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Linearity of general fibers of separable Gauss maps
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Abstract. We prove the linearity of general fibers of a separable Gauss
map for a pro;ectlve variety in arbitrary characteristic.

1. STARTING POINT

X C P™ a projective variety over k = k with ch(k) > 0
The Gauss map v is defined by:
¥= 7% : X --+ G(dim(X),P")
x> [TX].
(We assume that X is non-linear in P".)
Denote by Fy C X the closure of a general fiber of y.
Here, the following theorems are well known:

Griffiths and Harris, Zak: w

Fyis a linear subvarlety of P* in ch(k) 0
Zak:

yisfinite if X is smooth";i’n ch(k) > 0
() Thus v is birational if X is smooth & ch(k) =

|
[
[y
(=2}
|

{+) means that a general
embedded tangent space
is tangent to X at a unique
point.

2. IN ch(k) > 0...

¢ y can be inseparable in ch(k) > 0 [Wallace '56].
» dexamples s.t. Fyis not a linear subvariety:
[Kaiji '86,'89], [Rathmann '87], [Noma '01], [Fukasawa '05,06].
Here, in all these examples, y’s are inseparable.

& general

Questlon [Kajl '03,09]. Is a general fiber of
a separable Gauss map a linear subvanety”

y: separable . &

"Hfﬂ*

X: reflexive ~ ¥

Fy: alinear subvariety

3. MAIN THEOREM

We give the answer to the question affirmatively:

(&) Theorem 1. X CP™: a projective variety.

a general fiber F, of yis

¥ separable *_"> a linear subvariety of P".

By combining Zak’s theorem and our result, we have:

Corollary 2 4 :
¥ separable &X smooth———>y blratlonal.

4. EARLIER WORKS RELATED TO THE LINEARITY
P dimX = 1: In the case of dimX =1,
Y : separable = v: birational.
= This fact was classically known for projective plane curves.
= |t was shown for any projective curve by [Kaji 89].

P> dimX =2 (approach by reflexivity):

e '89:
1a linear subvarlety &
v separable ’ '

(%) Kleiman and Pi
X: reflexive -

Conversely, “y: separable => X: reflexive” holds if

e dimX = 1 [Voloch '89], [Kaji'92],

¢ dimX = 2 [Fukasawa and Kaiji '07].

Thus, for dimX =2, “y: separable = Fy: linear” was
shown in terms of reflexivity. On the other hand, .

For dimX > 3, Hexamples of non-reflexwe X
whose y’s are brrat/onal [Ka]| '93(2)], [Fukasawa oe<2), 07]
Thus, i in ge »

(#)
5. OUTLINE OF THE PROOF OF THEOREM 1

A Step1: r:=dim(X), ¢ := n—r = codim(X, P"),
L C P*: a general (¢ —2)-plane.
For the linear projection 7 : X — P'+1, set

parable =#X reﬂex:ve
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Xy == mz(X) c P+1. Let us consider
x -5 G(rnp
L l i qL
Xy _yfﬁ ]\§r+1’
where gy is given by [M] — [mp,(M)).
The inequivalence (¢} yields the following problem:
(¢ ‘} A can be mseparable even if Yx is separable

To fix it, we give the following proposmon without
assuming that yz is separable

Proposition 3. Z ¢ '» h' persurface 27
Consider dyz: T,Z -
Kc T.Z: the linear subvarlet <
1cpr the Ilnear subvari,,. tYH d-,yz

—=K= ]I* in ]P'” '

(TZZ) CcrT (z)Pm

hs Step2: L,L,,... ,Lc C P™ general (¢ —2)-planes,
Y :=y(X)". For general y € Y, we consider
dyqr,: Y — TP+ i == qr,(»))-
SetJ,; C Pr+1: the linear subvariety
& dygr(LY) C H,P,

¥,,; C P™ the image of J,,; under B! < B": () - (7).
Now, we define a linear subvariety D, C P" by:

Dy=D(BY;Ly,Ly,.. ., Le) =

=1 (E)* nM,
where M C P" with y = [M]. Then Dy is regarded asa
“dual” of T,Y w.r.t. linear projections my,,y,, ..., T, .
In fact by applylng Proposntlon 3toZz=Xp, we have:

Hence Theorem 1 foIIows. I}



