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Siegel viave forms, —— resume ——
Nobushige Kurokawa (Tokyo Institute of Technology)

1. Siegel wave: forms

We follow the notations of lMaass[L] in general.
Let Th:Sp(n,gD be the Siegel modular group of degree n (or "genus n'),
ﬁyn the Siegel half plane of degree n for each integer n2l, Let r>0 be

‘ps . + R .
a positive real number and d = n+l +ir (i=V -1 ).

I

- - L4
Let Q= (2-2)((2-7) 3) & be as in lzass [2].

/e define the space of Siegel vave forms of dezres n Wr([;) as follovs.,

1) £ is Y;—invariant.

u () =R b, —>e | Qs -u@® oa)me

real analytic 3) £ is bounded on'%ﬁ

Here E:Bn the identiiy matrix of rank n,
- AB
1) means that: £{(AZ+B)(CZ+D) ") = £(2Z) for all (C-D

3) means that: there exists a »ositive constant C independent of Z such that

lf(z)l§ C for all Z e %% .

Vi (r ) is & vector spzce over the complex numbers £, (We cen extsnd W (1)
oM = = v in
by wezkening the condition 3) so that certain (rezl analytic) Eisesnstein
series are contained in some Ur(T;). )

Vle prove first that if f ¢ Wr(fh), then ¥ is an eigen-function of all
invariant differential operators on‘%h . Ve prove also that Wr(f;) is a
subspace of the space of automorphic forms defined by Harish~ChandraI:6] .
Then we prove the following theoren.

: i : o
Theoren 1 dimg Wr(T;)< .
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[17- 2

Now, we define Hecke operators on Wr(r'n) as follows,

0O E

—— . _ n ; 2
Jn[M] = mJn} vith J ~( \ for integer mZ2l.

Let S(m) ={Me M, (2) Lo
n

Let V(m) = [;\S(m) be a set of representatives as in Maass [37] (cf.

Andrianov [77] ). Then we define the Hecke operator T(m) on Wr(]';) by:

o)t = n R4 > £ for each integer @1, £ € W (T]) -
Me\l(m)

( m—n(n+l)/Lp is a normalizing factor.)

AB
Here (£|M)(2) = £(M<2>), M<Z» = (AZ+B)(Cz+D)™1 for M = (c ) .
D

Then T(m) : Wr(Tx'1) — W ( rr71) is a €-linear operator.

This definition coincides with Maass [1:] for n=1 .

Let p be a prime number, then :

o (I - T(pu + )™ if n=1,
ZT(pv)uv =
V=0 (I-Ip“luz)(I—T(p)u+(’.Il(p’)Z—T(J;-2)+Ip_l)112—".‘(p)u}ﬂu“)"]L if n=¢

Here, I is the identity operator on W.([}).

o 6o
Hence ZT(m)m"s =TT( ZT(p")p'vs )} is calculated for n=1,2 .
m=y V=o

f
We define an innerproduct <,> : \‘Ir(rn)xwr(]';l) —> ¢ by :

<f,g)y = Sf(Z)g(Z) axdy for £, g € W (]}) .
o ‘ﬂn—%l

Then Wr(n)) is a Hilbert space with this innerproduct, We define an operator
X on W.([) by: X£(2) =£(-Z). Then X : W ([}) —>w_(]]) is a C-linear
operator and _)ga = I . Hence Wr(rl'l) is decomposed into eigen-spaces of X

as follows : Wr(r;) = w;(rh)éa W;(T;) . Here, X=I (resp. -I) on W;(IZ) (rest
on E’-l;( [';1) ) and this decomposition is orthogonal with respect to the above

inner product <, .
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Lil- 3

Euler products attached to Siegel wave forms of degree 2

We treat Siegel wave forms of degree 2 hereafter.
Let f(Z) be a Siegel wave form of degree 2 i.e. f & Wr(fé) for some r>0.

Then f(Z) has Fourier expansion of the following form :

£(2) = > a(Y,T)eZWiG(TX) , here 2Z=X+iY, T runs over 2x2. semi-integral

1
symnetric matrices, a(¥,T) is a real analytic function of Y for each T,

§(TX) is the trace of TX .
By the condition 2) of Wr(Té) , a(Y¥,T) satisfies the following (system of)

differential equations :

{'F s 29k - e}l ™emn < o,

e - TY%}(Y\"’%(Y,T) 0.
Here |Y| = det(¥) .
Moreover, by the condition 3) of Wr(ré) , a(Y,T) is bounded as a function
of Y . Using these facts, an explicit form of a(Y,T) is determined for
each definite T (i.e., T>0 or T<0 ) as follows.
Let Y be a 2X2 positive real symmetric matrix, T a 2x2 definite (positive
or negative) real symmetric matrix, Then there exists a unique D in
0(2)\GL(2,R) ( B € 0(2) acts on A € GL(2,R) by A +> A[B] = B AB )
such that T =%[D] =2 D'D . Put L = ¥[D"] = DYD' . We define " generalized

confluent hypergeometric function " hd(Y,T) for:£=~é_ + ir, r>X0 as
L

follows ( cf. Kaufhold [5]) .

-2
hd(Y,T) = eri e-—(\'(L) S(l\]’.{.E\.)V\) 16—26(VTJ) dV .
V>o

This integral converges absolutely ( in Re(d)>%?) and well-defined.
L ]

Then the following result holds,
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LIf- &
"Theorem 2 Let £(Z) =:Z:a(Y,T)e2Ti6(TX) be an element of Wr(ré) for r>0.
T
Then :
1) a(Y,T) = 0 for rank T<2 (i.e, rank T =0 or 1 ),
2) a(Y,T) = a(T)hy(Y,2nT) with a(T) € € for definite T (i.e. T>) or T<O)
3

3) a(T) = o( lmf‘:’; ) for definite T, |T] —> .

To prove Theorem 2, we use the results of Maass[?] and Kaufhold[5] .

Our main theorem is as follows.

Theorem 3 Let f be an element of Wr(ré) for ryo .

Assume that’ f is an eigen-function of Hecke operator T(m) for each

integer m?l, T(m) T =:)(m)f .

Assume that f satisfies the following conditions 1° and 2° .

o 4 . _

17 fevwW([;) i.es Xf =1,
50

. . o _—
Put L(s,f) = §(2s+1)h2‘>\(m)m . s

- = S ¢
. . . — .

Put j\(s,f) TE(S+%)E§(S-21r)ﬂ%(s+21r)L(s,f) with E&(s) =71 yzz) ahd
[e(s) = 2e2ms[(s) .

There exists a definite T such that a(T) %0 .

Then the following holds for \(s,f) .

‘1) A(s,£f) is meromorphic on € and holomorphic except for s = —%b é% .

2) NGs, £) = -A1-s,1) .

This theorem is proved by using Theorem 2 and the method of Andrianov[?]

Remark Let E(Z,&i'be the (real anaiytic) Eisenstein series of degree 2
fOI‘d=-£?+ ir, r70 constructed (analytically continued) by Kaufhold [5]
( cf. Langlands, Harish-Chandral6]) . E(2,4) is defined for Re(%)>3- by
the followiﬂé:j-

o
E(Z,d)=§::——l¥L—§z » here |ICZ+D|| is the absolute value of det(CzZ+D) and
ArY llcz+pll

{C,D} runs over non-associated coprime symmetric pairs ( cf. Maass Lul)
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[r1-s

Then E(Z,d) satisfies the conditions 1) and 2) of Wr(fé) and a modification
of condition 3). Moreover E(Z,d) is an eigen-function of T(m) for each
integer m2l1 . Hence L(s,E(e,d)) is defined as in Theorem 3 . Then we get:
L(s,EC+,d)) = $(s-3) Ys+3) (s-2ir) [(s+2ir) .

This Buler product satisfies the same functicnal equation as in Theorem 3 .

In fact,j\(s,E(-,d)) = ré(s+%)z(s—%dg(s+%)‘ﬂ%(s—Zir)z(s-Zir)of&(s+Zir)Z(S+2ir)

and TL(S+%J = Y&(s+%&[;(s+ga = (Zﬂ)-l(s-%iE&(s-%&[&(s+%ﬂ . Hence we get
/\(s,E(',d)) = —[gl—s,E(-,d)) by using the functional equation of ;(s)
iee. Jp(s)Us) =" [R1-8){(1-5) .
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August 20, 1977
Dear Prof., Dr. Maass,

I enclose copies of the former half of my manuscript " Euler products
attached to Siegel wave forms "(in Japanese). This manuscript was written
out in the autumn of 1976. The reason why I send the copies of this
manuscript to you is that I need some time to typing them in English,

I am happy if this is of some use to you.

Since it is written (unfortunately) in Japanese, I want to comment on
the contents. I want to refer to [I] (résumé) for the statements of results,
notations and references, I quote this paper by [I} hereafter, I give
a rough sketch of the contents in the following 10,20,30,40. In 50, I give

a résumé of the proof of Theorem 2 in [I]-4.

1° on general construction

This manuscript consists of the following six parts (sections).
I. Siegel wave forms
II. Confluent hypergeometric functions of matrix variables
III, Fourier coefficients of Siegel wave forms of degree 2
IV, Euler products attached to Siegel wave forms of degree 2
V, Eisenstein series as extended Siegel wave forms
Appendix, Examples of eigenvalues of Hecke operators on Siegel modular

forms of degree 2

Main parts of I,II,III are copied, ( Some pages of manuscript are not
copied here containing the pages on Hecke operators for example.)
IV,V,Appendix are not copied, Except for III and IV, we work on "degree n-
theory" for general n2l., The main result of the former half (I;II,III) is
contained in III ( Theorem in III-1,13 ; Theorem 2 of [I]-k ) vhich
determines the Fourier coefficient for rank T <2 or for definite T.

In IV, the meromorphy of Euler product is proved (Theorem 3 of [T]-4 ).

85
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In V, extended Siegel wave forms are introduced} Some Eisenstein series
are contained in the spaces of extended Siegel wave forms and Euler products
attached to such Eisenstein series are determined (cf.[Il-%4,5 ).

If we use the results of I,II,III, then the proof of IV is not so
difficult using Andrianov'!s method. In particular, needed Mellin
transformation (which gives the "-factor) is calculated in II-9,10,11,12
and in III-10,11. On V (at least on Eisenstein series), the results

would be known to you. On Appendix, I reported in[if].

2O On I (In this section, we work for general nzl,)

In [1](1-1,2,3), dimgW (]} )<C(Theorem of I-1) is proved. This remark
seems to be desirable to expect the canonical basis (consisting of eigen~
functions of all Hecke operators) of Wr(r;). The proof coincides with
your remark. In [2] (I-3,4,5), Lemma 2 of I-3 is proved, In [3|(I-6,7,8),
Theorem and Lemma 5-of I-8 are proved, In these points, the dbject is
calculation of matrix differential operators. The calculation is rather

long, but the method is of yours.

3° On II (In this section, we work for general n2l.)

In [I](II-l,Z,},q), Theorem of II-1l and Corollary of II-L are proved.
The broof of Theorem of II-1 uses Lemma of II-2, In [2] (II-4,5,6), Theorem
of II-4 and Theorem of II-5 are proved. In these points, the object is
to show that generalized confluent hypergeometric functions satisfy certain
differential equations. In[3](II-?,8,8a,9,10,ll,12), Mellin transformations

are calculated , Theorem of II-9 is important for our later argument,

The calculation is rather complicated here.

4% on III (In this section we work for n==2.)
In [1] (11I-1,2,3,4), a(¥,T)=0 for rank T<2 is proved. In 2] ¢ 111~
5,6,7,8,9,9a,10,11,12), a(Y,T)=a(T)hy(¥,2%T) for definite T is proved.
(I used some different notations of confluent hypergeometric functions.)
In [3] (III-12), a remark on a(Y,T) for indefinite T is given. In [4)(III-

13,14), Theorem of III-13 is proved.
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In [51 (I11-15,16,17,17a,18),Fourier coefficients of Eisenstein series
(determined by Kaufhold) are written in the form compatible with our results.,
The proof of {1} is not so difficult. In fact, since an explicit form of
a(Y,T) for rank T<2 was determined by you, what to be done is to estimate
the divergency (unboundedness) of it. This calculation is elementary.

The proof of {27\ is rather complicated. There seems no need to say on [3],
1, [5] in detail.

5° On the proof of Theorem 2 of [T)-4

I give a résumé of the proof of Theorem 2 of [i]—q. The point is 2)

i.e. a(Y,T):agT)hd(Y,ERT) for definite T, ( The proofs of 1) and 3) are
easier and omitted here,)
I, Let f(Z)._:E_a(Y T)e‘z_Tl T(TX) be an element of W, (r') for r>0.
From the dlfferentlal equation G2f _<i6é- d)Ef with d= %%+ ir, we get
(Lemma 3 of I-6)

{(YBT)';; 24 - (2T)2TYT}]Y *a(y,T) =0,
L S Y > -4

%YR)T-Hﬁ}hIaWJ)=o.

From the boundedness of f(Z), we get (Lemma 4 of I-7)

(2) a(Y,T) is bounded as a function of Y.
II. Let h,u(Y,T) be as in [I]-3. Then ( Corollary of II-i)

9 a _3_ - m - my
{2y % + 2aZ - o} 1Y) (LD = o,

(3)
{(Y )T-TY }{Yl‘ h (Y,T) = 0,

Moreover (Theorem of II-{4)

(4) hy(Y,T) is bounded as a function of Y.



88

2rio(TX)

III. Let £(2) == a(Y,T)e~ be as in I.
T

Let us fix a definite T, Then there exists D € GL(2,R) such that
2rT =3[D] (% = sgn(T) ). Put L = Y[D'] , u = 6(L) = 27 |o(TV)]

v = (602 - 41| = 4W((s(TN))2 - 4]TY] ),

Then from the above (1) of I, we get ( by Maass [2] )

of &
a(y,T) = ¥l . Zgy(u)vy with the following system of differential eguations.

4(V+l)2ugy+l + ugf + 4(V+d)g; ~ugy = 0,
(54 go(w) = ul™2Hpw) , Y = v lpw)
(f”(u)

(1 + (2d4-1)(24-2)u™2 )@

We say that a(Y,T) is a solution of (5) hereafter for simplicity.

Let ?b(u) = u'l/ay(u) , then rY?u) = u'l/zjb(u) and

wgl o+ uf - (¥ AR -0 with p= 2d -2 - 2ir

Hence a system of fundawental solutions of y%(u) is given by %%(u) and K (u)
ul- 2“‘_3 t"l/EK (t)dt ,

g2(u) = ut™2* |

W
gg(u) = ul'z“"J t"l/BI}L(t)dt ]
1 2 3

Then a system of fundamenta1 solutions of €5 is given by 83> & 3 8O -

Let o(u)

if g is given, then Eigy(u)v is determined by the first eguation in (5).
Let GI(Y,T) = lY|Z_gy(u)v with gy = gg s 321,2,3

Then & system of quSameﬂtal solutions of a(Y¥Y,T) is given by Gl(Y,T) s
GZ(Y,T) and GB(Y,T). Hence we can write :

a(Y, ™) = ¢, G (Y, T) + ¢, 63(¥,T) + cBGB(Y,T)

with constants (independent of Y) €13 € C3 .

What to be proved is that :

(6) If a(¥Y,T) is bounded as a function of Y, then c, = ¢y =0,
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Moreover we prove that :

(7) er(y,m) = 1 h (Y,27T) . (Theorem of ITI-11.)

V2 T T -5

The proof of (6) is as follows,
Let a(Y,T) = liﬁlig (u) vY be a bounded solution of (5).

Let gy =771 Ql V= o} C{Q . ( Here (&, = 0(2)\6L(2,R) —{‘DO} and
v= 4TE((S(TT))2 - 4]TY])

Then, )XT:{YépZ ‘ :i'LT—'T—l ’izsgn(T), u>0} .
(Here, u = 2T|KT)|.
Hence, a(Y,T) =- )y]“‘go(u) - (161T2|T\)‘°‘.u2°‘go(u) on X ¢ «(Lemma 1 of III-6.)

Write a(y,T) = ¢;6N(Y,T) + c,6%(¥,T) + 03G3(Y,T) with constants cy,c,,C5 .
Since a(Y¥,T) is bounded on 6% s af{Y¥,T) is bounded on;XT
Hence, u Zd (u) = c1u2d l(u) + cauZd 2(u) -+ c5u dgg(u) is bounded on u>0 .

On the other hand, the followings hold (Lemma 2 of III-6).
yi

VZ TG+ 2in)

(8) |ugl(w)| € cje™ for u>0 witn c, =

u for u>0 ,

(9) luad 2(u)l

1
=

V2

(lO)(uZi 3(u)‘ CBeu for sufficiently large u>0 with an arbitrary Cj<

These facts are proved by using the estimations of Bessel-functions.
The calculations are not difficult (III-7,8,9,9a ).

u2? l(u) + cus? 2(u) + ¢ uX 3(u) is bounded on u>0 , then

Thus, if c

1 24

3¢
it must be c2:c3=0. Eence a(¥,T) = ClG (Yy,T) .

The proof of (7) is as follows.,

Since h,(Y,2TT) satisfies the differential equation (5) from the above (3)

of II and hy(Y¥,2nrT) is bounded on &% from the above (4) of II, we get

h*(Y,ZHT) = CGl(Y,T) with a constant C., Hence it is sufficient to determine

this constant C,
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We consider the equation h&(Y,ZWT) = CGl(Y,T) on xfT .

Since GY(Y,T) = (l6ﬂ2|T])"du2dgé(u) on ng and h (Y,27T) = (AWZIT))-d X
hd(%E, E) on XgT , we get :

Ll—2)"“‘-11 & E, E) = Cogi(u) for all u>0

(4 & Ey E) = Cegy(u) for all u .

We take their Mellin transformations. The results are as follows.

oo 1
2 s-d -
(11) i(ﬁ- )" & E, BuSTrau = N2 I0OTE- 52 2 [ty L

for all Re(s)>-%—. (Theorem of II-9,)

60 1
1 s=1 §-2d- =5 -L4d+3 1
(12) ggo(u)u du = e e

op o

for all Re(s)> . (Proof of Lemma 3 in III-10.)

The proof of (12) is not difficult (III-10,11).

The proof of (11) is rather complicated (II-9,10,11,12), In this calculation,
I make transformations of variables in several steps and I use Legendre-
function ’#S:(z) . ( I use the notation in : W.Magnus and F.Oberhettinger,
Formulas and theorems for the special functions of mathematical physics,
(Chelsea 1949), Chap. IV. ) The crucial point of the calculation is to use
the result of T.M.MacRobert ( (7) of II-11l). MacRobert's result is published
in Quat. J. Math, 11(1940),95-100 (especially, (6) in p. 96 ). This result
is quoted in the following book. A.Erdélyi (ed.), Higher transcendental
functions., Vol. I, (McGraw-Eill 1953), p. 172 (28).

Now, from (11) and (12) we get :

on oa

2 2 ] - 1
f et s, mutla < Bl | @t an for e mete> S
o 0
Hence, we get (by the inverse Mellin transformations )

2
(-Z—)“d-h&(%}a, E) = V2 [()T@- Dei(u) for all u»o0 .



1
Hence, we get : C = JE.TQ&)Tki-'iﬁ .
l( 1
V2 ) T~ 3)

This completss our sketch of the proof of Theorem 2 in [i]—q.

Thus, G (Y,T) =

h,(Y,27T) .

I am happy if these copies of manuscript are of some use to you,

Sincerely yours,

W"J"‘(a"* K‘-V‘»c’ka.wd,

Nobushige Kurokawa

Adress:1349 Yakushiji
Minamikawachi-machi
Kawachi-gun
Tochigi-ken, 329-04
Japan
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Euler products attached to Siegel wave. forms

(manuscript in Japanese)

Nobushige Kurokawa ( Tokyo Institute of Technology )

CONTENTS
I. Siegel wave forms
II, Confluent hypergeometric functions of matrix variables
III. Fourier coefficients of Siegel wave forms of degree 2
IV, EBuler products attached to Siegel wave forms of degree 2
V, Eisenstein series as extended Siegel wave forms
Appendix, Zxamples of eigenvalues of Hecke operators on Siegel modular

forms of degree 2
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