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Abstract

In this thesis two sorts of topics concerning sampled-data control systems are treated. In
Chapters 2 and 3 the H,, problem of discrete Linear Periodically Time-Varying (LPTV)
systems is studied, and in Chapters 4 and 5 nonuniform sampling problems are.

In Chapters 2, we propose a new method to solve the H,, problem of discrete LPTV
systems. This method is different from the other existing methods in the point that the
infimum of the achievable norm of the closed-loop system is given by those of the ordinary
H, problems, and what is called “the causality constraint” does not appear explicitly.
We also show some properties of a class of the discrete H,, problem by applying this
method. :

In Chapters 3, we compare our method proposed in Chapter 2 and the other methods
to solve the discrete LPTV H,, problem in the state-space domain. More specifically,
we compare the solvability conditions for the discrete LPTV H,, problem derived by
applying these methods. We show the explicit equivalence among these solvability con-
ditions, and investigate how the causality constraint appears in them. We also construct
algorithms to calculate the infimum of the achievable norm of the closed-loop system
based on these solvability conditions, and compare them through numerical examples.

In Chapters 4, we investigate, as one type of nonuniform sampling, sampling with
periodically time-varying rates. Our main concern in this chapter is to examine the
relation between the timing of sampling and robust stability. We focus especially on
whether uniform sampling yields the best robust stability. Through numerical examples
we examine when uniform sampling yields the best robust stability and when uniform
sampling does not yield the best robust stability.

In Chapters 5, we investigate unreliable sampling as another type of nonuniform sam-
pling. Unreliable sampling is such a situation in which the measurement of the outputs
fails occasionally at some sampling instants. We design a minimum-variance linear esti-
mate filter under such a situation, and, derive a stability condition in connection with
the “unreliability” of sampling. We show through numerical examples the effectiveness
of this filter in the context of control.
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Chapter 1
Introduction

In this thesis two sorts of topics concerning sampled-data control systems are treated.
Namely, in Chapters 2 and 3 the H,, problem of discrete Linear Periodically Time-
Varying (LPTV) systems is studied, and in Chapters 4 and 5 nonuniform sampling
problems are.

First, the background, the purpose and the scope of the study on the H,, problem
of discrete LPTYV systems shall be explained.

LPTYV systems appear in many practical control problems, e.g. those of the multirate
sampled-data control systems, the attitude control problem of satellites, certain control
problems of rotating machines etc. For this reason, we have enough motivation to study
the H,, problem of this class of systems. In addition, this class is evidently larger than
that of the linear time-invariant systems, but is not so large as to include the whole time-
varying systems, and thus offers topics with appropriate difficulty for the development of
theory. Namely, we can expect that a study on the H., problem of this class of systems
brings us a deeper understanding about the nature of the H,, problem.

Up to now several methods of solution have been proposed for the H,, problem of
discrete LPTV systems, which can be categorized, roughly speaking, into the following
two approaches: :

(1) time-varying approach,
(2) time-invariant (lifting) approach.

In the time-varying approach, the problem of LPTV systems is directly solved in
the framework of general discrete Linear Time-Varying (LTV) systems. As for the Hy
problem of general discrete LTV systems, Feintuch and Francis [13] first derived a com-
plete solution in 1986. It was based on function space analysis, and the solution was not



in such a form that engineers can easily apply it to their practical problems. In fact, the
optimal cost, i.e., the infimum of the achievable H,, norm of the closed-loop system, was
given in terms of infinite number of operators in the function space. After the research of
Feintuch and Francis [13] not much was reported on this topic for a while. But recently,
new advancement emerged inspired by developments in the H, theory of time-invariant
systems. Actually, Dragan et al. [10], Katayama and Ichikawa [27], and Scherpen and
Verhaegen [44] gave similar expressions of the solution in terms of Algebraic Riccati
Equations (AREs), while the employed approaches were mutually different. Although
numerical algorithms to solve time-varying AREs are still under development, we can,
in principle, obtain the solution numerically by applying these results.

In the time-invariant approach, the solution for linear time-invariant systems is di-
rectly utilized to solve the problem of LPTV systems. Here, the lifting technique [35, 29]
plays a key role. This technique associates a class of linear periodic systems with an
equivalent class of linear time-invariant systems. More specifically, the class of m-input,
p-output, discrete, linear, N-periodic systems can be shown to be equivalent to the class
of mN-input, pN-output discrete linear time-invariant systems with the transfer matrix
P()\) satisfying the condition that P(0) be block lower triangular. Note that P(0) gives
the throughput term in the state space expression and the above condition corresponds
to the causality requirement. For this reason, the above condition on P(0) is referred to
as the “causality constraint.” This lifting technique enables us to translate the solution
for time-invariant systems to that of periodic Systems, and reduces the difficulties of
dealing with time-varying systems to one point: “how to secure the causality constraint,
i.e., how to make the controller K()) satisfy the condition that K(0) be block lower
triangular.” The methods belonging to this “time-invariant (lifting) approach” category
can be classified into several sub-categories according to the ways how to cope with this
causality constraint.

Feintuch and Francis [14] solved the sensitivity minimization problem of periodic sys-
tems based on the result of [13]. Georgiou and Khargonekar [17] proposed a constructive
algorithm for the same problem. Voulgaris, et al. [52] showed another algorithm for both
H,, and H, problems of general multirate systems including LPTV systems. However,
these three methods focus on the so-called one-block H,, problem and are not easy to
be extended to the four-block H,, problem.

A method to solve the general four-block H, problem was proposed by Chen and Qiu
[4, 39]. They treated the problem in the framework of multirate sampled-data systems,
and introduced the notion of “nest operators.” Sagfors, et al. [41, 42] also proposed
another method using the game theoretic consideration and formulated the solution in



terms of AREs.

In this thesis we propose an alternative way of solving the four-block H,, problem
of discrete LPTV systems, which can be.categorized into the time-invariant approach.
We will investigate the relations of our method to other methods. More specifically,
we compare the solvability conditions of the discrete LPTV H,, problem given by the
following four methods:

(1) the methods belonging to the time-invariant (lifting) approach:

(A) our method,
(B) the method by Qiu and Chen [4, 39,
(C) the method by Sagfors, et al. [41, 42],

(2) the method belonging to the time-varying approach [10, 27, 44].

Our method is based on the result of [13], and thus bears a certain similarity to
the results of [14, 17] that the optimal cost of the N-periodic H,, problem is given in
terms of the maximum of “N Valuesv,” where the “N values” are the norms of N infinite
dimensional matrices in the method of [14, 17], but are the optimal costs of the N LTI H,
problems without the causality constraint in our method. Our method is advantageous
over other methods in that the optimal cost is given by solving ordinary (in the sense
that no causality constraint is imposed on them) LTI H,, problems, but it possesses the
disadvantage that it only gives the optimal cost of the LPTV H,, problem and does not
give direct knowledge about the structure of optimal controllers.

Derivation of our result is done via function space analysis based on the result of
[13]. On the other hand, comparisons with other methods are made in the state-space
domain. It is well known that the solvability condition as well as the class of all admissible
controllers of the discrete H,, problem can be given in terms of AREs in the state-space
domain. The solvability conditions of the discrete LPTV H,, problem given via the
above four methods are also described in terms of AREs. Since these conditions are
necessary and sufficient, they must be, as a matter of course, all equivalent. However,
direct relations among these solvability conditions have not been clarified. In this thesis
we show these relations explicitly by converting three types of solvability conditions
obtained from the time-invariant approach into the solvability condition obtained from
the time-varying approach. We also discuss how the causality constraint appears in the
solvability conditions. Furthermore, we construct algorithms to calculate the optimal
cost numerically based on the three types of conditions obtained from the time-invariant



approach, and show some numerical examples in which we examine efficiency of the
algorithms.

Second, - the background, the purpose and the scope of the study on nonuniform
sampling problems are as follows.

During the last four or five decades, theories of sampled-data systems were developed
rapidly and remarkably. In the first few decades, the major interests of researchers stayed
in the case of uniform sampling, i.e., when the sampling is done with some fixed sampling
rate (period). But in the last two decades, they extended the areas of research to the
case of nonuniform sampling and clarified variety of interesting properties [1]. In this
thesis we will investigate two types of nonuniform sampling mechanisms: sampling with
periodically time-varying rates and unreliable sampling.

One of the typical systems in which sampling is nonuniform is multirate systems,
and these systems are well studied. The systems that we are to investigate have some
relationship with multirate systems: systems with periodically time-varying sampling
rates can be regarded as a special case of multirate systems in the sense that theories of
multirate systems can be applied to such systems with some modifications, and, on the
other hand unreliable systems can be regarded as a generalization of multirate systems.

As said above, systems with periodically time-varying sampling rates are a special
class of multirate systems, and, for this reason, it might be estimated that little are left
to be investigated. However, a fundamental (from the viewpoint of control engineering)
problem has not been solved completely. Namely, whether uniform sampling rates yield
the best performances is not known completely. Many researchers have investigated the
relationship between the sampling rate and performances of sampled-data systems, for
example, [33], [16], [5], [32], and so on. In contrast, there are not so many researches
that treat the timing of sampling itself. The existing researches [51], [45], [7], [8] tack-
led the finite horizon case, and the relationship between the timing of sampling and
performances has not be clarified in the infinite horizon case, yet. In this thesis, we in-
vestigate a sampled-data robust stabilization problem, which is a natural formulation of
infinite horizon problems, and examine how the timing of sampling affects on the system
performances.

The sampled-data robust stabilization problem can be treated as the discrete H
problem [20]. If the sampling rate is uniform, this problem reduces to the discrete LTI
H, problem. Thus in this case, time-varying (possibly nonlinear) controllers are known
to have no advantage over LTT controllers [13, 30, 54]. However, whether nonuniform
sampling has any advantages over uniform sampling stays the outside the scope of the
above research and should be studied separately. To clarify this point, we consider a



sampled-data robust stabilization problem focusing more upon the point whether uniform
sampling gives the best performance in respect to robust stability. In studying this
problem, the contents of Chapters 2 and 3 are exploited.

Unreliable sampling is such a situation in which the measurement of the outputs
fails occasionally at some sampling instants. This situation can occur, for example, in
the control of chemical plants. Namely, complex analysis is often needed to measure
outputs in chemical plants, and it may not be finished during the prescribed interval,
which results in the loss of measurement data. We will design a minimum-variance linear
estimate filter under such a situation, and, derive a stability condition in connection with
the “unreliability” of sampling. To be concrete, it will be clarified how often measurement
of the output should be successful in order to guarantee stability of the filter. This result
offers us a guideline for the design of the filter. Some numerical examples of sampled-data
regulator systems with this filter will show the effectiveness of our design method.



Chapter 2

A new method for obtaining the
optimal cost of the discrete LPTV

Hoo problem

In this chapter, we will give a new method to obtain the optimal cost of the discrete
LPTV H,, problem, i.e., the H,, problem of discrete LPTV systems. We first explain
some notations and definitions used in this chapter. Next, we formulate the discrete
LPTV H,, problem and convert it into a four block model matching problem. Then, we
give our main result that gives the optimal cost of this H,, problem based on the result
n [13]. Last, we show some result obtained by applying our result to LTI systems.

2.1 Preliminaries

In this section, we introduce the notations and definitions used in this chapter. -

2.1.1 Spaces and norms

The space of complex n x 1 vector valued sequences z = {zj : k > 0} is denoted by
s™, or, simply s. The subspace of s" of square-summable sequences is denoted by I3, or,

simply [5.
The norm on [y, denoted by || - ||i,, is defined to be

lzllf, = > zizx (2.1)
k=0



where * denotes complex conjugate transpose.
The space of bounded linear operators from 5 to I5* is denoted by B™*™ or, just B.
The norm on B, denoted by || - ||, is defined to be

F|| = sup —2. 2.2
“ ” z€ly ” ”l2 ( )

Any operator F' in B can be expressed by a matrix representation

Foo For Foo
Fio Fuu Fr
(2.3)
Fyo Fo Fy

The subspace of B™*™ of causal operators is denoted by C™*" or, simply C and the
matrix representation of such operators has a block lower triangular form. The subspace
of B™*™ of time-invariant operators is denoted by 7™*" or, just 7 and the matrix
representation of such operators has a block Toeplitz form.

The space of essentially bounded, matrix valued functions defined on the unit circle
is denoted by Lo,. The norm on L, denoted by || - ||co, is defined to be

| #llco = esssup T (f(e’®)) (2.4)
0<[0,2x]

where 7(-) denotes the maximum singular value. The subspace of L,, whose element has
analytic continuation into the open unit disc is denoted by H. v
Let F be a time-invariant operator in 7. From the matrix representation of F’

F, F, F,
i
define the transfer function F()) of F by
F()) = f: Fp k. (2.6)
k=—o0
Then, F(e#) € Ly, and ||F|| = ||Flle. H F€CNT,
FO) = i F )k, (2.7)
k=0

and F(eje) € H,.



2.1.2 Shift and truncation operators

The k-th shift operator Ay is defined by

Ak: {anxlv"'}
{{07”.)0"%0,1.17"'}, if k'_>_0
R N e’

k times

{x—kax-k-kla ot '}7 if k<O.

(2.8)

For any F from s to s, k-th input/ oﬁtput-shift operator Si(F) (k =0,1,---) is defined

by
Su(F) = A_yFAy.
The k-th truncation operator I (k= —1,0,---) is defined by

I« {zo,z1,---}

_ [ {0,0,--} if k=-1
{x07ml7)xk707} if kZO

2.1.3 Periodic operator and lifting operator

Periodic operators are defined as follows via the input/output-shift operator.

Definition 2.1 The operator F is called N-periodic if

F = Sy(F) = A_yF Ay.

(2.9)

(2.10)

(2.11)

The subspace consisting of N-periodic operators in B" is denoted by Pg, or, just Py.

Let =xn be an isomorphism defined by

—_
I~

En: {xo,z,---} € 5"

Zo N
Iy ITN+1
nN
e { : , : .}E S
ITN-1 ToN-1

and let Ly(-) be the lifting operator defined by

Ly(F)=ENFERY F:s™ —s™

Then, for any F in C™" N PY*™, Ly(F) belongs to C"V*"N 0 TnNxnN and

(2.12)

(2.13)



L (E)| = IIF|. (2.14)

However, for an operator FX in CPV>*nN nnNxnN [ -1(FL) might not belong to C**™ N
PN " because of the causality constraint. Namely, the transfer function FL of FE should

have such a structure that the throughput term FL (0) is block lower triangular. Hence
we define the subspace Wy of CMV*nV q TniVxnlN by

Wy = {FL: Ly (FE) e ¢ nT™"} (2.15)

Then any function in Wy can be associated with a function in C*** N P*". We also

define the subspace Wy of H_,, the space of transfer functions FL whose throughput
term F'Z(0) is block lower triangular. Wy in Hy corresponds to Wy in 7.

2.2 The discrete LPTV H_ problem

In this section, we formulate the discrete LPTV H,, problem and convert it into a
model matching problem.

Consider the discrete system shown in Fig. 2.1. In Fig. 2.1, w is an exogenous
input vector, u is a control input vector, z is a measured output vector, and y is a
control output vector, whose dimensions are m;, ms, p;, and ps, respectively. P denotes

w z
P

U Y
K

Figure 2.1: The block diagram of the discrete-time system

a discrete, linear, N-periodic, causal, finite-dimensional generalized plant that can be
partitioned according to w, u, 2, y into

Py P ]
P = . 2.16
l Py Py ( )



K denotes a discrete linear causal controller.
Let us denote by F;(P, K) the linear fractional transformation (LFT) of K on P,

namely,
Fi(P,K) = Py + PK(I — Py K) ' Pyy. (2.17)
The discrete LPTV H,, problem of P is to find K such that
e the closed-loop system is internally stable,
e the norm of F;(P, K) (the operator from w to z) is minimized.

In other words, this H,, problem is the following optimization problem:

v=_inf [F(PK)|. (2.18)

:causal

In the next section, we will present our method to solve this problem.

2.3 Main result: a new method of solving the dis-
crete LPTV H, problem

In this section, we give a new type of method to obtain the optimal cost of the discrete
LPTV H,, problem: a method to calculate v in (2.18).

As mentioned in Introduction, there are several methods to solve the discrete LPTV
H,, problem that can be categorized into two types of approaches: the time-varying
approach and the time-invariant (lifting) approach. Our method is categorized into
~ the time-invariant approach as the methods by Feintuch and Francis [14], Georgiou and
Khargonekar [17], Voulgaris, et al. [52], Chen and Qiu [4, 39], and Ségfors, et al. [41, 42].
In particular, our method has a similarity to [14, 17] in the sense that all these methods
are based on the results in [13], which solved the H,, problem of discrete LTV systems
via function space analysis. Indeed, the optimal cost of the N-periodic H,, problem is
given in terms of the maximum of N values both in our method and in [14, 17]. However,
the significant difference is that in our method it is given by the maximum of N LTI
H, problems without the causality constraint that the throughput term of the controller
should be block lower triangular, while in [14, 17] it is given by the norms of N infinite
dimensional matrices. It is the primary advantage of our method since the optimal cost
can be obtained by solving ordinary LTI H, problems, although our method only gives
the optimal cost of the LPTV H,, problem, and therefore it does not give any explicit
knowledge of the structure of optimal controllers. In the following, we will show our

10



result that gives the optimal cost v in terms of the optimal costs of ordinary LTI H
problems.

For preparation, we first transform (2.18) into a model-matching problem by intro-
ducing the parametrization of stabilizing controllers and the inner-outer factorization.

Let us assume that P,y admits a doubly coprime factorization. In [40], it is shown
that a doubly coprime factorization of an N-periodic operator F' can be obtained by
a doubly coprime factorization of the LTI system Ly(F'), and that each factor which
appears in the doubly coprime factorization of Ly(F') satisfies the causality constraint.
By applying this result to P in our problem, we obtain

P22 = ]\/vr.l):1 = Dlel (219)
X, -%1[D. Y,
. =7 .
[ _N, D, ] [ N, X, (2.20)

where N,, D,, X,,Y,, N;, D;, X;, and Y] all belong to CNPy. From (2.20) all controllers
that internally stabilize the closed-loop system are parametrized by

K = (Y, - D,Q)(X, - N,Q)™!

= (X — QM) (Y, - QDy) : | (2.21)
where @ € C. Substituting (2.21) into (2.17), we obtain
Fi(P,K) =R - SQT (2.22)
where
R= Py, + PiyD,Y,Py € C Py, (2.23)
S = PuD, € CN Py, (2.24)
T = DPy €C N Py. (2.25)

Therefore, our problem is equivalent to [13, 52]
v= 3& |IR-SQT|, R,S,T€CnPy (2.26)
where Q € C is a free parameter in the parametrization of stabilizing controllers. Fur-

thermore, in [3, 52| it is shown that if R, S and T are N-periodic, the infimum in the
right-hand side of (2.26) remains the same if @ is restricted to C N Py. Namely,
=i -8
v=iuf |R - SQT]|
= QE%%pr I|IR - SQT]].. (2.27)

Thus, by applying the lifting technique to (2.27), we obtain

11



s = inf ||RY - SLtQLT! 2.28
v QggWNII QT (2.28)

R" = Ly(R) € Wy, S* = Ly(S) € Wy,
T = LN(T) € Wy (229)

or, equivalently

v=_inf [R*(X)=S*NQ"NT (Nl (2.30)
QL(Newy
RE(N), SE(N), TE() € Wy (2.31)

where RE()), §¥()\) and TZ()) denote the transfer functions of RE, S, and T%, respec-
tively.
Here, we make the following assumption.

Assumption Al
SL()\) and T% ()) are injective for every A on the unit circle.

This assumption is neccesary for existence of inner-outer factorizations of S*()) and
TZ()) in (2.30), and thus is neccesary for deriving our main result Theorem 2.1. However,
since it can be removed when we consider the H, sub-optimal problem, it is not necessary
for Corollary 2.1. We will explain later how to remove this assumption.

Under Assumption A1, S£(X) and TZ()) can be factorized as follows:

S = SFNSr () (2.32)
T\ = TEWTEN) (2.33)
S\ e Hy,, SF(WSE(N) 7 (2.34)
' € Ho, TFNTF(N =1 (2.35)
Sy, S5, Y, TV (V) € Heo (2.36)

where T7()\) = TT(A71).

In [4], it is shown that SZ()), TX()) can always be chosen so as to belong to Wy. In
this case, the mapping from Q*()) to SE(A\)QL(A)TE()) is surjective on Wy. Therefore,
(2.30) becomes

12



v=_inf [I[R*(N) = SFNQ NTEN)|co- (2.37)
QINeWy

By multiplying
SE™)
| 1- Sovdeon (239

from the left of (2.37), and

[TFO) I-TFWTEW |- (2:39)
from the right of (2.37), we obtain
IR - ST = || T 9 T (.40

where XZ(X), YZ(X), ZE()), and UL()) are defined by

XL L gL o o N
o) | = |y [l -reme ] e

Thus our problem (2.30) can be rewritten as

, XE) - QF(\) YE() ]
v= _ inf 2 N 2.42
FL(eWy [ Z(\) uro) 1, (242)
or
) XL — QL YL
V:Qr}gfv]v [ P UL jl . (2.43)
Let
X =L3XYH, Y=Lywh (2.44)
Z =Ly (2", U=L3UhH (2.45)
then, X, Y, Z,U € Py and
: X-QY
v= QGICIerf’PN [ 7 U } [ . (2.46)

Now, the optimal cost v is obtained by applying the following lemma.

Lemma 2.1 [13] Suppose that X, Y, Z and U belong to B and u be given by

13



= inf
a Qec

[X;Q Z]” (2.47)

Then, the following equation holds:

p = sup [[Ik| (2.48)
k>—1
where
[ o][X Y][I-II 0
F’“_[o IHZ UH 0 I}' (2.49)

One may think that this lemma cannot be applied directly to (2.46), because @ in
(2.46) is taken over C N Py, while Q in (2.47) is taken over C. However, as mentioned
before, the right-hand side of (2.47) remains the same even if Q is restricted to C N Py
provided that X, Y, Z and U belong to Py, and thus v in (2.46) is given by the right-
hand side of (2.48). '

Although v is given by the above lemma, it is in general difficult to calculate the
right-hand side of (2.48). In contrast, our main result given in the following gives the

optimal cost in a more explicit form.

Theorem 2.1 For k=0,1,---, N — 1 let us define

Xi = Ly(Se(X)), Y& = Ln(Sk(Y)), (2.50)

Zi = Ln(Sk(2)), Uy = La(Sk(U)), (2.51)
and

v = Qﬁiélcfrﬂ_ [ XkLZ;Qg g,’:; } { (2.52)
Then,

v =max(vy, v1,"*, Un_1)- (2.53)

Note that the infimum in (2.52) is not taken over Wy, but over a larger class C N 7.
Before giving the proof of this theorem, we will try to clarify its advantage. Theorem
2.1 shows that v can be obtained by solving N model-matching problems. It is easy to
check that the model-matching problem (2.52) is equivalent to the H,, problem
we=_jnf (7P KL (2.54)

K If :causa
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where P} is defined by
Pl Pk,
_ [ Ln(Sk(P11)) Ln(Sk(Pi2)) ]
Ln(Se(Po1)) Ln(Se(Pa2)) |

Thus we are led to the following corollary, in which the advantage of Theorem 2.1 is

(2.55)

exploited more explicitly.

Corollary 2.1 Define P; (¢,j=1,2, k=0,1,---,N—1) by

Pf; = Ln(Sk(Py)) (2.56)
Then, the optimal cost v is given by

v = max(vy, V1, -, UN-1) (2.57)
where v (k=0,1,---,N —1) is

ve= nt IR (PE K| (259)

Since the H,, problem (2.58) is of the LTI system P} and no causality constraint is
imposed on it, v is easily calculated by existing algorithms for the LTI H,, problem,
and so is v. As previously mentioned, this point is the primary advantage of our result
and the difference from the results in [14] and [17].

Although Corollary 2.1 holds even for general four-block H,, problems, it is difficult
to calculate the optimal cost of such problems analytically. For this reason, in many
practical situations, we consider the sub-optimal H,, problem to find controllers that
makes F;(P,K) < « for a given v. Thus we will rewrite Corollary 2.1 to meet this

situation.
Corollary 2.2 There exists stabilizing controller K such that

| AP, K)|| <v, K: causal (2.59)
if and only if there exists Ki (k=0,1,---, N — 1) such that

IF(P K < v, K : causal, (2.60)

Remark 2.1 Note that this corollary holds without Assumption Al. It is because
Assumption Al corresponds to the conditions of invariant zeros on the unit circle in
the standard H., problem, and therefore it can be avoided in the case of a sub-optimal
problem as (2.59), by taking a similar method to [43, 31, 36].
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Theorem 2.1 (or, its explicit forms Corollary 2.1 and Corollary 2.2) is also true when
we apply our result to LTI systems, not to LPTV systems. From this, we can show some
interesting properties of the discrete LTI H,, problem and the related problem. We will
state such properties in the next section.

Now, we are to prove Theorem 2.1. To prove Theorem 2.1, we use the following

lemma.

Lemma 2.2 Assume that X, Y, Z and U are any operators belonging to Py. Then,
the following equation holds for any 4,57 = 0,1,---, N — 1:

[Si(X)—Q Si(Y)] {Sj(X)'Q Sf(Y)]H. (2.61)

T QeCnPy

actrew || Si(2)  Si(U) 5i(2)  S(U)

Proof of Lemma 2.2. Without loss of generality, we assume ¢ > j. Since the mapping
Si(+) is bijective on C N Py,

|

3.5 3]

Sp(X —Q) S (Y
QECNPy l Si(Z) Si(U) ”' , (2:62)

Therefore, it suffices to show that for all 4,57 =0,1,---,N —1
IS: () = IS;(F)ll, "F € Py (2.63)
holds. From the definition of Si(-),

S:(FO| = [1Si-5(S; (F)Il
= [| A4S (F) A

inf
QeCNPy

1
QeCnNPy

< [185(F)Ai]|
< [I5;5(F)l- (2.64)
Since (2.64) is also true for S;(F) and Sy4i(F),
1S;(F)| < 11Sws (F)IT = (| S:(F)I- (2.65)
This completes the proof. Q.E.D.

Proof of Theorem 2.1. For simplicity, we only consider the 2-periodic case (N = 2),
that is, we are to prove that
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v = max(vy, V1) (2.66)

[ XL _NL YL 1
vo= Inf 0 L 0 OL

QLecnT ||| Z Uy |

) [ XL _ QL YL 1
= QLlélcfnT A Ul (2.67)

[ XL _NL YL ]
— inf 1 1 71 2.68
" Qflélmf | ZE Uf | (268)

It would be ‘evident that the following arguments can be extended to the general case.
Applying Lemma 2.1 to (2.67), v, is given by

vo = sup [|I}]] (2.69)
E>—1

where

e[ ]

k o 1]zt U* 0o I
(2.70)
From (2.49), ||| can be expressed in terms of I as
HFkL” = [[Tox4all- (2.71)
Thus, from (2.69) and (2.71),
= sup 1 T%]|- (2.72)
Similarly,
vy = sup [I;]] (2.73)
ke=—1,1,-
where
g [T 0] [0 S0 [ 1= 0] (2.7
o I|| 82 s 0o I
Let the matrix representation of
Xy (2.75)
zZ U
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be

Xoo X111 Xo—2 Xi-3 Yo Y11 Yo Y3
Xot X Xo-1 Xy Yoo Yo Yo1 Yio
Xoo Xu  Xoo X1 Yoo Yu Yoo Y
Xo3 X2 Xao Xy Yoz Yo Yo Y10

Zoo Zi-1 Zo2 Zi-3 U U1 Up—y U3
Zon  Zw Zo-1 Zi-a Un U Up-i U
Zyy Zn Zo 21,1 U Un Uyp U
Zos 2y Zoy Z10 Us U Un U

Then the matrix representation of Iy (k=1,3,---) is

Xo,—k-1 X1,-k-2 Yoo - Yo—x-1
0 : : : :
Xo1  Xi-» Yor -+ Yo1
0 0 0
Zo—k—1 ZL1,—k—2 U -+ Up—k-1
0| Zo-1 Z1,-2 U -+ Up-1

Also, the matrix representation of I} (k=1,3,---) is

Xi—k-1 Xo—k-2 Yio -+ Y1k
0 : : : :
X111 Xo-2 Yig -+ Vi
0 0 0
Z1,—k—1 Zo—k—2 U ++ Ur—g—1
0| Z1,1 Zg, -3 U -+ U

Since the matrix representation of I'y_; (k=1,3,---) is
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X% Xoj—k—1 --|| Yoo - Yi_g
0| : : :

X111 Xo—2 | Yopa -0 Y1,
0 0 0

Zik Zok-1 | U - Up_p
0| 21,1 Zo—2 | Upp-1 -+ U

I'y_; can be expressed by

A 0 A 0
I, = I} }
k-1 [0 A_l]’“[o Al}
Therefore,
”FIQH 2 “Fk—lnﬂ vk - 1737"'a

and hence

=m( swp |kl sup nrku)
k=—1,1,-- £=0,2,--

- 2ds”

gmax< sup || Tk, SUI; ||F1:“>

=y A, -

1%

= max(vo, V7).

Furthermore, from Lemma 2.1, Lemma 2.2, and (2.74)

_ X-QY
V= Qelgﬂ'Pz A U
~ S1(X)—-Q S5(Y)
T ecnp, Si(2)  Si(U)
= sup || I}
k>—1

> sup |}l =w.

=—1,

Since v > v by (2.48) and (2.72), it follows from (2.82) and (2.83) that

v = max(vg, 11).
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(2.84)
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2.4 Some application to LTI systems

In the preceding section, we showed Theorem 2.1 that gives the optimal cost of the
discrete LPTV H, problem in terms of the optimal costs of discrete LTI H,, problems.
Although this theorem originally aims at the discrete LPTV H, problem, it can be used
to derive some property of the discrete LTI H,, problem. In this section, we show such
properties that can be derived by applying Theorem 2.1 (or, Corollary 2.1 and Corollary
2.2) to LTI systems.

If P is an LTI system, PF defined by (2.55) satisfies

PL=Pl=...=Pf | (2.85)
for any integer V. Thus Corollary 2.1 becomes as follows.
Corollary 2.3 Define P* by

— 7LN(P11) LN(PIZ)
" | Ln(Py) Ly(Pa) (2.86)

where N is arbitrary positive integer. Then, the optimal cost v satisfies

PL

v=_inf |FEK)=_jinf |FFP,EY) (2.87)

K:causal

This corollary claims that the optimal cost of the LPTV H, problem of P and that
of the LTI H, problem of P, the lifted system of P, are identical. This fact implies
that the optimal cost cannot be improved even if we use any N-periodic controller K
such that the lifted system K of K is causal, but K itself is possibly noncausal. It
is shown in [13, 30, 54] that we cannot improve the optimal cost even if we consider
causal time-varying controllers in the case of the LTI H,, problem. Thus it is a matter
of course that causal N-periodic controllers do not improve the optimal cost. However,
Corollary 2.3 claims that even if we use such controllers that belong to some class of
noncausal N-periodic systems, the optimal cost cannot be improved. Note that it does
not lead that the optimal cost cannot be improved by any noncausal controllers, although
N can be taken arbitrarily large. Indeed, in most cases the optimal cost improves with
such noncausal controllers that can use information of the one step future. It is because
the noncausal controllers which Corollary 2.3 assures that the optimal cost does not
improve are not completely noncausal but are causal if they are lifted, and therefore
these controllers cannot use no future information at ¢ = Nk — 1. Although there is no
qualitative explanation yet about the difference between these two types of noncausal
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controllers, we can show some interesting property on the H,, problem of a certain
system.
Counsider a discrete LTI system P and let us consider the following two situations:

(a) The control outputs are periodically delayed by one step. That is, for given NV and
for some ¢ (¢ =0,1,---, N — 1) the control outputs y at t = Np+gq (p=0,1,--+)
are not available by the controller until the next step t = Np+ ¢+ 1 because of, for
example, periodic delay in the circuit of the sampler. More specifically, we consider
a sampler whose input sequence is the sequence of the control outputs yo, y1, ",
and whose output sequence is

Y YN
yanla"'ayq—lqu:!: ! j,7"'ayNayN+17"'ayN+q—17¢a[ *e }5(288)
Yg+1 YN+g+1

where ¢ denotes the case that no outputs are obtained.

(b) The control outputs are all delayed by one step. In other words, we consider a
sampler whose input sequence is the sequence of the control outputs yg, 91, -,
and whose output sequence is

?, Y0, Y1, - (2.89)

In these two situations, we are to solve the H,, problems and to compare the optimal
costs.

Intuitively, the optimal cost in (a) seems smaller than that in (b), because more
information is available by controllers in (a) than in (b). However, in reality, the optimal
costs in both situations are identical. It can be shown by applying Corollary 2.3, as we
do in the following.

First, we consider the situation (a). If we regard delay of the control outputs as a
constraint on the controller, we are to consider K such that the elements K;; (4,5 =
0,1,2,---) of its matrix representation satisfy

Ki;=0 (i<j, or,i=j=Np-+yq). (2.90)

On the other hand, if we regard P together with the sampler (2.88) as a plant, it becomes
an NN-periodic system. Therefore, we can assume without loss of generality that ¢ = N—1
from Lemma 2.2, and, as mentioned in the preceding section, we can restrict the class
of the controllers to that of N-periodic systems. As a consequence, the problem that
we should consider here is to find K for P¥ = Ly(P) such that the throughput term
KL(0) of the transfer function of KX has the form
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kog O O ]
k10 k11
KL(0) = : : (2.91)
kn—2o kn-—21 -+ kn_on—2 O
| kv-10 kv-11 0 kvoin—2 O

If we define P’ by

Pl{l P{2]:[ Pll P12 l

2.92
Py Py APy Ay Py (2.9

|

this problem can be converted into the problem to find K'Y = Ly(K A7) for Pt =
Ly(P') such that the throughput term K'2(0) of the transfer function of K' has the
form

k60 k61 O
kio kln kiz
R\,L(O) — . : (293)
kﬁv—z,o k?v-z,l T ;\/'~2,N—2
k,l kl A !
| VN-1,0 N-1,1 N-1,N—1 ]

Next, we consider the situation (b). Since P together with the sampler (2.89) can be
modeled as P’ given by (2.92), in this situation we are to consider the LTI H, problem
of P'. In the lifted space, we are to consider the problem to find KXK'’ for P'* such that
K'-(0) satisfies the causality constraint, i.e, K'Z(0) has the form

ko kn
K'(0) = : : (2.94)
kfv—z,o ka—2,1 T §v—2,N—2 0
i k§v—1,o k?v—1,1 kg\f—l,N—Z SV—I,N-'I J

As a matter of course, the class of KT satisfying (2.93) includes the class of K'Z
satisfying (2.94), and, is included by the class of K’V with no constraint on K 'L(0).
However, from Corollary 2.3, the optimal cost of the H,, problem of P'F with KV
satisfying (2.94) is identical to that of the H,, problem of P'’ with no constraint on
K'*(0). Therefore, we can conclude that the optimal costs in both situations (a) and (b)
are identical.

This example shows that when we consider the H,, problem of LTI systems, there is
no advantage in trying to use the available current output if there exists even a single
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sequence of the control outputs y,, ynip, --- that is delayed by one step. What is
worse, trying to do so rather becomes a disadvantage compared with the case that all
the control outputs are delayed by one step, since in such a case we can restrict the class
of controllers to that of LTI controllers and do not need to take time-varying controllers

into account.
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Chapter 3

"Four types of solutions to the
discrete LPTV Hy problem: state
space consideration

In the preceding chapter, we showed a new method to obtain the optimal cost of the H,
problem of discrete LPTV systems via function space analysis. In this chapter we will
compare our method and other methods in the state space domain. More specifically, we
first show four types of solvability conditions of the discrete LPTV H,, problem based
on the following methods:

(1) the methods belonging to the time-invariant (lifting) approach:

(A) the method proposed in the preceding chapter,
(B) the method proposed by Qiu and Chen [4, 39],
(C) the method proposed by Sagfors, et al. [41, 42],

(2) the method belonging to the time-varying approach [10, 27, 44].

We then clarify the equivalence among these solvability conditions through showing their
explicit relationships. We also investigate how the causality constraint is treated in the
three methods belonging to the time-invariant approach. Last, we show three types of
algorithms to calculate the optimal cost based on the methods belonging to the time-
invariant approach, and examine their efficiency through numerical examples.
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3.1 The solutions to the discrete LPTV H,, prob-

lem — time-invariant approach

In this section, we introduce three types of solvability conditions based on three
methods which can be categorized into the time-invariant approach:
Method A: the method proposed in the preceding chapter,
Method B: the method proposed by Qiu and Chen [4, 39],
Method C: the method proposed by Sagfors, et al. [41, 42]

As mentioned in the preceding chapter, in the time-invariant approach we use the results
for LTI systems. Therefore, we will first state the solution to the discrete LTI H,
problem, and, based on it, we will show the results obtained by applying the three
methods in the state space domain.

3.1.1 The solution to the discrete LTI H, problem

Consider the discrete LTI H,, problem, namely, the H,, problem of the system shown
in Fig. 2.1 where the generalized plant P is LTI.
We assume that a state space realization of P is given by

A| B B

A|B

[FH= Ci|Du Dy |- (3.1)
CQ D21 0

Next, we put the following assumptions on P.

Assumption AC1
The pair (A, B;) is stabilizable.

Assumption AC2
D1, has full column rank.

Assumption AC3
— ZIn 32

A
The matrix
[ Cy Dy,

} has full column rank for any z € 9D.

Assumption AO1
The pair (C,, A) is detectable.
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Assumption AO2
Dy, has full row rank.

Assumption AO3

The matrix [ A=zl B J has full row rank for any z € 9D.
C, Dy

Let us further define the following matrices:

T .

DX = [ Dll D12 ]‘, Dy = [ D%—‘l Dgl ] (32)
270 DT.Dyy - +2L,,, DL.D

R — DT.D _ 7 my = 11711 my 114712 3.3

A [ 0 0 } [ DY, Dy DI,Dy, (3:3)
21 0 Dy DT, — I, Dy, DT

Ro=DvDL_| 7' }:[ 11471 rn 11 21]' 3.4

ooy [ 0 0 Dy DT, Dy DY, (3:4)

Then, the solvability condition of the discrete LTI H,, problem is given by each of
the following lemmas [23, 48, 34]. Here, an (m; + ms) X (m; + my) matrix M is said to
have a Jy,, m,-factorization if for some square nonsingular matrix T'

—~2T 0 .
=TT | 77 im T 35
M=1 [ 0 Imz] (3:5)

holds.

Lemma 3.1 (The solvability condition (A) of the discrete LTI H,, problem)
Let us assume that Assumptions AC1-AC3, AO1-AO3 hold on the system shown in
Fig. 2.1. A causal stabilizing controller K for the generalized plant given by (3.1) that
satisfies || F;(P, K)|| < v exists if and only if the following conditions are satisfied:

C1 The Algebraic Riccati Equation (ARE)

X =ATXA+CTC, — EX My 'Ex
EX = BTXA + D;(Cl
Mx =B"XB + Rx (3.6)

has a stabilizing solution X > 0 such that Mx has a J,,, m,-factorization.
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C2 The ARE

Y = AY AT 4+ B,BY — Ey M;'EY
Ey = AYCF + B,D¥
My =CYCT + Ry (3.7)

has a stabilizing solution Y > 0 such that My has a J,, p,-factorization.
C3 p(XY) <~%

Lemma 3.2 (The solvability condition (B) of the discrete LTI H,, problem)
Let us assume that Assumptions AC1-AC3, AO1-AO3 hold on the system shown in
Fig. 2.1. A causal stabilizing controller K for the generalized plant given by (3.1) that
satisfies || F;(P, K)|| < v exists if and only if the following conditions are satisfied:

C1 The same with Condition C1 in Lemma 3.1.
C2’ The ARE

Z=AzZA% + BB — E;M;'EL
Ez = AzZCY + B;1 DY
My =C’ZZC§+RZ (3.8)

has a stabilizing solution Z > 0 such that Mz has a J,,, p,-factorization.

The matrices Az, Bz, Cz, Dz, and Rz, appearing in Condition C2’, are defined by

AZ =A- B1F1, le = Bl‘/ﬁl (39)
Czn } { Voo ] [ Dz, } [ Vo VTt }
C, = = , Dg= = - 3.10
z { Czz Cy—DuFi|” 7% | Dz Dy Vi (310
2_[ 0 [ D DT - ’Y2I DzllDT
R :D DT_ Y dm, ] — Z11+ 711 my 21 3.11
7o [ 0 0 Dz D7y, Dgzy D}, (3.11)
where F; is given by
F= [ £ } = —My'Ex (3.12)
Fy

and V;; are arbitrary matrices (V1; and Vi, are nonsingular) which satisfy
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VI VIT1[ =L, 0 1[Vy O
My — 11 Va1 m 1 . 3.13
* [0 VJZ“H 0 ImZHVH Vo (3.13)

Remark 3.1 In [53], it is shown that ¥ in Condition C2 and Z in Condition C2’ are
related by

Z=Y({I-~2XY)™" (3.14)

If Conditions C1-C3 in Lemma 3.1 or Conditions C1 and C2’ in Lemma 3.2 are
satisfied, there exist many stabilizing controllers which satisfy || F(P,K)| < 7. As is
a well-known fact, all such controllers can be parametrized via a free parameter. The

following lemma gives this parametrization [48, 18].

Lemma 3.3 (Controller parametrization for the discrete LTI H,, problem)

Let us assume that Assumptions AC1-AC3, AO1-AO3 hold on the system shown in
Fig. 2.1. Let us further assume that Conditions C1-C3 or Conditions C1 and C2’ are
satisfied. Then we can define the system K. whose state space realization is expressed

by

A. | Bpx B
K, = Ca Da1 Des (3-15)
Cc2 DCZi 0
D = —V251W12W2—21, Dz = Vou'Wii, Dy = Woy,! (3.16)
Ca = ~V50'Cz1 — Dq1Cz3, Ceg=—D2Cpy (3.17)

By = Ez DL Doy + BoDoyy, Bo =Y 2EzVey' + v 2Ez DY, + ByDgy (3.18)
A, = Az + ByCyy + Ez DL Coy (3.19)

where Egz;, Ezy are given by

E;=|Ez Ez|=[AzZCL +BnDYy, AzZCh,+ ByDby, | (3.20)
and, Wiy, Wip and Wh, are any matrices (W1, and Why are nonsingular) which satisfy
Wi Wi —V1pn, O wI 0
Mz = ? p : 3.21
z [ 0 W 0 L, || WL wg (3:21)

All the stabilizing controllers K for P that satisfy | F(P, K)|| < v are given by
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K = F(K.,Q) (3.22)
where @ is any causal LTI stable system which satisfies

QI < (3.23)

In the next section, we show three types of solvability conditions of the discrete
LPTV H problem based on Lemma 3.1, Lemma 3.2, and Lemma 3.3, the results for
the discrete LTI H,, problem.

3.1.2 Three types of solvability conditons for the discrete LPTV
H,, problem
Consider the discrete LPTV H,, problem, namely, the H,, problem of the system

shown in Fig. 2.1 where the generalized plant P is LPTV.
We assume that P is N-periodic and its space realization is given by

O | B
A() | B(C) | _
{C() D) 02 ig;() D12 (3.24)

where A, B, C, and D satisfy

A(k+ N) = A(k), B(k+ N) = B(k),
C(k+ N)=C(k), D(k+N)=D(k), "k (3.25)

Let us denote the LTI systems Ly (Sk(P;;)) by PE;, and let us define P by

L
Pl = [ PkLH Pm ] (3.26)

Cri | D11 Do (3.27)

where Ay, By, Cii, and _D_kij are defined by

Ay =Alk+N—1)--- A(k), (3.28)
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F,m:[A(k+N—1)---A(k+1)Bi(k) Alk+N—1)--- A(k + 2)B;(k + 1)

...... Bi(k+N—-1)] (3.29)
Ci(k)
o _ il + D A(K)

_ (3.30)
Ci(k+ N — 1)A(k.+ N —2)--- A(k)

D;(k) 0

@k + N - 1,k) Ui(k+N—-1,k+N—2) Dy(k+N—1)

(3.31)
Ty(l,m) = Ci(D)A(L = 1)- - A(m + 1)B;(m). (3.32)
Let us further define the following matrices: |
Dx(k) = [ Du(k) Du(k) ], Dy(k)=[Dh(k) DLk ] (3.33)
Bx(k) = DL (D<)~ | "o |
_ [ D{;(k)Dy(k) — 7L, Di;(k)D1a(k) ] (3.34)
DY, (k) Dy (k) D, (k) Duy(k) '
T 72]})1 0
Ry = DD - | 7 7 1|
_ Dll(k>D{1(k)—'V2Ip1 Dll(k)Dgl(k)
=| P oot ookt | (839
Fk = [Ekl §k2 :] 5 6k = [ _C_il C;i; ]T (336)
Dxt=[Dwi D], Dy=[D%, D] (3.37)
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o 2[m: 0 Di . Diii — v?Inm, DiyyD

Rxy = DikDXk — [7 Vm J = kll—kz}l—fy N ki k2 (3.38)
0 0 Dklszll Dklnglz

5 = =T Y Inp, O Ekllb—f — 7y _D—knﬁT

RYk — DYkDyk . n — —11—-—T p1 - _ch?l (339)
0 0 Dyy Dy D91 Dy

Next, we put the following assumptions on P, which correspond to Assumptions
AC1-AC3 and AO1-AO3 on LTI P.

Assumption APC1
The pair (A, By,) is stabilizable for any k.

Assumption APC2
Dy has full column rank for any k.

Assumption APC3
Ay —zIyn B

has full column rank for any k¥ and any z € 9D.
Cr Dyyz '

The matrix

Assumption APO1
The pair (Cyy, Ay) is detectable for any k.

Assumption APO2
Dys: has full row rank for any k.

Assumption APO3
Ap — zIy,  Bn

— has full row rank for any k£ and any z € dD.
Cha Dy

The matrix

Remark 3.2 Assumptions APC1 and APO1 are equivalent to the stabilizability and
detectability of the triplet (A(-), By(-), Ca(+)), respectively. Assumption APC2 is equiva-
lent to the condition that Dj,(k) has full column rank for any k. Similarly, Assumption
APO2 is equivalent to the condition that Dy, (k) has full row rank for any k.

Under these assumptions on P, we consider the discrete LPTV H_, problem.
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3.1.3 Solvability condition A — based on the method in Chap-
ter 2

First, we give the solvability condition of the discrete LPTV H,, problem based on

Theorem 2.1.

Theorem 2.1 claims that the discrete LPTV H, problem of P is solvable if and only
if the discrete LTI H,, problem of all P (k=0,1,---, N — 1) is solvable. Therefore, it
is easy to derive the solvability condition by applying results for the LTI H,, problem.
The only trouble is that Lemma 3.1 and 3.2, which give the solvability conditions of the
discrete LTI H,, problem, are for systems whose throughput term from u to y is zero
(D33 = 0). Since Pf has nonzero throughput term Dgyy, we cannot apply these lemmas
directly to PL. However, it can be shown by simple transformation of the system that
the LTI H,, problem of P! is solvable if and only if the LTI H,, problem of P,f' is
solvable, where P,f' is defined by letting Djgo of PF be zero. Therefore, from Lemma 3.1
and Lemma 3.2, it is direct to derive the following lemma.

Lemma 3.4 (Solvability condition via Method A) Let us assume that Assump-
tions APC1-APC3, APO1-APO3 hold on the system shown in Fig. 2.1. A causal,
LPTYV, stabilizing controller K for the generalized plant given by (3.24) that satisfies
| F1(P, K)|| < « exists if and only if the following conditions are satisfied.

CA Forany k=0,1,---,N — 1, the LTI H,, problem of P} is solvable.

in other words, if and only if either Conditions CA1, CA2, and CA3, or Conditions CAl
and CA2’ are satisfied:

CA1l Forany k=0,1,---,N —1, the ARE
Xy = A, XA+ CoCri — ExiMxrEx
Exi =B, X1Ar + DxCia
Mxi =B, XBi + Exx (3.40)
has a stabilizing solution X > 0 such that M x; has a J Nmq,Nmy-factorization.
CA2 Forany k=0,1,---,N — 1, the ARE
— —_ _..T — —_— — —_ 1 —
Yi =AY A, + BBy — EviMy By
Eyi = 4 Y+Co + BuDoy
My, =CY%Cr + Ry (3.41)

has a stabilizing solution Y > 0 such that My has a J Np1,Np,-factorization.
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CA2’ Forany k=0,1,---,N —1, The ARE
Z=AzZiAy, + BBy — EznM 5 By

—_ — p— __T — —_

Bz = AzZyC g + BZle;k

— —_— = —T —

Mz =Cz1ZxCpz + Rax (3.42)

has a stabilizing solution Z; > 0 such that Mz, has a J Nms, Np,-factorization.

CA3 p(X,Y}) < v is satisfied for any k =0,1,---, N — 1.

The matrices Az, Bzr1, Ckt, Dzr, and Rz appearing in Condition CA2’, are defined
by

Az = Ay — B Fy, (3.43)
Bzi = BuVin (3.44)
— [ C Vi F
Co = | 27 ] = [_ k22 k2 ] (3.45)
| Czio Cra — DipnFpy
[ Dy Vi Vir
Dy, = | <71 ] = | A 3.46
7= | By DoV, (3.46)
= — =T Y Inm, O 52k11ﬁ§k11 — Y INm, EZkllﬁgzl
0 0 DZkZlDZkll DZklezlm
where F'y; are given by
— F _— 1
Fy = [ Fkl } = —Mx.Exn ' (3.48)
k2
and Vkij are arbitrary matrices (an and Vg are nonsingular) satisfying
—T T = '
— | —~? 0
M= | ' F1 U [ 7 Iy, ] [ Vin 0 } (3.49)
0 Vi 0 INm, || Vi2r Viez

Remark 3.3 Conditions CA2 and CA3 are derived by applying Lemma 3.1, and Con-
ditions CA2’ are derived by applying Lemma 3.2.

33



3.1.4 Solvability condition B — based on the method pro-
posed by Qiu and Chen

Next, we state the solvability condition for the discrete LPTV H,, problem based on

the method by Qiu and Chen [4, 39].
The LPTV H,, problem of P is solvable if and only if there exists a stabilizing

controller K for P§ such that || F(PE, K1)|| < v and that it satisfies the causality con-
straint, i.e., its throughput term is block lower triangular. The authors in [4, 39] imposed
the causality constraint on the free parameter @) in the controller parametrization and
derive the solvability condition in terms of (). Although it is a very intuitive way to cope
with the causality constraint, equations in the solvability condition obtained are not so
simple because the controller parametrization itself is complicated (see Lemma 3.3). The
following lemma gives the solvability condition based on the method by Qiu and Chen
(Method B).

Lemma 3.5 (Solvability condition via Method B) Let us assume that Assump-
tions APC1-APC3, APO1-APO3 hold on the system shown in Fig. 2.1. A causal,
LPTV, stabilizing controller K for the generalized plant given by (3.24) that satisfies
|F(P, K)|| < v exists if and only if either Conditions CB1, CB2, CB3 and CB4, or
Conditions CB1, CB2’ and CB4 are satisfied.

CB1 The ARE
< =T — —T —= -1 =51+
XO = AO X().AO + 001001 - EXOMXOEXO
Exo = By XoAs + DyoCor
—M_XO = Eg_X—()PO -+ _RXO (350)

has a stabilizing solution X, > 0 such that M xo has a J Nmy, Nm,-factorization.

CB2 The ARE
£y d — == =T = =T - =7 1=T
Yo = AoYoAO + BOlBOl - EYOMYOEYO
EYO = Z()?()—C_g—' + _B_OID-Z:O
_]V—[;) = 60?06?4‘ Ry (3.51)

has a stabilizing solution Y, > 0 such that Myq has a J Np:,Np,-factorization.

CB2’ The ARE
Z() AZOZOAZO + BZOlBZ01 e EZOMZOEZO
E == AZOZOCZO +BZ()1DZO
Mz = 02070650 + Rzo (3.52)
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‘has a stabilizing solution Z, > 0 such that Mz, has a J Nms Np,-factorization.
CB3 p(XYo) < v is satisfied.

CB4 There exist a matrix Dg such that
[ Dell <~ (3.53)
and
Dg =Dy + —D—CIZDQﬁCZI (3.54)

is block lower triangular. Here, D¢, Dea and Dy, are defined by

F-lm7 w7-1 - 155 - =—1
Dy = —V022W012W022, Dy = V022 011, Dear = Wiy (3.55)

where V;; are given by (3.49), and W1, Wz, Woss are any matrices (Wo;; and
W g, are nonsingular) satisfying

— [ Woy W | [ =2 W
o= Ton Won ][ 0 [T 0] oy
0 Woae 0 Inp, Woia Woa

Remark 3.4 Asin Lemma 3.5, the LTI H,, problem considered in Lemma 3.5 is not
for PE, but for P, which is defined by setting the throughput term D, of PF to zero. It
is because there exists a stabilizing controller K&' for PF satisfying || 7 (PE, K1')|| <~
if and only if there exists a stabilizing controller K for Pf satisfying || F(PL, KE)|| < v,
and,

Kt =KV + DLKE)™, (3.57)

Moreover, from (3.57) the throughput term of K} becomes block lower triangular if and
only if the throughput term of KI' is block lower triangular.

3.1.5 Solvability condition C — based on the method pro-

posed by Sagfors, et al.
Finally, we state the result by Sagfors, et al. [41, 42]. They treated the causality
constraint as a min-max problem, and derived the following solvability condition. As it

will be stated in Section 3.4, it is quite similar to the solvability condition derived via

the time-varying approach.
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Lemma 3.6 (Solvability condition via Method C) Let us assume that Assump-
tions APC1-APC3, APO1-APO3 hold on the system shown in Fig. 2.1. A causal,
LPTV, stabilizing controller K for the generalized plant given by (3.24) that satisfies
|IF(P, K)|| < v exists if and only if the following conditions are satisfied:

CC1 The ARE (3.50) has a stabilizing solution X > 0.
CC2 The ARE (3.51) has a stabilizing solution Y, > 0.
CC3 p(X,Yo) < v is satisfied.
CC4 For any 2 (k=1,---,N — 1) defined recursively by
O = AT (k)21 A(K) + CF (K)Cu(k) — I Zxilxx
I'xy = BY (k)21 A(k) + D% (k)Ci (k)

Zxk = BT (k)2¢11B(k) + Rx (k)

Yxi has a Jp,, m,-factorization.

CC5 For any 6 (k=1,2,- defined recursively by

-1
Or=A(k —1)04_ 1AT(k — 1)+ By(k—1)BY(k — 1) = T'yp1Z5t_ T8,
Iy = Ak —1)64,_1CT(k — 1) + By(k — 1)DE(k — 1)
Syp1=C(k —1)0,_1CT(k — 1) + Ry (k — 1)

6, =Y, (3.59)

Xyx has a Jp, p,-factorization.

CC6 Forany k=1,2,---,N — 1, p({:60%) < 7.

3.2 The solution to the discrete LPTV H_, problem
— time-varying approach

In this section, we show the results that can be derived by applying the time-varying
approach.

In late 1980’s, some researchers developed the state space solutions to the H,, problem
of discrete linear time-varying (LTV) systems [34, 2], but they were in the finite-horizon
settings. However, from the middle of 90’s, several researchers have solved the H,,
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problem of discrete LTV systems in the infinite-horizon settings [10, 27, 44]. By applying
these results (mainly the results in [27] and [44]) to our problem, we can obtain the
solvability condition for the discrete LPTV problem.

Although the solutions of the AREs that appear in the solvability condition in these
results are not stationary ones, in the case of LPTV systems the solutions converge to
stationary solutions of Periodic Riccati Equations (PREs) given in the following lemma.
Their convergence can be shown directly by applying the results for the periodic Riccati
equations in the continuous H,, problem [22], and the nondecreasing property of AREs
in the discrete LTI H,, problem [49]. After all, the solvability condition for our problem
is given by the following lemma.

Lemma 3.7 (Solvability condition via the time-varying approach) Let us as-
sume that Assumptions APC1-APC3, APO1-APO3 hold on the system shown in Fig. 2.1.
A causal, LPTV, stabilizing controller K for the generalized plant given by (3.24) that
satisfies || F(P, K)|| < «y exists if and only if either Conditions CV1, CV2 and CV3, or
Conditions CV1 and CV2’ are satisfied.

CV1 The Periodic Riccati Equation (PRE)

i

AT (k)X (k + 1)A(k) + C] (k)Cy (k) — EX (k)M (k)Ex (k)
BT (k)X (k + 1)A(k) + D% (k)Cy (k)
BT(k)X (k + 1)B(k) + Rx (k)
Xk+N) k=01, (3.60)

X(k
Ex(k
(

(

Mx (k
X(k

)
)
)=
)

has a stabilizing solution X (k) > 0 such that Mx (k) has a J,,, m,-factorization for
any k.

CV2 The PRE
A(K)Y (k)AT (k) + By (k)BT (k) — By (k) My (k) EY(k)
A(K)Y (k)CT (k) + By (k) Dy (k)
C(k)Y (k)CT (k )+Ry( )
(k+N) k= (3.61)

Y(k+1)
Ey (k)
)
)

My (k
Y (k

Il
L<

has a stabilizing solution Y (k) > 0 such that My (k) has a J,, ,,-factorization for
any k.
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CV2’ The PRE
Z(k +1) = Az(k)Z(k)AZ(k) + Bz1(k) Bz, (k) — Ez(k)Mz* (k) EZ (k)
Ez(k) = Az(k)Z(k)CZ (k) + Bz (k) D7 (k)
)=Cz(k

Mz (k) = Cz(k)Z(k)C7 (k) + Rz (k)
Z(k)y=Z(k+N) “k=0,1,--- (3.62)
has a stabilizing solution Z(k) > 0 such that Mz(k) has a J,,, ,,-factorization for
any k.
CV3 Forany k=0,1,---,N — 1, p(X(k)Y(k)) < v holds.

A solution X (k) of (3.60) is called a sta:bilizing solution if Ap(N —1)Ap(N—2)--- Ap(0)
is stable where Ap(k) is defined by

Ar(k) = A(k) — B(k)Mx' (k) Ex (k). (3.63)

The matrices Az(k), Bzi(k), Cz(k), Dz(k), and Rz(k), appearing in Condition CV2’,
are defined by '

Az(k) = A(k) — By(k)F (k) | (3.64)
Bu(k) = By(k)Vii' (k) (3.65)
_ | Calk) | _ Vaa (k) F2 (k) |
Calk) = [ Cralk) ] - [ Colk) — D (R)FL(R) ] (3:66)
[ Den®) 1 [ VaB)Vi' k) |
Dz (k) = [ Dym (k) ] = | Dutkyvir (k) } (3:67)
Ro(¥) = Dz (RDY(E) - ”g’” o]
| Dzui(k )Dgn(k) L., Dzii(k)Dy, (k)
‘[ Dk >D£n<k> DZZl(k)DzT1(k)] (3.68)
where F;(k) is given by
F(k) = [ 283 ] — _MZ\(K)Ex(k) (3.69)

and V;;(k) is an arbitrary matrix (Vi1(k) and Vaa(k) are nonsingular) that satisfies

Mx(k>=[foo<k) giézm—vofm 0 Hggg Vo(k)] (3.70)
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3.3 Explicit relationships among four types of solv-
ability conditions of LPTV H,, problems

In Sections 3.1 and 3.2, we showed four types of solvability conditions Lemmas 3.4~
3.7 via the time-invariant and time-varying approaches. Although these conditions are
necessary and sufficient conditions of the same problem, i.e., the discrete LPTV H,,
problem, and hence they are all equivalent, the relationships among these conditions
are not clear. Therefore, in this section we will show their equivalence explicitly. More
specifically, we will show that three types of solvability conditions given in Lemmas
3.4-3.6 can be converted into the solvability condition given in Lemma 3.7.

From the viewpoint of how the causality constraint is treated, the condition based
on Method B (Lemma 3.5) is the “best” compared with other two types of conditions
because it is the most intuitive and straightforward way to cope with the causality
constraint. However, from the viewpoint of how the solvability condition is related to
that in Lemma 3.7, it is the “worst” condition because the condition in Lemma 3.5 differs
most from that in Lemma 3.7 in the sense that it needs long and tedious calculation to
prove the equivalence.

In contrast, the condition based on Method C (Lemma 3.6) has no clear relation to
the causality constraint, but has a close relation to the condition in Lemma 3.7. As will
be shown in the following, the equivalence can be easily shown from characteristics of
AREs.

The condition via Method A (Lemma 3.4) is, so to speak, an intermediate of those
of Method B and C. The relationship to the causality constraint is more explicit than
Method C, but less explicit than Method B. On the other hand, the relationship to
Lemma 3.7 is closer than Method B, but is not so close as Method D.

In this section we only show the explicit equivalence of these solvability conditions
and in the next section we will examine how the causality constraint appears in the three
types of solvability conditions based on the time-invariant approach.

3.3.1 The equivalence of Lemma 3.6 and Lemma 3.7

In this section, we show the equivalence of Lemma 3.6 and Lemma 3.7. We will
only show that X, in Condition CC1 is identical to X (0) in Condition CV1 and that
2 (k=1,2,---,N —1) in Condition CC4 is identical to X (k) in Condition CV1. More
specifically, we will show that 2 = X, and 2 (k=1,2,---,N —1) > 0. Then, it is a
dual argument to show that Y, in Condition CC2 is identical to Y (0) in Condition CV2,

39



and that O (k = 1,2,---,N — 1) in Condition CC4 is identical to Y (k) in Condition
CV2. Moreover, it is obvious that Conditions CC3 and CC6 are identical to Condition

CVs.

Here we only show that 2y = Xy and 2, (k = 1,2,---,N — 1) > 0 under the
assumption that Conditions CC1 and CC4 hold. (sufficiency of Conditions CC1 and
CC4). The necessity part of the proof is direct from the argument in the proof of the

sufficiency part.
Let us assume that Conditions CC1 and CC4 hold. Define By, Dxi, and Rxx by

By=|A(k+N-1)---A(k+1)B(k) A(k+N—1)---A(k+2)B(k+1)

B(k+N-1) | (3.71)
Dx (k) 0
— U(k+1,k) Dx(k+1)
DXk - . : ..
F(k+ N —1,k) U(k+N-1,k+N—-2) Dx(k+N-1)
(3.72)
(l,m) = Ci(DA(l —1)--- A(m +1)B(m) (3.73)
S~ ) T v, O VI, AO » v, O )
ka—-DXkak—dlag([ 0 Ojl, [ 0 0], teey [ 0 0]) (3.74)

Since By and Dyy, are obtained by appropriately permuting the rows of By and Dxy,
respectively, and Rxj is obtained by permuting the columns and rows according to the
permutation of the rows of By and Dxy, (3.50) can be rewritten as
- T , =T= ~p Ty '
Xo =4y XoAo + CyCor — ExeMxExo
EXO = Bg_XOzO + Dg;oégl
Mo = BT XoBo + Fixo. (3.75)
Because Xx; (k =1, .-, N —1) has a J,, m,-factorization, and therefore is nonsingular,

Mxq can be factorized as

I %k ZXO 0 I O

I b I
x (3.76)

MXO = . - .
0 I 0 2xN-1 * I
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where Yxq is defined by (3.58) with k set to zero. From (3.76) and nonsingularity of
Mxo and Xxy (k=1,---,N — 1), Y'xo becomes nonsingular.
If, for example, N = 2, Mx¢ can be factorized as

~ I BT(O)I'L, X4
Mo = O)I% X% | [ Zxo O . I 01 (3.77)
0 I 0 T || ZFraBO) I

Moreover, Exq can be rewritten by

By = [ BT(0)(£2, + Cl(l)il"ﬂc;11 322;)4(0) + DL (0)C4(0) ] | (378)
Therefore, E‘}’;OM)}éEXO becomes
E%oMxtBxo = | AT(0)(¢21 + C1(1)TC1(1))B(0) + CT(0)Dx(0) AT (0)Ix; |
-1 T T -1
| oo 1)1 ][0 O]
. [ B7(0)(% + Ci(1)7Cy(1))A(0) + DF(0)C1(0) ]
| Ix1A(0)
= [ rz, AT(o)ri, ] [ 28(0 E(j—(i ] [ FXI:ZO(O) :‘
= I'toZxolx0 + AT(0) %, D31 Tx1A(0)
= I'T S5 Ixo — AT(0)02,A(0) + Ap XoAo + AT(0)CT (1)C1(1)A(0)
(3.79)

where I'xo is defined by (3.58) with % set to zero. From (3.75) and (3.79) it is direct to
show that

Xo = AT(0)2,A(0) + CT (0)C1(0) — I'%o ZxoI xo. (3.80)
Thus, the set {Xo, 21} becomes a solution of the PRE (3.60) in Condition CV1. More-

over, this set is a stabilizing solution of the PRE (3.60). It is because X is a stabilizing
solution of the ARE (3.50) and hence

Apo = Ay — BoM xoEx0
= Ay — BOM)?cl)EXO

= A(1)A(0) - [ A(1)B(0) — B(1)Zx1I'x1B(0) B ] [ Eé)l—illj(o) ]

= (A(1) = B(1)Zx1x1)(A(0) — B(0)Zx5Ix0)

= AF(1)A%(0) (3.81)
AlL(k) = A(k) — B(k)S3LIxx (3.82)
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is stable.

Although (3.80) and (3.81) are derived for N = 2, they are also true for N > 3 (it
takes much more calculation, of course). Therefore, the proof is complete if we show
that £2, > 0 holds for any £ =1,2,---, N — 1. This can be done by a similar argument
taken in [49].

Let I'xr and Xy in (3.58) be partitioned into

Txe = [ Ixia ] _ [ BT (k) 241 A(K) + DT, (K)C, (k)

BT (k)21 A(k) + DT, (k)Cy (k) (3.83)

I'xko

Sy = [ Yxer Exke ]
Z;F(kz ZXkB

[ OB+ PEODE - 1 B BB + DED()
B B3 (k)$2k41B1 (k) + Di,(k) Dy (k) B3 (k){2141By(k) + D3, (k)Da(k) |

(3.84)

Define Ay(k), Cuy(k), I'vk, Zur by
Ay (k) = A(k) — Bz (k) Zxgs ke (3.85)
Cy(k) = Ci(k) — Dia(k) Zxialxno (3.86)
Tve = Tkt — Zxee Zxkal x2 (3.87)
Sk = —Zxr + Exre Xy X vre- (3.88)

Note that Xy becomes positive definite since Y'x; has a Jp,, m,-factorization. By using
(3.85)—(3.88), (2 can be rewritten as

2 = Ag(k)ﬂlﬂ_lAU(lﬂ) + Cg(k)CU(k) + ngEEéFUk (3.89)

Because {2y = X is semi-positive definite from Condition CC1, §2; is also semi-positive
definite for any £k =1,2,---, N — 1.
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3.3.2 The equivalence of Lemma 3.4 and Lemma 3.7

Next, we show the equivalence of Lemma 3.4 and Lemma 3.7. We only show the
equivalence of Condition CA1 and Condition CV1.

First, we show that under Condition CA1 and an additional condition, Condition
CV1 is satisfied. Let us assume that Condition CA1 holds and that MY (k) defined by

My (k) = BT (k)X 1 B(k) + Rx (k) (3.90)

is nonsingular for any £ =0,1,---, N — 1. Then, we can define 7;9 (k=0,1,---,N-1)
by

Xy = AT(K) X1 A(k) + CT (k)Cy (k) — E (k)M (k) EX (k)
E' (k) = BT (k) X111 A(k) + DL(k)Cy (), (3.91)

and X, becomes a solution of the ARE (3.40). If we define E'y, and My, by
Ey, = By X Ar + DxCia (3.92)
My, = F:Y;P_k + Rxx (3.93)
the matrices (A1 ——EkH—M_;j_l—EkH) and (A ——B_k_M;_IE;) can be decomposed as (also
refer to (3.81))

App1 — By My, Bryy = (A(k) — B(k)M (k)E)Apx (3.94)
1

A, — BuM, 'E' (k) = Ap(A(k) — B()M' ™ (K)E (k) (3.95)

where Apy, is some matrix that depends on k. Since the matrix (Az; — §k+1_M~’;—i1Fk+1)
is a stable matrix from Condition CA1, (A4; — “EkM;fF;) is also a stable matrix. This
means that X}, is a stabilizing solution of the ARE (3.40), and from uniqueness of the
stabilizing solution of the ARE [49],

X, =X; >0 (3.96)
holds. Furthermore, X, satisfies the rewritten ARE (3.75) and My, can be factorized as

T I M(Q1) | I

0 | I 0 | ML (N —1) * I
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by simple calculation (as is already shown in (3.76)). From the fact that M) (k) can be
partitioned into

M (k)
[ BE(k)X}y1Bi(k) + DY, (k) Dyy (k) — > BT (k)X ., Ba(k) + DT (k) Dia(k)
| BE(K)XpBi(k) + DL(k)Du(k)  BI(k)Xjy1Ba(k) + DL (k) Dis(k)

(3.98)

and from (3.96), we can see that M (k) has at least m, positive eigenvalues. On the other
hand, the number of positive eigenvalues of M x0, Which has a Jym, nm,-factorization
from Condition CA1l, is Nmy. Therefore, from (3.97), M) (k) has just m, positive
eigenvalues and has a Jy, m,-factorization. From (3.91), (3.96), and the fact that My (k)
has a Jy,, m,-factorization, we can conclude that Condition CV1 is satisfied (X (k) = X).

It has been shown that under Condition CAl and the additional condition that
M (k) is nonsingular for any k, Condition CV1 is satisfied. Because necessity of these
conditions for Condition CV1 is obvious, we can say that Condition CA1l together with
the condition that M% (k) is nonsingular for any k is equivalent to Condition CV1.

Next, we show that M (k) is nonsingular if Condition CA1 holds. Let us assume
that Condition CA1 holds and M (k) is singular for at least one k. Condition CA1l
can be regarded as the solvability condition of LTI H,, Full-Information (FI) problems.
Therefore, from sub-optimality of the H, problem there exists ¢ > 0 such that Condition
CA1 holds for any v satisfying vy —e < v’ < +.

Now, let _XZ be the stabilizing solution of the ARE

72 = ZZYZZ}C -+ 6515161
— (A, X3 Bis + Cry Diaz) (B X Bra + 1) (Biy X3 A + Di15C1)-

(3.99)
Then, from [23], limy—e Xx = 72, and
~1 -1
. v 0 , v+ 0 -1 0
lim My (k =
7—>oo[ I] x (k) [ 0 I] [ 0 BQ(k)T_)?zHBz(k) +D{2(k:)D12(k)
(3.100)

holds. Since the righthand side of (3.100) is nonsingular, determinant of M (k) is not
identically zero regardless of 7. Therefore, from the fact that a solution of an ARE is
analytic [23, 38], and determinant of M’ (k) is also analytic, there exists v’ (7' <" < )
such that M% (k) is nonsingular for any k. Hence Condition CV1 holds for 7. However,
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again from the characteristic of the H,, problem, for any v > +" the LPTV H, FI
problem is solvable and Condition CV1 holds. This implies that Condition CA1l and the
condition that M%(k) is nonsingular for any & hold. It contradicts the assumptior.

3.3.3 The equivalence of Lemma 3.5 and Lemma 3.7

Last, we show the equivalence of Lemma 3.5 and Lemma 3.7. Although it requires
long and tedious calculation, it is not theoretically difficult. We first treat the case of
N = 2, the 2-periodic case, and then extend it to the general case.

In the case of N = 2, we will show the equivalence of the following four conditions:

(1) Conditions CB1, CB2’ and CB4 are satisfied.
(2) Conditions CV1, CB2’ and CB4 are satisfied.

(3) Conditions CV1 and CB2’ are satisfied, and, additionally, M,(0) = Cz(0)Z,Cz(0)T+
Rz(0) has a Jy, ,,-factorization.

(4) Conditions CV1 and CV2’ are satisfied.

~ Thus the proof consists of three steps. In the following, we show the proof step by step.
In each step, we only show the sufficiency part of the proof because the necessity part is
obvious from the sufficiency part of the proof and so is omitted.

First step

First, we show the equivalence of (1) and (2).
Let us assume that (1) is satisfied. The matrix Dg in Condition CB4 can be rewritten

by

Dg=Du: + Ech-D_Q_D—cﬂ
= _V(;leszgzlz + Vt;zlszOllEQW(jzlz
= Vo Wor1 (Do = Woys Wonz) W ogs. (3.101)
If we choose Vg, Wori, and Wy, as block lower triangular (it is always possible), the

condition that D is block lower triangular is equivalent to the condition that the matrix
Dy defined by

Dy =Do — W, Wara (3.102)
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is block lower triangular.
Let us partition W11, Woia, and Wy, into

821 522 523 524

— S 0 — Siz S —
Won—’—{ H ], W012=[ ° 14], W022=[

Then, Wy; Wor2 becomes
=1 = * Sﬂ1514
W iWore = :
011 7" 012 [ % *
Thus, Condition CL4 is equivalent to
1S5 Sall < v
or

’)/25’115{1 - 5145{[:1 > 0.

NOW, let us define Mzm, MZOZ, Mzog and MZO by
} = Mgy = Uz M 20U}

where Uy is defined by

Im, 0 0 0
0 0 I, 0
0 In, 0O O
0 0 0 I,

Uz =

Since the matrix Mz, can be expressed by

MZ . HZOl -M—ZOZ
0— | 55T —-_—
M Z02 M 703

- == =T = 51
Mz = —’Y2W011W011 + W012W012
_ [ —’}125115:1111 -+ 51353; =+ 51455

543

0
Saa

|

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

—725115%1 + 51352Tg, + 51452114

—")/2531511 + Sggsrﬂ,’ + 524551 —72.5'215{1 — ’725225312 + 5235313 + 5245:22
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- = w57
MZOZ - W012W022

- [ Slgsg; 513‘5{3 + 5145221 ]
S93S%  Se3SE + 55,87,

(3.111)
_— e =T
MZO3 = W022W022
= [ S3533 S335is ] (3.112)
S43Sg;} S43SZ;5 + S44SZ;
we obtain

Mzm = [ _725115{1 T 5135;3 + SMS%; SBS%; ] (3.113)

5335’{;, SBBS:%:"} '

Therefore, (3.106) can be reduced to the condition that Mzo; has a J,,

,,po-1actorization.
Let us partition Vm"j (Vo1 and Vg, are chosen as block lower triangular) into

— T O - T3 T3 — T3 0
o [ Ty T ] e { Ty T ]  Vom [ Tis Tus ] (3.114)
and define FOij by
Enl F011 }m1 il [ —F-O2l ]}mz
Fu=|~ . Fo=|2 . 3.115
. l Foio }}ml - Fogp }mz ( )
Then, Czo1, C 202, Dzo11, and Dzga1 can be expressed by
— S — T3 0 ] [7021 l
Czo01 = Voo Foe = , _
Z01 0224 02 [T43 Tt Foos
T33F o1 J
— . — 3.116
[ TusF g1 + TusFoaa ( )
— — _ = C1(0) } [ D51(0) 0 ] [Fon :I
Czo0=Coo — Doa1 Fo11 = —
= [ C2(0) — DE(O)*OU - ] (3.117)
Cy(1)(A(0) — B1(0)Fo11) — D21 (1) Fora
_ SR Ts T32H fiTy 0 ]
Dot = Vo Vg =
son T T on [ Tn T || Tn'TnTy' Ty
_ [ (L1 = T T Tor) T T”szl} (3.118)
(T — Tee Ty To)T11" Tao T35
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— o Dy (0) 0 T 0
=DV 1 — 21 11
Daon = Do Von [02(1)31(0) Dzl(l)HT2;1T21Tﬁl T

= [ D (0)Tiy’ 0 J . (3.119)
(C2(1)B1(0) — Dyy (1) T35 T )T57" Dy (1)T55"
Since
Mgo1 Mzos — = =T = =T YV Inm, O T
P = C C DzD., — 2 )
[ M%—,O? MZO3 } UZ ( ZOZO Z0 + VAL VA1) [ 0 0 UZ (3 120)

we obtain from (3.116)—(3.119)

=~ T33Fon % [ =T —=T
= . VA T T _nT
Mzo [ C5(0) — D1 (0)Fo11 ] 0 [ FouTss G (0) D21(0)F011 ]
Ty — T2 755" T T =1 T -
1), T T - TITTTY T
[ Dy (0) (T1;1) [ 31 2113 T3, D3(0) ]
o ’72] — T32(T21;T22)—1T31; 0 (3 121)
0 01" ’
Let us define H by
0 H, HT
H, H;
Ts3F o2 - [ =T =T
= _ A T T - nT
[ C2(0) — Dy (0)Fou } 0 [ FouTss C3(0) — D3 (0)Fyyy ]
Ty1 — T32T55 Ton _ _
[ Y oaoy | @I | T8 - TETETTE D5 (0) |
(3.122)
then, M zo1 can be written by
— H, HY VA — T3p(ToyTo2) T 0
= — . 12
Mzn [Hz H, ] [ 0 0 (3.123)

It is clear from (3.122) that H > 0. Furthermore, H3 > 0 holds since Dzl(O) has full row
rank from Assumption APO2 (also refer to Remark 3.2). Therefore,

H,— HIH'H, >0 , (3.124)

holds. However, since M zo1 should have a Jp,, ,,-factorization from Condition CB2’,
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Hy — HIH;7 Hy — (Y1 — Tap(ThTs) ' Th) < 0 (3.125)
should hold. Consequently,

VT — Top(TETy,) ' TE > 0 (3.126)
should be satisfied, or, equivalently

Y TL Tyy — TE Ty > 0 (3.127)

should be satisfied.

We are to prove that Condition CB1 and (3.127) imply Condition CV1. As the proof
of the equivalence of Lemma 3.6 and Lemma 3.7, we rewrite the ARE (3.50) as (3.75).
By using the matrix Ux defined by

I, 0 0 0
0 0 I, O

Us=| Lo 6 o (3.128)
0 0 0 I,

My, in (3.75) can be described by

Myo = UX M xoUsx. (3.129)
Moreover, My, can be partitioned into

Mo = [ : M;(1) } (3.130)
where M% (1) is defined by

M%(1) = BT (1)X,B(1) + Rx(1). (3.131)
From (3.130), (3.49) and (3.114), M%(1) can be expressed by

T e i Al | (3.152)

Since T2, Ty is positive definite, and, from (3.127)

— T LTy + TETsy + TETyy — TETuu(TETy) *TLTis = =Ty Ty + Ty Tsa < 0

(3.133)
holds, M¥(1) has a Jy,, m,-factorization. Therefore, we can define X by
X) = AT(1)XoA(1) + CT (1)C1(1) - BY (1) My (1) B (1)

E%(1) = BT(1)X,A(1) + D%(1)C1(1). (3.134)
Since (3.134) is no other than (3.58) in Condition CC4, we can conclude that Condition
CV1 is satisfied from the proof of the equivalence of Lemma 3.6 and Lemma 3.7.
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Second step

Next, we show the equivalence of (2) and (3).
Let us assume that (2) is satisfied. Since Mx(0) and Mx (1) have J,, ,-factorizations,
and therefore they are nonsingular, Fy; and Fo, defined by (3.48) can be expressed by

F(n 1 ==
iz = My o B
[ Foy 1 XomA
= UxMzsExo
U I 0] [ Mx'(0) 0 I —-BT(0)FT(1)
X —F)B(0) I 0o Mz'@)||o I
U [ F(0) ]
= Ux
F(1)(A(0) — B(0)F(0))
Fi(0)
F1(1)(A(0) — B(0)F(0))
= [ T TR A 3.135
Fi(0) (3459
Fy(1)(A(0) — B(0)F(0))
where F; are given by (3.12). Thus, F'y;; defined by (3.115) becomes
[ Foun | _ F1(0) ]
_ = 3.136
| Foe | = | BO)A0) - BO)F() | (3:136)
[ Fou | _ | F5(0) ]
— = . 3.137
| T | ~ | BO(0) - BOFO)) | (3137
By using V;; given by (3.114), My, can be expressed by
= [ Mx(0) + BT(0)EX(1)Mx' (1) Ex(1)B(0) BT(0)E%(1) }
Mxo = £
x(1)B(0) Mx(1)
—T = =T 5 T =5
Lz | T+ VT VT | -
Vo2V Vo22Voze
Thus, from (3.114) Mx(1) is expressed via T;; by
2T T T T
—y 5Ty -+ T3T30 + T Ty TjpTus :|
Mx(1) = . 3.139
X( ) [ T41;T42 T£T44 ( )

Moreover, from
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. 2mT T T T
BT(0)E%(1) = [ Pt Tl + TaT TaTu ] (3.140)
T33T3 T35 T
and
Mx(0) + BT (0)EX (1)M%'(1)Ex (1) B(0)
_ l: —’)’2T17;T11 bt T21£T21 + T£T31 -+ T£T41 T£T33 + T£T43 <3 141)
' TETs + TETy THTss + TETys '
Mx(0) can be expressed via T;; by
MX(O) _ l: —’)’2T11;T11 - T£T21 =+ TQ?ITgl + T£T41 T£T33 + TZ;T43
TETs + TETy TEHTss + ThTus
_ [ -—’}’2T2’1;T22 + T:SI;ng -+ TL;FlT42 T£T44 :l
TETs, ThTs
-1
y [ '—’YZTZETH + T£T32 + T£T42 T£T44 ]
T£T42 T£T44
o [ —y* T3 Tas +Z§T32 + T Tu T‘§T44 } ‘ (3.142)
T33T32 T43T44
Thus, if we partition Mx(0) into
Myx1(0) M%,(0) }
Mx(0) = 3.143
x(0) [ Mx5(0) Mxs(0) ( )

Mx1(0), Mx4(0) and Mx3(0) become

Mx;,(0) = —”YZTETH + TzfziTzl + Tgf’{T:n + (72T21;T21 - T£T31)A'1(72T£T22 - T£T32)
= —*TETy, + (T — TATRT THY(T + Tao AT TH) Ty — TsoTy' Ton)

(3.144)
M5 (0) = (T3) — (v’ T3 Toe — T3, Ts2) A7 T35 Tss
= (T — T Ty Top)(I + Tsp A7 T5,) Ts (3.145)
Mx3(0) = Ta5(I + T A T35) Tis (3.146)
where A is defined by
A= VPTETy — T T, (3.147)
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Note that A > 0 from (3.127).
Now, let us define V;;(k) by

Mx(k) = [ ‘GTI()(k) %EZ; J [ —Wmel I:Z ] [ ‘12183 ‘vzzo(k) J (3.148)

Then, V;;(0) and V;;(1) are expressed by
Va 1 1/2
[ u() 0 [ A 0 J (3.149)

Var(1) Vae(1) | Too Tu
[ V() 0 ] _ [ Ty 0
‘/21 (0) ‘/22(0) J (I -+ T32A—1T31;)1/2(T31 — T32T2—21T21) (I + T32A_1T£)1/2T33 '
(3.150)
Therefore, if we define = by
—1T\-1/2
= [ (I+T3240 TH) ? J (3.151)

and if we substitute (3.136), (3.137), and (3.150) into (3.121), we obtain

= V22(0)F»(0) A T T T T T
W =2 (| o0 e ) | 7ol FFOVE®) cF0) - D 0F )]

O | [ ovio) wronse - | 7 ])
= Z(Cz(0)Z,Cz(0)T + Rz(0))=
— EML(0)E

[

(3.152)

where M} (0) = Cz(0)ZoCz(0)T + Rz(0). Since Mzo; has a J,,, ,,-factorization as pre-
viously shown, if Condition CB4 is satisfied, we can conclude that M7 (0) has a J, p,-

factorization.

Third step

Last, we show the equivalence of (3) and (4).
Assume that (3) is satisfied. Let us define C 4, Do, Rz0, Mz, and E 5o by

Vg 0] C
Crn'= [ i } Czo = [ZZ‘” J (3.153)

52



=1 -T
V 0= V 0
ﬁzo = [ 822 I :l 0 822 I- jl = QZOQ;O 0
-1 =T
V 0 |— vV 0 —
Mz = [ 822 7 } z 822 = C2020C%0 + By
Vviio|l - —
Ezy=FEz 822 = Azozoggo + BzmQ§0

where C 55, and Dgy;; are defined by

Czo = —‘70_2126201 = 702

Dzoi; = nglzﬁzon = v(;zlzvomv&ll-
Then, The ARE (3.52) can be rewritten by

Zy = ZZO—Z—ozgo + Fz01§§01 — Ezo Mz EZ,
= Z2070‘—450 + FZOIEEM - E-IZOM’Z_OlE’ZTO
where
__’zo = Ez Uy
My = Uz MUy

In the following, we will calculate the right-hand side of (3.160).

First, we calculate M. Let C%,(k), Dy, (k), Cy(k), and D/y(k) be

Co (k) = Vi (k)Cza (k) = Fy(k)

Dipyy (k) = Va3 (k) Dz1 (k) = Vo' (k) Var (k) Vi7" (K)

e =[ gy
2= [ oo |
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_T —
’)’2(V022V022)_1 0

0

|

(3.154)
(3.155)
(3.156)

(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)



Then, from (3.45), (3.136), and (3.137), UzC 4, can be expressed by

Foy
Co2 — Doy Fou }
[ - F»(0)

C5(0) — D4, (0)F,(0)

F5(1)(A(0) — B1(0)F1(0)) — F2(1)B2(0)F»(0)
| (C2(1) — D (1)F2(1))(A(0) — B1(0)F1(0)) + Da1(1)F2(1)B2(0) F2(0)
[ o .
| cyan s mso | (3167
where 73 is defined by

[ —OnmB) 0]
Tl‘[Dn(lZ)Fl(l)Bz(m o]‘ (3:168)

UzC gz = Uz {

From (3.49) and (3.159), —]\Zf)_(t becomes

T T 174 -
= ([ Vo T | [ 0] T 0 ]
0 Vg 0 I ]| Voa Von
—1 _ =T
_ Von ___(11 [ —y I 0} Vour “2%)111
| —Dzoin Vi 0 I 0 Vo
- =T _ oe=—1
_| 2(V011‘i91122 ! 7 Vo Dzon _ (3.169)
] Y 2D 7011V 011 (VioazVoz2) ™t — 7—2_D_Z911—D—§011

Hence R;, can be expressed by

T T =5 ~_1 " —=T=T
onanon - 72(V022V022) ! onuvonDozl J

Ry = Bk . —
D021V01112:£011 D021(V511V011)_1D§21
0 —I 71— 0 ET
— 2 ii 021
K [D(m 0|7 X -1 o }
0 —I] o DL
— _ A2 - - U M-IUT ‘ 021
vy [Dm 0 | XMxoUx _J
0 —I] Mx'(0) 0
— 21 U X
“’[Dou 0 | X[ 1>Bo>IH <1>}
T(0)FT(1) 0 Dy,
[0 7 UX B 0 (3.170)
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Substituting

0 -I I 0
vz l Doz 0 JUX [ —F(1)B(0) f}
0 -1 0 0 I 0 0 0
| Dy 0 0o 0 0 I 0 0
B 0 0 0 —I||-FQ)Bi(0) —F(1)By(0) I 0
| Co(1)B1(0) 0 Do(1) O —F5(1)B1(0) —F»(1)By(0) 0 I
I 0 -1 0 0
_ Dy (0) 0 0 0
T ewBO) LB 0 - 34
| Cz3(1)B1(0) —Dy;(1)F1(1)B3(0) Dyy(1) 0
into (3.170), we obtain after a little calculation
UzRz U}
_ [ R,(0) DA(0) B (0)CE () ]
Cz(1)Bz1(0)DZ(0) R7(1) + C7(1)Bz1(0)BZ,(0)CF (1)
0 Ry (0)Y{
- [ N1R7(0) 11D%(0)BZ,(0)C7 (1) + Cz(1)Bz1(0) D7 (0)1T + 1R, (0)1F ]
(3.172)
where R/,(0) is given by
R, (0) = l Vzao»(m ? ] R,(0) [ sto 0) ? }
= D4(0)DF(0) - [72(%5(0)0‘62(0))‘1 8} . (3.173)
From (3.167) and (3.172), M, can be expressed by
= o, 0 EFOCF () |
T CZ()EZ(0) Ry(1) + C5(1)(A2(0)Z0Az(0)" + B21(0)BZ,(0)CF (1)
0 Mz(0)Y{
| o) ooyt «nsocEay s maore | G
where E%(0) and M7(0) are defined by
E,(0) = Az(0)Z,CF (0) + Bz (0) D7 (0) (3.175)
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M (0) = CL(0)Z,CT(0) 4 R,(0). (3.176)
If we define M%(1) by

My(1) = CL(1)Z'CT (1) + R,(1) (3.177)

7' = Az(0)Z,AL(0) + Bz1(0)BL,(0) — E(0) My (0)EF (0) (3.178)
(3.174) can be rewritten by

M, = I OHM'Z(O) 0 ]

C,WOBOM7O+1 T 0 M) |
-1 T 1T T
[é Mz (0)EY] (3)02 1) +1; ] (3.179)

Next, we calculate E5, = UzC 2070250 +U. ZQZOEEM- The matrix U, Z_onﬁgm can

be expressed by

— ~ — | BY
UZ_D.ZOBgm =7 2UZQZOMX1 (;)1
— BL
= -y 2Uz Dz Ux Mx'U% ol
_ [ D7(0)BZ,(0)AZ(1) ]
C%(1)Bz1(0)BZ:(0)AZ(1) + D(1) B, (1)
. ML (0)T]
11D7%1,(0)B7,(0) + Cz(1)Bz1(0)D7,,(0)Y; + 11 M7z (0)15
(3.180)
where 15 is defined by
Y= Bi1)F(1)B.(0) 0 . (3.181)

Furthermore,

ZZO = Zo - FOI_F01
= A(1)A(0) — A(1)B1(0)F1(0) — By(1)Fy(1)Az(0) — Bi(1)F1(1)B2(0)C71(0)

= Az(1)Az(0) — T,Cz(0) (3.182)
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holds. From (3.167), (3.180), and (3.182), we obtain

EF(0)AL(1)
Cy(1) (Az(0)ZoAz(0)T + B21(0)B%,(0)) AZ(1) + Dz(1)BE, (1)

M(0)1y
i [ TlE’T(O)AT(l) + C'Z(ZZL)E'Z(O)TT + T ML(0)YT ] . (3.183)

T
Ezo =

From (3.179) and (3.183), E%;, M5 E7, can be rewritten by (it requires a little cal-
culation)

Mg By = | Az(1)ER(0) + T,M(0) Ey(1) ][M'Z—l(o) 0 ]

0 M)
EF(0)AL(1) + My (0)T¥
- [ EZ(1) ]

= Az(1)E7(0) M7 (0)E7 (0) + EZ(1)E7 (1)
+LET(0)AZ(1) + Az(1)EL(0)Y] + E,(0)M,(0)ET (0). (3.184)

Finally, we calculate ZZOZOZEO + Ezofggm- By noting that

N — — — | BE
Bz01Bgo, = =7 [ By 0 ] My 001
_ B
pomas —"}/_2 [ B()l O ] U'X.ZM-};]'U'}(j (;)1

= Az(1)Bz1(0)BZ;(0)AZ(1) + Bz1(1) Bz, (1) + 12Dz, (0) Bz, 0)
+ Bz1(0)D71,(0)Y3 + M7 (0)Y; (3.185)
22070250 -4 B"ZMEEM can be expressed by
Az2020A70 + BanByy = Az(1) (42(0)Z0A5(0) + Bz (0)B,(0)) AZ(1)
+ Bz1(1)B7: (1) + L E7 (0)AZ(1)
+ Az(D)EL(0)YT + 1, M, (0)Y;. (3.186)
By substituting (3.184) and (3.186) into (3.162), we obtain
Zo = Az0Z0Az, + Bzon Bror — EgM5 ES,
= A7(1)(Az(0)ZoA%(0) + Bz1(0)B2,(0) — EZ(0)Mz ' (0)E7 (0))AZ(1)
+Bz1(1)Bz, (1) — EZ(1)Mz ' (1)EZ (1)
= Az(1)Z A(1) + Bz:(0)B%,(0) — E (1) Mz (1)EZ (1)
= Az(1)Z AZ(1) + B1(0)B3,(0) — Bz(1)Mz " ()EZ(1). (3.187)
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It implies that the set Z, and 7 is a solution of the PRE (3.62) in Condition CV2’.
Since we can show that Z > 0 holds by the similar argument taken in Section 3.3.1,
and that M7 '(1) has a J, p,-factorization from (3.179), the proof is complete if we
show that this set is the (unique) stabilizing solution of the PRE (3.62). By noting that
— —_—1

Ez0M ;,C z0 can be expressed by

E20M 3,Cr0 = Eo M5 Clyy

= [ Az(1)EL(0) + TuMy(0) EL(1) | [M'z’ © o ]

0 M)
Cy(0)
Cy(1) (A(0) - BZ(0) M5 (0)C3(0)) }
= Az (1) E5(0) M5 (0)C4(0) ~ 1:C}(0)
+ By(1) M (1)05(1)(Az(0) — E5(0)M5(0)C(0)) (3.188)

X

we can express Azg — -E’ZO—M%UZO by
Azo — EM;oCz0 = (Az(1) = Ex(1)M5(1)C5(1))
x (42(0) — EZ(0)M51(0)C5(0)) . (3.189)

Consequently, the set of Zo and Z becomes the stabilizing solution of the PRE (3.62),

!

and Z(0) = Z,, Z(1) =Z.

General case

It has been shown that Lemma 3.5 and Lemma 3.7 are equivalent in the case of

N = 2. We now extend it to the general case.
Recall that Condition CB4 can be reduced to the condition that there exists || Dgl|| <
~ such that Dy defined by (3.102) is lower triangular. Let us define Vi by

Vo = Wo,Wois (3.190)

and partition it into N x N blocks (the ij-th block of Vi is denoted by Vi;;). Then, all
Dg that make ﬁIK block triangular are expressed by

- -

Vo + xu Vuiz Vs - Vinn
Voor +xa1 Vozr+xa1 Voas -+ Vuan
Dg = - : (3.191)
Vo, N1
| Vunt +xv1 Vona +XxXn2 oo Vunn + XNN
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where x;; is arbitrary. By applying the well-known relation

. Yu Y12 Y12
min . = max Y12l ,. 3.192
inf [ )= vl |2 | 3192)
to (3.191) recursively, we obtain
min || Dg|| = max{|[Venl, [Vl -, [Vun-ll} (3.193)
where Vy; is given by
Vorirt Vorive 0 Vouw
— Vi Vi e W
Vi = 2 +1 U2., +2 U.2N . (3.194)
Voiit1 Voigre - Vuin
If we partition Woy; and Wy, into
iTle (N—i)mZ
Wﬂll = lislll _______________ 0 ______ ] } vme
Sia1 Siza } (W-i)m,
imy (N—t)my
Woar = [531 ______ S @_2____]} i (3.195)
Sia1 Siaz } (N—i)ps
Vy: can be expressed by
Vi = S Sy | (3.196)

Therefore, Condition CB4 reduces to the condition that for any:1=1,2,---,N — 1
¥*Siz2Sis — SizaSizz > 0 (3.197)

holds.
The condition (3.197) for each ¢ can be interpreted as a condition for P rearranged as
a 2-periodic system, which corresponds to (3.106). More specifically, (3.197) corresponds
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to (3.106) in the case that we lift the signals as

Upy, Uyy =5 UN—-1, UN, * uZN—la‘ e
Ug U; uUnN UN+i;
(51 Uip1 UN+1 UN4i+1
— ) b] ? . b] (3'198)
Ui~1 UN-1 UN+i-1 UaN—-1

and rearrange P as a 2-periodic system. From the argument for the case of N = 2, we
can show that (3.197) is equivalent to the condition that _M_Xi, the submatrix of Mxy
defined by

(N—i)(m1+mz)
e e,
—~ * *
Mo = [ ................ ] (3.199)
° * Mxi } (N—=i)(my+m2)
has a Jn_iym, (N—iym,-factorization and Mci defined by
Mg = -C_Ci—Z—Oag; + R (3.200)

has a Jim, ip,-factorization, where C; and Ry are defined as Cz, in (3.45) and Rgy in
(3.47) by using X (k) and

Api = A(k = 1)A(k — 2) - - - A(0) (3.201)

Byw = | A(k—1)---A(1)B;(0) A(k—1)---A2)Bi(1) --- Bi(k—-1)] (3.202)
[ Ci(0)

Curi = Ci(l).A(O) (3.203)
| Ci(k — 1)A(k: —2)--- A(0)

Dy;(0) 0
@,;(1,0) D;;(1
Dywij = J(. ) ,J( ) . (3.204)
Ok —1,0) - Uyk—1k—-2) Dy(k—1)

in place of X, Ay, Bi, Cri, and ﬁkij, respectively. It is a routine to show that Conditions
CV1 and CV2’ are satisfied.
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3.4 The causality constraint in the methods be-

longing to the time-invariant approach

In this section, we compare three methods shown in Section 3.1 through investigating
how the causality constraint appears in these methods.

First, we consider the method by Qiu and Chen (Method B). As mentioned in the
preceding section, their method is an intuitive way to cope with the causality constraint:
they imposed it on the free parameter of controller parametrization. Therefore, in Lemma
3.5, the causality constraint appears very clearly, namely, Condition CB4 is directly
connected to it.

Next, we consider Method C. Roughly speaking, Conditions CC4-CC6 correspond to
the causality constraint in Method C, i.e., in Lemma 3.6. However, these conditions have
no qualitative explanation connected with the causality constraint. It is because their
method is an intermediate of the time-varying and time-invariant approaches, in the sense
that they converted the causality constraint into a min-max problem by applying the
dynamic game theory of H,, control. It is sure that they treated the LPTV H,, problem
by separating the problem into the lifted LTI H,, problem and the causality constraint,
but, from a different viewpoint, it can be said that their method only separated the
solvability condition obtained based on the time-varying approach into two parts: one
corresponds to the lifted LTI H,, problem and the other part the causality constraint.
This can also be verified from the fact that the solvability condition in Lemma 3.6 has a
closer similarity to the condition based on the time-varying approach (Lemma 3.7) than
those in Lemma 3.4 and Lemma 3.5, as shown in Section 3.3.

The method based on Theorem 2.1 (Method A) does not treat the causality constraint
directly, and therefore we cannot discuss how the causality constraint appears in Lemma
3.4 as does in the other two methods. Indeed, the condition in Lemma 3.4 that corre-
sponds to the causality constraint is that Condition CA isrequired fork =1,2,--- , N—1,
and the relationship with the causality constraint is apparently quite unclear. However,
we can make an explanation of how that is connected to the causality constraint.

Let us consider, for example, the case that P is 3-periodic (N = 3). In this case,
the solvability condition is that the LTI H,, problems of P, P} and P} are all solvable
(that correspond to the case k = 0, k = 1, and k¥ = 2 in the condition of Lemma 3.4,
respectively).

First, we assume that the LTI H,, problem only of Pl is solvable. In this case, the
controllers obtained are such that the causality constraint is not taken into account. In
other words, the controllers are causal only in the weak sense that all noncausal paths
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lifted signal

Y3k Y3k+1 Y3k+2 Y3k+3 Y3k+4 Y3k+5
- | L ] l ] }

Usk U3k+3 U3k+4 U3k+-5
- - ] ] | ]

lifted signal lifted signal
(a)
lifted signal lifted signal
Y3k Y3k+1 Y3k+2 Y3k+3 Y3k44 Y3k+5

U3k U3k+1 U3k+2 U343 U3k+4 U3k+5
_— ] ] 1 | ] ]
lifted signal lifted signal
(b)
Y3k Y3k+1 Y3k+2 Y3k43 Y3k+4 Y3k+5
- i i | ] 1 |
U3k U3k+1 U3k+2 U3k+3 U3k44 U3k+5
——— | | | f | |

Figure 3.1: Noncausal paths allowed in controllers
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between lifted signals are forbidden (in Fig. 3.1(a), the paths denoted by the arrows with
dashed lines), but might be noncausal in the sense that noncausal paths between original
(not lifted) signals are not forbidden (in Fig. 3.1(a) the paths denoted by the arrows with
solid lines).

Next, we assume that the LTI H,, problem of P’ is also solvable in addition to the
LTI H,, problem of Pf. These conditions can be regarded as the solvability condition
to the LPTV H_, problem of P rearranged as a 2—periodic system. Here, “P rearranged
as a 2-periodic system” means the rearranged system by lifting the signals partially as

‘ Uy Uyg
Ug, U, U2, U3, Ug, U5, " - Uo, [ ] , Uz, [ } s T (3205)

In this case, although the controllers might be still noncausal, the noncausal paths are
less than those of the case that the LTI H, problem only of Pf is solvable (Fig. 3.1(b)).

Last, we assume that the LTI H,, problem of P} is also solvable, namely, the LTI
H, problems of PF, PL and Pl are all solvable. In this case, all the noncausal paths
left in Fig. 3.1(b) are forbidden and the controllers obtained become causal (Fig. 3.1(c)).

As this example shows, if the LTI H,, problems of 7 lifted systems P,é), 'PkLl, ey Pk]i_l
are solvable, the LPTV H,, problem of P rearranged as an (N — i+ 1)-periodic system is
solvable. In this manner, the condition that the LTI H,, problems of Pf, P, ---, P¥_,
are solvable, is connected to causality of the controllers.

3.5 Algorithms to calculate v,,;, for the discrete LPTV
H,, problem

In this section, we describe three algorithms to calculate Ymi, = inf fy based on Method
A, B, and C, that is, Lemmas 3.4-3.6. As is well-known, the algorithm called “y-
iteration” is applied to calculate i, for the standard (LTI) H., problem. Along this
line, we describe algorithms to calculate =y, for the discrete LPTV H,, problem. Then,
we compare these algorithms through some numerical examples.

Note that we only deal with the algorithms based on Lemmas 3.4-3.6 and do not
treat Lemma 3.7. One reason is that to solve stationary AREs (not including PREs) is
easier than to solve PREs directly, and an efficient algorithm to solve stationary AREs
is well-known based on the deflating subspace, although there are some algorithms to
solve PREs (for example, periodic Shur decomposition [47]). Another reason is that the
algorithm based on Lemma 3.7 is almost identical to that based on Lemma 3.6.
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3.5.1 The ~v-iteration

Before we describe the algorithms for the discrete LPTV Ho problem, we first draw
a brief sketch of the y-iteration.

The algorithm to obtain ~,;, analytically is not yet known except some special cases.
Therefore, some numerical method is required. The 7-iteration is a simple algorithm
to obtain Ym;, numerically, which is no other than the bisection algorithm. The basic

procedure is as follows:
(1) Set the interval [y, v4) o that Ymiy is included.

(2) If the Hy problem at v = (v, + 7,)/2 is solvable, Y, is included in the interval
[v1,7]. Otherwise, Ymin is included in the interval [y, v,].

(3) Narrow the interval by repeating (1) and (2).
In practical situations, the following algorithm is often used.
0° Set the interval [y;,7,], and the tolerance € > 0.

1° Check solvability of the H,, problem at v := ~,. If it is not solvable, terminate
(the interval [}, 7,] does not include ~min). Otherwise, go to 2°.

2° Check solvability of the H,, problem at v := (v + 7,.)/2. If it is solvable, set
Yo := (71 + 7u)/2. Otherwise, v, := (v + 1u)/2.

3° If v, — 7 < €, set Ymin = 7w and terminate. Otherwise, go to 2°.

This algorithm is very simple in the sense that it terminates when the initial interval is
not appropriate, i.e., Ymin is not included. Therefore, in such a case, we should change the
interval manually until it includes yg,. Although we can extend this algorithm so that
it automatically widen the interval until v, is included, in the following we assume that
Yain € [V, 7u] and proceed arguments based on this algorithm to simplify the arguments.

3.5.2 An algorithm based on Lemma 3.4

First, we state an algorithm based on Lemma 3.4. We can do this by simply using
the condition in Lemma 3.4 as solvability checking of the discrete LPTV H, problem in
1° and 2°, in the algorithm of the ~-iteration previously mentioned. However, it is not
so good an algorithm from the viewpoint of efficiency. Since if the LTI H,, problem of
P} at a certain 7 is solvable, the LTI H,, problem of P} for v > ~; is always solvable,
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the algorithm becomes more efficient by storing the latest v;. The following algorithm
takes this point into account (let the initial value of 7 be o).

0° Set k:=0.

1° If ¥ > v, go to 2°. Otherwise, check whether the LTI H,, problem of P} for
~ is solvable by applying Conditions CA1l, CA2, and CA3. If solvable, go to 2°.
Otherwise, terminate (the original LPTV H,, problem is not solvable for this ).

2° If k = N — 1, terminate (the original LPTV H, problem is solvable for this ).
Otherwise, set k := k + 1 and go to 1°.

The reason why we use Condition CA1, CA2, and CA3 not Conditions CA1 and CA2’
in 1° is that the former takes less ealculation than the latter.

When we use this procedure as solvability checking in the ~y-iteration, calculation
time varies according to the order of solvability checking of the LTI H,, problems of PL.
For example, let us consider the case N = 3 (3-periodic) [y, v.] = [1,17] and € = 0.5.
Assume that i,  of the LTI H,, problems of P are given by {Ymin,0, Ymin,1, Ymin2} =
{7.5, 4, 2}. We compare the case that we check solvability in the order of Pf, PE,
P} and in the order of Pf, PL, PE. Table 3.1 shows how solvability checking is done
in each step of the v-iteration. In this table, “solvable” and “not solvable” denote that
solvability checking is done and “skipped” denotes that checking is skipped since for that
~ it is already known that the H,, problem is not solvable and checking is unnecessary.
On the other hand, “-” denotes that checking is skipped since for that « it is known
that the LTI Hy, problem of P} is solvable from the stored value of ;. From this table,
we can see that the number of solvability checks in the case of Pf — PF — Pl is 14,
whereas in the case of Pf — PL — P[ the number is 12. This example shows that it
takes less calculation time if we check the solvability conditions of PL in the increasing
order of Ymin k. Of course, as mentioned before, we cannot know Ymin x apriori. However,
we can guess the order of Ymin x to some extent from that of p(XY), which appears in
Condition CA4 and is calculated for the first time in the procedure 1° of the v-iteration.

After all, the overall algorithm for obtaining g, for discrete LPTV H,, problems

becomes:
0° Set the interval [v;,7,], and the tolerance € > 0.
1° Set v : =+, and k := 0.

2° Check if the H,, problem of PL for v is solvable by applying Conditions CB1-CB3.
If solvable, go to 3°. Otherwise, set Yy = o0 and terminate.
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Table 3.1: Solvability checking in the v-iteration based on Lemma 3.4

(2) The case of Pf — P} — Pf

check for P

check for PE

check for P}

=~ [
s @ 1 or o T

solvable
solvable
not solvable
not solvable
solvable
solvable

solvable
solvable
skipped
skipped
solvable
solvable

solvable
solvable
skipped
skipped
solvable
solvable

(b) The case of Pf — P} — P

2

check for Pf

check for PL

check for Pf

—
-3

o« N Ot o

solvable
solvable
solvable

solvable
solvable
solvable

solvable
solvable
not solvable
not solvable
solvable
solvable
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3° If k=N —1, go to 4°. Otherwise, set k := k + 1 and go to 2°.
4° Sort P} by the increasing order of p(X;Y}). Set gr :=1, (k=0,1,---,N —1).
5° Set v := (v +7)/2, k := 0, and flag := 0.

6° If v > gx, go to 7°. Otherwise, check if the H, problem of PF for 7 is solvable by
applying Conditions CB1-CB3. If solvable, set g := 7 and go to 7°. Otherwise,
set flag := 1 and go to 8°.

7° If k=N —1, go to 8°. Otherwise, set k := k+ 1 and go to 6°.
8° If flag = 0, set 7, := . Otherwise, set y; := .

9° If v — 7 < €, set Ymin = v, and terminate. Otherwise, go to 5°.

3.5.3 Algorithms based on Lemma 3.5 and Lemma 3.6

Unlike the algorithm based on Lemma 3.4, we cannot improve efficiency of algo-
rithms based on Lemma 3.5 and Lemma 3.6. Therefore, in these cases, we construct the
algorithms to obtain 7y, by simply using the conditions of the lemmas as solvability
checking in the ordinary ~y-iteration described in Section 3.5.1.

Although it is almost direct to construct an algorithm for checking solvability based
on the condition of Lemma 3.5 or the condition of Lemma 3.6, how to check Condition
CB4 in Lemma 3.5 is still unclear. To check Condition CB4, we make use of the following
procedure [4, 39]:

(1) Find the factorizations

Dc12 = LtlLola Dc21 = "LOZLtZ (3206)

where Ly, Lis, Loi, Ly are all invertible, and, L,;, Loz are orthogonal, and Ly,

L5 are block lower triangular.

(2) Define L by
L=L37D.L;". (3.207)

(3) Define Ly, (k=1,2,---, N — 1) by partitioning L as
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————
- [’“}} kma (3.208)
* 0k 1} (N—k)ma

(4) Check if
[ L[] < (3.209)

is satisfied for any k. If so, Condition CB4 holds. Otherwise, Condition CB4 does
not hold for this ~.

3.5.4 Numerical examples

In the preceding sections, we showed how to construct the algorithms to obtain ~ym,
for the discrete LPTV H,, problem based on three types of solvability conditions. In this
section, we apply these algorithms to some numerical examples, and examine effectiveness
of each method.

Consider the N-periodic system P whose system matrices are given by

A(Ni+k) | By(Ni+k) | By(Ni+k)
C1(Ni+ k) J D1 (Ni+k) | Dyp(Ni+ k)

.......................................................................

Co(Ni+ k) | Du(Ni+ k) Ba(Ni+k)
0.8 +0.1k 1 1 0 2
0.2 074+02k| 1—0.1k —0.2: —1
= + i (3.210)
01+01k —01 | 05 . 02 :-02—-01k
1 0.2 |—-02-04k 1 0

where £ = 0,1,---, N — 1. We make three systems, i.e., 2-periodic, 5-periodic and 8-
periodic systems by setting NV = 2, 5, 8, respectively, and apply the algorithms to these
systems by changing ¢, the tolerance in the ~y-iteration. In all settings, the initial interval
for the -iteration is set to [1,100]. Calculation is done by using MATLAB (Linux on
Pentium 133MHz). The results are shown in Table 3.2. In Table 3.2, total calculation
time for each setting is shown. Note that 7., obtained by each algorithm is identical
(for example, in the setting of N = 2 and € = 1.073, i, = 22.087 is obtained by all the
algorithms).
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Table 3.2: Numerical examples of the algorithms for obtaining i,

(a) 2 periodic case

Algorithm | € = 1073 (v = 22.087) | € = 107° (Ymin = 22.086315)
Method A 0.81sec 1.17sec
Method B 0.90sec 1.39sec
Method C 0.81sec 1.25sec
(b) 5 periodic case
Algorithm | € = 107% (ygin = 38.370) | € = 107® (Vyin = 38.370166)
Method A 1.40sec 1.84sec
Method B 1.20sec 1.84sec
Method C 1.25sec 1.94sec
~ (c) 8 periodic case
Algorithm | € = 1073 (ypin = 98.701) | € = 107° (Ymin = 98.703991)
Method A 2.10sec 2.69sec
Method B 1.70sec 2.63sec
Method C 1.82sec 2.82sec
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The algorithm based on Method A takes shorter calculation time in the 2-periodic
case and the case of € = 107%. On the other hand, the algorithm based on Method B
takes shorter calculation time especially in the 8-periodic case. The algorithm based on
Method C is intermediate between these two algorithms. The reason why the algorithm
based on Method A takes less calculation time in the case of € = 107° is that when v
approaches to ymin, it requires to check solvability of only one lifted system not of all
lifted systems (see Table 3.1(b)) and therefore it works more effectively if the number of
iterations becomes larger and larger. However, this algorithm takes rather long time in
initial iterations, since it takes longer time to solve AREs compared with the calculation
of checking Condition CB4 stated in the preceding section. Thus, in the 8-periodic case,
the performance of this algorithm is not good. Anyway, there is little difference among
three types of algorithms and thus any one of these can be used as a practical method

to obtain Ymin-
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Chapter 4

The relationship between robust
stability of sampled-data systems
and the timing of sampling

Our purpose in this chapter is to know how the timing of sampling affects on robust
stability of sampled-data systems. Many researchers have investigated the relation be-
tween the sampling rate and performances of sampled-data systems, for example, [33],
[16], [5], [32], and so on. In contrast, there are not so many researches which treat the
timing of sampling itself [51], [45], [7], [8]. These researches tackle the finite horizon
. case, and the relation between the timing of sampling and performances is unclear in the
infinite horizon case. In this chapter, we will investigate an infinite horizon problem of a
sampled-data robust stabilization problem, and examine how the timing of sampling af-
fects robust stability of sampled-data systems. We will mainly focus on whether uniform
sampling rates give the best performances.

The reason why we treat a sampled-data robust stabilization problem is as follows.
A sampled-data robust stabilization problem can be treated as a special class of the
discrete H,, problem [20]. If the sampling rate is uniform, this problem reduces to the
discrete LTI H,, problem. Thus in this case, as already mentioned in Chapter 2, time-
varying controllers has no advantage over LTI controllers [13, 30, 54]. However, whether
time-varying sampling rates have any advantages over uniform sampling rates under a
more general setting is not yet known. To clarify this point, we consider a sampled-data

robust stabilization problem.
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Figure 4.1: A periodically time-varying sampling rate

4.1 The periodically time-varying sampling rate

Since we are to treat an infinite horizon problem and should take into account the
infinite number of sampling instants, it is practically impossible to treat the problem if
the timing of sampling changes without any restriction. Hence we introduce a certain
restriction on the change of the timing of sampling.

One of the simplest and easiest way to do this, which we adopt here, is to vary the
sampling rate periodically, which is referred to by Jury, et al. [24] as “a periodically
time-varying sampling rate.” Fig. 4.1 shows this situation, in which the sampling rate is
3-periodic. In this case, by changing T} and T, as parameters, we can study the relation
between the timing of sampling and the performances of systems. In the following,
assuming that the sampling rate is N-periodic, we denote each sampling interval by
To, Ty, -, Tn_1,Tp,---. Furthermore, the timing of sampling in each frame is denoted
by tx (k=0,1,---, N — 1), which is defined by

0 (k = 0)
be = 4.
’ {ﬂgﬂ(hﬂﬂng—U. (4.1)

We also define the frame period T by
N-1
T=> T (4.2)
k=0

and we refer to the interval [kT, k + 1T) as the k-th frame.

4.2 The sampled-data robust stabilization problem
with periodically time-varying sampling rates

In this section, we treat the sampled-data robust stabilization problem with periodi-
cally time-varying sampling rates and examine whether uniform sampling rates yield the
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Figure 4.2: The perturbed sampled-data system

best robust stability through numerical examples.

4.2.1 The sampled-data robust stabilization problem and its
description as the sampled-data H,, problem

In this subsection, we state a sampled-data robust stabilization problem considered
throughout this section and describe it as the sampled-data H, problem.

Consider the sampled-data system shown in Fig. 4.2. In this figure, P(s) denotes the
continuous-time plant described by

P(s) = P(s) + A(s) (4.3)

where P(s) is the nominal plant that is strictly proper and has no poles on the imaginary
axis, and A(s) is an additive uncertainty. S and H respectively denote an ideal sampler
and a Oth-order hold circuit that function with periodically time-varying sampling rates,
and K, denotes a discrete LPTV controller. We assume that the uncertainty A(s) is
stable and satisfies for some §(s)

o(A(jw)) < [8Gw)l, "w (4.4)

where 6(s) is a stable, strictly proper transfer function that has no unstable zeros, and
7(-) denotes the maximal singular value.

The robust stabilization problem for the system given in Fig. 4.2 is to find an LPTV
controller K, for given P(s) and 6(s) such that the system is internally stable for any
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stable A(s) satisfying (4.4). Here, to know the degree of robust stability of the system,
we choose 6(s) as :

5(s) = €b(s). : (4.5)

Then, for given P(s) and é(s) we consider the problem to find the largest € (emax) such
that a stabilizing controller K exists for P(s) with stable A(s) satisfying (4.4). This
€max 18 an index for robust stability.

In order to obtain €y,x, we transform the system Fig. 4.2 into an equivalent system
Fig. 4.3 [20]. By applying the small gain theorem to this system, we know that the
sufficient condition for robust stability of the system is that

1K1+ P) 6|5z, <1/ (4.6)
is satisfied, where || - ||z,/z, denotes the L, induced norm, and K is defined by
K =HK,S. (4.7)

By checking the existence of the controller K  satisfying (4.6), emax can be obtained.

Remark 4.1 Since the small gain theorem only gives a sufficient condition for robust
stability, (4.6) is conservative. In the case of the uniform sampling rate, a necessary and
sufficient condition for robust stability is derived {11, 12, 37]. However, due to theoretical
difficulties in application of this condition, sampled-data robust control problems are only
studied under some restricted settings [50]. Although (4.6) includes conservativeness as
explained above, the following fact validates our study to a great extent. Namely, if
we extend the class of uncertainties, (4.6) becomes also necessary. It is shown in [46]
that in the case of uniform sampling (the sampling period is T), (4.6) is necessary and
sufficient for linear, Ti-periodic, causal uncertainties. In our case of periodically time-
varying sampling rates, (4.6) becomes a necessary and sufficient condition for robust
stability if we extend the class of A(s)/6(s) (A(s)) to the class of linear causal systems
that are periodic with the frame period T'.

In order to check existence of the controller K, satisfying (4.6), we consider the
sampled-data H,, problem with the generalized plant G(s) chosen as shown in Fig. 4.4:

60)=| s iy | | 48

It can be easily verified that if the controller K, that internally stabilizes the system in
Fig. 4.4, and that makes
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Figure 4.3: An equivalent system

G

K,

K

Figure 4.4: Description as the sampled-data H,, problem
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”'FI(G”C)“Lz/Lz = HE(G7 HKdS)”Lz/Lz < 1/6 (4'9)

the same controller Ky also robustly stabilizes the system shown in Fig. 4.2 for any
uncertainty A(s) satisfying

7(A(jw)) < €l6(Fw)|. (4.10)

Thus €nax can be obtained from <y, which can be obtained by the ~y-iteration.
In the next subsection, we transform this sampled-data H, problem into a norm
equivalent discrete H,, problem.

4.2.2 A norm equivalent discrete LPTV H, problem

In the preceding subsection, we stated our problem and showed that it can be for-
mulated as the sampled-data H, problem. However, it is not easy to solve this Hy
problem directly. Therefore, in this subsection we transform this problem into a norm
equivalent discrete LPTV H,, problem based on the method in [21].

wWq Zd
_ —
Gq
Ug Yd
K,

Figure 4.5: A norm equivalent discrete H,, problem

Let a state-space realization of G(s) be given by

Ac Bcl Bc2
G(S) = Ccl 0 Dc12 . (411)
Col| O 0

where C,;e4<*B, = 0 for all £. Assume that the sampling rate is N-periodic and the
frame period is T. Furthermore, let us denote by 7; the interval between -th sampling
and (i + 1)-th sampling in a frame. Then the discrete-time generalized plant G4 in
Fig. 4.5 satisfying ’
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“f(Gd’ Kd)“ = “}—(Ga HKdS)”Lz/Lz

can be described as follows:

Ad(-) | Bu() Ba()
[ Ad() | Ba() : :
o= | G0 TR = [ 20 Ly e

Ca()| O 0

(4.12)

(4.13)

where Aq(k), Ba(k), Baz(k), Car(k), Caz(k), and Dg3(k) for k = 0,1,---, N — 1 are

given by
Ad(k) = 6ACT’°
T,
Ba(k) =W, Wi= [ A BaBLeAmdr

0

T
Ba(k) = [ e* Badr

D£12(k)

[ Cay (k) } [ Cr(k) Dans(k) | = /0 " UT (0)U(0)do

U(o) = | Cae'*® Cu [ e*"Badr + Dan |

and,

Ag(k+ N) = A4(k), By(k+ N) = By(k)
Cy(k + N) = Cy(k), Dy(k+ N)= Dqy(k), ‘k.

(4.14)
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

Now, let us assume that the minimal state space realization of P(s) and 6(s)I are

given by
P(s)z[é}i B;)P], ié(s)I:[gz 'i)&]'
Then, from (4.8), A., B., C., and D, are given by
w2 2]
ot -4 2]

77

(4.20)

(4.21)
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(4.23)

(4.24)



Therefore, from (4.14)-(4.18), A4(k), Ba(k), Ca(k), and Dy(k) for k = 0,1,---,N — 1
can be rewritten as

[ eAsTk 0
A4l =1" 0 ] (4.25)
- : w0
Bu(k) = [ Ba(k) | Bax(k) | = [ e } (4.26)
| . an
[ Cui(k) ] [ 0 0 }
Cy(k) = |3t Y N —— 4.27
. K Dap(k) | _ |0 VTl
Dy(k) = o =10 o (4.28)
where Wk and 17}9 are defined by
o~ Tk T
W, = / 47 B; BT AT dr (4.29)
0
R T
7. = / " eAPTBLdr. (4.30)
0 .

Since Gy is a discrete-time LPTV (N-periodic) system as shown in (4.25)—(4.28), our
problem reduces to the discrete LPTV H,, problem, which we have already studied in
Chapters 2 and 3. Therefore, Ymn, i.€., €max has some special relation with the timing of
sampling. For example, consider the case that the sampling rate is 2-periodic. Let Gg;
and Gg4; denote the generalized plants of the norm equivalent discrete H,, problems for
the cases of ¢t; = 7 and t; = T — 7, respectively. Then, it can be shown from Lemma
2.2 that i, is identical for both the cases of t; = 7 and t; =T — 7, since Gy4; and Ggo
satisfy

Gaz = S1(Ga1)- (4.31)

This implies that €p,x is symmetric with regard to ¢, at t; = T'/2.

We should note that the discrete LPTV H, problem of G4 is not a standard problem
in the sense that it does not satisfy the rank condition for Dy (k) (Assumption APO2).
Therefore, we cannot apply the solution methods stated in Chapter 3 directly to our
problem. The easiest way to avoid this difficulty is to adopt the method of [43, 31,
36], which was previously mentioned in Section 2.3. More specifically, we consider the
modified plant G/, by adding virtual exogenous inputs to G4, which is described by

Ad() | Ba() 0 | Ba()
Gy= 0 0 0 Das() (4.32)




where v is some small positive number. Since this G, satisfies all the assumptions
needed for the standard problem, the H,, problem of G/ is a standard one. Moreover,
any stabilizing controller for G, also stabilizes Gy, and, for such controller Ky,

17(Go, Ka)ll = (1 + fW)) | Fi(Ga, K| (4.33)

holds, where f(-) is some positive function dependent on G4 and K satisfying f(0) = 0.
Hence, by choosing arbitrarily small v, ymi, for the original problem can be obtained.

4.3 Numerical Examples

In the preceding section, we showed that our problem can be reduced to the discrete
LPTV H, problem. In this section, we examine the relation between the timing of
sampling and robust stability of the system in several settings. Throughout this section,
the frame period T is set to 1(s), and the case that the sampling rate is 2-periodic is
considered. In order to check the relation between the timing of sampling and €yay,
we calculate €,y for t; = 0.001kT (k = 1,2,---,999). To calculate €maxy = 1/Ymin,
we apply the algorithm based on Lemma 3.4 (Method A) stated in 3.5.2. The interval
and the tolerance for the ~v-iteration are chosen as [107¢,1000] and 107°, respectively.
Since we calculate €,,,x for many parameter settings, we give up obtaining €,y to reduce
calculation time when the initial interval is not appropriate, that is, ymia > 1000 or
€max < 0.001.

Example 1
First, we consider the simplest case that P(s) and 6(s) are given by

do
S+d0.

P(s)= 22 §(s)=

) 4.34
S +p0 ( )

We change the parameters py and dy, and for each setting of the parameters, we calculate
t; that yields the best robust stability, i.e., ¢; that yields largest €y.x. The parameters
po and dy are changed as given in Table 4.1.

The results are shown in Figs. 4.6, and 4.7. In Fig. 4.6, o denotes a parameter setting
for which the uniform sampling rate yields largest €.y, and + denotes a parameter setting
for which €. < 0.001. Fig. 4.7, for which the parameters are selected as py = —5 and
dy = 20, demonstrates a typical relation between ¢; and €nax. From Fig. 4.6, we can see
that for all parameter settings except those for which €., is not obtained, the uniform
sampling rate always gives the best robust stability.
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Example 2

Next, to see the effects of complex poles of §(s), we consider the case that P(s) and
6(s) are given by |
Do do
P(s) = 6(s) = ————. 4.35
(8) s+ po ’ (S) s2+ dls + dg ( )

The parameters pg, dy, d; are changed as given in Table 4.2.

In this case, as Example 1, the uniform sampling rate gives largest €,,, Whenever
€max 18 obtained. This fact implies that it does not matter whether 6(s) has complex
poles or not, at least when P(s) has the form given by (4.35).

Example 3
To see the effect of complex poles of the plant, we consider P(s) and 6(s) given by

Do do
P(s)= ———  6(s)= . 4.36
() s2+p1s+pg’ () s+ dy ( )

The parameters pg, p1, dy are changed as given in Table 4.3.

In Fig. 4.8, 4.9, o and + stand for the same cases with those in Fig. 4.6, and e
stands for the cases that the uniform sampling rate does not yield largest €.x. The solid
curve is a boundary of parameters for which the plant P(s) has complex poles. More
specifically, the plant P(s) has complex poles for py above this curve. For py and p; on
the dotted curve, the discretized plant of P(s) becomes unstabilizable and undetectable
with the (uniform) sampling period T/2 = 0.5. That is, for py, and p; on the dotted
curve, P(s) has complex poles whose imaginary parts are +j27. Note that these figures
only demonstrate the results for positive py, while numerical calculation is also done
for negative po. However, for such py (the poles of the plant become real) the uniform
sampling rate always gives largest €., whenever €. is obtained, and so is omitted.

From Figs. 4.8 and 4.9, we can observe the following numerical results:

e For P(s) which has complex poles, the uniform sampling rate does not always give

largest €pay.

e It does not affect this situation whether the pole of §(s) is —10 (dp = 10) or —1

e periodically time-varying sampling rates give largest €y., for the plants P(s) that
has complex poles whose imaginary parts are around +;27.
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Fig. 4.10 is an illustrative example how the relation between ¢; and €y.; changes as
imaginary parts of complex poles of the plant approach to +j27. In Fig. 4.10(a), the
case that P(s) has no complex poles, €y,x monotonically becomes larger as t; approaches
0 or 1. In Fig. 4.10(b), the case that P(s) has complex poles 5 + §4/15, €max has local
minimums around ¢; = 0.1,0.9. These minimums seem to correspond to the (uniform)
sampling périod 7/+/15 ~ 0.81 with which the discretized plant of P(s) becomes unsta-
bilizable and undetectable, although unstabilizability and undetectability at this uniform
sampling rate does not necessarily imply unstabilizability or undetectability of the dis-
cretized system with the corresponding periodically sampling rate. Local minimums also
appear in Fig. 4.10(c), the case that P(s) has complex poles 5 + j1/35. They correspond
to the (uniform) sampling period 7/v/35 ~ 0.53 with which the discretized plant of P(s)
becomes unstabilizable and undetectable. The shape of the line in Fig. 4.10(c) is not so
smooth as those in Fig. 4.10(a) or 4.10(b), and the peaks appear around t; = 0.35, not
at t; = 0.5.

Example 4

Last, to see the influence of zeros of the plant, we consider P(s) and 6(s) such as

poy=R0. 5P gy (4.37)
P2 S“+Pi1s+po s+ do
The parameters po, p1, D2, do are changed as given in Table 4.4.

The result for p = —1 is shown in Fig. 4.11. For p, = —10,1, 10, the results do
not differ very much from those of Example 3 (Fig. 4.8), and so are omitted. However,
as Fig. 4.11 shows, when p, is —1, that is, when the plant has an unstable zero near
the imaginary axis, periodically time-varying sampling rates give largest €.y for almost
every parameter that makes the poles of P(s) complex.

A typical relation between ¢; and €yay is as shown in Fig. 4.12. In this figure, the
parameters are the same with those in Fig. 4.10, except that P(s) has an unstable zero
at 1. By comparing Figs. 4.12 and 4.10, two peaks appear near t; = 0,1.0 when P(s) has
an unstable zero and complex poles. Although we have no qualitative explanation for
the relation between these peaks and unstable zeros of the plant, at least it is observed
that if the plant does not have complex poles, the uniform sampling rate yields largest
€max Whether P(s) has unstable zeros or not.
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Table 4.1: Parameter settings of py and dy in Example 1

po | integer, —15 < py < -1
dp | integer, 1 < dy < 100

Table 4.2: Parameter settings of pg, dy, d; in Example 2

po | integer, —15 < pg < —1
do | integer, 1 < dy < 50
d, | integer, 1 < d; <20

Table 4.3: Parameter settings of py, p;, dp in Example 3

po | integer, —100 < py < —1,1 < pp <100
p; | integer, —15 < p; < -1
do | dop=1,10

Table 4.4: Parameter settings of pg, p1, p2, dp in Example 4

po | integer, 1 < py < 100

p1 | integer, —15 < p; < —1
ps | p2 = —10,-1,1,10
do do =1
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Figure 4.6: Results of Example 1: parameter settings for which the uniform sampling
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rate yields the best robust stability (dg = 10)
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Figure 4.12: Results of Example 4: the relation between t; and €y, (p1 = —10, py = -1,
do == 1)
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4.4 Concluding remarks

In this chapter, we have investigated the relation between the timing of sampling and
robust stability of the system by mainly focusing on whether uniform sampling gives the
best robust stability. From numerical examples, we have observed the following results.

e If the continuous-time plant has no complex poles, the uniform sampling rate gives
the best robust stability.

e If the continuous-time plant has complex poles, the uniform sampling rate does
not always give the best robust stability. The situation varies whether the plant
has unstable zeros near the imaginary axis. If the plant has such zeros, periodi-
cally time-varying sampling rates almost always give the best robust stability. If
not, periodically time-varying sampling rates give the best robust stability when
the complex poles of the plant are such that the discretized plant with the (uni-
form) sampling period around T'/2 (2-periodic case) becomes unstabilizable and
undetectable.

These results imply the possibilities to improve robust stability by using periodically
time-varying sampling rates. However, there are no guidelines yet on the choice of the
timing of sampling, although the numerical examples indicate that it may have some
relationship with complex poles and unstable zeros of the plant. Theoretical analysis of
this relationship is so far left as an open problem.
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Chapter 5

The filtering problem of unreliable
sampling systems

In this chapter we will give a minimum-variance estimate filter for unreliable sampling
systems. We first give a system description of unreliable sampling systems, and then we
derive a minimum-variance estimate filter for such systems. Next, we derive a stability
condition of this filter and convert it into such a form that it is explicitly connected with
the degree of the unreliability of sampling. Finally, we show through numerical examples
the effectiveness of this filter in the context of control.

5.1 Unreliable sampling systems

In this section, we give a state expression of the systems under the setting of “unreli-
able sampling.” Unreliable sampling systems include multirate systems as special cases
in the sense that any multirate systems can be described by using the state expression
of unreliable sampling systems. We show this relationship through examples.

5.1.1 The expression for systems under unreliable sampling

As explained in Introduction, we use the term “unreliable sampling” to describe a
situation of sampled-data systems in which the measurement of the outputs fails occa-
sionally at some sampling instants. Fig. 5.1 is an illustrative example of this situation.
Under this situation, systems are expressed in such a way that the dimension of the
outputs varies with time. Here we give suqh an expression.
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Figure 5.1: An example of unreliable sampling

Consider the plant

yC(t) = Cc$0(t) (5.1)

where z. is an n-dimensional state vector, u, is an m-dimensional input vector, y. is
a p-dimensional output vector, and w, is a g-dimensional Gaussian white-noise process

with zero mean and covariance matrix
E{wc(t)w] (s)} = Qb(t — s) (5.2)

where §(7) is the Dirac delta function. The initial state z.(%o) is also a Gaussian random
vector with mean 7, and covariance matrix Xy. The pair (C,, A.) is assumed to be

observable.
Suppose that we are to sample the plant outputs at #;:

O:t’0<t1<---<tk<--- (5.3)
and to hold the plant inputs for the interval of [tg, tx11), so that
uc(t) = Uc(tk), i, <t< tht1 k= O, 1,2,---. (54)

Let zx, ux stand for z(tx), uc(tr), respectively, and &(t;, ¢;) be the state transition matrix
from ¢; to t; given by

B(t;, t;) = ettt (5.5)
Then the state transition between z; and zj; is described by

Tpt1 = Arxr + Brug + wy (5.6)
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where Ag, By and w; are

A = D(trrr, tr) (5.7)
tet1
Bi= [ O(tiis,t)Bedt (5.8)
173
thg1
wy = /t B(tpr1,8)Gowe(t)dt. (5.9)
k
The above wy is a Gaussian white-noise vector sequence with zero mean and covariance
matrix
E{wiw]} = Qrbu

bt T 5T
Qu= [ B(trs1, )GQGTO (try, )t (5.10)

ty
where 8y is the Kronecker delta.
Suppose that the sampled outputs at the kth sampling instant, when all the mea-
surement of the outputs is successful, are given by

Yk = Ye(ts) + vk = Czp + g (5.11)
Here, C = C,, and v (k =0,1,---) is the measurement noise that is a Gaussian white-

noise vector sequence uncorrelated with wy (k =0,1,---) and z.(¢0), and has zero mean
and covariance matrix

E{’Uk’l}ér} = Rpbrn, Rp>0. (5.12)

Under unreliable sampling, however, the measurement of some outputs might fail.
Suppose that only I (0 < lx < p) entries of the p outputs are obtained successfully
at the kth sampling instant, and let y} be an [;-dimensional vector consisting of the
obtained measurement data (if Iy = 0, then we need not define yr). Then, y; can be
related to y with some appropriate matrix Ey with full row rank by v = Ejyx. From
(5.11), it follows that

Yo = Exyr = ExCaxy + Ervy. (5.13)
Hence the system resulting from unreliable sampling of the plant (5.1) can be described
by

Tpe1 = Arxr + Brug + wi

Y = ExCxyp + Ejvg. (5.14)

Remark 5.1 Our standing assumption in the following is that E} is not necessarily
known for future time instants ¢z, but is known for the present and past time instants.
This assumption reflects the situation in which we can immediately know the fact that
the measurement data were lost.
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5.1.2 The relationship between unreliable sampling systems
and multirate systems

Although the state expression (5.14) is intended for unreliable sampling systems, we
can treat multirate systems by this expression, too. From this point of view, it can be
said that multirate systems are special cases of unreliable sampling systems. Hence the
arguments in the following are also valid for multirate systems, namely, the minimum-
variance linear estimate filter that we will derive in the next section can be implemented
for multirate systems without any modifications.

As a matter of course, there is a difference between unreliable sampling systems and
multirate systems. In multirate systems it is deterministic and periodic which outputs
are measured at each sampling instant, i.e., Ej; becomes deterministic and periodic. This
difference will become clear through the following examples that indicate how multirate
systems are described by (5.14).

Consider the continuous-time system (5.1) with three outputs (p = 3), and let the
sampling periods of yy, ¥, and ys be 1(s), 2(s), and 3(s), respectively. Furthermore, let
us assume for simplicity that the system has no inputs (u.(t) = 0). By setting t; = k,
this multirate system can be described by (5.14) with the term wu; eliminated. In this

case, F} becomes

([T, eI, eI =1 (k = 61)
B J el eI|T (k=6i4+2, 6i+4) 5.15)
[T, el|T (k = 61+ 3)
[ e ' (k=6i+1, 6i+5)

where ¢ is any integer, and e;, e5, and e; are row unit vectors defined by

ee=[100], e=[010], e=[001]. (5.16)

Although we set u(t) to zero in the above example, We can treat the case u.(t) # 0
similarly if the change of the inputs u.(t) and the measurement of the outputs y.(t) are
synchronous: all the changes of the inputs u.(¢) are done at sampling instants of the
outputs y.(t). If they are asynchronous, however, we need to add the sampling instants
corresponding to the change of the outputs in order to describe the system by (5.14).
For example, if u.(t) is changed at ¢ = 1.5k (k = 0,1,2,---), we need to take into
consideration the additional time instants 6: + 1.5 and 67 + 4.5, In this case, no outputs
are obtained at t;, = 6¢ 4 1.5 and t; = 61 + 4.5, and E}, is not defined for such k.
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5.2 A minimum-variance linear estimate filter for

unreliable sampling systems

In this section, we derive a minimum-variance linear estimate filter for unreliable
sampling systems as natural extension of an ordinary Kalman filtering algorithm [26, 28,
6] for systems in which all the measurement of the outputs can be obtained. Then, we
show a condition to assure asymptotic stability of (the homogeneous part of) this filter
by a similar argument taken for the ordinary Kalman filter in, for example, [9]. Last,
we show this stability condition can be converted into a form that is connected with the

unreliability of sampling.

5.2.1 The filtering algorithm under unreliable sampling

In the preceding section, we showed a basic state expression for systems under unreli-
able sampling. Here, we give a minimum-variance linear estimate filter for such systems.

First, we consider the ideal case that all the measurement of the outputs is success-
ful at any sampling instants. Let us assume that u; is a function of (yo,v1, -+, k)
Then the minimum-variance linear estimate %;); of the state z; based on the information
(Yo, ¥1,-- -, y;) can be obtained by the well-known Kalman filtering algorithm:

Zri1je = AxTrpe + Bruk (5.17a)
Zrike = Zajp-1 + Ki(ye — CZpgp-1) ‘ (5.17b)
Ky, = Pyp—1CT[C Py 1CT + Ry] ™! (5.17¢)
Pesije = ApPop A + Qx (5.17d)
Pk = Pij—1 — KxC Pyjr—1 (5.17e)

where F;; denotes the error covariance matrix of the estimate Z;;; and the initial condition

18
EC\OI—I = To, PO[-l = 20. (518)

In the case of unreliable sampling, the filter to obtain the minimum-variance lin-
ear estimate f;‘lj based on the information (yg, v}, -- ,y;) can be described by slightly

modifying the ordinary Kalman filtering algorithm. Let il denote the error covariance

matrix of the estimate Z}); and assume that uj in (5.14) is a function of (yg, 91, -, v})-
Then, the filter is given by
Tprpe = ArZgp + Bruk (5.19a)
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Tak = Thp—r + Ki(ye — CZypy) (5.19b)

K. = { éfk E g: i 33 (5.19¢)
Kp = Pl CTEL[BA(CPY_,C + Ry BT (5.194)
Pl = AcPii AL + Qx (5.19)
Pir = Prpor — KrC Py (5.19f)
where the initial condition is
Zo_y =Zo, Fojoy = Lo (5.20)

The difference between this filter and the ordinary Kalman filter is that when no out-
puts are measured successfully, this filter only performs prediction of the states because
information does not increase at all, then.

Remark 5.2 For the sake of brevity in description, the filtering algorithm (5.19) is
described by using yi, which is not obtainable actually. Of course, this algorithm only
requires successfully measured outputs y; in practice: note that Kj has the factor Ej.

In the following two subsections, we will discuss stability of this filter (5.19).

5.2.2 Stability of the filter

We consider stability of the homogeneous part of the filter (5.19), i.e.,

Thye = Al " (5.21a)

Zyp = (I — KO)Tigper- (5.21b)

Our concern is to derive a stability condition of the filter in connection with the degree
of the unreliability of the sampling. To do this, we first derive a stability condition of our
filter that has no explicit connection with the degree of the unreliability in this subsection.
Then, in the next subsection, we will rewrite it into a form explicitly connected with the
degree of unreliability.

The stability condition of the ordinary Kalman filter is already developed in, for
example, [9]. Applying a similar method to our filter (5.19) we can obtain the following
lemma. Here, the system (5.21) is called “uniformly asymptotically stable in the large”
if the following three conditions are satisfied [25].

(a) For any number € > 0 there exists §(¢) > 0 such that if the initial state z;; 1 at ¢
i: arbitrary nonnegative integer) satisfies
: arbit ti t tisfi
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i1l < 6(e) (5.22)
then, for any k£ > ¢
lrp—1]] < e (5.23)

(b) For any number r > 0 and v > 0 there exists a nonnegative integer j such that if
the initial state z;;,_; at ¢ (¢: arbitrary nonnegative integer) satisfies

|zl < 7 (5.24)
then, for any k£ > ¢+ j
-1l < v (5.25)

(c) For any number 7 > 0 there exists £(n) > 0 such that if the initial state x;;_; at ¢
(z: arbitrary nonnegative integer) satisfies

i1l < 7 (5.26)
then, for any k£ > ¢

k-1l < &(m). (5.27)

Lemma 5.1 The homogeneous part (5.21) of the filter (5.19) is uniformly asymptoti-
cally stable in the large if the following two conditions are satisfied.

CF1 Qr >0, "k (5.28)

CF2 There exists a positive integer L such that

' k-1
Rpo= Y, o7(t;,tx) CTM;CP(t;, 1) >0, k> 1L (5.29)
i=k—L
T(E. T\-1g. ([
M, = EI(E;R.ET)'E; (I; #0) (5.30)
0 (I; = 0)

Proof of Lemma 5.1. The outline of the proof is as follows.
According to Theorem 1 of [25], the system (5.21) is uniformly asymptotically stable
in the large if there exists a Lyapunov function V' (zy, k) such that
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(a) V(zx, k) satisfies
0 < n(llzell) < Vizk, k) < mllzell), 2 #0 (5.31)

for some continuous, nondecreasing scalar functions v (||zz||) and v (||zx||) satisfy-
ing

71(0) = %(0) =0, lim 7 (p) = o, (5.32)

(b) V(Zjs—1, k) satisfies for some finite positive integer L

Vi(Zkk-1, k) = V(Zropp-1-1, k = L) < =73(l|Z%_pp—1-111) <O,
VB ez 1 A0 (5.33)

where v3(||zk||) is a continuous scalar function satisfying
713(0) =0, lim 73(p) = o0 (5.34)

For the system (5.21), let us show that V(zx, k) defined by
V(zk, k) = 2} (Piix_1) ' Tk (5.35)

is one such Lyapunov function. To this end, it is enough to show that under Conditions
CF1 and CF2,

0< o] <(Pjp_y) ' Sl <o0 (5.36)
and
V@1, k) = V(@ pjpor—1, £ — L) < —as||Z_pp_p1lI* < 0 (5.37)

hold for some positive numbers «;, oz, and as.
In the following, without loss of generality we assume Pp_; > 0: since Condition CF'1

yields
Py >0 | (5.38)

even if Py_; is only nonnegative, the arguments taken in the following remain valid if

we regard t; as an initial time.
First, we show (5.36) under Conditions CF1 and CF2. From the results of [9], in the
case of the ordinary Kalman filter (5.17), the error covariance matrix Py,—; satisfies
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0< Bl < p,;,,g_l‘ < Bol < o0 (5.39)

for all k, if Qr > 0, and

k-1
Rp= Y &T(t;,ty)CTRICO(t;, 1) > 0 (5.40)
i=k—L -

holds for some positive integer L. Since for all &
R' > M, (5.41)

regardless of Ej, Condition CF2 implies (5.40). Therefore, under Conditions CF1 and
CF2, Py satisfies (5.39) for all k. If we take into account that Py < P,;‘lk_l since
Pyjr—1 is the error covariance matrix of the minimum variance linear estimate based on
the information (yo, %1, -, Yx—~1), it can be shown that for all k

(Pliy)™ < onl < o0 | (5.42)
“holds under Conditions CF1 and CF2. Hence we need ounly to show
0 < oql < (Py_y)™h (5.43)

To show this, we consider the system (5.14) with uz = 0 (Yk) and the estimate iﬁk_l
based on the information (g, v}, -+, yf_;), which is defined by

k-1
~ —-1
Zier = By D 7 (4, te)CT Miys. (5.44)
i=k—L
Note that f,ﬁk_l only uses the information of y! not of y; (also refer to Remark 5.2). By
applying the relation

k-1
Y = C@(ti,tk)xk —C z @(ti,tj+1)wj + v; (k‘ —L g 1 S k— 1) (5.45)

j=i
o A
to (5.44), we can rewrite Zgy_; as

k-1 k—1
T =on — Rpp 3 97 (6 ) CTMOB(t:, tr) 3 (i, 41w

i=k—L =t

k—1
+ Ry S 07 (t:, t:)CT Myv;. (5.46)
1=k—L
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Therefore, the error covariance matrix Pg_; of Eﬁk_l satisfies

Pk"k 1= COV{RLk, Z @T tz,tk)CTM C@ t“tk Z¢ tk, ]+1)'LU]}
i=k—L j=t
— k—1
+COV{RLk Z ¢T(ti,tk)CTMi’Ui}
i=k—L
k-1 —
<COV{RLk Z @T tz,tk)CTMCds(t“tk) Z @(tk,th)wj}—l—RZk
t=k—L j=k-L

=Qu + By (5.47)

where cov{z} denotes the covariance matrix of z, and Q;, is defined by

Tum S Bt tis) Qb (). (5.48)
i=k—L
Since Pyj_; is the minimum-variance estimate of z based on the information W, v ury),
we have
Pe1 < Py (5.49)
Moreover, it is clear that
0< Qp + Rpp < 00 (5.50)
Therefore, there exists a positive integer «; such that ‘
0< oyl < (P,;llk_l)‘l. (5.51)
Next, we show (5.37). The homogeneous part of the filter (5.21) can be rewritten as
Tpyae = ArTrp (5.52a)
Ty = Peir(Ple—1) " Zh—1- (5.52b)
Furthermore,
(P ™ = (Bik_) ™ +CTMC (5.53)

holds. Applying (5.52b) and (5.53), (5.35) becomes
V(xk|k 1 k)= $k|k 1(Pk|k 1) xklk—l
= mk|k(Pk|k) Ty + 552?1; ((Pzéﬁk)‘l - (Pl‘cllk—l)_l) Tl
+ (TR — j}cl)k-1)T(Px§1|k 1)—1(55}cl|k — Tie—1)
= xk[k(PkUc) Ty + leTkCTMka’flﬁ[k + fk (Prjk-1)" 'k (5.54)

where
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&k = Tipe — Tpp—1- ' (5.55)
Since

(Peap) ™t < AZT(Pﬁk)'lAZI (5.56)
from (5.19), it is verified that V(Z},_,, k) satisfies

~u sul u - ~u ~ul ~u u —
V(Zhg-1,k) > xk[kAg(Pk—l—l[k) 1Akmk[k + xk[kCTMkcka + gg(Pk|k—1) '
~u ~uT - ~u u -
= V(& b+ 1) + Tppp Ay TCTMkCAklfUHuk + & (Piig—1) &

(5.57)
Thus V(Zg—1, k) — V(ZR_pjp—1-1, b — L) satisfies
V(f}ak—p k) = V(5 Llk—L—1> k—L)
< - : 1L (A;ﬁ’llez TCTMCAT &Y i + &7 (Ply) ') - (5.58)

By calculating the minimum value of the summation in the right-hand side of (5.58) as
in [9], it can be shown that

- Z ( 2+1[z i ;e MCA xz-{-llz f ( ili— 1) 151) < _a3|l§z—L|k—L—1“2 (559)
i=k—L

for some positive number a;. From (5.58) and (5.59), (5.33) is satisfied. Q.E.D.

5.2.3 The stability condition in connection with the degree of
the unreliability

In the preceding subsection, we showed the condition to assure uniform asymptotic
stability of our filter for unreliable sampling systems. However, the relationship between
stability of the filter and the unreliability of the sampling mechanism is still unclear:
we cannot know from Lemma 5.1 how often the measurement of the outputs may fail
to assure stability of the filter. Hence, in this subsection, we will give a more explicit
condition that assures the three conditions of Lemma 5.1 in connection with the degree
of the unreliability of the sampling mechanism.

The following assumption plays the key role.

Assumption AU1 There exist an observability index vector (u1,---, p,) of (Ac, Ce)
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and a positive integer L such that the measurement data of the ith output can be
obtained at least u; times in any L successive sampling instants. Here an observability

index vector (1, -, tp) of (A., Ce) is defined as a set of nonnegative integers satisfying
AR (5.60)
and
rank[chy, -, (ca AT, el (Al )T = (5.61)

Our claim is that the filter becomes uniformly asymptotically stable under this as-
sumption and some additional conditions. The details are given in the following theorem.

Theorem 5.1 Assume that the pair (4., G.Q/?) is controllable and assume that the
sampling rate is N-periodic. Then, if the unreliability of sampling is such that Assump-
tion AU1 is satisfied, the homogeneous part (5.21) of the filter is uniformly asymptotically
stable in the large for almost every set of ¢, (kK =0,1,---).

In this theorem, “almost every set of {;” means that even if stability of the filter is
not assured for a certain set of ¢y, the filter becomes stable by slightly changing ¢;. More
specifically, for a given set of ¢} (k = 0,1,---), there exists at most finite number of
in any interval of finite length such that the filter is still not assured to be uniformly
asymptotically stable in the large even if ¢, is replaced by aty.

Before we prove this theorem, we present the following lemma needed for the proof.

Lemma 5.2 Assume that ¢; (: = 0,1, -) satisfies for some 7' > 0
ts—tin=T “k=NN+1,---. (5.62)
Then, Cyr, defined by

Ey_nC

Er_nit CeAe(te-ni1—th-n)

Cyp = (5.63)

Ek_ICeAc(tk—l—tk-N)

has full column rank for all £ > N and for almost every set of ¢; regardless of E;, if
Assumption AU1 is satisfied.

Proof of Lemma 5.2. Let us assume that Assumption AU is satisfied, and denote
by Nz > p; the number of the successful measurement of y; in N successive sampling in-
stants tx_n, th_N+1, ', tk—1. Lhen, by permuting the rows of C~’Nk, it can be transformed

nto
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[ Ccl eXP(AclmT)

ce1 exp(Acli n—1T)
= : (5.64)

Nk = :
Cep €XP(AclpoT)

| ¢ exp(Aclpn, —17T) ]
where l;; (i =1,2,---,p;j =0,1,---, Njx — 1) are real numbers satisfying

From [51, 19], C%; has full column rank for almost every T in the sense that there
exists at most finite number of T in every interval of finite length such that C}, does
not have full column rank. Therefore, Cy has full column rank for almost every set
of ty if Ex_n,Ex_ny1, -, Er_1 are fixed. However, since the number of the combi-
nations of the possible values of Eyx_y, Ex_n+41, ", Er; is finite (at most 2PV), Ci
has full column rank for almost every set of ¢; regardless of Fx_n, Fr—ni1, ", Eg-1-
MOI‘GOVGI‘, sinc{e éNk+N = éNk if Ek-i—i = Ek—N+i (Z - 0, ]., Tty N — 1), éN,k-}—N has full
column rank regardless of Fy, Exy1,- -+, Exen—1, if Cyi has full column rank regard-
less of By, Ex—ni1,°+, Ex—1. Therefore, éNk,éN,k+N,éN,k+2N; -+ have full column
rank for almost every set of ¢; regardless of Ey. The same argument is also true for
C~’Nk+,-, 6N7k+N+i,C~'N7k+2N+i,--- (1t = 1,2,---,N — 1), and, consequently, Cnw has full
column rank for all £ > N and for almost every set of ¢;, regardless of E;. Q.E.D.

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. It is clear from (5.10) that the Condition CF1 is satisfied if
and only if the pair (4., G.Q}?) is controllable. Next, let us consider Condition CF2.
Without loss of generality, we can assume that L = N; if L < N, it is clear that
Assumption AUl is also true for L = N. If on the other hand, L > N, there exists
some positive integer ¢ such that L < ¢N, and, we can choose L and N as :N. We
further assume, for simplicity, that at least one output can be measured successfully at
any sampling instants, i.e., ; > 0 ( = 0,1,--+). Then, Rys(= Ryx) in (5.29) can be
written by éNk as the form

Ryi = eAg(tk‘N_tk)ézz\;kMNkéNkeAC(t“‘N't’“) k' (5.66)

where My is
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MNk = block diag(Mk_N, Mk—N—{—l’ ey, Mk—l) > 0. (5.67)

Note that in the case that I; = 0 for some k — N < i < k — 1, (5.66) is still true if we
define My by

MNI: = blOCk diag(Mk_N, ey, Mi—la Mi+1, RN Mk—l)- (5.68)

Since M ~ne > 0, (5.29) is true if and only if 5’Nk has full column rank for all £ > N and
regardless of E; (1 =0,1,2,---). Hence the proof becomes complete by applying Lemma
5.2. Q.E.D.

5.3 Numerical Examples

Here we construct a regulator with the filter proposed in 5.1.2 and show effectiveness
of the filter through numerical simulations.

Consider the continuous-time plant (5.1) with the triplet (C,, A., B.) being control-
lable and observable. We are to sample the outputs with the sampling period T (t; = kT)
and construct a regulator by the feedback from the estimated states (uy = —FZ%}), where
the feedback gain F' is determined so as to minimize

oo
J =3 (xf zr + uf uk). (5.69)
k=0
We assume that sampling of the outputs is unreliable and that Assumption AUL is
satisfied for some L. Thus we use the filter (5.19) as the state estimator (Zj = Z ).
For comparison, we will construct two other types of control systems, namely, we
compare the following three types of control systems.

(a) A regulator incorporating the filter given in the preceding subsection.

(b) A regulator incorporating the ordinary Kalman filter, with the lost measurement
data replaced by the corresponding elements of Cz}; Jh—1- That is, the corresponding
elements of the innovation y — CZ}, Jk—1 BT€ set to 0.

(c) A regulator incorporating the ordinary Kalman filter with full access to the output
information (this is the ideal case, not the unreliable sampling case).
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Clearly, the control system (c) is stable. Also, the control system (a) is stable because
the plant is controllable and the filter given in the preceding subsection is stable from
Theorem 5.1. However the control system (b) is not-assured to be stable.

We will construct these regulators in two different settings.

Example 1
The plant is given by

gl l=Lot ] [me Lol [5 ] [v]
wo=[11][=0). (5:70)

The sampling period is 7' = 1.0(s), and the covariance matrices of w.(t) and v; are
Q. = 0.011, Ry = 0.01 (“k), respectively. Assumption AU1 is supposed to be satisfied
for L = 4. This means that the measurement data are obtained successfully at least
twice out of any four successive sampling instants since the observability index of the
system (5.70) is u; = 2. The initial conditions of the plant and the filter are

xc(0)=[2], zo»:[o}, 5y =2I. | (5.71)

3 0
Example 2
The plant is given by
t r
d el (t) 1 0 0 .’L'Cl( ) 1 ey (t)
zes(t) 0 -1 -15] |za(t)| |0 1 L™
| (10 0] [ wa(®)
+ 010 wcz(t)
i 0 0 1 'LUC3(t)
Tel (t) |
a(t 10 0
-3 21[28] o
c2 xcg(t)

The sampling period is T = 1.0(s), and the covariance matrices of w.(t) and v are
Q. = 0.011, Ry = 0.011("k), respectively. Assumption AU1 is supposed to be satisfied
for L = 4 and for an observability index vectors (p;, 2) = (1,2) of the system (5.72).
The initial conditions of the plant and the filter are
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20 =12, Z=|0], Zp=2I | (5.73)
2 0

Fig. 5.2 and Fig. 5.3 show the responses of three types of control systems in both
settings. In Fig. 5.2(c) and Fig. 5.3(d), e denotes the time instants at which the mea-
surement of the outputs is successful. '

By the comparison of (a) and (b) in both settings, we can verify that our filter yields
a better result than the ordinary Kalman filter that has a seemingly natural remedy to
cope with the loss of the measurement data. This clearly shows the effectiveness of the
use of this filter. The difference between (a) and (c) shows the deterioration caused by
the loss of the measurement data due to the unreliable sampling.
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Figure 5.2: Simulation Results of Exmaple 1
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(d) The timing of successful measurement

Figure 5.3: Simulation Results of Example 2
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Chapter 6

Conclusion

In this thesis two sorts of topics concerning sampled-data control systems were treated.

The first topic, which was studied in Chapters 2 and 3, is concerned with the H,
problem of discrete linear periodically time-varying systems. In Chapter 2 we proposed
a new method to calculate the optimal cost of the discrete LPTV H,, problem. Fur-
thermore, applying our method, we showed some property of the discrete H,, problem
of a special class of systems. In Chapter 3, we compared our method with other three
methods for the discrete LPTV H, problem in the state-space domain, and showed ex-
plicit relations among them. Especially for three methods that are categorized into the
time-invariant approach, we investigated how the causality constraint is treated therein.
We also gave numerical algorithms to calculate 7, based on these three methods, and
showed some numerical examples.

The second topic, which was treated in Chapters 4 and 5, is concerned with two
types of nonuniform sampling problems. In Chapter 4 we treated a sampled-data robust
stabilization problem with periodically time-varying sampling rates with the purpose of
investigating whether uniform sampling yields the best robust stability. We converted
this problem into the discrete LPTV H,, problem, and by applying the result of Chapter
3, we showed through numerical examples that whether uniform sampling yields the
best robust stability has some relation to complex poles and unstable zeros of the plant.
Although there is no qualitative explanation of these phenomena, these results lead to the
possibilities of improving robust stability by using nonuniform sampling. In Chapter 5,
we designed a minimum-variance linear estimate filter for unreliable sampling systems in
which the measurement of the outputs fails occasionally. We derived a sufficient condition
for asymptotic stability of this filter, and then, we showed that this stability condition can
be rewritten in a form that is explicitly connected to unreliability of the measurement,
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i.e., how often the measurement of the outputs should be successful. Through some

numerical examples we verified the effectiveness of our proposed method.

In the above topics the following points are left for future research.

(1)

(2)

In the research of the discrete LPTV H,, problem, we only showed a method to
obtain the optimal cost and no constructive method of (sub)optimal controllers was
shown. It will be necessary to extend our method so that it can also be applied to
controller synthesis. '

In the research of a sampled-data robust stabilization problem with periodically
time-varying sampling rates, we showed that whether uniform sampling yields the
best robust stability has some relation to complex poles and unstable zeros of the
plant. However, it is only a numerical result and the relation cannot be said to
be clarified from a theoretical point of view. We will need to analyze this relation

theoretically.
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