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Strong instability of standing waves for nonlinear
Schrodinger equations with a delta potential

By

Masahito OHTA* and Takahiro YAMAGUCHI**

Abstract

We study strong instability (instability by blowup) of standing wave solutions for a non-
linear Schrodinger equation with an attractive delta potential and L?-supercritical power non-
linearity in one space dimension. We also compare our sufficient condition on strong instability
with some known results on orbital instability.

§1. Introduction

In our previous paper [18], we studied the strong instability (instability by blowup)
of standing wave solutions e*!¢,,(x) for the following nonlinear Schrédinger equation
with double power nonlinearity:

(1.1) i0pu = —Au — alulP " u — blu|T u,  (t,z) € R x RY,

where a and b are positive constants, 1 < p < 14+4/N < g < 2* —1. Here, 2* is defined
by 2* =2N/(N —2)if N > 3, and 2* = oo if N = 1,2. For ground states ¢,,, we proved
that the standing wave solution !¢, (x) of (1.1) is strongly unstable for sufficiently
large w. Moreover, we announced in [18] that our method of proof is not restricted to
the double power case (1.1), but is also applicable to other type of nonlinear Schrédinger
equations.
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In this paper, we consider the following nonlinear Schrodinger equation with a delta
potential in one space dimension:

(1.2) i0pu = —02u — yo(x)u — [ufP"tu, (t,r) € R xR,

where v € R is a constant, () is the delta measure at the origin, and 1 < p < oo. The
equations of the form (1.2) arise in a wide variety of physical models with a point defect
on the line, and have been studied by many authors (see, e.g., [4, 5, 7, 10, 11, 12, 13, 15]
and references therein).

We study the strong instability of standing wave solutions e®¢,,(z) of (1.2), where
w >~2/4, and

(1.3) ¢u(z) = {@S@Chg (Mm 4 tanh ™! (L» }T

which is a unique positive solution of
(L4) —020 +wp—10(x)6 — |61 =0, zER

The well-posedness of the Cauchy problem for (1.2) in the energy space H!(R)
follows from an abstract result in Cazenave [2] (see Theorem 3.7.1 and Corollary 3.3.11
in [2], and also Section 2 of [5]).

Proposition 1.1.  For any ug € H*(R) there exist Tyax = Tmax(uo) € (0,9]
and a unique solution u € C([0, Tyax), H(R)) with u(0) = ug such that either Thyax =
00 (global existence) or Tyax < 00 and . li%n |0zu(t)||L2 = oo (finite time blowup).

—Tn

ax

Furthermore, the solution u(t) satisfies
(1.5) B(u(t)) = E(uo),  [[u(t)|[Z2 = [luo|lZ2
for all t € [0, Tiax), where the energy E is defined by
1 g 1 1
E(v) = §||3xv||%2 - §|U(0)|2 - m”UHiLr
Here, we give the definitions of stability and instability of standing waves.

Definition 1.2.  We say that the standing wave solution e™“!¢,, of (1.2) is or-
bitally stable if for any £ > 0 there exists § > 0 such that if [jug — ¢u|| g1 < 9, then the
solution u(t) of (1.2) with u(0) = ug exists globally and satisfies

inf t) — e <e.
iglg;gRHU() " gl

Otherwise, e™!¢,, is said to be orbitally unstable.
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Definition 1.3.  We say that e¢“!¢,, is strongly unstable if for any ¢ > 0 there
exists ug € H(R) such that ||ug — ¢ | g1 < € and the solution u(t) of (1.2) with
u(0) = up blows up in finite time.

Before we state our main result, we recall some known results. First, we consider
the nonlinear Schrodinger equation without potential:

(1.6) i0u = —0%u — |ulP"ru, (t,z) €R xR.

Let 1 <p < oo, w>0and

et = {2 () 17

When 1 < p < 5, the standing wave solution e™“‘p,, of (1.6) is orbitally stable for all
w >0 (see [3]). When p > 5, ey, is strongly unstable for all w > 0 (see [1] and also
[2])-

Next, we consider the attractive potential case v > 0in (1.2), which was first studied
by Goodman, Holmes and Weinstein [7] for the case p = 3, and then by Fukuizumi,
Ohta and Ozawa [5] for 1 < p < co. The following is proved in [5].

Proposition 1.4 ([5]). Let~y >0 and w > ~%/4.

(i) When 1 < p <5, the standing wave solution €“'¢,, of (1.2) is orbitally stable for
any w € (v?/4,00).

(i) When p > 5, there exists wo = wo(p,7y) € (v?/4,00) such that the standing wave
solution e™'¢,, of (1.2) is orbitally stable for any w € (v?/4,wo), and it is orbitally
unstable for any w € (wo,00). Here, wo(p,v) = v2/[40(p)?] and & (p) € (0,1) is a
unique solution of

1 2

(1.7) z_—i’ (1—s)rTi tds=¢(1-€)mi ! (0<&<1).
AS

Remark 1.  To prove Proposition 1.4, the following sufficient conditions for orbital
stability and instability are used (see [8, 9, 19, 20, 21]).
Let p>1,v >0 and w > 72/4.

(i) If Ou]|¢wll2. > 0 at w = &, then ey, is orbitally stable.

(ii) If O,)|pu |22 < 0 at w = @, then !¢y, is orbitally unstable.
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By the formula (1.3), we have

2

||¢w||2L2 - 2/00 {@seeh2 (Wx +tanh_1 éh(w’,y)) }ﬁdx
0

anh™! £(w,y)
where we put
(L8) ) = 575
Moreover, for 0 < a < 1 and 8 > 0, we have
oo 1
(1.9) /tanh_l a(sech2y)ﬁ dy = /a (1—s%)P"1ds.

Thus, we obtain

4 1\ 71 /251
loul = 25 (232) 7 (2)7 Pt

1
PO =65 [0t

Then, since 9,&(w,y) < 0, for £ = &(w, ), we see that

Aullpulze <0 <= F'(£) >0
p—>5 [! 2y =2 1 2y =2 1
— —— [ (1—=s%)p T "ds>E(1—&7)p T
p—1 I3

= {<&(p) = w>wolp, ).

Remark 2. For the borderline case w = wy in Proposition 1.4 (ii), the standing
wave solution e’°t¢,, of (1.2) is orbitally unstable (see [17]).

Now we state our main result in this paper.

Theorem 1.5. Lety >0, p > 5, w > ~2/4, and let ¢, be the function defined
by (1.3). Let &1(p) € (0,1) be a unique solution of
P — 5} ! 9\ —2 9\ -2
(1.10) pr— (1—s9)pTds=&(1 =& T (0< &< 1),
B £
and define w1 = wi(p,7y) = ¥*/[4&1(p)?]. Then, the standing wave solution e“'d,, of
(1.2) is strongly unstable for all w € (wy,00).
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Remark 3. The condition w > w; in Theorem 1.5 is equivalent to E(¢,) > 0 (see
Theorem 1.6 below).

Remark 4.  For the repulsive potential case v < 0, it is proved in [15] that if p > 5,
the standing wave solution e*!¢,, of (1.2) is strongly unstable for all w € (72/4,0).
The situation for the attractive potential case v > 0 is quite different from the case
v < 0, and we need a new approach to prove Theorem 1.5.

For v >0, p > 1 and w > +?2/4, we define functionals S,, and K,, on H!(R) by

1 w 1
5.(0) = 0wl + Slollts - TP - —lolh,
Ko, (v) = 10:0] 22 + wlvl 2 = A[o(0)]* = o]l
Note that (1.4) is equivalent to S/,(¢) = 0, and
Ko(v) = 038w (M), = (S, (v).v)

is the so-called Nehari functional.
We denote the set of nontrivial solutions of (1.4) by

A, ={ve H'(R): S/ (v) =0, v #0},
and define the set of ground states of (1.4) by
(1.11) Go={0d€ A, :S,(d) <S,(v) for all v € A,}.
Moreover, consider the minimization problem:
(1.12) d(w) = inf{S,(v) : v € HY(R), K,(v) =0, v #0}.
Then, for any w > 72 /4, we have

Ay =Gu ={¢ € H'(R) : Su(¢) = d(w), Ku(¢) =0}
= {ei9¢w : 0 € R})

where ¢, is the function defined by (1.3) (see [5, 15]).

On the other hand, the proof of finite time blowup for (1.2) relies on the virial
identity. If ug € ¥ := {v € HY(R) : |z|v € L?(R)}, then the solution u(t) of (1.2) with
u(0) = ug belongs to C([0, Tmax), ), and satisfies

(1.13) lzu(t)|[Z. = 8P(u(t))

dr?



84 M. OHTA AND T. YAMAGUCHI

for all ¢t € [0, Tinax ), where

Y oY . p—
P@) = [050]Fs ~ JOF - S pllf, o=

For the proof of the virial identity (1.13), see Proposition 6 in [15].
Note that for the scaling v*(z) = AY2v(A\z) for A > 0, we have

18,0722 = N2[0,0] 22, [WNO)2 = Af(0)2,  [[MEEE = X |o|BTL,,
[ 22 = |[v]|22,  P(v) = E@WM)],_,.

The method of Berestycki and Cazenave [1] for the nonlinear Schrédinger equations
without potential (1.6) is based on the fact that d(w) = S, (¢.) can be characterized as

(1.14) d(w) = inf{S,(v) : v € HY(R), P(v) =0, v # 0}

for the case p > 5. Using this fact, it is proved in [1] that if ug € ¥ N BEC, then the
solution u(t) of (1.6) with u(0) = up blows up in finite time, where

BEC = (v e HY(R) : S, (v) < d(w), P(v) < 0}.

We remark that (1.14) does not hold for (1.2) with v > 0.

On the other hand, Zhang [22] and Le Coz [14] gave an alternative proof of the
result of Berestycki and Cazenave [1] for (1.6). Instead of solving the minimization
problem (1.14), they [22, 14] proved that

(1.15) d(w) < inf{S,(v):v € H*R), P(v) =0, K,(v) < 0}

holds for all w > 0 if p > 5. Using this fact, it is proved in [22, 14] that if uy € X NBZEL,
then the solution wu(t) of (1.6) with u(0) = ug blows up in finite time, where

BZL = (v € HY(R) : S, (v) < d(w), P(v) <0, K,(v) < 0}.

Note that this method can be applied to (1.2) for the repulsive potential case v < 0 (see
[15]), but not for the attractive potential case vy > 0.

In this paper, we use and modify the idea of Zhang [22] and Le Coz [14] to prove
Theorem 1.5. For w € (7?/4,00) with E(4,) > 0, we introduce a new set

(1.16) B, ={ve H'(R):0< BE(v) < E(dn), |[vll72 = $ullZe:
P(v) <0, K,(v) <0}.
Then, we have the following.

Theorem 1.6. Let v > 0, p > 5, w > ~2/4, and assume that ¢, satisfies
E(¢y) > 0. If ug € ¥ N By, then the solution u(t) of (1.2) with u(0) = ug blows up in
finite time.
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The rest of the paper is organized as follows. In Section 2, using the same method
as in our previous paper [18], we prove Theorem 1.6. In Section 3, we show that
the sufficient condition E(¢,) > 0 in Theorem 1.6 holds if and only if w > w;, and
prove Theorem 1.5 using Theorem 1.6. Finally, in Section 4, we compare our sufficient
condition for strong instability with some known results for orbital instability.

§2. Proof of Theorem 1.6

In this section, we prove Theorem 1.6. As we have already noticed in §1, the proof
of Theorem 1.6 for (1.2) is almost the same as that for (1.1) given in [18]. For the sake
of completeness, we repeat the argument in [18].

Throughout this section, we assume that

2

v>0, p>05h, w>’yz, E(¢y) > 0.
-1
Recall that o := pT > 2, and for the scaling v*(z) = A/2v(\z), we have
A2 YA A
@) BN = Sl - DO - Sl
A 2 2 YA o aA” p+1 A
22 PO = N0t - DROP - S5l = 2B,
(2.3) Ko, (0%) = X|0,0]Z2 + wlvlz2 — vA(0)] = X ol
1 E0Y
4 /E\M R
0 | A A3 A

Figure 1. The graph of A = E(v) for the case E(v) > 0.

Lemma 2.1. Ifv € HYR) satisfies E(v) > 0, then there exist A\, = A\i(v)
(k=1,2,3,4) such that 0 < A1 < Aa < A3 < A4 and

e E(v*) is decreasing in (0, A1) U (\3,00), and increasing in (A1, A3).

o E(v) is negative in (0, 2) U (Ayg,00), and positive in (Ao, \g).
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o E(v)) < E(v*?) for all A € (0,3) U (A3,00).

Proof. Since v > 0, a > 2 and E(v) > 0, the conclusion is easily verified by
drawing the graph of (2.1) (see Figure 1). O

Lemma 2.2. Ifv € HYR) satisfies E(v) > 0, K, (v) < 0 and P(v) = 0, then
d(w) < Sy (v).

Proof. We consider two functions f(\) = K, (v*) and g(\) = E(v}).

Since f(0) = wl[v||2: > 0 and f(1) = K, (v) < 0, there exists Ao € (0,1) such that
K, (v**) = 0. Moreover, since v # 0, it follows from (1.12) that d(w) < S,,(v0).

On the other hand, since ¢'(1) = P(v) = 0 and ¢(1) = E(v) > 0, it follows from
Lemma 2.1 that A3 = 1 and g(\) < g(1) for all A € (0,1).

Thus, we have E(v*) < E(v), and

d(w) < S,(0™) = B©*) + S|} < Bo) + S [ollfs = S.(v).
This completes the proof. O
Lemma 2.3.  The set
B,={ve H'(R):0< E(v) < E(¢n), vz = llguli>, P(v) <0, Ku(v) <0}
is invariant under the flow of (1.2). That is, if ug € B,,, then the solution u(t) of (1.2)
with uw(0) = ug satisfies u(t) € By, for allt € [0, Tyax)-

Proof. Let ug € B, and let u(t) be the solution of (1.2) with «(0) = ug. Then, by
the conservation laws (1.5), we have

0 < E(u(t)) = E(uo) < E(dw), Nu®)lZ> = lluollzz = llwlZ:

for all ¢ € [0, Tinax)-

Next, we prove that K, (u(t)) < 0 for all ¢ € [0, Tiax). Suppose that this were not
true. Then, since K, (ug) < 0 and ¢t — K, (u(t)) is continuous on [0, Tiax ), there exists
t1 € (0,Thax) such that K (u(t;)) = 0. Moreover, since u(ty) # 0, by (1.12), we have
d(w) < Sy (u(ty)). Thus, we have

d(w) < S (u(tr)) = Bluo) + 5 uoll72 < B(6.) + S |6 ll72 = d(w).

This is a contradiction. Therefore, K, (u(t)) < 0 for all ¢ € [0, Tiyax)-

Finally, we prove that P(u(t)) < 0 for all ¢ € [0, Tiyax). Suppose that this were not
true. Then, there exists to € (0, Tinax) such that P(u(t2)) = 0. Since E(u(tz2)) > 0 and
K, (u(t2)) <0, it follows from Lemma 2.2 that d(w) < S, (u(t2)). Thus, we have

w w
d(w) < Su(u(t2)) = E(uo) + 5 luollze < E(dw) + 5lldwlzz = d(w).

This is a contradiction. Therefore, P(u(t)) < 0 for all t € [0, Thax)- O
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Lemma 2.4. For any v € B,
E(¢w) < E(v) — P(v).

Proof. Since K, (v) < 0, as in the proof of Lemma 2.2, there exists Ao € (0,1)

such that S, (¢w) = d(w) < S, (v*). Moreover, since [[v*0]|2, = |[v]|2. = ||¢w|/22, we
have
(2:4) E(¢w) < E(v™).

On the other hand, since P(v}) = AOyE(v}), P(v) < 0 and E(v) > 0, it follows
from Lemma 2.1 that A3 < 1 < A4. Moreover, since 83 E(v}) < 0 for A € [A3,00), by a
Taylor expansion, we have

(2.5) E(w) < E(v) + (A3 — 1)P(v) < BE(v) — P(v).
Finally, by (2.4), (2.5) and the third property of Lemma 2.1, we have
E(¢.) < B(v™) < B(v™) < E(v) — P(v).
This completes the proof. O

Now we give the proof of Theorem 1.6.

Proof of Theorem 1.6. Let ug € ¥ N B, and let u(t) be the solution of (1.2) with
u(0) = ug. Then, by Lemma 2.3, u(t) € B, for all t € [0, Tiax)-
Moreover, by Lemma 2.4 and the virial identity, we have

P(u(t)) < E(u(t)) — E(dw) = E(uo) — E(¢w),
@IIwU(t)lliz = 8P(u(t)) < 8{E(uo) — E(du)}

for all ¢ € [0, Tiax). Since E(ug) < E(@.,), this implies Tiax < 00. This completes the
proof. O

§3. Proof of Theorem 1.5

First, we prove the following lemma.

Lemma 3.1. Lety>0,p>5 andw > ~?/4. Let wi(p,7) be the number defined
in Theorem 1.5. Then, E(¢,) > 0 if and only if w > wi(p,7).
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Proof. Since P(¢,,) = 0, we see that F(¢,) > 0 if and only if

5)
(3.1) ¥/ (0) 2 z llgullf i

Moreover, by (1.3) and (1.8), we have
6, (0)]? = {@sechz (tanh ™ &(w, 7)) }p_

2

(32) — (P52 - gwry)

i)
—

lullzth = /0 h {@mﬂ (Mwmnh—ls(wm)} Cda

bS]
|

p+1

4 (p+ 1w\ * T /°° 9 \ptl
= h7y)»=1 d
(p - 1)\/(; ( 2 ) tanh™1! £(w,7) (Sec y)p Y
(3.3) ! <(p+1)“>£_ﬂ/l (1 - s2)727 ds
. = — p— ,
(p—DVw 2 Ew)
where we used (1.9). Thus, we see that (3.1) is equivalent to
p—>5 [* oy -2 9y -2
(3-4) — (1 =577 Tds > {(w, {1 = {(w, )7}
P—1Jewn

Moreover, by elementary compuations, we see that the equation (1.10) has a unique
solution & (p) for each p > 5, and that (3.4) is equivalent to {(w,vy) < &i(p). This
completes the proof. O

Now we give the proof of Theorem 1.5.

Proof of Theorem 1.5. Let w € (w1, 00). Then, by Lemma 3.1, E(¢,,) > 0.

For A > 0, we consider the scaling ¢} () = A'/2¢,,(Az), and prove that there exists
Ao € (1, 00) such that ¢} € B, for all A € (1, \o).

First, we have [|¢}||2. = ||¢w||2. for all A > 0. Next, since P(¢,) = 0 and
E(¢y) > 0, by Lemma 2.1 and (2.2), there exists Ay > 1 such that

0< E(¢)) < E(¢n), P(¢)) <0
for all A € (1, \4). Finally, since P(¢,,) = 0, we have

aAKw<¢3>|A=1:—( Dt <
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Since K, (¢.) = 0, there exists Ao € (1, \4) such that K, (¢)) < 0 for all A € (1, \g).
Therefore, ¢}, € By, for all A € (1, \g). Moreover, since ¢} € ¥ for A > 0, it follows
from Theorem 1.6 that for any A € (1, o), the solution u(t) of (1.2) with u(0) = ¢}
blows up in finite time.
Finally, since )l\l_)IIll 160 — ¢ |l g1 = 0, the proof is completed. O

§4. Final Remarks

In [6, 16], a sufficient condition on orbital instability of standing waves for some
nonlinear Schrédinger equations is given. The sufficient condition by [6, 16] is different
from that given by Shatah and Strauss [20], and it is applicable to (1.2).

More precisely, by [6, 16], we see that if

(4.1) REG),_, <0,

then the standing wave solution e®'¢,, of (1.2) is orbitally unstable, where ¢\(z) =
M2, (\x).

In this section, we compare the sufficient condition on strong instability E(¢,,) > 0
in Theorem 1.6 with sufficient conditions on orbital instability 8, ||¢w||3. < 0 by [20]
and (4.1) by [6, 16].

By (2.1), we have

(p—Dp—-3)

p+1
4(p+ 1) ||¢W||LP+1'

(4.2) RE@2) 5oy = 100007 —

Since P(¢,,) = 0, we see that (4.1) is equivalent to

2 _(=1-5) p+1
(4.3) N (OF < S5 Ty llduliz.

Moreover, by (3.2) and (3.3), we see that (4.3) is equivalent to

_ 1 2 2
(4.4) I’TE’ (1= 5%)77T ds > &(w, {1l = &(w,7)*} 7T,
&(w,y)

For p > 5, let £&2(p) € (0,1) be a unique solution of

-5 [t > >
(4.5) pT/5 (1—s)rTds=¢(1—€3)rT (0<&<1).

Then, we see that (4.4) is equivalent to {(w,y) < &£2(p), and that (4.1) holds if and only
if w > wa(p, ) == 7*/[4&2(p)].
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On the other hand, as we mentioned in Remark 1, the condition 9y, ||¢w|2. < 0
holds if and only if w > wp(p,v), while as we proved in Lemma 3.1, the condition
E(¢y) > 0 holds if and only if w > w1 (p, ). Recall that for j = 0,1, 2,

4¢;(p)*’

w;(p, )

and &o(p), &1(p) and &2(p) are the unique solutions of (1.7), (1.10) and (4.5), respectively.

For p > 5, we see that & (p) < &(p) < &(p), and that wo(p,y) < wa(p,vy) <
w1(p,7y). The graphs of the functions &y(p), &1(p) and & (p) are given in Figure 2 for
5 < p <10 and in Figure 3 for 10 < p < 30.

For w € [wo(p,7),w1(p,7)], the standing wave solution e“!¢,, of (1.2) is orbitally
unstable, but we do not known whether it is strongly unstable or not. However, it seems
natural to conjecture that e’“!@, is strongly unstable at least for w > wa(p,v). Note
that some numerical results are given in Section 6.1.3 of [15] for the case where p = 6,
v =1 and w = 4. We remark that

£1(6) =0.137 - < £(4,1) = 0.25 < £,(6) = 0.279 - - - |,

and that we(6,1) < 4 < w;(6,1) for this case.

1.0~ B

&

0.8 - B

Figure 2. The graphs of £y(p), £&1(p) and & (p) for 5 < p < 10.
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o7 ' ' ' i

¢

&o(p)
0.8 4
&2(p)

0.6 4
0.4—//—/_

' &1(p) -
0.2 4
.

10 15 20 25 30

Figure 3. The graphs of {y(p), £&1(p) and &2(p) for 10 < p < 30.
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