of E@4.19 is not an equi-
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librium state except for the case of the Gaussian-white noise
bath(y> w.), since it neglects initial correlation between the
system and bath?’ therefore we need to generate the ther-
mal equilibrium states by numerically integrating E¢.9)
as described abové:*8

The numerical integrations are performed by using a
second-order Runge—Kutta method applied to a finite differ-
ence expression of ER.9) or (2.14*° on a discrete mesh in
the phase space. The time steps for the finite difference ex-
pression fordW, /dt were between 0.004 and 0.05 fs. The
mesh size was varied between-8800 and 10& 500 for the
mesh range-11<=P<11 and—15<Q=<15, and—15<P
<15 and —15<Q=<15. The accuracy of the calculations
was checked by changing the hierarchy dedththe mesh
size, and the time step.

A. Wave packet motions

In this subsection, we examine the effects of the SL cou-
pling under the presence of the LL coupling by plotting the
wave packet motions initiated by the interaction with the
impulsive pump pulse. The reduced density matrix respon-
sible for the Raman response function is defined from Eq.
(3.9 by

p(Ty)= e“”ﬂﬁ,'i—aX<a)Z)eq>. (4.2

Accordingly, we define the wave packet in the phase space as

—(0 _
Wo(Tl) =e (tw FW)TlaWWSq- (4-3) FIG. 2. The wave packet motion in the phase space for the LL coupling with

. . the Gaussian-white bath at temperature 300 K. Shown in the top-left panel is
_ The wave packet mOtIQI’]S Wo(p,q,Ta) are plotted in the equilibrium wave packet. Indicated in each panel are the evolution time
Figs. 2—4 for the LL coupling, the SL coupling, and the LL T, and the relative height of the contour plot. The sdlidoker contours

plus SL coupling models, respectively. Here, we assumed thigpresents positivénegative valugs The LL coupling strength ig,, =10
Gaussian-white bath with a temperature of 300 K. The cousm "

pling strengths areg, =10 cm ! [, /(Awy)=0.26] and

{5, =0.1. In each figure, we also plot the thermal equilib-

rium wave packet in the top-left panel which is obtained by

integrating the Gaussian-white Fokker—Planck equation for gnq the dot implies the time derivative. The renormalized

ps. We compared the calculated results with the classica”equency is redshifted fronm, as Qo=\/m and

counterpart obtained from E¢4.18 and found that the dif- variances(qz) and(pz) are given byf coth(Bhwg)/(2May)
ference is very small. After the interaction expressed by . .
aw= — a1d/dp, which results in a node on the wave packetand M wo Coth(Bho)/2, respectively. To derive Egd.43,

along P=0 axis, the wave packet begins a clockwise rota-v,ve assumed the initial equilibrium distribution, then modi-

tion around the origin in the phase space and shrinks itged it byAthe impulsive pump pulse with a linear polarizabil-
Shape because of the relaxation. |ty (Oc_q) at T1=0. The eXpeCtatiOﬂ values of the coordi-

To illustrate the movements, here we also present th&ate and the momentum at tinfg are proportional to the
analytical expression for the wave packet in the LL Brown-prefactor ofg andp in Eq. (4.48, respectively.
ian model with Gaussian-white noig&q. (2.13 with Eq. In the LL coupling cas¢Fig. 2], the wave packet rotates
(2.12)]. The Wigner function after the pump excitatio'¥4  and shrinks preserving its shape as is described by4¢g.

. The underlying relaxation process is population decay lim-
- ﬂ 1 [D(Tl) MD(T,) ited relaxation, i.e., there is onli;-type population transfer
Wo(p.q,T1) =9+ ———p . .
7 N (p?)N(A)] (97 (p%) and theT,-type coherence decay is due to the population
) 5 decay proces%.We notice that the relaxation is governed by
Ye p{ _ - p _ ] , (4.43 the momentum dependent relaxation operators of g%l
2(q%y 2(p) with C,=0 in the LL coupling model. On the other hand, the

where SL coupling and the LL plus SL coupling mechanisms result
in more complex wave packet motions than that for the LL
D(t)=— e~ {ut25in Q. t), (4.4b coupling case as shown_ in Figs. 3 and 4. The relaxatior?
2M 0
0 operators are both coordinate- and momentum-dependent in
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m 5 [Weq_

(£0.025) (£0.02)
2.0ps
(£0.015)
0 5

FIG. 3. The wave packet motion in the phase space for the SL coupling withF|G. 4. The wave packet motion in the phase space for the LL plus SL
the Gaussian-white bath at temperature 300 K. The meaning of the lines anghupling with the Gaussian-white bath at temperature 300 K. The meaning
the depicted numbers are the same as in Fig. 2. The SL coupling strength i the lines and the depicted numbers are the same as in Fig. 2. The coupling
{5 =0.1. parameters aré,, =10 cnm * and £&,=0.1.

these cases, suggesting that the relaxation is level-dependent
as was indicated by Ed2.16b within the Redfield theory. ) ) ,
The rate of shrinkage for the wave packet becomes Iarge\fPr integern andm (=0, whe_re<pn(q) is thenth elg_enfunc—
than in the LL coupling model because of the pure dephasingOn of the relevant h_armonlc oscnla_ltor. Integra_t|on of Eq.
contribution from the SL couplingsee Eq(4.8)]. The outer 4.5 overp f’md q ve_mables results in the matr|x eler_ne_nt
part of the wave packet seems to decay faster than in the LEnm(t)=(n|p(t)|m) in energy-level representation. Within
coupling case for the early time perigd@,<1.0 pd, since the Brownian harmonic oscillator model, we obtain from Eg.
the relaxation operators stem from the SL coupling have ext4.43

tra coordinate dependence than the LL coupling in Egs. 1
(2.11). We note that the wave packet has inversion symmetry R C,1pn(t)]=— a?

{Jn+1e "Phwo

1
in the SL coupling caséFig. 3] and the LL coupling case 2M#i 0o
[Fig. 2], but not in the LL plus SL coupling cadéig. 4]. D(t)
These are due to the symmetry of the system—bath interac- ><(1+e*ﬁ7“"0)}—2, (4.6
tion term[Egs. (2.2) and (2.3)], in which the LL coupling (a%)

term preserves its sign under the coordinate transformatiognd

such ax;— —x;, whereas the SL coupling term changes its I
sign, but the LL plus SL coupling term possesses no sucﬂn[C ()]=—a?
symmetry. This is regarded as the “anisotropy of the me- — """ LN 2MAw,
dium,” through our model HamiltoniafEqg. (2.1)] describes

i i i 2MD(t
one-dimensional mo.t|on of the ;ystem. . X{\/mefnﬁhwo(l_e—ﬁhwo)} ( ),
To see these differences in the wave packet motions h
guantitatively, we introduce projection operat®ts,, defined (4.6b

by the operation on the distribution function ) ) )
where only the coherences between the adjacent vibrational

_[” iprih % (g _ levels are created.
PamWo(t fﬂcdr e en (T 1/2)om(a—1/2)Wo(p.q.t) In Fig. 5, we plot the normalized coherence as a function

(4.5 of time for (a) the LL coupling case(b) the SL coupling

Downloaded 06 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



6228 J. Chem. Phys., Vol. 117, No. 13, 1 October 2002 T. Kato and Y. Tanimura

f rotation. The dissipative mechanism in the LL coupling with

1.07 (a) LL| —~—— Cazll the Gaussian-white noise bath is regarded as the friction pro-
portional to the momentum of the oscillati@ee Eqs(2.13
0.5- ] and(4.12]; thus, the energy relaxation rate of the oscillator

becomes maximum when the wave packet passes the poten-
tial minimum twice within a period of rotation. Therefore,
the coherence decay is accelerated twice during(E,.
Since the energy relaxation rate of the system is shown to be
time independent within the RW¥' the modulation might

be described beyond the RWA within the Redfield or weak
coupling theory.

For the SL coupling model, the time evolution of the
coherences forn;m)=(3,2),(3,0), and (5,2) are plotted in
Fig. 5(b), where coherenceS,, ., 1 ,(t) show damped oscilla-
tions. Their frequencies are not as clearly identified as in the
LL coupling case and depend on the quantum nuntbet
shown. A distinctive difference from the LL coupling case is
that there are relaxation induced coherences between the vi-
brational levels +1,n=2m) as shown forC;(t). The
exclusion of coherences between vibrational levels {,n
+2m+1) can be explained by the symmetry of the system;
the SL coupling term has odd parity with respect to the co-
ordinate transformation as mentioned before and the parity
of the density matrix elementse,  1(q)#,(q’) and
bn11(q) dr+2om(q’) are also odd for that transformation, but
that of ¢, 1(q) dn+2m+1(q’) is even. Therefore, the even
parity coherence€, ;1n-2m+1(t) cannot be created from
the initial, odd-parity coherencés, . ,(0) during the vibra-
tional relaxation. We note that the specification of relaxation
pathways might be complicated if we use the Redfield theory
since the connection between the coherenCgs,, and
Chi1pn-2, for example, cannot be treated within the
RWA 3435-37

Since the LL plus SL coupling terms do not possess the
symmetry with respect to coordinate transformation, we can
expect that all the coherences are created from the initial
one-quantum coherenc€s,..1,(0) for the LL plus SL cou-
pling mechanism. Actually, this is the case shown in Fig) 5
for n=2, where all the coherences have nonzero values for

0 1 2 t>0. Notice that only the coherend®,. n(t) is nonzero
T1 / ps and the others are zero 84=0 ps, since the latter are cre-
_ _ _ ated through the vibrational relaxation processes. Only
FIG. 5. The time evo_lutl_on of the real paltt 6%, (dotted-dashed I|r')eC3l C () coherences are created even for the LL plus SL
(dashed ling Cj, (solid ling), C45 (dotted ling, Cs, (long-dashed linefor n+1n*2m -
the LL coupling(a), the SL couplingb), and the LL plus SL couplingc), coupling when there is no overlap between the bath modes
respectively. Magnitudes of the matrix elements are normalizé@€hy0)|. for the LL coupling and that for the SL coupling, in other
The absoIL_Jte va]ue_s are also plotted in paaghnd the lower part of panel words, when these two coupling mechanisms are statistically
(0) (The thin solid line corresponds {€(T)|/|C(0)].) independent. Numerical calculations are done by setting
cross term&,C, in Egs.(2.11) to zero as mentioned in Sec.

case, andc) the LL plus SL coupling case. Parameters are“ B.
the same as used for the wave packet calculations. Figure
5(a) shows the calculated time evolution of coherence of . .
(n,m)=(3,2) for the LL coupling casgnotice|C,, ,(0)| has B. Optical response functions

the maximum value atn,m) =(3,2) for the parameters used In the previous subsection, we showed that the types of
herd, where all the coherenc&, ., 1 ,(t) have the same os- vibrational coherences created after the initial formation of
cillation frequency(), regardless of the quantum number. the one-quantum coherences depend on the system-—bath
We only observed the coherences between the adjacent W@oupling mechanisms. In this subsection, we shall examine
brational level<C, , 1, as predicted by Eq$4.6). The modu- the temperature and the bath correlation time dependencies
lation of the coherence amplitude at the frequendyy2  of the vibrational relaxation processes through the response
which is apparent from Eq4.6), reflects the wave packet functions.

normalized value

apnyubew
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It is worth noting that since we assume a linear depenThis relation implies that the pure dephasing rate constant
dence of the polarizabilitfdipole) on the coordinate, the I'* for the coherence<, ,(t) is {s /(M wip) in the
Raman(IR) response functiofEq. (3.4)] is proportional to a  Gaussian-white limity— o (fast modulation limix,*>° which
summation of the real part of the vibrational coherences is consistent with Eq.2.160H with n—m= 1. Thus, the signal

decays faster with increasing temperature and coupling

R(T,)x 2 mRE{CnH,n(Tl)]- 4.7 strength. When the temperature becomes higtiethe cou-

n=0 pling strengthls, becomes larger, not shoywthe signal de-
This relation suggests that the response functions within thgays without changing sign, as can be seen in the plot for
SL coupling model and the LL plus SL coupling model are T=450 K. The origin of such behavior can be clarified by
similar, because the creation @f,,;,-,m coherences are calculating the spectrum defined as
not detected directly by this order of vibrational spectros- .
copy. Since the SL coupling model was already discussed in R(Ql):f dT, e21TIR(T,). (4.9
the previous studie’s;'® we focus on the LL plus SL cou- 0

pling model and discuss a few details, which have not been _. . .
studied in the previous papers. In Fig. 6(b), we plot the imaginary part of the spectrum

First, we consider the temperature dependence of thlem[R(Ql)]' Note that this corresponds to the absorption

. . rum in the resonant IR r . W n h
Raman response function. In Figag we plot the response spectru the resonant IR spectroscopy. We can see that

function for the LL plus SL coupling at 150, 300, and 450 K, ']Ehe |mportanc_e of thg spectral c_ontrlbutlon from the Iower
. : requency region, which was attributed to energy relaxation
and for comparison the response function for the LL cou-

~2 At2 ; ; ;
pling model. The other parameters are the same as in thtgrough thea® anda’” terms included in the SL couplm’gﬁ,

previous subsection. The response function for the LL moddf Ncreased at higher temperatures relative to that from the
does not show a temperature dependéfeehereas that for fundamental frequency region. Therefore, the oscillatory but

the LL plus SL coupling model is temperature dependenFO”Stant sign decay pattern can be understood as a superpo-

such that the oscillation amplitude decreases with increasinp'tIon of the positive background response from the broad
temperature as shown in Figia. When we turn to the pure ower frequency region and_ the oscillatory response from the
SL coupling mode[ C,=0] with the same coupling param- fundament(;al frequency reglohn. , o ation t

eter (g, , the patterns of the signal are almost identical with Second, we Investigate the effects of the correlation time

_ 1 - ;
those for the LL plus SL coupling. The observed temperaturdc= Y __ 0N the spectral peak shift. Relations between the

dependence can be explained with the aid of the stochastﬁ:orrelation time and the spectral shape are discussed in the
theory® If we regard the SL coupling term- 623 g x./2 previous paper$:!® It is helpful to consider the classical
' 1917

[Egs. (2.2 and (2.3] as a part of the system potential, the I(_;r;)%evm equation corresponding to the Hamiltonian of Eq.
deviation of the frequency from the zeroth order frequency

@o can be dgnoted b\ﬁg):X/(M o), WhgreX is the clas- d2q(t)  au(q(t)) . da(t’)
sical interaction coordinate corresponding to the quantunm >+ +M | dt’ p(t—t") —=R(1),
counterpart defined by E@2.6). From Eq.(2.7) we have dt Jaq(t) 0 dt (410
(Sw(t) Sw(0))g~ §5L27 e " (4.8  where the friction kerneh(t) and the random forcB(t) are
MwpB related by a relatiodR(t)R(t"))o=M 5(t—t')/ 3, in which
i 1 | L . L
= @1 5
c .
5 [ .
® 9 -
~ —_—
’T— 0 s = / g
£ D)
) T
o0 LL @300K —
- ——— LL+SL @150K -
-------------- LL+SL @300K g
----- LL+SL @450K
T T
0 1 2 0 50 100
Ti/ ps Q/cm

FIG. 6. Temperature dependence of the Raman response ful@tiand its Fourier transforrth). The Raman response function for the LL coupling at 300
K (thin solid line, reduced by a factor 1/3), and the Raman response for the LL plus SL coupling(abli$line), 300(dotted ling, and 450 K(dashed ling
The other parameters are the same as used in Fig. 4.
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: . ' L This is the reason why the spectral peak has its highest value
—_— Te= 1/(10(00) when 7. is the order ofwgl, rather thanr,=0 (fast modu-
_____ Te=1/0p lation) or T.we>1 (slo_vv modulgtiom in Fig. 3 of Ref. 16.

Note that the correlation of noise also causes an additional

"""" Te=1/(0.20)) peak even in the LL case in the spectrum, if the bath is

_ N N overdamped®>!

'\ The additional anharmonic potential is proportional to
}’ v=1/7. and is related to the strength of the bath fluctuations
'\ B by Eqg. (2.7). Thus, to see the effect of the correlation time

Ir | separately from the coupling strength, it is feasible to com-
pare the responses for differenyt, but with a fixed effective

coupling strengtlig, y. In Fig. 7, we plot the imaginary part

EY of the spectrum for the LL plus SL coupling model with

’ \ B {5, y=0.050( by varying the correlation time. . The solid,

dashed, and dotted-dashed lines represent, respectively, the

) response for f.wq,{s)=(0.1, 0.005), (1.0, 0.05), and

' ' (5.0, 0.25). The other parameters are the same as used in

0 50 100 Fig. 4. We can see that the gradual peak shifts to the blue

Q. / Cm-1 side with increasing correlation time, as expected. Further,

1 we clearly see that the spectral shape changes from a Lorent-

FIG. 7. The bath correlation time, dependence of the Fourier transform of Zian to a Gaussmn-type. shape, and, Its Wldt_h becomes
the Raman response function for the LL plus SL coupling model. The efOroader for longer correlation time as discussed in Ref. 16.

fective coupling strengthig, y=0.05w, is fixed. The solid, dashed, and

dotted-dashed lines represent, respectively, the responserfop,¢s,)

=(0.1, 0.005), (1.0, 0.05), and (5.0, 0.25). The other parameters are thg. CONCLUSION
same as used in Fig. 4.

Im [ R®(Q,) ]/ arb. unit

In this paper, we have derived the Fokker—Planck equa-
tion for an oscillator system in contact with a harmonic os-

(-++)o denotes classical phase-space average with the initigillator bath via linear—linear and square-linear coupling

distributione™#H. The friction kernel is expressed as mechanisms. From this approach we are able to study the
vibrational relaxation process under the simultaneous pres-

(t—t')= 5V(Q(t))f dwJ(w)"os{w-(t—t’)}&v(q(t,)) ence of elastic and inelastic interactions with the thermal
7 aq(t) Mo - ! gty bath. As an example of vibrational relaxation processes fol-

(4.11) lowing photoexcitation, we investigated the vibrational re-
sponse of a model harmonic oscillator system. From our
model study, it is found that the conventional Brownian har-
monic oscillator mode{LL coupling mode) and the pure SL
coupling model considered in Refs. 14—16 induce very spe-
cific vibrational relaxation, i.e., in the former model, the only
dq(t’) vibrational coherences between adjacent vibrational levels
v Chsin, belng_ created by the interaction W|_th the pump I_aser
pulse, are involved during the vibrational relaxation,
whereas, in the later model, the coherences expressed as
=MZSLVQ(U[QZ(U—e_t”cqz(o) Chs1n+2m are involved in addition to the initially created
coherences. These selections of the relaxation pathways
originate from the symmetry of the system—bath coupling.
: (4.12 Only when the LL plus SL coupling mechanism is applied, in
other words, one- and two-quantum transitions in the system
It should be noticed that the potential renormalizationpscillator take place simultaneously, are all the coherences
AU(&)zEj[Fj(a)]zl(ijwjz) mentioned in Appendix A generated during the vibrational relaxation.
has already been eliminated in E@.10.” Thus, the first Although the distinct differences of the vibrational relax-
term on the right hand side of E@.12 can contribute as an ation pathways between the SL and the LL plus SL coupling
additional system anharmonic potentldlZs yq*/4 to the  model are not pronounced in the third-order Raman or linear
zeroth order potentiaU(q) when the correlation timer. IR response, we expect that such differences will be en-
becomes long. The energy differences between any adjacenanced in higher-order vibrational spectroscofitsSince
vibrational levels are always increased by such a potentidhigher-order spectroscopy, such as fifth-order Raman and
within a first-order perturbation calculation. Therefore, wethird-order IR spectroscopy, measures the vibrational relax-
can expect that the spectral peak shift to the blue side iation process with more than two successive pumping pro-
enhanced when the correlation time is long; however, itxesses, we are able to disentangle the several relaxation path-
magnitude is inversely proportional to the correlation time.ways involved, which allows us to investigate the nature of

whereV(q) is given by Eq(2.3). For simplicity, we consider
the SL coupling cas¢C,=0, C,=1]. For the Gaussian—
Markovian noise bath, substitution of E2.4) into Eq.
(4.11) yields the friction part as

MJ’ dt’ p(t—t’)
0

11t
_ _f dr e—(t—T)/TCqZ( 7_)
TcJO
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the system—bath interactions in more dét%liCor_nparisons andx stands for all the coordinates of the bath modes. The
of the higher-order response functions with various system-pptical response of the total system, however, can be calcu-

bath coupling conditions can be made by extending theated through the reduced density matrix elements defined by
present formulation, and will be carried out elsewhere.

Finally, applications of the present model should not be P(q’qrvt)zf dXpior(@,%,9",X,1), (A1)
limited to vibrational spectroscopy; applications to similar ) . .
problem such as chemical reactté®® and electronic since only the sysfcem variables are assumed to interact with
spectroscopy provide us with further understanding of how the external electric f|e!d. .
dissipation plays a role in dynamics and are left for future 1" reduced density matrix of the relevant system at

studies. time t embedded in the harmonic oscillator bath at an inverse
temperature3 in the coordinate representation is given by a
ACKNOWLEDGMENT functional integral form with an initial conditiop(qa,q(’] i)
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(ti)zqa

q'(t)=qy , i

APPENDIX A: DERIVATION OF THE QUANTUM X f . "Dlq ]exq’gs[q]]
FOKKER—PLANCK EQUATION FOR THE a(t)=a,
GAUSSIAN-MARKOVIAN NOISE BATH

In this Appendix, we derive the equation of motion for xexp[ a gW[q,q ])
the reduced density matrix for the Gaussian—Markovian :
noise bath shown in E@2.9). The derivation is similar to the > exp[ o ] 't (A2)
LL coupling case(Ref. 17 and SL coupling caséRefs. 15 70| p(da ba t),

and 16, but here we take into account both interactidls  \yhere the actiors is defined as
+SL) simultaneously. C (1 (dg(n)?

The dynamics of the system and the bath oscillators can S[q]:f dr{—M( alr ) _ U(q(r))], (A3a)
be described by the density matrip(d,x,q",x’,t) g (2 dr

=(a.X|pft)[a’,x") in the coordinate representation, whereand the exponent of the influence functional is explicitly
proi() is the density operator of the total system at time given by'*>3

1 t T
W[q,q’]=2 Mo dTlJ ldTZ[Fj(q(Tl))_Fj(q’(Tl))]{[Fj(q(Tz))_Fj(ql(TZ))]COtr(,Bhwj/Z)
J (e EAY 15

t
Xcos{wj(Tl_7'2)]_i[Fj(Q(7'2))+Fj(q,(TZ))]Sir{wj(Tl_7'2)]}'Hft‘dT[AU(q(T))_AU(qI(T))]- (A3b)

Note that the counter term\U(q)=3;[F;(a)]%(2m;o?) i ,

found in Eq.(2.1) is taken into account as the second parton (7= #{V(a(7)=V(a'(7)} (AS2)
the right-hand side of EqA3b) to cancel the potential renor-
malization of the system, which arises from the first part on, g
the right-hand side of Eq/A3b). The terms proportional to
coth(Bhw;/2) cosfw;7) and sinf;7) on the right-hand side of

Eqg. (A3b) correspond to the real part and the imaginary part O(1=M 1 oV(q(7)) dq(7)
of the bath correlation functioB(t) =(X(t)X(0))g, respec- (N=Mfsy|3 aq(r)  dr
tively.

Within the high-temperature approximation, cgihf) 10V(q'(7)) dq'(7)
=1/(Bhy), we rewrite Eq.(A3b) by using Egs.(2.3) and ) aq'(n)  dr
(2.4 as

1 ’ ! — YT n T I

P | om atre ] [ tar o0 ~ VA -V ()} | (ASb)

M i ’
+ ?gLL ve”i{V(da) +V(aa)} |, (A4) " The detailed-balance condition is preserved in a semiclassi-
cal way asC"(t)=(2pB/2)oC’'(t)/dt with the real part

where C'(t)=9S(t) of Eq. (2.7).
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Here, we define the auxiliary operatfoy;(t) by its matrix ~ system. Obtaining a closed set of equations, we are able to

element’ as calculate its time evolution with appropriate initial condi-
¢ tions p,(t=0) for 0O<n<N. Wigner transformation of Egs.
Pn(Qb.Gp 1) (A7) and(A9) in accordance with the definition of ER.8)
a(t)=qp q' ()= qb and the operator relations described in Appendix B results in
f anf dqaf Dlq] Dlq'] the Fokker—Planck equation of Eq&.9).
(t)=da a’(t) = qa
N .
x|e ftdre”@(rHco exp('_s[q]} APPENDIX B: RELATIONS BETWEEN HILBERT
t SPACE OPERATORS AND ITS WIGNER
1 . REPRESENTATIONS
i
Xexpr - %W[q,q’]]ex - gS[Q']]P(Qa,qaati), Here, we list the relations between Hilbert space opera-
tors and its Wigner representations following Ref. 54.
(A6) We make the Wigner transformation of the auxiliary

for |ntegern>0 where the reduced density matrix is given density Q;%TX elements yield the auxiliary distribution
by p(9p,q;,t) = po(ds,dy ,t). By taking the time derivative functions;

of Eqg. (A6), we obtain a chain of equations of motion of the
matrix elements as follows: W,(p,q,t)= f dx e'px’hpn(q— —,q+ . (B1)
%Po(q q.t=— fl,L—L(q,q’)po(q,q’ 1) ;I::ae;:orrespon_dmg ngngr operatorsAa=re_o!er|ved by reyvriting
perators in EqA7) in terms ofp=—i%dldq andq,
—~®(q,9")p1(9,9',1), (A7)  then transforming to the Wigner space expressions via the
relations*

d

i
Epl(q,qﬁt)= —(%L(q.q’)+ y(p1(0,9",t)

A A hoo hoo
(P, Q) pn(t)— P+ 57 &q,q % ap Wi(p,q,t),

—®(a,a')p2(a,q",1) s & (B2)
+0(0,9")po(0," 1), (ATh) Pa(DA(P, QPA(F"Z. a9 21 ap)W(pq‘)
d [ , , Integral expression relations for a commutator
Z1Pn(9,9°0)=—)+L(a,a)+ny pn(q,9",1) )
I ~n~ A ~ ~ oo
—IA —pA —>jd’A —-p",.qQW(p’,q,t),
—D(q.0")ppes(q.q" 1) 7 IA@p—pA(@)}— [ dp" Aw(P—P",Q)W(p".q,1)
' ' (B3a)
+n0(a,a")pn-1(9,9",0), (AT7c) _
with
where
An( )lmdx'n(x/ﬁ)A TR N :
N wp,q=gf >-75np a+t5|-Ald=3]
L(q,9)=— | —— A —o
(9.9)==5u i a2 +U(@)—-U(q") (A8) (B3b)

is the deterministic system Liouvillian in the coordinate rep-and for an anticommutator
resentation. Relaxation operatab£q,q’) and®(q,q’) are o w

obtained by changingq(t)—q, q'(t)—q’, dq(7)/dr E{A(q)p+pA(q)}HJ dp’Aw’(p—p".@)W(p',a.t),
—(h/iM)dldq, and dq'(7)/d7— —(AIIM)dlaq’ in Egs. o

(Aba) and (A5h), respectively. _ (B43)
By introducing an anchor equation defined below, weWith
can safely terminate the infinite hierarchy of the equations of 1= dx X X
motion Aw’ (p.a)= Ef_xmcos(px/m A(q+ 5| +Ala- 5)]
i ( ’t)——liL( )+N (9,9",t) (B4D
L po 9 Y[ pnaa are also useful, and are derived from the relations
1 * . d i * .
— - ®(4.9)6(a.a)pn(a.a",) f dx e*'px’ﬁaF(q,ngpJ dr e”"™"F(q,x),
/ / B5
+NO(4,q )pn-1(a.0" ), (A9) (B53

and
for n=N, because the effects of the Gaussian—Markovian

noise bath can be treated as if it is the Gaussian-white n0|se X/ _ L P
bath for largeNy.1” The depth of the hierarchy should be U q+ Flax)=Ula-3 ap) € F(a%).
Nvy>w., where w; is the characteristic frequency of the (B5b)

Downloaded 06 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 117, No. 13, 1 October 2002 Harmonic oscillator coupled to a heat bath 6233

APPENDIX C: ROTATING WAVE APPROXIMATION . A
AND REDFIELD TENSOR ELEMENTS I'p=-— —£[V(q) F(q)pp]— ([V(q),ppF(q)]

As was discussed in Ref. 52, the effective coupling
strength between the system and the bath in the Gaussian—
Markovian hierarchy equations is inversely proportional to
y. Thus, the Gaussian-white equation, which is the white
noise limit, i.e.,y—o for y>w., wherew, is the charac-
teristic frequency of the system, of Gaussian—Markovianwhere p is the reduced density matrix of the system and

equations, reduces to the same form as one obtained from tig 4y =1/25\/(g)/9q with V(q) given by Eq.(2.3. We ex-

seccl)ndhorier perc:urbatlon theo(rsﬁe ;"50 Ref. 44 o press the damping operator in the energy-level representation
n this Appendix, we rewrite the damping operator of t €hy using =i MAwd2(a'—a) and d= VA (ZM o) (AT

Gaussian-white Fokker—Planck equat|&y. (2.14)] for the +yé) WS trr)wen <olit thoe é eratc))r into t?wee ;rts asO)(

LL plus SL model and show that under the rotating wave ’ P P P

approximation the damping operator yields similaot ex-
actly the samg Redfield tensor elements given by Egs.

—ﬂ[V a),[V(9),p]] (C1
728 (@),LV(a),p]l,

(2.159. The damping operatof'y,(p,q) in the Fokker— =T ruat Tnonruwat Feross (C2a
Planck equatiofiEq. (2.119] is expressed in terms @f and
q as where
P S e t ) t ﬁg (+) AT2
I'rwap= (Z (wo){[a,pa’]+h.c}+Z ) (wp){[a',pa] +h. C})"‘ (Z (2wo){[a% pa'?]+h.c}
+Z0)2wg){[a2, pa%) +h.ch) — —[,[A,p]], (C2b
Wq
Ly toat ) his 7(+) at2 sat2
FnonRWAp__(Z (wo){[a",pa’]+h.ct+Z2)(wp){[a,pa] +h. B TV (2wgp){[a'“,pa’“]+h.c}
+Z)(2wp){[a% pa?]+h.ct+ 2 (wp){[2n,pa’?]+h.c}+ 2 ) (we){[ 2n,p]a%— 2pa®+h.c}
_ A2 At2__ 22\0 4
ﬁﬁwoa p+(a'“—a%)pn+h.c. ) (C20
and

[ cros9 = Leros§ (2 (wo) — ){[a",a"2p] +h.c} + (20 (wo) +2){[a,ap] +h.c}+3Z( ) (wo){a'(n+1)p+h.c}
+3(Z N (wg) + ){(n+1)ap+h.c}—22)(2wg){atpa’®+h.c} —2(2()(2wo) + 1){apa®+h.c}
— (22 2wg) + Z ) (wg)){aTpa®+h.c} — (22 (2wg) + 2 ) (wg) +3){apa™+h.c}
—(2Z0)(2wg) + 2 (wg) + 1){a'p(al®a+aa’) + h.c} — (2207 (2wg) + Z( ) (we) + 2){ap(a’a+aa’) + h.c}

—{6a’p+6ap—(a'?+a?p+h.cl2). (C2d)

Here, the system—bath coupling constardis,=4[C,]%¢ and {5, =C,¢{, are defined in the text and we used notations;
Leros= — LC1CoII(2M wg), Z) (wo)=(1% Bliwo/2)/(Bhwo), andn=a'a. Operatori'gys represents the contribution

with the rotating wave approximatiglRWA), wheread ", onrua @andI gossfepresent the remaining terms. Note that we included

the cross terms of LL and SL interaction proportionalXgC, to I' ;s The first and the second terms on the right-hand side

of Eq. (C2b) represent the energy dissipation by one- and two-quantum transitions, respectively, and the third term represents
the pure dephasing processes. The effects of the LL and the SL couplings are decoubjgg since cross terms are
neglected within the rotating wave approximation. Note that we do not have the imaginary terms which shift the system
frequency since we included the counter term in the Hamiltonian. The opdtajaris expressed in the tensor form as
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gLL

(FRWA)n,m;r,SZT

—(r+s+2)6, nésm}]+

T. Kato and Y. Tanimura

[Z(+)(w0){2\/Eér,n+155,m+1_ (r + 5) 5r,n53,m}+ Z(_)(wo){z \/(r + 1)(S+ 1) 5r,n715s,m71

Z(+)(2w0){2\/r(l’—1)5(5 1)6¢ n+20sm+2

—(r(r=1)+s(s— 1))5r,n55,m}+2(’)(2wo){2J(r +1)(r+2)(s+1)(s+2) 8, n-28sm-2

—((r+1)(r+2)+(s+1)(s+2)) 8 nSsmf]—

Since N(wg)~Z( ) (w) and N(2wg)~Z()(2w,) for the

{sL
Z(r _5)25r,n55,m-
Wo

(C3
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