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0. Introduction.

Let £ be a differential operator of Hormander type ;

where Va s 0 = 0,1, ,r , are Cm—vector fields on Rd. Under the

condition (H.l)OD of these vector fields given in 8§82 below, the

fundamental solution p(f,z,y) of the heat equation g% = U eXxists.
Its short time expansion of the form
2 -
(0.1) p(t,z,y) ~ exp(- —‘i—(—”zﬁ—t—?—”—) ¢NI2 o0 v et v o0 ) as tlo

has been studied by many authors in both analytical and probabilistic
methods, cf. e.g. J.-M.Bismut [7]1, T.J.S.Taylor [21], S.Kusuoka [11],
S.Watanabe [24], R.Leandre [16]1, G.Ben Arous [3]. Among others,

G.Ben Arous [3] has shown that (0.1) holds with N = d when the pair

(z,y) of points & and ¥ is out of the cut-locus, i.e. when

(i) there exists a unique hgy € Kﬁiz ,
(ii) the deterministic Malliavin covariance with respect to <z

and ho 1is non-degenerate,

(iii) £ and ¥ are not conjugate along hg ( i.e. the Hessian of

1

the mapping h € k&Y - 5

IRI7 is non-degenerate at hy ),



cf. §2 for the precise meaning of notions and notations like Kt ¥ R
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min ° the deterministic Malliavin covariance, etc. Also, d(x,¥y)

in (0.1) is the control metric or the Carnot-Caratheodory metric

which coincides with the H-norm of elements in Kﬁiﬁ Indeed, it
was shown by R.Leandre [131,[14] and [15] that, under the assumption

of (H.l)oo , 1t holds generally

(0.2) lim 2t log p(t,z,y) = - d(x,y)?
ti0

When the pair (z,y) is in the cut~-locus, we can still expect
that (0.1) holds but the exponent N is usually greater than d
In the simplest case of 2« = % , the expansion (0.1) with d(z,y) = 0
has been obtained by G.Ben Arous [4], R.Leandre [16]1 and S.Takanobu
[20] under some restriction on the drift vector field VO If this
restriction is violated, the situation is much more complicated, cf
G.Ben Arous [5]1, G.Ben Arous-R.Leandre (61].

Consider the case (z,y) is in the cut-locus and < # ¥
First we consider the case when (i) is violated but (ii) and (iii)
remain valid for every hg € Kﬁ;g . Here, however, the definition of
non-conjugacy in (iii) should be modified as

1
2

non-degenerate at hg in the direction normal to

(iii)’ the Hessian of the mapping h € K©°¥Y — Hhﬂé is

KE:Y

min
Then we can expect that (0.1) holds with N = d + dim K'Y just as
in the case of the heat kernel on a sphere with £ = a half of the
Laplacian and ¥ 1is antipodal to x . ( ¢cf. S.A.Molchanov [171.
Note that Kﬁ;z is in one-to-one correspondence with the set of
minimal geodesics ( minimal horizontal curves given in §2 )
connecting & and ¥ and hence dim Kﬁ;z = the dimension of the set
of all minimal geodesics connecting « and ¥ . ) A typical example

of this situation is the case of the Heisenberg group realized by R3

and x = (0,0,0) , ¥ = (0,0,n) , n # 0 ( ¢cf B.Gaveau [9], R.Azencott
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(2) ). In this case, constitutes a one-dimensional submanifold

min
in the Cameron-Martin Hilbert space and N = 4 = d + dim Kﬁ;z 1f,
furthermore, the condition (ii) is violated, i.e., the deterministic
Malliavin covariance degenerates at h € K& Y , we may still expect

min
that (0.1) holds with N > d + dim K'? , however.

Purpose of this paper is to illustrate these situations in a
concrete case of the nilpotent Lie group N4’2 realized by R!© In
this case, an explicit integral representation of the heat kernel was
obtained by B.Gaveau (9] ( cf. also M.Chaleyat-Maurel [8] ) and the
short time expansion (0.1) could be obtained directly from it. We
follow here, however, a probabilistic approach given by H.Uemura-
S.Watanabe [22] which can explain well the role of dim Kﬁ;z and the
degeneracy of the Malliavin covariance in the determination of N
and which may give some insight, we hope, in more general situations.

Finally, we explain briefly our method. First we represent the

heat Kernel as
2 _ g
(0.3) p(E-,T,Y) = E[ay<x1)1

by a generalized expectation of a generalized Wiener functional in
the sense of S.Watanabe [24] where X% is the solution of the

following stochastic differential equation

r
o
dX, = € 2 V_(X,)edw, + €2V _(X,)dt
(0.4) t a=p * 0 ¢ 07t
X0=$
é is, of course, the Dirac éd-function at y € Rd. We evaluate the

Y
generalized expectation in the right-hand side of (0.3) by appealing

to the theory of large deviations and the theory of asymptotic

expansions of Wiener functionals as developed in S.Watanabe [24].

Roughly, X% conditioned by X? = ¥y will be concentrated on the set
z,h

Mw,y = { c ; h € Kﬁ;z } of minimal horizontal curves connecting



 and Yy as €gl0 , actually will be distributed uniformly on this
set. [t will be shown clearly by our probabilistic method how this
limiting behavior of tied-down trajectories X% is reflected on that
of p(e?,z,y) as ¢glo

Here the author wishes to express his sincere thanks to
Professors S.Watanabe and S.Takanobu for their valuable suggestions

and hearty encouragement.

1. Probabilistic preliminaries.

In this section we introduce some notions and results on
asymptotic expansions of generalized Wiener functionals as are
necessary in the future. The reader is refered to S.Watanabe [231],
{24) for details.

Let ( W,H,n > be an abstract Wiener space. Dg(E) ( s € R,

{ F-valued polynomial
s/2 .

1< p <» ) be the completion of 2(E) (

Wiener functionals } ) by the norm |-I| = | (f-L)

D, Hp , where L

is the Ornstein-Uhlenbeck operator ( the number operator ) , H*Hp

is the Lp—norm with respect to the measure o , and £ is a
separable Hilbert space. Especially when FE = R , we denote Dg
instead of Dg(R). Then it holds that Dg(E) = LPE,w) and Dg(E)*,
the dual space of Dg(E) , coincides with D;S(E) under the
identification of DY(D™ ¢ = L®(E,m)™ ) with itself, q being the
conjugate exponent of p ; 1/p + 1/q =1

We define H-derivative D : P(E) — PH®E) by DFw)Lh] :=
. FQu+gh) - FQuw)
1im € )
el0
all linear operators from H to E of Hilbert-Schmidt type endowed

h € H . Here H®F is a Hilbert space formed of

with the Hilbert-Schmidt inner product. [0 can be extended to a



bounded linear operator Dg(E) — DS;1(H®E) and we denote again this

extended linear operator by D . If D* is the dual operator of
D , then p* maps from D8;1(H®E) to Dg(E) and L = -D*D . ( see
also N.Ilkeda-S.Watanabe [10] or H.Sugita [19]. )
o . S @ . s
Set D (E) := Q5 ) Qe DpE) o DEY = g0y o DICEDY
~o Vo -8 - . -3
D™"E = Yo (Blm D,"CEy and DTUCE) = Wi YD T We

call an element of D™ (E) a generalized Wiener functional in

analogy with the Schwartz distribution theory When £ = R we

- 00 - Q0

denote them simply by D° , D° , D , D respectively. For G €
D and ® € D° (or GeD” andd e D ™) , G® (=®-G) €D
is- defined by LG, F > = <Cd, GF > [ resp. :=
D D D D
W< ® , GF > _ 1 for all F € D”
D D

For Fan = ¢ Fran , -+, Fa > e P°RY , i.e. Fla) e D,

i=1,-++,d, set o9 = < DFtan,DpF? ) Sy v ded = 1,000 ,d
Here <‘.*>H means the inner product of H We call this dxd

matrix valued Wiener functional o(w) = ( otj(u) ) the

i;j=1'°"vd
Malliavin covariance of F . 1f o(w) is positive definite for
almost all w and furthermore { det o(uw) } ! € 1<9<m Lp(u) , wWe say
that F is non-degenerate ( in Malliavin's sense ), and in this

case, for any T € 9’(Rd) , a tempered Schwartz distribution on Rd s

its pull-back T(F) 1is defined as an element of B . For G e D
, we denote S TWHFY G > = K G-T(Fy , 1 > _ ) by

D D D
ELT(F)-Gl or ELG-T(F)l . Especially when T = 6y , the Dirac's

S-function at y € Rd . E[G-ay(F)] = EIGIF=yl-p(y) , p(y) being the

Cm—density of F

Let F(g,u) € Di(E) for all g € (0.11] i IFEwl, o =
o(en) as €10 , we say F(g,w) = O(Sn) as €0 1in Dg(E) . When

Feg,u) € D"(E) for all € € (0,11 , we say F(g,w) = o(g") as €l0

in D(E) if F(e,w) = o(g™) as gl0 in Dg(ﬁ) for all s > 0



oe™ in D) , in

and p € (l.«) ., Similarly we define F(g,w)
D""E) and in D™ "(F)
Let F(g,w) € Di(E) for all € € (0,11 . We say F(g,w) has

the asymptotic expansion in Dg(E)

Fie,w) ~ fow) + €-fy(w) + 82-f,(w) + -+ as €0 in Di(E)
if fi(“) € Dg(E) , £ = 0.,1,2,+++ , and furthermore for all =n ,
L n s
F(e,w) - 2 e -f.(w) = o0(e”) as €l0 in D(E)
. i p
=0
Similarly we define the asymptotic expansion in Dm(E) , 1N 5m(E) s
in D"C(E) and in D T(E) For example, we say F(g,uw) has the
asymptotic expansion in ﬁw(E) when for all =m and 8 , there

exists p = p(s,n) such that f (u) € Di(E) , i =0,1,2,--+,n , and

n .
Fig,w) - 3 et-fi(w) = 0(e™ as €!0 in Di(E)
i=0

Let Feg,m> € D°(RY)  for all € € (0,11 and o(g,u) be its
Malliavin covariance. We say F(g,w) 1is uniformly non-degenerate if

Fce,w) is non-degenerate for all € € (0,11 and furthermore

lim fl{det o(g, )} 1l _ < = for all p € (1,®)
g40 p

Here we give an important theorem concerning the asymptotic

expansion of pull-backs.

Theorem 1.1, ( S.Watanabe [24] )
Let a family F(g,u) € Dm(Rd) , 0< &€ £1 , be uniformly

non-degenerate and have the asymptotic expansion in Dm(Rd)

Fe,u) ~ fouw) + €fyu) + + + as €0 in Dm(Rd)

d

Then for aitl T € 9° (R®) , its pull-back T(F(g,m)) € D~ and has

the asymptotic exzpansion in ) IR

TCF(g,u)) ~ bgw) + €, ) + --+ as gL0 in D .



Furthermore, these coefficients wi(w) , L = 0,1,2,--- , are obtained

from the formal Taylor ezpansion of T , i.e. formally fronm

T(Fe,w)) = T(fg) + T (Ffo)C €fy + €2:f5 + -+ )
+ % 2T (fo) C €+fy + €2+-f5 + +++ )oY Efy + €2-f, + - ) A sy,
namely ¢i(w) i8 obtained by picking up all coefficients of ei in

the right-hand side above. For example, &y = T'(fy) , &y = OT(fo)f,

and  ®, = 8T(fo)f, + 3 92T (fo) fi8f,

Corollary 1.2.

Under the same assumptions as in Theorem 1 1,

EL7(Fe,w))1 ~ Eldy) ] + e E[d; w1 + -+ as glo

2. Stochastic representation of heat kernels.

Here we discuss the stochastic representation of the fundamental
solution of heat equations by using the above results. Consider the

following differential operator ¢ of Hormander type on R

r
£ = % 2 Va2 '
o=1
where V (x) % Vi(m) il o0 = 1,***,r and we assume Vi(x) €
o - s @ o . ! o ) o
C:(Rd) 1= the totality of C”-functions such that all derivatives are

bounded. Let p({,x,¥) be the fundamental solution of %T - ¢ , i.e.

%f p(t,z,y) = Zm p(t,z,y)

1lim p(t,z,y) = 6$(y)
elo

p(t,xz,y) can be obtained probabilistically by the following way

Let ( Wg,P ) be an r-dimensional Wiener space, i.e. Wg = {w =

(wt) € C([O.l]—*Rr) ; Wo = 0} is a Banach space endowed with the



norm Jlwll := sup lwtl and P is the Wiener measure on wg . Let
t€[0.1]

H be the Cameron-Martin subspace of wg , i.e. H is a Hilbert
space consisted of all absolutely continuous functions on [0,1] whose

Radon-Nikodym derivatives are square integrable with the norm HhHH

1 dht 2 1/2 ,
( I dt l dt ) . Then ( Wo,H,P ) is an abstract Wiener
0

space. Now consider the following stochastic differential equation (

abbr. S.D.E. ) on Rd

r
dX, = I V_(X,)edus
(2.1) g @t t
XO = I
Here Wy = ( w% sttt mz ) € Wg and odw% denotes the stochastic

differential of Stratonovich type. We denote by Xt the solution of

S.D.E. (2.1) We assume the following Hormander-type condition on
the vector fields Va , o0 = 1, ,1
(H.1) 1f we set
H(n) = { T € Rd H t.o.{[va ’[Va ,~~~,[Va ,Va 11 1)
1 2 k-1 k
_ d
o, € {1, , 7Y , k<n} = Tm(R ) )}

o _ pd
then ngl Hn)y = R

Here {.9. means the linear span. In the case ngl Hny ( = HWN)Y )

= Rd , we say the condition (H.l)N is fulfilled. From now on we

always assume (H‘l)m_ Then it is known ( cf. S.Kusuoka-D.W.Stroock

[127 ) that the Malliavin covariance o¢(f) of Xt € Dm(Rd) is

non-degenerate for each fixed ¢t € (0,11 , more precisely positive
-p,1

constants K; = K;(p) and K, exist such that E[|det a(t)| P 'p <

Klt_K2 , t € (0,11 , p € (1l.=«) Hence 5y(Xt) e D™ . Moreover we

can see that

p(t,z,y) = Etay(Xt)]



Let X% be a solution of the following S.D.E. (2.2)

r
dX, = & 3 V_(X,)du%
(2.2) a=1 © ¢ ¢

Then it is easy to see that ({ X% } £ { ngt } , so the fundamental

solution p({,x,y¥) can be expressed also by
p(e?,z,y) = E[ay(xf)]

In the following we use this representation to study its asymptotic

behavior as €10

For each h € H , consider the following differential equation

o
dh
dect)y . & t
(2.3) df = 2 Vye@n gy
=1
c(0) = &
We denote the solution by cm’h(t) Such a curve for some I and
h 1is called a horizontal curve with respect to { Va } For all

T , Yy € Rd , set
K'Y - (hen; &hay =y

Then under the condition (H.1)_ , it is well-known that Kx,y E )
for all zx , y € Rd ( cf. J.-M.Bismut [7) , Th.1.14 ). Thus, for a

T , Yy € Rd , we set
d(z,y) = min { WAl ; h € K=Y
This defines a metric called the control metric of x« and ¥y . Le

KV - ( he kY, IRl = dz,y) )

min
Then it is also well-known that Kﬁiz #Z ¢ ( cf. J.-M.Bismut [7] ,
1.14 ) We define M*'Y by
W=V = (R he K5V,
min

and call its element the minimal horizontal curve connecting T and

11

t

Th.

Y.



Consider the following differential equation on dxd matrix

r dhS

dy (t) it

(2.4) ir - = g YV  (e(tNY (L) o7
o=1
Yoy = I

where c¢(f) is the solution of (2.3) and SVa(m) is a dxd matrix

whose (i,j)-component is SV;(x)Iawj . This solution is denoted by
Ym’h(t) . With this solution we define a dxd matrix am’h by
z,h T 1 T, h x,h -1 T, h
ot = 3 YY" et va(c" (t))

=1 Y0
® Y$'h(1)Ym’h(t)'lva(ex’h(t)) dt

This om’h is called the deterministic Malliavin covariance with
respect to £ and h and plays an important role later when we
discuss the minimal horizontal curve.

We define the Hamiltonian function associated to the vector

fields Va , 0= 1,***, 7, by

r
Hp,z) = % 3 < PV (@) 2 . (o e TFRY)
x=1
where <+*,%> denotes the coupling of elements in T;(Rd) and

Tm(Rd) . Consider the following Hamilton equation with respect to

H(p,x) above

- _ OH
(2.5)

. oH

pt = - 'éz( pt ’ mt ) ’
where  denotes the time derivative %f The solution of this
equation (2.5) is called a bicharacteristic. We denote the
bicharacteristic with an initial value (py , Tgo) Dby ( Pt(P0,$o) )
xt(po,wo) ) . Now we summarize some results concerning to the

bicharacteristic. Refer to J.-M.Bismut [7] for details.

_10_



( <pt.V1(zt)> , o, <pt,Vr(mt)> ) Then

c$0’h(t) = Z4(Po,Zo)
(2.6-1) [f the deterministic Malliavin covariance o%0'%
h € Kﬁ?ﬁy , is non-degenerate. i.e. det omo’h > 0 , then

there exists a unique pg such that

cmo’h(t) = T, (Pg,To)
(2.6-1) The following (H.2) is a sufficient condition on
vector fields Va , ¢ =1, * ,r , for the non-degeneracy

of its deterministic Malliavin covariance
(H.2) Vl(mo) y ot Vr(mo) are linearly independent and

Lo (Vi @@e) , o0, V. (Zg) , [V, ,VIGE) , -+,

d
V. Y1@o) ) = T, (R

x

for every fixed A = ( Xy T A, ) € R™N(0) setting
r

Y = agl XY o

Namely, if (H.2) is satisfied at &, € Rd , then

det oxo'h > 0 for every h € H such that h # O

3. Nilpotent Lie groups of order r with n-generators.

In this section we introduce a nilpotent Lie group which will be

the main subject of this paper ( c¢f. B.Gaveau (9] ) Let V1 y <,

Vn be C*-vector fields. For [ = ( il y ik >y € {1, y }k
we define V[[] and V] by
14 = v, ,tv. , v, V. 1,
(11 ' i, LR 7
V[ = VL V. V. ,
1 2 Yk



and let |/| be the length of [ . ( In this case |I| = k. ) It is

easy to show that there exist constants A[J such that
Viry = 2 AV

and A =0 if |I] = |J]

Definition 3.1.

We say that a system of vector fields { V1 s, , Vn } is
free of order r at z if > a,'Vv () =0, a, € R, implies
I "[I1 !
|Il<sr
a, A = 0 for all J satisfying |J]| < 7r Let V =
I "'1J
[I]<r
£.9. { V1 A Vn } We say the vector space V is free of
order r if { V1 , Vn } is free of order r for all «
Definition 3.2.
Let g be a Lie algebra.
i) g 1is said to be nilpotent of order r if g = V1 ® ««» & VI
where VL , L = 1,*+*+,r , are vector subspaces of g satisfying V2

= vh vty o, w3 s ovh Ve, e, vt s v vty vl vy = (o) and

tvi vy ¢ v

ii) Furthermore g is said to have mn generators if dim Vl =N
and moreover V1 is free of order r
We say g 1is a nilpotent Lie algebra of order r with
n-generators if i) and ii) above are satisfied and denote it by
nn,r . Let Nn,r be a Lie group corresponding to “n,r This
Nn r is called a nilpotent Lie group of order r with m-generators.
’
From now on, we assume 1 = 2
Proposition 3.1.
Let w ., = Vi & V2 | { V. s i=1," ,n) be a base of V! ,



and ij 1= [Vj’vk] . Then a system ( VL R ij y 1< i<n , 1< 5 < k

<n } 18 a base of n

n,2
Proof.
Set ll%szal'vtllcx) = 0 where a; = 0 if [ = (iy,ip)
satisfies 4, > i, . Since V! is free, 2 a;*A;; = 0 for all
| 1]<2
J . Therefore by taking J =i , i = 1,-++,n, or J = (j,k) , 1< j

< k <n , i = i . . L i
n we see easily that aJ 0, i e. { VL s ka ; 1< 1 £n, 1L

< <n i i i . i P =
J k } is linearly independent Since V[(LI,LQ)]

-V . . , it is clear that the above system is a base.

[Cig,14)] 11

With this base we can introduce a canonical coordinate on Nn 9
9’

as follows

n
@i Ky 1<isn T €XP ( i§1$i‘vi * lsjngnw(jk)'ij ) € N2
1<j<k<n
Hence Nn 5 is realized by Rn(n+1)/2 under this coordinate and the

group action is given as follows by Campbell-Hausdorff's theorem

- 1 -
Ei ik WiV’ T CV TGtV gt 2% YTy
Define mappings L(m . ) and R(y v , on Rn(n+1)12 by
LY (JlO AN
L (z (m (z s
(z (Jk)) (Jk) (Jk) (Jk)
and
R (z (z Yo Y., ¥, .. .)
(yi’y(jk)) (Jk) (Jk) ARG
Then both L and R are affine mappings with
(T2 Gky? WYk’
the determinants 1 and so the Haar measure of N is the Lebesgue

n,2

measure. Under this coordinate Vi is expressed as follows

2 1 9 o
(3.1) V. = + = ( >z - 2T )
i 8z, 2\ kT gy kS BT gy

Set

_13_



n

A = Sv.?
. i
=1

Obviously { Vi , 1 4 <n } satisfies (H.1), . The group N2 9 is

called the 3-dimensional Heisenberg group ( cf. B.Gaveau [9] ,

H.Uemura-S.Watanabe [22] ), and the group N3 5 does not play a

different rote from N2 9 in our future considerations Thus, in
’

this paper, we assume 7 = 4 and study the group N4 9 exclusively.

Notations. ( ¢f H.Uemura-S.Watanabe [22] )

i) x € R!19 is denoted by x = (z ov by [z,X]

ik i=1, -4
1<j<k<4

where z € R* and X € 0(4) := the totality of 4xX4 real
skew-symmetric matrices, defined by x = (x," s Ta) and

m(ij) if i<g ,
ij = _m(ji) if i>g s
0 otherwise.

- 22X, 8,
i>q (Ji) 1J

ii) For every § € 0(4) we define a mapping 7T(Q) on R!? by

We also denote such X by >z

L0
i<j (tg) 1J

t

T)x = [Qz,RX Q1

iii) For X,Y € v(4) , define X ~Y if and only if X = QYtQ for

some § € 0(4)

Remark 3.1.

Noting that 9X'Q € o(4) and that X1 = 1x'Ql , I-1 being a
16-dimensional Euclidean norm by regarding X as an element of
16-dimensional Euclidean space, we know 7T(f) € O0(10) . And it is
{

easy to see that (T = T(lq)

4. Computation of minimal horizontal curves.

_14_



In this section we determine all the minimal horizontal curves

on N4 , connecting the origin 0 and x = [0,X] . For each h €
’
k0% , the horizontal curve Oh(t) = (Ch’1’(i§).(,’h’uk)(t))i=1 cee 4
1<j<k<4

and the deterministic Malliavin covariance

aij oi(mn)
o (= a(h)) S (kL§ kL) (am)
1<i,5<4 , 1<k<1<4 , 1<m<{n<4
are given as follows
Mty = hi L L= 1, .4,
) t . ,
h, (Jk) _1 f J.i3k _ Gk, ;7 i
c (t) = 5 0{ hS h8 hS hS Y} ds , 1L j§ < k <4 ,
where = %T and c”c1) = [0,X1 and
ot = 5. ., 1< i,j <4 ,
iJ
kY _ KLY _ o i k% and L #=J§ ,
1
o kUK Jkkly f h% dt
0
1
s kDT _ Lkl | f hﬁ dt
0
gk _ o e ke um,my = (1,2,3,4)
1
gD KD o [T (nfr2 v D2y dt
t t
0
1
o(kl)(kn) - I hl'hn dt
t 't
0
1
o (kL) (k) _ o (MK (kly I Rt gt
t "t
0
and
1
o (ki) mly I LI
0 t "t

Proposition 4.1.
If rank X = 4 , the above deterministic Malliavin covariance

o 18 non-degenerate.



Proof.
For all X € 0(4) , there exists U € v(4) such that U =
U1 (d10=891) + Up(d34-843) and X ~ U . If rank X = 4 , then
rank U = 4 , i.e. U;,Uy # 0 It is enough to prove in the case

X = U Dbecause

t

o(Qh) = TQ) oChy T , Q € 0w4) ,

which is easily obtained by that

yO:Qh ey -ty YUy treon
and that
4 h h ¢
TQ) 2 V. (e (t»ev e (t)) “Te)
[0 4 o
=1
a Qh Qh
= > V. ey ety |,
o o
o=1
Yw’h and Va being as in (2.4) and (3 1) respectively.

Since h € KU’[O’U] ,

p

1.
f hz dt = 0 , i = 1,+,4 ,
0
1 51( hi-h2 - R2-hl >y dt = uy ( # 0 )
4.1) ) 2 Jo t 't t 't 1 ’
\ 1 ')1 ) .
5 ( h%~h2 - hg-hg ) dt = ¥, ( # 0 ) ,
Y0
1l i 37 i
5 Chyhy - h% hy >y dt =0 if (i,§) # (1,2) , (3.4)
\ Yo

It is easy to show that o is transformed into the following

otd - 5 ’ e(LJ)k - ek(tj) -0
td

9(ij)(kl,)

0 by a general linear mapping

for all 1< i < j <4 , k =1,--+-,4 , and are given by

T (i) (ki) i SR
replacing h with h in o J , where hz 1= ht - f hS ds
0

Clearly (4.1) remains valid under replacing h with h

Now it is enough to show that t&@i = 0 implies & = 0 where

(ig) (kl) t
AR )13£<js4 and & = “( £y,.,813,E14,823.824,834 ).

1<k<1l<4

we set B8 =



Since

1
I IR COEE PRy T A PRy + RO P VIR
0
+ 512°_E% + Ey3 -E% + £ 4 Eg )2
+ ( ElS‘Eé + £93 E% - :*;'34’_52 )2
T = =5 12
+ ( 514'h% + £54 h% + €34'h2 <y dt

we see that tﬁ@& = 0 1is equivalent to the following (4.2)

“Ei2thyp + Epa ki ¢ Epahi =0,
(4.2) J 512-5% * g13'-5?; + Eyg4 hz =0 |,
&13~Eé + 523~E% - Egy ﬁg =0

\ 14 E% + Eoy E% + 534-Z% - 0

Then substituting (4.2) into (4.1), we can easily show £ = 0 . This

completes the proof. /]

Thus, in view of (2.6-I), the minimal horizontal curve in this
case is obtained from bicharacteristics. This is also true in the
case rank X = 2 , because we can reduce this case to that of
Heisenberg group.

Now we determine the bicharacteristics on N4’2 . Substituting
(3.1), the Hamilton equation (2.5) is given by

i' 2 $ (ki) z $ (ik)

i 1
= p + = | D - D } ’
t t 2 k<z t vt t 7t
+(iF) _ 1 X B BEE
> f 1 J (LJ) J (JL)
pt = -2 ( 3 p! - 3 p} }
t 2 L(J t Pt iS5 t Pt
{
(4.3) _ % (3 xt piLJ) pélj) i3 $ éJL) pijl)
1<J L>J
i<J i>7
k k 1)
_ S mé péLJ) éjl) _ S mt pé 7)) péJt y
1<g<i k<j<i
- (1J) _
Pt = 0

Moreover it is easy to show that



(4.4) R ¢ 1=

PV, (x> ) = it

t
Since pgij) = péij)
= t 1 ... 4

following equation

d Tt

(4.5) rE (pt

Here A = ( aij )ﬁ,
aij =

and [ denotes the 4x4

Proposition 4.2,

and

and

For all Q € 0C4) ,

(i4)
(mt

identity matrix.

)

€ 0v(4) is given by

{ Py T@po, TWXo ) = TP, (Po,Xo)

Xt( T(Q)po,T(Q)XO )

Proof.

It is easy to see that

so the assertion of this proposition

~aate i

At

o2 -aAlq (

T(Q)xt(po,xo)

th
th

is obvious.

} are obtained by

(mé) s

setting

we must solve the

|

/

Remark 4.1.
We know that for all A € v(4) , there exist
Q(4) 1= { q1(d12-851) + g(d34-845) € D(4) ; 0 £ q,

A = a0l

Thus, by the proposition above,

the minimal horizontal curves connecting 0

and

X

’

/

Q € 04)

£ goy }

[0,X1

and Q@ €

such that

we can conclude that determining all

is



equivalent to determining all ( Py ( = [D0,2Q1 ),0 > € R!9 x 0(4)

s

Q € Q(4) , such that the H-norm of h , given by (4.4) from the

solution of (4.3) with the initial value (Py,0) satisfying

t

X1 (Po,0) = T("Qx , takes a minimum.

Replacing A by Q € Q(4) in (4.5), we have

(-24i-1 214 2i-1
Ty =TTy Py
<21 21-1 21
Ty = 9%y Py

(4.6) c241i-1 5 . 21-1 21

Py A T 9Py
21 _ _ _o2..21 La2t-1 .

\pt - q‘i, IEt + qi’ pt ’ t = 1)2 ’

with initial value (Zo,Po) = (0,50) . We denote the solution of

(4.6) by ( $t(50)»Pt(50) > . C In the following we always assume Xj

= 0 , 80 we always omit Xp. ) In this case clearly ht = T, and

the solution of (4.6) is

a) if qi = 0

( {— ~
w%t l(po) = Pg t

o3t Bo) = Bg't

it Boy = B!
\ pii(io) = b5t ,
b) if q, >0
( 25" N ®Bo> = B5 T i2q )sin2q t + (B5*12a ) (cos2q,t - 1)
25t (Bo> = - @5 112, (cos2q,t - 1)+ (B5*i2q,rsin2q,t
pii"l(ﬁo) = (E%i_1/2)(0052qtt + 1) - (ﬁgi/2>sin2qit
\ 3t (Bo) = @5 2rsinza t + B3%12) (cos2q.t + 1),

1

1, 2
thus, always, 5 HhHH

=0, i =1,+++,4 , we must have that

q, =rn ,r. €N if 2L pc Y = 0,00,



~21-1 ~21

and we set r, = 0 when pg = pg =0
(13)(p ) and %’Hh"ﬁ are computed as follows
i) In the case 0 = ry = ro, ,
(LJ) _ 1, 2 -
(Pp) = 0 and > HhHH =0
ii) In the case 0 = ry < r, ,
et Gy = 0 if (if) = (34)
1 -~ -
{94 (py) = 4r2n°{(p8)2 + (P§H?y
and
%-Hh"ﬁ = 2r,mezi®4) (Py)
ii)> In the case 0 < r;y =1y =1 ,
1 ~ ~
{12 (Py) = T (B2 e BH
~ 1 o~ ~y o~
{12 (Bo) = G P53 - P6BE ),
1 o~ ~n
i1 Bo) = Fxr Bs-PE + PEBE Y
-1 ~ o~ ~n o~
(%23 (Py) = i ( p§-v8 + P§'P§ Y
~ 1 o A ~y A
129 (Bo) = e PE-P3 - PP Y,
~ 1 ~ ~
z{%4 (Py) = Z;E'<<p8)2 + (P ?)
and

%'uhnﬁ = 2 z2{120(Pg) + (%P (Py) )

iii) In the case 0 < ry < ry ,

~ 1 ~
{122 (Py) = T {((p§? + P35y,
~ 1 ~
z{%% (py) = I, (p§Hr? + (PH*
(LJ)(D ) = 0 otherwise

and

%-Hhﬂé = 2r ezl (Py) + 2rmex{®Y (py)

Thus, by setting X;(Py) = [0,X(Poy)] , we know that

in the case i) , rank X(py) = 0 ,
in the case ii) or ii)’ , rank X(Py) = 2
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and

in the case iii) , rank X(Pgy) = 4

Therefore the cases that the given matrix X 1is rank 0 (i.e. X = 0),
rank 2 and rank 4 correspond respectively to the case i), the case
ii) or ii)’ and the case iii).

Finally we find the minimal horizontal curves wt connecting

0,x

0 and x = [0,X] Equivalently we determine all h € Kmin

I. The case of rank X = 0 , i e. X =0

i
=
[\
=
Q.
Pl

1]
(o]

In this case clearly Xt
I. The case of rank X = 2

First of all we show that the case ii)’ can be reduced to the

case ii).
Define 8, € 0(2) and Aé4> € 0(4) by
cos® -sinf )
99 ( sind cos@ , 6 €R
and
s0;°'0 -sind, -8
(4) SR 92 e,
(4.7) A = oo .
9 sinf, 964 cos@, 995
where 6 = ( 6,.9,,05,8, ) and 65 = -0,+053+04 Then it is easy to
see that for given Q € Q(4) such that q; = g, , Q € 0(4)
satisfies QQtQ =Q if and only if Q = Aé4) , and that for all z €
R4, there exists 8 such that Aé4)z = t( 0.0,Z3,Z4 ) . Thus if
( py ( = [Ppy,81 H»,Q° > attains the minimal horizontal curve and
furthermore @ is as in ii)’, there exists @8 such that
A OBy = 195,01 , By = “C 0,035,550

So, by Proposition 4.2 and the invariance of H-norms under the

orthogonal mapping, the case ii)’ is reduced to the case ii) ( Recall

~21-1 ~21
Do

that we set q; = 0 if pg = 0 ) . Therefore we only
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consider the case ii).

Let Uy = u(d34-643) , ¥ >0 , be the matrix satisfying X ~ U; ,

thus there exists Q € 0(4) such that tQXQ = U, . All of such

are obtained by ( QIAéQ’ ; 0= (6,,0, ) € [0,21)2 )} , where Q; is

an element of O0(4) satisfying t91XQl = U, and

891 0

(2) =
(4.8) Ag = 0 96 .
2

This is easily seen from the fact that

tQU1Q = U; if and only if Q = Aé2’ for some @
and that tQiXQi = Uy implies thQiUthin = U,
Since z{3*(py) = u , %-Hhuﬁ = 2r,unt and this takes a minimum
when r, =1 . So z{%*(py) = Z%-{(ﬁS)Q + (P§?y = u , i.e.

P§H?2 + P ? = anu

Thus, for some o € [0,2n) , we can write
p8 = J4anu-cosoa
=4 - [T si
Po = U *s1no

Therefore

and

3¢(p —
[ hi (Po) ] _ o ,[ JuTr-sin 2nt
x

hg(ﬁo) Julm-( 1 - cos 2nt )
Noting that ee-ea = 96+a , every element of Kg;ﬁ is obtained by
R = 0 AgE
where
(4.9) h, = t( 0,0./uln-sin 2nt,/uin- (1 - cos 2nt) )

t
Since F% = ﬁ% = 0 , we can change AéQ’ to the following Aél’



(4.10) Aél> = ( é 8 , 8 € [0,2n)
0

Thus every element of Kg;ﬁ is obtained by

(4.11) nd - QIAél’ﬁ , 08 € 10,2m)
. The case rank X = 4
-a) The case X ~ Up; = U (817,-8,¢) + Uy (dg4-843) , Uy > Uy > 0.

Similarly to the case [, we know that all § € 0(4) satisfying

tQXQ = U, are obtained as in the form § = QgAéQ’ , 8 = (8,.0,) €

[0,27n)2 , Q, being any fixed element of O(4) such that thXQQ =

U . Also %'Hhﬂﬁ = 2r U m + 2rU,n , so it takes a minimun when

ry =1 and ro, = 2 . Therefore every element of Kgiﬁ is obtained
by

(4.12) w - QzAé2>h
where

(4.13) ht t( Juylnesin 2nt, Ju,/n-(1 - cos 2nt),
JUusl2n-sin 4nt, Ju,/2n-(1 - cos 4nt) ) ,

and Aé2> is as in (4.8).
i-b) The case X ~ Ug = U(S1,-851+834-843) , u >0

Similarly to the case I or II-a) we know that all @ satisfying

toxa - U; are obtained by Q = QsAé4’ where Q3 1is any fixed
element of 0(4) satisfying tQSXQa = Us . After all every element
of giﬁ is obtained by

(4.10> k% = QAT R, 8 = (8,,8,,05,00 € [0,1/21X[0,217

where Aé4) is as in (4.7) and h is given by

(4.15) ht = t( Juiln-sin 2nt, Jui/n-(1 - cos 2nt),

Jul2nsin 4ant, Ju/2m-(1 - cos 4nt) )



5. Asymptotic expansion of the heat kernel on N4 5
Here we compute the asymptotic behavior of the heat kernel
pe?,0,x) , x = [0,U] = 0 . X is classified into the following

three cases ( cf. §4 ).

( Case A ) U ~ u(ds34-643) , u > 0
( Case B) U~ Uy (d19-891) + Us(834-043) , Uy > Uy > O

( Case C) U~ U(d12-8,1+834-643) , U > O

Now consider the following S.D.E. associated to £ on the
4-dimensional Wiener space

4

dX, = € 3 va(Xt)odw%
(56.1) o=1

XO = 0

where Va , o0 = 1,+++,4 , are given in (3.1). We denote the solution

e _ €,1 g, (Jk> g . . .
by Xt = Xy , Xt )i=1,-~~.4 . Then Xt is obtained in the
17<k<4

following concrete form ;

X?[VL:SNZ , i = 1,°++,4 ,

Xi’(Jk) =25ty , 124 < k=4,
where

. t . .
Jk _ 1 Jgo ko ok, g
ST (t,w) = 5 IO( msdws wsdwS )

Define an v(4)-valued process S(f,w) by

S(t,w) = 3 Sij(t,w)éij -3 Sji(t,m)éij
i<q i>J
Then
p(e?,0,x) = E[éx(X§)]
- 2
E[&EO,U]([Sml,E S, w1
For every Q € 0(4) , set U = tQUQ . Then, recalling Remark 3.1,
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we see

Ers ([ew;,825(1,w) 1)1

[o,U’1

= E[§ ¢ ([EwW;,E25(1,w)1)]
T L0,U3

= EL8 (TQ)[ew;,E%5(1,w)1)]

[o,V]

= E($ ([eQwW,,E°%S(1,Qu) 1)1

[o,ul

= E[& ([EwW;{,E25(1,w)1)]1

(o,U1

Therefore, it is sufficient to treat the following three cases

( Case A) U U(d34-8643) s u > 0

( Case B) U

u1(612_621) + u2(634“643) s Uy > Uy > 0

( Case C ) U

UG 12-851+834-843) ’ u >0

( Case A) U= Ud34-643) , u >0
. g 0,x .
In this case every element A of Km n is obtained
(4.11)
nd = Aéi>ﬁ , 8 € [0,2m)

as in

where Aél’ and & are given in (4.10) and (4.9), respectively.

We want to obtain the asymptotic behavior of the heat kernel

p(e?,0,x) as €0 through the expression p(g2,0,x) = E[éX(X?)]

by evaluating the generalized expectation of the right-hand side.

Roughly, the family of diffusions { X% } conditioned by X? = X

0,x

will be concentrated on the family M , actually, will be

distributed uniformly on MO’x as €10 . To see how this

be reflected on the asymptotic behavior of p(g?2,0,x) , we
proceed as in H.Uemura-S.Watanabe [22].

First, we need the following lemma.

Lemma 5.1.A. ( cf. H.Uemura-S.Watanabe [22]1 )

For every fized 8, € [0,2n) , there exists ngy > 0 ,

- 25 -

fact will

will

such that



for each n , 0 < n < nog , there exists v = y(n) > 0 satisfying
d d?
f 8 (Ga<AS VR, w> ).(_ —as<A{ VR, w0 ] do = 1
16-0, 1 <n 0°'do""'0 H do 0 H
on { w ; Hw—Aél)ﬁﬂz <y}
o
and

(5.2) { 86 ; ﬂAél)H - Aéé’%ﬂz <y )yac {0 ; |8-05] <n

Here <h,w>H is the extended H-inmner product of h € H and w € W§

defined by
% Loy g
Ch,w>, = h dw,
o spde U0
and [-1, 1is defined by
1
Twl,? = Jw |2 + fo thl2 dt , w € W§
Proof
Let F(O,w) = g~<A(1)ﬁ w> and its Jacobian dé(A‘l’% w> be
! do""'6 YR do ) Ml
denoted by J(B,w) . Clearly J(O,w) is continuous with respect to

the norm |0|+lwl, and it is easy to check that

J(90,Aél>%) = —4nu ( # 0 )
0

So we can find ng and VYo such that J(O,w) < 0 for all (B,w) €

{0 ;5 16-05] < ng yxt w ;3 Tw-A{V R, < yo ) Furthermore for any
0 90

n < no , we can choose 7y = v(n) < Yo such that for every w € {( w

; ﬂm—Aé;’ﬁﬂz < ¥ ) ‘there exists some 0 € (0 ; 16-0,1 < n

satisfying F(Gw,m) = 0 . The reason is as follows
Let W_ =
e n {

That 0 € F")  is easily seen from that F8o,Ag) ) = 0 On the
hO
other hand it is easy to show that if x € Fn N ( ) Fn )c
Wo wn¢uo,w 2UWo Un

0 ; 10-85] < n )} and Fg = { F@B,w) ; 0 € wn }

n

, then & € oF" . But F1 s open and hence if & € FN , there
Wo W Wo



exists 7Y(n) > 0 such that gz € FZ for all w satisfying lw-wyl,

< v(n) . Setting wy = Aéé’ﬁ and = 0 , we conclude the above
statement.

Let Guw) € ﬁm be a Wiener functional whose support is

contained in { w ; lw - Aéé’ﬁﬂz < Y} . Then

E[f 8, (F(8,1))" (=J(0,u) dé G ]
|9-60I<n

f EL8,(F(8,0)) (~J(0,0))-Cw)] db
l6-90|<n

lim

f E[wn(F(G,w))°(—J(G,w))~C(w)] d9
nte Y [0-04|<n

Here { ¢, } is a sequence in Q(Rd) ( := the Schwartz space of

rapidly decreasing Cm—functions on Rd ) which converges to 60 in
the distribution sense. Now clearly (5.2) is satisfied for all ¥
small enough. Note that the support of G(w) is contained in { w ;

lw - Aél’ﬁﬂg < ¥} . Thus, by the change of variable z = F(8,w)
0

?

the above is equal to

lim EL wn(m) dr G
nte Fg

= EtGaw 1 ,

and this completes the proof. /]

Remark 5.1.

We can easily show that

2
_ a%y(Aél’ﬁ,m>H = AV,
and
Q—(A‘I’E Wy, = ALY’ h,u>
agflg LUy g+ /2y Yy o

so the equality in Lemma 5.1.A is equivalent to

60(<A<1’ H,m)H)-<A‘1’E,m> dg = 1

f|9-90|<n 0+ (m/2) 0 H



0,x

Since K; := Kmin is compact, for all ¥y > 0 , there exist
g1 n
{ h s, *** , h }) ¢ Ky such that K, c igl Vi where

gi

V, = CweWws ; lu-h "1,7 < v?/2 )

Set

gt

U, = Cu e Wg 3 lw-h “1,2 ¢ vy2 ) o v,

Let y(&) € CT(R) satisfy O< ¥ <1 , w(&) = 1 on |&| < v2/2 and

0.
W(E) = 0 on J|E|] > v2 . sSet ¥, ) = ylu-h “1,2) . Then it is

0

easy to see that Ti €D and

[U w) 2 ¥ ) =21, ()
i t i

Setting o) =1 - 1

i 1 - Wi(w)) , We see clearly

1
1 - d(w) <1
Bv.C
i=1 1

and .6 V. is a closed set which is disjoint from K; . Now

p(e2,0,%) E[ax<x?)1

E[ax(x?)<1 - G(ew))] + E[ax<x?>¢(ew>3

it

1) (1)
J1 "'JQ

Here ¥ which appears in the definition of & is the constant yY(n)
in Lemma 5.1.A associated with n which will be decided in Lemma 5.4

below.

Lemma 5.2. ( cf. S.Watanabe {24] Lemma 3.3 )

There exists a constant ¢ > 0 such that
J{U (o= E[&X(X§)(1 - dgw))l ) = O(exp{—(HﬁHﬁ + ¢)/1282%))

Proof

Clearly for every & > 0 ,



E[éx(x§)(1 - d(ew)) ]

= Etax(X?)ow(|X§ - x]2/82) (1 - d(ew))]

By an integration by parts, the above integral can be given in the

form
(L), |vE_ w1252\ ¥ m ) 9, £
> ELP, e,y (IXT-x12/8 I, A= T dew-kh Tl e X,
where Pk(e,w) is a polinomial of X? , IXE{:-XI2 , lew-h iﬂgz , Y(&)
( := the inverse of the Malliavin covariance of X? ) and their

derivatives, and ¢ is a bounded continuous function on R!O,
Appealing to S.Kusuoka-D.W.Stroock [12], we know

E[IPk(S.w)lplllp = O(e_k) for some k € N

Thus there exists a constant M such that

Ji < S—LM'P[ |X§—x| < 8y , gw € iﬁlvic p1ia ,
where % + % = 1 . By R.Azencott [1], we have

Tim €2 log Pr IX§-x| < 6v , gw € .Elv,e ]
8'1’0 1= 1

- 3 .l.. 2 . O’h
< - inf (5o URIG le

C
(L - x| <8y, he BV,

Now the right-hand side of the above inequality is strictly less than

—

- —°HEH§ by taking & small enough, because, otherwise, by taking

0,h

8 = 1/m , there exist hm € H satisfying Je Ty-x| < vim hm €

64 — 2 2 .
iﬁlvi and 1lim HhmHH < HHHH . Then taking a subsequence {hm,} of

th,) , there exists A such that hoy — % weakly. Such &

3]

satisfies Ihl} < WRng VP = x anda Roe vic . Therefore h
€ K; and this is a contradiction because iﬁlvi and K; are
disjoint.

This completes the proof. /]

In the following, therefore, we consider J§!’ Let



n n
® =1 - 0,d-Y) = g L

=1 i=1
where &; =¥, , &, = ¥Y,(1-¥;) , &by = ¥Yo1-¥,)1-¥,) , -+« . Then
clearly wi.[U. = @i , ¢t =1,-++,m . By Lemma 5.1.A and Remark 5 1,
i
II9—9i|<n 80 (CAGL G oy Prw> <A Ryu>y dO-0 ) = o,
i =1, ,n
So

J§1) = E[ax(x§)¢(ew)1

n €
= E[6X<X1)¢.(eu)1
i=1 t

Ers

2
[O’U]([eul,e S(l,m)])¢i(8w)]

9+ (;t/2)

ELs ([8w1,828(1,w)])60(<h VEW )

i|<n

o,
M n MI
fread

—
—
o)
f
a

[o,U1

.

g
<h ,8m>H @i(eu)] dé

MS

exp(-"h9H§/282)'E[exp(~<h9,w>H/8)

i=1 |9—9i|<n
X 910,01

9*(”/2),he+ew>H)~<h9,h9+8w>H‘¢i(he+8”)] de

1 o o o
¢ gwy , ef P taw? - B9 guty s e2st 1w
0 S 8 S S

X 60(<h

where the last equality is due to the Cameron-Martin transformation (
abbr C-M transformation ) w — w + (h9/8) . Now we give some

notations.

Notations.
~ ~ . ~ -,
For w , w € W} , we define 4x4 matrices w®J , w®J) and wow

as follows

-~ _ i o~
(”®N)£j = f Wytuy dt
0
o lr\,J 1
(w®w)ij = f Wy dwt



and
-, 1 1 ~ J
(”®”)ij = IO ”t dwt

Of course, we define them only when the right-hand sides have meaning

as ordinary or stochastic integrals.

Remark 5.2.

It is easy to see that

S(1,w) = ( woW - udw )

1
2
and that, for every 4x4 matrix A ,

t

(Aw)®uw = Aou) , we(AW) = (wlw) A ,
An®i = Asi) , ueAl) = wei) A,
(Aw)®H = Aw®H) and w®(AW) = (wei) A
Then
n
Js1 = 3 f exp(~lAS1V RIZ12e2) ‘Elexp(-<ASV R, ,u>,/€)
. 0 H 9 H
i=1 Ie—@il<n
2
(1) o (1) g7 R
X 8, (8u1)8(E(Ag how wBA g Ry + 5~ (WBw - wew))
1) (1)
X 50(<A9+(n/2)% , A9 h o+ gu>y)

(1) (1) . (1)
X <A6 R, A9 h o+ EW> d)i(A6 h o+ guw)) do

and noting that Aéi’ € 0(4) and Remark 5.2, this is equal to

n
exp(—ﬂﬁ"§/282)° > E[exp(—(ﬁ,tAél>w>H/8)
i=1 |9—9i|<n

x 60(8Aé1"tAé1’w1)

X 5O(Aé1>{e(ﬁ®tAél>b - tAéi>ﬁ®H)
e B aguetagon - tagtistagw fagt)
x 8 CCPAGL ASLY B L R e PAGD W)
x <E o, Ko+ e TAGD w0 (AGD (R o+ e FASDW T de
By the invariance of Wiener measure under an orthogonal
transformation, we see, noting also that tAél)'AéianZ) = A;}é ,
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n
Ji1) = exp(—HF"§/282)° > ) E[exp(—(ﬁ,u>HIe)
i=1 |9—6i|<n

(1) o g? S
1)
X 50(<An/2% , h + gw>H)
. 1) (1)
x <h , R+ EWdy Clli(A9 h o+ SAG W)l do

» (1) -
Since <An/2ﬁ,%>H =

that (h®w - woh)

+
Njm o

(WBW - wewW) = 0 and that Ag'’uy = 0 C note
that HA! = h?2 = 0 ) and T(Aél)) € 0(10) , we have finally,
n
Js1) = exp(—H%Hﬁ/ZSz)' > Elexp{(2n-S34(1,uw))
i=1 |9—6i|<n
. . 2 . .
X 8,(8u1) by(ehon - uek) + S—(uew - wew))

X 60(<A(1>ﬁ,8w> )

/2
x <h , R+ gw>

H

°¢i(Aél)H + gA{P w1 do

H 9

Define R!'!'-valued Wiener functional g§!’(w) by

(1) - 12 g =
(5.3) gét’ ) = wy,S2Q1,w), (hdw u@ﬁ)ij’13i<js4 ,
(1,5)#(1,2)
1)
<AK/2H,w>H ),

then by Lemma 5.4 and Lemma 5.5, given below, we can conclude that
n
(5.4) J51) ~ exp(-IhI%/282)-g 12 3 d. (AS1°R) d6
H < i 0
i=1 |9—U£|<n

Efexp(2n:-S%4(1,w)} 50(951>(u))]-uﬁuﬁ as €40

Lemma 5.3.A.
Etexp{2nS34(1,w)) ao(gél>(w))] = 3y
Proof.

Define i]it) ’ n,it) ’ k = 1!21... ’ and n(gt) , L = 1,"'.4 N

. 1 A
(5.5) PV f sin 2nkt dub , ko= 1,2, c-, i= 1,000,
0
. 1 .
nit) = /2 f cos 2nkt dwé , k= 1,2, , i =1,-"*,4
0

_32_
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and

(1) i
1

No =W ’ 1 =1, ,4

Then we can easily show that

st (1w = %E[k§1%<ﬁij’<nét) J3nSt)ye g(L) (J) ~/Zn8iy)
, 1< 14 < j <4

(how - weh),, = -Jul2n £{

(hew - weh) 4 = Julen n{-/2:n5)

(hew - w®h),, = ~Julan £§2>

(how - weh),, = Julzn (n{2’-/2:n§2’y

(how - weh) g, = Juien ({2 +{-/2-0§3))

and

Aoy = Vamu (8(°) - {4

Thus

Efexp(2nS34(1,uw)} § (961’(w))]
Etsyag'’,né?, 812 ,w, -Julzr-£ Julznn{’-/2:a§1"),
U2 S Julznn {2 -/2-0§20)) 1

X Elexp{ 2 “<€<4’<n‘3’ ST = L =/2n6? )
k...

8,(n§%’,ng Y Julzrnig{ ¥+ (%’ ~/2-n§%)y,/2nug{®-n{* )]

Jél) X Jél)

it

By Proposition 5.1 below, we see that J§!’ = Tg%ﬁy . On the

other hand,

JS1 = Efexp( 3 _(5<4> s> ﬁ(3> 4>)}]
k=2

X E[exp(gi4)n§3) - 55 (4))|n(3)—né4)-£§4)+n§3)=€ES)—n§4)=O]

X {(2r)2%2-Jdet C ! ,

where C is the covariant matrix of ((n§%’,n§*’,Jul2ng{*+n{3"),
Jerucg{®’-p{4’)) and it is easy to see that det C = 4u? . So, by

slight computation, we have

3]



JL1) = : (1 21 J-l
sl = i

k=2
x Efexp(- $CUELD =n{) /D2 + (E{+n{*) /D21 x o
w© —1 L) 2
1 -z? ) 1
= n - /
k=2(] FQ‘J X ((1, ZH)‘[_m e dx X m
!
T 8nlu

Thus the assertion of this lemma is concluded. /1

Proposition 5.1.
Let J§'° be as in the proof of above lemma. Then
J§ = 3
16mu?

Proof.

Noting that

Iw -2nitx
e

— oo

dt = § s

it is easy to see that

ot 1 (1) (2) _ £(2)nC1)

E  Erlong BNy 0}
1)=€§2)=n§1)=n32)=0] pl(O) dt ,

where p;(xz) is the density of the law of ((n§!’,n§?’,-Ju/2n-£{1’,

Jurzn- (n{ 1’ =/2n§Vy, ~Jul2n-E{2 ,Jul2n- (n§{?’°-/2-0§?’>) and p;(0) =

E%ﬂy . By a slight computation, the above conditional expectation is
equal to
- - 3 (1) (2) . g(2)pC1)
ksz[exp( 2ni X (ﬁk N ﬁk Ny )11
e 2
= T 41Vt21tl'S + k<
k=2 ,
_ 2412 2n<t
= (1 + AT S RTE
Thus

1 > 2n?t
(1) - 242
Js7 = g I_m(l MR e e
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_ 3
T 16nu? 11

It is easy to see that Hﬁﬂﬁ = 4nu and hence,

J5t) ~ exp(- 21y ) R — S f ® (ALK de
g 2°ncuy i=1 |9_g i 0
i

| <n

Now

n
(1)
E ¢i(A9 h) de

IIlG—U.I<n

1

i
N

(1) . 1)
I .(Ae 3] mi(A9 h) deo

l6-9 1 <n U,

h2TT

-
—
c

n
nMs

1) . 1)
. IUi(Ae ) d)i(A9 h) de

A2 TT

=
M3 1t M3
—

[
[

m.(Aél’%) d8 = 21
0 1

Q.

We have, therefore,
(1) .o _ ZKU) -12 3
Js exp( Y € Tonu? as glo

Therefore, we can now conclude the following.

Theorem 5.1.A.

In Case A, t.e., X = [0,U1 , U ~ u(d34-843) , U4 > 0 ,

2nu 3
2 ~ - 12
pe<,0,x) exp( ""é-g') € Tenu? as ¢€l0
( Case B) U= U1 (bd12-051) + U(834-0423) , Uy > Uy > 0
. I 0,x . . .
In this case every element h of Kmin is obtained as in
(4.12)
Boe agh L 8= 8,.0) € 10,207
where AéQ’ and h are as in (4.8) and (4.13), respectively. We
set htl] and h[2] by
(11 _t, —— . — X
hy = “( Juy/n sin 2nt , Juyim (1 - cos 2nt) , 0 ,0 )
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and

h£2] =t 0, 0, Ji;I2% sin 4nt , JI;TZr (1 - cos 4nt) ).

Similarly as in Case A, we need only to evaluate
J52? 1= EL8 (Xl)m(em)]

where X% is a solution of S.D.E. (5.1) and ® is defined as in

0,x

Case A associated with K, := K !
min

, X = [0,U) . Again 7v(n) used
in the definition of & 1is given by the following lemma with n
determined by Lemma 5.4 below. In the following we use the same

notations as in Case A.

Lemma 5.1.B.
For every 8, € [0,2m)% , there ecists ny > 0 such that for

each n € (0,ng) there exists v(n) > 0 satisfying

2]
f 8, ((zg—<A{2 h,u>,) . )
Ie 9 I 89 9 H L—l,2
det{(z5—=7— Ch <A 2 R, ud,,) . } d8,df, =1
90 . ae ] H i,j=1,2 1=¥2

on { w ; ﬂw—Aés’hﬂg < v )

and
(8 1A3?°h - Aé;’hﬂz <y rec {8 [8-806] <n
Proof is similar to Lemma 5.1.A and omitted.
Remark 5.3.
It is easy to see that
9 a2 _ (2) (1]
50, M Py = A aguay et Wy o
d (2) - (2) [2]
30,Ag" wdy = Ag g, Wy
and
8% a2
det { (zg- .09 AP Ry o)
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AR s cag Rt s

H

Thus, denoting df = d0,d9, ,

J§2) = E[&X(X§)¢(ew)]

z €

2 Efs_(X7)o . (ew)]
i=1 X v

n

3

i=1 IQ-EiI<n
(2)

X 35 CAG L2y, 0,)
L[2]

(€251 ,w))

il

E[60(8U1)5U

[1] a2y, 011
h ,8w>H) <A9 h ,8w>H

2)
X 80(<A

Lopac2yp 2] .
(8,.8,+01/2)) ,8u>H) <Ae h ,8u>H ¢i(8w)] df

Note that <Aéz)h[1],8w>y is a function of @, and <(w!,w?) , and

<Aé2>h[2],em> that of @, and (w%,uw?)

H
By the C-M transformation w — w + (Aé?>h/e) ,

n

>
i=1IIQ-EtI<n

2) SNAC2) B2 2 A2
J5 exp( HAQ hiljl2e2) Elexp( <Ag? h,ud>yle)

82
5_

(2)
0 h + 8w>H)

X 8 (8uw1) 50(8(A<2>h®ﬁ - ﬁ@Aé2>h) + 2 (wew - wew))

0

«2) [11]
X 35 A vy, ot oA

(2) (21 ,c2»
X 85 (A a,rauian T AT TR B

2y, [1) Acoyy . oac2y 121 42y
X <A6 h ,A6 h + 8w>H <A6 h ,A9 h + em>H

X ®.(AS%2 h + gw)l dB
i 0
and noting that Aé2) € 0(4) and Remark 5.2, this is equal to

n
exp(—ﬂhHﬁ/282) > E[exp(—(h,tAé2>w>H/8)

i=1"18-8 l<n =
t
X 60(8A(2)° Aé2’w1)

i)
O(AéQ’(e(h®tAé2>u -

t

tA<2’w®h)

9
s2uebagn - tagietagu)
o

X &

§E tac2s
+ 5 ( 0 0 0 AQ )

t

(2).,2(2) (1] (2)
X 60(< Ag A(91 h ,h + € Ag w>,,)

+(n/2),92) H

x 60(<tA‘2’-A‘2> pt21 p oo gt

o) (91,92+(ﬂ/2))

«2)
AQ w>H)
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t t

x <htl) o+ g Aé2’w>H~<h[2],h v g

t

2
Ag w>H

X ¢i(AéQ’(h + g Aéz’u))] de

By the invariance of Wiener measure under an orthogonal

. : (2) [1] -
transformation, we see, noting also that <A(n/2,0)h ,h>H =

(2) [2] _
Ao,mipyl "oy =0,
n
Js?2) = exp(-"h"§/282) > E[exp(-(h,w>H/8)
i=1"[8-9_ I<n
(o) S g2 .
X S[O’O](T(Ag YIEwW,,E (hOuw weh) + 5 (W wlw) 1)
(2) (11 (2) [21]
X 60(8<A(n/2’0)h ,u>H) 60(8<A(O,n/2)h ,w)H)
X <h[1],h+8w>H-<h[2],h+8w>H'¢i(Aé2)(h+8w))] dg

Since T(AéQ’) € 0(10) and —<h,u>H/e = 27t-S'2(1,w) + 4m-S%4(1,w)

under the condition that (h®w - w®h) + %(w@b - w®w) = 0 and that

AéQ)wi = 0 , we have finally,

n
J§2) = exp(-uhug/ze2> >
i=1 IQ-Ei|<n

Efexp{(2nS!12(1,w) + 4nS%4(1,w)} &, (gwy)
0
2

X 8, (e Chou - UBh) + %—(w@& - wew))
(2) (1] (2) [21]
X 60(8<A(n,2’0)h ,w>H) 60(8<A(0,n/2)h ,w>H)

X <h[1],h+ew>H-<h[21,h+8w>Ho¢i(Aé2>(h+8w))] d8

Therefore, setting R'2-valued Wiener functional g§2?’(w) by

(2) - g - g
(5.6) 957 ) = Cuy o Chew - Bh) . | o
(2) (11 (2) {21
Aia, ot @y 0 A gy w0

we have by Lemma 5.4 and Lemma 5.5 below,

(5.7) Js2) ~ exp(—"h"§/282)°8'12'Hh[1]H§'Hh[2]H§
n

X ¢.(Aé2>h) de

2
i=1 IIﬂ—_%lilm e

x Elexp{2nS'2(1,w) + 4nS34(1,w)) 60(g52>(m))] as €0



Lemma 5.3.B.

Proof.

and

Then

and

Here

and

Then

Let

it is

Let

g(i)

Elexp{(2nS!2(1,w) + 4nS%4(1,w)) 60(962>(w))]

3
64MMU UL (U2 - ULZ)

P> (z) be the density of the law of g§?’ (w)

Elexp{(2nS!'2(1,w) + 4nS%4(1,w)) 60(952>(w>>1

Then

= Efexp(2nS12(1,w) + 4nS34(1,w)) 1g§2’ (wr=01-p,(0) ,

1
167[2‘?11712(2111"‘?12)2

easy to see that p,(0)

E;;’ , 1<i<j<4 , be the (i,j)-component of (h®w - wW®h)

2{3> = Vu;l2m €12 + Jui/lznn{t’ - J2-n§t?y o,
230 = VITZR E(P - JapTdw g5,
23 = JLTZR E(0 + /GTIasD - JZng)
253 = - Juy/l2nn{®’ - /20§y - Ju,lam £520
2530 = - Jujlzn{® - /2:n§P) + Jul4anns?’ - /20?0
2§30 = Ju /4m ESY) + Ju,l4ann$® - /2083
R nék) are as in (5.5) Set
o(2) .o (2) (1] e (B (2D
=9 = <A(H/2.O)h ,L))H 2nu, (€3 ni )
252 1= <A ptPluy s -/amun eSS0 - gt
=2 (0,7/2) "R
Etexp(2nS!2(1,w) + 4nS%41,wlg§?’ (=01
2 L)
- = (2k-1
E[exp( D % {&;2k)<n;2k D sz 'y
k=1 m=1
_ a7;2k-1)(n7§2k) _ /E-néZk)))Jlgé2>(w)=0]



2 (2k)_(2k-1) (2k=1) (2K) ) zc2) co 2(2)0)

= kflE[exp(ﬁk ny - &y ny SE11 270 B
x Elexp( %(&éz’nél) - ELDRSR) 20T R(D 1 gy,
| E(3> = B{3 = 853> = B3 = 0]
X k%1 m?g Elexp( %(Eézk) ;2k—1) _ &;anl)nQZk))}l

= [, X I, x Ig

Here ﬁ;;’ , 1€ i ¢ 7 <4 , denote random variables constructed by

excluding the terms nék) from EE;’
1 2. = k2) 1
We see easily that [; = = and that 1[5 = T n (1 - —7) = 9.
4 me.
k=1 m=3
So all we must do is to compute I,
Define X;2’ , L= 1, +,4 , by
X§2) = - Jupizen{® + Jiioes?
X520 = /ﬂ;7§_€§4> _ /ET°n§1) ,
X§2) = \/mﬁﬁa) + /ﬂ.gél)
and
X520 = = Juzizen{® - Juong?)
Then
1
exp( F(ESPNE = ESUNET) + 2¢80n(%) - £{Vn{D))
= exp{(2(U+2Up) [ (2U+Up)2) (-X{2° X527 + X§2°X5%0) + Po(E))
where P,(E) is a polynomial of degree 2 in 4 variables E = (E{3’,

(37,853 ,55%’) whose constant term is 0. This equality is obtained
(i) (k) .
ﬁj and n, with
=

respect to {.s.( E{%3’,2{3’,85%°,85% ) , for example, £5?’ s

by the orthogonal decomposition in L2(P) of

decomposed by

(2) - 2 T (2 _ ()
£; = (2U,+U3) ( /u1 Xi /HUQ =55 )

It
—t
-
.
1SS
-

Noting that Xiz’ ~ NQO,u+(uy/2)) , i
I, = Elexp{(2u +2uUy) [ (2u +Uu)2) (-X{27X527 + X§2°X§27)) ]
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= (2U+U) 23 (U2 -uy?)

Combined [, , I, and I3 with p,(0) , we conclude this

lemma./,

It is easy to compute that Hhﬂﬁ = 4nu, + 8nu, , Hh[l]ﬂé = 4nu,
and Hh[2]ﬂﬁ = 8nu, , and we can show that
n

S f ®, (AP k) d = 4n?
i=1 I§-§t|<n ~

in the same way as in Case A. Therefore we have

J52) ~ exp(-2m(u,+2u,)/e?) g 12 *u—l‘z——?——uz—z as €lo0

In conclusion, we have

Theorem 5.1.B.
In Case B, 1.e., x = [0,U , U~ U1 (812-851) + Up(834-843) ,
Uy > Uy > 0,

6

p(e?2.0,%x) ~ exp(-2n(u;+2U,)/g2) g 12 TTo 7 98 glo0

( Case C) U = u(815-8,1+834-043) , u >0
. 0 0,x . . .
In this case every element h of Kmin is obtained as in
(4.14)
R =AY R, 8 = (81.0,.05,04) € [0,m/2]x[0,270°

where Aé4) and h are as in (4.7) and (4.15), respectively.

Now we need a lemma corresponding to Lemma 5.1.A or 5.1.B, but

we must take care that the Malliavin covariance 2 of

( —§—<A(4)h,w> ) is degenerate at 0, = 0 or 6; = m/2
50 <“g w).

i i=1,-"-,4
since det X = 32-2%-n%-u“-cos?6,-sin?@, Thus the corresponding



lemma is as follows.

Lemma 5.1.C.
For every @, € (0,m/2)x[0,2n)2% , there exists ng > 0 such

that for each n € (0,nqy) , there exists vy = v(n) > 0 satisfying

1S
I 6 ( <A Y h,u> ) )
18-85 1<n 90,78 L N
det {( o2 e ALY R WD ) ) df = 1
20 .90 . 89 0 H . = 7
i,7=1,+ - .4
on { w ; Hu—Aé4>hﬂ2 <Yy o,
N0

and

{8 ; ﬂAé4’h - Aég>hﬂ2 Cy e (8 ; 18-85 < n

where d@ = d6,d0,d0,d0,

Remark 5.4.
Now we fix 8, € (0,m/2)X[0,2n)% , then for every 4x4 matrix
we have
f ( 5o <Aé4)h A, ] )
IQ—Qol<n i=1,++ ,4
(4) -
det ( 50 86 <A h Aw)H )' - } dg =1
L,J—l,"°.4
on { w ; ﬂAw—Aé4)hﬂ2 < v}
Yo
Moreover if A € 0(4) ,
(5.8) f 8, ( 5%—<tA Aé4’h wdy ) )
16-84 | <n i=1, +-.4
det ( 898;9 <tA~Aé4’h,u>H ) } df =
- 1”’17":1’...,4

on { w ; Hw—tA~Aég’hﬂ2 <7 )

Especially let A be A{%’-A{}’ 8’ € [0,n/21x[0,2r)7 . Then

6’ ’

tA-A(4)h = Aé?)h . Therefore Lemma 5.1.C is extended in the form
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(56.8) for all elements of K0 X
min

Now we define ¢ , @i , etc. in the same way as in Case A or in

Case B, and it is enough to treat
J53) 1= EL8 (Xl) b(gw)l

By (5.8), the definition of ¢i(u) and the transformation w —
A<4)~tA(4)m

0 90 , we have
f ) ([ 5%—<Aé4)h W g ) )
18-85 1<n i=1,+ .4
det {( ——Qz——<A‘4’h,w> ) } df o¢.(Aé4> tA<4>
96,96 "6 H)y iy ooy A 80
- (4).t (4)
= (bi(A:g. A_Qo w)
1
So
L g
J§3) = 3 E[&X(X1> b, (ew)]
i=1
n
= > I E[ao(ewl) 6U(828(1,w>)
i=1"10-8[<n
_9_
< soc( Scngneny ) )
0 aet 8 H i=1,+++,4
8 4) )
X det [ CASY R, 8m> }
90 .90 . 89 0 i,i=1, 4
t
(4), (4)
X ¢i‘8A§i AQo w)) df

n
= ~-NAS4? R 2 2 _e A
= ‘E f|e 0 exp ( IIA—Q hHHIZS ) Elexp( <Ag h,u)H/g)

2
(4) hey - w®ALA) € (weu - u®
X 60(8w1) 60(8(A6 h®w w®A9 h) + 5 (Wew wew))

X (( ALY R, R s _aca) ) )
89 ] th —AQ h+gw i=1, .4
92
X det {( <A( ‘h,h’>> s A4 ) }
90 . 86 0 H|h —A9 h+gw i j=1,,4
t t
(4ay) . Lacar, aca (ay.lacas
X ¢i(Agi Aﬂo Ae h + eAg Aﬂo w1l df

where the last equality is obtained by a C-M transformation w —

W o+ Aé4’h/e . Noting that Aé4’ € 0(4) and Remark 5.2, this is
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equal to

n
: |
i=1"]8-801<n

exp(—"h"é/282) E[exp(-<h,tAé4)m>H/8)

X 60(8A(4)~tAé4’m1)

*)
« 60<A54><e<h®tAé4>ﬁ - tAé4>ﬁ®h)
Eacar,@bacars _ 1 taca Car
+ ( A9 we Ae W A@ ) 0® A9 w)) A9
8 4) )
X 50(( 56 AR R >H|h =Ag4 heeAgt - tA<4>m - )
R i=1, 4
x det ( aeaae <AéA)h h’ >H|h’=A<4>h+eA<4> ALy ) ’
) g g v Ti,i=1,- -,4
(4) t «4) . (4) (4) 1’ (4) (4),t (4)
« ®i(Agi G AG R + SAEi AG AGH - TAG WY de

By the invariance of Wiener measure under an orthogonal

. . a (4) ] - C4)
transformation, §§—<A9 h,h H h’=Aé4’h = 0 and T(AQ Yy € 0(10) ,

we finally see, noting that —<h,w>H/8 = 2nSt2(1,w) + 4nS%4(1,w)

under the condition (h®w - w®h) + %(m@b - w®w) = 0 and w; = 0 ,

J53) = exp(—HhHH/28 ) Z f Elexp{(2nSt2 (1, m)+4nS%4(1,u)}
| 6~ 90|<77
X 8, (8u) 60(8(h®b - w®h) + gA(u®ﬁ - ww))
) (a)
X 8 (( g ma—<A h,h'> (4) )
2 0 30" ATV IS RV
1S
X det ( <A(4)h h’> I s _ a4y (a4 ) }
50,00 " *ilh =AGU A ),
t t
(4) (4, (4) 4y, (4 (4)
X ¢i(Agi AQO Aﬂ h + EAHi AaO AQ W)l do
Define R!4-valued Wiener functional géBé(m) by
€3) - -
(5.9) gO 9(2.1) = (w, , Ch®uw “®h)ij 1<i<j<4
2
CAGV R B> oy ] )
( 89 9 Al A9 i=1,+ .4

Then, by Lemma 5.4 and Lemma 5.5, given below, we have
’ n

(5.10) g5 ~ exp(—uhnﬁfzsz) g 14 2
|Q-Qo|<n

Elexp(2nS12(1,m)+4nS*4(1,w)) 60(96qé(m))]



92
X det (( i< ALY R, R s _a(4) ) }
aeiaej ‘] Hlh 'AQ h ii=1, -4
(4).t 4, 4)
X mi(Agi Aﬂo A h) dg

Lemma 5.3.C.

Elexp{(2nS12(1,w)+4nS34(1,w)} 60(9‘3’(w))1

0,6

- 2'9.3-u°>n® sin 6;-cos 0,

Proof.
Let pg(m) be the density of the law of gésé(w) , then
Efexp{(2nS!12(1,w)+4nS%4(1,w)} 60(gésé(w))]
= E[exp{2n812(1,w)+4n834(1,w)}Igésé(w)=01°pg(0) ,
and it is easy to see that pe(O) = 1 Let
8 2739 u°-n®%-sin 0, -cos 0,
2(38) YOy feq 5038) 9 ’
, k= 1,-++,4 Then using ﬁ;L) , nék) in (5.5), we have

208 = JITZr E{2) + Julznnil - J2-n§'))
{8 = Julz2m £{% - Jul4m g§Y
509 = JUIZr E{% + JUTannst - J2-n§'))
5§3> = - /ﬂTEE(n§3> - /5.n53>) _ /ﬂTZE 252) ,
253 = - Julzna{® - /2:0§*) + Juldn(ns?2’ - J2:n§%)
283 = Juldm £5% + Julan(ns® - J2:n§%)
2{8) = - J4nu cos(8,-683) (ns!’> + £527)
- J4nu sin(0,-85) (ESY) - ni?))
+ J2nu cos(8,-84) (ni%’ + E{4))
- /2nu sin(0,-85) (£{% - n{*H
5587 = - J2nmu cos?0, (E{!’ - pi?2))
- J4nu sin 0, cos 0, sin(8,-05) (sl + ES2))
+ /J4nu sin 0; cos 8, cos(0,-05) (ESV - n$?))
+ /2nu sin 0; cos 6, sin(8,-05) (n{® + £{4))
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+ /2nu sin 6, cos 6,
+ J4anu cos?6; (£5%) -
2480 = - /AU (£4%) - ns)
and
2% = - /2nu sin?0; (&{1V’
+ J4nu sin 6; cos 0,
- J4nu sin 0, cos 6,
- J2nu sin 6, cos 94
- J/2nu sin 0, cos 0
- J4nu cos?0,; (5% -
Now set =58 = B3 + B3> and Ei¥
i.e.
54 = - /IR E{D - {20
and
548> = - /4mu sin 6, cos 0
+ J4nu sin 6, cos 6,
+ /2nu sin @4 cos 6,
+ J/2nu sin 6, cos O,
and let §é§’ , 1< i < § <4 , be random
excluding the terms nék) , k =1,-+-,4
Efexp{2nS'2(1,w) + 4nS34(1,uw
= E[exp( % s £ (5;2k)(n;2k
k=1 m=1
_ ﬁézk‘l)(n;Zk)
= E[exp( % 2> % (- 5;2k"1)n
k=1 m=1
éé; =0, l<i<j<4 , E

Efexp((- £{n{?’ + £{?’n{

cos(0,-05) (E{°> - pi4))
ns*’

sin(8,-03) (ns!’ + £52))
cos(92-93) (&51) = néz))
sin(0,-65) (n{3’> + £{*))
cos(8,-05) ({3 - pni{*")
né4))

= B$3) + cos28,; (B§37-84%)) ,
sin(@,-085) (nst? + £527)
cos(0,-85) (ESY) - ni?))
sin(92—93) (n§3) + §§4))
cos(9,-05) ({3 - {4

variables obtained by

Then

(38>

0’e(za):O]

Y lg

-1) _ /§~n62k_1))

- /E-néZk))})lgé?é(w)=0]

;2k) N ﬁ;Zk)nézk_l)> ) I

(8) = §§3> = B49) = §23) = 0]
N L T EEL TR PR
53) = §§8> = ﬁé%’ - 553) = 0]



X E[exp{ %(géZ)nél) - gél)n§2)) + 2(554)ni8) - g§3)n§4)))

I E§S> = Eig) = gég) = gég) = Eis) = §§3) = 0]
2 w®
x T T Elexp{ %(€;2k)n;zk—1) _ g 2k=1) 2k
k=1 m=3 m m

= I, x I, x g4

Here the second equality is obtained by that nS% = 0, & =1,---,4 ,
and that E§°%’ = E§3 = 853> = 0 if and only if H§3 = 5§99 =5(% -
2 © k2 -1
0, and it is easy to see that [z = T m (1 -y ) = 9 and
k=1 m=3
that

It = Elexp(-£{1’n{?>)|E5%’=01 x Elexp(£{2’n{!1>)|E{3 =01

X Elexp(-£53°n5%)|85§%°=01 x Elexp(£54°n$37)|E§3’=01]

(oo

) 4
= ( (11/2710) f e T dx ) = %
-
Define X;3> , i =1, *+,4 , by
X$9) = J3-E(4) - 2.ps1
X§3) = /§.€i3) + 2.5%1)
and
X530 = - JZopi4) - 2.942)
Then
(5.11) exp { %(552)n§1’ - ESUn520) + 2¢8{ 0% - E{ ()
= exp{ - % (X§32X530 - X§3°X537) + P4(B) )
where P3(S) is a polynomial of degree 2 in 4 variables E = (E{}’,

£(92,5853°,853’) whose constant term is 0. This equality is obtained

in the same way as in Case B. Noting that
2(8) = J/mu (X532 - X{37) cos(0,-05) - (X§37 + X§3’) sin(0,-03))

and that



R

§3) = /nu sin 6; cos @,

X ((X537 - X§{37) sin(B,-03) + (X532 + X5%°) cos(8,-635)),

(1904

we have E{3%’ =

X§37+X545%2 = 0 . Thus

I, = Elexp(- %(X§3>x§3> - X5$30X530)y |

£37 = 0 if and only if X{®’-X$°) = 0 and

XiS)_XéS) = 0 , Xé3)+X§3) = 0]

= Elexp(- % X(9K580) [ X(30-X53) = 0]
X Elexp( % X§80X53) H1X§32+X53) = 0]

N f—

for X§{% +X53> |, X§30-X4%) ~ N(O,12)
Combined [; , I, and [3; with pg(O) , the proof is

completed.//

It is easy to compute that

92 (4) ,
det {( 99i89j<A9 h,h*>

y _AC4) ) }
Hih -Ag h iLi=1,-+,4

= 32:.2% . n4-u% - cos?@; sin?@,

and that Hhﬂﬁ = 12nu% , so we have

n
J53) ~ exp(-6nu/g?) g !4 5%;7 > I
i=1" |8-08¢l<n
t
(4>, Lacar  aCarpy . as
®i(A§. A90 A9 h)-sin 0, cos 6; df as

>4 A M

Proposition 5.2.

Define a metric g on Kofx by

min
_ i,0d
g =2 9i/ de “de
where
= 9 acay 9 a4
gij = <89iAQ h , GGJAQ h>H

el



If we introduce another metric g  on min by
. , i d
where
4 — l 4) a (4)
gij = <89%AQ' h , 5§—A9 h)H
and, for some o € [0,m/2IX[0,2n)3 , Aé?’ = A&4"Aé4> , then g =
Proof.
20 20
; 9 k s L
g.. = <z——“"TA(4)'A(4)h,E_—‘TA(4) A(4)h>
iJ X aek aei o (‘] 7 SGL 89j o 9 H
3808, 90
_ k l a4y . (4 O _4Cay . pca)
= kEL 39, 30 <86kAg Ag™ h SGLAg Ag™ hoy
- S i Sk ADS- NOYPRE- BYPIPN
K1 89; 893 89k ] ! 86L ¢ H
s aek SGL .
K1 Sﬂi aej kl
So it is easy to see that g = g~ [
Since HAé4>hH§ is independent of @ , it is clear that
Q _aca) Q aca) _ 9% aca) )
30, hos 50, Ag hoy = - 3a 80 .30, Ag™ oyl o =agaop
Thus
n o, ¢
> | b . (ALY - Aég’~Aé4’h) sin 6, cos 0; d@
i=1°[9-8,1<n +4 = =
n o, ‘
= 2 | | y, °¢i)(Aé4" Aé;)‘Aé4’h) sin 68, cos 0; d@
i=1Y10-0,1<n Y4 = < <
= % [ ] '@.)(A(4)°tA(4)'A(4)h)
i=190 € ro,n/21xr0,208 Yi ¢ 9, 90 "8
sin 6, cos 0; df
n
= 2 I 3(1U 'mi)(Aé4)h) sin 6, cos 0, d8
£=1Y0 € [0,n/21Ix[0,2) i 7 -
n
= f \ > ¢i(Aé4)h) sin 0, cos 8, d8
g € [0,n/21X[0,2m) =1 -

KO,x

...49..



= 4n?®

Here the third equality is due to Proposition 5.2. Therefore

-14 61

1
m as €0

J537 ~ exp(-6nu/g?) g

In conclusion, we have

Theorem 5.1.C.
In Case C, i.e., X = [0,U) , U ~ U(819-851+834-843) , U > 0 ,

-14 BT

{
" as €i0

p(e?2,0,x) ~ exp(-6nu/g?) g

We finish this section by proving two lemmas quoted above which

assured the asymptotics (5.4), (5.7) and (5 10).

R S R, i =1,2,3, be C”-functions satisfying

Let Xi

Supp xi c lxl <1} where =n(l) = 11 , n(2) = 12 and n(3) = 14,

Lemma 5.4.
A) We can choose n > 0 such that for all + = 1,-+*,n ,
exp{2nS%4(1,w)} xl(gél’(w)) ¢i(Aél’(%+sw))
= exp{2nS34(1,w)} x;(g§lt’ ) @i(Aél’H) + 0(8)
as &l0 in DT if IG-UiI < n
Furthermore O0O(g) is uniform on { 6 ; IG-QiI <n ) . Here ¢i , 0.
, 1 =1, +,n , are as in the statement after Lemma 5.1.A.
B) We can choose n > 0 such that for att i =1, ,n ,

exp{2nS12(1,w)+4nS%4(1,w)) Xg(géz)(w)) Oi(AéQ’(h+8w))

= exp{2nS12(1,w)+4nS34 (1, )} x,(g§?’ (w)) ¢i<Aé2’h) + 0(E)

favdoed

as €l0 in D if |Q'Ei| < n

Furthermore O0(g) is uniform on ( 8 ; |§-Eil < n )

C) For all 8¢ € (0,m/2)X[0,2n)% we can choose n > 0 such that

_.50_



for all i =1, ++,n ,
(5.12) exp{2nSi2 (1, w)+4nS34(1,uw)} x3<gé36<u>)
-mi(Aé4> tAéi’~Aé4)(h+8m))
A 1: A AS -

= exp{2nS12 (1, w)+4nS%4(1,w)) x5¢g ? )

0.0
0 (AGD tAé;)'Aé4>h) + 0ce)

g,
as glo in D7 if lﬁ*gfl < n
Furthermore 0(g) 1is uniform on ( 8 ; lﬂ—ﬂil < n )

Here g{'’w) , g§2’>w) and géaé(m) are as in (5.3), (5.6)
and (5.9), respectively, and we define gél’(m) , géQ)(m) and

(38>
98,9(”) by

gél’(w) = (w; , S'2¢1,w) ,

((hew - wu®h) + SS(I,M))ij <A(1’ﬁ,w>H ),

, 1<i<j<4, ’ /2
(1,4)%(1,2)

gePlan = Cuy ((h®w - w®h) + ESCL M) o iy
Aqia.otwy » A oy hwdy
and
gglgn = Cup ((h®w - w®h) + ESCL) 5 icicy
9 A

(ae_,.f’*g PRy eag o )

Proof.
We prove only C), the others being similarly proved. We use

same notations as in Lemma 5.3.C.

It is enough to prove that we can choose 1n > 0 such that

I exp(2nSi2(1,w)+4nS%4(1,w)} xa(gl3)u))

(56.13) su £.0

P
O(8$1,|ﬁ—§i|<n

‘ALY tpcas AGS Chyewd) | ¢ @

e, LP )
for some p > 1 . This is because the estimate (5.12) is true for

almost all w and (5.13) guarantees the uniformly integrability,



thus (5.12) is valid in the sense of Lp for some p > 1 : The
Lp*estimate of its higher order H-derivatives can be obtained in the

same way.

(i) n(t)

Usin S,
ing £, g

in (6.5) the integrand of (5.12) is expressed

by

exp(- {1 (n{?’-/2:n§2") + E{22 (i -/2 n§!)

- géS)(né4)_‘/§.né4)) + &éd)(néfS)_\/E.néS))}

'xs(gésé(w)>~wi(Aé4> ¢
’ 4

Aég> Aé4’(h+8w))
X exp( %(— ES1)(n§22-/2:0§%) + £S5 (ns’=/2-n§1))
s 2(- EED({P=/Zon8M) ¢ ELD (=208 )y )

. 3) . (ay Eacar, pcay

X

2 o
exp( kz 5 % <£;2k)(n;2k 1) _ /§-né2k 1)
=1 m=3

L 2k-1) _2ky & (2k) )
En ., J2:mo"" )

. (8)
x3(98,9(w))

11><[2X[3

It is easy to see that sup E[[sp] o ;1 < p < 3/2 , thus all we
€,0

must do is to verify

(5.14) sup Er(7, x I,D91 < » , for some q > 3
g,0

t

4y . Lacay, a0
1f mi(Agi Aﬂo AQ (h+gw)) > 0 , then we have

LAGS - CAG D AGY Cheewy - AP R, <y
- i

~i M

where v = v{n) is as in Lemma 5.1.C. Hence

1 1
2 2 _ (ary . Lacay pcar_pcar 2 2
& folwtl dt - 2 IO'(AEi AGD AGH AR 12 dt < 2v?

1 1
SQI I”t|2 dt - 2 [ |(Aé4’-A‘4’)h dt < 27?2
- 9 0

| 2
0 0 0 t



For all n > 0 , there exist ¥’ = 7’(n) such that NAé4’—Aé4>u <
9 Yo op

v’ if 18-80l < n and ¥’l0 as nl0 . So there exists a constant

K >0 satisfying

1
(5.15) e2f th|2 dt < 2y? + 2Ky’ ?
0
for all € € (0,11 . On the other hand, xg(gésé(m)) > 0 implies
that
|w1| < 8 ’
=(38) iJ
Iuij + eSYa,w| < 8
and
I LA R R | < &
00,0 ’ HIR =AW
i 9
for some & > 0 . Clearly, for any constant ¢; € R ,
exp(cl(&(t) (”)—/E-néj))}) X5 (gL @)
= exp(ei 09y exp(-/Z eig P07y Xs (9483 )
< exp(ce; ﬁ(t) (J)) exp(ley|-v/2-6- g(‘)
Y (5 q
and exp(lcll-J2-5°€m ) € L for all q > 0 . Therefore we can
assume nét) =0 in (5.13).
First we treat with the term [; . Clearly

exp(-£{1’n{?”) xs(gé?é(w))
) 2 2
= exp(i(((ﬁﬁl)-niz))//f ) - ((§§1>+n§2’)//§ ) }) xs(géfé(u))
2
= exp{- —( E{17+n{2°)1/2 ) ) exp{(E532)2/8nu) xs(géaé(w))
2

< exp(8?2/2nu) exp{- %((z§1>+n§2>)//§ ) y € L9 for alt g >0

Similarly we can prove exp(-£53'p54’) x3(9é3é) e LY for all g > 0

Next

2
exp(£{2°n§{1?) = exp(- %((EﬁQ)—nil’)//E ) } exp %(Ei%’)z}

and



A t

A Zcgryy2 (a4
exp( 3, (E{$7)? ) ¢i(Agi 9

Aé4’~A‘4’(h+8w))
M0

< exp( %{( 1+/ufm »8 + |eSt2¢1,w)l? ))

It is easy to show that there exist a Brownian motion B(f) on W}

such that

1
gS12(1,w) = B( ezf ((wi)2 + (w%)Q} dt )
0

Appealing to (5 15), for each g > 1 we can choose n such that

tAéé)»Aé4><h+eu))1 ¢ w

sup Elexp{(q&{?’n{!’) @i(Aé4)~
€,9 =4

Similarly, for each q > 1 we can choose n such that

tAég’-Aé4)(h+8m))] < o

sup Elexp{q&s+4’n53’) ¢i(Aé4)-
£,0 =i

Therefore it is easy to check that

sup E[Ilq] o , qg > 1
£,0

As for the term [, it is enough by (5.11) to treat with the

terms exp{- %(X1X2 - X3X4)) and exp{P3(E)) . Clearly
-l SC3) =3 S(3)
Pa@) ] <3 e BT + 3 el B
(3) 1 1332 M(3)2
SECQIHij I + z C3 2(|H1-’j I + I-—dkL I )

Noting that |§2§’| < 8§ + ISSij(l,w)I on X3 >0 , we can control the
term exp{P3(E)} in the same way as in [, . Furthermore, noting
that [E{%>| < & and [853’| < & if x3 > 0 , we can easily show
that |X;-Xo12 + |X3+X4l?2 ¢ 282 , the term exp{- é(Xlxg - XaX4)) s

also controled in the same way as in [; . Therefore

sup E[ng] < » for all q > 1
€,0

and this completes the proof. /1



Lemma 5.5

All of gél’ , gé2> and gé3é are uniformly mon—-degenerate.

Remark 5.5.

The above lemma ensures the asymptotic expansions of 50(9é1)) ,

(2) (38) : ;
60(98 ) and 50(98,9) , thus, combined with Lemma 5.4, we can

Justify the asymptotics (5.4), (5.7) and (5.10) and furthermore the
asymptotic expansions of J5!7 , J$27 and J§3° Hence, we can

conclude that p({,0,x) has the expansion of the form (0.1), the

main term of which is given by Theorem 5 1.A, B and C respectively

Proof of Lemma 5.5.

17 since the others can be proved in a

Here we treat only gé
similar way.

Let géli(w) be the R!!-valued Wiener process given by

géié(w) = Cwy St2¢t,uy ,

t t 1<i<j<4 ’

(1,3)#(1,2)
t . .
> j (A(1>ﬁ)zdwt )
i Y0

£ o o
( f ( ﬁzduJ - H%dwt y + St ]
0

/2 {
Clearly géli(w) = gél’(w) Then gél;(w) satisfies the follawing
S.D.E.
i (1 o
1) - ) o
dge’t(w) = La(e’t’ge,t(”)) d”t
a=1
where L (€,0,%) , o =1, *-,4 , & = (51, " ,511) = (x,c!) € R'1 |
are given by
. 9
Ll(g,t,g) - aml
1 .9 ay.__ 9 . 4 “_Ji__J
2 (:.DQ 8$(12) + (8$3+2};t) 8:’:(13) + (8£4+2Et) am(l—‘) ’
_ 9
Lz(g,t.g) - a$2

1 9 B3y - A.__a__)
5 (ml 3% 12, (8$3*2Et) 3T 50, (8$4+2ﬁt) T (2a,)’
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_ 9
1 ( 9 4 d J
+ = |BZ 5z + ETp m—— - (8Z4+2h7)-
> (B AT 13) 802 3% 2y 4 t" 9T a4
—_— 9
- J4nu sin 2nt 3zT
and
_ 9
L4(8’t,§) - a:U4
1 ( 9 9 2 a J
+ = 8T 50— + BZy m——— + (EZa+2h})
7 (B%1 9T (14> ET2 AT (5 4) ELa 17 ¢ 34,
+ J4nu cos 2nt '67?3”1‘
Let Y% be the 11x11 matrix given by
€ _ (1) € . o
dYt = aLa(e,t,gg’t) Yt dmt
where aLa(S,t,§) is the 11x11 matrix given by <aLa(e.t,§)>ij =
—Q—LL(S,t,E) Then we have
8§j o
g 2l ¢
(1) (1) _ 1 (1)
<Dgg (w),l)g8 W)>, =Yy agifo(Yt) La(e,t,gg’t(m))

€, 1 (1) i€
® (Yt) La(e‘t‘ge,t(”)) dt Y1
By a slight computation, we know that det Y? = 1 Therefore we
will only evaluate the integral part which will be denoted by o(g,w).
_ t 1 11 :
Let 1 = (Li’ij’L Vi=1,---.4 € R Then we can easily
1<j7<k=s4
compute that
tL g(g,w) 1
1 —_—
= f ({ Ly = Lo w2 - Lyg(ew? + Ju/m sin 2nt)
0 t t
- L14(8m2 + Juin(l - cos 2nt))}?
+ { Lo, + le-w% - L23(8U? + Juln sin 2mnt)
- L24(8m§ + Juln(l - cos 2nt)))?
+ { lg + Lla’wzlt + LQS‘U%

JUulnl

ba + L4

cos 2mt)) 1Y-/4anu sin 2nt )2

-mi + L24~m%

56



+ L34(8u% + Julm sin 2nt)) + Ll-/4anu cos 2nt }2J dt
Now we will prove that for any T large enough,

C
t ‘CQT 3

(5.16) P( inf ‘1o, L <+ ) < ¢y e
11]=1 !

for some positive constants ¢; , ¢o and ¢33 all of which are
independent of € . We Kknow easily that

P( Isup tl o(g,w) L =T ) < egq4 e'OST

for some positive constants ¢4, and ¢s5 which are independent both

of & and L . Thus it is enough to estimate
P( tL o(g,w) L < % )

uniformly in 1 ( ¢cf. S.Kusuocka-D.W.Stroock [12], Appendix).
Appealing to J.Norris [18] or N.Ilkeda-S.Watanabe [10]1, however, it is

easy to check that

- Cs
P( tL o(g,w) 1 < % ) < cg e eql
where ¢Cg , €7 and c¢g are positive constants all of which are
independent of [ Thus (5.16) is concluded.

Then it is easy to see that

Tim Er|det <g<1>(m),g<1>(w)>Hi’p] < »
10 g g

for all p > 0 , and this completes the proof. /1
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