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STEADY GAS FLOWS PAST BODIES AT SMALL KNUDSEN NUMBERS
— BOLTZMANN AND HYDRODYNAMIC SYSTEMS —
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- ABSTRACT

Steady gas flows at small Knﬁdsen numbers around arbitrary bodies
(asymptotic behavior for small Knudsen numbers of the solution of time-
independent boundary value problems of the Boltzmann equation over a
* general domain) are considered when the Reynolds number of the system is
of the order of unity. The generalized slip flow theory developed for
the Boltzmann-Krook-Welander equation is extended for the standard
Boltzmann equation. From the result, the effect of gas rarefaction on the
flow (the relation between Boltzmann and hydrodynamic systems) is clarified,

and several features of the force on a closed body in the gas are derived.

I. INTRODUCTION
The relation between the hydrodynamic equation and the Boltzmann
equation has been discussed by various authors.l-9 In this connection
the Hilbert and the Chapman-Enskog expansions are often‘mentioned. The -

expansions, however, are not derived in the framework of the boundary-value
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problem, and the hydrodynamic equations derived have some awkward properties '
in considerinéJthe béﬁndary-vaiue probieﬁf2’3  |

In this papef;.t;kiﬁg the timé?iQAependentrBéundafy'value problem of
the Boltzmann equation.over a general domain, we investigate the asymptotic
behavior of the solution for‘small Knudsen numbers to derive a set of
hydrodynamic equations and their boundary conditions fhat covers some
effects of the Knudsen number (gas rarefaction). From the result, the
effect of gas rarefaction on velocity andvfemperaturé fields is discussed,

and several features of the force acting on a closed body in a slightly

rarefied gas are derived.

‘II. ASYMPTOTIC SOLUTION FOR SMALL KNUDSEN NUMBERS

II-1. Analysis and Hydrodynamic.Systemé
Mach number Ma, Reynolds number Re, and Knudsen number Kn, important

parameters in characterizing slightly rarefied gas flows, are related as
Ma ~ Re Kn.

This relation is important in considering the asymptotic analysis for small

’5, where the quantities of

Knudsen nuimbers (Kn << 1). The linear theory
O(Maz) are neglected, is applicable only for very small Re (Re << Kn).

The standard Hilbert expansion1 corresponds to the case with Re > «. When
Re is df»the order of unity (the case of our interest), we must take into.
account that Ma is of the same order of smallness as Kn. In the present
paper, noting that Ma is a measure of deviation from an equilibrium state
at rest, we investigate the asymptotic behavior for Kn << 1 of the system

where the deviation from a uniform equilibrium state at rest is of the

order of the Knudsen number of the system. Owing to limited space, we.



give only the outline of the analysis.

We introduce the notations: TO’ Py» fO’ and QO arevthe température,
the presgure, the velocity distribution of gas moleculés, and the mean '
free path of our reference equilibrium state at rest; R is the (specific)
gas constant; L is the characteristic length of our system; in is the

1/2C

rectangular space coordinates; (2RTO) i is the molecular velocity;
fo(l + ¢) is the velocity distribution of gas molecules.

The behavior of the gas ¢ is described by the Boltzmann equation:

3 _1 - |
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k = _E 7T‘— —E Kn, | (2)

where the standard collision integral J(1+¢, 1+¢) is split into two parts:
the linearized operatof L(¢) and tﬁé remainder J(¢, ¢). vThe complete
definition of the collision operators is not given here,‘but no confusion
will take place. |

On the boundary a condition for the reflected molecules is imposedl’zz
¢ =0, @0, (3)

where n, is the unit normal to the boundary, pointed to the gas, and ¢w is
a given function or is related with ¢ (Cini‘< 0).
The asymptotic solution of the boundary-value problem is obtained

in the form:

— i -2 - LI ) i N ' ,‘ : : .k
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= 2 ... :

where ¢H, called hydrodynamic part, represents the overall solution, and
¢K’ Knudsen-layer part, the correction near the boundary. Since we are
considering the case where the perturbed distribution ¢ is of the order of
k, ¢Hm and ¢Km are of the order of unity.

First we determine ¢H as a solution of the.Boltzmann equation whose
length scale of variation is of the order of the'characteristic length L
of the system [8¢/3xi = 0(¢)]. Substituting Eq. (5) in the Boltzmann
equation (1) and arranging the same order terms of k, we obtain a sequence

of integral equations for ¢Hm£
L(¢Hm) = Inhomogeneous term (¢Hm—1’ '..’V¢Hl)’ (7)

which can in principle be solvedkfrom the lowest order. From the
solvability condition* of Eq. (7) with m 2 2, we get a sequence of partial
differential equations, called hydrodynamic equations, that govern the
component functions of the expansions corresponding to Eq. (5) of
hydrodynamic quantities (velocity, temperature, eﬁc.).

Since the hydrodynamic part ¢H’ obtained without paying attention to
the boundary condition, cannot in general be made to satisfy the boundary
condition (3) [the differential operator is multiplied by the small
parameter k in Eq. (1)], we introduce the- Knudsen-layer correction ¢K’
which is aseumed to have the length scale of variation normal to the
boundary of the order of 20 [kni3¢/axi = 0(¢)] and to be appreciable only

near the boundary. Substituting Eq. (6) with Oy previously obtained in

* Homogeneous integral equation L(¢) = 0 has the five independent solutions

2
1, Ci’ and Ci'



Eq. (1) and arranging the terms with the properties of ¢K and ¢H in mind,
we obtain a séQuenée-of (inhomogéneous) one-dimensional linearized

Boltzmann equations.'

9¢
K1 _
e o | £8)
3%x 2
ds 3¢ ds 99
05 K1, °%2 K1 ,
"Gl )0 55t G o 3. b (9)
i 1 i 2
X, = nikn + xwi(sl’ 52)’ | ; (10)

where X1 is the boundary surface, n is a stretched coordinate normal to
the boundary, sl and s2 are (unstretched) coordinates within a parallel
 surface n = const., and ( )0 denotes that the quantity in ( ) is

evaluated at n = 0. The boundary condition for ¢Km at n =0 is

m = Fem = P’ (¢;n; > 0), . (11)

wm

where ¢wm is defined by

— 2 * e
¢W - ¢W1k + ¢W2k + . : ) » ‘ (12)
The boundary value of ¢Hm’ which is undetermined, is involved in the
boundary condition (11). The analysis of the equationé under the condition
that ¢K vanishes rapidly away from the boundary gives conditions among the
boundary values of hydrodynémic‘barts of hydrodynamic quantities and their

6,10-12
a

derivatives s well as the Knudsen-layer correction ¢K._ These
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conditions serve as boundary condltlons for the hydrodynamlc equatlons

and are hereafter called sllp boundary condltlon for convenlence
Here we llSt the hydrodynamlc equations. The non- d1men51ona1

1/2

hydrodynamic quantities u, 0 P T and w are introduced: (ZRT )

gas velocity, po(]_+ p) the pressure, To(l + 1) the temperature,

. is the
Yy

pO(RTO)_l(1.+ w) the density. The hydrodynamic quantities are split into H

and K parts and expanded in power series of k as in Egs. (4),(5), and (6).

1 and w. are defined in ¢y by the same formulae as u, etc.

[usgs Pys T H
¢ (Appendix 2), and up ete. are defined as the remainders. ]
_a_p.!_-l..]; =0
H
3xi
%uim1
Cox 0,
i
du op. azu )
iH1 H2 1 iH1
§HL ~8x 2 3x 2 M 2
S | ox,
) J
vaTHl l; 9 a1
§H1 Bx 2 Y2 7 2
j - 9xX
J
ou H2 _ _ . ale
? H1 3x, °’
*3 i axJ
]
“ Cin2 A )auiﬂl
jH1 3xj Yg1" Hl jHZ axj
2 2
1.3, 1 4 T H1] ! 1 Yy
27%x, PH3 T 6 1M2 v3) 2 717, 2
ox ox
: b
; du,_ . du
1 9 . iHl JHl v
Y TR, TS )]’
3 3
Othg (o, N TR T
JHl ij niY jHl JHZ ij 5 jH1 ij‘
du 2
1 iHl jHl l l -2
=iy, ) 3 20Ty T 35T
j i xj

in

(13)

(14a)

(14b)

(140)

(15a)

(15b)

(15¢)



.......

= W + T

- (16)

Py 1t THre Pr2 a2 t %m1H1

where Y; are numerical constants related wifh the collision operators L
and J (App. 1).

Equations for (ui ) [Eqs. (l4a ~ ¢)] are the Navier-Stokes

a1’ “H1’ PH2

equations for an incompressible fluid, and the successive equations for

(

Ui’ THm® Phpe1’ ™ 2 2) are the same order differential equations és
Eqs. (l4a ~ c). These sets of equations are derived by a systematic small
parameter (k) expansion, where no assumption is made on the form of the
velocity distribution function but special attentionkié paid to the
estimate of physical variables so that the analysis may cover physically
interesting cases with finite Reynolds numbefs. Incidentally, inxfhe
standard Hilbert expansion, sets of the first-order differential
equations, starting with the Euler equations for an ideal gas, are derived;
in the Chapman-Enskog expansion, the‘order of the differential eduaﬁions,
starting also with the Euler equations, increases with the progress of
approximation.

The slip boundary conditions for the hydrodynamic equations (13 ~15c)
take the same form as those for ‘the Boltzmann-Krookaelander equation
except for numerical constants. The latter results are given.in Ref. 5
for solid boundary where neither evaporation nor condensation takes place
and in Ref. 13 for interface between gas and its cqndensed phase where
evaporation or condensation is.taking place. (Fo?ybrevity, the former
boqndary is hereafter called solid boundary and the latter interface.)

The slip boupdary cqnditiéﬁs are as folloﬁé:'

[

(i) On the solid boundary

u, -u =0, (17a)

iH1 wil
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T " Tw1 = 0o
9 u 9T
. iH1 iH1 H1
(uigy = ity = Kolme — F a%, gty - Ky gp t
Uit = 0
T - =d aTHl n
12 ~ w2 1 3x i’

(uygy = Uui10t; = 0
C*
Pg1 7 Py 4
Y| L |
T T Tl 4,
du du
_ iH1l | “%im
(u1H2 wiZ)t1 kO( 5%, T axi )nltj
3T
H1
T Ky am byt Koty g (vyny)s
* c
P2 " P2 C, a1 1
= U0 + Hl
iH27i % i 3x
H2 T T2 4, 4
c
ou du 6
iH1 HL s
+ (7, 3%, 4" KUy
j i q
dg
) Cg Cq
+(ugyny) t i + PPy
dg | %

C

d

10

10

(17b)

(18a)

(18b)

(18¢)

(19a)

(19b)

(19¢)

(20a)

(20b)

(20c)



where ti is the direction cosine of a tangential vector to the boundary;
k/L is the mean curvature of the boundary where the sign of each principal
curvature is taken negative when the corresponding center of curvature is

on the gas side; u ., , T _, and p.__ are the terms of the expansions of the
wim® “wm wm :

1/20 .

velocity (ZRTO) "

(with u .n, = 0), the temperature To(l + Tw) of the

boundary, and the saturation gas pressure po(l + pw) at temperature

TO(l + TW):
u = u k+u k2 + e ) (21a)
wi wil wi2 ’ ~
T =1 .k+7 k2 + e \ : (21b)
w wl w2 ?
P =p k + P kz 4 s ) (21C)
w wl w2 i

[uwi’ T and P, correspond to the deviation from our reference equilibrium

state and thus are of the order of k. The higher order terms of k are

retained for the convenience of treating the problems where the boundary

values are not known beforehand.]; ko; Kl’ dl’ KZ’ Cl’ CA’ C6’ C7, C8’ Cg,

*

ClO’ d4, d6’ d7,,d8, dg, d10 are numerical constants. - For B-K-W equation,

C, = 0.558437, C, = -2.132039, G/ = 0.820853,
G, = -0.380569, Gy = 2.320074, Cy = 1.066019,
c. =¢ 4. = 1.302716 e _0.446749

10 = 42 1= L , d, = -0. ,
dé = 0.330345, d, = -0.131574, dg = -0.0028315,
dy = -0.223375, 4, =0, k, = -1.016191,
K, = -0.383161, K, = -0.795186.

Finally, we list the hydrodynamic parts of the stress tensor™’

/2,

N ' ' 1,2 ’
po(éij + Pij) and heat flow vector pO(ZRTO) Qi (App. 2). The component
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functions of their expansions corresponding to Eq. (5) are:

du . Fu )
_ _ B iH1 jH1
Pism1 = Pu1biye Pism2 = Pu2biy ~ Y1l o, * Ty, )
By = Dy - v (B2 T2 2 T : (22)
ijH3 H3"1ij '1 axj axi 3 Bxk ij
2 2
_ (auiHl+8u.Hl)+ (8 Tyl 1 9 T i3
Y4'm1 5, T ex, ’ Y3'ox.ex, 3 . 2 ‘ij’?
j i i 7 Bxk
. J
oT 3
5 H1
gy = O Un2 =~ 3 Y2 ox;
2 " , (23)
Qo = = 2 aTuz_g aTH1+1 9 uim
iH3 5Y2 3x,  4'5'H1 ax, 23 72 *
i i 9x, J
J
The last term of Pin3 (QiHB) is non Navier-Stokes stress (heat flow) and

is called thermal stress. The term before the last in Pin3 (QiHB) shows
the temperature dependence of viscosity (thermal conductivity).

The results of this subsection (Sec. II-1) are the generalization of
the senior author’s work (Ref. 5) developed for B-K-W equation.

II-2. Velocity and Temperature Fields

The first order hydrodynamic equations [Eqs. (l4a ~ c)] are the
Navier-Stokes equations for an incompressible fluid. The second order
equations [Egqs. (15a ~ c)] combined with Eqs. (l4a ~ c) differ a little
from the Navier-Stokes equationé of a slightly compressible gas. If Y3 in
the numerical coefficient of 32TH1/3X§ in the square brackets of the first
term on the right hand side of Eq. (15b) is zero, Egs. (15a ~ c) coincide
with the second order equations of the Mach number expansion of the
Navier-Stokes equations for a compressible gas. [Noting that the case

Ma = ak with a = 0(1) is under consideration, transform the k-expansion

to Ma-exp.] The difference is due to the thermal stress in Pin3.

10
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This difference, however, can be eliminated by the replacement:

021 ' :
% _ +Z_ H1 S - ‘-3
Py3 = Pg3 ¥ 3¥3 7" 32 - -

9%,

(24)

Further, the slip boundafy condition (up to the second order of k) does
not contain Py3 [cf.‘Eqs. (1?a)uw (18c); (19a) ~ (20c)]. Thus, we conclude:
Proposition l: Except for the Knudsen-layer éorrection, thé.veioéity:and
the temperature fields of a slightly rarefied gas can be calculated
correctly up to the second order in the Knudsen number ﬁy ihe,siightly
compressible Navier-Stokes equations with the slip boundary conditions.

The effect of gas rarefaéfégn comes in through the boundary condition.

(N. B. In an infinite-domain problem Where the pressure is’sﬁecified at.
infinity, the pressure modified by Eq. (24) should be used. In most
physical problems, however, SZTHl/BX%_vanishes,at infinity and no

correction is necessary.) .

IT. FORCE AND ITS MOMENT ON A CLOSED BODY
Take a closed body Bl in a gas. The gas may or may not be bounded,
and other bodies may lie in the gas. We will investigate the force and

its moment on Bl' In the following aﬁalysis, 3B, denotes thé boundary of

1

Bl; aBO a closed surface that encloses only B iﬁ the gas;'hi the unit

1
normal of the surface of integration under consideration pointed to the
region including infinify; dS its surface element.

Theorem 1: The Knudsen-layer part of the momentum flux does not contribute
to the force acting on a closed body.

Proof: Let po(éij + Wij) be momentum flux tensor, where

_ N
Wij = Pij + 2(1 + w)uiuj, and F, be the force, normalized by -pjL”, acting

11
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on a closed body Bl in the gas. Then,

F, = I ¥, .n.ds. ; (25)
i i3 ‘
aB .
1
Because SWij/axj = 0 in the gas (App. 3), the surface of integration can be
deformed arbitrarily in the gas. Taking a surface of integration BBO

outside the Knudsen layer, we have

Fi = J Winnde, (26)
oB
0
since Win vanishes there. Further, because SWin/EXj = 0 (App. 3), we
can deform aBO in Eq. (26) arbitralily in the gas. aBO'may be in the

Knudsen layer, especially on the body 3B (QED)

1;

Theorem 2: The Knudsen-layer part of the momentum flux does not contribute

‘to the moment of force acting on a closed body.

Proof: The moment of force Mi around origin, normalized by p0L3, is

expressed by

M, = Ja. € hich i 73950 | | (27)
B .
1
where eijk is Eddington’s €. The proof goes parallel to that of Theorem 1
. . 3 _ ' _
if Wij is replaced by Eihkxhwkj because axjreihkxhwkj = 0 from awij/axj 0
and Wij = Wji' (QED)

Corollary: On a solid boundary, F. and M, are caleulated correctly up to

3
the k™-order only by Pin on 3B,.

Proof: From the Knudsen-layer analysis, = 0 on a solid

Y™ T Yim2™s

boundary [cf. Egs. (17a) and (18b)]. (Incidentally, u,..n. is not

iH3"1i
necessarily zero.) _ v v | (QED)

As in Theorem 1, we can prove the following theorem with the aid of

12



the formulae in'Appéndix 3. (Proof omitted)
Theorem 3: The Knudsén—layer part of mass (energy) flux does not contribute
to the mass (energy) flow to a qlosed body.
We prepare a lemma for Theorem 4:
Lemma: Let f(xi) be a function three times continuously differentiable in

a domain containing a closed surface (say BBO). Then

2 2 '

3°f 8°f _
LB G~ 27 oymy8s = 0 (28a)

0 i 8x
. 2 52
3°f 3°fF -
j € nc*hGxan. ——5 ) dS 0. (28b)
aBO k7] ox

Proof: Extend f(xi) over the whole region inside 3B, keeping its smoothness
~and apply Gauss theorem. | . (QED)
Theorem 4: The non Navier-Stokes stress in p;3 system contributes neither

to the force nor to the moment of force on a closed body.

The non N-S stress in p;3 syst. means the thermal stress in Pin3 modified

by the replacement (24).

Proof: Its contributions to Fi and Mi are, respectively, proportional to:

173

821 821 : ;
(—EL . il §,.)n.ds, : (29a) .
3B axiax. 3x2 ii’
1 J K
and
2 2
a T 9 T . .
H1 ' H1 i
x, ( - 8, .)n_ds. (29b)
JBBI ihk™h axkaxJ ax2 kji“j
_ m
After deforming 9B, to 3B, apply the lemma. (QED)

Combining Theorems 1, 2, 4 with Proposition 1 we find:

Proposition 2: Under the condition of Proposition 1, the force and the

13
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moment of force on a closed body can be cqmpyfed cqrrgcfly up to the .
k?-order of Fi and Mi by the chssicaZ hydrodynamic progedyre basgd on
the Navier-Stokes solution and the N-S stress if the slip boundary condition
18 faken into account.

The results of this section are the generalization of the senior

author’s work (Ref. 14) developed for the linearized Bpltzmann equation.

APPENDIX
1. Numerical constants Y

Let A(Cz) and B(CZ) be the solutions of the integral equations:

LIc AGCDT = - ¢ (&% - D),

1,2 SN 1.2,

with the subsidiary condition:

jwc4A<c2>exp(-c2>dc =0,
0

where L[*++] is the'linearized collision operator [cf. Eq; (1)] and Cz = Ci.

C(Cz), D(Cz), and G(Cz) are introduced by
2 3 2., 2 2
2J[c” - 3, CiCjB(C )1 = CiCjC(C ) + D(T )éij’

231¢% -

NI

| 2., _ 2

, 04D = g6,

The y; are defined by the integrals of these functions:
Y, = 2I.(A), Y5 = I(AB),

_ _-5 . . l.’ . . >,= —‘ . - ) B )
Y, = - 5Y; + Ig(B) + 5I.(BC), Yg 6y, + 2Ig(A) + 2I,(4G),

14
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where

8 (T n., 2 2
I (F) =—— | L F( )exp(-£°)dC,
n 15v/7 J0 =

with F = A, B, etc. For B-K-W equation Yi = 1, and for the hard sphere

model Yi arels:
Yy = 112700, Y, = 1.9223, Y3 = 1.9479, Y, = 0.63489,
Yg = 0.96070.
2. Relations betﬁeen u,s T, etc. and ¢
w = f¢EdT, (1+ w)ui = JC ¢EdL,
g(l + w)t = f(C? - §)¢EdC - (1+ w)ui, p=w+T+ w0,
Pij = 2/0,0 0EdT - 2(1 + w)uiuj,
- 2 _2 . _ 3 " 2
Qi = fCiCj¢Ed£ U4 uJ.Pij 5Py, (1 + m)uiuj,
where
_ _-3/2 i .

and the integration is carried out over the whole space of Ci.
3. Conservation equations
Multiplying Eq. (1) by E, CiE, or C?E and integrating over the whole

space of Ci’ we have

9 . 9 - .

axj[(1 + w)uj] =0, ax,[Z(l + w)uiuj + Pij] = 0,
5 .5 3 2

ij iuj + uini + ipuj + (1 + w)ujui + Qj] = 0.

These relations also hold with subscript H since Hydrodynamic part is a

solution of Eq. (1).

15
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