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Abstract

Parametrized topological complexity is a homotopy invariant that represents the degree of
instability of motion planning problem that involves external constraints. We consider the
parametrized topological complexity in the case of spherical fibrations over spheres. We
explicitly compute a lower bound in terms of weak category and determine the parametrized
topological complexity of some spherical fibrations.
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1 Introduction

Farber [9] defined topological complexity as a quantity for topological study of the robot
motion planning problem. The topological complexity of a space X represents the degree of
instability of motion planning in X as a configuration space. Recently, Cohen, Farber and
Weinberger [6] introduced a variant of topological complexity, called parametrized topo-
logical complexity, to formulate the robot motion planning problem that involves external
constraints as parameters, such as a set of obstacles that block the motion of robots. The con-
figuration space of this motion planning problem is described as a fibration p: X — B,
where X represents the configuration space and B represents the external constraints.
Then parametrized topological complexity is defined by a topological invariant of the map
p: X — B, where we denote it by TC[X — B]. See Sect. 3 for the precise definition.
Initially, the study of parametrized topological complexity was motivated by the compu-
tation of TC[F (Rk, m+n) —> F (Rk, m)], where F (Y, m) denotes the configuration space

{(c, oo xm) €Y x #xj if @ #£ )

Several authors have attempted to determine or estimate the parametrized topological com-
plexity of other specific fibrations. In particular, Farber and Weinberger [13, 14] studied the
parametrized topological complexity of sphere bundles coming from vector bundles; they
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gave an upper bound in terms of the 2-frame bundle and a lower bound in terms of character-
istic classes. Crabb [7] reformulated this lower bound in terms of stable cohomotopy Euler
class and obtained a similar result for projective bundles coming from vector bundles. Farber
and Oprea [10] considered a fiber bundle F — X — B associated to a principal G-bundle;
they gave upper and lower bounds in terms of G-equivariant homotopy invariants.

On the other hand, many variants of parametrized topological complexity have also been
investigated. Farber and Paul [11] introduced sequential parametrized topological complexity
as an analog of sequential topological complexity [26]. They also gave upper and lower
bounds in terms of 2-frame bundle and characteristic classes [12]. Daundkar [8] considered
equivariant parametrized topological complexity for a fibration X — B that is also a G-
map. Grant [17] defined the parametrized topological complexity of an epimorphism of
discrete groups, which coincides with the parametrized topological complexity of the induced
fibration between corresponding Eilenberg—MacLane spaces; he gave an upper and lower
bound in terms of the cohomology dimension of groups. However, in this paper, we will not
delve into these variants.

In this paper, we investigate the parametrized topological complexity of spherical fibrations
over spheres. Let

§"— X — §mtl
be a homotopy fibration with n > 1. In general, as in [6], there is a simple lower bound

1 nisodd

TC[X — $™F1 > TC(s") = .
2 niseven.

This lower bound coincides with the cup-length type cohomological lower bound [6], as well
as with that given by Farber and Weinberger [13, 14] mentioned above, when the homotopy
fibration is a sphere bundle coming from a vector bundle. On the other hand, if n is odd, then
we can modify Farber and Weinberger’s upper bound [14] such that

TC[X — s" T < 2. )
Hence we may ask:

Question 1.1 Does there exist a homotopy fibration S* — X — S™*! with n odd and
TC[X — S =22

The first purpose of this paper is to provide a sufficient condition for the existence of the
homotopy fibration in Question 1.1. To state the results, we set notation. As in [22], the total
space X has a cell decomposition

X ~ §" Uf; em+1 U em+n+1-

We set x(X) = B. Let V: §" — §" v §" be the suspension comultiplication of a sphere.

Then, for @ € m,,4+,(S"), we can define the crude Hopf invariant Hy (o) € 4041 (S,

See [4, Definition 2.11] for further details. Let n denote the generator of the stable stem
S ~

my = 7Z/2.

Theorem1.2 Let 2n + 1 < m < 4n — 1 with n > 1. Suppose that there are a €
Tmione1 (S and B € (S such that Hy(e) # 0, Z(5 o B) = 0 and
[B. 1gon+1] = 0. Then there exists a homotopy fibration sl 5 X — s ywith (X)) = B
and

TC[X — S"t1=2.
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We prove that Theorem 1.2 is applicable to infinitely many cases.

Corollary 1.3 There exist infinitely many pairs (m,n), e.g. m —2n — 2 = 0 and n is odd,
such that there exist homotopy fibrations §*'*!1 — X — §™+1 with

TC[X — S"t =2.

To prove these statements, we begin by considering TC[X — $™7!] as the sectional
category of the fiberwise diagonal map A: X — X gm +1- We then recall weak sectional
category introduced by Garcia-Calcines and Vandembroucq [16], which gives a sharper lower
bound than the aforementioned lower bounds, but is much harder to compute. As we will
see later, the weak sectional category of A, denoted by wsecat(A), coincides with the weak
category of a certain 4-cell complex W. Therefore, we aim to provide a sufficient condition
for the weak category of W to be equal to 2.

The next purpose of this paper is to determine the parametrized topological complexity for
specific homotopy fibrations §” — X — $"*!. We first consider the cases where 7 is even
and the homotopy fibration is the unit sphere bundle of a vector bundle and then consider the

= —1 (mod 4) withn > 11 cases.

Theorem 1.4 1. Let $2* — X — S¥'*1 be the unit sphere bundle of a real vector bundle
withn > 1. Then

TCX — s>t =2.

2. Let S*~1 — X — S§* be a homotopy fibration with x(X) = 2 (mod 4) and n > 3.
Then

TC[X — $* =2.

‘We now concentrate our attention on a specific family of sphere bundles; let S* — T —
$"*1 be the unit tangent bundle. Then x (T') coincides with the Euler characteristic of $"*!,
which is 2 for n odd and O for n even. Then, for n even or forn = —1 (mod 4) withn > 11,
we obtain TC[T — S$"t!'] = 2 by Theorem 1.4. This equation holds even for n = 3,7,
which we prove separately in Sect.7.2. Thus we obtain:

Theorem 1.5 If n is even withn > 2 orn = —1 (mod 4), then TC[T — $"+t1]1=2.

The final purpose of this paper is to show that there are homotopy fibrations §" —
X — §"™*+1 such that TC[X — S$™*!] cannot be determined by the upper and lower bounds
mentioned above. We consider the unit tangent bundle §” — T — §"! withn = 1
(mod 4). We compute wsecat(A), or equivalently, the weak category of W and obtain:

Proposition 1.6 There are inequalities

wsecat(A) = 1 < TC[T — $¥12] < 2.

Forn = 1,2, TC[T — S$*'12]is determined to be 1. However, for n = 3, we have not
been able to determine TC[T — S§4712].

This paper is organized as follows. Section 2 recalls notation and terminology for fiberwise
spaces and provides a pushout construction for a spherical fibration. Section 3 recalls the
definition of parametrized topological complexity and shows (1). Section 4 investigates the
cell structure of the complex W. Section 5 provides a sufficient condition for wsecat(A) = 2
in relation to crude Hopf invariant and Theorem 1.2 and Corollary 1.3. Section 6 computes
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the mod 2 cohomology of X and the total spaces of the related sphere bundles, then proves
Theorem 1.4 (1). Section 7 computes wsecat(A) for specific homotopy fibrations, then proves
Theorems 1.4 (2) and 1.5. Section 8 also computes wsecat(A) and proves Proposition 1.6.
Finally, Sect.9 lists some problems that could lead to further investigation.

2 Preliminaries

In this section, we recall notation and terminology involving fiberwise spaces, and then
describe a fibration over a suspension as a certain pushout, which we will use frequently in
the sequel.

We first recall notation and terminology for fiberwise spaces. A space X is called a
fiberwise space over B if it is equipped with a distinguished map X — B.Let p: X — B
and ¢: Y — B be fiberwise spaces over B. A fiberwise map from X to Y is a commutative
diagram

f
E—

0:1<—><

Ud-%%
=

We abbreviate the above fiberwise map as f: X — Y. Let fo, fi: X — Y be fiberwise
maps over B. A fiberwise homotopy from f to g is a fiberwise map H: X x [0,1] — Y
such that H(x,0) = fo(x) and H(x, 1) = fi(x) for x € X; here we regard X x [0, 1] as a
fiberwise space over B equipped with

X x[0 1% x - B,

where pr; denotes the first projection. If such a fiberwise homotopy exists, then we write
f ~p g. We say that two fiberwise spaces X and Y are fiberwise homotopy equivalent if
there exist fiberwise maps f: X — Y and g: ¥ — X such that

gof:B 1X and fog:B ly.

For fiberwise spaces p;: X1 — B and p2 X2 — B, the fiberwise product X| xp X» is
defined by the pullback of the triad X g2 X7; that is,

X1 xp Xo ={(x1,x2) € X1 X Xa | p1(x1) = pa(x2)}.
Then X x p X» is a fiberwise space over B equipped with
p1 X p2: X1 Xp Xo —> B, (x1,x2) — p1(x1) = p2(x2). ?2)

Observe that, if p; and p, are fibrations with fibers F| and F3, then p; xp p» is a fibration
with fiber F1 x F>.If p; = p» = p: X — B, then we write the fiberwise product X x p X»
by X 23. We also define the fiberwise diagonal (map) A: X — X %, X — (x, x); notice that
A is a fiberwise map over B.

Next, we describe a fibration over a suspension as a pushout by generalizing the result of
James and Whitehead [22, Section 3]. Let C B and C_ B denote the upper and lower cones
in the suspension ¥ B, and leti;: B — C1B andi_: B — C_B denote the inclusions.
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Lemma 2.1 For a fibration p: X — X B with fiber F, there exists amap u: B x F — F
such that the total space X is homotopy equivalent to the pushout of the cotriad

(i40pry.0) ix1p

CyBxF BxF C_BxF

where pr ; denotes the j-th projection.

Proof Since C B is contractible, the pullback p~!(C, B) — CyB of p and pr;: C. B x
F — C4B are fiberwise homotopy equivalent over C4 B; there are two fiberwise maps
¢.:p " (CyB) - CyB x Fandy/,: Cy B x F — p~!'(C4 B) such that

Yooy ~c.lp-1c gy and ¢y oV ~c B lo, BxF-
One also obtain fiberwise homotopy equivalences over C_B, ¢_: p~"'(C_B) - C_B x F
andy_: C_Bx F — p~!(C_B) verbatim. Then there is a homotopy commutative diagram

. -
CiBx F2E2WY  pop X C.BxF

ST T

_ pri _ pri- _
p N CiB)~—"——p'(B) —————=p~(C_B)

where ¥ : B x F — F denotes the restriction of ¥_. Note that, sincei_: B — C_Bisa
closed cofibration, so are the maps i— x 1z and p*i_; the latter follows from the Strgm’s
pullback theorem [28, Theorem 12]. Then, for each row, the homotopy pushout has the same
homotopy type as the pushout. Now we take the (homotopy) pushout of the rows to get a map
Z — X, where Z denotes the (homotopy) pushout of the top row. Then since all columns are
homotopy equivalences, so is the map Z — X. Thus, by setting ;& = pry 0 ¢4 o (p*it) o ¥,
the statement is proved. O

Remark 1 In the sequel, we will mainly consider the fibrations $?"*! — X — X B. Since
Y and ¢ are fiberwise homotopy equivalence, the restriction

Wlisesznit = G lxesanit 0 Ylyseganir s ST — g2+l

is a homotopy equivalence. Then by taking a suitable choice of homotopy equivalences, one
may always assume that p|,, g2n+1 = 1gont1.

We also describe the fiberwise diagonal A: X — X % g for a fibration F — X L sB
as a map between pushouts. The pushout construction stated in Lemma 2.1 is natural with
respect to A in the following sense. Let p% 5 : X%, — B denote the fiberwise map (2) for
p1 = p2 = p: X — X B. Then, by definition, the preimage ([)%B)_1 (C4+ B) is the pullback
of the triad p~!(C+B) — C.B < p~!(C4B), where both maps are the pullback of p.
Now we consider the commutative diagram

_ p p _

P~ (CyB) CiB P~ (CyB)
¢+\L \L¢+
pry pry
C+B x F C+B C+B x F
'//+\L \L‘/M

-1 p p -1
p~ (CyB) CyB p~ (C+B)
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1 Page6of35 Y. Minowa

where ¢ and V. are the fiberwise homotopy equivalences in the proof of Lemma 2.1. Then
by taking the pullback of the rows, we get two maps

@y (prp) N(C1B) > CyBx Fx F, and W;:CyBx F x F — (pkp)~ ' (CB)

that are fiberwise homotopy equivalences over C B. Similarly, one obtain two fiberwise
homotopy equivalences over C_B,

®_: (prp) N(C_B) > C_BxFxF, and W_:C_BxF x F— (pk) ' (C_B).

Letp: BXF — FbeamapasintheproofofLemmaZ.l,andletu%: BxFxF — FxF
denote the map between the pushouts of the rows in the commutative diagram

pry pry

BxF B B xF
‘| l |
F * F.
Arguing as in the proof of Lemma 2.1, we get a commutative diagram
CyB x F <Pt BxF el C_BxF 3)
lle lle lle
(iyopri.p3) i_x1pxF

CitBXFXF<————BXFXF——C_BxFxF

where A: F — F x F denotes the diagonal. Moreover, this diagram is pointwise equivalent
to the diagram

p(CyB)—— T P\ (B) i p~(C_B)
l (P )" l (P p)"ic l
(P2 MO By < (p2 (B — (P21 (C_B)

where all columns are the restriction of the fiberwise diagonal A: X — X 22 - Thus the map
between the (homotopy) pushouts of the rows of (3) is equivalentto A: X — X 22 B

3 Parametrized topological complexity

Let p: X — B be a fiberwise space over B. We define the fiberwise path space Pp X by
PpX ={y:[0,1] - X | p oy is a constant map}.
Observe that, if p is a fibration, then the evaluation map
M: PsX — Xi. v = (¥(0).y(1) @
is a fibration. We now recall the definition of parametrized topological complexity.

Definition 1 [6, Definition 4.1] Let p: X — B be a fibration with path-connected fiber. The
parametrized topological complexity of p: X — B, denoted by TC[p: X — B], is the
minimal integer k such that X 129 can be covered by k + 1 open sets, each of which admits
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Parametrized topological complexity of spherical fibrations... Page70f35 1

a local section of the evaluation fibration (4). If such an integer does not exist, then we set
TC[p: X — B] = oo.

For simplicity, we write TC[X — B] whenever the indicated fibration is obvious.

Recall that the sectional category of amap f: X — Y, denoted by secat(f), is defined
as the minimal integer k such that Y can be covered by k + 1 open sets, each of which
admits a local right homotopy inverse of f. If such an integer does not exist, then we set
secat(f) = oo. Then by definition, we have

TC[X — B] = secat(Il: PpX — X3).

Let c: X — PpX be the map sending x € X to the constant path at x. Then there is a
commutative diagram of fiberwise maps over B

X —Ss PpX
Al \LH
2 2
XB XB

Notice that ¢ is a fiberwise homotopy equivalence over B; namely, IT is fiberwise homotopy
equivalent to A. Thus, by the general property of sectional category, we get

TC[X — B] = secat(A: X — X3).

In the sequel, we will frequently consider the parametrized topological complexity of a map
p: X — B that is not necessarily a fibration. In this case, we define

TC[p: X — Bl =TC[p': X' — B],

where p’: X’ — B is a strict fibration that is equivalent to p: X — B.
We recall two typical lower bounds for parametrized topological complexity. Let TC(Z)
denote the topological complexity of a space Z. Namely, TC(Z) = TC[Z — x].

Proposition 3.1 [6, (4.4)] Let F — X — B be a homotopy fibration. Then

TC[X — B] > TC(F).

Example 1 Consider a homotopy fibration S* — X — B. It is known that TC(S") = 1 for
n odd and TC(S") = 2 for n even. Then by Proposition 3.1, we get

1 is odd
TCx - Bl={ "°° )
2 niseven.

For an augmented algebra A, let nil(1) denote the nilpotency of the augmented ideal I of
A. Namely, nil(]) is the least integer k such that /1 = 0.

Proposition 3.2 [6, Proposition 7.3] Let X — B be a homotopy fibration. Then there is an
inequality

TC[X — B] > nil(Ker{A*: H*(X%) — H*(X)}).
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1 Page8of35 Y. Minowa

Example2 Let S" — X — B be a homotopy fibration where n > 1 and B is simply-
connected. We consider the Serre spectral sequence for this homotopy fibration. Then

E» = H*(B) @ H*(S™).
Let u denote the generator of H" (§") = Z. Thena = 1® (u x 1 — 1 x u) is a permanent cycle
in the Serre spectral sequence for the homotopy fibration S* x §" — X % — B. Clearly,

a € Ker{A*: H* (X%) — H™*(X)} is the generator of the augmented ideal. Note that a>=0
for n odd, a> # 0 and @ = 0 for n even. Then by Proposition 3.2, we get the inequality (5).

Let us recall Farber and Weinberger’s upper bound. Let V' — B be a real vector bundle
of rank n + 1, X — B be the unit sphere bundle, andNX — B be the bundle of orthonormal
2-frames in V. Then there is a fiber bundle §"~! — X — X.

Proposition 3.3 [14, Theorem 14] Let X and X be as above. Then there is an inequality

TC[X — B] < secat()Nf — X)+ 1.
We extend this upper bound to a homotopy fibration over a suspension with fiber §2*+1.

Proposition 3.4 Let S*'*! — X — £ B be a homotopy fibration with B connected. Then

TC[X — TB] < 2.

Proof Recall the commutative diagram (3) for F = § 21+l Then the pushout of the second
row, X 22 5 has a disjoint partition

X%p = A(X)U(CyB x A)U (Int(C_B) x A)

where A(X) denotes the image of the map between the pushouts of the rows of (3), A denotes
the configuration space {(x, y) € $?**t1 x §27+1 | x £ y}, and Int(C_ B) denotes the interior
of C_B. We aim to show that each disjoint subspaces admits a local right homotopy inverse
of A, from which the statement follows by [15, Theorem 2.7]. Clearly, A: X — X % g has
a section on A(X). We consider a commutative diagram

X (x,—x) incl.

S2n+1 A S2n+1 e S2Vl+1
incl.
g+l 000 CiB x A inc X%B

where the right two columns are the fiber inclusions and the bottom left column is defined by
composition. Since the top left column is a homotopy equivalence and C B is contractible,
the bottom left column is a homotopy equivalence. Observe that, since the antipodal map
§2+1 . §2n+1 s homotopic to 121, the composite of the top rows is homotopic to the
diagonal. Then A: X — X % g has a right homotopy inverse on C+ B x A. We can see that
A X > X % p has a right homotopy inverse on Int(C_B) x A verbatim. Thus local right
homotopy inverses are constructed, finishing the proof. O
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4 The complex W (a)

We begin by recalling the result of Garcia-Calcines and Vandembroucq [16]. Let f: X — Y
be a map and let Z be the cofiber of f. The weak sectional category of f, denoted by
wsecat(f), is the minimal integer k such that the following composite is trivial:

y & yAG+n gD ZA kD),

where A denotes the reduced diagonal map, Y**+1 denotes the smash product of k + 1
copies of Y and g: Y — Z denotes the cofiber map of f. If such an integer does not exist,
then we set wsecat(f) = oo.

Recall that the weak category of a space Z, denoted by wcat(Z), is defined as the minimal
integer k such that A: Z — Z"**1 is trivial. If such an integer does not exist, then we set
wcat(Z) = oo. By definition, we clearly have wsecat(f) < wcat(Z).

Proposition 4.1 [16, Theorem 21] Let f: X — Y be a map and Z be the cofiber of f. If f
admits a left homotopy inverse, then there are inequalities

nil(Ker{ f*: H*(Y) — H*(X)}) < wcat(Z) = wsecat(f) < secat(f).
Corollary 4.2 For a homotopy fibration p: X — B, there are inequalities
nil(Ker{A*: H*(X%) — H*(X)}) < wcat(W) = wsecat(A) < TC[X — B]
where W is the cofiber of the fiberwise diagonal A: X — X %.

Proof As the map A has an obvious left inverse, the statement follows from Proposition 4.1.
]

Let S" — X — $™*! be a homotopy fibration with m > n. Then by Lemma 2.1, there
isamap p: S x §" — S" such that p|4xsn = 1g» and X is homotopy equivalent to the

homotopy pushout of the cotriad
prp

s &ogm oy gn P2 gn (6)

where pr; denotes the j-th projection. Arguing as in [22, Section 3], we obtain the cell
decomposition of X.

Lemma 4.3 There is a homotopy equivalence
X ~ S Ux(X) em+1 U em+n+]
such that X/ 8" ~ "1 s+ and the composite
X — X/Sn ~ Sm+1 v Sm-H’H—] ﬂ) Sm-H
is identified with the projection X — S™t1, where q| denotes the quotient map.

Here we note that x (X) = ft|gmxx. Then as in [2, Theorem 4.4.8], for any map fz: S x
S" — S" with [t|gmysn = x(X) + lgn, there is @ € 7,,1,(S™) such that & equals the
composite

@) §™ x 8" — (8" x S v s L gn

where the first map is the homotopy coaction associated to the homotopy cofibration
gmn=l . gm\ §" — §™ x S". Let X(«) denote the homotopy pushout of the cotriad

g L9 gm o gn P2 gn
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Proposition 4.4 There exists a homotopy fibration S" — X(a) — S™H with x(X(«)) =
X (X).

Proof We recall Lemma 2.1. Consider a commutative diagram

iLopry, i_x1en
Co(sm) xc sn L) g X o gmy g

Pfll Prll lprl

CL(8™) S = C_(S™).

Recall that (a)|xxs» = 1g2. Then by [25, Lemma 2.9], we obtain a quasifibration X («) —
§™+1 with fiber S” by taking the (homotopy) pushouts of the rows. Thus the first statement
is proved. The second statement immediately follows from Lemma 4.3. O

Moreover, for any homotopy fibration S” — X — S"*! with X()? ) = x(X), there exits
an element o € 7,4, (S™) such that X has the same homotopy type as X (). Remark that
X =X(0).
We define the complex W («) as the cofiber of the fiberwise diagonal
A X(@) = X(@)gui-
In the sequel, we concentrate our attention on the homotopy fibrations

§7H 5 X(@) = §™H with 1<n and 2n+1<m <4n—1. @)

‘We now consider the cell decomposition of W (o). We denote the universal Whitehead product
AxB — YA Vv X B by w and the k-skeleton of a CW complex A by A.

Proposition 4.5 There is a homotopy equivalence

W (@ant2 = S U1 51001 €
Proof Recallthatm + 1 < 4n+2 < m + 2n + 2 by (7). By (3) and Lemma 4.3,
(X (@) G )ans2 2 (ST 5 27 Uy €

such that the diagram

X(@)n42 ————— (X (@) Dans2 ®)

A
SZn-H Ux(X) em—H 5 (52n+1 X SZn+1) U em-H

l l

Sm+1 Sm+1

commutes up to homotopy, where A is an extension of the diagonal A: §2+1
§2n+1 5 §2n+1 and the bottom columns are the projections. Then W (o) 4,42 is the cofiber of
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Az §2+l 5 g2l s §2n+1 and so there is a homotopy commutative diagram

% S4n+l S4n+1

o

g2+l Vg, gt D cony

| |

A
S2n+1 R S2n+1 % S2Vl+1 . W(O{)4n+2

such that all rows are homotopy cofibrations, where V denotes the suspension comultiplica-
tion. Since the left and middle columns are homotopy cofibrations, so is the right column.
Thus since (1 g2n+1 + (=1 g2n+1)) ow = [Lgon+1, —1gamt1] = —[1gan+1, 1g2n+1], the statement
follows. O

Corollary 4.6 The complex W () 4542 is a suspension, and there is a homotopy equivalence
E(W(Ol)4n+2) ~ S2n+2 Vi S4l’l+3.

Proof Consider the EHP sequence

2ny E 2n+1y H an+1y P 2
74n (S™") = a1 (S = a1 (ST = 74021 (S™).

Then 74,41 (S¥" 1) is a finite abelian group, and so the map H is trivial. Then the map E is
surjective, implying that the Whitehead product [1 g2n+1, 1 g2n+1] is a suspension. Thus the first
statement follows from Proposition 4.5. The second statement follows from Proposition 4.5
and the fact that the suspension of [1 g2n+1, 1 g20+1] is trivial. O

We describe W («) as the homotopy pushout of a certain cotriad. Let A x B be the half-
smash product A x B/(A x %), and let pry: A X B — B denotes the second projection.
Observe that, if A is contractible, then pr, is a homotopy equivalence.

Lemma 4.7 There is a map fi(a): S™ X W(&)ant2 — W(&)an42 such that the complex
W («) is homotopy equivalent to the homotopy pushout of the cotriad

i (a) pr.
W(@ani2 S 8™ X W(@)ans2 —> W(@)ania.

Proof Recall the commutative diagram (3) for B = §™ and u = p(«). Then the map between
the pushouts of the rows is the fiberwise diagonal A: X (o) — X (a)i,m +1- Notice that, asin the

proof of Proposition 4.5, W (&) 4,42 is the cofiber of the diagonal A : s+l g2ntly gontl
Then by taking the cofibers of the columns, we get a cotriad

m m il m
C 8" x W(a)apy2 < S" X W(@)gpi2 —> C_S8" x W(a)an42.

Since colimits commute with colimits, the homotopy pushout of the above cotriad is W («).
Observe that the composite

m i_xl1 m pry
S" x W(a@)an2 —> C_8" X W(a)ant2 —> W()an12
is the second projection pr,. Let ji(«) be the composite
~ pr
fi@): 8™ X W(@anp2 = C+8" x W(@)anta —> W(e)anta ©9)
where the first map is the left map in the above cotriad. Thus since C 5™ and C_S" are

contractible, the proof is complete. O
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We now define the map fi(a): S™ x W(a)an4+2 — W(a)an+2 by (9). Notice that, by Propo-
sition 4.5, W(a)an+2 = W(0)ap42. Leti: g2t W(a@)an+2 = W(0)4,42 denote the
bottom cell inclusion, and define

Sm+2n+1 1(0)o(1xi)+ioa
———

Ale): S™ x S2H (57 x §2rty W(0)4nt2 = W(@)an+2,

where the first map is the homotopy coaction associated to the homotopy cofibration
Sm+2n N S2n+1 — §M K S2n+1.

Lemma 4.8 [i(a)o (1gn X i) = Aa).
Proof Let g;: S x S¥'*+1 — §™ i §27+1 pe the projection. We first aim to show that

ful@) o (Ign x i) o g1 = A@) 0 qy.

Letiy: $" — S" x 8" denote the first inclusion. By (3) and Lemma 4.7, there is a homotopy
commutative diagram

S % SZn+1 p(e) S2n+1

IXiI\L lil

S (S2rHL . §2n+ly (@) xp(a) q2n+l 5 gantl

| e

S ) W()dnt2 W(a)an+2

where the bottom square is given by taking the cofiber of the left square of (3). Note that the
composites of the left and right columns are (1gn X i) o g1 and i, respectively. Then we get

flo) o (Igm X i) ogqy =i o u(a).

In particular, for o« = 0, we get [1(0) o (1gm x i) o g =i o (0). Then by the naturality of
the homotopy coaction, there is a homotopy commutative diagram

iopn(0)+ion

coaction
KUY S2n+l (Sm X SZnJrl) V. Sm+2n+l W(Ot)4n+2
q1 ql\/ll
coaction (0)o(1xi)+ioa
SM S2n+l - (Sm X S2n+1) Vi Sm+2n+1 W(Ol)4n+2.

Thus we obtain
fi@) o (Ign % i) ogqi =i o (@) = A@) 0 qi.
It is well known that the loop space $25%"*2 has the homotopy type of a CW complex
4n+2 U e6n+3 U---.

2n+1
S U_[152n+l dgons11€
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Then by Proposition 4.5, W (a)4,+2 can be regarded as the (6n + 2)-skeleton of Qsnt2,
Since m + 2n + 1 < 6n + 2 by (7), we get a commutative diagram of homotopy sets

(57 0 S W (a)ansa] —— = [ x S W (@)ansa]

|

[Sm X SZn-H’ QSrH-Z] 9 [Sm X SZn+l’ QS”+2]

where the two columns are isomorphisms of pointed sets. Moreover, the bottom row can be
considered as a group homomorphism. Note that the connecting map §: §™ x §2'+1 — gm+1

of the cofibration
g Q) " % 52n+1 ﬂ) Y S2n+l

is null-homotopic; then the bottom row is an injective homomorphism. Thus the top row is
an injective pointed map, completing the proof. O

We now give a cell structure of W («), which has 4 cells. Recall that, for a suspension
space A, thereisamap s: X" A — S™ x A which induces a homotopy cofibration

A S s A TR A (10)

and is natural with respect to suspensions. Let ji(a): L™ (W ()an4+2) = W ()4,42 denote
the composite

fi(at)
=" (W (@an12) = " W(@ansz > W(@anp2.
Proposition 4.9 The complex W («) is homotopy equivalent to the cofiber of ji(t).

Proof By (10), there is a homotopy commutative diagram

fi(r)
e T (W (@ans2) = W (@ang2 1D

| -

pr
W (@) ansr =<— 8™ X W(&)ants ——>= W (&) ani2
\Lpfz l
W()ant2 =——= W(@)apyo ———— %

where all columns are homotopy cofibrations. Notice that colimits commute with colimits;
then we take the homotopy pushouts of the rows to get a homotopy cofibration

Z — W(a) — *

by Lemma4.7, where Z denotes the cofiber of the map i (o) : "™ (W (&) 4p42) = W()an+2.
Thus we obtain Z >~ W («), as stated. O

Corollary 4.10 There are maps A(a): S"T2'F1 > W(a)apnso and ¢(a): S™H+2
W (at)an42 such that

W(a) ~ W(Ol)4n+2 Uk(ot) em+2n+2 U¢(a) em+4n+3.
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Proof Combine Corollary 4.6 and Proposition 4.9. O
Corollary 4.11 1 < cat(W(w)) < 2.

Proof By Corollary 4.6 and Proposition 4.9, the cone-length of W («) is at most 2, implying
cat(W(a)) < 2. On the other hand, we have cat(W («)) > 1 as W («) is not contractible. O

We compare the attaching maps A(«) and A(0) of (m + 2n + 2)-cell. By Proposition 4.5,
W(a)an+2 = W(0)an42; thus, both A(x) and A(0) are maps into W (0)4,42. Recall that
i: 82" W(@)anio = W(0)4,42 denotes the bottom cell inclusion.

Proposition 4.12 A(x) = A(0) +i o c.

Proof The map s: ™ (W ()an42) — S™ X W(ct)an42 restricts to a map 5: S" 2+ —
§™ x §2+1 5o there is a homotopy commutative diagram

Sm+2n+l s sm o SZnJrl

lA(ot)
A0)+ioa

Sm+2n+1 T W(Ol)4n+2.

On the other hand, i is a suspension by Corollary 4.7. Thus by Lemma 4.8, we obtain
Ma) = (@) oso X" = fiar) o (1gams1 Xi)o§ = A(x) o5 =Ar(0)+ioc,

completing the proof. O

5 Crude Hopf invariant

By Corollary 4.11, we can deduce that wcat(W («)) is 1 or 2. In this section, we provide a
sufficient condition for wcat(W («)) = 2 in terms of the crude Hopf invariant of the attaching
map of a cell of W(«) and prove Theorem 1.2 and Corollary 1.3.

Let us recall the definition of the crude Hopf invariant [4]. For £ > 1, let T*(Z ) denote
the k-fat wedge of Z, that is, T*(Z) is the subspace of zk consisting of points (xi, ..., Xk)
such that at least one of x; is the basepoint. Let F* denote the homotopy fiber of the inclusion
T*(Z) — Z* and let F denote the homotopy fiber of the projection Z¥ — Z"¥. Since
Tk(Z) — Z¥ — Z"* is a homotopy cofibration, the inclusion 7%(Z) — Z* lifts to F.Then
there is a homotopy commutative diagram

F— o Tk zk
Qz/\k f Zk ZAk

where two rows are homotopy fiber sequences. Arguing as in the proof of [4, Corollary 2.10],
we get the following lemma.

Lemma 5.1 There exists a natural left homotopy inverse r: QT*(Z) — QF of Q.

Recall that cat(Z) < k — 1 if and only if the diagonal map Z — ZF lifts to a map
y: Z — T*(Z). We call such a map y a k-th structure map of Z.
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Definition 2 [4, Definition 2.11] Let Z be a space with cat(Z) = k — 1 and a k-th structure
map y. The crude Hopf y-invariant

H,(0) € mp1 (27

of ¢ € m,(Z) is defined by the adjoint of the composite

T Q
sP1 5 7 2 orhz) L F — @2z/%
where E denotes the adjoint of ¢.

Theorem 5.2 [4, Corollary 3.9] Let X be a space with cat(Z) = k — 1 and let § € 7wp(Z).
If weat(Z U, ePtly =k, then H, (&) # 0 for any k-th structure map y .

We now apply this theorem to the attaching map A(a): STl — W(a)4ns2 of the
(m + 2n + 2)-cell of W(x) (see Corollary 4.10). Let p: W(a)an+2 — $4+2 denote the
pinch map onto the top cell. Since cat(W («)4,+2) = 1 by Corollary 4.6, there is a second
structure map W (a)an42 — W(@)ant2 vV W()an42-

Proposition 5.3 Ifﬁy (Ma)) # 0 for any second structure map y and n o p o M) = 0,
then weat(W (o) 4,42 Uj (o) Mty — o

Proof By [5, Theorem 5.14], the reduced diagonal map
A W(@ms2ns2 = (W(@m20+2)"
is homotopic to the composite

Hy (M)
2 S (W(@mtans2)"

for any second structure map y, where the first map is the pinch map onto the top cell.
Suppose that A is null-homotopic. Then since there is the homotopy cofibration

W (@) mi2nia — S™T20F

()
W(@)mianga = S22 228 S (W (@)ans2),

ﬁy (M(a)) extends to a map f: Z(W(a)ant+2) — (W((x)m+2,,+2)A2. Since the (4n + 3)-
skeleton of (W(oc)m+2n+2)A2 is the bottom cell $¥+2, the map f is homotopic to the
composite

by ) i
SW @uns2) > SYH % $2 L (W@ 2042)
for some ¢ € Z/2, where i denotes the bottom cell inclusion. Then we get
Hy(M@)) = f o ZA(@) =ioZ((cn) o poi(@) =0,
which contradicts the assumption. Thus A is not null-homotopic, implying
weat(W (@)m42n+2) = 2.

On the other hand, since cat(W () 4,4+2) = 1, we have wcat(W («) ;. +2,+2) < 2, completing
the proof. O

Note that the crude Hopf invariant is determined by the choice of the k-th structure map.
Lemma 5.4 There are exactly two homotopy classes in the second structure maps

W) an+2 = W()ant2 V W(a)an+2.
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Proof Let F denote the homotopy fiber of the inclusion W(a)ant2 V W()apt2 —
W(a)an+2 X W(at)4n+2. Then since W (a)4,42 is a suspension by Corollary 4.6, there is
an exact sequence of groups

1 = [W(a)ans2, F1 = [W(@)ant+2, W(@)ant2 V W(@)an42]
= [W()ant2, W()ant2 x W(a)ani2]

by Lemma 5.1. Then the order of the set of the homotopy classes of second structure maps of
W (a)an+2 is equal to the order of [ W («) 4, +2, F]. On the other hand, F has the homotopy type
of Q(W (a0)an+2)*Q2(W (a)4n42). Then by Proposition 4.5 and Corollary 4.6, the (6n + 1)-
skeleton of F is $¥+1 v §6m+1 v §6n+1 implying

(W(@)ang2, F1Z [W(@)angn, ST

Moreover, the homotopy cofibration S2+! — W(a)anir = S**2 induces the exact
sequence

Ton2 (S = a2 (ST — [W(@ant2, ST — mapp1 (87,

Thus since 72,42 (S* ) = 712,41 (S¥ 1) = 0 and 74,42 (S¥ 1) = Z/2, the statement is
proved. O

Let V: W(@)an+2 = W()an+2 V W(a)an+2 denote the suspension comultiplication,
and let 7 be the composite

W(a)ant2 — F — W(@)ani2 V W()ani2

where the first map is the generator of [W(«)an+2, F] and the second map is the fiber
inclusion. Then by Lemma 5.4 and its proof, the set of all homotopy classes of second
structure map of W (o)4,42 is

{V. V+nh
From the proof of Lemma 5.4, we can see that 7 is the composite
W(@)anin > §¥t2 L gt B gl @204 W g 4o V W(@ansa.  (12)
Fork = 1,2, letiy: W(&)an+2 = W()ant+2 V W(a)an42 denote the k-th inclusion.

Lemma5.5 Let X be a finite CW complex of dimension < 6n — 1. Then, for ¢ €
[ZX, W(a)4n+2], we have

i1of+ip0¢ = (i1 +i2) o0& +[i1,i2] 0o H(Z)
where H (¢) is the second James—Hopf invariant of ¢.

Proof As in [3, II, Theorem 2.8], we have an expansion of ij o { + ip o ¢, and by degree
reasons, terms higher than two vanish, although W(«)4;+2 is not a double suspension, in
general. We then obtain equality in the statement. O

Proposition 5.6 If 1 o p o A(a) = 0, then Hy(M(«)) = Hy17(A()).

Proof By the definition of crude Hopf invariants, it is sufficient to show that V o A(¢) =
(V + 1) o A(e). By Lemma 5.5, we have

Voila)+noile) =(V+n)oila)+[V,n]oHM(w)).

@ Springer



Parametrized topological complexity of spherical fibrations... Page 17 of35 1

By (12), 77 o A() is the composite

s
gm2nt1 MO, 2O W (@)ansn Py g2 N gdntl W ontl, ntl W(@)nsr V W (@i,

which is trivial by assumption. On the other hand, by (12), the Whitehead product [V, 7] is
the composite

_ _ wE"lp
E W@ ET W@ an12) ——5 (E7IW (@ an2)x T B W @ania vV W(@ani2

for some w. By degree reasons, the composite

sl HOO) ot () ) * (5T W (@)a52) 22 (E7TW (@) 2)2S*
is trivial, implying [V, ] o H (A(«)) = 0. Thus the proof is complete. ]
Corollary 5.7 Ifno poA(w) = 0and Hy(A(a)) # 0, then wcat(W (o)) = 2.
Proof By Propositions 5.3 and 5.6, we get wcat(W (@) +24+2) = 2. Recall that there is a

commutative diagram

Al A2
W(a)m+2n+2 e (W(a)m+2n+2)

T

W) —— 2 W)

where i: W(a)mions2 — W(a) denotes the inclusion and Ay, A, denote the reduced
diagonals. Suppose that weat(W (e)) = 1. Then A, is trivial, and so A can be lifted to
W () m+an+2 — F where F denotes the fiber of i 2. By the Blakers—Massey theorem, Fis
(m 4 6n + 2)-connected. Then the lift W (&) 42142 — Fis trivial, which is a contradiction.
Thus wcat(W(«)) > 2, and by Corollary 4.11, the statement is proved. ]

We next aim to determine p o A(«) for each homotopy fibration (7). Let Cyl(f) denote
the mapping cylinder of amap f: X — Y andlett: AxB — X (A x B) be the natural map

AxB = (Cyl(pry)) Uaxp (Cyl(pry)) — (C1+(A x B)) Uaxp (C—(A x B)) = (A x B).
Then, foramap u: A x B — C, its Hopf construction H (i) : AxB — X C is the composite
A+B > S(A x B) 2% xC.

In particular, by setting  as the projectiong: A x B — A A B, we obtain:
Lemma 5.8 The composite
A*B > S(A x B) =5 S(A A B)
is a homotopy equivalence.
Suppose that there is a cotriad

p="rgmyp I

We denote an extension of f by f: §” x B — C Ue”*!. Let Z be the homotopy pushout
of the above cotriad. Let g;: A x B — A X B denote the projection.
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Lemma 5.9 The space ¥ Z has the homotopy type of the cofiber of the Hopf construction

H(f oqr): S"«B — X(C U™,

Proof We consider a homotopy commutative diagram

Xq1)o D)
smaB —ZI s By —— 2 s(cuemth

=

* YB )IV4

where the left and right squares are homotopy pushouts. Thus the total square is a homotopy
pushout, completing the proof. O

Observe that, if B is a suspension, then the map H(q1) = Xg ot is homotopic to Xs,
where s is the map as in (10).

We give a description of the map X (p o A(«)) in terms of Hopf construction. Let f denote
the map pL(Ol)%m |Sm x (§2n+1y §2n+1y.

Lemma 5.10 The map X (p o A()) is homotopic to the composite

1xi p
sms2ntl B om (@t gty Do oantt gty B g ntl \ gntl _ gdnt3

Proof As in the proof of Proposition 3.4, there is a homotopy pushout

2
S 5 (S 5 g2ty @) gm g0+l o g2n+1

|

52n+1 x S2n+l (X(a)§m+1)

Then by Lemma 5.9, the skeleton X ((X (Ol)ém +1)m+2n+2) has the homotopy type of the cofiber
of the map

H(fOCII)' Sm*(S2n+l v, S2n+l) - Z((Szn+] X Sszrl) U€m+1).

Clearly, we can get the similar description of X (W («),+2n+2) as the cofiber of LA («) such
that there is a homotopy commutative diagram

Ix(14(=1))

Sm*(SZn-H V. S2n+1) Sm*S2”+1

lH(];OIII) lm(a)

o
(S 5 Sy Uemthy =L S (W(@)anta)

| |

(X (@ FsImtans2) ———————> Z(W(@m+2042);
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where j is the cofiber map of A in (8) and the two columns are homotopy cofibrations. On
the other hand, there is a homotopy commutative diagram

(52n+1 « Szn+1) 9 gén+2

|

(SZVL+1 x SZn+1) U em—H p S4n+2

|

o
W(a)4n+2 S4n+27

where i denotes the inclusion and p denotes the pinch map onto the top cell. Obviously we
have H(f o q1) = (¥i) o H(f), and then we obtain

(2p) o (Zr(@)) = (Tp) o (Za(@)) o (Ix(1 + (=1))) o (1xi1)
= (2p) 0 (T)) o H(f o q1) o (1xi1)
= (2p) o H(f o q1) o (1xi1)
= (2p) o (Zi) o H(f) o (1xi1)
= (2q) o H(f) o (1xiy).

Thus the statement is proved. O

Lemma 5.11 The map X (p o A(«)) is homotopic to the composite

1 H(u(e), x (X)opry)
—_—

s, g2+ n(s2H x st Z4 s gl q2nkl _ g4n3

Proof By the homotopy commutative diagram

gm 5 gl POXOPD) iy oontl

IXiI\L

S o (SZH+1 v S2n+l)

Uv(a)ém
S2n+l X S2n+l,

we get H(f) o (Ixi1) = H(u(a), x(X) opr;). Thus by Lemma 5.10, the proof is complete.
m}

We then give another description of the map p o A(«) up to sign.
Theorem 5.12 There is an equality
2y (X (@) = £p o A).
Proof Recall that x (X («)) = u(a)|sm x«. Then there is a homotopy commutative diagram
§m oy g2+l §m w §2n+1 sm A §2n+1 (13)
Vox+ii (u(a),xom)l lo

S2n+1 v S2n+l 5 S2n+1 % S2n+1 5 SZIH—I A S2n+1
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where the two rows are homotopy cofibrations. Since X6 coincides with the composite in
Lemma 5.11, up to sign,

0 = £3(p o AMa)).

Asm < 4n+2, x(X): §" — §2"*1 isa suspension by the Freudenthal suspension theorem,
and so we have Vo x (X (o)) = i1 0 x(X(«)) +1i2 0 x(X(«)). Then by the additivity and the
naturality of the Whitehead product, we get
[Vo x(X(e)),i1] =[i1 0 x (X () +i2 0 x (X(@)), 1]

= [i1 o x(X(a)), i1] + [i2 0 x (X(@)), i1]

=10 [x(X(a)), Lgza+1] + [i2 0 x (X (), i1].
Then since x (X () +1gont1: S VS H! — §21+ extends to p(ar): §7” x §21+! — §2n+1,
we have [x (X (a)), 1g24+1]1 =0, so

[Vo x(X(),i1] =[i2 0 x (X(a)), i1].

On the other hand, we have [i2 o x (X («)), i1] = —[i1 o x (X («)), i2]. Then the diagram (13)

extends to

Sm71*52n w RV S2n+l Mo S2n+l N SZn+1

2“x*ll lVole l(#(a)»xoml) J{a

S2n*S2n w S2n+l V. S2n+l S2n+1 x 52n+1 S2n+1 A SZnJrl.
Hence we get
+2(p o)) = 20 = £33 (X (@)).

Thus since poA(a) € Tpy42n+1 (S**2y and m+2n+1 < 2(4n+1), the statement is proved
by the Freudenthal suspension theorem. O

Corollary 5.13 If (57 o x (X (e))) = 0 and Hy (A(a)) # 0, then wcat(W (a)) = 2.

Proof Since m < 4n — 1, E**: 7,1 (ST — m40,41(S* 1) is isomorphic by the
Freudenthal suspension theorem. Then 770 p o A() = £ 0 £2* 1 (x (X())) is trivial if and
only if X(n o x(X())) is trivial. Thus by combining Corollary 5.7 and Theorem 5.12, the
statement is proved. O

We are now ready to prove Theorem 1.2. Leti: §2'*!

cell inclusion.

— W(®)an+2 denote the bottom

Proof of Theorem 1.2 By Lemma 4.3, there is a map p: §™ x §2"+t!1 — §27+1 guch that
]smx+« = B and X is homotopy equivalent to the homotopy pushout of the cotriad

S2n+1 (i Sm % S2n+1 ﬁ) SZn+1'
By the assumption, %( o 8) = 0. If Hy(1(0)) is nonzero, then wcat(W(0)) = 2 by
Corollary 5.13. Hence by Proposition 3.4 and Corollary 4.2, we obtain TC[X — §"+1] = 2.

Suppose that Hvy (1(0)) is zero. By assumption, Hy () # 0 € Tptan12(S**2) and, by
Corollary 4.6,

(W(@)an+2)"? = (W(@ans2 A ST Uty -1 (W(@ania A ST

~ (S4n+2 V. S6n+3) V. (S6Il+3 V. S8n+4)'
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Then by the Blakers—Massey theorem, the (6n + 2)-skeleton of the homotopy fiber of the
map i"2: (SN2 (W (a)ani2)"? is SOF2 v §9+2 Since m 4+ 2n +2 < 6n + 1,
2% o2 (S22 = 7002 (W (@) 4n12)"?) is an isomorphism. Then since i is
a suspension by Corollary 4.6, we obtain

Hy( (@) = Hy(M(0) + ise) = Hy(A(0)) + Hy (ixa) = i} *Hy (@) #0

by Proposition 4.12. Thus wcat(W («)) = 2 by Corollary 5.13; hence, TC[ X (o) — sl =
2 by Proposition 3.4 and Corollary 4.2. O

Next, we prove Corollary 1.3. Let us recall the relation between the second James—Hopf
invariant and the crude Hopf invariant.

Theorem 5.14 [5, Theorem 5.12.] Let H: mp(XB) — np(Z(BAz)) denote the second
James—Hopf invariant and let Hy: 7wp(E£B) — JTp+1((EB)A2) denote the crude Hopf
V-invariant. Then YH = —Hy.

Lemma5.15 Letk = 1,2,5or 8i — 1 withi > 1. Then, for each k, there are infinitely many
n with 2n — 3 > k such that Hy () # 0 for some a € nk+4n+2(52”+1).

Proof Note that Hy () € T 4an43(S*12) and k 4+ 4n 4+ 2 < 6n — 1 < 8n. Then by Theo-
rem 5.14 and the Freudenihal suspension theorem, E : nk+4n+2(S4”+l) — nk+4n+3(54”+2)
is isomorphic, and thus, Hy (o) # 0 if and only if H(«) # 0. Since k +4n +2 < 6n — 1,
the EHP sequence

n+1y H 4n+1y P oy E 2n+1

Th+dn+2(S™) = Tppan2(S™7) = Wpan (87") = Trgdn+1(S7)

is exact. We claim that, for each k above, there are infinitely many n such that [/, 1 g2.] = 0 for
some o’ # 0 € Traont1 (52"). Then by the EHP sequence, there exists o« € nk+4n+2(S2"+1)
such that H (o) = E?"*'a/. Since k +2n + 1 < 4n — 2,

E2n+1 S4l‘l+l )

. 2
g 2n41(ST") = Trqanga(

is an isomorphism by the Freudenthal suspension theorem and we obtain E2**1a’ # 0. Thus
the statement follows.
Let v denote the generator of the 2-component of the stable stem 7135 = 7Z/12. Then by

[33, Chapter V], 772, 773 and v?2 have order 2 in the stable stem nzs s 7r35 and ngf, respectively.
Fori > 1, let no; € ngsl. denote the element of order 2 in [24, Chapter I]. Then we have:

[7%, 152] = O if and only if » = 1 (mod 2) by [18, Corollary 2].

[773, lgn] =0if and only if n = 1 (mod 2) by [32, 2.10].

[v2, lg2«] = 0if and only if n = 0 (mod 4) by [23, Theorem 1.3] and [32, 2.11].
[noi, 1g2a] = 01if 3 < v2(8i + 2n + 2) < 4i by [24, Theorem D].

Here 1> (/) denotes the 2-exponent of /. Therefore, our claim is proved. ]

Proof of Corollary 1.3 By Lemma 5.15, there are infinitely many pairs (mm, n) of integers with
1<n, 2n+1<m<4n—1 and m—2n+1)=1,2,5 or 8i —1,

such that Hy (o) # 0 for some o € 7yy2p41(S2HD).

Let 2t — X — §™+! be the trivial bundle. Then we have x (X) = 0 and TC[X —
smtl =1, By Corollary 5.13, it follows that wcat(W(«)) = 2 as n o x (X(«)) = 0. Thus
by Proposition 3.4 and Corollary 4.2, we obtain TC[X («) — S$"1!] = 2, completing the
proof. O
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Remark 2 For the m — (2n + 1) = 8i — 1 cases above, there are infinitely many homotopy
fibrations $2'*+! — X — §"*1 guch that

x(X)#0 and TC[X — "1 =2.

Namely by [1], there always exists an odd component § € ngsi_l for eachi. Let 21 + 1 be
the order of 8. Then since [1 g2un+1, 1 g20+1] have at most order 2, we get

[B, 1gnt1] = [Lgant1, 1gont1] 0 B
= [lgmt1, lgms1]o Bo 2L+ 1 —2I)
= [1gon+1, Lgonri]o Bo 2L+ 1) — [1gon+1, Lgonr1] o B o2l
=0 —[lgn+1, Lgamt1] 0 (21) gan+1 0 B = 0.

Similarly, we get 7 o f = 0. Thus by combining Theorem 1.2 and Corollaries 5.13 and 5.15,
we can prove the existence of such homotopy fibrations as stated.

6 Proof of Theorem 1.4 (1)

Throughout this section, let V — S+ pe vector | bundle of rank 2n 4+ 1 withn > 1. Let
X — §%"*! be the unit sphere bundle of V and let X — $2**! be the orthonormal 2-frame

bundle of V. Then there is a fiber bundle $2"~! — X 5 X,

Foramap p: X — Y, let Xxy X denote the fiberwise join of two copies of X over Y,
that is, the homotopy pushout of the cotriad X 2y )2, P2 X The fiberwise join Xxy X is
a fiberwise space over Y equipped with a map between the homotopy pushouts of the rows
of the commutative diagram

T r
X pry X% pry

14}

Y ——Y

Notice that, if p is a fibration with fiber F, then the map X*y X — Y is a homotopy fibration
with fiber FxF, the join of two copies of F.

Proposition 6.1 [29, Theorem 3] For a fibration X — Y, secat(X — Y) < 1 if and only if
XxyX — Y has a right homotopy inverse.

We aim to show secat(p: X > X) < 1. By Proposition 6.1, this is equivalent to find a
right homotopy inverse of the map pxy p: X*x X — X. For the rest of this section, we only
consider cohomology with mod 2 coefficients unless otherwise specified.

Lemma 6.2 The mod 2 cohomology of X is given by
H*(X) = A(xon, Xan41),  |xi| =i

Proof Ttis sufficient to show that the mod 2 cohomology Serre spectral sequence for the fiber
bundle 2" — X — S§%'*! collapses at the E»-term, which is equivalent to the Euler class
e(X) being trivial. Since 2e(X) = 0in H*'1(§¥'*+1, Z) = Z, so e(X) = 0. o
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Lemma 6.3 The mod 2 cohomology of')z is given by
H*(X) = A(x2n—1, Xon, Xous1),  |xi| =i
such that p*(x;) = x; fori =2n,2n + 1.

Proof Let V, (R2”+]) be the space of orthonormal 2-frames in R*'*!. Then there is a com-
mutative diagram

Sanl S2n71 %
Vs (R2n+ 1 ) ? S2n+1
L
SZn X S2n+l

where all columns and rows are fibrations. We note that the left column is the unit tangent
bundle of $>". Then the mod 2 cohomology Serre spectral sequence for the left column
collapses at the E>-term. Thus by Lemma 6.2 and naturality of spectral sequences, the mod
2 cohomology Serre spectral sequence for the middle column also collapses at the E>-term.
Therefore by Lemma 6.2, the statement follows. O

Lemma 6.4 The mod 2 cohomology of }?*X)? is given by
H*(X#xX) = Ao, Xons1, Xan—1), |xi| =i
such that (pxx p)*(x;) = x; fori =2n,2n + 1.

Proof Note that the fiber bundle $2~! — X — X is the unit sphere bundle of some vector

bundle V' — X; thus, the fiber bundle $%'~! = $2=1xs21=1 — Xxy X Z55 X is the
unit sphere bundle of the vector bundle | VeV - X.In particular, e(X *x X ) =e(X )2
The proof of Lemma 6.3 implies that e(X) is divisible by 2. Then e(X#x X) is also divisible
by 2, hence the mod 2 cohomology Serre spectral sequence collapses at the E>-term. Thus
the statement follows from Lemma 6.3. O

Consider the homotopy commutative diagram

~ ~

X=—x—>X

|

XLy 2oy

]

*%X%H—*

such that all columns are cofibrations, where pr; denotes the i-th projection. Notice that
colimits commute with colimits; then by taking the homotopy pushouts of rows, we get a
cofibration

Tvi L XS 52
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Lemma 6.5 The map g*: H*(E()?f()) — H*()?*X')Z) is surjective for * = 4n — 1 and
trivial for x = 4n + 1.

Proof Consider the long exact sequence
S HER) S B Gad L RV > -
By Lemma 6.3, pr; and pr, induce an isomorphism
H (%) @ H" (%) = H4n71(5('§().

Then f* is trivial for * = 4n — 1 and thus the % = 4n — 1 case is proved. By the definition
of the map f, there is a homotopy commutative diagram

i X*Xg

I o

XvX—X

X

where the bottom arrow is the folding map. Then by Lemmas 6.2 and 6.3, the map f is
injective in H*"+!. Thus by the above long exact sequence, the « = 4n + 1 case is proved
as well. O

Proposition 6.6 Ifn > 2, then secat(p: X - X) <1.

Proof By Proposition 6.1, it is sufficient to show that pxxp: X«xX — X has a right
homotopy inverse. Clearly, the only obstruction o for the existence of such a right homotopy
inverse lies in

H4l’l+l(X; 7T4n(S4n71)) g H4I’l+1 (X).

Suppose 0 # 0. Then by Lemma 6.2, 0 = x2,x2,+1, and by Lemma 6.4, (p*xp) (o) =
X202 # 0. On the other hand, since n > 2, there is y € H¥%!(XxxX) such that
Sq y = (pxx p)*(0) by [29, Chapter III, §4], and by Lemma 6.5, thereis z € HY— 1():)(X2 )
such that g*(z) = y. Then by Lemma 6.5, we get

0 # (pxxp)*(0) = Sq’y = Sq?g*(2) = g*(Sq*2) = 0

which is a contradiction. Thus o = 0, as desired. O

Proof of Theorem 1.4 (1) For n > 2, the statement is proved by combining (5), Proposi-
tions 3.3 and 6.6. Forn = 1, all vector bundles over S3 of rank 3 are trivial as 73(B O (3)) = 0.
Thus by [6, Example 4.2], we obtain TC[X — $31 =TC(S?) = 2. O

7 Proofs of Theorem 1.4 (2) and Theorem 1.5
7.1 Proof of Theorem 1.4 (2)

Throughout this subsection, we consider the homotopy fibrations

sl X 5 §22 with n # 1, 3.
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Namely, we exclude the cases in which the fiber is S° or 7. For3 <k </, let f: §' — S¥
be a map of order b < oo and let Z denote the cofiber of f. By the Blakers—Massey theorem,
the (k + [ — 1)-skeleton of the homotopy fiber of the pinch map p: Z — S'*! is homotopy
equivalent to S, so there is an exact sequence

« b
4185 = m1(Z2) L5 (S S (s,

Clearly, the composite

(8 S w81 = m(sh)
represents the induced map f, where E denotes the suspension map. Then we obtain:
Lemma 7.1 774 ((S'T1)/ker§ = Z/b.

As in the proof of Corollary 4.6, the Whitehead product —[1 gant1, 1g2u41] € 4511 (S¥F1)
is a suspension. Here we consider the order of its desuspension.

Lemma 7.2 The set {0 € m4,(S*") | Tw = —[Lgan+1, 1g2n+1]} has exactly two elements,
and each of its element has order

2 m=0 (mod 2))
4 n=1 (mod2)).

Proof Let A denote the set in the statement. Consider the EHP sequence

~ P E H ~
Z)2 = 742 (ST S 14 (57) = a1 (87T S map (SUTH =20 (14)

Then by [19, Corollary 4.18], P(n) = [n, 1g2.] # 0, and thus the map P is injective. Thus
Ker E =Im P = Z/2, whichimplies that |A| = 2. Takeanya € A.Then A = {a, a+ P (n)}.
If a has order 2% fork > 1, thenas2P(n) = 0, a+ P (n) also has order 2¥. Thus it is sufficient
to find an element of A having order 2 forn = 0 (mod 2) and4 forn =1 (mod 2).Ifn =0
(mod 2), then by [32, 2.24], there is a € w4, (52") of order 2 such that

Ea = [1gn-1,1gn1] = —[lgon-1, 1gon-1].

Then we have a € A and thus the first case is proved.
Consider the EHP sequence

~ an+3y P 2n+1y E 2n+2y H 4n+3
Z = 7ans3(SY ) = a1 (ST S 140 (872 S a0 (ST = 0.

Then Ker E = Im P = 7Z/2{[1gm+1, 1 g2n+1]}, where [1g2141, 1gon+1] has order 2 as
n # 1,3. By the Freudenthal suspension theorem, Ker £ = Ker{E?: n4n+1(52”+1) —
Tan+3 (SQ”+3)}. In the EHP sequence (14), the map H is trivial as w4y, (S2+1) is a torsion
group; therefore, the map E is surjective. Then the natural map

Ker{E?: 7140 (S?") = 7ans3(S¥)} — Ker{E?: 741 (ST — m4ng3 (577}

is surjective too. If n = 1 (mod 2), then Ker{E>: 74, (S*") — m4n43(S¥"T3)} = Z/4 by
[32, §3]. Thus there is a € 4, (S*") of order 4 such that Ea = [1g2n+1, 1g2041]. Namely, A
has an element of order 4. O

We choose w € my, (Sz"lsuch that Xw = —[1gon+1, 1 gon+1]. Let W = §2 Uy el
Then by Proposition 4.5, W = W (0)4y,+2-
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Proposition 7.3 There is an isomorphism

Z/2 (n=1 (mod 2))

Coker{E : Tan11(W) — ap42(W(0)an42)} = {0 (n=0 (mod2)).

Proof By the Blakers—Massey Theorem, there is a commutative diagram with exact rows

T* 37 S
Tan i1 (82— 714y (W) ——— 41 (S s 7y, (S21)
\L E l E \L E \LE
.* b
Tansa(SZF1 — Tans2(W(0)4n42) —— 4 12(SMH2) — s 14,1 (SPF])

where i and i are the bottom cell inclusions. Then we get a commutative diagram of exact
rows

0 Imi, Tans1 (W) Ker § 0
0 Im i, Tan+2(W (0)4n42) Keré 0.

Hence by the snake lemma, we get an exact sequence
Coker f — Coker{E: m4p41(W) = m4p42(W(0)4n42)} — Coker g — 0.

Consider the EHP sequence

2ny E 2n+1y H an+1y P 2
Tan1(87) = a2 (ST = a2 (ST = 140 (S7).

As in the proof of Lemma 7.2, the map P is injective, and thus the map E is surjective. Then
Coker f = 0. By Lemmas 7.1 and 7.2, we have

47 (n=1 (mod 2))

and Kerd§ =27 CZ=n 42y,
27 (n=0 (mod 2)) 442577

Ker§ = {

Thus since E : 714,1“(54"'*'1) — 714n+2(S4"+2) is an isomorphism, Coker g = Z /2 forn = 1
(mod 2) and Coker g = 0 forn =0 (mod 2). ]

We now consider a homotopy fibration S~ — X — §** with n > 3.

Proof of Theorem 1.4 (2) Let x (X) = 4l4+2 € m4,_1(S*"~1) = Z. Then by Theorem 5.12, po
1(0) = £~ 1y (X) = +(41+2). Consider the maps E: g, 3(W) — mg,_2(W(0)g,_2)
and g: Ker§ — Ker$ in the proof of Proposition 7.3. By Proposition 7.3, p o A(0) =
(4l +2) ¢ Im g, implying

20) ¢ Im{E: 78, 3(W) — 78,—2(W (0)84-2)}.
Then by the EHP sequence
303 (W) 5 7502 (W (O)30—2) > 755—2(E(W)"2) D> 15,0 (W),
H(X(0)) # 0. Since the (8n — 1)-skeleton of S(W) N is §3"3 we have
gn—2(E(W)"?) = 75, 2(S¥ ) = 22,
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and by the Freudenthal suspension theorem,

— E
7812 (W)"?) = 71801 (W (0)34-2)"?)
is an isomorphism. Then by Theorem 5.14, we get
Hy(.(0)) = =S H((0)) # 0.

Thus as 1 o x (X) = 0, we obtain wcat(W (0)) = 2 by Corollary 5.13. Therefore by Propo-
sition 3.4 and Corollary 4.2, TC[X — §*'] = 2. m}

As an application, we obtain:

Corollary 7.4 For any homotopy fibration S*"t!' — X — §*"*2 withn > 1,

weat(W(0)gn+3) = 1.

Proof By Proposition 7.3, E: ngn+1(W) — 18y4+2(W(0)g,+2) is surjective; thus, A(0) €
ImE C 78,+2(W(0)s,42). Then W (0)g,+3 is a suspension and thus the statement follows.
O

7.2 Then = 3, 7 cases

Throughout this subsection, we consider the homotopy fibrations
§"— X — $"T with n=3,7,

and regard S and S7 as the unit spheres of H and ©, respectively. Then S” has a product.
We recall from [31] an explicit description of 7, (SO (n + 1)). We define maps p,o: S* —
SO +1) by

p()(y) =xyx~', g () (y) = xy

for x,y € S". Let Z{ay, ..., ar} denote the free abelian group generated by ay, ..., a; and
letr: SU( %) — SO(n + 1) denote the realification map.

Lemma7.5 1. m,(SO(n + 1)) = Z{p,o}.
2. o € Im{r,: m,(SU("H)) — m,(SO(n + 1)}

Let T — S"t! denote the unit tangent bundle.
Lemma7.6 The map —p + 20 : S" — SO (n + 1) determines T .

Proof Let V. — S"*! be the real vector bundle of rank n + 1 which is determined by the
map kp + lo. Then by [30, Theorems 4.1 and 4.4], we have

p1(V) =222k +Du for n=3, and pa(V) =x6(2k+Du for n=7,

where p;(V) € H 41 (sm+1; Z) denotes the i-th Pontryagin class and u denotes the generator
of H't1(smt. 7) = 7.

Let X — S™*! be the unit sphere bundle of V. Then X has the homotopy type of the
homotopy pushout of the cotriad S” 2 g sn B S", where p is defined by

p(x, y) = ((kp + 1) (x))(y).
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Since u(x, 1) = x!', we get x(X) = u|snx« = [, which is the Euler class of V — sntl
Then, for the tangent bundle 7 S"*! — §"*! we get = 2 as the Euler class e(7'S"*1) is 2.

Furthermore, the total Pontryagin class p(T'S"*!) is equal to 1; therefore, we get k = —1.
Thus 78"t! — §"*1 is determined by —p + 20, as stated. ]
We define

n: 8" x 8" = 8", (x,y) = xyx = ((—p + 20)(x)) ().

Then by Lemma 7.6, T has the homotopy type of the homotopy pushout of the cotriad
sn &2 g s B gn We also define

LS x 8" ST (x,y) > x2y = 20 (x))(y).

Then as p|snysn = filsnyse, there exists @ € mp,(S™) such that i = u(a). Thus by
Lemma 7.5, the homotopy fibration §" — T () — §"*1 defined by i = (@) is equivalent
to the unit sphere bundle of a complex vector bundle V — ! of rank %

Recall that 75, (S") is isomorphic to Z/12 forn = 3 and Z/120 forn = 7.

Proposition 7.7 The element o € 75, (S") is a generator.

Proof Let w = w(0) - (o) ~': 8" x §" — §". Then w is given by a map

1 -1

ST xS 8" (x,y) () = Gy ey T = xay e

Lett: " A S" — §" A S" denote the map (x, y) — (xy,x)and y: §" A S" — S" denote
the commutator map. Then, for the pinch map ¢: §" x " — S§" A §”, it is straightforward
to check

w=yotToq.

On the other hand, we have w = & o g by definition. As S” is an H-space, the map ¢*: [S" A
S, 8" — [S" x §", §"] is injective by [34, Lemma 1.3.5]; thus, we get @ = y o t. Thus
since T is a homotopy equivalence, « is a generator of 72, (S™) if and only if y is so. Now
by [20, §9] and [27, Theorem II], y generates 12, (S"), so « does too. m]

Proof of Theorem 1.5 forn = 3,7 By Propositions 4.12 and 7.7, we have A(«) = A(0) + i «,
where « is a generator of 7, (S") and i is the bottom cell inclusion $” — W («)2,. Then by
[33, Chapter V], we get

H(a) =n#0,

Therefore we have Hy (o) # 0 by Theorem 5.14. Arguing as in the proof of Theorem 1.2,
the map i*Az: Ton+1 ($2) — Ton+1 ((W(a)2,)"?) is an isomorphism, and so we get

Hy(M@) — Hy(1(0)) = Hy(A(@) — 1(0)) = Hy(ixa) = i}*Hy(a) #0.

Recall that there is a complex vector bundle V. — §"*! such that T () is equivalent to
its unit sphere bundle. Then TC[T () — S"*'] = 1 by [14, Corollary 17], implying that
Hvy(A()) = 0, and so we get Hy(1(0)) # 0. We note that Z(57 o x(T)) = Z(no2) =
0; then wcat(W(0)) = 2 by Corollary 5.13. Thus by Proposition 3.4 and Corollary 4.2,
TC[T — S"F!] = 2 as stated. u]

Corollary 7.8 Let k be an integer that is prime to 12 if n = 3, prime to 120 if n = 7, and let
1 even. If the bundle S* — X — S"t! is determined by kp + lo, then TC[X — "] = 2.
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Proof Let S" — X — S"t! be the sphere bundle that is determined by /o. Then there is
an element o € 72, (S") such that X = X (). Arguing as in the proof of Proposition 7.7,
it follows that « is a generator. Thus since x (X) = [ is even, the statement is proved in the
same way as in the proof of Theorem 1.5 forn = 3, 7. O

8 The unit tangent bundle

Throughout this subsection, we consider the unit tangent bundle

S4n +1 S4n +2 .

=T —

Let T — $%72 be the orthonormal 2-frame bundle of the tangent bundle of §*"*2. Then
there is a fiber bundle $4* — T LS T, which is equivalent to the fiber bundle

S4n s V3(R4n+3) ﬂ) V2(R4n+3),

where Vi (R*'*3) is the space of the orthonormal k-frames in R*"*3 and p is the projection
of the first 2 vectors. Assuming Proposition 1.6, we get an inequality

wcat(W(0)) = 1 < TC[T — $*'*2] < secat(p) + 1

by Proposition 3.3. On the other hand, by [21, Theorem 1.15], secat(p) = 0 if and only
if n = 0, 1. Thus we obtain TC[T — S$*'*2] = 1 for n = 0, 1. Observe that, for n > 2,
TC[T — S$**2] cannot be determined by the upper and lower bounds we have mentioned.

We now aim to prove Proposition 1.6. First, we provide another description of W (0) as
the cofiber of a map.

Lemma 8.1 The complex W (0) has the homotopy type of the cofiber of p: T—>T.
Proof Let Ty — $*2and T — $**2 be the subbundle of T¢,,, — S**2 defined by
Ty ={(x.y) € Tgupa | (x,y) =0} and T = {(x,y) € Ty | (x,y) <0)

where (x, y) denotes the fiberwise inner product. Then since T = Ty NT_, TS24n 4o 15 the
pushout of the cotriad

T+<—’ff—>T_.

Since T is obviously a neighborhood deformation retract of 7_, the inclusion T > T isa
cofibration. Then T524n 42 1s also the homotopy pushout of the cotriad above. Now we have a
commutative diagram

pry pry

T, T T_
S4n+2 S4n +2 S4n+2

where the first projection pr is a homotopy equivalence. Then since the composite

pry A 2
T+ — T — T54n+2
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is homotopic to the inclusion 7'y — T524,, 42, We get a homotopy pushout diagram

- .7

i .

2
— Ts4n +2-

Notice that colimits commute with colimits; thus by taking the cofiber of the vertical maps,
the statement is proved. O

We consider the cell decomposition of W (0) in relation to the cell structures of 7" and T.
We recall the cell decomposition of the real Stiefel manifolds by James [21].

Lemma8.2 Let Q. = RPF/RPK,

1. There is a cell decomposition T =V, (RAH3) = Quny22Ue
2. There is a cell decomposition

T — V3(R4n+3) = (Quns23 U Sy 88n+2) Uy eSn3 1243

8n+3

3. Themap p: T — T isa cellular map.
We also recall that there are cell decompositions
Quni22=S"T Uy e and Qungoz =S¥ v (SYH Uy ).
From the construction, it follows that Tgn+2 is the pullback of the triad
P oo~
OQuni22—>T < T.

Since Q4,122 is a suspension and Q4,12 3 is the cofiber of the trivial map S U, e*'+! —
S there is a map ju: (S* Us e t1) x §% — §% with

Ml(s4r1ue4n+l)vs4n =0+ ]SAn
such that Tgn+2 has the homotopy type of the homotopy pushout of the cotriad
g4n n (S4n Uy e4n+1) « §n K gan

Let W’ be the cofiber of p: Tgn_,_z — Qup42.2- Clearly, dim W' = 8n + 3 and W' is
4n-connected.

Lemma 8.3 The connecting map §: W' — E(T8n+2) of the homotopy cofibration
& P
Tgnia = Qant22 — W'
admits a left homotopy inverse.
Proof Consider the homotopy commutative diagram
% < (S4n U e4n+l) N

| ] |

S4n Pra (S4n Us e4n+l) X S4n K S4n

| ) |

<~ (S4n Uy e4”+l) _— =%
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Note that, for each column, the composite of the two vertical maps is the identity. Then by

taking the homotopy pushout of each row, we get Q4y422 — Tgn+2 LS Q4n+2,2, Whose
composite is homotopic to the identity map. Then the map p: Tng — Qap+2,2 admits
a right homotopy inverse. This implies that Q422 — W’ is null-homotopic, and thus §
admits a left homotopy inverse. O

Lemma8.4 cat(W') = 1.

Proof By Lemma 8.3, we have cat(W’) < cat(E(fg,H_z)) = 1. Thus since W’ is not con-
tractible, the statement is proved. O

Furthermore, the pushout construction of a spherical fibration in the proof of Proposi-
tion 3.4 can be generalized; there is a map « : S3+2 x §% — Ty, 1> with «|,, g being the
inclusion of the bottom cell, such that there is a homotopy commutative diagram

pr K -~
s "c Snk2 ¢ K T3n+2
pry P
* s8n+2 Qunt2,2

pra

gént1 §8n+2 o gdntl K W’

8

z ~
S4n+l # 2(58n+2 X S4n) L E(TSVH-Z)

where all columns are homotopy cofiber sequences and p: T — T is the map between the
homotopy pushouts of the top two rows. Notice that colimits commute with colimits; then by

taking the homotopy pushouts of the rows, we get a cofiber sequence TL T w(0) LN
3 T. Then by the argument as in the proof of Proposition 4.9, W (0) has the homotopy type

of the cofiber of the composite
512n+3 — Sgn+2*S4n i) SSI’!+2 X S4n+l i) W/,

where s is the map as in (10). Note that « | gs.-+2 ., corresponds to the attaching map yr of the
(8n + 3)-cellof T.

Lemma 8.5 The composite
s 3 q
SS"+2*S4n N 58n+2 X S4n+1 L w i W//Wéin_H — SSn+2 Up 88n+3

is trivial.
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Proof Consider the homotopy commutative diagram

= 4 8n+1 8n+2
Quny2,3 ——> Tgpyp —— ST U, 511

-

Qani2p = Qapi20 ———> %

gén+1 w’ 4 §8n+2 U, o813

8

T q
z:Q4Vl+2,3 I E(T8n+2) - - S8’1+2 Us 68n+3

where all columns and rows are homotopy cofiber sequences. Then the composite in the
statement corresponds to the attaching map of the (12n + 4)-cell of X7 /X Q4,42,3. On the
other hand, by [21], there is a stable homotopy equivalence

f ~g Q4n+2,3 V; (SSVH-I Us 68n+2) v SSn+3 v 512n+3_ (15)
Then by the Freudenthal suspension theorem, we get
ZT/EQ4VL+2,3 — (SSn+2 U, 68n+3) V. S8n+4 v 512n+4'

Thus the attaching map of the (12n + 4)-cell of Zf/ 2 Qan42,3 18 trivial, completing the
proof. m}

We are now ready to prove Proposition 1.6.

Proof of Proposition 1.6 Recall that there is a homotopy commutative diagram

S12n+3 s 58n+2 X S4n+l K w’

| |

Sl2n+3 % 2(S8n+2 % S4n) L E(TSVH—Z)-

By [5, Theorem 3.16], we have
Hy(Zkot)=Hy(@okos)= §"2 oHy({&os)+ Hy(8)oZ(kos).

We aim to prove Hvy (kK os) = 0. Then since cat(W’) = 1 by Lemma 8.4, it follows that
wcat(W(0)) = 1 by Theorem 5.2 as stated.

First, we prove that Hvy(8) o Z(k os) = 0. Since (E(Tgn+2))A2 is (8n + 1)-connected,
‘Hvy (8) has an extension

§: W/ St = §33 U, 8 s (S (Topio)) 2.
On the other hand, the composite
glonta Es %582 i ghntly ZE s 4 g8n+3 U, e84
is trivial by Lemma 8.5. Then we get

Hy(§)oX(kos)=8o0goX(kos)=0.
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We now have Hy (X« o) = 8”2 0o Hy(K os5). Since k| gsnt2, g4 = ¥ + i, where i is the
bottom cell inclusion, we get

Hy(Zkot) = Hy(H(K)) = £(Z¢ A Zi) = (x5 Fyran) A Ti) 0 (Y A Lgins).

On the other hand, it follows that S A 1 g1 = 2% +2y is trivial from the stable splitting
(15) and the Freudenthal suspension theorem. Then we get Hv(Zk o) = 0. Thus by
Lemma 8.3, we obtain Hvy (kK o s) = 0, completing the proof. O

9 Open problems

We conclude this paper with a list of questions regarding the parametrized topological com-
plexity of spherical fibrations over spheres. We hope that these problems precipitate further
research.

First, we consider a homotopy fibration $>"*! — X — §”*! with 1 < n and 2n +
1 < m < 4n — 1. Note that, except for the cases in Sect.8, we have considered only
wcat(W(0),,+2,+2) as a lower bound.

Problem 9.1 Does there exist a homotopy fibration §?**! — X — 7™+ such that
weat(W (0)42042) = 1 but weat(W (0)) = 2?

In Sect. 8, we have considered the unit tangent bundle $***! — T — §*"*2 and proved
wcat(W(0)) = 1 as an example of the limit of the lower bound by the weak category.

Problem 9.2 Forn > 2, is TC[T — S$*t2] =1 or2?

Next, we consider a homotopy fibration $* — X — §"*! with 2n < m < 4n — 3.
Then by Lemma 4.7, the space W in Corollary 4.2 can be described as a 4-cell complex
§2 U et U em 2ty emtantl However, the computation of wcat(W) is considerably
more difficult. We have wcat(Way,,) = 2 since —[1 2., 1¢21] is not a suspension. Then we get
wcat(Wy,42n+1) = 2 by degree reason.

Problem 9.3 Does there exist a homotopy fibration $>* — X — §”*! such that wcat(W) =
3?

We also need to improve an upper bound; the upper bound in Proposition 3.3 can only be
applied to the unit sphere bundles, and the computation is not easy for m > 2n cases.

Problem 9.4 Generalize the upper bound in Proposition 3.3 to homotopy fibrations S —
X — sgmtl

Finally, we consider a homotopy fibration §” — X — §™+! with 2n — 3 < m. Then the
argument about the crude Hopf invariants in Sect. 5 cannot be applied.

Problem 9.5 Compute wcat(W) and TC[X — Sm+1 for homotopy fibrations §" — X —
SMHL with 2n — 3 < m.
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