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Chapter 1

Introduction

Historically, it was believed that the future state of a system could be exactly
predicted if, like Laplace’s demon, one possessed complete and exact information
about the initial state[1, 2]; having at least approximate knowledge of the initial
condition was thought to imply having approximate knowledge of the final state.
However, in the late 19th century, H. Poincaré [3], studying the three-body problem
in celestial mechanics, realized that a small difference in the initial condition can
sometimes generate a large one in the final state, making prediction impossible.
The accepted view came to be that, if a classical system is conservative, its orbits
in phase space will converge to a fixed point, a cycle, or a quasi-periodic orbit.

In the 19th century, L. Boltzmann tried to show the existence of the arrow of
time by proving that the H function monotonically decreases with time and can be
constant only if the distribution function is Maxwellian (assuming the case of a di-
lute gas and the validity of the ergodic hypothesis)[4, 5, 6, 7]. Against Boltzmann’s
claim, Loschmidt argued from the time-reversal symmetry of classical mechanics
that the time derivative of the H function can be positive,[7, 8] while Zermelo
contended that, according to Poincaré’s Recurrence Theorem, the H function after
the recurrence time should be practically the same as it was initially[7, 9].

In 1963, the meteorologist Edward Lorenz [10] proposed his three-variable
equation, the solutions of which showed that, even in deterministic systems, pre-
diction may be impossible due to chaos: a small error in the initial state produces
a large difference in the final state. At the same time as Lorenz, Y. Ueda [11],
studying the solution of a certain nonlinear differential equation with an analog
computer, discovered a chaotic attractor with a distinctive shape resembling a
broken egg.

In the late 1970s, researchers began to study the origin of chaos. In 1978, M.
Feigenbaum [1, 12, 13], studying the logistic map, proposed the scenario called
the period-doubling route to chaos. Researchers have subsequently discovered
various other routes to chaos, often arguing that there is an underlying universality
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among them. In 1980, Huberman and Rudnick [14] estimated by numerical
simulation that the critical exponent of the Lyapunov exponent in the logistic
map is log 2

log δ = 0.4498069..., where δ = 4.6692016091029... is the Feigenbaum
constant. In the same year, Pomeau and Manneville [15] estimated that the critical
exponent of the Lyapunov exponent is 1/2 in Type 1 and Type 3 intermittency.
Aizawa, Murakami, and Kohyama reported that intermittent chaos can be observed
in the modified Bernoulli map [16]. Type 1 and Type 3 intermittencies were also
observed in physical experiments [17, 18].

In order to study statistical behavior in dynamical systems, ergodic theory has
been developed. In 1931, the mathematician G. D. Birkhoff proved the ergodic
theorem [19]. In the 1960s, S. Smale considered the idea of axiom-A systems,
which are characterized by a hyperbolic structure [20, 21]. Axiom-A systems
include both continuous-time and discrete-time systems. (In this thesis, only
discrete-time dynamical systems are considered.) In the 1970s, the idea of the
SRB measure was proposed by Sinai, Ruelle, and Bowen [22]. For axiom-A
systems, it can be proved that the SRB measure is uniquely the physical measure

ρ = lim
n→∞

1
n

n−1∑
k=0

δ f k x , where δ, f and x represent the delta function, a map and a

point, respectively[23]. Physical measure as the SRB measure is related to the
foundations of statistical physics. G. Gallavotti [6] proposed the chaotic hypothesis,
in which it is assumed that the system is an Anosov system, and therefore can be
shown to have the SRB measure without assuming the ergodic hypothesis of
Boltzmann. A number of systems, both continuous (e.g., Sinai billiards [24, 25],
the Bunimovich stadium [26, 27], and the Lorentz gas [28]) and discrete (e.g., the
Sawtooth map [29, 30], Arnold’s cat map [31], and multi Baker’s map [32]), are
known to have SRB measure.

The attempt to obtain explicit formulae of invariant measures dates from the
work of Ulam and von Neumann in the late 1940s. They obtained the exact
formula of the invariant measure for the logistic map xn+1 = bxn(1 − xn) at
b = 4, xn+1 = 4xn(1 − xn) (Ulam-von Neumann map) [33]. The ergodic invariant
density function corresponding the Ulam-von Neumann map is ρ(x) = 1

π
√

x(1−x)
.

In 1985, Katsura and Fukuda [34] generalized the Ulam-von Neumann map to

xn+1 =
4xn(1 − xn)(1 − l xn)

(1 − l x2
n)2

. Its ergodic invariant density is given by ρ(x) =
1

2K(l)
√
(1−x)(1−l x)

, where K(l) represents the elliptic integral of the first kind [35].
In 1997, K. Umeno generalized the Katsura - Fukuda systems as

xn+1 =
4xn(1 − xn)(1 − l xn)(1 − mxn)

1 + −2(l + m + lm)x2
n + 8lmx3

n + (2+m2 − 2lm − 2l2m − 2lm2 + l2m2)x4
n
,
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the ergodic invariant density of which can be rewritten as ρ(x) = 1
2K(l,m)

√
x(1−x)(1−l x)(1−mx)

where K(l,m) def
=

∫ 1

0

du√
(1 − u2)(1 − lu2)(1 − mu2)

[35]. In 1998, K. Umeno gen-

eralized a chaotic dynamics corresponding the double-angle formula of the cotan-

gent function as xn+1 =
���12 (

|xn |α − 1
|xn |α

)��� 1
α sgn

{
xn − 1

xn

}
; this system has ergodic

invariant density ρ(x) = α
π

|x |α−1

1+|x |2α [36]. These ergodic invariant measures are
known to be physical measures [37]. In the above generalizations, even when we
change the parameter, the systems remain strongly chaotic. However, we cannot
modulate the degree of chaoticity (Lyapunov exponent). Thus, in these systems,
we cannot observe the behavior at the edge of chaos by changing a parameter.

Chaotic Monte Carlo computation, proposed by K. Umeno [38], is an applica-
tion of chaos in which the ergodic invariant measure can be obtained exactly.

To compute chaoticity, the Lyapunov exponent is usually evaluated: if it is
positive, the corresponding orbit is chaotic. The Lyapunov time, which is the
reciprocal of the largest Lyapunov exponent, is related to the calculation time
about the Lyapunov exponent. Empirically, this calculation time tends to be long
if the Lyapunov exponent is small and positive: in one reported case, it takes more
than ten Lyapunov times [39].

Such weakly chaotic phenomena appear in celestial mechanics. For example,
by calculating the motion of the solar system over 200 million years, J. Laskar nu-
merically estimated that the largest Lyapunov exponent of the solar system is about
1
5 (Million years)−1 [40]. C. Froeschlé et. al. proposed the Fast Lyapunov Indicator
(FLI) [39, 41] in the context of celestial mechanics. Since then, other indicators,
such as the Orthogonal Fast Lyapunov Indicator (OFLI) [42] and Orthogonal Fast
Lyapunov Indicator 2 (OFLI2)[43], have been proposed.

1.1 Chaotic dynamics and Ergodic theorem

To study the properties of the evolution equation, we consider parameterized
systems of the form xn = f n

α (x0), where x ∈ Rm, f , and α are a point, a map
and a parameter, respectively. If we change the value of the parameter, the
asymptotic behavior of the system may change, first bifurcating when the parameter
reaches some threshold value, and then, after successive bifurcations, becoming
complicated or chaotic [23].

To study the statistical properties of chaotic systems, we take the time averages
of dynamical quantities using ergodic theory. We define the invariant measure by
ρ[ f −n(E)] = ρ(E),n > 0 where E is a subset of the whole space [23]. If the system
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is ergodic, we can apply the following equation for every continuous function φ:

lim
n→∞

1
n

n−1∑
k=0

φ[ f nx0] =
∫

ρ(dx)φ(x). (1.1.1)

From this, we can obtain the time average by calculating the phase average with
the invariant measure. Moreover, we can calculate the Lyapunov exponent, the
indicator of chaos, as follows: According to [23], for the evolution equation
xn+1 = f (xn), the difference of two initial points x0 and x′0 after n = N is

xN − x′N = f N (x0) − f N (x0),
≈ d

dx ( f N )(x0)[x0 − x′0].
(1.1.2)

By the chain rule of differentiation,

d
dx

( f N )(x0) = Dx f (xN−1) · Dx f (xN−2) · · · Dx f (x0). (1.1.3)

Then, the average rate of exponential growth λ is defined as

λ
def
= lim

N→∞

1
N

log
��Dx0 f Nδx0

�� (1.1.4)

According to Oseledec’s ergodic theorem, if the system is ergodic, it has m Lya-
punov exponents. Of these, λ is the largest; it does not depend on x0. (In this
thesis, only the largest Lyapunov exponent will be of importance hereafter, and the
word largest will be dropped for simplicity.)

1.2 Universality at the edge of chaos
In 1978, M. J. Feigenbaum [12]discovered that there is a universal quantity

at the edge of chaos in the logistic map xn+1 = bxn(1 − xn). As the parameter b
increases from zero, period-doubling bifurcation is observed. We define bn as the

parameter value at which n-fold bifurcation occurs. Let δ def
= lim

n→∞
bn+1 − bn

bn+2 − bn+1
.

This limit exists and can be numerically evaluated; it is called the Feigenbaum
constant δ = 4.6692016091029.... This behavior has been studied in various sys-
tems, including the driven anharmonic oscillator [44], plasma [45], and oscillatory
flow [46].

The Lyapunov exponent λ is used to indicate chaoticity. It is calculated for each
orbit; when its value is positive, the corresponding orbit is regarded as chaotic.
The Lyapunov exponent reflects the universality of the behavior of dynamical
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systems making the transition from unstable to stable by changing parameters. In
particular, near the critical parameter value αc at which the Lyapunov exponent
is zero, the Lyapunov exponent is approximately λ ' C |α − αc |ν where C is a
constant and ν is a universal critical exponent for each route to chaos. In 1980,
Huberman and Rudnick [14] estimated the critical exponent ν in the logistic map

by numerical experiment as ν =
log 2
log δ

= 0.4498069.... In the same year, Pomeau

and Manneville [15] observed that Type 1 intermittency and Type 3 intermittency
occur in the Lorentz equation and a map defined on a circle, respectively, and that
their critical exponent is ν = 1

2 . Another intermittent map, the modified Bernoulli
map, is known [16] to have a Lyapunov exponent that can vary as λ ∼ ε1− 2

B where
ε ≥ 0 and B ≥ 2. In each of these three cases, an exact expression for the invariant
density function cannot be found analytically.

1.3 SRB measure
A dynamical system typically has uncountably many ergodic measures, not all

of which can be observed physically [21]. It is therefore important to identify the
physical measure through which the time average of a physical system can actually
be calculated, for example by computer simulation. Sinai, Ruelle, and Bowen [22]
have shown that in axiom-A systems (Anosov maps), there exists only one such
physical measure: the SRB measure [21, 23]. According to Arnold and Avez [31],
Anosov maps have mixing properties such that the ergodic relation (1.1.1) applies
at almost every point x with respect to the Lebesgue measure[21]. This means that
the initial density function weakly approaches the unique equilibrium distribution
and the time averages approach equilibrium values [21]. Thus, the SRB measure
connects dynamical systems to statistical physics. G. Gallavotti [6] assumed the
chaotic hypothesis for multi-dimensional systems without assuming Boltzmann’s
ergodic hypothesis. With this assumption, the systems have the Anosov property
and therefore a unique SRB measure. However, in this thesis, we do not assume the
Anosov property; rather, we prove that certain systems have it when an appropriate
condition is satisfied.

1.4 Mathematical Background
Let us begin with the definitions according to [47].

Definition 1.4.1 (σ-algebra [47]). A collection A of subsets of a set X is a σ-
algebra if:
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1. A ∈ A =⇒ X\A ∈ A ;

2. Given a finite or infinite sequence {Ak} of subsets of X , Ak ∈ A =⇒
∪k Ak ∈ A ; and

3. X ∈ A

From 1. and 3. it holds that ϕ ∈ A . Then, for subsets {Ak} such that Ak ∈ A ,
∩k Ak ∈ A holds since ∩k Ak = X\(∪k(X\Ak)). At last, for A ∈ A and B ∈ A , it
holds that A\B ∈ A since A\B = A\(X ∩ B).
Definition 1.4.2 (measure [47]). A real-valued function µ defined on a σ-algebra
A is a measure if:

1. µ(ϕ) = 0;

2. µ(A) ≥ 0 for all A ∈ A ; and

3. µ(∪k Ak) =
∑

k µ(Ak) if {Ak} is a finite or infinite sequence of pairwise
disjoint subsets of A , that is, Ai ∩ A j = ϕ for i , j.

Definition 1.4.3 (measure space [47]). If A is a σ-algebra of subsets of X and
if µ is a measure on A , then the triple (X,A , µ) is called measure space. The
sets belonging to A are called measurable sets because for them, the measure is
defined.

Definition 1.4.4 (finite and normalized [47]). A measure space (X,A , µ) is called
finite if µ(X) < ∞. In particular, if µ(X) = 1, then the measure space is said to be
normalized or probabilistic.

Definition 1.4.5 (measurable [47]). Let (X,A , µ) be a measure space. A real-
valued function f : X → R is measurable if f −1(∆) ∈ A for every interval
∆ ∈ R.

Definition 1.4.6 (Cesaro convergence [47]). A sequence of functions { fn}, fn ∈ Lp,
1 ≤ p < ∞ is (weakly) Cesaro convergent to f ∈ Lp if

lim
n→∞

n∑
k=1

1
n
〈 fk ,g〉 = 〈 f ,g〉 (1.4.1)

for all g ∈ Lp′ where 1
p +

1
p′ = 1.

Definition 1.4.7 (weakly convergence [47]). A sequence of functions { fn}, fn ∈ Lp,
1 ≤ p < ∞ is weakly convergent to f ∈ Lp if

lim
n→∞

〈 fn ,g〉 = 〈 f ,g〉 (1.4.2)

for all g ∈ Lp′ where 1
p +

1
p′ = 1.
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Definition 1.4.8 (strongly convergence [47]). A sequence of functions { fn}, fn ∈
Lp, 1 ≤ p < ∞ is strongly convergent to f ∈ Lp if

lim
n→∞

‖ fn − f ‖Lp = 0. (1.4.3)

Definition 1.4.9 (nonsingular [47]). A measurable transformation S : X → X on
a measure space (X,A , µ) is nonsingular if µ(S−1(A)) = 0 for all A ∈ A such
that µ(A) = 0.

Definition 1.4.10 (measure preserving [47]). Let (X,A , µ) be a measure space
and S : X → X a measurable transformation. Then, S is said to be measure
preserving if µ(S−1(A)) = µ(A) for all A ∈ A .

Definition 1.4.11 (ergodicity [47]). Let (X,A , µ) be a measure space. S : X → X
is a measurable transformation on the measure space (X,A , µ). The transforma-
tion S is called ergodic if every invariant set A ∈ A is such that either µ(A) = 0
or µ(X\A) = 0.

Definition 1.4.12 (mixing [47]). Let (X,A , µ) be a normalized measure space,
and S : X → X a measure-preserving transformation. S is called mixing if

lim
n→∞

µ(A ∩ S−n(B)) = µ(A)µ(B), for all A,B ∈ A . (1.4.4)

Definition 1.4.13 (exact [47]). Let (X,A , µ) be a normalized measure space, and
S : X → X a measure-preserving transformation such that S(A) ∈ A for each
A ∈ A . If

lim
n→

µ(Sn(A)) = 1, for every A ∈ A , µ(A) > 0, (1.4.5)

then S is called exact.

The definition of exactness is equivalent to the convergence to a stationary
density f∗[48].

lim
n→∞

‖Pn f − f∗‖ = 0 (1.4.6)

where P is the associated Perron-Frobenius operator. The hierarchy of ergodicity
is as follows. Exact ⊂ Mixing ⊂ Ergodic.

1.5 Outline of the thesis
In this thesis, we characterize chaotic systems by proving their ergodic proper-

ties. Using these properties, which lie at the core of chaos theory, we can obtain
the critical exponent of the Lyapunov exponent or prove the uni-directionality of
the time evolution of the density function.
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In Chapter 1 we recall the history of chaos theory, and introduce the relation
between chaos and the ergodic theorem.

In Chapter 2, we discuss the critical behavior of chaotic phenomena. The
Lyapunov exponent is used to detect chaoticity. As the value of the Lyapunov
exponent changes from non-positive in the non-chaotic state to positive in the
chaotic state, it can characterize the instability of systems under adjustment of pa-
rameters. This behavior has attracted much interest physically and mathematically.
At the critical point where the Lyapunov exponent is zero, we derive its critical
exponent. More specifically, we treat generalized Boole (GB) transformations,
which are maps extended from the Boole transformation with infinite ergodicity;
the super generalized Boole transformations (SGB transformations), which are the
generalized version of GB transformations, and extended super generalized Boole
transformations (ESGB transformations), which are further extensions of SGB
transformations. In this chapter, we show that there are three parameter regions in
GB transformations [49]: a region in which the mixing property holds, a region
in which infinite measure is preserved, and a region in which dissipation appears.
We prove that the critical exponent is 1/2 or unity at the critical point by rewriting
the Lyapunov exponent explicitly with a parameter [49]. SGB transformations are
countably infinite map sets, derived by adding one parameter to GB transforma-
tions [50]. We prove that SGB transformations preserve the Cauchy distribution,
that they are exact in certain parameter ranges, and that the critical exponents are
1/2 or unity for countably infinite maps [50]. This last result not only verifies the
statement of Pomeau and Manneville that the critical exponent is 1/2 for countably
infinite maps, but also includes a new discovery: the critical exponent can be unity.
Moreover, by proving exactness, we show that any initial density function con-
verges to a unique equilibrium density function, proving unidirectionality. ESGB
transformations are SGB transformations with an additional parameter by which
we generalize the class of invariant density functions beyond the Cauchy distribu-
tion. We prove that ESGB transformations are exact in a certain parameter range
with more generalized invariant density functions and that the critical exponents
are 1/2 in an exact region.

In Chapter 3, irreversibility is discussed for symplectic maps with time-reversal
symmetry derived from a certain Hamiltonian. Time-reversal symmetry is not
universal; there are unidirectional phenomena such as the increase in entropy. It
is known that in Anosov maps, which are typical chaotic maps, any initial density
function that is absolutely continuous to the Lebesgue measure converges to a
unique equilibrium density function corresponding to the SRB measure by the
mixing property. In Chapter 3, we generate discrete-time maps with time-reversal
symmetry (Tan maps) from a certain Hamiltonian and, by proving that these maps
are certainly Anosov maps, show that any initial density function (defined at all
non-zero volume sets) converges to the uniform distribution [51]. Thus, it can be
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said that we succeed in generalizing the example for which unidirectionality of
time was proven in Chapter 2, even though Tan maps have time-reversal symmetry.
We also show that anomalous diffusion, which differs from normal diffusion such
as Brownian motion, occurs when these maps have the Anosov property.

In Appendix A, we treat weakly chaotic systems, i.e., systems with a small
positive Lyapunov exponent. In such systems, it is known that calculating the
Lyapunov exponent is very time-consuming. The Lyapunov time, which is the
reciprocal of the Lyapunov exponent, can be used as a rough estimate of calculation
time. In some cases, it takes ten Lyapunov times to calculate the Lyapunov
exponent [39]. In order to detect chaoticity more rapidly, Froeschlé et. al. [39,
41] devised the Fast Lyapunov Indicator(FLI). Subsequently, the Orthogonal Fast
Lyapunov Indicator (OFLI) [42] and the Orthogonal Fast Lyapunov Indicator 2
(OFLI2) [43] were developed; although more accurate than FLI, they are not faster.
In Appendix A, we propose the Ultra Fast Lyapunov Indicator [52, 53], a faster
chaos indicator than previous chaos indicators,.

In Appendix B, the scaling behavior of super-generalized Boole transforma-
tions for K = 3,4 and 5 is shown.
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Chapter 2

Universal Critical Behavior

This chapter is according to the [49] and [50].

2.1 Introduction
The route from stable states to chaotic (intermittent) states has attracted much

attention from within the broader field of physics. This issue concerns the fun-
damental change of systems from a stable state to an unstable state and it is an
essential theme to analyze the stability of physical systems. The route to chaos
has also been studied theoretically and experimentally for systems such as Hamil-
tonian systems [54], map systems [14, 15, 55, 56, 57, 58], coupled oscillators
[59], the Belousov-Zhabotinskii reaction [60], the Rayleigh-Benard convection
[60], the Couette-Taylor flow [60], a noise-induced system [61], a thermoacoustic
system [62], and optomechanics [63, 64, 65]. Theoretical classifications of routes
to chaos such as the intermittency route, period-doubling route, and frequency
locking route, have been proposed [60]. Frequently, these studies were motivated
by attempts to discover the universality at the onset of chaos with respect to the
critical exponent of the Lyapunov exponent , which has been extensively studied for
characterizing chaotic systems and plays an important and essential role as a chaos
indicator characterizing the degree of chaoticity quantitatively. The universality of
the critical exponents in each route to chaos has been studied extensively by numer-
ical simulations. In the case of the period-doubling route, Huberman and Rudnick
[14] numerically estimated the critical exponent ν as ν = log 2

log δ , where δ represents
the Feigenbaum constant. In terms of the intermittency route considered in this
thesis, Pomeau and Manneville [15, 56] classified intermittency into three types
and conjectured the universality of ν for each intermittent type. These authors [15]
determined that Type 1 intermittency occurs when tangent bifurcation appears, and
Type 3 intermittency occurs when period-doubling bifurcation appears, a finding
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that was subsequently confirmed by others [66]. For example, Type 1 intermit-
tency was observed in the Lorentz equation [15] and the logistic map [67]. Other
researchers [68, 69] found that Type 1 intermittency occurs and superdiffusion is
also observed in a climbing-sine map. Pomeau and Manneville [15] explained
the reason why the critical exponent with the Lyapunov exponent is 1

2 as follows.
When Type 1 intermittency occurs, a “channel" exists between xn+1 = S(xn) where
S represents a map and the bissectrix xn+1 = xn. The function S(xn) is then ex-
panded around a fixed point, such that this point can be assumed to be the original
point, to obtain the following equation, S(xn) = xn + x2

n + ε+ (higher order terms).
They estimated the number of iterative computations required to cross the channel
to be of the order of ε− 1

2 . Then they concluded that, in the vicinity of ε = +0,
the Lyapunov exponent varies as ε 1

2 by using an elementary calculation and the
numerical simulations. In the case of Type 3 intermittency, which was observed
in NPN device [70], laser [71], hydrodynamical system [18] and a map system
[72]. According to [15, 73], the reason why the critical exponent is 1

2 in Type 3
intermittency is as follows. By approximation, the map S(xn) is locally expressed
as S(xn) = −(1 + ε)xn + ax2

n + β
′xn where α and β′ are constant. Consider the

map from xn to xn+2, truncate this map after third order of x, pick up to the first
order of ε and we obtain the following equation. xn 7→ xn+2 ' (1 + 2ε)xn + βx3

n
where β = −2(β′ + α2). When β is positive, the bifurcation at ε = 0 is subcritical
ant Type 3 intermittency occurs. Then, by elementary calculation, it is shown that
Lyapunov exponent should grow like ε 1

2 . Subsequent to the work by Pomeau
and Manneville, the critical exponent was researched in various fields with rela-
tion to intermittency such as the Billiard system [74, 75], electronic circuits [76],
plasma physics [77], and an intermittent map [72]. These studies, which were
conducted by numerical simulations, suggest that their conjecture ν = 1

2 would be
right. However, one can find it difficult to obtain analytically the value of critical
exponent of Lyapunov exponents for given chaotic systems in general. There are
few analytic formulas of ergodic invariant measures [35]. The analytic parametric
density functions of ergodic invariant measure can be used for analytically esti-
mating Lyapunov exponents for such specific systems. However, for most cases,
that analytic result cannot be extended for the whole region of parameter space.
Consequently, in previous studies, the critical exponent ν was either estimated
numerically or an assumption about the ergodicity was necessary, without which
the analytical formulae of the Lyapunov exponent λ could not be obtained.
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2.2 Generalized Boole Transformations

2.2.1 Introduction-Generalized Boole transformations
In the case of the logistic map, Huberman and Rudnick [14] found a scaling

behavior of Lyapunov exponent from zero to positive and Pomeau and Manneville
[15] found a similar behavior of Lyapunov exponent. Both of them use numerical
simulations.

Here, we consider the Boole transformation [78] given by

xn+1 = T xn = xn −
1
xn
, (2.2.1)

which is known to preserves the Lebesgue measure dx as an invariant measure
[79]. The Lebesgue measure dx is an infinite measure. Thus, we cannot normalize
the invariant measure as a probability measure.

One can generalize the Boole transformation as two-parameter map family as
Aaronson [80] treats the following generalized Boole transformations which are
defined as

xn+1 = Tα,βxn = αxn −
β

xn
, α > 0, β > 0, (2.2.2)

preserving the Cauchy measure µ(dx) for 0 < α < 1 given by

µ(dx) =
√
β(1 − α)

π[x2(1 − α) + β]
dx. (2.2.3)

As a subset of the generalized Boole transformations, the map at α = β = 1/2
corresponds to the exactly solvable chaos map [35] given by Ref. [36]

xn+1 =
1
2

(
xn −

1
xn

)
. (2.2.4)

K. Umeno showed that this map can be expressed by the double-angle formula of
cot function having Lyapunov exponent λ = log 2 and one can use Eq.(2.2.4) in
order to generate general Lévy stable distributions via their superposition [36]. The
generalized Boole transformations have the standard forms which do not depend
on β. That is, by substituting xn by

√
β
α yn, Eq. (2.2.2) is replaced by√

β

α
yn+1 = α

√
β

α
yn − β

√
α

β

1
yn
,
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which is nothing but

yn+1 = α

(
yn −

1
yn

)
. (2.2.5)

The transformation Pα,β : xn 7→
√

β
α yn is a one-to-one diffeomorphism. Then

the transformations of Eq. (2.2.5) have the same Lyapunov exponent for fixed
α with this topological conjugacy relation. Consequently, the generalized Boole
transformations have the same Lyapunov exponents which are independent of β.

2.2.2 Analytic Formula of Lyapunov exponents for the gener-
alized Boole transformations

The ergodicity of similar kinds of this generalized Boole transformations was
shown by Kempermann [81] and Letac [82]. We prove the theorem 1 concerning
the mixing property of the generalized Boole transformations for 0 < α < 1 as
follows.

Theorem 2.2.1. The generalized Boole transformations in 0 < α < 1 have mixing
property.

Thus, we can prove the ergodicity with respect to the Cauchy measure in Eq.
(2.2.3) for 0 < α < 1.

Proof. We obtain the relation of Eq. (2.2.5) by substituting xn by − cot πθn as,

cot πθn+1 = 2α cot 2πθn,

where θn+1 = T̄α(θn) =
1
π

arccot [2α cot 2πθn] . (2.2.6)

The transformations

T̄α : [0,1) → [0,1), (2.2.7)

have the topological conjugacy relation with Eq. (2.2.5). Consider the following
cylinder sets of T̄−k

α [0,1) on which T̄ k
α is surjective to [0,1), satisfying

I j,k = [ν j,k, ν j+1,k), ν j,k < ν j+1,k, for 0 ≤ j ≤ 2k − 1, (2.2.8)
ν0,k = 0 and ν2k,k = 1, (2.2.9)

T̄ k
α I j,k = [0,1), (2.2.10)

µ(I j,k) =
1
2k . (2.2.11)
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For any measurable set A, and T̄α-invariant measure µ, consider, for arbitrary
n(≥ k)

µ
(
T̄−n
α A ∩ B

)
, (2.2.12)

where it is enough to assume B is
[
ν j,k, ν j+1,k

)
without loss of generality. Here,

µ(B) = 1
2k and the number of the intervals of T̄−n

α A which are included by B is
2n−k . Thus, the measure of T̄−n

α A on each interval I j,k whose measure µ(I j,k) is
equidistributed, is 2−nµ(A). Then, for arbitrary n(≥ k),

µ
(
T̄−n
α A ∩ B

)
= 2n−k · (2−nµ(A)) = µ(A) · µ(B) (2.2.13)

Thus, the dynamical system ([0,1), T̄α, µ) has mixing property according to the
Ref. [31]. Therefore, the generalized Boole transformations for 0 < α < 1 have
mixing property. □
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Figure 2.1: Solid lines correspond to
the transformation T̄0.75 which is topo-
logically conjugate with the generalized
Boole transformation Tα=0.75,β=0.75 and
a dashed line corresponds to θn+1 = θn.
The transformations T̄α monotonically
increase in the interval [0,0.5) or [0.5,1).
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Figure 2.2: Solid lines correspond to
the transformation T̄3

0.75 which is topo-
logically conjugate with the generalized
Boole transformation T3

α=0.75,β=0.75 and
a dashed line corresponds to θn+3 = θn.
Here, the measure of each Ij ,3(0 ≤ j ≤
7) is equidistributed.

Here, we prove the following theorem.

Theorem 2.2.2. The generalized Boole transformations for 0 < α < 1 have the
Lyapunov exponents given by

λ(α, β) = log
(
1 + 2

√
α(1 − α)

)
.
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Note that the Lyapunov exponents do not depend on the parameter β but purely
depend on the parameter α.

Proof. By the ergodicity, we can calculate the Lyapunov exponents of the gener-
alized Boole transformations as

λ(α, β) =
∫ ∞

−∞
log

����α + β

x2

���� √
β(1 − α)

π[x2(1 − α) + β]
dx.

Here, we substitute
√
α/βx by y, then we obtain:

λ(α, β) = 1
π

√
α

1 − α

∫ ∞

−∞
log

����α + α

y2

���� dy

y2 +
(√

α
1−α

)2 ,

log
����α + α

y2

���� = logα + log |1 + iy | + log |1 − iy | − 2 log |y |.

Let us substitute p for
√

α
1−α and put I1, I2, I3 and I4 as,

λ(α, β) = I1 + I2 + I3 + I4,

I1 =
p
π

∫ ∞

−∞

logα
y2 + p2 dy,

I2 =
p
π

∫ ∞

−∞

log |1 + iy |
y2 + p2 dy,

I3 =
p
π

∫ ∞

−∞

log |1 − iy |
y2 + p2 dy,

I4 = −2p
π

∫ ∞

−∞

log |y |
y2 + p2 dy.

Evaluate I1. We consider a function f1(z) defined by

f1(z) =
logα
z + ip

,

which is regular on upper half-plane. Thus we can integrate along the path C1 in
Figure 2.3. Then we have the relations

I1 = logα, (2.2.14)

as R → ∞.
Next, as for I3, we consider a function f3(z) defined by

f3(z) =
log |1 − iz |

z + ip
,
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Figure 2.3: The integral path of I1, I2 and I3
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Figure 2.4: The integral path of I4

which is regular on upper half-plane. Thus we can integrate f3(z) along the path
C1 in Figure 2.3. We get:

I3 = log |1 + p|, (2.2.15)

as R → ∞.
In terms of evaluating I2, by applying a transformation as y → −y we have the

relation I2 = I3.
As for I4, we consider a function f4(z) defined by

f4(z) =
log |z |
z + ip

(2.2.16)

which is regular along the path C2 in Figure 2.4 and on the inner part of C2. Then
by integrating of f4(z) along C2, we obtain

I4 = −2 log p, (2.2.17)

as r → 0,R → ∞. As for r → 0, we substitute z by eiθ and we have the relation:����∫ 0

π

log r + 2π
r2e2iθ − p2 ireiθdθ

���� ≤ ∫ π

0

|log r + 2π |��r2e2iθ − p2
��rdθ.
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Then we set r < p/2 and we obtain:

1��r2e2iθ + p2
�� < 1

|p|2 − r2 <
4
3

1
|p|2

.

Using these facts, we have∫ π

0

|log r + 2π |��r2e2iθ − p2
��rdθ <

∫ π

0

4
3
|log r + 2π |

|p|2
rdθ,

≤ 4π
3

r |log r + 2π |
|p|2

→ 0 as r → 0.

Therefore, we obtain analytic formula of the Lyapunov exponents for the gen-
eralized Boole transformations λ(α, β) as

λ(α, β) = logα + log |1 + p| + log |1 + p| − 2 log p,

= log
(
1 + 2

√
α(1 − α)

)
. (2.2.18)

□

The Lyapunov exponents do not depend on β, so that we can change the notation
from λ(α, β) to λ(α). The invariant measure µ(dx) is Cauchy and smooth with
respect to the Lebesgue measure. Thus, according to the Pesin identity [23, 108],
we can calculate KS-entropy h(α) analytically as

h(α) =
∫ ∞

−∞
λ(α)µ(dx) = λ(α). (2.2.19)

Figure 2.5 shows the comparison results of our numerical estimate of the
Lyapunov exponents for the generalized Boole transformations with
α = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 using the long double precision
and our analytic formula of the Lyapunov exponents. The initial condition of
computation is x0 = 9.3. The coincidence is remarkable as shown in Figure 2.5.

Equation (2.2.18) converges to zero in the limit of α → 0 and α → 1. However,
different phenomena occur for α = 0 and α = 1 respectively. In the case of α = 0,
every orbits are periodic because

T2
α,βx = x.

On the other hand, at α = 1, subexponential chaos [84, 85] occurs. Then, in
calculation of finite Lyapunov exponents, the value does not converge to a constant
but converges in distribution.
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Figure 2.5: The numerical results of the finite Lyapunov exponents and analytic
solution of the generalized Boole transformation.

2.2.3 Lyapunov exponents for α > 1
Here, we prove another theorem.

Theorem 2.2.3. The generalized Boole transformations for α > 1 have the Lya-
punov exponents given by

λ(α, β) = logα.

Proof. In the range of α > 1, the generalized Boole transformations have two
equilibrium points at x± = ±

√
β

α−1 . Two of them are unstable since the slope of

the liner inclinations are both dTα,β x
dx (x±) = 2α − 1 > 1. Now by substituting xn by

1
zn

, we obtain another form of the generalized Boole transformations as

zn+1 =
zn

α − βz2
n
. (2.2.20)

The equilibrium points of Eq. (2.2.20) are z = 0,±
√

α−1
β . Two points z = ±

√
α−1
β

are unstable. The equilibrium point at z = 0 are stable and attractive because���� d
dz

(
z

α − βz2

)����
z=0

���� < 1. (2.2.21)

Thus, for almost all initial points it is hold that

lim
n→∞

|xn | = ∞. (2.2.22)
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Hence, the Lyapunov exponents of the generalized Boole transformations for α > 1
are given by taking logarithmic function of inclination in the limit of |x | → ∞ as

λ(α, β) = logα. (2.2.23)

□

The complete behavior of Lyapunov exponent as a function of parameter α is
shown in Figure 2.6.
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Figure 2.6: The classification of the phase of the generalized Boole transformation
systems in the parameter space α via the analytic Lyapunov exponents.

According to Ref. [80], the generalized Boole transformations for α > 1 are
dissipative in the sense that, for almost all initial points, |xn | → ∞ as n → ∞.

Table 2.1 summarizes a classification of the phase of systems by the nature
of invariant measure. We can say the system is in Mixing Phase for 0 < α < 1,
Infinite Ergodic Phase for α = 1 and Dissipative Phase at α > 1.

Table 2.1: The classification of phase of dynamical systems, invariant measure
and Lyapunov exponents in terms of parameter α.

0 < α < 1 α = 1 α > 1

Phase Mixing Phase Infinite Ergodic Phase Dissipative Phase

Invariant measure µ(dx)
√
β(1−α)

π[x2(1−α)+β]dx dx

Lyapunov exponents log
(
1 + 2

√
α(1 − α)

)
0 (subexponential chaos) logα
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Table 2.2: The difference between types of Intermittency and critical exponents
of the generalized Boole transformation.

α → 0 + 0 α → 1 − 0 α → 1 + 0

Intermittency Type 3 Type 1

Critical Exponent 1
2

1
2 1

The standard Cauchy density function ργ(x) is defined by a scale parameter γ

ργ(x) =
γ

π(x2 + γ2)
. (2.2.24)

According to the probability preservation relation [86], the density functions ργ(x)
and ργ′(y) satisfy the relation

ργ′(y)dy =
∑

x=T−1
α,β y

ργ(x)dx. (2.2.25)

In the case of α = β = 1
2 [86], the scale parameter γ of Cauchy density function

of invariant measure is updated in accordance with

γ′ =
1
2

(
γ +

1
γ

)
. (2.2.26)

Then, γ converges to unity. Similarly, by the probability preservation relation, the
scale parameter of the density function of the generalized Boole transformation is
updated in accordance with

γ′ = αγ +
β

γ
, (2.2.27)

and it converges to the fixed point γ∗ =
√

β
1−α .

As we make α close to unity from below, the scale parameter γ converges to infinity
and the density function of invariant measure becomes the Lebesgue measure dx.
For α > 1, the fixed point of scale parameter γ∗ must be an imaginary number.
This fact shows for α > 1, the density function of the invariant measure can never
be a Cauchy distribution.

Compare with the AL map [85, 87] whose Lyapunov exponent diverges to
infinity at the fixed point, the generalized Boole transformations for α > 1 have
the positive Lyapunov exponent logα at the attractive fixed point z = 0.
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2.2.4 Scaling behavior at α = 0,1
With parametric analytic formula of Lyapunov exponents, we can investigate

a parametric dependency. The first derivative of the Lyapunov exponents with
respect to α is given by

dλ
dα
=


1−2α√

α(1−α)
(
1+2

√
α(1−α)

) , 0 < α < 1,

1
α , α > 1.

(2.2.28)

Remarkably, it diverges in the limit of α → 0, α → 1 − 0 as���� lim
t→0

dλ
dα

����
α=t

���� = ∞,
���� lim

t→1−0

dλ
dα

����
α=t

���� = ∞. (2.2.29)

This is similar to the well-known critical phenomena that the derivative of magne-
tization diverges at the critical temperature. This means that a slight modification
of parameter α toward unity (the Boole transformations) from below causes a large
effect on the value of Lyapunov exponent at the edge of 0 < α < 1. Furthermore,
we can say that it is extremely difficult to numerically obtain the Lyapunov expo-
nents near α = 1 and 0 < α < 1 because for α = 1 subexponential chaos [84, 85]
occurs and we cannot determine a Lyapunov exponent for finite calculation.

According to Eq. (2.2.5), the generalized Boole transformation at the limit of
α → 1 corresponds to the Boole transformation, such that a transition behavior
between chaotic behavior and subexponential behavior [84] can be observed at
α = 1.

Consider the scaling behavior at α = 0,1. When α ' 0 or “α ' 1 and
0 < α < 1” , the relation 0 < 2

√
α(1 − α) � 1 holds. Thus, we obtain a Taylor

expansion of Eq. (2.2.18) as

λ(α) =
∞∑

n=1

(−1)n+1

n

(
2
√
α(1 − α)

)n
. (2.2.30)

Thus, the first approximation is given by the first term of the Taylor expansion

λ ' 2
√
α(1 − α), (2.2.31)

'
{

2
√
α, for α ' 0,

2
√

1 − α, for α ' 1 and 0 < α < 1. (2.2.32)

Then, the scaling behavior of Lyapunov exponents near α = 0,1 is shown as

λ '


2α 1
2 , for α ' 0,

2(1 − α) 1
2 , for α ' 1 and 0 < α < 1,

α − 1, for α ' 1 and α > 1.
(2.2.33)
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In this section, we define a critical exponent as a power exponent of Lyapunov
exponent. A critical exponent ν is defined by

λ ' C |α − αc |ν, (2.2.34)

where αc is a critical point and C is a constant. Therefore, the both critical
exponents ν at the egde of 0 < α < 1 of the scaling behavior of Lyapunov
exponents are

1
2

. The Floquet multiplier for the fixed point for α = 0 is -1 and
for α = 1 is 1. Thus, our analytic results agree with the prediction by Pomeau
and Manneville [15] that critical exponents of Lyapunov exponents of Type 1
(Floquet multiplier is unity) and Type 3 (Floquet multiplier is −1) intermittency
are 1

2 respectively. The critical exponent in the limit of α → 1+0 is different from
that of α → 1 − 0. This remarkable difference in critical exponents of Lyapunov
exponents is caused by the difference between the mixing (ergodic) phase for
0 < α ≤ 1 and the dissipative (non-ergodic) phase for α > 1.

2.3 Super Generalized Boole Transformations
In above section, the authors [49] presented the analytical formula of the

Lyapunov exponent λ as an explicit function in terms of the bifurcation parameter
by showing the mixing property for the generalized Boole (GB) transformation.
With respect to the GB transformation, we proved that both Type 1 and Type 3
intermittency occur and that the conjecture by Pomeau and Manneville is certainly
correct.

In this section, we analytically prove that, for a countably infinite number of
maps, it holds that

λ ∼ C |α − αc |ν , ν =
1
2

or 1,C > 0, (2.3.1)

where α and αc represent a bifurcation parameter and the critical point, respec-
tively. In order to prove this, we propose additional generalized maps, the super
generalized Boole (SGB) transformations, and show that there are parameter ranges
in which the SGB transformations are exact (a stronger condition than ergodic-
ity). This means that a countably infinite number of exact (ergodic) maps is
obtained. Using this result, one can explicitly determine the analytical formulae
of the Lyapunov exponents and critical exponents. The SGB transformations have
advantages in their proven mathematical results, compared with the maps that were
previously obtained [15]. Let us start with several definitions. We consider a set
SingS ∈ R as consisting of the singular points for a map S when S(x), x ∈ SingS
cannot be defined.
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Let us begin with definitions. The definitions of FK and SK,α are written as
follows.

Definition 2.3.1. Let FK : R\A → R\A be a map denoted as [86]

FK(cot θ) def
= cot Kθ, (2.3.2)

where K ∈ N\{1} and A def
= {x ∈ R|∃n ∈ Z; Fn

K(x) ∈ SingFK }.
Using the function FK(x), we define two-parameterized one-dimensional maps,

the super feneralized Boole Transformations (SGB) SK,α : R\B → R\B as follows.

Definition 2.3.2 (Super Generalized Boole Transformation). The map SK,α :
R\B → R\B denoted as

xn+1 = SK,α(xn)
def
= αKFK(xn), (2.3.3)

is referred to as the super generalized Boole Transformation, where |α | > 0,
K ∈ N\{1} and B def

= {x ∈ R|∃n ∈ Z; Sn
K,α(x) ∈ SingSK ,α}.

For example, S3,α, S4,α, and S5,α are as follows.

S3,α(xn) = 3α
x3

n − 3xn

3x2
n − 1

, (2.3.4)

S4,α(xn) = 4α
x4

n − 6x2
n + 1

4x3
n − 4xn

, (2.3.5)

S5,α(xn) = 5α
x5

n − 10x3
n + 5xn

5x4
n − 10x2

n + 1
. (2.3.6)

The derivative of SK,α with respect to x is denoted as

S′2N,α(x) = (2N)2α (1 + x2)2N−1[
N−1∑
r=0

(−1)r 2NC2r+1x2N−2r−1

]2

⇒ S′2N,α(x)
{
> 0, α > 0
< 0, α < 0,

S′2N+1,α(x) = (2N + 1)2α (1 + x2)2N[
N∑

r=0
(−1)r 2N+1C2r+1x2(N−r)

]2

⇒ S′2N+1,α(x)
{
> 0, α > 0
< 0, α < 0.

The GB transformation Tα,α in [49] corresponds to the map S2,α. Figure 2.7
shows the return maps of S3,13

,S4,14
, and S5,15

.
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Figure 2.7: Return maps of S3, 1
3
,S4, 1

4
, and S5, 1

5
. The solid, broken, and dotted lines correspond

to the form of S3, 1
3
,S4, 1

4
, and S5, 1

5
, respectively. The explicit forms of these three maps are provided

in Eqs. (2.3.4), (2.3.5) and (2.3.6), respectively.

2.3.1 Invariant density

In this section, it is proven that the SGB transformations preserve the Cauchy
distribution for a certain condition. Solving the Perron-Frobenius equation, it is
shown that the Cauchy distribution is an invariant distribution for certain parameter
ranges. As a preparation, define a function GK written as follows.

Definition 2.3.3. Let GK : R→ R be a map denoted as [86]

GK(coth θ) def
= coth Kθ, (2.3.7)

where K ∈ N\{1}.
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The map GK(x) is denoted as

G2N (x) =

N∑
k=0

2NC2k x2(N−k)

N−1∑
k=0

2NC2k+1x2(N−k)−1

, (2.3.8)

G2N+1(x) =

N∑
k=0

2N+1C2k x2(N−k)+1

N∑
k=0

2N+1C2k+1x2(N−k)

. (2.3.9)

If one changes the variable from x to coth y, one has that

G2N (x) = coth (2Ny) ,
G2N+1(x) = coth {(2N + 1)y} . (2.3.10)

If one changes the variable from x to tanh y, one has that

G2N (x) =
1

tanh (2Ny),
G2N+1(x) = tanh {(2N + 1)y} .

(2.3.11)

In the following, let us discuss the invariant density of SGB transformation.
First, assume that the variable xn obeys the Cauchy distribution

fn(xn) =
1
π

γ

x2
n + γ2

(2.3.12)

of which the scale parameter is γ > 0. According to [36, 86], the map SK,α is K to
one map (a non-injective map) as follows.

xn+1 = αK cot Kθ = αKFK(xn( j)),
xn( j) = cot

(
θ + j πK

)
, j = 1,2, · · · ,K . (2.3.13)

Then, according to [86] and solving the Perron-Frobenius equation, one has that

fn+1(xn+1)|dxn+1 | = fn(xn(1))|dxn(1)| + fn(xn(2))|dxn(2)| + · · · + fn(xn(K))|dxn(K)|,����dxn+1
dxn

����
xn=xn( j)

=
|α |K2

(
1 + y2

α2K2

)
1 + x2

n( j)
.
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Then, it is clear that the variable xn+1 obeys the density function

fn+1(xn+1) =
1
π

|α |KGK(γ)
x2

n+1 + α
2K2G2

K(γ)
. (2.3.14)

Thus, the density about x changes from fn(x) =
1
π

γ

x2 + γ2 to fn+1(x) =
1
π

|α |KGK(γ)
x2 + α2K2G2

K(γ)
.

The scale parameter γ > 0 is then transformed in one iterative step as

γ 7−→ |α |KGK(γ). (2.3.15)

Now, for each K , let us obtain the fixed point 0 < γK,α < ∞, which satisfies the
relation

γK,α = |α |KGK(γK,α), (2.3.16)

and clarify the condition of α that there exists a solution of (2.3.16). If there exists
a fixed point, this means that the Cauchy distribution is the invariant density for
the map SK,α. We approach this problem by defining the Range A as follows.

Definition 2.3.4. When the parameters (K, α) satisfy a condition such as{ 0 < |α | < 1 in the case of K = 2N,
1

K2 < |α | < 1 in the case of K = 2N + 1, (2.3.17)

where N ∈ N, we say that the parameters (K, α) are in Range A.

Because at α = ± 1
K , the SGB transformation SK,α is equivalent to the K-angle

formula of the cot function such that

cot θn+1 = xn+1 = ± cot(Kθn) = cot(±Kθn). (2.3.18)

It is obvious that the fixed point of scaling parameter γK,± 1
K

is unity by simple
calculation. In the following, we discuss the case in which α , ± 1

K . Such lemmas
hold.

Lemma 2.3.1. For 1
K < |α | < 1, fix α and there is only one solution that satisfies

(2.3.16) in the range of γK,α > 1, and for 0 < |α | < 1
K there is no solution in the

range of γK,α > 1.

Proof. The goal is to identify the condition of (K, α) in which there exists a solution
γK,α satisfying (2.3.16) for γK,α > 1. In the beginning, for simplicity, change the
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form of (2.3.16) as follows. In (2.3.16), change the variable from γK,α > 1 to
coth y as (2.3.10). One has that

coth y = |α |K coth(Ky). (2.3.19)

In the following, one identifies the condition (K, α) in which there exists a solution
y∗K,α > 0 (coth y∗K,α > 1) satisfying coth y∗K,α = |α |K coth(Ky∗K,α). A function g(y)
is defined to be

g(y) = coth y − |α |K coth(Ky). (2.3.20)

In the range where y > 0, since the function coth y decreases monotonically, it
holds that

coth y > coth(Ky). (2.3.21)
Then, if the condition 1

K < |α | < 1 is satisfied, one has that

g′(y) = (1 − coth2 y) − |α |K2 {
1 − coth2(Ky)

}
< 0. (2.3.22)

Thus, the function g(y) decreases monotonically. Let us discuss the value at y = 0.
In the limit of y → +0, it holds that from (2.3.8), (2.3.9) and (2.3.10),

lim
y→+0

coth {Ky}
coth y

=


lim
y→+0

2NC0 coth2N y

2NC1 coth2N y
= 1

2N , for K = 2N,

lim
y→+0

2N+1C0 coth2N y

2N+1C1 coth2N y
= 1

2N+1, for K = 2N + 1.

Thus, one has that

lim
y→+0

g(y) =


lim
y→+0

coth y ×
(
1 − |α | K

2N

)
= +∞, for K = 2N,

lim
y→+0

coth y ×
(
1 − |α | K

2N + 1

)
= +∞, for K = 2N + 1.

(2.3.23)
One also has that

lim
y→∞

g(y) = 1 − |α |K < 0. (2.3.24)

Thus, from (2.3.22), (2.3.23), and (2.3.24), it is proven that there is only one
solution that satisfies g(y) = 0. Therefore, for 1

K < |α | < 1, a solution exists that
satisfies (2.3.16) in the range of γK,α > 1.

In the case of 0 < |α | < 1
K , it holds that for any y > 0

g(y) > 0. (2.3.25)

Then, there is no solution that satisfies γK,α > 1. □
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Lemma 2.3.2. In the case of K = 2N for 0 < |α | < 1
K , assign a constant value to

α. There is only one solution that satisfies (2.3.16) in the range of 0 < γK,α < 1,
and for 1

K < |α | there is no solution in the range of 0 < γK,α < 1.

Proof. The goal is to identify the condition of (K, α) for which there exists a
solution γK,α satisfying (2.3.16) for 0 < γK,α < 1. In the beginning, for simplicity,
change the form of (2.3.16) as follows. In (2.3.16), change the variable from
0 < γK,α < 1 to tanh y as (2.3.11). One has that

tanh y =
|α |(2N)

tanh(2Ny) . (2.3.26)

In the following, one identifies the condition (K, α) for which there exists a solution

y∗K,α > 0 (0 < tanh y∗K,α < 1) satisfying tanh y∗K,α =
|α |(2N)

tanh(2Ny∗K,α)
. A function

h2N (y) is defined to be

h2N (y) = tanh y − |α |(2N)
tanh(2Ny) . (2.3.27)

The derivative of h2N (y) is denoted as

h′2N (y) = 1 − tanh2 y + |α |(2N)2 1 − tanh2(2Ny)
tanh2(2Ny)

> 0. (2.3.28)

One has that

h2N (0) = −∞ < 0,
h2N (∞) = 1 − |α |K > 0, for 0 < |α | < 1

K .
(2.3.29)

From (2.3.28) and (2.3.29), it is clear that in the case of K = 2N for constant α,
which satisfied 0 < |α | < 1

K , there is only one solution that satisfies (2.3.16) in the
range of 0 < γK,α < 1.

In the case of 1
2N < |α |, it holds that for all y > 0

h2N (y) < 0. (2.3.30)

Therefore, there is no solution that satisfies 0 < γK,α < 1. □

Lemma 2.3.3. In the case of K = 2N+1 for 1
K2 < |α | < 1

K , assign a constant value
to α. There is only one solution that satisfies (2.3.16) in the range of 0 < γK,α < 1,
and for 1

K < |α |, there is no solution in the range of 0 < γK,α < 1.
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Proof. The goal is to identify the condition of (K, α) for which there exists a
solution γK,α satisfying (2.3.16) for 0 < γK,α < 1. In the beginning, for simplicity,
change the form of (2.3.16) as follows. In (2.3.16), change the variable from
0 < γK,α < 1 to tanh y as (2.3.11). One has that

tanh y = |α |(2N + 1) tanh {(2N + 1)y} . (2.3.31)

In the following, one identifies the condition (K, α) for which there exists a solution
y∗K,α > 0 satisfying tanh y∗K,α = |α |(2N + 1) tanh

{
(2N + 1)y∗K,α

}
. A function

h2N+1(y) is defined to be

h2N+1(y) = tanh y − |α |(2N + 1) tanh {(2N + 1)y} . (2.3.32)

It holds that

h2N+1(0) = 0,

h2N+1(∞) = 1 − |α |(2N + 1) > 0, for
1

(2N + 1)2
< |α | < 1

(2N + 1) .
(2.3.33)

The derivative of h2N+1(y) is

h′2N+1(y) = 1 − |α |(2N + 1)2 + |α |(2N + 1)2 tanh2 {(2N + 1)y} − tanh2 y,

h′2N+1(0) = 1 − |α |(2N + 1)2 < 0, for
1

(2N + 1)2
< |α | < 1

2N + 1
.

(2.3.34)
The derivative h′2N+1(y) is also expressed using cosh functions as follows

h′2N+1(y) =
cosh2 {(2N + 1)y}

[
1 − |α |(2N + 1)2 cosh2 y

cosh2{(2N+1)y}

]
cosh2 y cosh2 {(2N + 1)y}

. (2.3.35)

The function J(y) = cosh y

cosh {(2N + 1)y} ≥ 0 decreases monotonically since the
derivative is denoted as

J′(y) = − sinh(2Ny) − 2N cosh y sinh {(2N + 1)y}
cosh2 {(2N + 1)y}

< 0. (2.3.36)

Considering the fact that

lim
y→∞

cosh(y)
cosh(2N + 1)y = 0, (2.3.37)

a part of h′2N+1(y),
[
1 − |α |(2N + 1) cosh2 y

cosh2 {(2N + 1)y}

]
increases monotonically

and there is a unique point y∗ at which the sign of h′2N+1(y) changes from minus
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to plus. Therefore, there is a unique point 0 < y∗∗ < ∞ at which it holds that
h2N+1(y∗∗) = 0.

The above discussion indicates that, in the case of K = 2N +1 and
1

K2 < |α | < 1
K

,
there is only one solution that satisfies (2.3.16) in the range of 0 < γK,α < 1.

In the case of 1
K < |α |, since it holds that for all y > 0,

h2N+1(y) < 0, (2.3.38)

there is no solution in the range of 0 < γK,α < 1. □

From the Lemmas 2.3.1, 2.3.2 and 2.3.3, such lemmas hold.

Lemma 2.3.4. Consider the case of K = 2N .

For
1
K

≤ |α | < 1, there is a unique solution of (2.3.16) and the solution γK,α is

in the range of γK,α ≥ 1. For 0 < |α | < 1
K

, there is a unique solution of (2.3.16)
and the solution γK,α is in the range of 0 < γK,α < 1.

Lemma 2.3.5. Consider the case of K = 2N + 1.

For
1
K

≤ |α | < 1, there is a unique solution of (2.3.16) and the solution γK,α is in

the range of γK,α ≥ 1. For
1

K2 < |α | < 1
K

, there is a unique solution of (2.3.16)
and the solution γK,α is in the range of 0 < γK,α < 1.

From Lemmas 2.3.4 and 2.3.5, this theorem holds.

Theorem 2.3.1. When the parameters (K, α) are in Range A, the SGB transfor-
mations {SK,α} preserve the Cauchy distribution and the scale parameter can be
chosen uniquely.

Although it has been proven that the map SK,α preserves the Cauchy distribution
and its scale parameter γK,α can be determined uniquely when the parameters (K, α)
are in Range A, it is not straightforward to obtain the explicit form of fixed point
γK,α for arbitrary K , because we have to solve the Kth-degree equations. From
Theorem 2.3.1, the condition that there exists only one solution of (2.3.16), which
satisfied 0 < γK,α < ∞, is nothing but the Range A.

2.3.2 Exactness
According to [47, 88, 89], the Perron-Frobenius operator and the exactness are

defined as follows.
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Definition 2.3.5 (Perron-Frobenius operator). Let (X,A, µ) be a measure space
and let f be a density function on X. If a map T : X → X is a non-singular
transformation, the unique operator P : L1 → L1 defined by∫

A
P f (x)µ(dx) =

∫
T−1(A)

f (x)µ(dx), for A ∈ A (2.3.39)

is termed the Perron-Frobenius operator corresponding to T .

Definition 2.3.6 (Exactness). A map T on a phase space X with the Perron-
Frobenius operator PT and unique stationary density f∗ is considered to be exact
if and only if

lim
n→∞

‖Pn
T f − f∗‖L1 = 0 (2.3.40)

for every initial density f ∈ D where D denotes the set of all densities on X.
This definition is equivalent to the following,

lim
n→∞

µ∗(Tn A) = 1, ∀A ∈ A, µ∗(A) > 0, (2.3.41)

where A denotes the σ-algebra and µ∗ denotes the invariant measure correspond-
ing to the invariant density f∗.

In terms of exactness, we obtain the following theorem.

Theorem 2.3.2. If the parameters (K, α) are in Range A, the SGB transformations
{SK,α} are exact.

Proof. This proof is based on that in Ref. [49]. In this proof, it is also assumed
that α > 0. One can prove the Theorem 2.3.2 in the case of α < 0 as well as of
α > 0. For the map SK,α defined by (2.3.3), substituting cot(πθn) into xn, one has
the map S̄K,α : [0,1) → [0,1) such that

cot(πθn+1) = αK cot(πKθn),

θn+1 = S̄K,α(θn) =
1
π

cot−1 {αK cot(πKθn)} . (2.3.42)

The derivative of S̄K,α with respect to θ is as follows.

S̄′K,α(θ) =
αK2 {

1 + cot2(πKθ)
}

α2K2 cot2(πKθ) + 1
> 0 for 0 < α < 1. (2.3.43)

Then, S̄K,α increases monotonically (in the case of α < 0, S̄K,α decreases mono-
tonically). Because it holds that

1
π

cot−1 {αK cot(πKθn)} =
1
π

cot−1
[
αK cot

{
πK

(
θn +

j
K

)}]
, j = 1,2 · · · ,K,

(2.3.44)
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the form of S̄K,α has translational symmetry and it can be constructed by shifting

the form on
[
0,

1
K

)
. That is, the map S̄K,α is a K to one map, and on any interval[

j,
j
K

)
, j = 0, · · · ,K − 1, the form of the map S̄K,α is the same as that on the

interval
[
0,

1
K

)
. Then by operating S̄−1

K,α, the measure on [0,1) is divided into K

equivalently. We obtain intervals {I j,n} defined below by operating S̄−n
K,α into [0,1).

The interval I j,n ⊂ [0,1) is defined to be

I j,n
def
=

[
η j,n, η j+1,n

)
, η j,n < η j+1,n,0 ≤ j ≤ Kn − 1,

η0,n = 0 and ηKn,n = 1,
S̄n

K,α(I j,n) = [0,1),

µ(I j,n) =
1

Kn .

(2.3.45)

For any non-zero measure subset C ⊂ [0,1), the set C includes a union of
intervals

⋃
j ′,n′

I j ′,n′. Then for an invariant density f∗ and associated measure µ∗

[89], it holds that

1 ≥ lim
n→∞

µ∗(S̄n
K,α(C)) ≥ lim

n→∞
µ∗

(
S̄n

K,α

{⋃
j ′,n′

I j ′,n′

})
= 1. (2.3.46)

Therefore, the map S̄K,α on a phase space [0,1), is exact. Owing to the topological
conjugacy, the map SK,α is also exact. □

From Theorems 2.3.1 and 2.3.2, when the parameters (K, α) are in Range A,
the map SK,α preserves a certain Cauchy distribution f∗ and any initial density
function f defined on R\B converges to f∗ as

lim
n→∞

‖Pn
SK ,α

f − f∗‖L1 = 0. (2.3.47)

For example, S3,α, S4,α, and S5,α are exact for 1
9 < |α | < 1, 0 < |α | < 1,

and 1
25 < |α | < 1, respectively. According to [47], if the SGB transformations

are exact, then the corresponding dynamical systems are mixing and ergodic.
Therefore the following Corollary holds.

Corollary 2.3.1. Suppose that the parameters (K, α) are in Range A. Then the
dynamical system (R\B,SK,α, µ∗) has the mixing property and it is ergodic where
µ∗ is the invariant measure corresponding to the invariant density f∗.
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Using the property of exactness, one can obtain the explicit formula of the
Lyapunov exponent such that

λK,α =
1
π

∫ ∞

−∞
log

����dSK,α

dx

���� γK,α

x2 + γ2
K,α

dx. (2.3.48)

Pesin’s formula indicates that the Kolmogorov-Sinai entropy is equivalent to the
Lyapunov exponent since the SGB transformations are one-dimensional maps
with ergodic invariant measures which are absolutely continuous with respect to
the Lebesgue measure.

By changing the variable from x to cot θ, one has that

dSK,α

dx
= αK2 sin2 θ

sin2(Kθ)
. (2.3.49)

Using mathematical induction, one proves that for K ≥ 2, the following relation is
true.

K2 sin2 θ

sin2(Kθ)
≥ 1. (2.3.50)

For K = 2, one sees that (2.3.50) is true by simple calculation as

K2 sin2 θ

sin2(Kθ)
=

1
cos2 θ

≥ 1. (2.3.51)

Assume that for K = n ≥ 2, (2.3.50) is true. Then, since it holds that

(n − 1)2 ≤ n2 + 2
sin(nθ)
sin θ

cos(nθ) cos θ + 1 ≤ (n + 1)2, (2.3.52)

one has that

(n + 1)2 sin2 θ

sin2 {(n + 1)θ}
=

(n + 1)2
sin2(nθ)
sin2 θ

cos2 θ + 2 sin(nθ)
sin θ cos(nθ) cos θ + cos2 θ

,

≥ (n + 1)2

n2 + 1 + 2 sin(nθ)
sin θ cos(nθ) cos θ

,

≥ 1.
(2.3.53)

Thus for K ≥ 2, (2.3.50) holds. Therefore, for |α | > 1 and K ≥ 2, it holds that����dSK,α

dx

���� > 1. (2.3.54)
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For |α | > 1, changing the variable as zn = 1/xn enables the map S̃K,α to be
obtained and it is defined as

S̃2N,α(z)
def
=

N−1∑
i=0

(−1)i2NC2N−2i−1z2N−2i−1

αK
N∑

i=0
(−1)i2NC2N−2iz2N−2i

,

S̃2N+1,α(z)
def
=

N∑
i=0

(−1)i2N+1C2N−2i+1z2N−2i+1

αK
N∑

i=0
(−1)i2N+1C2N−2iz2N−2i

.

(2.3.55)

Then one has that

�����dS̃K,α

dz
(0)

����� = 1
|α | < 1, so that for any K , the point z = 0 is an

attracting point for |α | > 1. Then since for |α | > 1, (2.3.54) holds, almost all
orbits approach infinity. Thus, the Lyapunov exponent λK,α for |α | > 1 is derived
from the inclination at the infinite point as

λK,α = log |α |, for ∀K ∈ N\{1}. (2.3.56)

2.3.3 Scaling behavior
In this section, consider the scaling behavior near the point (K, α) = (N̄,±1),

(2N,0) and
(
2N + 1,± 1

(2N + 1)2

)
for any N̄ ∈ N\{1} and N ∈ N. According the

following lemmas 2.3.6, 2.3.7, 2.3.8 and 2.3.9, one has that at (K, α) = (N̄,±1),
(2N,0) and

(
2N + 1,± 1

(2N + 1)2

)
for any N̄ ∈ N\{1} and N ∈ N,

γK,α = ∞, for α = ±1, K = N̄, N̄ ∈ N\{1},

γK,α = 0,
{

for α = 0 in the case of K = 2N, N ∈ N,
for α = ± 1

K2 in the case of K = 2N + 1, N ∈ N.
(2.3.57)

Then by considering the scaling behavior at such critical points, the Lyapunov

exponent converges to zero at (K, α) = (N̄,±1), (2N,0) and
(
2N + 1,± 1

(2N + 1)2

)
.

A discussion of the critical phenomena requires the critical points to be defined as
α±c1 = ±1, α±c2 = ± 1

(2N + 1)2
and αc3 = 0 and the critical exponents ν1, ν2, and

ν3 corresponding to α±ci, i = 1,2,3 are defined. In terms of the scaling behavior
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of the Lyapunov exponents λ ∼ C |α − α±ci |νi ,C > 0, i = 1,2,3, the following
theorem holds.
Theorem 2.3.3. Suppose that the parameters (K, α) are in Range A.

• For any K ∈ N\{1}, it holds that ν1 =
1
2 as |α | → 1 − 0.

• For any K ∈ N\{1}, it holds that ν1 = 1 as |α | → 1 + 0.

• For K = 2N + 1, it holds that ν2 =
1
2 as |α | → 1

K2 + 0.

• For K = 2N , it holds that ν3 =
1
2 as |α | → 0.

In order to prove of Theorem 2.3.3, consider the following lemmas.
First, the case of

1
K
< |α | < 1(γK,α > 1) is discussed.

Lemma 2.3.6. In the case of K = 2N , γ2N,α behaves as
1

γ2N,α
= O(

√
1 − |α |) (2.3.58)

in the limit of γ2N,α → ∞.
Proof. In the case of K = 2N , according to (2.3.19), (2.3.16) is rewritten as

|α | = coth y

2N coth(2Ny) . (2.3.59)

Then, one has that

1 − |α | = 1
2N

·
2N

N∑
k=0

2NC2k · γ−2k
2N,α −

N−1∑
k=0

2NC2k+1 · γ−2k
2N,α

N∑
k=0

2NC2k · γ−2k
2N,α

,

=
1

2N
·

2N · γ−2N
2N,α +

N−1∑
k=1

2k(2N + 1)
2k + 1 2NC2k · γ−2k

2N,α

N∑
k=0

2NC2k · γ−2k
2N,α

.

(2.3.60)

In the limit of γ2N,α → ∞, it holds that

1 − |α | ∼ 4N2 − 1
3

· γ−2
2N,α,

∴
1

γ2N,α
= O

(√
1 − |α |

)
.

(2.3.61)

□

37



Lemma 2.3.7. In the case of K = 2N + 1, γ2N+1,α behaves as

1
γ2N+1,α

= O(
√

1 − |α |) (2.3.62)

in the limit of γ2N+1,α → ∞.

Proof. In the case of K = 2N + 1, according to (2.3.19), (2.3.16) is rewritten as

|α | = coth y

(2N + 1) coth {(2N + 1)y} . (2.3.63)

Then one has that

1 − |α | = 1
2N + 1

·

N∑
k=1

4k(N + 1)
2k + 1 2N+1C2k · γ−2k

2N+1,α

N∑
k=0

2N+1C2k · γ−2k
2N+1,α

. (2.3.64)

In the limit of γ2N+1,α → ∞, it holds that

1 − |α | ∼ 4N(N + 1)
3

· γ−2
2N+1,α,

∴
1

γ2N+1,α
= O(

√
1 − |α |).

(2.3.65)

□

Lemma 2.3.8. In the case of K = 2N , γ2N,α behaves as

γ2N,α ∼
√
|α |. (2.3.66)

in the limit of γ2N,α → 0.

Proof. Discuss the case of K = 2N and 0 < α < 1
K . According to (2.3.26),

(2.3.16) is rewritten as

|α | = 1
2N

tanh y · tanh(2Ny). (2.3.67)

Then one has that

|α | = 1
2N

·

N−1∑
k=0

2NC2k+1γ
2k+2
2N,α

N∑
k=0

2NC2kγ
2k
2N,α

. (2.3.68)
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In the limit of γ2N,α → 0, it holds that

|α | ∼ 1
2N

· 2N · γ2
2N,α = γ

2
2N,α,

∴ γ2N,α ∼
√
|α |.

(2.3.69)

□

Lemma 2.3.9. In the case of K = 2N + 1, γ2N+1,α behaves as

γ2N+1,α = O

(√
|α | − 1

(2N + 1)2

)
. (2.3.70)

in the limit of γ2N+1,α → 0.

Proof. Discuss the case of K = 2N +1 and
1

K2 < |α | < 1
K

. According to (2.3.31),
(2.3.16) is rewritten as

|α | = tanh y

(2N + 1) tanh {(2N + 1)y} . (2.3.71)

Then one has that,

|α | − 1
(2N + 1)2

=

N∑
k=1

4k(N + 1)
4k + 1 2N+1C2k · γ2k

2N+1,α

(2N + 1)2
N∑

k=0
2N+1C2k+1 · γ2k

2N+1,α

. (2.3.72)

In the limit of γ2N+1,α → 0, it holds that

|α | − 1
(2N + 1)2

∼
4N(N + 1)γ2

2N+1,α
5(2N + 1)2

,

∴ γ2N+1,α = O
(√

|α | − 1
(2N+1)2

)
.

(2.3.73)

□

From Lemmas 2.3.6, 2.3.7, 2.3.8, and 2.3.9, one knows that there are relations
between the parameter α and the scaling parameter γK,α. For all α in Range A, the
Lyapunov exponent is denoted as

λK,α =
1
π

∫
R\A

log
��S′K,α(x)�� γK,α

γ2
K,α + x2

dx =
1
π

∫ ∞

−∞
log

��S′K,α(x)�� γK,α

γ2
K,α + x2

dx < ∞,

(2.3.74)
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λK,α =


γK,α

π

∫ ∞

−∞
log

��S′K,α(x)�� 1
γ2

K,α + x2
dx, for 0 < γK,α < 1,

1
γK,απ

∫ ∞

−∞
log

��S′K,α(x)�� 1
1 + (x/γK,α)2

dx, for 1 ≤ γK,α.

(2.3.75)
Define an invariant density f̂K,α(x) on [0,1) for S̄K,α. From simple calculation, it
is obvious that f̂K,± 1

K
(x) is the uniform distribution. According to [47], define the

entropy denoted as HK(α) = H[ f̂K,α] = −
∫
[0,1)

f̂K,α(x) log f̂K,α(x)µ(dx) and from

the Proposition 9.1.1 in [47], one has the maximal entropy for the constant density
f̂K,± 1

K
. Since the dynamical system is ergodic when the parameters (K, α) are in

Range A, almost all orbits do not converge and one sees that −∞ < λK,α. Thus it
holds that for all α in Range A

−∞ < λK,α ≤ λK,± 1
K
= log |K | < ∞. (2.3.76)

Accordingly define functions ϕ1(θ, γK,α) and ϕ2(θ,1/γK,α) to be

ϕ1(θ, γK,α) = log
����αK2 sin2 θ

sin2 Kθ

���� γK,α

γ2
K,α sin2 θ + cos2 θ

,

ϕ2(θ,1/γK,α) = log
����αK2 sin2 θ

sin2 Kθ

���� 1/γK,α

sin2 θ + (cos θ/γK,α)2
,

(2.3.77)

and also define a set of points {an}K−1
n=1 such that at θ = an ∈ (0, π], the function

log
���αK2 sin2 θ

sin2 Kθ

��� is not continuous.
By changing the variable from x to cot θ, the Lyapunov exponent λK,α is

rewritten as

λK,α =
1
π

∫ π

0
ϕ1(θ, γK,α)dθ. (2.3.78)

Now, the proof of Theorem 2.3.3 is as follows.

Proof. The integrand in (2.3.78) is continuous in (an,an+1] for 0 ≤ n ≤ K − 1,
where a0 = 0 and aK = π. The derivative of ϕ1(θ, γK,α) with respect to γK,α is as
follows.

∂ϕ1
∂γK,α

=
1
|α |

∂ |α |
∂γK,α

γK,α

γ2
K,α sin2 θ + cos2 θ

+ log |α |
−γ2

K,α sin2 θ + cos2 θ

(γ2
K,α sin2 θ + cos2 θ)2

+ log
����K2 sin2 θ

sin2 Kθ

���� −γ2
K,α sin2 θ + cos2 θ

(γ2
K,α sin2 θ + cos2 θ)2

.

(2.3.79)
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The derivative is continuous on each interval (an,an+1].
(i) In the limit of |α | → 1 − 0 (γK,α → ∞) for any K , change the variable as
z = 1

γK ,α
and denote the function ϕ2(θ, z) as

ϕ2(θ, z) = log
����αK2 sin2 θ

sin2 Kθ

���� z
sin2 θ + z2 cos2 θ

. (2.3.80)

It holds that��λK,α
�� < ∞,

λK,α =
1
π

∫ π

0
ϕ2(θ, z)dθ,

=
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
ϕ2(θ,0) +

∂ϕ2
∂z

(θ,0)z +O(z2)
]
,

=
z
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ2
∂z

(θ,0) +O(z)
]
.

(2.3.81)

Since λK,α and z are finite,
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ2
∂z

(θ,0) +O(z)
]

is also finite. In

addition,
∂ϕ2
∂z

(θ,0) does not depend on z. Therefore, according the Lemmas 2.3.6
and 2.3.7 in the limit of z → +0 (γK,α → ∞, |α | → 1 − 0), it holds that

∴ λK,α = O (z) = O
(√

1 − |α |
)
. (2.3.82)

(ii) In the case of K = 2N , according to (2.3.69), there is a relation γK,α ∼
√
|α | in

the limit of γK,α → +0 (|α | → 0). Then, it holds that

|λK,α | < ∞,
λK,α =

1
π

∫ π

0
ϕ1(θ, γK,α)dθ,

=
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
ϕ1(θ,0) +

∂ϕ1
∂γK,α

(θ,0)γK,α +O(γ2
K,α)

]
,

=
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γK,α

(θ,0)γK,α +O(γ2
K,α)

]
.

(2.3.83)

Now, one has that

∂ϕ1
∂γK,α

(θ,0)γK,α = γK,α log |α | 1
cos2 θ

+ γK,α log
����K2 sin2 θ

sin2 Kθ

���� 1
cos2 θ

. (2.3.84)
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With respect to the first term of (2.3.84), it holds that

log |α | = log (1 − 1 + |α |)
= log {1 − (1 − |α |)}
= −(1 − |α |) − 1

2 (1 − |α |)2 − 1
3 (1 − |α |)3 − · · ·

= O(1 − |α |).

(2.3.85)

Then, in the limit of |α | → 0 according to (2.3.69), following relation holds.

γK,α log |α | 1
cos2 θ

= O(
√
|α | −

√
|α | |α |) = O(

√
|α |) (2.3.86)

With respect to the second term of (2.3.84), it holds that according to (2.3.69)

γK,α log
����K2 sin2 θ

sin2 Kθ

���� 1
cos2 θ

= O(
√
|α |). (2.3.87)

Therefore, according the Lemma 2.3.8 in the limit of γK,α → +0 (|α | → 0), it
holds that

λK,α =
1
π

K−1∑
n=0

∫ an+1

an
dθO(

√
|α |) = O(

√
|α |). (2.3.88)

(iii) In the case of K = 2N + 1, according to (2.3.73), there is a relation |α | ∼
4N(N + 1)
5(2N + 1)2

γ2
K,α +

1
(2N + 1)2

in the limit of γK,α → +0 (|α | → 1
K2 + 0). Then it

holds that��λK,α
�� < ∞,

λK,α =
1
π

∫ π

0
ϕ1(θ, γK,α)dθ,

=
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
ϕ1(θ,0) +

∂ϕ1
∂γK,α

(θ,0)γK,α +O(γ2
K,α)

]
,

=
γK,α

π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γK,α

(θ,0) +O(γK,α)
]
.

(2.3.89)

Thus, it also holds that
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γK,α

(θ,0) +O(γK,α)
]

is finite and ∂ϕ1
∂γK ,α

(θ,0)

does not depend on γK,α. Therefore, according to the Lemma 2.3.9 in the limit of
γK,α → +0 (|α | → 1

K2 + 0), it holds that

λK,α = O(γK,α) = O

(√
|α | − 1

K2

)
. (2.3.90)
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(iv) In the limit of |α | → 1 + 0 for any K , the Lyapunov exponent is denoted for
|α | > 1,

λK,α = log |α | = log {1 + (|α | − 1)} ,
= (|α | − 1) − 1

2 (|α | − 1)2 + 1
3 (|α | − 1)3 − · · · . (2.3.91)

Therefore, it holds that
λK,α = O(|α | − 1). (2.3.92)

From equations (2.3.82), (2.3.88), (2.3.90) and (2.3.92), it is clear that for any K ,
the critical exponent of the Lyapunov exponent ν1 is 1

2 in the limit of |α | → 1 − 0,
that for K = 2N + 1, ν2 =

1
2 in the limit of |α | → 1

K2 + 0, that for K = 2N , ν3 =
1
2

in the limit of |α | → 0 and that for any K , ν1 = 1 in the limit of |α | → 1 + 0. □

The above discussion proves that the derivatives of the Lyapunov exponent
with respect to parameter α diverge at the critical points, which means that the
parameter dependence of the Lyapunov exponent diverges at the critical points.
This result implies the difficulty of calculating the Lyapunov exponent near the
critical points.

Discuss the Floquet multipliers in the cases of (K, α) = (N̄, α±c1) and (2N +
1, α±c2) for N̄ ∈ N\{1},N ∈ N. By changing the variable as x = cot θ, the
derivative of the map SK,α is rewritten as dSK ,α

dx = αK2 sin2 θ
sin2 Kθ

.
(i) In the case of (N̄, α+c1), the derivatives at the infinite point are denoted as

lim
x→+∞

dSN̄,+1

dx
= lim

θ→+0

(N̄θ)2

sin2 N̄θ
sin2 θ

θ2 = 1. (2.4.93)

Thus, the Floquet multiplier χ for (K, α) = (N̄, α+c1), N̄ ∈ N\{1} is unity.
(ii) In the case of (N̄, α−c1), consider the map S̃K,α. The point z = 0 is the fixed

point of S̃K,α. Then the derivatives at the fixed point are denoted as

lim
x→±∞

=
dSK,−1

dx
= − lim

θ→±0

K2θ2

sin2(Kθ)
sin2 θ

θ2 = −1. (2.4.94)

Thus, at (K, α) = (N̄, α−c1), N̄ ∈ N\{1}, it holds that χ = −1.
(iii) In the case of (2N + 1, α+c2), the original point is the fixed point. Then, the
derivative at the original point is denoted as

dSK,+ 1
K2

dx
(0) =

sin2( π2 )
sin2 {

(2N + 1) π2
} = 1. (2.4.95)

Thus, at (K, α) = (2N + 1, α+c2), it holds that χ = 1.
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(iv) In the case of (2N + 1, α−c2), the original point is the fixed point. Then, the
derivative at the original point is denoted as

dSK,− 1
K2

dx
(0) = −

sin2( π2 )
sin2 {

(2N + 1) π2
} = −1. (2.4.96)

Thus, at (K, α) = (2N + 1, α−c2), it holds that χ = −1.
By considering (i), (ii), (iii) and (iv), it is clear that in the case of (K, α) =

(N̄, α+c1) and (2N + 1, α+c2), N̄ ∈ N\{1},N ∈ N, Type 1 intermittency occurs and
that in the case of (K, α) = (N̄, α−c1) and (2N +1, α−c2), N̄ ∈ N\{1},N ∈ N, Type 3
intermittency occurs. Therefore, according to the above results and the Theorem
2.3.3, it has been proven that for a countably infinite number of exact maps, the
universal scaling behavior (2.3.1) holds where Type 1 and Type 3 intermittency
occur. In the Appendix B, the Floquet multipliers corresponding to K = 3,4 and
5 are illustrated.

2.4.4 In the case of K = 3,4 and 5
This subsection provides examples corresponding to K = 3,4, and 5. The

solutions of (2.3.16), which satisfy 0 < γK,α < ∞, are uniquely determined as
follows.

γ3,α =

√
9α − 1
3 − 3α

,

γ4,α =

√
6α − 1 +

√
32α2 − 8α + 1

2(1 − α) ,

γ5,α =

√
−5(1 − 5α) +

√
20(25α2 − 6α + 1)

5(1 − α)

(2.4.97)

for α > 0. In the following discussion, it is assumed that α > 0. If one consider
the case of α < 0, by replacing α for −α, one obtains the corresponding solutions.
The above discussion indicates that Type 1 intermittency occurs in the case of
K = 3,4, and 5 for α > 0 (for α < 0, Type 3 intermittency occurs) . The Lyapunov
exponents in the case of K = 3,4, and 5 are given as follows.

λ3,α = log

������ 1α
(
3(1 − α)

8

)2
[
1 +

√
9α − 1
3 − 3α

]4
������ ,

λ4,α = log

����� α(1 + γ4,α)6

γ2
4,α(1 + γ2

4,α)2

����� ,
λ5,α = log

����� 25
256α

(1 − α)4

(
√

125α2 − 30α + 5 + 11α − 1)2
|1 + γ5,α |8

����� .
(2.4.98)
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(c) K = 5

Figure 2.8: Relations between the Lyapunov exponents of the SGB transformations and α for
K = 3,4, and 5. Circles and triangles represent the numerical results for α < 1 and α > 1,
respectively. Solid and broken lines represent the analytical results for α < 1 and α > 1,
respectively. The initial point is x0 = 5

√
7. The number of iterative steps is 1 × 105 for α < 1 and

200 for α > 1. The vertical line corresponds to α = 1
9 ,

1
25 , respectively.
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Figure 2.9: Scaling behavior of the Lyapunov exponents of the SGB transformation in the case
of K = 3,4, and 5. Circles represent the numerically simulated values and broken lines represent
the order. The initial point is x0 = 5

√
7. The number of iterative computations is 2 × 105.

Figures 2.8a, 2.8b, and 2.8c show the Lyapunov exponents against α in the
case of K = 3,4, and 5, respectively. The numerical simulations are seen to be
exactly consistent with the obtained analytical formulae except for the vicinities

of α+ci for i = 1,2,3. Because it holds that, at the critical points
∂λK,α

∂α
= ±∞,

the parameter dependence of the Lyapunov exponent is observed to diverge at the
critical points. This means that obtaining the true value of the Lyapunov exponent
by numerical simulation would be computationally difficult. Figure 2.9 shows the
scaling behavior of the Lyapunov exponent. These results show that ν2 =

1
2

and
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ν3 =
1
2

in the case of K = 3,4, and 5.

2.4.5 Infinite ergodicity for α = 1,−1
Theorem 2.4.2. The SGB transformations preserve the Lebesgue measure for
α = 1 or −1.

Proof. The goal is to prove that ���S−1
K,±1I

��� = |I | (2.4.99)

for any interval I according to [79] where |·| denotes the length of a interval. It
is sufficient to verify this for intervals of I = (0, η), η > 0 and I = (η,0), η < 0
according to [79].

(I) In the case of α = 1
(In the following, (2.4.99) is proved for η > 0; the proof for η < 0 is similar.)

The map SK,1 increases monotonically. We have that

xn+1 = SK,1xn (2.4.100)

and for xn+1 = 0, xn = cot θn, θn ∈ [0, π] satisfies the following relation:

Kθn =
π

2
+ nπ,n ∈ Z

θn =
π

2K
+

n
K
π,

0 ≤ π
2K +

n
K π ≤ π.

(2.4.101)

The range of possible values for n is n = 0,1,2, · · · ,K − 1. Then for xn such that
xn+1 = 0, it follows that

xn = cot
( π
2K
+

n
K
π
)
,n = 0,1,2, · · · ,K − 1. (2.4.102)

For xn such that xn+1 = K cot(Kθn) = η, it follows that

Kθn = cot−1 ( η
K

)
+ mπ

θn = 1
K cot−1 ( η

K

)
+ m

K π,

0 ≤ 1
K cot−1 ( η

K

)
+ m

K π ≤ π.

(2.4.103)

Here, since
0 < cot−1

( η
K

)
<
π

2
, (2.4.104)

the range of possible values for m is given by

− 1
2
< −1

π
cot−1

( η
K

)
≤ m ≤ K − 1

π
cot−1

( η
K

)
< K, (2.4.105)
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that is m = 0,1,2, · · · ,K − 1. Then θn is given by

θn =
1
K

cot−1
( η
K

)
+

m
K
π,m = 0,1,2, · · · ,K − 1 (2.4.106)

where η = K cot(Kθn). Because the cot function decreases monotonically for
θ ∈ [0, π], the interval that is mapped from (0, η) by S−1

K,1 is

K−1⋃
m=0

(
cot

( π
2K
+

m
K
π
)
,cot

{
1
K

cot−1
( η
K

)
+

m
K
π

})
. (2.4.107)

Then we have that���S−1
K,1(0, η)

��� = K−1∑
m=0

[
cot

{
1
K

cot−1
( η
K

)
+

m
K
π

}
− cot

( π
2K
+

m
K
π
)]
. (2.4.108)

In the following discussion, we consider
∑K−1

m=0 cot
(
π

2K +
m
K π

)
.

(i) Case K = 2N For
∑K−1

m=0 cot
(
π

2K +
m
K π

)
, Adding the terms corresponding to

m = 0 and m = K − 1, we obtain

cot
( π
2K

)
+ cot

(
π

2K
+

K − 1
K

π

)
= cot

( π
2K

)
+ cot

(
π − π

2K

)
= 0. (2.4.109)

Adding the terms corresponding to m = l and m = K − 1 − l, l = 0, · · · , K
2 − 1, we

obtain
cot

(
(2l + 1)π

2K

)
+ cot

(
π − (2l + 1)π

2K

)
= 0. (2.4.110)

Thus, for K = 2N , the following relation holds:

K−1∑
m=0

cot
( π
2K
+

m
K
π
)
= 0. (2.4.111)

(ii)Case K = 2N + 1. We have

K−1∑
m=0

cot
( π
2K
+

m
K
π
)
=

K−3
2∑

m=0
cot

( π
2K
+

m
K
π
)
+ cot

(
K − 1 + 1

2K
π

)
+

K−1∑
m=K+1

2

cot
( π
2K
+

m
K
π
)

=

K−3
2∑

m=0
cot

( π
2K
+

m
K
π
)
+

K−1∑
m=K+1

2

cot
( π
2K
+

m
K
π
)
.

(2.4.112)
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Much as in (i), because the term corresponding to m = l negates the term corre-
sponding to m = K − 1 − l, l = 0, · · · , K−3

2 , it follows that

K−1∑
m=0

cot
( π
2K
+

m
K
π
)
= 0. (2.4.113)

Thus, we have that ���S−1
K,1(0, η)

��� = K−1∑
m=0

cot
{

1
K

cot−1
( η
K

)
+

m
K
π

}
. (2.4.114)

In the following discussion, we calculate (2.4.114). Let the K roots xn where
η = SK,1xn be denoted ξi, i = 0, · · · ,K − 1. Because the map SK,1(x) corresponds
to the K-angle formula of the cot function, η is given by

η = xn+1 = SK,1(xn) = K
xK

n + (K − 2th and following terms)
K xK−1

n + (K − 3th and following terms)
(2.4.115)

where xn+1 = η. Then it follows that

xK
n − ηxK−1

n + (K − 2th and following terms) = 0 (2.4.116)

Because by definition ξi is a root of the above Kth-degree equation, it follows that
(xn − ξ0)(xn − ξ1) · · · (xn − ξK−1) = 0. According to the relation between the roots
and coefficients of a Kth-degree equation, we have that

η =

K−1∑
m=0

ξm =

K−1∑
m=0

cot
{

1
K

cot−1
( η
K

)
+

m
K
π

}
. (2.4.117)

Therefore, because ���S−1
K,1(0, η)

��� = η, (2.4.118)

(2.4.99) holds.
(II) In the case of α = −1
Consider the case η > 0 as in (I). Because the map SK,−1 decreases monotoni-

cally, ���S−1
K,1(0, η)

��� = K−1∑
m=0

[
cot

( π
2K
+

m
K
π
)
− cot

{
1
K

cot−1
(−η

K

)
+

m
K
π

}]
= −

K−1∑
m=0

cot
{

1
K

cot−1
(−η

K

)
+

m
K
π

}
.

(2.4.119)
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For the map SK,−1, the following relation holds:

η = −K xKn +(K − 2th and following terms)
K xK−1

n +(K − 3th and following terms)
xK

n + ηxK−1
n + (K − 2th and following terms) = 0.

(2.4.120)

According to the relation between the roots and coefficients of a Kth-degree
equation,

−η =
K−1∑
m=0

ξm =

K−1∑
m=0

cot
{

1
K

cot−1
(−η

K

)
+

m
K
π

}
∴ −

K−1∑
m=0

cot
{

1
K

cot−1
(−η

K

)
+

m
K
π

}
= η

(2.4.121)
Therefore, it follows that���S−1

K,1(0, η)
��� = −

K−1∑
m=0

cot
{

1
K

cot−1
(−η

K

)
+

m
K
π

}
= η (2.4.122)

and (2.4.99) holds. □

For α = ±1, the SGB transformations preserve the Lebesgue measure, so the
measure for the whole set cannot be normalized to unity. Then we define the
ergodicity for the system with infinite measure as follows (according to Definition
1.4.11):

Definition 1.4.11 (ergodicity [47]). Let (X,A , µ) be a measure space. S : X → X
is a measurable transformation on the measure space (X,A , µ). The transforma-
tion S is called ergodic if every invariant set A ∈ A is such that either µ(A) = 0
or µ(X\A) = 0.

Theorem 2.3.3. The SGB transformation is ergodic for α = 1 or −1.

Proof. For the map SK,±1 substituting cot(πθn) into xn ∈ R\B, one has the map
S̄K,±1 : X def

= 1
πarccot(R\B) → X such that

θn+1 = S̄K,±1(θn) =
1
π

cot−1 {±K cot(πKθn)} (2.3.123)

where X ⊂ (0,1). The map S̄K,±1 is topologically conjugate to the map SK,±1, so
that the ergodic properties of S̄K,±1 are same as those of SK,±1. In terms of absolute
value of the derivative of S̄K,±1, it holds that���S̄′K,±1(θ)

��� = K2 {
1 + cot2(πKθ)

}
K2 cot2(πKθ) + 1

> 1,∀θ ∈ X . (2.3.124)
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Take the contraposition for Definition 1.4.11 and we will show that

for any A s.t. µ(A) , 0, and µ(Ac) , 0 ⇒ A is not invariant. (2.3.125)

In a way similar to the proof of the exactness in SGB transformations, we define
the intervals

{
I j,n

}
for which the following holds:

I j,n
def
=

(
η j,n, η j+1,n

)
, η j,n < η j+1,n,0 ≤ j ≤ Kn − 1,

η0,n = 0 and ηKn,n = 1,
S̄n

K,α(I j,n) = X .
(2.3.126)

Figure 2.10 illustrates the case of {I j,1}0≤ j≤4 when (K, α) = (5,1).
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n
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1

θ
n

Figure 2.10: Solid lines correspond to the transformation S̄5,1 which is topologically conjugate
to the super-generalized Boole transformation S5,1. Dashed line corresponds to θn+1 = θn.

Since the absolute value of the derivative S̄′K,±1 is larger than unity, the length
of the interval I j,n becomes infinitesimal as n → ∞. Then, for any set A such that
µ(A) , 0, it follows that

∃p,q s.t.Ip,q ⊂ A. (2.3.127)
From the definition of Ip,q, it follows that

S̄q
K,±1Ip,q = X,
∴ S̄q

K,±1 A = X . (2.3.128)

Next, for any set A such that µ(Ac) , 0, it follows that

A , X . (2.3.129)
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Then, for any A such that µ(A) , 0 and µ(Ac) , 0, it follows that
∃q ∈ N s.t. S̄q

K,±1 A = X and A , X . (2.3.130)

This means that the set A is not invariant. Therefore, Theorem 2.3.3 holds. □

2.4 Further Extension of Super Generalized Boole
transformations

Referring to [36], let us define a new map UK,α,β which is extended from the
super-generalized Boole transformations as follows:

xn+1 = UK,α,β(xn)
def
=

��αKFK(|x |βsgn(x))
�� 1
β sgn

{
FK(|x |βsgn(x))

}
(2.4.1)

First, let us show that the map UK,α,β is a K-to-one map. Consider points
x j, j = 1, · · · ,K on R as follows:

x j =

���cot
(
θ + j

π

K

)��� 1
β sgn

(
cot

(
θ + j

π

K

))
, j = 1, · · · ,K . (2.4.2)

Then, |x j |β and |x j |βsgn(x) can be written as

|x j |β =

{
cot

(
θ + j πK

)
, cot

(
θ + j πK

)
≥ 0,

− cot
(
θ + j πK

)
, cot

(
θ + j πK

)
< 0,

|x j |βsgn(x j) = cot
(
θ + j πK

)
.

(2.4.3)

By transfer x j by UK,α,β, we obtain following equation.

UK,α,β(x j) = |αK cot(Kθ)|
1
β sgn {cot(Kθ)} . (2.4.4)

Then, define y = |αK cot(Kθ)|
1
β sgn {cot(Kθ)} and we see that there exist K pieces

x j, j = 1, · · · ,K which satisfy the relation y = UK,α,β(x j).

2.4.1 Invariant density of UK,α,β

First, assume that the variable xn has the following density function:

ρn(x) =
1
π

γ |x |β−1

|x |2β + γ2 . (2.4.5)

From the above discussion, we know that the map UK,α,β is a K-to-one map.
Then, solve the Perron-Frobenius equation that is equivalent to the probability
preservation relation:

ρn+1(y)|dy | = ρn(x1)|dx |x=x1 + · · · + ρn(xK)|dx |x=xK . (2.4.6)
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Here, ����dydx

����
x=xj

= K |αK |
1
β
|cot(Kθ)|

1
β−1 sin2 (

θ + j πK
)��cot

(
θ + j πK

) �� 1
β−1 sin2(Kθ)

,

= K |αK |
1
β

|cot(Kθ)|
1
β−1

(
1 + |y |2β

|αK |2
)

��cot
(
θ + j πK

) �� 1
β−1 (

1 + |x j |2β
)

(2.4.7)

Then, ρn+1(y) can be expressed as

ρn+1(y) =
K∑

j=1
ρn(x j)

����dx
dy

����
x=xj

=
1

K |αK |
1
β |cot(Kθ)|

1
β−1

(
1 + |y |2β

|αK |2
) K∑

j=1
ρn(x j)

���cot
(
θ + j

π

K

)��� 1−β
β

(
1 + |x j |2β

)
,

(2.4.8)

Here, according to [86],
K∑

j=1
ρn(x j)

���cot
(
θ + j

π

K

)��� 1−β
β

(
1 + |x j |2β

)
can be rewritten

as
K∑

j=1
ρn(x j)

���cot
(
θ + j

π

K

)��� 1−β
β

(
1 + |x j |2β

)
=

β

π

K∑
j=1

γ

1 + (γ2 − 1) sin2 (
θ + j πK

)
=

β

π

KGK(γ)
(
1 + cot2(Kθ)

)
G2

K(γ) + cot2(Kθ)
,

(2.4.9)
where GK is the K-angle formula of the coth function. Then, it holds that

ρn+1(y) =
β

π

|αK |GK(γ)|y |β−1

|αK |2G2
K(γ) + |y |2β

. (2.4.10)

Thus, by the Perron-Frobenius operator, the form of density function does not
change but the parameter is changed to

γ 7→ |α |KGK(γ). (2.4.11)

Therefore, if the density function (2.4.5) is an invariant density, it is necessary that

γ = |α |KGK(γ). (2.4.12)

Equation (2.4.12) does not depend on β so we can apply the same discussion given
in Section 2.3.1. In conclusion, if (K, α) are in Range A, then the density (2.4.5)
is an invariant density, and Eq. (2.4.12) has a unique solution.
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2.4.2 Exactness for map UK,α,β

From the conclusion, regardless of β, we can apply the proof in [50]. First, put
xn = | cot(πθn)|

1
β sgn (cot(πθn)). Then, it follows that

|cot (πθn+1)|
1
β sgn {cot (πθn+1)} = |αK cot (πKθn)|

1
β sgn {cot(πKθn)} (2.4.13)

Because the signs on both sides are the same, it follows that sgn {cot(πθn+1)} =
sgn {cot(Kθn)}. Since αK > 0, we have the following equation

θn+1 =
1
π

cot−1 {αK cot(Kθn)} , (2.4.14)

which is proven to be exact in Section 2.3.2 if (K, α) are in Range A. Therefore,
we see that the map UK,α,β is exact, if (K, α) are in Range A. Then, since ρ(x) =
O

(
1

|x |1+β
)
, |x | → ∞ when the (K, α) are in Range A, the initial density function

converges to the stable distribution with characteristic exponent [90] 0 < β < 2.

2.4.3 The relation betwenn γ and (K, α, β) in map UK,α,β

From above discussion, the behavior of γ as γ → ∞ or γ → +0 is the same as
that in the SGB transformation. Then

• for any K ∈ N\1,
1
γK,α

= O
(√

1 − |α |
)

in the limit of |α | → 1 − 0,

• in the case of K = 2N , γ2N,α ∼
√
|α | in the limit of |α | → 0 and

• in the case of K = 2N + 1, γ = O
(√

|α | − 1
(2N+1)2

)
in the limit of |α | →

1
(2N+1)2 + 0.

2.4.4 Critical exponent of Lyapunov exponent in map UK,α,β

In terms of the scaling behavior of the Lyapunov exponentsλ ∼ C |α − α±ci |νi ,C >
0, i = 1,2,3, for ESGB transformations, the following theorem holds.

Theorem 2.4.1. Suppose that the parameters (K, α) are in Range A.

• For any K ∈ N\{1}, it holds that ν1 =
1
2 as |α | → 1 − 0.

• For K = 2N + 1, it holds that ν2 =
1
2 as |α | → 1

K2 + 0.

• For K = 2N , it holds that ν3 =
1
2 as |α | → 0.
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Proof. Put x = | cot θ |
1
β sgn {cot θ} and it holds that

dx
dθ
= − | cot θ |

1
β−1

β sin2 θ
,

dU
dθ

= −K |αK |
1
β

β

| cot(Kθ)|
1
β−1

sin2(Kθ)
,

∴
dU
dx

=
dU
dθ

dθ
dx

= K |αK |
1
β

sin2 θ

sin2(Kθ)

����cot(Kθ)
cot θ

���� 1
β−1

.

(2.4.15)

Then, the Lyapunov exponent is calculated as

λ =
1
π

∫ π

0
dθ log

�����K |αK |
1
β

sin2 θ

sin2(Kθ)

����cot(Kθ)
cot θ

���� 1
β−1

����� · γ | cot θ |
β−1
β

cot2 θ + γ2 . (2.4.16)

When the invariant density is uniform, the Lyapunov exponent takes the maximum

value and is finite. In the following discussion, put A = K1+ 1
β sin2 θ

sin2(Kθ)

��� cot(Kθ)
cot θ

��� 1
β−1

for simplicity (A does not depend on γ or α) and define ϕ1 and ϕ2 as follows:

ϕ1(θ, γ, β) = log | |α |
1
β A|γ | cot θ |

β−1
β

cot2 θ + γ2 ,

ϕ2(θ, z, β) = log
���|α | 1

β A
��� 1
γ | cot θ |

β−1
β

1
γ2 cot2 θ + 1

= log
���|α | 1

β A
��� z | cot θ |

β−1
β

z2 cot2 θ + 1
.

(2.4.17)

where z def
= 1

γ .
(i) In the limit of |α | → 1 − 0(γK,α → ∞), consider the partial derivative of

ϕ2 with respect to z (fixing θ and β, which do not depend γ, and considering the
interval (an,an+1] as in Section 2.3.3, in order not to make ϕ2 diverge):

∂ϕ2
∂z
=

1
|α |β

z | cot |
β−1
β

z2 cot2 θ + 1
∂ |α |
∂z
+ log

���|α | 1
β A

��� | cot θ |
β−1
β (1 − z2 cot2 θ)

(z2 cot2 θ + 1)2
. (2.4.18)

Since, in the case of K = 2N , we have that |α | ∼ 1 − 4N2−1
3 z2, and in the case of

K = 2N + 1, we have that |α | ∼ 1 − 4N(N+1)
3 z2, we see that in both cases ∂ϕ2

∂z does
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not diverge in the limit of α → 1− 0(γ → +∞). Then, in a way similar to Section
2.3.3, it follows that

|λK,α,β | < ∞,

λK,α,β =
z
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ2
∂z

(θ,0, β) +O(z)
]
.

(2.4.19)

Since λK,α,β and z are finite,
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ2
∂z

(θ,0, β) +O(z)
]

is also finite.

Moreover, ∂ϕ2
∂z (θ,0, β) does not depend on z. Therefore, in the limit of z →

+0(γK,α → ∞, |α | → 1 − 0), it follows that

λK,α,β = O(z) = O
(√

1 − |α |
)
. (2.4.20)

(ii) In the case of K = 2N in the limit of |α | → +0(γ2N,α → ∞), we have that
γ2N,α ∼

√
|α |. Consider the partial derivative of ϕ1 with respect to γ:

∂ϕ1
∂γ
=

1
|α |β

γ |cot θ |
β−1
β

cot2 θ + γ2
∂ |α |
∂γ
+ log

���|α | 1
β A

��� |cot θ |
β−1
β (cot2 θ − γ2)

(cot2 θ + γ2)2
. (2.4.21)

Then, ∂ϕ1
∂γ does not diverge. It holds that

|λ2N,α,β | < ∞,

λ2N,α,β =
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γ2N,α

(θ,0, β)γ2N,α +O(γ2
2N,α)

]
.

(2.4.22)

Now, one has that

∂ϕ1
∂γ2N,α

(θ,0, β) = 1
β
γ2N,α log |α | | cot θ |

β−1
β

cot2 θ
+ γ2N,α log |A| | cot θ |

β−1
β

cot2 θ
(2.4.23)

According to Section 2.3.3, the following relations hold in the limit of |α | → +0:

γ2N,α log |α | | cot θ |
β−1
β

cot2 θ = O
(√

|α |
)
,

γ2N,α log |A| | cot θ |
β−1
β

cot2 θ = O
(√

|α |
)
.

(2.4.24)

Therefore, in the limit of |α | → +0, it follows that

λK,α,β =
1
π

K−1∑
n=0

∫ an+1

an
dθO

(√
|α |

)
= O

(√
|α |

)
. (2.4.25)
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(iii) In the case of K = 2N + 1 in the limit of |α | → +0(γ2N,α → ∞), we
have that γ2N+1,α = O

(√
|α | − 1

(2N+1)2
)
. Then, ∂ϕ1

∂γ does not diverge. Therefore,
according to Section 2.3.3, it follows that

|λ2N+1,α,β | < ∞,

λ2N+1,α,β =
γ2N+1,α

π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γ

(θ,0, β) +O(γ)
]
.

(2.4.26)

Since λ2N+1,α,β and γ2N+1,α are finite,
1
π

K−1∑
n=0

∫ an+1

an
dθ

[
∂ϕ1
∂γ

(θ,0, β) +O(γ)
]

is also

finite. Moreover, ∂ϕ1
∂γ (θ,0, β) does not depend on γ2N+1,α. Therefore, in the limit

of γ2N+1,α → +0 (|α | → 1
(2N+1)2 + 0) it follows that

λ2N+1,α,β = O(γ2N+1,α) = O

(√
|α | − 1

(2N + 1)2

)
. (2.4.27)

From equations (2.4.20), (2.4.25) and (2.4.27), we see that for the ESGB transfor-
mation

• the critical exponent of the Lyapunov exponent ν1 is 1
2 in the limit of |α | →

1 − 0 for any K ,

• ν2 =
1
2 in the limit of |α | → 1

K2 + 0 for K = 2N + 1, and

• ν3 =
1
2 in the limit of |α | → +0 for K = 2N .

□

2.5 Conclusion
In terms of generalized Boole transformation, we obtain the analytic formula

of Lyapunov exponents for the generalized Boole transformations for the full range
of parameters and prove the mixing of the map for 0 < α < 1. We also obtain
the KS-entropy by using Pesin’s formula. As a result, we can explicitly modulate
Lyapunov exponent λ in the range of λ ≥ 0 by changing parameter α > 0. In
addition, the absolute values of the derivative dλ/dα at α = 0 to α = 1 − 0 are
proven to be infinite. Then, it is analytically shown to be extremely difficult to
distinguish values of Lyapunov exponent near α = 0 or α = 1 because of such
strong parameter dependency. The scaling behavior of our analytic Lyapunov
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exponents of the generalized Boole transformations is found to be consistent with
Pomeau and Manneville’s numerical results about intermittency of Type 1 and
Type 3. In addition, the critical exponent near α → 1 + 0 gives a new view of
intermittency.

In terms of super generalized Boole transformations, this work is the first ex-
ample in which the conjecture by Pomeau and Manneville expressed in (2.3.1)
is analytically proven to be true for a countably infinite number of maps (the
proposed super generalized Boole transformations). This research presented the
theoretical picture of the stable-unstable transition for intermittent maps. In the
course of providing the proof, we showed that the super generalized Boole (SGB)
transformations preserve the unique Cauchy distribution, and also proved that
SGB transformations are exact and that any initial density function converges to
the invariant Cauchy distribution when the parameters (K, α) are in Range A. By
applying the property of exactness, it becomes possible to obtain the analytical
formulae of the Lyapunov exponents for the SGB transformations. In these trans-
formations, the Lyapunov exponents λK,α are equivalent to the Kolmogorov-Sinai
entropy as applied to Pesin’s theorem. Using the analytical formulae of the Lya-

punov exponents, we confirmed that for K = 3,4, and 5, the derivative
∂λK,α

∂α

diverges at the critical points and we obtained ν1 = ν2 = ν3 =
1
2

for K = 3,4,
and 5. We also proved the critical exponents for a countably infinite number of
maps. Thus, we proved the universality of the route to chaos for a large class of
chaotic systems. Besides, we also proved that the SGB transformations preserve
the Lebesgue measure at α = ±1 for any K and that the SGB transformations are
ergodic in the condition.

In terms of futher extension of super generalized Boole transformations (ESGB),
we succeeded in extending the class of invariant density functions from the Cauchy
distribution. In ESGB, we also proved that ESGB are exact when the parameter
(K, α) are in Range A regardless of β. From exactness, we obtained the critical
exponent of the Lyapunov exponent as ν1 = ν2 = ν3 =

1
2 , which demonstrate the

estimation by Pomeau and Manneville for countably infinite maps whose invariant
density belongs not only the Cauchy class but also more wider class. This means
that the universality of the critical exponent δ = 1

2 can be applied to the wider class.
This result broadened the horizons of study with route to chaos. As the future
work, it is expected that the any power exponent for mean square displacement is
obtained for ESGB.

In future, we plan to clarify the scaling relation between the critical exponent ν
and the other critical exponents. Then, we expect that our analytic analysis can be
useful for investigating physically chaotic systems further and this would enable
us to obtain a new perspective of chaos in physics.
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Chapter 3

The Arrow of Time

This chapter is according to [51].

3.1 Introduction
The problem of the arrow of time is known to be a controversial issue that a uni-

directional time evolution occurs in a macroscopic scale although a microscopic
system obeys an equation with time-reversal symmetry. In discussion about time
irreversibility, it is important to specify time scales and which quantity evolves
irreversibly. In the 19’th century, Boltzmann clarified irreversible behavior of an
H-function by assuming the molecular chaos hypothesis [7, 91]. On Boltzmann’s
H-theorem, Loschmidt [8] claimed in a system with time-reversal symmetry, that
the time derivative of the entropy would be negative in a backward motion. In
addition, Zermelo [9] asserted that the value of the entropy would return to the
initial value by quoting Poincaré’s Recurrence Theorem. Kac showed how the
irreversible behavior occurs in the Ehrenfest model when the initial condition is far
from the equilibrium state using the mean recurrence time [92, 93]. In the Ehrenfest
model, the state of the system evolves stochastically. In 1970’s, for nonequilibrium
systems in stationary and chaotic states, the idea of the SRB distribution was
proposed by Sinai, Ruelle and Bowen using mixing Anosov diffeomorphisms, in
which it was proved that there is a unique ergodic distribution [6, 22, 91]. If one
proves that a dynamical system has a SRB measure, then it is guaranteed that
initial density functions converge to the SRB density function (unique ergodic
density function)[6, 94] in the sense of mixing. Using the property of the Anosov
diffeomorphisms and SRB measure, one obtains the positive Kolmogorov-Sinai
(KS) entropy hKS. It is known that for Anosov systems, by coarse-graining,
Boltzmann entropy can be denoted as a linear function in terms of time whose
slope is represented by the Kolmogorov-Sinai entropy for certain time range by
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assuming appropriate conditions [29, 95, 96].

As an example of physical model having a SRB measure (a mixing invariant
density function), Sinai [24, 27] proved the hyperbolicity, mixing property and
ergodicity of dynamical systems with scatterers (Sinai billiards)[25]. Bunimovich
[26, 27] also proved these properties in a stadium (Bunimovich stadium). As
another example, the Lorentz gas is known where a periodic continuation of Sinai
billiards’ boundary is applied without any walls [28].

The Sinai billiards, Lorentz gas and Bunimovich stadium are known as famous
chaotic and mixing dynamical models which have scatterers or walls. In these
models, the properties of the dynamical systems such as mixing are caused by the
existence of obstacles, scatterers, their shape and their position. Then, how about
dynamical systems without obstacles, scatterers or walls? For symplectic maps,
the Sawtooth map [29, 30], Arnold’s cat map [31] and multi Baker’s map [32]
have been known as mixing symplectic maps without scatterers. However, their
Jacobians are constant for any points and the maps are too ideal compared with
the tangent map [97] and the standard map [29, 98, 99, 100].

In this thesis, a “macroscopic uni-direction” is defined by the convergence
of initial density functions to an equilibrium distribution and the positivity of
entropy rate in the time scale of relaxation. From the previous chapter, in the
generalized Boole transformations, super generalized Boole transformations and
extended super generalized Boole transformations where exactness is hold, it
is proven that the initial density function converges to the equilibrium density
function (the Cauchy distribution) so that one can observe the “macroscopic uni-
direction". However, these three maps do not have time-reversal symmetry. In
this chapter we propose a symplectic map with time-reversal symmetry derived
from a Hamiltonian without scatterers or walls. In our model, we prove for certain
parameter ranges that any initial density function defined except for a zero volume
set relaxes uniquely to the uniform distribution, that the system is mixing using
only information about the microscopic dynamical system [6] and that KS entropy
is positive. In proving the above property, we show that the maps are Anosov
diffeomorphisms. We also prove that perfectly chaotic superdiffusion occurs for
the parameter ranges, which means that for almost all initial points superdiffusion
occurs. This does not occur in the other maps discussed above. That is, in
our model, we discover that there is a mathematical structure that connects an
Anosov diffeomorphism (convergence of initial density functions to the uniform
distribution and positivity of entropy rate) with perfectly chaotic superdiffusion.
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3.2 Mechanics
Let us introduce our Hamiltonian

H(p1, p2,q1,q2)
def
=

p2
1

2
+

p2
2

2
+ V(q1,q2), (3.2.1)

V(q1,q2)
def
= −ε

π
log |cos {π(q1 − q2)}| . (3.2.2)

where ε ∈ R is a perturbation parameter, p1, p2 ∈ R and q1,q2 ∈ IδN ,∆τ

def
=(

−1
2 +

δN ,∆τ

π , 1
2 − δN ,∆τ

π

]
. On IδN ,∆τ , we identify −1

2 +
δN ,∆τ

π with 1
2 − δN ,∆τ

π . We
choose δN,∆τ > 0 such as

|2
(
1 − 2δN ,∆τ

π

)
− 2ε(∆τ)2

[
tan

(
π
2 − δN,∆τ

)
− tan

(
− π

2 + δN,∆τ
) ]

|(
1 − 2δN ,∆τ

π

) = N ∈ N.

(3.2.3)
Figures 3.1 and 3.2 show the shape of the potential V(q1,q2) when δN,∆τ is small
enough at ε = 2.0,−2.0, respectively. Then we consider the following map Tε,∆τ
that is obtained by the leap frog method (second order time reversal symmet-
ric symplectic integrator) for the canonical equations of motion associated with
(3.2.1).

Tε,∆τ : (R2 × I2
δN ,∆τ

)\Γ → (R2 × I2
δN ,∆τ

)\Γ, (3.2.4)

©­­­«
p1(n + 1)
p2(n + 1)
q1(n + 1)
q2(n + 1)

ª®®®¬ =
©­­­­«

p1(n) − ε∆τ tan
[
π

{
q1(n) + ∆τ2 p1(n) − q2(n) − ∆τ2 p2(n)

}]
p2(n) + ε∆τ tan

[
π

{
q1(n) + ∆τ2 p1(n) − q2(n) − ∆τ2 p2(n)

}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
q1(n) + ∆τ2 p1(n) − q2(n) − ∆τ2 p2(n)

}]
mod IδN ,∆τ

q2(n) + p2(n)∆τ + ε(∆τ)2
2 tan

[
π

{
q1(n) + ∆τ2 p1(n) − q2(n) − ∆τ2 p2(n)

}]
mod IδN ,∆τ

ª®®®®¬
,

(3.2.5)
where ∆τ represents a step size. The definition of Γ is a set {(p1, p2,q1,q2)} such
that there exists an integer n such that Tn

ε,∆τ
(p1, p2,q1,q2) = (p′1, p′2,q′1,q′2), where

q′1 + (∆τ/2)p′1 − q′2 − (∆τ/2)p′2 = (2m + 1)/2,m ∈ Z. It then turns out that the
Lebesgue measure of Γ is zero. The definition of “ mod IδN ,∆τ” is as follows.

Definition 3.2.1 (mod IδN ,∆τ ). Define an operation mod IδN ,∆τ : R→ IδN ,∆τ to be

x mod IδN ,∆τ

def
= x − n

(
1 − 2

π
δN,∆τ

)
, (3.2.6)

where − 1
2
+
δN,∆τ

π
+ n

(
1 − 2

π
δN,∆τ

)
< x ≤ 1

2
− δN,∆τ

π
+ n

(
1 − 2

π
δN,∆τ

)
,n ∈ Z.
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Figure 3.1: Shape of the periodic potential V(q1,q2) for ε = 2.0 (repulsive force
occurs) .
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Figure 3.2: Shape of the periodic potential V(q1,q2) for ε = −2.0 (attractive force
occurs).
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3.3 Transformation-Other symplectic maps
In this section, other maps T̂ε,∆τ and T̃ε,∆τare derived from Tε,∆τ in order to

make the following proof simple. The flow is shown as follows.

Tε,∆τ // T̂ε,∆τ // T̃ε,∆τ

First, the map T̂ε,∆τ is introduced. In the map Tε,∆τ, one sees that there are two
relations with regard to conservative quantities such that

p1(n) + p2(n) = p1(n − 1) + p2(n − 1) = · · · = p1(0) + p2(0)
def
= C,

q1(n) + q2(n) = q0 + nC,
(3.3.1)

where q0
def
= q1(0)+ q2(0). Then one can delete p2 and q2 from (3.2.5) by applying

the above relations and can define the new map rewritten as following.

Definition 3.3.1 (T̂ε,∆τ). Define a symplectic map T̂ε,∆τ :
(
R × IδN ,∆τ

)
\Γ′ →(

R × IδN ,∆τ

)
\Γ′ to be(

p1(n + 1)
q1(n + 1)

)
=

©­«
p1(n) − ε(∆τ) tan

[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}]
mod IδN ,∆τ

ª®¬ .
(3.3.2)

where Γ′ represents a set {(p1(n),q1(n))} ⊂ (R × IδN ,∆τ ) such that there exists an
integer k which satisfies the condition that

T̂ k
ε,∆τ

(p1(n),q1(n)) = (p1(n + k),q1(n + k)),
where 2q1(n + k) + ∆τp1(n + k) − q0 − C∆τ

(
n + k + 1

2

)
= 2m+1

2 , m ∈ Z.
(3.3.3)

One can reconstruct the map Tε,∆τ using T̂ε,∆τ and the relations (3.3.1). By
introducing another symplectic map T̂ε,∆τ, one can decrease the number of freedom
from four to two.

In the following, manifolds M and M′ represent I2
δN ,∆τ

and
(
R × IδN ,∆τ

)
\Γ′,

respectively.
Second, the map T̃ε,∆τ is introduced from T̂ε,∆τ.

Definition 3.3.2 (T̃ε,∆τ). Define a symplectic map T̃ε,∆τ : M → M to be(
sn+1,
tn+1

)
=

(
g(tn)

h(sn, tn)

)
=

(
tn

2tn − sn + 2ε(∆τ)2 tan(πtn) mod IδN ,∆τ

)
.

(3.3.4)
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The symplectic map T̃ε,∆τ is topologically semi-conjugate with T̂ε,∆τ using a home-
omorphism H defined by(

sn
tn

)
= H

(
p1(n)
q1(n)

)
=

(
∆τp1(n) + 2q1(n) − q0 − C∆τ (n + 1/2) mod IδN ,∆τ

J(p1(n),q1(n)) − q0 − C∆τ (n + 3/2) mod IδN ,∆τ

)
(3.3.5)

where J(p1(n),q1(n))
def
= ∆τp1(n + 1) + 2q1(n + 1).

For the symplectic maps Tε,∆τ, T̂ε,∆τ and T̃ε,∆τ the following diagram commutes:(
R2 × I2

δN ,∆τ

)
\Γ

Tε,∆τ−−−−→
(
R2 × I2

δN ,∆τ

)
\Γ

(
R × IδN ,∆τ

)
\Γ′ T̂ε,∆τ−−−−→

(
R × IδN ,∆τ

)
\Γ′

H
y xH−1

I2
δN ,∆τ

T̃ε,∆τ−−−−→ I2
δN ,∆τ

3.4 Time-reversal symmetry
In this section, it is shown that the symplectic maps Tε,∆τ and T̂ε,∆τ have

time-reversal symmetry.

Definition 3.4.1. Let M be either R2 × I2
δN ,∆τ

or M′ and f : M → M be a map.
It is said that the map f has time-reversal symmetry when there exists an operator
R1 such that

R1 ◦ f = f −1 ◦ R1, (3.4.1)

where R1 satisfies R1(p, q) = (−p, q) [101].

When there is the operator R1, the form of f −1◦R1 is equivalent to that of R1◦ f ,
so that any orbit obtained by { f −n}n∈Z is also one obtained by {R1 ◦ f n ◦ R−1

1 }n∈Z.
For any point (p(n), q(n)), it holds that

R1◦Tε,∆τ
©­­­«

p1(n)
p2(n)
q1(n)
q2(n)

ª®®®¬ =
©­­­­­«

−p1(n) + ε∆τ tan
[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
−p2(n) − ε∆τ tan

[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
mod IδN ,∆τ

q2(n) + p2(n)∆τ + ε(∆τ)2
2 tan

[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
mod IδN ,∆τ

ª®®®®®¬
.

(3.4.2)
One can also have

T−1
ε,∆τ◦R1

©­­­«
p1(n)
p2(n)
q1(n)
q2(n)

ª®®®¬ =
©­­­­­«

−p1(n) + ε∆τ tan
[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
−p2(n) − ε∆τ tan

[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
mod IδN ,∆τ

q2(n) + p2(n)∆τ + ε(∆τ)2
2 tan

[
π

{
q1(n) − ∆τ2 p1(n) − q2(n) + ∆τ2 p2(n)

}]
mod IδN ,∆τ

ª®®®®®¬
.

(3.4.3)
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Therefore, it holds from Definition 3.4.1, (3.4.2) and (3.4.3), that the map Tε,∆τ
has time-reversal symmetry.
In the case of T̂ε,∆τ, the inverse T̂−1

ε,∆τ is defined by

T̂−1
ε,∆τ

(
p1(n + 1)
q1(n + 1)

)
=

©­«
p1(n + 1) + ε∆τ tan

[
π

{
2q1(n + 1) − ∆τp1(n + 1) − q0 −C∆τ

(
n + 1

2

)}]
,

q1(n + 1) − p1(n + 1)∆τ − ε(∆τ)2
2 tan

[
π

{
2q1(n + 1) − ∆τp1(n + 1) − q0 −C∆τ

(
n + 1

2

)}] ª®¬ .
(3.4.4)

Then, it holds that

R1◦T̂ε,∆τ

(
p1(n)
q1(n)

)
=

©­«
−p1(n) + ε(∆τ) tan

[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}] ª®¬ .
(3.4.5)

One can also have

T̂−1
ε,∆τ◦R1

(
p1(n)
q1(n)

)
=

©­«
−p1(n) + ε(∆τ) tan

[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}]
q1(n) + p1(n)∆τ − ε(∆τ)2

2 tan
[
π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}] ª®¬ .
(3.4.6)

Therefore, it holds from Definition 3.4.1, (3.4.5) and (3.4.6), that the map T̂ε,∆τ
has time-reversal symmetry.

3.5 Exactness and Time-reversal symmetry
In this section, we will prove that the exactness is not compatible with time-

reversal symmetry as follows. When a map S is exact, it holds that

lim
n→∞

µ(SA) = 1,∀A ∈ A , µ(A) > 0. (3.5.1)

If we assume the map S has time-reversal symmetry in addition to exactness, for
any set A ∈ A such that 0 < µ(A) < 1 it holds that

lim
n→∞

µ(Sn A) = lim
n→∞

µ(R−1 ◦ S−n ◦ RA). (3.5.2)

Since the value of measure is invariant if we apply the operator R or R−1, we have
that

lim
n→∞

µ(Sn A) = lim
n→∞

µ(S−n A). (3.5.3)

According to the property of measure preservation µ(S−1 A) = µ(A), it holds that
µ(S−n A) = µ(A),∀n ∈ N. Then it holds that

1 = lim
n→∞

µ(Sn A) = lim
n→∞

µ(S−n A) = µ(A) < 1. (3.5.4)

This is a contradiction. Therefore, exactness is not compatible with time-reversal
symmetry.
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3.6 Compatition with other maps
From the above discussion, one sees that the symplectic maps Tε,∆τ and T̂ε,∆τ

have time-reversal symmetry. That means if one chooses the one of two time
direction as “forward direction" when entropy increases in that direction, then the
entropy decreases in “inverse direction" . However, for systems with time-reversal
symmetry, this time evolution in “inverse direction" occurs as time evolution in
“forward direction" through the operator R1. Since these two maps are symplectic,
they conserve the Lebesgue measure. Table 3.1 shows whether systems satisfies
the conditions of paradoxes by Loschmidt and Zermelo.

The condition of paradox by Loschmidt is that the system has time-reversal
symmetry. In this thesis, a map T is called to have time-reversal symmetry when
the form of R1 ◦T is same as that of T−1 ◦ R1 by changing the sign of momentum.
Here, we distinguish “reversibility" and “time-reversal symmetry". As an example
which does not have time-reversal symmetry although it is reversible, the following
standard map [29, 98, 99, 100] can be illustrated as such an example.

Tstandard

(
pn
xn

)
=

(
pn − K sin xn

xn + pn+1

)
. (3.6.1)

The inverse map is such that

T−1
standard

(
pn+1
xn+1

)
=

(
pn+1 − K sin(xn+1 − pn+1)

xn+1 − pn+1

)
. (3.6.2)

Then, when one changes the variable such as p → −p, the form of R1 ◦ Tstandard
is not consistent with T−1

standard ◦ R1. Then, the standard map does not satisfy the
condition of Loschmidt (time-reversal symmetry).

In the case of tangent map [97], the time evolution is denoted as

Ttangent

(
pn
xn

)
=

(
pn + K xn

xn + c tan
{ 1

2 (pn + K xn)
} )

. (3.6.3)

The inverse map is such that

T−1
tangent

(
pn+1
xn+1

)
=

(
−K xn+1 + pn+1 + Kc tan

( pn+1
2

)
xn+1 − c tan

( pn+1
2

) )
. (3.6.4)

Then, the tangent map does not satisfy the condition of Loschmidt since R1◦Ttangent
is not consistent with T−1

tangent ◦ R1.
In the case of multi Baker’s map [32],

B(n, x, y) =
{ (

n − 1,2x, y2
)
, 0 ≤ x < 1

2,(
n + 1,2x − 1, y+1

2

)
, 1

2 < x < 1, (3.6.5)
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Table 3.1: Comparison among systems whether they satisfy the conditions of
Loschmidt and Zermelo.

Tε,∆τ , T̂ε,∆τ Hamiltonian systems standard map tangent map multi Baker’s map
Reversibility ◦ ◦ ◦ ◦ ◦
Loschmidt

(time-reversal symmetry
in the sense of ◦ (satisfied) ◦ × (not satisfied) × ×

R1 : (p, q) 7→ (−p, q))
Zermelo ◦ ◦ ◦ ◦ ◦

(measure preserving)

the inverse map is given by

B−1(n, x, y) =
{ (

n + 1, x
2 ,2y

)
, 0 ≤ y < 1

2,(
n − 1, x+1

2 ,2y − 1
)
, 1

2 < y < 1. (3.6.6)

Note that there is an involution R′ instead of R1 such that

R′(n, x, y) def
= (n,1 − y,1 − x), (3.6.7)

and it satisfies R′ ◦ B = B−1 ◦ R′. However, in multi baker’s map, one cannot
determine which variable has momentum dimension between x and y. That
means we cannot determine which represents moment among x and y. Then, we
can say that multi Baker’s map does not have a pair of momentum and position
(p,q) and this map does not express the equation of motion directly. Thus, in this
thesis, multi Baker’s map is not considered to have time-reversal symmetry in the
sense of Loschmidt (in the sense of changing the sign of the momentum p → −p).
Similarly, Arnold’s cat map and the tangent map [97] do not have time-reversal
symmetry although they are reversible. On the other hand, the map Tε,∆τ and T̂ε,∆τ
have time-reversal symmetry in terms of p1 → −p1, p2 → −p2. In the case of
generalized Boole transformation (GB transformation) or super generalized Boole
transformation (SGB transformation), the map is not injective, so that they are not
reversal.

The condition of paradox by Zermelo is that the system satisfies the condition
of Poincaré’s Recurrence Theorem. That is, the system needs to preserve measure
[102, 103]. For example, our maps Tε,∆τ, T̂ε,∆τ Hamiltonian systems, Arnold’s
cat map [31], multi Baker’s map [31, 32], standard map [29, 98, 99, 100] and the
tangent map [97] preserve the Lebesgue measure. Then, These systems satisfy
the condition of Zeromelo’s claim. Therefore, our maps Tε,∆τ and T̂ε,∆τ satisfy the
conditions of paradoxes by both Loschmidt and Zermelo.

In above chapter, it is proven in GB transformations, SGB transformations or
ESGB transformations, that an initial density function converges to the invariant
Cauchy distribution and that the dynamical systems have positive KS entropy
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by showing the exactness for some parameter range. In this chapter to prove
the convergence of the initial density functions to the uniform distribution and
positivity of entropy rate, we have to show that the dynamical system is an Anosov
system [6]. To this end, we construct other forms of the symplectic map denoted
as T̂ε,∆τ and T̃ε,∆τ derived from Tε,∆τ to make the proof shorten. Then using the
homeomorphism H defined by (3.3.5), the map T̃ε,∆τ : M def

= I2
δN ,∆τ

→ M is
obtained from T̂ε,∆τ as(

sn+1
tn+1

)
=

(
tn

2tn − 2ε(∆τ)2 tan(πtn) − sn mod IδN ,∆τ

)
, (3.6.8)

where xn
def
= (sn, tn) ∈ M .

Notice that the Jacobian of the map T̃ε,∆τ is given by

J(xn) =
(

0 1
−1 2 − 2πε(∆τ)2

cos2(πtn)

)
, (3.6.9)

and it is not a constant matrix, and the case of constant matrices was studied by
Franks [104]. The linear instability condition (for at least one eigenvalue of the Ja-
cobian, its absolute value is larger than unity) for the map T̃ε,∆τ is straightforwardly
obtained as

ε < 0 or
2

π(∆τ)2
< ε, (3.6.10)

and this condition is related to the condition that the map is an Anosov diffeomor-
phism (Anosov system). In the case of T̂ε,∆τ, the local instability condition is the
same as that of (3.6.10).

3.7 Compactness and Diffeomorphism
In this section, it is shown that

• the domain M is compact and T̃ε,∆τ is a diffeomorphism on M .

The domain IδN ,∆τ is homeomorphic to the circle S since we identify −1
2 +

δN ,∆τ

π

with 1
2 − δN ,∆τ

π . Then the domain M is topologically conjugate with a torus T2

so that M is compact. Next, we show that the map T̃ε,∆τ is a diffeomorphism on
M . To this end, one needs to show that the map T̃ε,∆τ is surjective, injective, and
smooth and that its inverse is continuous.
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(Proof of surjective): For any point (sn+1, tn+1) ∈ M , there is a point (sn, tn) ∈ M
such that{

sn = 2sn+1 + 2ε(∆τ)2 tan(πsn+1) − tn+1 mod IδN ,∆τ,
tn = sn+1.

(3.7.1)

Thus, the map T̃ε,∆τ is surjective.
(Proof of injective): We show that the map T̃ε,∆τ is injective by contradiction. Let
(sn, tn) and (s′n, t′n) be two points which cannot be identified on M . If one assumes
that the image (sn+1, tn+1) is identified with (s′n+1, t

′
n+1), then it holds that

sn+1 = s′n+1,

Thus, tn = t′n. (3.7.2)

Using 2t+2ε(∆τ)2 tan(πt) is finite for t ∈ IδN ,∆τ and (3.7.2), one obtains the relation
sn = s′n. These results are in contradiction to the condition that (sn, tn) , (s′n, t′n).
Therefore, the map T̃ε,∆τ is injective.
(Proof of smoothness): It is obvious that g, h, ∂g∂t , ∂h

∂s and ∂h
∂t defined in (3.3.4) are

continuous on M except for (s, t) where s = 1
2 − δN ,∆τ

π or t = 1
2 − δN ,∆τ

π . Then
let us discuss the smoothness at 1

2 − δN ,∆τ

π . It is obvious that g(t) = t and ∂g
∂t are

continuous at t = 1
2 − δN ,∆τ

π and that h(s, t) = 2t + 2ε(∆τ)2 tan(πt) − s and ∂h
∂s are

continuous at s = 1
2 − δN ,∆τ

π similarly.
Then, let us discuss the continuity of h(s, t) and that of ∂h

∂t at t = 1
2 − δN ,∆τ

π . From
the definition of δN,∆τ, one obtains

���h (
s,−1

2 +
δN ,∆τ

π

)
− h

(
s, 1

2 − δN ,∆τ

π

)��� = N
(
1 − 2δN ,∆τ

π

)
,

Thus,
���h (

s,−1
2 +

δN ,∆τ

π

)
− h

(
s, 1

2 − δN ,∆τ

π

)��� mod IδN ,∆τ = 0.

Then, h(s, t) is continuous at t = 1
2 − δN ,∆τ

π on torus M . Since h(s, t) is an
odd function with t, one obtains ∂h

∂t

(
s,−1

2 +
δN ,∆τ

π

)
= ∂h

∂t

(
s, 1

2 − δN ,∆τ

π

)
. Thus ∂h

∂t is

continuous at t = 1
2 − δN ,∆τ

π . The map T̃−1
ε,∆τ is also continuous on M . Therefore,

the map T̃ε,∆τ is a diffeomorphism on M .

3.8 Proof of Anosov diffeomorphism for T̃ε,∆τ

In this section, we prove that the map T̃ε,∆τ defined by (3.3.4) is an Anosov
diffeomorphism for ε < 0, 2

π(∆τ)2 < ε. A point (sn, tn) of M is denoted as xn =
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(sn, tn). The Jacobian of the map T̃ε,∆τ is given by

J(xn) =
(

0 1
−1 2 − 2πε(∆τ)2

cos2(πtn)

)
, (3.8.1)

where components of the Jacobian J(xn) are on R. According to [6, 31, 103, 104],
an Anosov diffeomorphism is defined below.

Definition 3.8.1 (Anosov diffeomorphism). Let M∗ be a compact manifold, ‖ · ‖
be a norm and f : M∗ → M∗ be a diffeomorphism. Consider the tangent space
TxM∗ at each point x ∈ M∗. If f satisfies the all of the following conditions

(I) There exist the subspaces Eu
x and E s

x , such that TxM∗ = Eu
x ⊕ E s

x ,

(II) (Dx f )Eu
x = Eu

f (x), (Dx f )E s
x = E s

f (x),

(III) There exist K > 0 and 0 < λ < 1 determined by x and neither by ξ nor by
n such that

ξ ∈ Eu
x =⇒ ‖(D f n)ξ ‖ ≥ K

(
1
λ

)n

‖ξ ‖, (3.8.2)

ξ ∈ E s
x =⇒ ‖(D f −n)ξ ‖ ≥ K

(
1
λ

)n

‖ξ ‖, (3.8.3)

then f is called an Anosov diffeomorphism.

The linear instability condition (for at least one eigenvalue of the matrix (3.8.1),
its absolute value is larger than unity) for the map T̃ε,∆τ is

ε < 0, or
2

π(∆τ)2
< ε. (3.6.10)

The linear instability condition is related to the condition that the map T̃ε,∆τ is an
Anosov diffeomorphism for the map T̃ε,∆τ.

We will prove that the map T̃ε,∆τ is an Anosov diffeomorphism for ε <
0, 2

π(∆τ)2 < ε. This proof is based on the idea used in [29]. To prove this, all
the conditions (I), (II) and (III) in Definition 3.8.1 should be satisfied. To do so,
we first introduce definitions of cones L+ and L− and, then we have to show the
following Lemmas.

Definition 3.8.2. For any two dimensional non-zero vector on Txn M, xn ∈ M,n ∈ Z

an = (a1(n),a2(n)) , O,
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define cones L+ and L− to be

L+(xn) = {(a1(n),a2(n)); ‖J(xn)an‖ > ‖an‖},
L−(xn) = {(a1(n),a2(n)); ‖J(T̃−1

ε,∆τxn)−1an‖ > ‖an‖},

where ‖ · ‖ represents ‖a(n)‖ ≡
√

a2
1(n) + a2

2(n).

Lemma 3.8.1. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, it holds that

J(xn)an ∈ L+(T̃ε,∆τxn),∀an ∈ L+(xn), (3.8.4)

This Lemma corresponds to the condition (II).

Proof. It follows from a simple calculation that an < L+(xn) and an < L−(xn),
when a2(n) = 0 and a1(n) = 0, respectively. Then consider the case where
a2(n) , 0 and a1(n) , 0. The condition that an ∈ L+(xn) in (3.8.4) is expressed by

an ∈ L+(xn) ⇔


a1(n)
a2(n) > 1 − πε(∆τ)2

cos2(πtn), ε > 2
π(∆τ)2 ,

a1(n)
a2(n) < 1 − πε(∆τ)2

cos2(πtn), ε < 0.
(3.8.5)

Choosing an+1 as J(xn)an = (a1(n + 1),a2(n + 1)), one can rewrite the condition
that an+1 ∈ L+(T̃ε,∆τxn) in (3.8.4) is expressed as

an+1 ∈ L+(T̃ε,∆τxn) = L+(xn+1) ⇔


a1(n+1)
a2(n+1) > 1 − πε(∆τ)2

cos2(πtn+1), ε > 2
π(∆τ)2 ,

a1(n+1)
a2(n+1) < 1 − πε(∆τ)2

cos2(πtn+1), ε < 0.
(3.8.6)

To prove (3.8.4), we show below that (3.8.5) implies (3.8.6).
Substituting a1(n+ 1) = a2(n) and a2(n+ 1) = −a1(n)+ 2

(
1 − πε(∆τ)2

cos2(πtn)

)
a2(n),

into (3.8.6), one has

a1(n + 1)
a2(n + 1) =

a2(n)
−a1(n) + 2

(
1 − πε(∆τ)2

cos2(πtn)

)
a2(n)

=
1

−a1(n)
a2(n) + 2

(
1 − πε(∆τ)2

cos2(πtn)

) .(3.8.7)

Then, when the condition (3.8.5) is satisfied, the condition (3.8.6) holds since
it holds that inductively 1 − πε(∆τ)2

cos2(πtk )
< a1(k)

a2(k) < 0, ∀k ≥ n + 1, ε > 2
π(∆τ)2 ,

0 < a1(k)
a2(k) < 1 − πε(∆τ)2

cos2(πtk )
, ∀k ≥ n + 1, ε < 0.

Therefore the condition (3.8.4) holds. □
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Lemma 3.8.2. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, it holds that

J(xn−1)−1an ∈ L−(T̃−1
ε,∆τxn),∀an ∈ L−(xn). (3.8.8)

Proof. The conditions an ∈ L−(xn) and J(xn−1)−1an ∈ L−(T̃−1
ε,∆τxn) in (3.8.8) are

expressed as

an ∈ L−(xn) ⇔


a2(n)
a1(n) > 1 − πε(∆τ)2

cos2(πtn−1), for ε > 2
π(∆τ)2 ,

a2(n)
a1(n) < 1 − πε(∆τ)2

cos2(πtn−1), for ε < 0,
(3.8.9)

and

an−1
def
= J(xn−1)−1an ∈ L−(T̃−1

ε,∆τxn) = L−(xn−1)

⇔


a2(n−1)
a1(n−1) < 1 − πε(∆τ)2

cos2(πtn−2), for ε > 2
π(∆τ)2 ,

a2(n−1)
a1(n−1) > 1 − πε(∆τ)2

cos2(πtn−2), for ε < 0.

(3.8.10)

Substituting a1(n − 1) = 2
(
1 − πε(∆τ)2

cos2(πtn−1)

)
a1(n) − a2(n) and a2(n − 1) = a1(n)

into (3.8.10), one can see the condition (3.8.10) holds when condition (3.8.9)
holds. □

Definition 3.8.3. Define a subset LL−
1 (xn) of L−(xn) to be

LL−
1 (xn)

def
=


{
(a1(n),a2(n));−1 ≤ a2(n)

a1(n) < 0
}

for ε > 2
π(∆τ)2 ,{

(a1(n),a2(n)); 0 < a2(n)
a1(n) ≤ 1

}
for ε < 0.

(3.8.11)

From a simple calculation, it holds that

J(xn−1)−1an ∈ LL−
1 (xn−1),∀an ∈ LL−

1 (xn). (3.8.12)

Lemma 3.8.3. For any point xn and for any integer k ∈ Z ≥ n, there exists a
deviation vector an such that

n∏
i=k

J(xi)an ∈ LL−
1 (xk+1), an ∈ LL−

1 (xn). (3.8.13)

Proof. We prove it by contradiction. We assume that

∃yn,
∃k′ ∈ Z ≥ n,∀an ∈ LL−

1 (yn) s.t.
n∏

i=k ′
J(yi)an < LL−

1 (yk ′+1). (3.8.14)

72



One can obtain an orbit {ym} including yn and yn′ where n′ > k′ + 1 > n. For
all points, there exists the cone LL−

1 , so that there exists a vector An′ ∈ LL−
1 (yn′).

Then one chooses Ak ′+1 and An as

Ak ′+1
def
=

n′−1∏
i=k ′+1

J−1(yi)An′ ∈ LL−
1 (yk ′+1) ∵ (3.8.8),

An
def
=

n′−1∏
i=n

J−1(yi)An′ ∈ LL−
1 (yn),

Thus,
n∏

i=k ′
J(yi)An ∈ LL−

1 (yk ′+1). (3.8.15)

Equation (3.8.15) is contradictory to the (3.8.14). Therefore, Lemma 3.8.3 holds.
□

From Lemmas 3.8.1, 3.8.2 and 3.8.3, define LL−(xn) and LL+(xn) as follows
in order to prove that conditions (I), (II) and (III) are satisfied.

Definition 3.8.4. Define a subset LL−(xn) of LL−
1 (xn) to be

LL−(xn)
def
=

{
(a1(n),a2(n)); an ∈ LL−

1 (xn),
n∏

i=k

J(xi)an ∈ LL−
1 (xk+1),∀k ≥ n

}
.

(3.8.16)

From Lemma 3.8.3 one can see that

J(xn)an ∈ LL−(xn+1), ∀an ∈ LL−(xn). (3.8.17)

Definition 3.8.5. Define a subset LL+(xn) of L+(xn) to be

LL+(xn)
def
=


{
(a1(n),a2(n));−1 ≤ a1(n)

a2(n) < 0
}

for ε > 2
π(∆τ)2 ,{

(a1(n),a2(n)); 0 < a1(n)
a2(n) ≤ 1

}
for ε < 0.

(3.8.18)

From a simple calculation, it holds that

J(xn)an ∈ LL+(xn+1),∀an ∈ LL+(xn). (3.8.19)

Lemma 3.8.4. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the conditions (I)

and (II) are satisfied.
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Proof. One can choose any eigenvector spaces Eu
x and E s

x in LL+(xn) and LL−(xn),
respectively so that combining (3.8.16) and (3.8.18):

Eu
xn ⊂ LL+(xn), E s

xn ⊂ LL−(xn). (3.8.20)

Combining (3.8.17), (3.8.19) and (3.8.20), one has that J(xn)Eu
xn ⊂ LL+(xn+1) and

J(xn)E s
xn ⊂ LL−(xn+1). Then, one can choose Eu

xn+1 , E s
xn+1 inductively by

Eu
xn+1

def
= J(xn)Eu

xn, E s
xn+1

def
= J(xn)E s

xn . (3.8.21)

The subspaces Eu
xn and E s

xn are linearly independent by definition, from which it
holds that

Txn M = Eu
xn ⊕ E s

xn .

□

Lemma 3.8.5. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the condition (III)

is satisfied.

Proof. Let us define αn
def
=

(
1 − πε(∆τ)2

cos2(πtn)

)
and the stretching rate σ(xn, an)

def
=

‖J(xn)an‖2

‖an‖2 which can be rewritten as

σ(xn, an) =
a2

1 + a2
2 − 4αna1a2 + 4α2

na2
2

a2
1 + a2

2
,

= 1 − 4αn
a1a2

a2
1 + a2

2
+ 4α2

n
a2

2

a2
1 + a2

2
,

= 1 + 4αn

(
αn sin2 ϕn − sin ϕn cos ϕn

)
,

where ϕn is defined such that sin2 ϕn =
a2

2(n)
a2

1(n)+a2
2(n)

and sin ϕn cos ϕn =
a1(n)a2(n)

a2
1(n)+a2

2(n)
, −

π < ϕ ≤ π. Then, if an ∈ LL+(xn), then it holds that

F(ϕn)
def
= αn sin2 ϕn − sin ϕn cos ϕn

{
< 0, ε > 2

π(∆τ)2 ,

> 0, ε < 0.
(3.8.22)

There are two cases for ε. The minimum value of σ for each case is calculated
as follows.
(i) Case of ε > 2

π(∆τ)2 ,
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From the condition that an ∈ LL+(xn) ⇔ −1 ≤ a1(n)
a2(n) = cot ϕn < 0, ϕn is

defined in the range

−π
2
< ϕn ≤ −π

4
,or

π

2
< ϕn ≤ 3

4
π. (3.8.23)

Since F′(ϕ) = sin(2ϕ) (αn − cot(2ϕ)) is positive in this range, it follows that

F(ϕn) ≤ F
(
−π

4

)
= F

(
3
4
π

)
=

1
2
(αn + 1) < 0,

∴ σ(xn, an) ≥ 1 + 2αn(αn + 1) ≥ 1 + 2
{
1 − πε(∆τ)2

} {
2 − πε(∆τ)2

}
.

Then by choosing K = 1, 1
λ =

√
1 + 2

{
1 − πε(∆τ)2

} {
2 − πε(∆τ)2

}
> 1, one sees

that condition (3.8.2) is satisfied.
(ii) Case of ε < 0,

For 0 < cot ϕn ≤ 1, the domain of ϕn is

−3
4
π ≤ ϕn < −π

2
,or

π

4
≤ ϕn <

π

2
. (3.8.24)

Since F′(ϕ) is positive in this range, one has that

F(ϕn) ≥ F
(
−3

4
π

)
= F

(π
4

)
=

1
2
(αn − 1) > 0,

∴ σ(xn, an) ≥ 1 + 2αn(αn − 1) ≥ 1 − 2πε(∆τ)2
{
1 − πε(∆τ)2

}
.

Then by choosing K = 1, 1
λ =

√
1 − 2πε(∆τ)2

{
1 − πε(∆τ)2

}
> 1, one sees that

condition (3.8.2) is satisfied. Besides, this relation about λ (λ → 1−0 as ε → −0)
is equivalent to the fact that the Lyapunov exponent converges to zero value as
ε → −0.

Let us define the stretching rate σ′(xn, an)
def
=

‖J−1(T̃−1
ε,∆τ

xn)an‖2

‖an‖2 =
‖J−1(xn−1)an‖2

‖an‖2

which can be rewritten as

σ′(xn, an) =
a2

1 + a2
2 − 4αn−1a1a2 + 4α2

n−1a2
1

a2
1 + a2

2
,

= 1 − 4αn−1
a1a2

a2
1 + a2

2
+ 4α2

n−1
a2

1

a2
1 + a2

2
,

= 1 + 4αn−1

(
αn−1 sin2 ϕ′n − sin ϕ′n cos ϕ′n

)
,

where ϕ′n is defined such that sin2 ϕ′n =
a2

1(n)
a2

1(n)+a2
2(n)

and sin ϕ′n cos ϕ′n =
a1(n)a2(n)

a2
1(n)+a2

2(n)
, −

π < ϕ′ ≤ π. Then, if an ∈ LL−(xn), then it holds that

G(ϕ′n)
def
= αn−1 sin2 ϕ′n − sin ϕ′n cos ϕ′n

{
< 0, ε > 2

π(∆τ)2 ,

> 0, ε < 0.
(3.8.25)
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There are two cases for ε. The minimum value of σ′ for each case is calculated
as follows.
(i) Case of ε > 2

π(∆τ)2 ,
From the condition that an ∈ LL−(xn) ⇔ −1 ≤ a2(n)

a1(n) = cot ϕ′n < 0, ϕ′n is
defined in the range

−π
2
< ϕ′n ≤ −π

4
,or

π

2
< ϕ′n ≤ 3

4
π. (3.8.26)

Then, in the same way as above discussion, it holds that

G(ϕ′n) ≤ 1
2
(αn−1 + 1) < 0,

∴ σ′(xn, an) ≥ 1 + 2αn−1(αn−1 + 1) ≥ 1 + 2
{
1 − πε(∆τ)2

} {
2 − πε(∆τ)2

}
.

Then by choosing K = 1, 1
λ =

√
1 + 2

{
1 − πε(∆τ)2

} {
2 − πε(∆τ)2

}
> 1, one sees

that condition (3.8.3) is satisfied.
(ii) Case of ε < 0,

For 0 < cot ϕ′n ≤ 1, the domain of ϕ′n is

−3
4
π ≤ ϕ′n < −π

2
,or

π

4
≤ ϕ′n <

π

2
. (3.8.27)

Then, in the same way as above discussion, it holds that

G(ϕ′n) ≥ 1
2
(αn−1 − 1) > 0,

∴ σ′(xn, an) ≥ 1 + 2αn−1(αn−1 − 1) ≥ 1 − 2πε(∆τ)2
{
1 − πε(∆τ)2

}
.

Then by choosing K = 1, 1
λ =

√
1 − 2πε(∆τ)2

{
1 − πε(∆τ)2

}
> 1, one sees that

condition (3.8.3) is satisfied. □

We now arrive at the position to state the first main theorem in this chapter.

Theorem 3.8.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. The map

T̃ε,∆τ on M is an Anosov diffeomorphism.

Proof. From Lemma 3.8.4 and Lemma 3.8.5, the map T̃ε,∆τ on M is an Anosov
diffeomorphism. □

According to [31], if maps are Anosov diffeomorphisms, then the correspond-
ing dynamical systems are K-systems. Therefore Corollary below holds.

Corollary 3.8.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. Then the

dynamical system (M, T̃ε,∆τ, µ) is a K-system with µ being the Lebesgue measure.
In addition, (M, T̃ε,∆τ, µ) has a mixing property.
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3.9 Proof of Anosov properties for T̂ε,∆τ

In this section, we prove that the map T̂ε,∆τ defined by (3.3.2) has the same
ergodic properties as an Anosov diffeomorphism for ε < 0 or 2

π(∆τ)2 < ε. At the
beginning, we show that the map T̂ε,∆τ satisfies the conditions (I), (II) and (III) in
Definition 3.8.1 where M′ is not conpact. A point (p1(n),q1(n)) on M′ is denoted
as Xn = (p1(n),q1(n)). The Jacobian of the map T̂ε,∆τ is then given by

J(Xn) =
(

1 − πε(∆τ)2
cos2 θn

−2πε(∆τ)
cos2 θn

∆τ − πε(∆τ)3
2 cos2 θn

1 − πε(∆τ)2
cos2 θn

)
, (3.9.1)

where θn
def
= π

{
2q1(n) + ∆τp1(n) − q0 − C∆τ

(
n + 1

2

)}
. The linear instability

condition for the map T̂ε,∆τ is the same as that in (3.6.10).
Let us introduce a vector on TXn M′ as follows.

Definition 3.9.1. For any two dimensional non-zero vector on TXn M′, Xn ∈ M′,n ∈
Z

a′n = (a′1(n),a′2(n)) , O, (3.9.2)

define cones l+ and l− to be

l+(Xn) = {(a′1(n),a′2(n)); ‖J(Xn)a′n‖ > ‖a′n‖},
l−(Xn) = {(a′1(n),a′2(n)); ‖J(T̂−1

ε,∆τXn)−1a′n‖ > ‖a′n‖},

where ‖ · ‖ represents ‖a′n‖ ≡
√

a′21 (n) + a′22 (n).

To prove that the map T̂ε,∆τ satisfies the conditions (I), (II) and (III) in Definition
3.8.1, we have to show the following Lemmas.

Lemma 3.9.1. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, there is a subset

ll+(Xn) of l+(Xn) such that

J(Xn)a′n ∈ ll+(T̂ε,∆τXn), ∀a′n ∈ ll+(Xn) (3.9.3)

Proof. Let us consider a vector a′n such that a′2(n) , 0. The condition that
a′n ∈ l+(Xn) is expressed by

a′n ∈ l+(Xn) ⇔ An

(
a′1(n)
a′2(n)

)2

+ Bn

(
a′1(n)
a′2(n)

)
+ Cn > 0, (3.9.4)
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where An,Bn and Cn are defined as

An
def
=

(
1 − πε(∆τ)2

cos2 θn

)2

+ (∆τ)2
(
1 − πε(∆τ)2

2 cos2 θn

)2

− 1,

Bn
def
=

(
1 − πε(∆τ)2

cos2 θn

) {
−4πε(∆τ)

cos2 θn
+ 2∆τ

(
1 − πε(∆τ)2

2 cos2 θn

)}
,

Cn
def
=

{
{2πε(∆τ)}2

cos4 θn
+

(
1 − πε(∆τ)2

cos2 θn

)2

− 1

}
.

(3.9.5)

For any n ∈ Z and Xn ∈ M′, if (3.6.10) is satisfied, then it holds that

An > 0,Bn > 0,Cn > 0, (3.9.6)

B2
n − 4AnCn =

[{
(∆τ)2 + 4

} πε(∆τ)2
cos2 θ

− 2(∆τ)2
]2

(∆τ)2
≥ 0. (3.9.7)

In this case, the condition (3.9.4) is rewritten as

a′n ∈ l+(Xn) ⇔
a′1(n)
a′2(n)

<
−Bn −

√
B2

n − 4AnCn

2An
or

−Bn +
√

B2
n − 4AnCn

2An
<

a′1(n)
a′2(n)
(3.9.8)

where −Bn−
√

B2
n−4AnCn

2An
<

−Bn+
√

B2
n−4AnCn

2An
< 0.

Choosing a′n+1 as J(Xn)a′n+1 = (a1(n + 1),a2(n + 1)), one sees that the condition
that a′n+1 ∈ l+(T̂ε,∆τXn) is expressed as

a′n+1 ∈ l+(T̂ε,∆τXn) = l+(Xn+1)

⇔
a′

1(n + 1)
a′

2(n + 1) <
−Bn+1 −

√
B2
n+1 − 4An+1Cn+1

2An+1
or

−Bn+1 +
√

B2
n+1 − 4An+1Cn+1

2An+1
<

a′
1(n + 1)

a′
2(n + 1)

(3.9.9)

where
−Bn+1−

√
B2
n+1−4An+1Cn+1

2An+1
<

−Bn+1+
√

B2
n+1−4An+1Cn+1

2An+1
< 0.

Choosing a subset ll+(Xn) of l+(Xn) as

ll+(Xn) =
{
(a′1(n),a′2(n));

a′1(n)
a′2(n)

> 0
}
, (3.9.10)

and assuming that a′2(n + 1) = 0 and a′n ∈ ll+(Xn), one has that

a′2(n + 1) = ∆τ
(
1 − πε(∆τ)2

2 cos2 θn

)
a′1(n) +

(
1 − πε(∆τ)2

cos2 θn

)
a′2(n) = 0,

a′1(n)
a′2(n)

= −

(
1 − πε(∆τ)2

cos2 θn

)(
1 − πε(∆τ)2

2 cos2 θn

) < 0.
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This is contradictory to a′
1(n)

a′
2(n)

> 0. Then if a′n ∈ ll+(Xn), then a′2(n + 1) , 0.
Substituting

a′1(n + 1) =
(
1 − πε(∆τ)2

cos2 θn

)
a′1(n) −

2πε(∆τ)
cos2 θn

a′2(n), (3.9.11)

a′2(n + 1) = ∆τ
(
1 − πε(∆τ)2

2 cos2 θn

)
a′1(n) +

(
1 − πε(∆τ)2

cos2 θn

)
a′2(n) (3.9.12)

into a′
1(n+1)

a′
2(n+1) , one obtains

a′1(n + 1)
a′2(n + 1) =

(
1 − πε(∆τ)2

cos2 θn

)
a′1(n) −

2πε(∆τ)
cos2 θn

a′2(n)

∆τ
(
1 − πε(∆τ)2

2 cos2 θn

)
a′1(n) +

(
1 − πε(∆τ)2

cos2 θn

)
a′2(n)

,

=

(
1 − πε(∆τ)2

cos2 θn

)
a′

1(n)
a′

2(n)
− 2πε(∆τ)

cos2 θn

∆τ
(
1 − πε(∆τ)2

2 cos2 θn

)
a′

1(n)
a′

2(n)
+

(
1 − πε(∆τ)2

cos2 θn

) (3.9.13)

Here, if the condition that a′
1(n)

a′
2(n)

> 0 ⇔ a′n ∈ ll+(Xn) ⊂ l+(Xn) holds, then it holds
that for ε < 0, 2

π(∆τ)2 < ε

a′1(n + 1)
a′2(n + 1) =

(
1 − πε(∆τ)2

cos2 θn

)
a′

1(n)
a′

2(n)
− 2πε(∆τ)

cos2 θn

∆τ
(
1 − πε(∆τ)2

2 cos2 θn

)
a′

1(n)
a′

2(n)
+

(
1 − πε(∆τ)2

cos2 θn

) > 0 ⇒ a′n+1 ∈ ll+(Xn+1) ⊂ l+(Xn+1).

Then, if a′n ∈ ll+(Xn) ⊂ l+(Xn), then a′n+1 ∈ ll+(Xn+1) ⊂ l+(Xn+1). □

Lemma 3.9.2. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, there is a subset

ll−1 (Xn) of l−(Xn) such that

J(Xn−1)−1a′n ∈ ll−1 (T̂−1
ε,∆τXn),∀a′n ∈ ll−1 (Xn). (3.9.14)

Proof. Let us consider a vector a′n such that a′2(n) , 0. The condition a′n ∈ l−(Xn)
in (3.9.14) is expressed as

a′n ∈ l−(Xn) ⇔ ‖a′n−1‖2 − ‖a′n‖2 > 0,

⇔ An−1

(
a′

1(n)
a′

2(n)

)2
− Bn−1

(
a′

1(n)
a′

2(n)

)
+ Cn−1 > 0,

⇔ a′
1(n)

a′
2(n)

<
Bn−1−

√
B2
n−1−4An−1Cn−1

2An−1
or

Bn−1+
√

B2
n−1−4An−1Cn−1

2An−1
<

a′
1(n)

a′
2(n)

(3.9.15)
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where 0 <
Bn−1 −

√
B2

n−1 − 4An−1Cn−1

2An−1
<

Bn−1 +
√

B2
n−1 − 4An−1Cn−1

2An−1
.

The condition J(Xn−1)−1a′n ∈ l−(T̂−1
ε,∆τXn) in (3.9.14) is expressed as

a′
n−1

def
= J(Xn−1)−1a′n ∈ l−(T̂−1

ε,∆τXn),
⇔ ‖a′

n−2‖2 − ‖a′
n−1‖2 > 0,

⇔
a′

1(n − 1)
a′

2(n − 1) <
Bn−2 −

√
B2
n−2 − 4An−2Cn−2

2An−2
or

Bn−2 +
√

B2
n−2 − 4An−2Cn−2

2An−2
<

a′
1(n − 1)

a′
2(n − 1),

(3.9.16)

where 0 <
Bn−2−

√
B2
n−2−4An−2Cn−2

2An−2
<

Bn−2+
√

B2
n−2−4An−2Cn−2

2An−2
.

Choose a subset ll−1 (Xn) of l−(Xn) as

ll−1 (Xn) =
{
(a′1(n),a′2(n));

a′1(n)
a′2(n)

< 0
}
. (3.9.17)

It is obvious that for a′n ∈ ll−1 (Xn), it holds that a′2(n − 1) , 0 as follows. If
a′n ∈ ll−1 (Xn), then substituting

a′1(n − 1) =
(
1 − πε(∆τ)2

cos2 θn−1

)
a′1(n) +

2πε(∆τ)
cos2 θn−1

a′2(n), (3.9.18)

a′2(n − 1) = −∆τ
(
1 − πε(∆τ)2

2 cos2 θn−1

)
a′1(n) +

(
1 − πε(∆τ)2

cos2 θn−1

)
a′2(n), (3.9.19)

into a′1(n − 1) and a′2(n − 1), one obtains

a′1(n − 1)
a′2(n − 1) =

(
1 − πε(∆τ)2

cos2 θn−1

)
a′

1(n)
a′

2(n)
+

2πε(∆τ)
cos2 θn−1

−∆τ
(
1 − πε(∆τ)2

2 cos2 θn−1

)
a′

1(n)
a′

2(n)
+

(
1 − πε(∆τ)2

cos2 θn−1

) < 0 ⇒ a′2(n − 1) , 0.

(3.9.20)
Therefore, it holds that a′n ∈ ll−1 (Xn) ⊂ l−(Xn) ⇒ J(Xn−1)−1a′n = a′n−1 ∈
ll−1 (Xn−1) ⊂ l−(Xn−1). □

Lemma 3.9.3. For any point Xn and for any integer k ∈ Z ≥ n, there exists a
deviation vector a′n such that

n∏
i=k

J(Xi)a′n ∈ ll−1 (Xk+1), a′n ∈ ll−1 (Xn). (3.9.21)
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Proof. We prove it by contradiction. We assume that

∃Yn,
∃k′ ∈ Z ≥ n,∀a′n ∈ ll−1 (Yn) s.t.

n∏
i=k ′

J(Yi)a′n < ll−1 (Yk ′+1). (3.9.22)

One can obtain an orbit {Ym} including Yn and Yn′ where n′ > k′ + 1 > n. For all
points, there exists the cone ll−1 , so that there exists a vector A′

n′ ∈ ll−1 (Yn′). Then
one chooses A′

k ′+1 and A′
n as

A′
k ′+1

def
=

n′−1∏
i=k ′+1

J−1(Yi)A′
n′ ∈ ll−1 (Yk ′+1) ∵ (3.9.14),

A′
n

def
=

n′−1∏
i=n

J−1(Yi)A′
n′ ∈ ll−1 (Yn).

Thus,
n∏

i=k ′
J(Yi)A′

n ∈ ll−1 (Yk ′+1). (3.9.23)

Equation (3.9.23) is contradictory to the (3.9.22). Therefore, Lemma 3.9.3 holds.
□

From Lemmas 3.9.1, 3.9.2 and 3.9.3, define ll−(Xn) and ll+(Xn) as follows in order
to prove that the conditions (I), (II) and (III) are satisfied.

Definition 3.9.2. Define a subset ll−(Xn) of ll−1 (Xn) to be

ll−(Xn)
def
=

{
(a′

1(n),a′
2(n)); a′n ∈ ll−1 (Xn),

n∏
i=k

J(Xi)a′n ∈ ll−1 (Xk+1), ∀k ≥ n

}
. (3.9.24)

From Lemma 3.9.3 one can see that

J(Xn)a′n ∈ ll−(Xn+1), ∀an ∈ ll−(Xn). (3.9.25)

Definition 3.9.3. Define a subset ll+(Xn) of l+(Xn) to be

ll+(Xn)
def
=

{
(a′1(n),a′2(n));

a′1(n)
a′2(n)

> 0
}
. (3.9.26)

From a simple calculation, one sees that

J(Xn)a′n ∈ ll+(Xn+1), ∀a′n ∈ ll+(Xn). (3.9.27)

Lemma 3.9.4. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the conditions (I)

and (II) are satisfied.
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Proof. One can choose any eigenvector spaces Eu
X and E s

X in ll+(Xn) and ll−(Xn),
respectively so that combining (3.9.24) and (3.9.26):

Eu
Xn

⊂ ll+(Xn), E s
Xn

⊂ ll−(Xn). (3.9.28)

Combining (3.9.25), (3.9.27) and (3.9.28), one has that J(Xn)Eu
Xn

⊂ ll+(Xn+1) and
J(Xn)E s

Xn
⊂ ll−(Xn+1). Then, one can choose Eu

Xn+1
, E s

Xn+1
inductively by

Eu
Xn+1

def
= J(Xn)Eu

Xn
, E s

Xn+1

def
= J(Xn)E s

Xn
. (3.9.29)

The subspaces Eu
Xn

and E s
Xn

are linearly independent by definition, from which it
holds that

TXn M = Eu
Xn

⊕ E s
Xn
.

□

Lemma 3.9.5. When the condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the condition (III)

is satisfied.

Proof. Let us define the stretching rate σ(Xn, a
′
n)

def
=

‖J(Xn)a′n‖2

‖a′n‖2 which can be
rewritten as

σ(Xn, a
′
n) =

(An + 1)a′21 + Bna′1a′2 + (Cn + 1)a′22
a′21 + a′22

= 1 + An
a′21

a′21 + a′22
+ Bn

a′1a′2
a′21 + a′22

+ Cn
a′22

a′21 + a′22
= 1 + An cos2 ϕ̃n + Bn sin ϕ̃n cos ϕ̃n + Cn sin2 ϕ̃n

where ϕ̃n is defined such that cos2 ϕ̃n =
a′2

1 (n)
a′2

1 (n)+a′2
2 (n) , sin2 ϕ̃n =

a′2
2 (n)

a′2
1 (n)+a′2

2 (n) and

sin ϕ̃n cos ϕ̃n =
a′

1(n)a
′
2(n)

a′2
1 (n)+a′2

2 (n), − π < ϕ̃ ≤ π. Then, if a′n ∈ ll+(Xn), then

F(ϕ̃n)
def
= An cos2 ϕ̃n + Bn sin ϕ̃n cos ϕ̃n + Cn sin2 ϕ̃n > 0, ε < 0,

2
π(∆τ)2

< ε

(3.9.30)
and since a′

1(n)
a′

2(n)
> 0, the variable ϕ̃ is defined on (−π,− π

2 ) ∪ (0, π2 ). There are two
cases for Xn. The minimum value of σ for each case is calculated as follows.
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The derivative of F(ϕ̃) is rewritten in

F′(ϕ̃n) = (Cn − An) sin 2ϕ̃n + Bn cos 2ϕ̃n

=
[
(Cn − An)2 + B2

n
] [

Cn − An

(Cn − An)2 + B2
n

sin 2ϕ̃n +
Bn

(Cn − An)2 + B2
n

cos 2ϕ̃n

]
=

[
(Cn − An)2 + B2

n
] [

Pn sin 2ϕ̃n +Qn cos 2ϕ̃n
]

=
[
(Cn − An)2 + B2

n
] [

sin
(
2ϕ̃n + ψ̃n

)]
where Pn, Qn and ψ̃ are defined by

Pn
def
=

Cn − An

(Cn − An)2 + B2
n
, (3.9.31)

Qn
def
=

Bn

(Cn − An)2 + B2
n
, (3.9.32)

tan ψ̃n =
Qn

Pn
, ψ̃n ∈

(
−π

2
,
π

2

)
. (3.9.33)

(i) Case of Pn ≥ 0 ⇔ Cn ≥ An,
It holds that

tan ψ̃n =
Qn

Pn
> 0 ⇒ 0 < ψ̃n <

π

2
. (3.9.34)

The variable ψ̃n depends on Xn not on a′n. In this case, F(ϕ̃n) increases monotonously
for −π < ϕ̃n < − π+ψ̃n

2 and for 0 < ϕ̃n <
π−ψ̃n

2 and decreases monotonously for
− π+ψ̃n

2 < ϕ̃n < − π
2 and for π−ψ̃n

2 < ϕ̃n <
π
2 . Then the candidates for the minimal

value of F(ϕ̃n) for −π < ϕ̃n < − π
2 and 0 < ϕ̃n <

π
2 are

F(−π) = F(0) = An, (3.9.35)

F
(
−π

2

)
= F

(π
2

)
= Cn. (3.9.36)

In this case, Cn ≥ An > 0. Then, the minimal value of σ(Xn, a
′
n) by varying the

vector a′n is obtained as 1 + An. With this minimal value and An > 0, one has

σ(Xn, a
′
n) ≥ 1 + An

≥
{
1 − πε(∆τ)2

}2
+ (∆τ)2

{
1 − πε(∆τ)2

2

}2
> 1.

(3.9.37)

(ii) Case of Pn < 0 ⇔ Cn < An,
It holds that

tan ψ̃n =
Qn

Pn
< 0 ⇒ −π

2
< ψ̃n < 0. (3.9.38)
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In this case, F(ϕ̃n) decreases monotonously for −π < ϕ̃n < −π − ψ̃n
2 and 0 < ϕ̃n <

− ψ̃n
2 and increases monotonously for −π − ψ̃n

2 < ϕ̃ < − π
2 and − ψ̃n

2 < ϕ̃n <
π
2 . Then

the candidates for the minimal value of F(ϕ̃n) for −π < ϕ̃n < − π
2 and 0 < ϕ̃n <

π
2

are

F
(
−π − ψ̃n

2

)
= F

(
− ψ̃n

2

)
= An cos2 ψ̃n

2
− Bn sin

ψ̃n

2
cos

ψ̃n

2
+ Cn sin2 ψ̃n

2
.

From An > Cn > 0, it holds that

F
(
−π − ψ̃n

2

)
> Cn − Bn sin

ψ̃n

2
cos

ψ̃n

2
> Cn, ∵ sin ψ̃n < 0,Bn > 0. (3.9.39)

Then, the minimal value ofσ(Xn, a
′
n) by varying the vector a′n is obtained as 1+Cn.

With this minimal value and Cn > 0, one has

σ(Xn, a
′
n) ≥ 1 + Cn

≥ {2πε(∆τ)}2 +
{
1 − πε(∆τ)2

}2
> 1.

(3.9.40)

Thus from (3.9.37) and (3.9.40), by choosing

K = 1,

1
λ = min


√{

1 − πε(∆τ)2
}2
+ (∆τ)2

{
1 − πε(∆τ)2

2

}2
,√

{2πε(∆τ)}2 +
{
1 − πε(∆τ)2

}2


, (3.9.41)

one sees that condition (3.8.2) is satisfied. Besides, this relation about λ (λ → 1−0
as ε → −0) is equivalent to the fact that the Lyapunov exponent converges to zero
value as ε → −0.

Let us define the stretching rate σ′(Xn, a
′
n)

def
=

‖J−1(T̂−1
ε,∆τ

Xn)a′n‖2

‖a′n‖2 =
‖J−1(Xn−1)a′n‖2

‖a′n‖2

which can be rewritten as

σ′(Xn, a
′
n) =

(An−1 + 1)a′21 − Bn−1a′1a′2 + (Cn−1 + 1)a′22
a′21 + a′22

= 1 + An−1
a′21

a′21 + a′22
− Bn−1

a′1a′2
a′21 + a′22

+ Cn−1
a′22

a′21 + a′22
= 1 + An−1 cos2 ϕ̃n − Bn−1 sin ϕ̃n cos ϕ̃n + Cn−1 sin2 ϕ̃n

84



where ϕ̃n is defined such that cos2 ϕ̃n =
a′2

1 (n)
a′2

1 (n)+a′2
2 (n) , sin2 ϕ̃n =

a′2
2 (n)

a′2
1 (n)+a′2

2 (n) and

sin ϕ̃n cos ϕ̃n =
a′

1(n)a
′
2(n)

a′2
1 (n)+a′2

2 (n), − π < ϕ̃ ≤ π. Then, if a′n ∈ ll−(Xn), then

G(ϕ̃n)
def
= An−1 cos2 ϕ̃n − Bn−1 sin ϕ̃n cos ϕ̃n +Cn−1 sin2 ϕ̃n > 0, ε < 0,

2
π(∆τ)2

< ε

(3.9.42)
and since a′

1(n)
a′

2(n)
< 0, the variable ϕ̃ is defined on (− π

2 ,0) ∪ ( π2 , π). There are two
cases for Xn. The minimum value of σ′ for each case is calculated as follows.
The derivative of G(ϕ̃) is rewritten in

G′(ϕ̃n) = (Cn−1 − An−1) sin 2ϕ̃n − Bn−1 cos 2ϕ̃n

=
[
(Cn−1 − An−1)2 + B2

n−1
] [

Pn−1 sin 2ϕ̃n − Qn−1 cos 2ϕ̃n
]

=
[
(Cn−1 − An−1)2 + B2

n−1
] [

sin
(
2ϕ̃n − ψ̃n−1

)]
where Pn−1, Qn−1 and ψ̃ are defined by

Pn−1
def
=

Cn−1 − An−1

(Cn−1 − An−1)2 + B2
n−1

, (3.9.43)

Qn−1
def
=

Bn−1

(Cn−1 − An−1)2 + B2
n−1

, (3.9.44)

tan ψ̃n−1 =
Qn−1
Pn−1

, ψ̃n−1 ∈
(
−π

2
,
π

2

)
. (3.9.45)

(i) Case of Pn−1 ≥ 0 ⇔ Cn−1 ≥ An−1,
It holds that

tan ψ̃n−1 =
Qn−1
Pn−1

> 0 ⇒ 0 < ψ̃n−1 <
π

2
. (3.9.46)

The variable ψ̃n−1 depends on T̂−1
ε,∆τXn = Xn−1 not on a′n. In this case, G(ϕ̃n)

increases monotonously for − π
2 < ϕ̃n < − π

2 +
ψ̃n−1

2 and for π
2 < ϕ̃n <

π
2 +

ψ̃n−1
2 and

decreases monotonously for − π
2 +

ψ̃n−1
2 < ϕ̃n < 0 and for π

2 +
ψ̃n−1

2 < ϕ̃n < π. Then
the candidates for the minimal value of G(ϕ̃n) for − π

2 < ϕ̃n < 0 and π
2 < ϕ̃n < π

are

G(0) = G(π) = An, (3.9.47)

G
(
−π

2

)
= G

(π
2

)
= Cn. (3.9.48)
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In this case, Cn ≥ An > 0. Then, the minimal value of σ′(Xn, a
′
n) by varying the

vector a′n is obtained as 1 + An. With this minimal value and An > 0, one has

σ′(Xn, a
′
n) ≥ 1 + An

≥
{
1 − πε(∆τ)2

}2
+ (∆τ)2

{
1 − πε(∆τ)2

2

}2
> 1.

(3.9.49)

(ii) Case of Pn−1 < 0 ⇔ Cn−1 < An−1,
It holds that

tan ψ̃n−1 =
Qn−1
Pn−1

< 0 ⇒ −π
2
< ψ̃n−1 < 0. (3.9.50)

In this case, G(ϕ̃n) increases monotonously for ψ̃n−1
2 < ϕ̃n < 0 and π+ ψ̃n−1

2 < ϕ̃n < π

and decreases monotonously for − π
2 < ϕ̃n <

ψ̃n−1
2 and π

2 < ϕ̃n < π +
ψ̃n−1

2 . Then
the candidates for the minimal value of G(ϕ̃n) for − π

2 < ϕ̃n < 0 and π
2 < ϕ̃n < π

are

G
(
π +

ψ̃n−1
2

)
= F

(
ψ̃n−1

2

)
= An−1 cos2 ψ̃n−1

2
− Bn−1 sin

ψ̃n−1
2

cos
ψ̃n−1

2
+ Cn−1 sin2 ψ̃n−1

2
.

From An−1 > Cn−1 > 0, it holds that

G
(
π +

ψ̃n−1
2

)
> Cn−1−Bn−1 sin

ψ̃n−1
2

cos
ψ̃n−1

2
> Cn−1, ∵ sin ψ̃n−1 < 0,Bn−1 > 0.

(3.9.51)
Then, the minimal value of σ′(Xn, a

′
n) by varying the vector a′n is obtained as

1 + Cn−1. With this minimal value and Cn−1 > 0, one has

σ′(Xn, a
′
n) ≥ 1 + Cn−1

≥ {2πε(∆τ)}2 +
{
1 − πε(∆τ)2

}2
> 1

(3.9.52)

Thus from (3.9.49) and (3.9.52), by choosing

K = 1,

1
λ = min


√{

1 − πε(∆τ)2
}2
+ (∆τ)2

{
1 − πε(∆τ)2

2

}2
,√

{2πε(∆τ)}2 +
{
1 − πε(∆τ)2

}2


, (3.9.53)

one sees that condition (3.8.3) is satisfied. □

We now arrive at the position to state the second main theorem in this chapter.
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Theorem 3.9.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. The map

T̂ε,∆τ on M′ has the same ergodic properties as an Anosov diffeomorphism.

Proof. From Lemma 3.9.4 and Lemma 3.9.5, the map T̂ε,∆τ satisfies the conditions
(I), (II) and (III) in Definition 3.8.1 where M′ is not conpact. It is obvious that
the map T̂ε,∆τ is a diffeomorphism on M′. The domain of T̂ε,∆τ is not compact.
However, the map T̃ε,∆τ is topologically semi-conjugate with T̂ε,∆τ through the
transformation H. That is for any orbit {(p1(n),q1(n))}, there exists at least one
corresponding orbit {(sn, tn)}. Therefore, the dynamical system (M′, T̂ε,∆τ, µ) has
the same ergodic properties as (M, T̃ε,∆τ, µ). □

Similar to the case of T̃ε,∆τ, Corollary below holds.

Corollary 3.9.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. Then

the dynamical system (M′, T̂ε,∆τ, µ) is a K-system with the Lebesgue measure µ. In
addition, (M′, T̂ε,∆τ, µ) has a mixing property.

A possible physical interpretation is as follows. The Lebesgue measure on R is an
infinite measure and not a probability measure.

3.10 Convergence of initial density functions for Anosov
diffeomorphisms

The following theorems give the proof of convergence of initial density func-
tions to the uniform distribution and positivity of entropy rate for certain parameter
ranges.

Theorem 3.7.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. The map

T̃ε,∆τ on M is an Anosov diffeomorphism.

Theorem 3.8.1. Suppose that the condition ε < 0, 2
π(∆τ)2 < ε is satisfied. The map

T̂ε,∆τ on M′ has the same ergodic properties as an Anosov diffeomorphism.

Although Gallavotti assumed chaotic hypothesis [6, 91] in many-particle sys-
tems, we have proven directly for the systems with few degree of freedom that
one of them is an Anosov system and that the other has the same ergodic prop-
erties as an Anosov system when the condition (3.6.10) is satisfied. According
to Arnold and Avez [31], all Anosov diffeomorphisms are K-systems. Thus they
have the mixing property. Therefore the dynamical systems defined as the triplet
(M, T̃ε,∆τ, µ) and (M′, T̂ε,∆τ, µ) have the mixing property where µ corresponds to
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the Lebesgue measure. In general, the mixing property yields a relaxation process.
Then we adapt this general scenario to our case.

According to Gallavotti [6, 91], an map T̃ε,∆τ or T̂ε,∆τ has a unique probabil-
ity distribution (SRB distribution) on phase space M or M′, respectively. The
Lebesgue measure µ is an invariant measure for T̃ε,∆τ on M and for T̂ε,∆τ on M′. In
addition, it is obvious that for every measurable partition ζ subordinate to unstable
manifold, the conditional measures of the Lebesgue measure {µζx} is absolutely
continuous with respect to the Lebesgue measure [23, 37]. Then the uniform
distribution derived from the Lebesgue measure is the SRB distribution.

A convergence to the uniform distribution is proven for (M, T̃ε,∆τ, µ) and
(M′, T̂ε,∆τ, µ) as described above for any initial density function defined except
for a zero volume set [6] when the condition (3.6.10) is satisfied. In particular,
the map T̂ε,∆τ has time-reversal symmetry. Thus, for the map T̂ε,∆τ which satisfies
the condition of time reversibility and measure preserving, a convergence to the
uniform distribution is proven.

In addition to this, correlation functions decay exponentially [6, 91, 94, 105,
106]. In other words in the regime, relaxation occurs, such that

ρ(s, t) ' η(s)η(t), (3.9.1)

where ρ represents a density function on M and η represents the one dimensional
uniform distribution defined on IδN ,∆τ .

For any orbit {(p1(n),q1(n))}n∈Z of T̂ε,∆τ, there exists at least one correspond-
ing orbit {(sn, tn)}n∈Z of T̃ε,∆τ since the map T̃ε,∆τ is topologically semi-conjugate
with T̂ε,∆τ. Then, for the corresponding orbit {(p1(n),q1(n))}n∈Z, time series
{ε∆τ tan(πsn)}n∈Z obey the Cauchy distribution when {(sn, tn)}n∈Z obey the uni-
form distribution as N → ∞ and have mixing property. According to Ibragimov
[107], if the stationary random process {xk} satisfies the strong mixing condition,
then the sequence of distribution functions

Fn(z) = P
{

x1 + x2 + · · · + xn

Bn
− An < z

}
(3.9.2)

where An and Bn are normalizing constants, can only converge to a stable law.
Then in the dynamical system (M′, T̂ε,∆τ, µ), any initial density function with p1
defined except for a zero volume set converges to a stable law. In addition from
Theorem 3.9.1, any initial density function relaxes to the uniform distribution
defined on

(
R × IδN ,∆τ

)
\Γ′.
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3.10 Lyapunov exponent

Let us discuss the Lyapunov exponent of T̃ε,∆τ. In the following, we consider
the case in which N is large enough so that one can identify IδN ,∆τ as

(
−1

2,
1
2
]

and
the case in which the condition (3.6.10) is satisfied. Since the Lebesgue measure is
the SRB measure one can obtain from the Pesin’s identity [108] the Kolmogorov-
Sinai (KS) entropy hKS(T̃ε,∆τ) (entropy per unit time) [109] for almost all initial
points as

hKS(T̃ε,∆τ) =
∬

M
log

���det
(
DT̃ε,∆τ |Eu

)��� µ(dx), (3.10.1)

where hKS(T̃ε,∆τ) is positive since T̃ε,∆τ is an Anosov diffeomorphism.

According to Kac [93] and Chrikov [110], it cannot be said that the relaxation
always occurs monotonically even though the system has mixing property. How-
ever, it is cosidered that the time average of entropy production rate is equivalent to
the KS entropy and there are cases in which by assuming appropriate conditions,
the KS entropy is consistent with the time derivative of the entropy [29, 95, 96].

In calculating hKS(T̃ε,∆τ), one needs the eigenvalue corresponding to the un-
stable direction expressed by γ(t), t ∈ IδN ,∆τ with

γ(t) =
{
γ−(t), when ε > 2

π(∆τ)2 ,

γ+(t), when ε < 0,
(3.10.2)

γ±(t) = 1 − πε(∆τ)2
cos2(πt)

±

√(
1 − πε(∆τ)2

cos2(πt)

)2
− 1, (3.10.3)

where hKS(T̃ε,∆τ) is equivalent to the positive Lyapunov exponent λ(ε,∆τ) due to
the Pesin’s identity [108]. To obtain an explicit formula of the Lyapunov exponent,
one substitutes (3.10.3) into det

(
DT̃ε,∆τ |Eu

)
.
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(i) in the case of ε > 2
π(∆τ)2 , the Lyapunov exponent is denoted as

λ(ε,∆τ) =
∫ 1

2

− 1
2

log

������1 − πε(∆τ)2
cos2(πt)

−

√(
1 − πε(∆τ)2

cos2(πt)

)2
− 1

������ dt

=

∫ 1
2

− 1
2

log
����cos2(πt) − πε(∆τ)2 −

√(
cos2(πt) − πε(∆τ)2

)2 − cos4(πt)
���� dt

−
∫ 1

2

− 1
2

log
��cos2(πt)

�� dt

=

∫ 1
2

− 1
2

log
����πε(∆τ)2 − cos2(πt) +

√(
cos2(πt) − πε(∆τ)2

)2 − cos4(πt)
���� dt

−
∫ 1

2

− 1
2

log
��cos2(πt)

�� dt

=

∫ 1
2

− 1
2

log
��cos2(πt) − πε(∆τ)2

�� dt −
∫ 1

2

− 1
2

log
��cos2(πt)

�� dt

+

∫ 1
2

− 1
2

log ©­«1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2ª®¬ dt

= log
[
2πε(∆τ)2 − 1 + 2

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}]
+

∫ 1
2

− 1
2

log ©­«1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2ª®¬ dt

(3.10.4)
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(ii) in the case of ε < 0, the Lyapunov exponent is denoted as

λ(ε,∆τ) =
∫ 1

2

− 1
2

log

������1 − πε(∆τ)2
cos2(πt)

+

√(
1 − πε(∆τ)2

cos2(πt)

)2
− 1

������ dt

=

∫ 1
2

− 1
2

log
����cos2(πt) − πε(∆τ)2 +

√(
cos2(πt) − πε(∆τ)2

)2 − cos4(πt)
���� dt

−
∫ 1

2

− 1
2

log
��cos2(πt)

�� dt

=

∫ 1
2

− 1
2

log
��cos2(πt) − πε(∆τ)2

�� dt −
∫ 1

2

− 1
2

log
��cos2(πt)

�� dt

+

∫ 1
2

− 1
2

log ©­«1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2ª®¬ dt

= log
[
1 − 2πε(∆τ)2 + 2

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}]
+

∫ 1
2

− 1
2

log ©­«1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2ª®¬ dt

(3.10.5)
From (3.10.5), in the condition such as |ε | � 1, it holds that

log
[
1 − 2πε(∆τ)2 + 2

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}]
= O

(
−2πε(∆τ)2 + 2

√
−πε(∆τ)2 + π2ε2(∆τ)4

)
,

(3.10.6)

and that

−2πε(∆τ)2 + 2
√
−πε(∆τ)2 + π2ε2(∆τ)4 = O(|ε | 1

2 ). (3.10.7)

Then, it holds that in the condition such as |ε | � 1, we have

log
[
1 − 2πε(∆τ)2 + 2

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}]
= O(|ε | 1

2 ). (3.10.8)

In terms of
∫ 1

2
− 1

2
log

(
1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2
)

dt, it holds that

log

(
1 +

√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2
)
= O

(√
1 −

(
1 − πε(∆τ)2

cos2(πt)

)−2
)
= O

(
|ε | 1

2

)
(3.10.9)
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Thus, from Equations (3.10.8) and (3.10.9), when 0 < −ε � 1, it holds that

λ(ε,∆τ) = O(|ε | 1
2 ). (3.10.10)

Therefore, the critical exponent of Lyapunov exponent ν is 1
2 as ε → −0. The value

of the critical exponent is same as those of GB, SGB and ESGB transformations.
Then, there is the possibility that we can apply intermittency route to chaos to our
maps.

Since it is not necessarily that such an expression is simple enough, we assume
the following so that an explicit expression is analytically obtained.
(Assumption): one can obtain the equivalent value of (3.10.1) if one substitutes〈
cos2(πt)

〉
= 1/2 into cos2(πt) in Equations (3.10.4) and (3.10.5) .

Under this assumption, Equations (3.10.4) and (3.10.5) can be integrated as,

λ(ε,∆τ) '


log

[
2πε(∆τ)2 − 1 + 4

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}
+

4πε(∆τ)2{πε(∆τ)2−1}
2πε(∆τ)2−1

]
, ε > 2

π(∆τ)2 ,

log
[
1 − 2πε(∆τ)2 + 4

√
πε(∆τ)2

{
πε(∆τ)2 − 1

}
+

4πε(∆τ)2{πε(∆τ)2−1}
1−2πε(∆τ)2

]
, ε < 0.

(3.10.11)
Figure 3.3 shows the comparison between the numerical result and the analytical
formula of the Lyapunov exponent. One sees that the numerical result is consistent
with the analytical formula.
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Figure 3.3: Numerical calculation of Lyapunov exponent (red circle) and analytical
formula (lines) in the case of∆τ = 1. A solid line corresponds to λ(ε,∆τ) for ε < 0
and a broken line corresponds to ε > 2

π . The iteration number is 104. The initial
deviation vector and point are as follows: vs =

1√
2
, vt =

1√
2

and (s, t) = (
√

2−1
2 ,

√
3−1
2 ).

A vertical line corresponds to ε = 2
π .
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3.11 Superdiffusion
Superdiffusion is a phenomenon in which the variance σ2(n) grow of order

nγ, γ > 1. That means that for a density function P(x,n) [111] its variance

σ2(n) def
=

∫ ∞

−∞
(x − 〈x〉)2 P(x,n)dx (3.11.1)

diverges of order
σ2(n) ∝ nγ, γ > 1. (3.11.2)

For time series {pn}∞n=0, superdiffusion is also defined by using mean square
displacement

〈
r2(n)

〉
[112] defined by〈

r2(n)
〉
=

〈
(pn − p0)2

〉
. (3.11.3)

When mean square displacement
〈
r2(n)

〉
obeys the following relation

〈
r2(n)

〉
∝

nγ, γ > 1, we call superdiffusion occurs.
Here superdiffusion is a phenomenon which cannot be explained by the Cen-

tral Limit Theorem and can be observed in various physical systems such as
astrophysics [113], rotating flow [114], hydrogen in Vanadium [115], dense gran-
ular media [116] and ultracold atoms [117]. As the model of symplectic map
in which superdiffusion occurs, standard map is known. The standard map is
the most famous chaotic model associated with a classical Hamiltonian system
in which one can observe the coexistence of the chaotic sea and KAM tori for a
finite parameter range [98]. Then, the standard map is not ergodic for the whole
domain [99]. It means that the measure of sets of points is less than unity in which
chaos occurs. From the viewpoint of the time evolution, lots of works reported
that superdiffusion occurs in the standard map due to the coexistence of chaotic
regions and KAM tori [29, 98, 99, 100]. This phenomenon is referred to be, not
perfectly chaotic superdiffusion [100].

From the viewpoint of the spacial structure, the standard map has a periodic
potential and Hamiltonians with periodic potential appear in solid surfaces [118]
and quantum chaos [119].

3.11.1 Distribution yielding superdiffusion
As a preparation for the following discussion, first we consider the such situa-

tion that the probability variable {xn}∞n=1 are independent and identically distributed
in accordance with the Cauchy distribution whose scale parameter is γ and median
is 0. According the the Generalized Central Limit Theorem [90], it holds that for
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the time series {xn}∞n=1,
n∑

k=1
xk − An

n
1
α

d→ S(α, β, γ,0) as n → ∞,

An =


0 0 < α < 1
n2I log

(
φx(1

n )
)

α = 1
nE[x] 1 < α < 2

, (3.11.4)

(i) in the case of 0 < α < 1, the term

n∑
k=1

xk

n
1
α

neither converges to certain value nor
diverges. Then the order of this term is denoted as

O

(
n∑

k=1
xk

)
= O

(
n

1
α

)
. (3.11.5)

Thus, one has that

O ©­«
(

n∑
k=1

xk

)2ª®¬ = O
(
n

2
α

)
. (3.11.6)

(ii) in the case of α = 1, since the term I log
(
φx(1

n )
)

corresponds to the imaginary
part of characteristic function and the characteristic function of the Cauchy distri-

bution is real number, then An = 0. Thus, the order of
n∑

k=1
xk is denoted similarly

as

O

(
n∑

k=1
xk

)
= O (n)

∴ O ©­«
(

n∑
k=1

xk

)2ª®¬ = O(n2)
. (3.11.7)

(iii) in the case of 1 < α < 2, one can always consider the case in which the mean
value E[x] is removed. Then, one can apply the case (i). Thus it holds that

O ©­«
(

n∑
k=1

xk

)2ª®¬ = O
(
n

2
α

)
. (3.11.8)

Therefore, from Eq. (3.11.7), the following relation holds.〈(
n−1∑
k=0

xk

)2〉
∝ n2. (3.11.9)
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Here, we consider a dynamics define by pn+1 = pn + xn where {xn} are i.i.d and
in accordance with the Cauchy distribution. At that time, from (3.11.9) the mean
square displacement

〈
r2(n)

〉
of pn defined by (3.11.3) can be rewritten as

〈
r2(n)

〉
=

〈
(pn − p0)2

〉
=

〈(
n−1∑
k=0

xk

)2〉
∝ n2.

(3.11.10)

Therefore, it shows that superdiffusion occurs. In my dynamics, if the local
instability condition is satisfied, variables sn = q1(n) + ∆τ2 p1(n) − q2(n) − ∆τ2 p2(n)
obeys the uniform distribution. By considering the case that the number N is large
enough in (3.2.3), we can consider that the variable sn is uniformly distributed

in
(
−1

2
,
1
2

]
. Then, by assuming that the variable {un = −ε∆τ tan (πsn)}n are

independent, it can be shown why superdiffusion occurs when local instability
condition is satisfied.

According to the above description, we discuss the mathematical structure
which connects an Anosov diffeomorphism with superdiffusion. In what follows,
we focus on the map Tε,∆τ or T̂ε,∆τ and on the distribution of the momentum p1. It
will be shown that p1 is represented by the sum of variables obeying the Cauchy
distribution.

In detail, since the map T̃ε,∆τ is topologically semi-conjugate with T̂ε,∆τ, for
any orbit {(p1(n),q1(n))}n∈Z, there is at least one corresponding orbit {(sn, tn)}n∈Z.
In addition since points {sn}n∈Z obey the uniform distribution and have mixing
property, points {uk = −ε(∆τ) tan(πsk)}k∈Z obey the Cauchy distribution [49, 36]

f (u) = 1
π

|ε∆τ |
(ε∆τ)2 + u2 , (3.11.11)

and also have the mixing property. Similar to above discussion, Maryland trans-
formation is known as the example in which the tangent function and the Cauchy
distribution appear [120].

Figure 3.4 shows the distribution of {uk}n
k=1 for single orbit where n = 106 at

ε = 0.65, ∆τ = 1 (where the local instability condition is satisfied) and N is large
enough. The function ρ(x) represents numerically obtained distribution and ρ∗(x)
shows the distribution defined in (3.11.11). Numerically obtained function ρ(x) is
consistent with the theoretical function ρ∗(x). This numerical result ensures that
the variables {uk} obey the Cauchy distribution defined by (3.11.11).
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Figure 3.4: Distribution of {uk} at ε = 0.65 and ∆τ = 1. The function ρ(x)
represents the numerical result and ρ∗(x) represent theoretical result defined by
(3.11.11).

From (3.11.11), we can obtain a distribution of p1 as follows. Since the

momentum p1 is expressed by p1(n) = p1(0) +
n∑

k=1
uk , the density function of

{p1(n)} uniquely converges to a stable law [107]. For a fixed n, if {uk}n
k=1 are

independent when the number of ensemble me is infinity, then {p1(n)}ensemble
def
=

{p1(n, i)}me

i=1 obey the distribution

f (p1(n)) =
1
π

|αn |
α2

n + p2
1(n)

, (3.11.12)

where i is an index of each initial point and αn satisfies αn = |n(ε∆τ)|. Consider
the case that me is finite. With (3.11.12), one has that {y def

= p1(n)/
√
σn,me}ensemble

obey

g(y) = 1
π

|αn |
√
σn,me

α2
n + (

√
σn,me y)2

, (3.11.13)

where √
σn,me is a variance obtained from the finite number of ensemble data

{p1(n, i)}me

i=1. Figures 3.5 and 3.6 show the density function g(y) and the numeri-
cally obtained density function G(y) at ∆τ = 1, ε = 0.65 > 2

π and ε = −0.1 < 0,
respectively where y represents {yi = p1(100, i)/√σ100,me}

me

i=1. The number of
initial points is me = 106. In Figure 3.5, fitting g(y) to the data using least square
method, one obtains a fitted parameter α̂ as α̂ = 68.5 ' 0.65× 100. In Figure 3.6,
one obtains |α̂ | = 12.8 ' 0.1 × 100. If {uk} are independent, then α̂ = 65,10,
respectively.
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Therefore, for ε < 0, 2
π(∆τ)2 < ε one can see that {p1}ensemble nearly obeys the

Cauchy distribution in the sense that {uk} are almost independent.
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Figure 3.5: Density function g(y) and G(y) at ε = 0.65. Initial points

{(p1, p2,q1,q2)} are uniformly distributed on
(
−1

2,
1
2

)4
. The number of initial

points is me = 106. The parameter α̂ obtained by the least square method is
α̂ = 68.5 ' 100 × 0.65. The values of the variance for finite number of data
{p1(100, i)}me

i=1 is √σ100,me = 4.24 × 104.
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Figure 3.6: Density function g(y) and G(y) at ε = −0.1. Initial points

{(p1, p2,q1,q2)} are uniformly distributed on
(
−1

2,
1
2

)4
. The number of initial

points is me = 106. The parameter α̂ obtained by the least square method is
α̂ = 12.8 ' 100 × 0.1. The values of the variance for finite number of data
{p1(100, i)}me

i=1 is √σ100,me = 5.77 × 103.
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3.11.2 Superdiffusion in our system
Since {uk = −ε(∆τ) tan(πsk)}k∈Z in accordance with the Cauchy distribution

are nearly independent and {p1(n)} nearly obey the Cauchy distribution for finite
time n (see the Figures 3.5 and 3.6), one can see that superdiffusion occurs. Figure
3.7 shows the log-log plot with numerically simulated time evolution of mean
square displacement (MSD) with p1 and q1 at ∆τ = 1, ε = 0.68 > 2

π , where
the number of initial points is m′

e = 2.5 × 105. The order of MSD(n; p1) and
MSD(n; q1) against n is

MSD(n; q1) ∼
{

nνq1 ,S, νq1,S ' 2, for n ≲ tc,
nνq1 ,L, νq1,L ' 4, for n ≳ tc,

MSD(n; p1) ∼ nνp1 , νp1 ' 2,

where tc ' 101.3. From Figure 3.7, we observe that

νq1,S ' νp1, νq1,L ' νp1 + 2. (3.11.14)

Equation (3.11.14) is consistent with that found in study by Benkadda [100]. The
time tc is considered to be a relaxation time when correlation functions decay
almost completely.
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Figure 3.7: Mean square displacement (MSD) of p1 and q1 for the map Tε,∆τ at
ε = 0.68 and m′

e = 2.5 × 105 (solid lines). The broken lines increase in the order
of log10 n2 or log10 n4. One can see there occurs superdiffusion for p1 and q1.
As initial conditions, p1 and p2 are distributed obeying to the Cauchy distribution
whose scale parameter is 0.68 and q1 = q2 = 0. In study by Latora et. al. [121],
under similar initial conditions, superdiffusion was studied.
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It should be emphasized that perfectly chaotic superdiffusion occurs in our
model, namely for almost all initial points chaotic superdiffusion occurs. Accord-
ing to the previous works [29, 98, 99, 122, 123], the cause of superdiffusion is
considered to be the coexistence of chaotic regions and KAM tori. In particular
it has been believed that normal diffusion and superdiffusion coexist in standard
map. In our model however, superdiffusion occurs with probability unity, i.e.
phase space is solely filled with chaotic region. Then, from our analysis we
propose a new mechanism of superdiffusion.

3.12 Conclusion
In the microscopic scale, it has been proven that the map T̂ε,∆τ which has

time-reversal symmetry without scatterers, has the same ergodic properties as an
Anosov diffeomorphism for ε < 0 or 2

π(∆τ)2 < ε, namely the dynamical system
derived from the Hamiltonian without scatterers has the mixing property (ergodic).

In the macroscopic scale, in the sense of distribution functions, we also have
proven that the Kolmogorov-Sinai entropy is positive for almost all initial points
and the Lebesgue measure is a unique SRB measure in the parameter ranges. Then,
this has indicated that a density function converges into the uniform distribution
in the sense of mixing and that the time derivative of the Boltzmann entropy is
positive after the system has been mixed enough. The result has assured that
one can deal with the dynamical system probabilistically or statistically using
the uniform distribution. In addition, we have shown that the momentum nearly
obeys the Cauchy distribution if the time n is finite, which causes perfectly chaotic
superdiffusion.

In summary, the convergence of initial density functions to the uniform distri-
bution and positivity of entropy rate are certainly proven rigorously in our model
derived from the Hamiltonian system with time-reversal symmetry for the param-
eter ranges ε < 0 or 2

π(∆τ)2 < ε. In addition, the relaxation occurs with perfectly
chaotic superdiffusion in the whole sets of the chaotic region. From these results,
it can be claimed that the convergence of initial density functions to the uniform
distribution and positivity of entropy rate are compatible with microscopic time
reversibility. Thus, from our analysis, “macroscopic uni-direction" can be gen-
erated by internally chaotic mechanism in Hamiltonian dynamical systems with
time-reversal symmetry even though the systems do not have external artifacts
such as the walls, collisions and scatterers.
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Chapter 4

Conclusion

Let us summarize this thesis.
In Chapter 2, the universality of routes to chaos is discussed. Previous studies

proposed that there is universality in the critical exponent of the Lyapunov ex-
ponent, but justified this suggestion primarily by numerical experiments. In this
thesis, we have considered the generalized Boole (GB) transformations, super-
generalized Boole (SGB) transformations, and extended super-generalized Boole
(ESGB) transformations, and obtained the following results.

1. The GB, SGB and ESGB transformations are exact for 0 < |α | < 1.

2. Because of this exactness, any initial density function for GB, SGB and
ESGB transformations converges to the unique equilibrium distribution in
terms of the L1 norm.

3. The explicit form of the Lyapunov exponent for α > 0 corresponding to GB
transformations is obtained.

4. For GB transformations, Type 1 intermittency occurs at α = 1 and Type 3
intermittency occurs at α = 0.

5. For GB transformations, at α = 1, two different critical exponents are
obtained: ν = 1 in the limit of α = 1 + 0, and ν = 1

2 in the limit of
α → 1 − 0. At α = 0, we have ν = 1

2 .

6. For SGB and ESGB transformations, for a countably infinite number of
maps, Type 1 intermittency occurs at (∀K, α = 1) and (2N + 1, 1

(2N+1)2 ). At
|α | = 1, we have ν = 1 as |α | → 1 + 0 and ν = 1

2 as |α | → 1 − 0 for all K .
In the case of K = 2N + 1, it can be shown that ν = 1

2 as |α | → 1
(2N+1)2 + 0;

in the case of K = 2N , it can be shown that ν = 1
2 as |α | → +0.
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7. SGB transformations preserve the Lebesgue measure for α = ±1 and are
ergodic in that condition. This means that we obtained countably infinite
maps with infinite ergodic measure.

8. ESGB transformations preserve the following density function: ργ,β(x) =
1
π
γ |x |β−1

|x |2β+γ2 , β > 0. This is a more general class than the Cauchy distribution,
which corresponds to β = 1.

In Chapter 3, we treat irreversible behavior in dynamical systems with time-
reversal symmetry. In the 19th century, Boltzmann proved the unidirectionality
of the time evolution of his H function in rarefied gas by assuming the ergodic
hypothesis. Here, we prove that, for a system with time-reversal symmetry and
invariant measure (the conditions discussed by Loschmidt and Zermelo, respec-
tively), any initial density function defined except for zero measure converges to
the unique equilibrium distribution in the sense of mixing. We show this by prov-
ing the Anosov property for certain maps. In particular, we obtained the following
results:

1. When the local instability condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the map

T̃ε,∆τ is an Anosov diffeomorphism. Therefore, any initial density func-
tion defined except for zero measure converges to the uniform distribution
corresponding to the SRB measure.

2. When the local instability condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the map

T̂ε,∆τ satisfies the condition (I), (II) and (III) in Definition 3.8.1 where M′ is
not compact.

3. The map T̃ε,∆τ is topologically semi-conjugate to T̂ε,∆τ. Then the map
T̂ε,∆τ has the same ergodic property as the map T̃ε,∆τ. Thus, the map T̂ε,∆τ
has the SRB measure as the Lebesgue measure. Therefore, any initial
density function defined except for zero measure converges to the uniform
distribution corresponding to the SRB measure.

4. When the local instability condition ε < 0, 2
π(∆τ)2 < ε is satisfied, the

variable {un = −ε∆τ tan (πsn)}n follows the Cauchy distribution, the scal-
ing parameter of which is ε∆τ. According to the generalized central
limit theorem, the mean square displacement in terms of moment obeys〈
(pn − p0)2

〉
=

〈(
n−1∑
k=0

uk

)2〉
∝ n2.

We will now consider some possible future extensions of the present work.
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Three main avenues for further exploration of the GB, SGB, and ESGB trans-
formations are open to us.

1. We proved that SGB transformations preserve the Lebesgue measure and
that they are ergodic at α = ±1. According to [79], SGB transformations
are ergodic with the Lebesgue measure at (K, α) = (2,1). Therefore, we
plan to prove ergodicity at α = ±1 for any K and β. A few examples have
been proved to be ergodic with infinite measure. If we can prove this for an
uncountably infinite number of maps, we will have made a major advance
in ergodic theory.

2. We plan to study anomalous diffusion in GB, SGB, ESGB, or these modified
maps. ESGB transformations preserve a density function in which f (x) ∼

1
|x |β+1 , |x | → ∞. It is anticipated that anomalous diffusion occurs and the
exponent of the mean square displacement can be adjusted by β. That is,
throughout the range 0 < α < 2, we will be able to generate any anomalous
diffusion for which

〈
(xn − x0)2

〉
∝ nα holds. In addition, the map S̄K,α is

defined in a bounded interval. It has been reported that anomalous diffusion
occurs in maps that are generated by combining plural maps stepwise [124].
By combining plural S̄K,α maps to make a stepped form, we can observe the
global diffusion in R and discover whether anomalous diffusion occurs.

3. We will consider multidimensional versions of the GB, SGB, and ESGB
transformations. Referring to [21], we plan to make N-dimensional maps
using GB, SGB, or ESGB transformations, find the conditions under which
they are exact, and study their nonequilibrium steady states. If we generate
maps linked in a chain and fix the density function of one side point, we
expect that there will be a continuous change in the steady state density
function due to the exactness of these maps.

Extending the work described in Chapter 3, we are planning to make multidi-
mensional Anosov systems. In the two-dimensional case, there are several Anosov
systems that include T̂ε,∆τ and T̃ε,∆τ, such as Arnold’s cat map, (multi) Baker’s map,
Sinai billiards, and the Bunimovich stadium. We will increase the dimensionality
to study such dynamical systems statistically. Usually, in multidimensional cases,
the Anosov property is not proven but assumed; if we can prove that it holds for
multidimensional systems, we will have advanced ergodic theory and statistical
physics. In addition, we plan to study anomalous diffusion in a modified T̂ε,∆τ
map. We will generalize the tan function using a parameter 0 < β < 2 as in
ESGB transformations. It is expected that anomalous diffusion occurs in which
the exponent of the mean square displacement can be adjusted arbitrarily.

102



Finally, we are considering quantizing the map T̂ε,∆τ. Studies of quantizing the
standard classical symplectic map have reported that diffusion is suppressed in a
quantum system, but not in a classical system [125]. In the standard map, phase
space consists of chaotic regions and torus regions and both normal diffusion and
superdiffusion occur. In the map T̂ε,∆τ, when the local instability condition is
satisfied, phase space is covered by the chaotic region and superdiffusion occurs
with probability unity. We will investigate whether superdiffusion also occurs
when the map T̂ε,∆τ is quantized.
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Appendix A

New Chaos Indicators

This chapter is according to [52, 53].

A.1 Introduction
In a weakly chaotic system, we need much more computational time to obtain

valid numerical results about finite Lyapunov exponents than a strongly chaotic
system. Here, a weakly chaotic system is defined such that the largest Lyapunov
exponent for a dynamical system is small and positive. For example, Sussmann
and Wisdom [126, 127] calculated the Lyapunov time (the inverse of Lyapunov
exponent) of the Solar system over 100 million years and predicted the Lyapunov
time as approximately 5 million years.

According to Froeschlé, Gonczi and Lega [39], in a weakly chaotic system, it
can take more than ten times longer than Lyapunov time. In order to investigate
situation of the phase space, they invented Fast Lyapunov Indicator (FLI) [39, 41]
for a class map

x(n + 1) = F(x(n)), x ∈ RN . (A.1.1)

Here, FLI is defined by

FLI(x(0), v(0),n) = sup
0<i≤n

log
(
‖v(i)‖
‖v(0)‖

)
, (A.1.2)

where x(0) is an initial point, v(0) is an initial variational vector. When an initial
point is in a chaotic region, the time evolution of FLI is of order O(n)[128]. On the
other hand, when an initial point is on a torus, it holds that FLI(n) ∼ O(log n)[128].
These relations hold if we choose a good initial variational vector.
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A.1.1 Orthogonal Fast Lyapunov Indicator (OFLI)
Fouchard, Lega, Chistiane Froeschlé and Claude Froeschlé [42] improved FLI

and invented Orthogonal Fast Lyapunov Indicator (OFLI) defined by

OFLI(x(0), v(0),n) ≡ sup
0<i≤n

log
(
‖v(i)⊥‖
‖v(0)‖

)
. (A.1.3)

Here, v(n)⊥ is a quadrature component of v(n) defined by



v(n)⊥

 = √
‖v(n)‖2 − 〈v(n), F(x(i))〉2

‖F(x(i))‖2 . (A.1.4)

.

A.1.2 Orthogonal Fast Lyapunov Indicator 2 (OFLI2)
Next, Bario [43] improved OFLI and invented OFLI2 defined by

OFLI2(x(0), v(0),n) ≡ sup
0<i<n

log





(v(i) + 1
2v2(i)

)⊥






(v(0) + 1
2v2(0)

)


 , (A.1.5)

v(i + 1) = DF(x(i))v(i), (A.1.6)
v2(i + 1) = DF(x(i))v2(i) + D2F(x(i)) (v(i))2 , (A.1.7)

where DF(x(n)) is a Jacobian for F(x(n)) and D2F(x(n)) (v(n))2 is defined by

D2F(x(n)) (v(n))2 ≡
N∑

i=1

tv(n)H[Fi(x(n))]v(n) ei . (A.1.8)

Here, Fi(x(n)) is a ith component of F(x(n)) and H[Fi(x(i))] is a Hessian matrix
and we set v(0) = v1(0), v2(0) = 0.

A.2 Ultra Fast Lyapunov Indicator (UFLI)
In calculation of OFLI2, the term with Hessian (D2F(x(i)) (v(i))2) uses only a

linear term of F(x(n)) and we need to calculate 2 terms v and v2 separately.
When iteration time n is not so large, it is possible that we cannot detect

whether the orbit is of order O(n) or O(log(n)) as Figure A.6 and A.8. To improve
this problem, we need new indicator which grows more rapidly for a chaotic orbit.
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Thus, we propose an improved indicator Ultra Fast Lyapunov Indicator (UFLI)
[53] defined by

UFLI(x(0), v(0),n) ≡ sup
0<i<n

log


v(i)⊥


‖v(0)‖ , (A.2.1)

v(n + 1) = DF(x(n))v(n) + 1
2

N∑
i=1

tv(n)H[Fi(x(n))]v(n) ei . (A.2.2)

Now we express DF(x(n)) by DFn. The variational vector v(n + 1) can expressed
by

v(n + 1) =
(

n∏
i=0

DFi

)
v(0)

+
1
2

n∑
l=0

©­«
l∏

j=1
DFn−j

ª®¬
(
D2Fn−l

)
(u(n − l))2 +O(v(0)3) (A.2.3)

where,

u(n + 1) = DFnDFn−1 · · · DF0v(0). (A.2.4)

Then we define a term consists of second order for v(0) by w(n) as,

w(n + 1) ≡ 1
2

n∑
l=0

©­«
l∏

j=1
DFn− j

ª®¬
(
D2Fn−l

)
(u(n − l))2. (A.2.5)

Then,

v(1) = DF0v(0) +
1
2

D2F0(v(0)2),

v(2) = DF1v(1) +
1
2

D2F1(v(1)2),
= u(2) + w(2)

+
1
4

N∑
i=1

tu(1)H[Fi
n]

[
D2F0(v(0))2

]
ei +

1
4

N∑
i=1

t
[
D2F0(v(0))2

]
H[Fi

n]u(1) ei

+
1
8

N∑
i=1

t
[
D2F0(v(0))2

]
H[Fi

n]
[
D2F0(v(0))2

]
ei (A.2.6)

The terms whose order is over two also effect UFLI while for OFL2 only first
and second order effect its value. When u(n) increase, we cannot neglect higher
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order. Then, UFLI increases drastically for a chaotic orbit and we researched UFLI
whether it can detect chaoticity for systems with small Lyapunov exponent more
rapidly and sensitively than the other three indicators.

We apply UFLI to the standard map [42, 129] (A.2.7)

TS (I, θ) =
(

I + δ sin (I + θ) (mod 2π),
I + θ (mod 2π)

)
(A.2.7)

and Froeschlé map [130] (A.2.8)

TF(I1, θ1, I2, θ2) =
©­­­­«

I1 − ε sin(I1+θ1)
{cos(I1+θ1)+cos(I2+θ2)+4}2

I1 + θ1 (mod 2π)
I2 − ε sin(I2+θ2)

{cos(I1+θ1)+cos(I2+θ2)+4}2

I2 + θ2 (mod 2π)

ª®®®®¬
. (A.2.8)

and the generalized Boole transformations [80] (A.2.9)

xn+1 = αxn −
β

xn
, α > 0, β > 0, xn ∈ R, (A.2.9)

In this proceeding the common logarithm is used to calculate indicators.

A.2.1 Application of UFLI for the Standard map
According to Lega and Froeschleé [129] for the standard map at δ = 0.9, point

A (I, θ) = (0.00001,0) is in chaotic region, point B (2.13,0) is in KAM torus
region and point C (1.2,1) is in Resonance torus region. Then, we investigated
the behavior of time evolution of the indicator FLI, OFLI, OFLI2 and UFLI. We
used exflib to carry out multiple-precision calculations with PRECISION 50. The
initial variational vector v(0) is defined by

v(0) = F(x(0)) × d. (A.2.10)

Figures A.1-A.8 show the comparison results for the standard map. In the case
of FLI, Fouchard et. al. [42] explain it cannot work properly when initial vector is
orthogonal to the flow. However in our numerical experiments it can distinguish
the three types of orbit when the initial vector is parallel to the flow. According to
Bario [43], OFLI cannot distinguish the three types of orbit properly when initial
variational vector is parallel to the flow for Hénon-Heils system. Figures A.5 and
A.8 show OFLI cannot distinguish a chaotic orbit from a KAM torus orbit properly
when initial variational vector is parallel to the flow. Figures A.1-A.8 show if we
take the length of initial variational vector small, UFLI as well as OFLI2 can
distinguish three orbits even when the initial variational vector is parallel to the
flow. According to Figures A.1 and A.7, around n ∼ 50, it is difficult to determine
the chaotic orbit is of order O(n) for OFLI2 while it is easy the orbit is chaotic for
UFLI.
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Figure A.1: Time evolution of UFLI
for the standard map for ε = 0.9 and
d = 0.001. Compare with the other three
indicators, UFLI shows rapid growth for
the chaotic orbit.
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Figure A.2: Time evolution of UFLI for
the standard map for ε = 0.9 and d = 1.0.
In all the three cases, the time evolutions
of UFLI grow exponentially. Thus, UFLI
cannot distinguish the three orbits when
d = 1.0.
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Figure A.3: Time evolution of FLI for
the standard map for ε = 0.9 and d =
0.001. FLI can distinguish chaotic orbit
from orbits on torus.
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Figure A.4: Time evolution of FLI for
the standard map for ε = 0.9 and d =
1.0. FLI can distinguish chaotic orbit
from orbits on torus.
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Figure A.5: Time evolution of OFLI
for the standard map for ε = 0.9 and
d = 0.001. OFLI cannot distinguish a
chaotic orbit from orbits on torus because
OFLI for the orbit on KAM torus grow
exponentially.
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Figure A.6: Time evolution of OFLI for
the standard map for ε = 0.9 and d = 1.0.
OFLI cannot distinguish a chaotic orbit
from orbits on torus because OFLI for the
orbit on KAM torus grow exponentially.
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Figure A.7: Time evolution of OFLI2 for
the standard map for ε = 0.9 and d =
0.001. OFLI2 can detect a chaotic orbit.
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Figure A.8: Time evolution of OFLI2 for
the standard map for ε = 0.9 and d = 1.0.
OFLI2 can detect a chaotic orbit.
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A.2.2 Application of UFLI for Froeschlé map
Next, we apply chaotic indicators to Froeschlé map. According to C. Froeschlé,

M. Guzzo and E. Lega [131], for Froeschlé map at ε = 0.6 point A (I1, θ1, I2, θ2) =
(2.07,0,2.1,0) is in chaotic region, point B (1.8,0,1.2,0) is in KAM torus region
and point C (1.67,0,0.91,0) is in Resonance torus region. We research the behavior
of FLI, OFLI, OFLI2 and UFLI using exflib with PRECISION 50. The initial
conditions (I1(0),0, I2(0),0) is parallel to the flow as

v(0) = F(x(0)) × 0.01, (A.2.11)
ε = 0.6. (A.2.12)
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Figure A.9: Time evolution of UFLI for
Froeschlé map for ε = 0.6 and d = 0.01.
Compare with the other three indicators,
UFLI shows rapid growth for the chaotic
orbit.
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Figure A.10: Time evolution of FLI for
Froeschlé map for ε = 0.6 and d = 0.01.
FLI cannot distinguish the three types of
orbit.
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Figure A.11: Time evolution of OFLI for
Froeschlé map for ε = 0.6 and d = 0.01.
OFLI can distinguish chaotic orbit from
the other two orbits. However around
n ∼ 200, it is difficult to determine the
chaotic orbit is of order O(n).
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Figure A.12: Time evolution of OFLI2

for Froeschlé map for ε = 0.6 and
d = 0.01. OFLI2 distinguish chaotic or-
bit from the other two orbits. However
around n ∼ 200, it is difficult to deter-
mine the chaotic orbit is of order O(n).
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Figures A.9-A.12 show for a chaotic orbit the time evolution of UFLI is more
drastic than FLI, OFLI and OFLI2. According to Figure A.9, the behavior of UFLI
changes drastically around 100 ≲ n ≲ 200. Then we researched whether these
four indicators can detect chaoticity in short iterations. Figures A.13- A.20 show
diagrams of chaotic indicator for Froeschlé map at n = 200 varying initial value
of I1 and I2 with ε = 0.6. Initial values of θ1 and θ2 are zero.

Figures A.13, A.15, A.17 and A.19 show the values of indicators for each
initial point scaled to [1,3] 3 log10(200). We can say UFLI, FLI and OFLI can
detect Arnold web but OFLI2 cannot. As explained above, for an orbit on a torus,
the equation below holds.

FLI(n) ∼ O(log(n)). (A.2.13)

Then, if we assume the other indicators are also in accordance with O(log(n)) for
a orbit on torus, it can be difficult to distinguish chaotic area from torus area when
we set the scale as [1,3] 3 log10(200) as Figure A.19.

Now, Figures A.14, A.16, A.18 and A.20 show the values of indicators for each
initial point scaled to [1,200].

Let us focus on Figure A.14. UFLI can detect Arnold web (chaotic regions
along resonance lines represented by white area) clearly. According to Figures
A.14, A.16, A.18 and A.20, UFLI can represent the difference between chaotic
orbits and orbits on torus more clearly than the other three indicators.

FLI (Figure A.15),OFLI (Figure A.17) and OFLI2 (Figure A.19) cannot dis-
tinguish torus regions from chaotic regions clearly.
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Figure A.13: Diagram of UFLI for Froeschlé map at ε = 0.6 at n = 200. UFLI
can distinguish a Arnold web (chaotic regions along resonance lines represented
by white area) from torus regions.

Figure A.14: Diagram of UFLI for Froeschlé map at ε = 0.6 at n = 200. The
scale of value of UFLI is changed from [1, 3] to [1, 200]. The value of UFLI for
a chaotic orbit is quite larger than that for an orbit on KAM torus or Resonance
torus.
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Figure A.15: Diagram of FLI for Froeschlé map at ε = 0.6 at n = 200. FLI can
detect a Arnold web.

Figure A.16: The scale of value of FLI is changed from [1, 3] to [1, 200]. The value
of FLI for a chaotic orbit is not quite different from that for an orbit on KAM torus or
Resonance torus. Thus, it is difficult to distinguish chaotic regions (corresponding
to FLI ∼ O(200)) from torus regions (corresponding to FLI ∼ O(log10(200)) at
n = 200.
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Figure A.17: Diagram of OFLI for Froeschlé map at ε = 0.6 at n = 200. OFLI
can detect a Arnold web.

Figure A.18: Diagram of OFLI for Froeschlé map at ε = 0.6 at n = 200. The
scale of value of OFLI is changed from [1, 3] to [1, 200]. The value of OFLI
for a chaotic orbit is not quite different from that for an orbit on KAM torus or
Resonance torus. Thus, it is difficult to distinguish chaotic regions (corresponding
to OFLI ∼ O(200)) from torus regions (corresponding to OFLI ∼ O(log10(200))
at n = 200.
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Figure A.19: Diagram of OFLI2 for Froeschlé map at ε = 0.6 at n = 200. It is
difficult to distinguish chaotic regions from torus regions.

Figure A.20: Diagram of OFLI2 for Froeschlé map at ε = 0.6 at n = 200. The
scale of value of OFLI2 is changed from [1, 3] to [1, 200]. Although some parts
of Arnold web can be observed, it is less clear than that in Figure A.14.
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A.2.3 Application of UFLI for the generalized Boole transfor-
mations

We investigated the sub-exponential behavior [84]. In a sub-exponential be-
havior, an orbital expansion rate ∆ is estimated by

∆ ∼ exp(nτ), 0 < τ < 1. (A.2.14)

In the Boole transformation

xn+1 = xn −
1
xn
, xn ∈ R, (A.2.15)

a sub-exponential behavior occurs [84] while the generalized Boole transforma-
tions (A.2.9) for 0 < α < 1, is chaotic[49] and its Lyapunov exponent λ [49] is
analytically given by

λ = log
(
1 + 2

√
α(1 − α)

)
> 0. (A.2.16)

The Lyapunov exponent is independent of β. Then, we compare the behavior
of UFLI with FLI for both the Boole transformation and the generalized Boole
transformation for α = 0.99999,0.9999,0.999,0.99,0.9, where initial point is
x0 = π and initial variational vector is v(0) = 10−30. As Figures A.21 and A.22
show, both UFLI and FLI can detect chaoticity for α < 1 in the range of n < 10000.
However, the value of UFLI grows more rapidly than FLI except for α = 0.999,
which is the weak chaos near to the infinite ergodic point [49] while the difference
in growing speed of the indicator values is relatively small compared with the
standard map or the Froeschlé map.
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Figure A.21: Time evolutions of UFLI for the Boole transformation and the
generalized Boole transforamtions for α = 0.99999,0.9999,0.999,0.99,0.9. The
initial condition is x0 = π and v(0) = 10−30. At α = 0.999, the growth rate of
UFLI is smaller than that of FLI.
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Figure A.22: Time evolutions of FLI for the Boole transformation and the gener-
alized Boole transforamtions for α = 0.99999,0.9999,0.999,0.99,0.9. The initial
condition is x0 = π and v(0) = 10−30.118



A.3 Log Fast Lyapunov Indicator (LFLI)

A.3.1 Quantification of orbits with zero Lyapunov exponent
Lyapunov exponent and FLI are indicator to detect whether orbital expansion

rate increases exponentially. We propose Log Fast Lyapunov Indicator (LFLI) in
order to quantify orbits time evolutions of FLI of which are different although
these Lyapunov exponents are zero.

A.3.2 Boole transformation and Generalized Boole transfor-
mation

It is known that Boole transformation

xn+1 = T(xn)
def
= xn −

1
xn

(A.3.1)

preserves Lebesgue measure and is ergodic[79]. According to [80], for measure
space (R,B,m) it holds that

lim
n→∞

1
n

n∑
k=1

f (T k x) = 0, a.e.x ∈ R, ∀ f ∈ L1(m) (A.3.2)

where B represents sigma-algebra for a family of subsets of R and m represents
the Lebesgue measure. Then, by substituting f (xk) = log |T ′(xk)|, we see that
the Lyapunov exponent of Boole transformation is zero. According to [84], time
evolution of ensemble average of FLI obeys O(n1/2).

On the other hand, according to [49], for generalized Boole transformation

xn+1 = Tα,β
def
= αxn −

β

xn
, 0 < α < 1,0 < β, (A.3.3)

its Lyapunov exponent is regardless of β and represents as

λ = log
(
1 + 2

√
α(1 − α)

)
. (A.3.4)

From above equation, the ensemble average of Lyapunov exponent is positive in
0 < α < 1 although it converges to zero from positive value in the limit of α → 1.

A.3.3 S-unimordal function
S-unimordal function whose Lyapunov exponent is zero is defined as following.

Xn+1 = TS(Xn)
def
=

1 − 5X2
n

1 + 3X2
n
, Xn ∈ [−1,1]. (A.3.5)
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S-unimordal function has infinite measure as invariant measure and corresponding
density function is

ρ(X) = 1
(1 + X)

√
1 − X2

. (A.3.6)

According to [132], the orbital expansion rate for S-unimordal function is 〈∆〉 ∼
exp

(
n

1
2

)
and we see that its Lyapunov exponent is zero. According to infinite

ergodic theorem, in finite calculation time, calculated Lyapunov exponent does
not converge to zero.

A.3.4 Application of LFLI
As above discussion, generalized Boole transformation transfers to Boole trans-

formation at α = 1. That is, orbital expansion rate transfers from ∆ ∼ exp(n) to
∆ ∼ exp(

√
n). In order to detect this transition, we define Log Fast Lyapunov

Indicator (LFLI) as follows.

LFLI(x(0), v(0),n) def
= log

[
sup

0<i≤n
log

(
‖v(i)‖
‖v(0)‖

)]
. (A.3.7)

LFLI evolves with a slope of unity on a log n time scale when an initial point
is on the chaotic region. When its slope is less than unity on a log n order, its
Lyapunov exponent is zero. Then, Figure A.23 shows time evolution of LFLI
for ensemble average for one hundred points near x0 = 9.3 for Boole transfor-
mation and generalized Boole transformation at α = 0.9995. Initial variation
vector is v(0) = 0.00000000000000000001 and float128 is used. The computing
environment is 2.2 GHz Intel Core i7. Because the value of FLI is negative in
log10 n < 3.2, the values of LFLI do not be defined in log10 n < 3.2. The value
of LFLI do not be defined in log10 n > 5.5 because the value of FLI is inf in that
region. According to Figure A.23, the slope of LFLI is unity in α < 1 although at
α = 1, the slope is 1/2 because sub-exponential diffusion [84] occurs. Here, let us
define

f (log10(n)) = A log10(n) + B,
g(log10(n)) = C log10(n) + C. (A.3.8)

and fit LFLI at α = 1 and 0.9995 with the least squares method. Then we obtain
A ' 0.514 and C ' 0.917. According to these results, we can say LFLI detects
sub-exponential behavior.

In addition, Figure A.24 shows ensemble average of time evolution of LFLI for
one hundred initial point near X = exp(−1.2) for S-unimordal function. The initial
variation vector is v(0) = exp(−5) and float128 is used. Because the slope of LFLI
is about 0.515 which is close to 0.5, LFLI detects exponent of sub-exponential
behavior.
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From the above, we succeeded in detecting exponent of orbital expansion rate
for maps which show sub-exponential diffusion with Lyapunov exponent zero.
Exponents of orbital expansion rate is quantitative property of maps and it can be
said that LFLI is an indicator which shows quantitative property of maps whose
Lyapunov exponent is zero.
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Figure A.23: The time evolution of ensemble average of LFLIs with α = 1.0 and
α = 0.99995 and f (log(n)) and g(log(n))witch are the linear approximations of the
ensemble average of LFLIs. Hundred initial points are taken in the neighbourhood
of the point x = 9.3
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Figure A.24: The time evolution of ensemble average of LFLI of the S-unmodal
function. A slape of linear approximation for LFLI is about 0.515. Hundred initial
points are taken in the neighbourhood of the point X = exp(−1.2). The common
logarithm is used to calculate LFLI.
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A.4 Conclusion
We proposed new chaos indicators, Ultra Fast Lyapunov Indicator (UFLI)

and Log Fast Lyapunov Indicator (LFLI). For the standard map for δ = 0.9 and
Froeschlé map for ε = 0.6, the value of UFLI increases more rapidly than FLI,
OFLI and OFLI2 when an initial variational vector is parallel to flow and the length
of initial variational vector is properly chosen. That is, if an initial condition is
properly chosen, the UFLI can distinguish chaos regions from torus regions in
short iterations while the other three indicators cannot.

For the generalized Boole transformation, the value of UFLI grows more rapidly
than FLI except for α = 0.999, which is the weak chaos near to the infinite ergodic
point while the difference in growing speed of the indicator values is relatively
small compared with the standard map or the Froeschlé map.

In terms of LFLI, we checked its ability by generalized Boole transformation,
Boole transformation and S- unimordal function. From results, LFLI can detect
the deference between exponential behavior of orbital expansion rate and sub-
exponential behavior whose Lyapunov exponent is zero.

We need an optimal condition with a length of initial variational vector. We
hope to able to find a relationship between a length of initial variational vector and
a threshold of iteration time in which UFLI can perform property. We also need to
research whether UFLI work properly over the long range of parameters. Further
researches are to be expected.
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Appendix B

Super Generalized Boole
transformation

B.1 Outline of this Appendix

In this Appendix it is shown that

1. the critical exponent of the Lyapunov exponent is ν = 1
2 for K = 3,4 and 5.

B.2 Scaling behavior for K = 3,4 and 5

The solutions of (2.3.16), which satisfied 0 < γK,α < ∞ in the cases of
K = 3,4, and 5 are determined uniquely when the parameters (K, α) are in Range
A as follows.

γ3,α =

√
9α − 1
3 − 3α

,

γ4,α =

√
6α − 1 +

√
32α2 − 8α + 1

2(1 − α) ,

γ5,α =

√
−5(1 − 5α) +

√
20(25α2 − 6α + 1)

5(1 − α) .

(B.2.1)
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The analytical formulae of the Lyapunov exponent can be determined from (2.3.74)
as follows.

λ3,α = log

������ 1α
(
3(1 − α)

8

)2
[
1 +

√
9α − 1
3 − 3α

]4
������ ,

λ4,α = log

����� α(1 + γ4)6

γ2
4(1 + γ2

4)2

����� ,
λ5,α = log

����� 25
256α

(1 − α)4

(
√

125α2 − 30α + 5 + 11α − 1)2
|1 + γ5 |8

����� .
(B.2.2)

In the case of K = 3, equation (B.2.2) converges to zero in the limit of
α → 1

9 + 0 and α → 1 − 0, and the derivative of the Lyapunov exponent ∂λ3,α
∂α

diverges at α = 1
9,1. When the parameter α is close to 1

9 , the Lyapunov exponent
increases as follows.

λ3,α = − log
����1 + 9

(
α − 1

9

)���� + 2 log
����1 − 9

8

(
α − 1

9

)���� + 4 log

�������1 +
√√

3
(
α − 1

9

)
1 − α

������� ,
= O

©­­­«−9
(
α − 1

9

)
− 9

4

(
α − 1

9

)
+ 4

√√
3
(
α − 1

9

)
1 − α

ª®®®¬ ,
∼ 6

√
3
2

√
α − 1

9
. (B.2.3)

Then, the critical exponent ν2 of the Lyapunov exponent at α = 1
9 is 1

2 . In the case
of α ≲ 1, the Lyapunov exponent λ3,α behaves as follows.

λ3,α = 2 log
����1 − 9

8
(1 − α)

���� − log |1 − (1 − α)| + 4 log

�������1 +
√√√ 1 − α

3
(
α − 1

9

)
������� ,

= O
©­­«
9
4
(1 − α) − (1 − α) + 4

√√√ 1 − α
3
(
α − 1

9

) ª®®¬ ,
∼ 2

√
3
2
√

1 − α. (B.2.4)

Then, at α = 1 one has ν1 =
1
2 .
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For K = 3 and for 1
9 < α < 1, the fixed point is only

x∗ = 0. (B.2.5)

In the range of 0 < α < 1
9 and 1 < α, there are other fixed points q±(α) denoted as

q2
±(α) = − 9α − 1

3(1 − α) . Then it holds that

lim
α→ 1

9−0
q2
±(α) = +0, lim

α→ 1
9−0

S′3,α(q±(α)) = 1,

lim
α→1+0

q2
±(α) = +∞, lim

α→1+0
S′3,α(q±(α)) = 1,

(B.2.6)

Then, the Floquet multiplier χ at α = 1
9 and α = 1 are denoted as follows.

χ3,19
= S′

3,19
(0) = 1,

χ3,1 = lim
α→1+0

S′3,α(q±(α)) = 1. (B.2.7)

On the basis of these results, we can say that only Type 1 intermittency occurs for
K = 3. These results represent new phenomena because, for the generalized Boole
transformation (K=2), one can observe two different intermittency types, Type 1
and Type 3 [49].

In the case of K = 4, the Lyapunov exponent (B.2.2) is denoted as

λ4,α = log

����� αγ2
4

����� + 6 log |1 + γ4 | − 2 log |1 + γ2
4 |. (B.2.8)

Let us discuss the scaling behavior of λ4,α at α = 0. Now, the first term of (B.2.8)
is rewritten as ����� αγ2

4

����� = log
���� 2α(1 − α)
6α − 1 +

√
32α2 − 8α + 1

���� ,
=

�����−6α − 1 −
√

32α2 − 8α + 1
2

����� , (B.2.9)

∴ lim
α→0

����� αγ2
4

����� = 1. (B.2.10)

Then,

γ4 ∼
√
α,

=⇒ log |1 + γ4 | ∼
√
α, and log

��1 + γ2
4
�� ∼ α,

∴ λ4,α ∼ 6
√
α = O

(√
α
)
. (B.2.11)
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Therefore, the critical exponent of the Lyapunov exponent for K = 4, α = 0 is

ν3 =
1
2
. (B.2.12)

Next, consider the scaling behavior of λ4,α at α = 1 − 0. From (B.2.9), it holds
that, in the vicinity of α = 1,

lim
α→1−0

γ2
4(1 − α)

5
= 1,

∴ γ4 ∼
√

5
1 − α as α → 1 − 0. (B.2.13)

The Lyapunov exponent of (B.2.8) are denoted as

λ4,α = log

����� αγ2
4

����� + 6 log γ4 + 6 log
����1 + 1

γ4

���� − 2 log
��γ2

4
�� − 2 log

�����1 + 1
γ2

4

����� ,
= log |α | + 6 log

����1 + 1
γ4

���� − 2 log

�����1 + 1
γ2

4

����� ,
= O

(
−(1 − α) + 6

γ4
− 2
γ2

4

)
,

∴ λ4,α ∼ 6
√

5
5

√
1 − α, as α → 1 − 0. (B.2.14)

Therefore, the critical exponent of the Lyapunov exponent for K = 4, α = 1 − 0 is

ν1 =
1
2
. (B.2.15)

In the case of K = 4, the fixed points of S4,α are as follows.

x4∗ =



0, α = 0,

±

√
1 − 6α ±

√
32α2 − 8α + 1

2(1 − α) , 0 < α < 1,

± 1
√

5
, α = 1.

(B.2.16)

It also holds that

S4,α(x) − x =
4(α − 1)x4 − 4(6α + 1)x2 + 4α

4x3 − 4x
,

lim
|x |→∞

(
S4,1(x) − x

)
= 0.

(B.2.17)
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In the case of SGB transformations, at α = 0, all points are mapped to the original
point x = 0. As this is not interesting, other fixed points are considered as follows.

lim
α→+0

S′4,α
©­«±

√
1 − 6α +

√
32α2 − 8α + 1

2(1 − α)
ª®¬ = +∞,

lim
α→+0

S′4,α
©­«±

√
1 − 6α −

√
32α2 − 8α + 1

2(1 − α)
ª®¬ = −1,

S′4,1

(
± 1
√

5

)
=

27
2
,

lim
|x |→∞

S′4,1 (x) = 1.

(B.2.18)

For K = 4, from (B.2.18), one obtains the Floquet multiplier at α = 1 as

χ4,1 = 1 (B.2.19)

and at α = 0 as
χ4,0 = −1. (B.2.20)

This result indicates that Type 1 intermittency occurs at α = 1 and Type 3 inter-
mittency occurs at α = 0.

In the case of K = 5, equation (B.2.2) converges to zero in the limit of α →
1
25
+ 0 and α → 1 − 0. In addition, it holds that

����∂λ5,α

∂α

(
1
25

)���� = ����∂λ5,α

∂α
(1)

���� = ∞.

The Lyapunov exponent λ5,α for
1
25

< α < 1 can be expanded as

λ5,α = log
25
256

−log |α |+4 log |1−α |−2 log
���1 − 11α −

√
125α2 − 30α + 5

���+8 log |1+γ5 |.
(B.2.21)

Now, the sum from the first term to the forth term converges to zero such that

lim
α→ 1

25+0

[
log

25
256

− log |α | + 4 log |1 − α | − 2 log
���1 − 11α −

√
125α2 − 30α + 5

���] = 0.

(B.2.22)
When the parameter α is close to 1

25 , it holds that

4 log |1 − α | − 2 log
���1 − 11α −

√
125α2 − 30α + 5

��� ,
= 2 log

���14 {
1 − 11α +

√
125α2 − 30α + 5

}��� ,
= −4 log 2 + 2 log 14

25 + 2 log

�����1 − 275
14

(
α − 1

25

)
+ 25

14

√
20
5 − 20

(
α − 1

25

)
+ 125

(
α − 1

25

)2
����� .

(B.2.23)
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Then, the Lyapunov exponent increases as follows

λ5,α = log 25
256 − log 1

25 − log
���1 + 25

(
α − 1

25

)���
−4 log 2 + 2 log 14

25

+2 log

�����1 − 275
14

(
α − 1

25

)
+ 25

14

√
20
5 − 20

(
α − 1

25

)
+ 125

(
α − 1

25

)2
�����

+8 log |1 + γ5 | .
(B.2.24)

From (B.2.22), the Lyapunov exponent obeys as

λ5,α = O
((
α − 1

25

)
+ 8γ5

)
∼ 8γ5 ∼ 20

√
5
6

(
α − 1

25

)
. (B.2.25)

Therefore, the critical exponent ν2 is denoted as

ν2 =
1
2
. (B.2.26)

For α ≲ 1, it holds that

lim
α→1−0

{
log

25
256

− log |α | − 2 log
���1 − 11α −

√
125α2 − 30α + 5

���} = −12 log 2,

(B.2.27)

4 log |1 − α |+8 log |1 + γ5 | ∼ 8 log
���2√2 +

√
1 − α

��� ∼ 12 log 2+8 log

�����1 + 1
2

√
1 − α

2

����� .
(B.2.28)

Then, the Lyapunov exponent increases as follows

λ5,α = log 25
256 − log |1 − (1 − α)|

−2 log 10 − 2 log
����1 − 11

10 (1 − α) +
√

1 − 22(1 − α) + 125
100 (1 − α)2

����
+4 log |1 − α | + 8 log |1 + γ5 | .

(B.2.29)
Thus, one has that in the limit of α → 1 − 0,

λ5,α = O

(
(1 − α) + 4

√
1 − α

2

)
∼ 4

√
1 − α

2
. (B.2.30)

Therefore, the critical exponent ν1 is denoted as

ν1 =
1
2
. (B.2.31)
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In the case of K = 5, the fixed points of S5,α are as follows.

x∗ =



0, 0 < α ≤ 1,

±
√

5
3
, α =

1
25
,

±

√
5(1 − 5α) + 2

√
5(25α2 − 6α + 1)

5(1 − α) ,
1
25

< α < 1,

±
√

3
5
, α = 1.

(B.2.32)

It also holds that
lim

|x |→∞

(
S5,1(x) − x

)
= 0. (B.2.33)

At the fixed points x∗ = 0, ±
√

5
3

, ±
√

3
5

and ±∞, the derivatives S′5,α(x) =
25α(1 + x2)4

(5x4 − 10x2 + 1)2
are

S′
5, 1

25
(0) = 1,

S′5,1(0) = 25,

S′
5, 1

25

(
±
√

5
3

)
= 16,

S′5,1

(
±
√

3
5

)
= 16,

lim
|x |→∞

S′5,1 (x) = 1.

(B.2.34)

From (B.2.34), for K = 5 and at α =
1
25

and α = 1, the Floquet multipliers are
obtained as

χ5, 1
25
= S′

5, 1
25
(0) = 1,

χ5,1 = lim
|x |→∞

S′5,1(x) = 1. (B.2.35)

Therefore, similar to the case of K = 3, only Type 1 intermittency occurs, which
is different from the case with generalized Boole transformation (K=2).
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