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Abstract 

This is a preliminary report of our recent work [5]. We shall examine two parameterized deforma— 
tion, namely (q, s)-deformation of the classical Poisson random variable of parameter入＞ 0on the 
(q, s)-Fock space. We shall give the recurrence formula of the orthogonal polynomials associated with 
the (q, s)-Poisson distribution. Moreover, we shall announce a moment formula of the distribution 
from the view point of the set partition statistics. This formula gives us a very nice combinatorial 
interpretation to deformation parameters. 

1 Deformed Poisson 

From the probabilistic point of view, the Poisson distribution is one of important distributions much 
the same as Gaussian. Indeed, using Gaussian and Poisson distributions, one can construct arbitrary 
infinitely divisible distributions via Levy-Khintchine representation. In noncommutative probabilistic 
framework on the Boson Fock space, Hudson-Parthasarathy [15] and Schiirmann [18] showed that by 
adding an appropriate gauge operator, the Poisson random variable can be realized on the Boson Fock 
space. In [9], Boえejko-Speicherconstructed the q-Fock space by deforming the inner product of free (full) 
Fock space with the positive definite function on the symmetric group. The corresponding q-creation 
and a皿ihilationoperators satisfy the q-commutation relation and the q-Gaussian operator (random 
variable) gives rise to the q-Gaussian distribution, which is the orthogonalizing probability measures for 
the Rogers'q-Hermite polynomials under the appropriate rescaling. The corresponding Poisson operator 
(random variables) on Boson and q-Fock spaces can be realized by adopting the number and the q-number 
operators as the gauge part, respectively. The q-Poisson distribution is the orthogonalizing probability 
measure for the q-Charlier polynomials of Saitoh-Yoshida type [19][20] (see also [1]). 
For later discussions in Sections 2 and 3, we need following things. In Section 1.1, we shall quickly 
prepare two parameterized deformation, namely, (q, s)-Fock space, creation, annihilation, intermediate, 
and scalar operators, which follows the technique in the sense of [4][11]. In Section 1.2, we shall define 
the (q, s)-Poisson type operator (random variable) and the corresponding (q, s)-Poisson distribution of 
a parameter入＞ 0. The (q, s)-Poisson is the orthogonalizing probability measure of the orthogonal 
polynomials in (1.6) regarded as a generalization of q-Charlier polynomials. It is because the following 
known examples are included: One is of Saitoh-Yoshida type ifs= land the other is of Al-Salam-Carlitz 
type ifs = q in [16] (see also [2][12]). It is easy to see that the classical Chartier polynomials [12] can be 
recovered if s = l and q→1. Moreover, one can obtain orthogonal polynomials of the free Poisson [23] 
ifs= l, q = 0 and of the Boolean Poisson [22] if q = 0, s→0. 
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1. 1 Deformed Fock Space and Operator 

Let洸 bea real Hilbert space equipped with the inner product<• | •> ,and fl be a distinguished unit 
vector, the so-called vacuum vector. We denote by Ffin（洸）theset of all the finite linear combinations 
of the elementary vectors 6 R • • • R品 E洸Rn (n = 0, 1, 2,...), where洸心0= (['.[l as convention. 
The q-deformed Fock space (simply called q-Fock space) was introduced in [9], which gives an inter-
polation between the Boson (symmetric) and the Fermion (anti-symmetric) Fock spaces and, especially, 
the case q = 0 of which yields the canonical model in the free probability theory (See [23], for instance). 
Let us now recall the minimum about the (q, s)-deformed Fock space obtained by the weighted q-
deformed Fock space with the weight sequences Tn = sn-l (n 2 1) in [4][11]. 
For -1 < q < l and O < s::; 1, we introduce the new i皿erproduct (. I. Ln.. s) on Flin（加） by

(q,s) 

（もR". Rふ Iり1R • • • R T/m)(q,s) =知，nSデどが疇 In6(1) >•..<ln I T/a(n)〉,
aEl5n 

where 6n is the n-th symmetric group of permutations and i（a-) is the number of inversions of the 
permutationび E6n defined by 

i（a-)=#{ (i,j) 11 :c; i < j :c; n, a-(i) > a-(j)}. 

Since the positivity of the i皿erproduct (• I • Ls) is guaranteed (see [10] [111), the following definitions 
(q,s) 

are allowed: 

Definition 1.1. The (q, s)-deformed Fack space is (simply called the (q, s)-Fock space)巧q,s）（炭）the
completion of Flin（尻） withrespect to the inner product (・ I ・)cq,s)" 

Definition 1.2. Given the vector e E炭，the(q, s)-creation operator a/q,s/e) is defined by the canonical 
left creation, 

aじ，s)(e)Q = e, 
叫，s)(e)(6R • • • R品） ＝ ＜ R el R・・・R品， n 2 1. (1.1) 

The (q, s)-annihilation operator a(q,s) (l) is defined by the adjoint operator of a[q,s) (l) with respect to the 

i皿erproduct (・ I ・)cq,s)'that is, a(q,s)(l) =（心，s）(t)).

The action of the (q, s)-annihilation operator on the elementary vectors is a direct consequence of the 
above definition. 

Proposition 1.3. The (q, s)-annihilation operator a(q,s)(l) acts on the elementary vectors as follows: 

a(q,s) (l) D = 0, a(q,s) (l)も＝〈litり D,

a(q,s) (l) (6 161 • • • 161ふ） ＝sn-1文qK-1麟〉もR• • • R & R • • • Rふ， n~ 2, (1.2) 
k=l 

V 

where lk means that lk should be deleted from the tensor product. 

Moreover, let us recall other special operators on F(q,s) (1-l). 

Definition 1.4. (1) The scalar operator ks is defined by 

ks fl= fl, 

ks (6 R6  R ・・・R品） ＝sn6 RむR・・・R品， n 2 1. 

(2) The intermediate operator nq is defined by 

叫fl=0, 

叫（ふR6 R • • • R ln) = [n]ば1R6R・・・R品， n21

where the q-integer,［叫forn E NU {O}, is given by 

叫＝ 1 —~ = 1 + q + ・ ・ ・ + qn-I with [O]q = 0. 
1-q 

(1.3) 

(1.4) 
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We remark that the scalar operator k8 can be interpreted as a deformation of the identity operator 
I = k1 (a contraction for s E (0, 1)) and the intermediate operator nq has the eigenvalue [n]q for the 
eigenspace洸R匹

Proposition 1.5. The (q, s)-creation and the (q, s)-annihilation operators satisfy the following deformed 
commutation relation, 

a(q,s)(l) a/q,s)(ry) -qsa/q,s)(ry) a(q,s)(l) =〈{|n〉k89 {,n E尻．

Proof. One can get this from Proposition 3.2 in [4] with Tn = sn-l for n 2> 1. 口

Let us consider the vacuum state'P for bounded operators on the (q, s)-Fock space F(q,s）（洸ク） as 

叫）＝ （bfllfl)(q,s)'bEB（瓦，s)（.Ye))'

which is called the vacuum expectation of b. One can employ (B(F(q,s）（洸））,cp) as the noncommutative 
probability space, on which the model of the (q, s)-deformed Poisson type operator (random variable) 
will be discussed. 

Remark 1.6. Let us denote the deformation in the sense of Blitvic [7] by (q, t)m in this paper to avoid 
confusions in notation with our (q, s)-deformation. One can see that the (q/t, t)-Fock space in our language 
is equivalent to the (q, t)m-Fock space. See [4]. 

1.2 Deformed Poisson Type Operator 

From now on, let us treat the (q, s)-Fock space of one-mode case with the unit base vector ~- The (q, s)-
creation a/q,s)ほ） andthe (q,s)-annihilation a(q,s)(~) operators are simply denoted by aじ，s)and a(q,s), 
respectively. In case of one-mode, the operators a/q,s)'a(q,s), ks, and nq act on the elementary vectors 
immediately obtained from Definitions in Section 1.1 as follows. 

Lemma 1.7. Fors E (0, 1] and q E (-1, 1), 

叫，s)茫0m= ~0(m+l), m 2': 0, a(q,s) eRm = { t-1 [m]q eR(m-1)' 
ks ~@m = Sm ~0m, m 2'. 0, 疇 @m= n~]q茫叫 ::心

From Proposition 1.5, one has immediately the commutation relation, 

a(q,s)叫，s）―(qs)aじ，S但(q,s)= ks・

Moreover, by direct commutations, one can get 

m;::: 1, 

m=O, 

Proposition 1.8. For q E (-1, 1) and s E (0, 1], the following commutation relations hold: 

(1) s-commutativity: 

(2) Commutativity: 

(3) 

｛似aい＝s (叫，sも），
s (k辺(q,s))= a(q,s)ks・

ksnq = nqks. 

｛釘q,s)叫一(qs)n犯(q,S)= ((1-s)nq + sI) a(q,s)9 
n叫，s）―(qs)aじ，s)叫＝ （（1-s)nq+sI)aじ，s）・
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Definition 1.9. For入＞ 0,let us define the bounded self-adjoint operator Piq,s) on the (q, s)-Fock space 
of one-mode by 

p~q,s) =因＋ぶ（心，s)+ a(q,s)) +入ks• (1.5) 

This is called the (q, s)-Poisson type operator (random variable) on a noncommutative probability space 

(B(F(q,s)(加）），r.p).The probability distribution of Piq,s) with respect to the vacuum expectation is called 

the (q, s)-Poisson distribution of parameter入anddenoted by rriq,s) in this paper. 

Theorem 1.10 ([5]). The distribution rriq,s) is the orthogonalizing probability measure for the sequence 
of orthogonal polynomials { c$,q,s）（入；x)}determined by the following recurrence relation: 

dq,s）（入；x)= 1, C巳（入；x)= X —入，

C認？（入；x)= (x -（入炉＋ ［n]q)) c$,q ,s ）（入； x) —入sn-1[n] qC虐［；灯入；x), n ~ 1. (1.6) 

Remark 1.11. (1) One can consider the orthogonal polynomials given in (1.6) as a generalization of 
q-Charlier polynomials because the following known examples are included: One is of Saitoh-Yoshida 
type ifs = 1 appeared in [19][20] (see also [1]) and the other is of Al-Salam-Garlitz type ifs = q. See 
[2][12][16]. It is easy to see that the classical Charlier polynomials [12] can be recovered if s = 1 and 
q →1. Moreover, one can obtain orthogonal polynomials of the free Poisson [23] ifs = 1, q = 0 and of 
the Boolean Poisson [22] if q = 0, s→0. 
(2) In [5], we mention and compare the (q, t)m-Poisson operator of Ejsmont type in [14] and the recurrence 
formula for the orthogonal polynomials of the (q, t)m-Poisson distribution with (q/t, t)-Poisson in this 
paper. Since the scalar operator kt is not considered in [14], the (q, t)m-Poisson operator of Ejsmont 
type is not regarded as a deformation of Al-Salam-Carlitz type [16] (see also [2][12]). Furthermore, (a, q)-
Poisson operators of type B have been introduced by Asai-Yoshida [3] and Ejsmont [14], independently. 
Strictly speaking, for aヂ0,the definition of the conservation term in [3] is different from that in [14]. 
In addition, these two Poisson operators of type B do not contain the scalar operator ks and hence are 
not of Al-Salam-Carlitz type. Therefore, the (q, s)-Poisson type operator and distribution treated in this 
paper are essentially different from those of type Bin [3][14]. 

2 Set Partition and Statistics 

In our moment formula, the set partitions will be employed as combinatorial objects. We shall quickly 
recall the definition of set partitions and introduce some partition statistics to state our moment formula 
in Theorem 3.3. 

Definition 2.1. For the set [n] = {1, 2,..., n }, a partition of [n] is a collection 7r = { B1, B2,..., B叶
of non-empty disjoint subsets of [n] which are called blocks and whose union is [n]. For a block B, we 
denote by IBI the size of the block B, that is, the number of the elements in the block B. A block B will 
be called singleton if IBI = 1. 

Let P(n) denote the set of all partitions of [n] = {1,2,...,n}. Let 1r E P(n) be a partition. A 
quadruple (a, b, c, d) of elements in [n] is said to be crossing of 1r if the elements a, care in some block of 
7r and b, dare in another block of 1r. For elements e, f E [n], we say that / follows e in 7r if eさf,e and 
f belong to the same block of 7r, and there is no element of this block in the interval [ e, /]. 

Definition 2.2. We define a restricted crossing to be a crossing (a, b, c, d) such that c follows a and d 
follows b. The partition statistics rc(7r), the number of冗strictedcrossings of 1r, counts the restricted 
crossings in the partition冗

The restricted crossings have a natural interpretation in the graphic line representation of partitions 
as described, for example, in [6][21]. If the block B is not singleton (i.e. IBI 2". 2), then we write 
B = {b1,b2,...,blBI}-That is, bj+1 follows朽(j= 1, 2,..., IBl-1), and put b/s on the horizontal axis. 
We will join the points bj and bH1 by an arc above the horizontal axis. Then every restricted crossing 
appears by a pair of crossing arcs. 
For our combinatorial formula, we shall introduce another partition statistics related to the last 
(maximum) elements of the blocks. For a block C of the partition 1r E P(n) we consider the first 
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(minimum) element Jc and the last (maximum) element Cc in the block C. In case of singleton it means 
Jc=化． Foran element a E [n], we say that the block C covers a if a does not belong to the block C 
but a is included in the interval [Jc, £c]. 

Definition 2.3. Let B be a block of a partition 71". Then dl(B) counts the block that covers伍(the
last element of B), which is called the depth of the block B by the last element. For a partition 71", the 
statistics td(7r) is defined by 

td(7r）＝ど dl(B),
BE1r 

which we call the total depth of the blocks by the last elements. 

Example 2.4. Let us consider a partition 7r = { {1, 3, 4, 7}, {2, 5, 10}, {6, 9}, {8}} E P(lO) and put 
B1 = {1, 3, 4, 7}, B2 = {2, 5, 10}, B3 = {6, 9}, and B4 = {8}. Then one can see rc(7r) = 4 because the 
partition 7r has 4 restricted crossings, which can be represented as the pairs of crossing arcs ([1, 3], [2, 5]), 

([2, 5], [4, 7]), ([4, 7], [5, 10]), and ([4, 7], [6, 9]) as illustrated below. 

1 2 3 4 5 6 7 9 10 

Moreover, the last element of the block B1 is 7 covered by the blocks B2 and B3. Thus dl(B1) = 2. Since 
dl(B2) = 0, dl(B砂＝ 1,and B4 is a singleton covered by B2 and B3, one can get dl(B4) = 2. Threfore, 
we have td(7r) = 5. 

3 Combinatorial Moment Formula of the (q, s)-Poisson Distri-
bution 

We are going to investigate the n-th moments of the (q, s)-Poisson distribution, II勺's). Namely, we 
evaluate the vacuum expectation of then-th power of the (q, s)-Poisson type operator (random variable), 

ゃ((p¥q,s)『)=((nq+ぷa(q,s)+ぷaい＋心）n[l I [l) (q,s) • 
In order to evaluate the vacuum expectation, we shall use the cards arrangement technique similar as 
in [13] for juggling patterns. For non-crossing cases, see [24][25]. We are now required to prepare four 
different cards to represent the restricted crossings. The cards and weights are explained in the subsequent 
sections. 

3.1 Creation Cards 

The creation card Ci (i ~ 0) has i inflow lines from the left and (i + 1) outflow lines to the right, where 
one new line starts from the middle point on the ground level. For each j ~ 1, the inflow line of the j-th 
level will flow out at the (j + 1)-st level without any crossing. We give the weight./>. to the card Ci. 
The creation card of level i 

嘉

C; 
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represents the operation 
（ぷaい）茫＝ぷ(R(i+l)' i2: Q, 

3.2 Annihilation Cards 

The annihilation card Aり(1<::: j <::: i, i 2 1) has i inflow lines from the left and (i -1) outflow lines to 
the right. On the card A~j), only the inflow line of the j-th level goes down to the middle point on the 
ground level and ends. The lines inflowed at lower than the j-th level keep their levels. Hence (j -1) 
crossings will appear. The line inflowed at the C-th level (C > j, higher than the j-th level) will flow out 
at the (C-1)-st level (one-decreased level) without any crossing. We shall give the weight,/Xsi-lqj-l 

to the card A~j), where the parameter q encodes the number of crossings and the parameter s encodes 
the number of through out lines on the card. The annihilation cards of level i, 

ぷ 8i-1が―1

J山口｝''j~ I, 2,... i, 
represent the operation 

（ぷa(q,s))茫＝v'>.8i-11;R（←1)＋ぷ8i-lql;R(i-1) 
、 マ 、 、 マー

A(l) A(2) 

' '  
＋ぷ8i-lq2/;⑭（i-1)＋・・・＋ぷ8i-lqi-1l;R(i-1) 

Ai3) 
＝嘉8i-1[ i ]q ~@(i-1), i :;:. 1. 

Al') 

3.3 Intermediate Cards 

The intermediate card NF) (1 :::; j :::; i, i 2". 1) has i inflow lines and the same number of outflow lines. 

On the card NF), only the line inflowed at the j-th level goes down to the middle point on the ground 
and it will continue as the first lowest outflow line. The inflow line at the £-th level (£ < j, lower than 
the jth level) will flow out at the(£+ 1)-st level (one-increased level), and the inflow lines of higher than 
the jth level will keep their levels. Hence we have (j -1) crossings. We shall give the weight qた1to the 

呻 dN;(j), where the number of crossings is encoded by the p紅ameterq. The intermediate cards of level 

，
 

．^
し

ー

q-
3
 

J = 1,2,... i, 

represent the operation Nij) 

伯）茫 ＝ 茫 ＋ q茫＋q2茫＋・・・十 l-1茫
ヽ ヽヽヽ
N(l) N(2) N(3) N(i) 

= [i]q茫，i2: 1. 

Remark 3.1. It should be noted that the middle point on the ground of level i for i,? 1 is not the last 

element of the block of a partition'If. Therefore, the intermediate cards of level i, NF) for j = 1, 2,... i, 
do not contain the weight si-l encoding the number of throughout lines from the left to right without 
touching the middle point on the ground. Therefore, nq i= aじ，S但(q,s)unless s = 1. 
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3.4 Scalar Cards 

The scalar card K; (i 2: 0) has i horizontally parallel lines and the short pole at the middle point on 
the ground. We shall give the weight入星tothe card K;, where the parameters encodes the number of 
through out lines on the card. The scalar card凡 oflevel i 

入Si

Ki 

represents the operation 
（入ks)l@i =入Sit竺

which can be considered as a s-deformation of the identity operator I = k1. 

3.5 Combinatorial Moment Formula 

In this section, we would like to show how the cards arrangement technique is applied to derive a moment 
formula from the viewpoint of combinatorics. More detail description is provided in Asai-Yoshida [5]. 
Each card arrangement gives the set partition of [n], where the blocks of the partition could be realized 
by the concatenation of the lines on the cards. In this expression, one can see that the creation and the 
annihilation cards correspond to the first (minimum) and the last (maximum) elements in the blocks of 
the size :::-2, respectively, and the intermediate cards correspond to the intermediate elements in blocks. 
Furthermore, the weight of the arrangement is given by the product of the weights of the cards used in 
the arrangement. 
Now we will briefly explain relationships between the weight of the arrangement and the set partition 
statistics, that is, roles of three paraineters,入，sandq. 

(1) First of all, one c皿 see

（ぷ）＃｛creationcards}+#{ annihilation cards} =入＃｛creationcards} =入#{BIBE1r,I西 2}

because the Motzkin path condition is satsified. In addition, one has 

入＃｛scalarcards} =入＃｛BIBE1r, IBl=l}. 

Hence we have 
入＃｛BIBE7C, IBl::,-2}入＃｛BIBE7C, IBl=l} =入#{BIB臼｝ ＝入日

(2) Secondly, the parameter s encodes the total depth of blocks by the last elements, that is, 

II s#{c| f昇賃芯言e~;,記悶 B} = IJ 8dt(B) = 8td(7r）・
BE1r BE,r 

(3) Finally, the crossings appeared in the card arrangement are nothing but the restricted crossings. 
Therefore, the parameter q in the weight of the arrangement encodes the number of the restricted 
crossings in the corresponding partition, qrc(,r）・

Let us explain the admissible card arrangement technique by an example. Then one may feel a flavor 
of our approach. 

Example 3.2. Consider the partition 1r = { {1, 3, 4, 7}, {2, 5, 10}, {6, 9}, {8}} E P(lO) in Example 2.4: 
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1 2 3 4 5 6 7 9 10 

This partition can be realized in the following admissible card arrangement: 

汎 ぷq ー q../>..ぷs2q2 入s2../>..s../>..

1 2 3 4 5 6 7 8 9 10 

C。 C1 N炉 NJ1) NJ2) C2 Aも3) 応 A炉 Ail)

This arrangement is the realization of a contributor of length 10, 

y=（ぷa(q,s))（ぷa(q,s))（入丸）（ふa(q,s))（ぷaじ，S)）（叫（叫（叫（ふ咄，s)）（ふaじ，s）).

‘‘‘‘‘‘‘‘‘‘  10 9 8 7 6 543  2 i 

As one can see from the above cards arrangement, the values of statistics are given by 17rl = 4, rc(7r) = 
4, td(7r) = 5 and the weight of card arrangement (the product of the weight of the cards) becomes 
Wt(A』=>.4q4 S互

Therefore, one can derive the following combinatorial moment formula of the (q, s)-Poisson distribution 
II~q,s) 

Theorem 3.3 ([5]). Then-th moment of the (q, s)-Poisson distribution rr¥q,s) is given by 

'P((p¥q,叩）＝ど叫）＝ど炉qrc(1r)Std(1r). 
contributory 1rEP(n) 
of length n 

Remark 3.4. In [5], the special cases= q is also discussed to see interesting connections with results [16]. 
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