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Introduceion

Af ter the classical works of G. Julia [12] and P. Fatou [2], [10] on the
ilteration and composition theory for pelynomials or rational functions, L.N. Bzker
has investigated the theory in the case of transcendental entire functions since
1955 and obtained many results, In particular, he generalized the minimum modulus
theorem concerning entire functions of order less than 1/2 ([2] Theorem 3) and
further proved, using Fatou's theory of iteration, interesting theorems concerning
the permutsbility of transcendental entire functions ([2], [3], [4]). In 1948,

F. Cross [13] and M. Ozawa [24] proved independently that certain emtire functions
d; not have any factorization (by composition} into transcendental entire faltors.
Since then, there have appeared many results In factorization theory, by applying
Nevaulinna theory etc. However, most of these recent results (except [21), [26])

concern the impossibility of factorization, that is, the primeness, the pseudo-

primaness andé s0 on.



In this paper, we shall treat certain composite functions of two or three
prime functions, which belong to certain special classes. For the functions of
these classes one can show the forms of their factors {Theorems 1 and 2, proved
first by 5. Koont [21], except one of the conclusions in Theorem 1). We shall
give a simpler proof of these two theorems in §2. Usaing these facts as key lemmas,
we shall proceed to prove our main Theorems 3, 4, 5, 6 and 7, which assert that
the factorization by cowposition of certaim entire functions is unigue up to
lipear polynomial factors. 1In the following, we shall give more detailed contents
to these theorems.

The function z + e® is a prime function which is fundamental in factori-
zation theory of transcendental entire functions, so it seems important to ask
vhether or not the composite function F{z) = (z + eZyo{z + %) is uniguely facto-
rizable {sce Bl). One of the purposes af this paper was to solve this question.
At a glance, it seems difficult to know into what factors (other than those of
the szbove factorization itself) F{z) are factorizad, because the order of F{z)
iz not finlte and the function z + e” (considered ns the left facior of F{z)) has
infinitely many zervos. However, F(z} may be written as z + H{z), vhere H(z) =
ez(l + exp{ez]} is periodic with period 2ri, and this was the clue to snlve the

above problem. Indsed, letbting any nen-trivial factorlzatiorn of F be F(z) =



fog(z) = £(g(2)), we can conclude that £ and g have the same form as F (Theorem 2).
Using this fact, we can prove Theorem 3, which includes the affirmative answer to
our question above. In Theorems 4, 5 and 6, we consider the same problem for
certain entire funetions which are reduced to (ze®)eo(z + e®) in the simplest case.
In Theorem 7, we consider the factorization of the functions of the form; F(z) =

{z + Hl(ZJ)Explﬂziz)], where entire funcrions H, and exp[Hz] have period 2mi.

1
Under the condition that the order of Hl(z) is finite, we shall prove that this
function F(z) is mmiquely factorizable. Further if there exists an entire Ffunction
Ha(z) satisfying the identical relation H,(z} = Hy(z + H;(z)}, then F(z) =
(zrexpll,(2)]) e (z + H (2]} is the only factorization up to equivalent factorizations.
While, if there is no such an identical relatfon, then F(z) is prime.

In addition to the above mentioned theorems, we shall give several results
concarning the primenzss of certain entire functions as well as gEneralizatioﬂs

of certain knovm results.
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1. befinitions and Preliminaries

A meromorphic fumetion F{z) = fog(z) = f(g(z)) 1s said to have f{z) and g(z)
as left and right factors, regpectively, provided that f is meroworphic and g is
enti;e (g may be weromorphic when f is rational). F{z) is said to be prime
(pseudo-prime, left-prime, right-prime) if every factorization of the above form
Into factors implies that either f is linear or g is linear (either f is raticral
or g is a polynomial, £ i&:-linear whenever g is transcendental, g fs linear
whenever £ is transcendental, resp.). When factors are reatricted te entire
functions, the factorization is called to be in entive sense (prime in entire
sense, etc.}). If F is a non-periodie entire function, thep it is known that F is
prime if F is prime in entire sense (cf. [15]).

Now it is well-known that F{z) = z + e s prime. The primeness of this
function was stated by P. Rogenbloom [29] without proof and proved for the first
time by Gross [13). The function =z + e has apecial properties such that it
has no fixed points and no multiple zeros, it is periodiec wod a non-constant
polynomial and it is of smaller growth im some angular sector. Therefore the

primeness of this F(z) can be proved by several ways, and the proofs have suggested

the extensions of factorization theory into several directions (cf. [6], (12],



(13], [25]). By these facts, the function z + e® has occupied the significant
position in factorization theory.
Assume that a non-constant entire function F{z) has two factorizations
f10f2° e ﬂfn(z) and €)°8,° °*° °gm(z) inte non-linear entire factors. If
m®»n and if with suitable linear polynomiala T,(z) (j =1, +-+, n-1) the relations

k|

_ -1 -1
£,(2) = g,°T;, “(2), f,(z} = T,08,0T, (), <+<+y £ (2} = T eg (z) hold, them
the two factorizations are called equivalent {(in entire aense}. If every facto-

rization of F(z) into non-linear, prime, entire facters is equivalent, then we

say that F(z) is uiquely factorizable. O©Of course, prime functions are considered

to be uniquely factorizable.
So far, the following twa classes of entire functions have yielded numercus
types of prime functioms (cf. [6], [16], [25] etc.). Fer a non-zero constant b,

following Koont [21], we define

J(b) = {F(2) = H(z} + cz; H is entire, periodic with period b

(H(z + b) = H(z)} and ¢ is a mon-zero constant,}

Hz(z) H2
L(b) = {F{z) = Hl(z) + z-e : H1 and e are entire ,

periodic with period b.}



Evidently, J(b)CL(b}. 1In fact, the function in L({b). such that H,(2} is constant
belongs to J(b)}. Note that, for example, z + eeze J(2m) and the primeness of
this function was proved by Gross [16] (cf. [25]).

Using results of C.-C. Yang [35], S. Keont [21] recently proved two fundamental
theo;Ems concerning factors of functions in J(b)} and L{b). We shall prove these
theorems (Theorem 1 has become sharper) in 52 by the simpler arguments. (The
first proof of a special case of Theorem 3 essentially gave this. The authorx
then used Baker-Gross' theorem ({6] Theorem 1, c¢f. also the argument im [34]).)
Next, applying these thecrems, we want to prove in §3 that certain functions in

J(2mi) or L{2mi) are uniquely factorizable. Note that (z + e™)elz + ez}feJ(Zni)

and {zeZ)olz + eT)e L{2wi).

We denote by M(r, f) the maximum medulus of (an entire function) £(z) for ]zI
= r. And we shall vse FKevanlipna's notations such as T{r, f). m(r, ), N{r, =z, £}
gnd $(r, £) without recalling the definitiomns (I23)). If £(z) is entive, it is
clear T(r, £) = m{r, £). For a meromorphic function f{z), we denote by p(f) the
order of £, by p{f) the lower order of f and by p*(f) the exponent of convergence
of the zeros of £(z). (About these notions, see for example [17] p. 16-25.) In

the following, we shall use these notions only for entive functions.



For the factorization theory of entire functions, the following Pdlya's lemma

will be crucial.

Lemma 1 {P8iya [27]) Suppose £(z), g{z) and h(z) are non-constant entire
functions such that £{z) = g(h(z)). If h(0) = 0, then there exists a constant c

with 0¢ ¢ <1 such that

M(cM(x/2, h), g) & M(r, £) (r?gro).*)

{Here the condition h(0) = 0 is not essential which means that if we add the
condition r‘zro, then the conditicon h{0) = © can be removed., Note that the

inequality M(r, f) = M{M{r, h), g) is clearly valid.)

Let F(z) be a transcendental entire function of finite order (finite lower
order) and sssume that F{z) can be written as F(z) = £{g(z)) with transcendental
entire functions f and g, then from Lemma 1, we can conclude {as Pblya showed)

that the order p(f) = 0 and p(g) € p(F} (the lower order p(f) = 0 and p(g) €

p{¥F), resp.).

%) In the case where some assertion (%) is valid for sufficiently laxrge values

of r, we write simply that (%) is valid for T, (rn is not same in all cases).



About the relation between M(xr, £) and T(r, f) for an entire function f(z},

the following lemma is fumndamentzl.

Lemma 2 (ef. [17] p.18) Let £{z) be entire, then we have

T(r, £f) € log M{r, £} € 3 -T(2r, f) (r'?-'ro}.

Lemma 3 (cf. [21]) If £(2)€L(b) (b % 0) and f is pon-linear, then we have

log M{r, £} 2 T(xr, £) 2 kor (r ';.rrn) for some constant kop- 0, hence p{f) 1.

For completeness, we prove Lemma 3, Let £(z) = Hl(z) + zexp[Hz(z)]. ‘Asaume
that Hz(z) i= not constant. Then the function f{z + b) - f{=z) = b-exp[Hz(z}]
satisfies log M(r, f(=z + %) - £{z)) 2 kot' {rzro], as is easily seen by Lemma 1.
Hence we can conclude log M(x, £} 2 l-:c" r {r zro). Next assume that H2 is
constant and write £(2) = H(z) + cz with H(z + b) = H{z). Tt will be scfficient
to prove that log M{r, H) 2 kor {z gro) for some ku’J- 0. As we can assume without

loss of geperality that the value 0 is taken by H(z), we have n(r, 0, H)} 2

(Zicoflog 2 (r'ZrD) for some kD whence we obtain

T
N{(r, 0, H} ZJ ﬂi’t—u’—l{ldt 2 (log 2).n(xf2, 0, H) 2 kor (rgro}_

rf2

Since log M(r, f) 2 T(r, H) 2 N{(r, 0, H), we have the conclusion.



We note also the following well-known fact.

Lemma 4 Let H{z) = h(ez) be a non-constant entire function which 1s
periodic with period 2wi (h(z) is holomorphic in 0 < [z|< ® and has the Laurent
expansion ?m akzk)- Lf H(z) is of exponential type (order 1 and mean type;

M(r, H) = O(exp[Kr]), as r + », for some constant X), then the number of

coefficients a, which are not zern iz finite.

The proof of this-lemma can be done, using Lemma 1, as follows. S8ince

k

812 s

H(z) = h{e?) = by (e + h, (%), where h (z) = 5

0 akzk and hz(z) = 17

1
it is enough fo prove that hl and h2 are both polynomials, under the hypothesis
that H{z) = h(ez) is of exponential type. But if h(e®) is of exponential type,
then hl(ez) and hzféz} are both so. In fact, moting M{r, hl(ez)) = max {Ehl(ez)l;

|z] = xr, -w/2<arg z € w/2} + 0{1) (x zx, ). we have M(r, hl(ez)) £ M{r, H) + 0(1).

Hence hl(ez) mist be exponential type. Then by Lemma 1,

rf2

M(ce ", by} = MeM{x/f2, 7). h,1 £ M{r, hl(ez)) 3 & (raro)

for some positive constants ¢ (0<c<¢1l} and K. Hence we have M(r, hl) < rH

(r zrn) for some positive integer N, which means that hl is a polynomial.

Similarly h2 is a polynomial. Thes we have done.



§2. Two Fuundamental Theorems

We shall prove here the following two theorems concerning the factors fox

functions in J(b) and L(b). 'These are used subsequently as key lemmas.

“Theorem 1 Let F(z)€L(b) (b % 0) and F{z) = F(g(z)) with non-linear entire

functions f and g, then we have £{z}< L{b') for some b' % 0 and g(=) €J(b).

Theorem 2 Let F(z} € J(b) {b £ 0) and F(z} = £{g{z)) with non-linear entire

functions £ and g, then we have £{z) €J(b') for some b’ % 0 and g(z) < J(b}.

These striking theoxems were proved for the first time by Koont [21], except
the conclusion £{z) €L(b') in Theorem 1. But bis precoi seems complicated. Here
we wish to prove these theoxems by the simplevr argument, vhich is due to Gross [14].
@.bout this argument, also cf. Baker-Gross [6].) Formerly in [33], the author used
this argument and obtained a result concerning a problem of Gross on the periodicity
of entire functions (cf. §5).

In the following, we shall wvse symbols H, HJ {j: 2 natural numbar) for

periodic entire functions with some periods.

=-10-



Proof of Theorem 1. Let F(z) = Hl{z) +-z-exp[H2(z)] = f(g(z)), where
entire functions H, and exp(Hz) are periodiec with period b % 0, £ and g are

non-linear entire funections. Ther we have
H,(z)

(1) - f{g(z + nb)} - £{g(z)) = nb.e 2 (n: any integer).

From this relation, one sees that the functions [g(z + mb) ~ g(2z)] cammot vanish

if n 15 a non-zery integer. Hence we obtain

(2) glz +b) - g(z) = ePZ and gz + ) - gl = e3(2)
for some entire functions pf{z) and q{z). From (2), we deduce
for all =.

3 EP(Z + b) + EP(Z) = eﬁ.(z)’

Hence we have that p(z + b} — p(z) = const. = ¢, by Picard's theorem. (In fact,

on accout of the relation (3) exp[p(z + b} - p(z)] cannct assume three values

0, -1 and =.) Thus we obtain

(4) ple) = Hy(z) + £z = ez +Hy(a),

where H3(z +3) = H3(2) and ¢, = c/b. By (2) and {4), we have



€,z + H3(Z}
(5) glz +b) - glz) = e

Teking an entire function h{z) satisfying [(exp(clb)}h(z +B) - hiz)] =1, wve
have that g has the form; g(z) = Hd(z) + h(z)exp[clz + H3(z)], with HA(Z + b)

= H(z). If exp[clb] * 1, we may take h(z) = const. = ¢,, with ¢, =

2
lf(exp[clb] -1). 1If exp[clb] =1, we may take h(z) = az, with a = 1/b.

Hence we may write

i ez + Hy(z) c.b
(&) gl{z) = Hﬁ(z) + e , if e £1, or

) €2 + HS(Z) e b
¥ g(z) = H4(z) + z.e , if e =1,

We can rule out the possibility (6) as follows. We may assume that the n-th
power of exp[clb} is not equal to I for any non-~zero integer n, since otherwise
g{2) becomes periocdic (with period nb), which peans that F{z) = f{g(z)) 1is
periodic, contrary to the non-periodicity of F(z)}. Since gz + mb) = g{z) +

texp[n:lb] - l)Eprclz + H3(z)], we have from (1)

cy2 +—H3(z} H_(z)}

(8) f{g(z) + (exp[nclb] - 1)e ) = f(g(z)) + nb.-e 2

for any integer n. If |Exp(cib)| = 1, then the left hand side of {8) is bounded

-12~



for all n. If Iexp(clb)l »1 (<£1), it is bounded when n moves negative (positive
Tesp.) integers, while the right hand side of (8) is unbounded with respect to mn.
This contradiction shows that the case (6) does not ceccur.

Consider the case (7). We prove that ¢y 2 + HS{Z) mist be constant. Since

g{z + nb) = g(z) + nb-exp[clz + Ha(z)], from (1) we have

HE(Z)
(9) £{g(=z) + nb-exp[clz +H,(2)]) = £{g(2)) + ub-e .

When z movea some compaét sef K,;, the value taken by the function HS(Z) -
exp[clz + H3(z)] moves some compact set K2 vhose Interior covers the full unit
circle (say). This is evident. In fact, for open disks D = {lzj¢md m=1,
2, *++ ), then the union of the sets H5 (Dm) (m21) covers the unit circle

{a compact set) by Picard's theorem, and HS(Dm) is open by the fact that the
holomorphic function is an open mapping, hence there exists a positive inteper m
such that Hs(Dm) covers the unit eircle., Then Kl may be taken as the closure
af Dm. Note that the compact set Kz = HS(K._L) has a positive distance from the

origin, since HS(z) does not vanish.

From this fact and (%), we obtain for some positive constants A and B,

(10} M{An, f) £ Bn + 0(1), (n zno).

=13-



To prove this inequality, we must verify thar, letting Kqin) = (g(z) + mbHc(z)}) ()
the image-set of Kl by the function g{(z) + n'b-Hs(z), the complement of K3(n) has
a relatively compact connected component including the origin for each.n:anh.
For this purpose, we may assume (choosing a seitable circle near the unit circle
if necessary) that for any z with izl = 1, there exists a&n open disk Uz with
center at z such that some connected component of HS"I(HUZ) iz a simple closed
cuxrve in Kl. Take a finite open covering of the unit circle by such digks U,
then noting that g(z) is bounded (w.r.t. n} on Kl and that nb-Hs(z) bacomes large
for large n, we can conclude that the complement of Ks{n) has & relatively compact
comporent including the origin. Then the inequality (10) follows from (9) by a
simple estimate, noting the maximum modulus principle.

From (10}, we have lim infr o ollog M(r, £)/log r) S 1. By Liouvillds
theorem, we conclude that f(z) is a linear polynomial, which is contrary to
hypothesis. Thus we have proved that 2 + HB(Z) is constant. Hence by (7)

we obtain
(11) g(z) = H4(z) + c,z, for some c, T 0,

that is, g{z}e J(b). Further we shall prove £{z)€ L{b'} for some b' % 0,

Since g{z + nb) = g(z} + nbc,, the relation (1)} becomes £{g(z) +—nbc2} -

=14



¥
f£(g(z)) = nb-exP(Hz(z)}- Because g{z) takes every values ), we can conclude

from the above relation that the functions (£{z + bcz) - £{z)) and (f(z + 2bc2)
— £(2)) have no zeros. Repeating the argument at the beginning of this proof

(cf. (2}, (3), (4), (5)), we obtain that £{z) can be written as

c,z + B (z) c.be
(6") £(z) = H(2) + e 3 Y dfe?

€,z + Hy(z)

(7%) f(z) = H.(z) + z-e , 1f & =1,

where Hj is entire with Hj(z + bcz) = Hj(z) {j =6,7). In the case {6"), the

relation F(z + nb) - F(z) = nb-exp(Hz(z)} reduces o

ne be e.g(z) + U (gl=z)) H, {z)
{e 32 1)-e 3 7 = nb-e 2 (n: anyinteger)

which is clearly impossible. Hence only the case (7') is possible. Thus we have

proved £(z) e L(b') with b' = bc, £ 0, which completes the proof of Theorem 1.

*} In fact, if g{z) = ¢" has no roots for some ¢, then by (11), we have
e,z + Hq{z) - ¢' = expla(z)] for some entire function a(z). By the upper
conclusion (noteJ{b)cL(b)), a(z)e J(b) so that a'(z) is periodic with period b.
Since also the derivative of exp[a(z)}] has period b, we deduce that exp[a(z))
itself has period b, which is impossible. Thus g{z} takes every wvalues. Further

we can prove that there exists mo identical relation such as z + H(z)} = h{z)expfa(z)],

where H, h and 2 are entire with H{z + b) = H{z} and p{(h)< 1 (cf. proof of THeorem 7).

~15-



Proof of Theorem 2. Let F(z) = H(z) + cz = f{g(z)) with non-linear entire

functlons f and g. Since F ¢J(b)} and J(b} L(b), by Theorem 1 we have g eJ(b).
Now g(z) can be written as in (11). 1In this case, g'(z) = Hﬁ'(z) +c, is
periodic with period b. As F'(2) = £'(g(z))g'(z) = H'(z) + ¢ is also periodic
with period b, £'{g{z)) must be so, that is, f'{g(z + b)) = £'(g{z)). Since
gz +b) = gz} + c,b, we obtain fi{z + czb) = f'(z), whence we have that

fz + czb) - £(z) = const, = ¢'. Here c' % 0, otherwise F(z) becomes periodie,

which is impossible. Therefore we obtain

{12) £(2) = ci; z + Hy(2),
2

where Ha(z + czb) = Hsfz). Thus £{z) &€ J{(b") with b’ = cz'b 2 0.

Corollary 1 Let F(z) = H{2) + ¢z be a non-linear entire function in J(b)

(b ¥ 0) which is of finite lower order, then F{z} is prime. {cf. Lemma 11"}

' This follows directly from Theorem 2, Lemmas 1 and 3, since the non-linsar
left and right factors of F(z) are both necessarily transcendental and further
the lower order of the left-factor is positive so that, if F i= not prime, then

F{z) cannot be of finite lower order. Further we have

Corollary 2 1If F(z} = H(z) + ze” & L(b) (b % 0), then F{z) is prime.

~16~



In fact, using Theorem 1, if ¥ = f(g) and f is non-linear, then we have that

g(z) must be linear (cf. proof of Theorem 4, (20)).

H{z)

Corollary 3 Let F(z) = ze € L(b) (b 4 0), then F(z) is prime.

In fact, let F = f{g) with non-linear entire functions f and g. Then we may
write £(z) = zep(a) and g(z) = zeq(z) = ¢z + Hl(z). where p{z), q{z) and Hliz) are
non—-constant entire functions such that Hl(z +b) = Hlfz). The relation gz + b)

- g(2) = c¢b becomes (z + h)eq(z +b) _ zeQCZ} = ¢b. This will be clearly imposs-—
ible. Because, if expfq(z + b) - q(z)] £ 1, the left hand side of this relation
has zeros, and if exp[q(z + b} - q{z)] = 1, then the left hand side becomes beq(z),

which is non-constant. (also cf. Lemma 9).

Corollary 4 Let F(z) be a non-linear function in L{b} (b ¥ 0} which does
not beleng to J(b)- Then no entire function £(z) can satisfy the identical

relation £(f(z)} = F(z).

Proof. Assume that an entire function £{z) does satisfy the identity EF({(f{z)})
= ¥F(z}. By Theorem 1, £(z) must belong to both classes L{b') and J(b)} for some b’'.

{# 0). Hence f(z) = cz + Hl(z) = Hz{z) + z-exp{Hj(z)] for all z, where o, has

period b, H, and exp(H3) have period b'. Considering the function £°(z + b*) - ['(2)

2

-17-



= bng'(z)ExP[H:;(z)] » this entire function has periods b and b'. Using this fact

and noting that non-constant entive functions cannot be doubly periodic, anyway,

C
we cen conclude that Hy(z) = const. = ¢; (say). Then we have £(£(z)) = e Yoz +

c
e lul(Z) + Hy(ez + H,(2)). As b' = cb (cf. proof of Theorem 2), f£(£(z)) now

beloags to J(b), contrary to hypothesis.

Corollary 5 1lLet F(z)el(b) (b £ 0) and F = flﬂ "es ofn (n>2) be & non-trivial

factorization of F (f,! non-linear) into entire fzctors. Then we have flr-_"L(bl)

3

and ij J{bj) for appropriate values b, and bj {2{ j<n) with bn = b, If F(z)e J(b),

1

then for 1¢ j<n, we have ijJ(hj) with bn = b, {The b's are not zero.}

Corollary 6 Let F(z)EL{b) (b ¥ 0) and F = f_ o - °fn be a non—trivial

1
factorization of F into entire factors. If for every €20, MM{r, ) < em(er) holds
for a sequence of r's poing to infinity, then we have ndm-1. Here Em(z} =

exple,(z)] and e;(2) = e” (m22). (Note that J(BICL(b).)

Corollary 5 follows from Theorems 1 and 2. Corollary 6 follows from Corcllary 5,
combined with Lemmazs 1 and 3.
Note that e® and ceos z (which are both of pseudo-prime} have an infinite

number of non-equivaleat factorizations. (Also ef. [21], [26])

~18-



3. Uniqueness of Factorization

3.1. J.¥. Ritt [28] settled the factorization problem by composition for
polynomials, in which case, roughly speaking, the factorization is unique unless

ir Includes factors such as the following three cases; £ (g, (2)) = £,(g,(z}).

where
) £,() =2 g(2) = 2" and f(2) = 2", g,(2) = 2,
(B)  £,(2) = 2 (0(2)]", g (2) = 2" and £,(2) = 2", gy(2) = 2'n(z"),
(€ f,(z) =P (2), g;(z) =P (2) and £,(2) = P_(2), g,(2) = B _(2),

wvhere m and n are positfive integers, h{z) is a polvnomial and Pn(z) ig the n—th
cosine polynomial {degree n) defined by cos nz = Pn(cos z). Here it will be note~
worthy that in cases (A) and (C). El and g, are permutable: fl(gl{z}) = gl(flfz)}-
{For the permutability, we shall refer to E. Jacobsthal [18] in the case of poly-
nomials, Julia [20] for rational functions, and Baker [2],[3],[4) and Yang-Urabe [36]
in the case of transcendental entive functions.) The case (B) offers examples of
transcendental entire functions vwhose factorlzations are not unique. For instance,
if we take F(z) = zp.exp(zp) with a prime mmber p (22), then F(z) has two non—

equivalent factorizations (as noted by Ozawa);

P
Fiz) = zPo (2e® !P) = (Zez)ozp,
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P

where z°, z-exp{zP/p) and ze% are all prime, as is known and ecasily proved.

However, we can prove (easily) that F(z) = zFeP” = zPa(ze?®) is uniquely
factorizable if p is 2 prime number and further F(z) = p(z)e’ ) = (ze%)or(z)
is so if P{z) is a mon-linear polynomial which is prime and has at least one
simple zero or two zeros with coprime rmultiplicities.

When both factors are transcendental, the entire function F{z)} = (ze") o (ze¥)
may be the simplest example which is uniquely factorizable. We can generalize
this example, for instance, to the function (zeP(Z))q(zeQ(Z}), where F and Q are
some non-constant polynomials. Also, let F(z) = (zeZ)o(h(z)e®), where h(z) is
a non-sonstant entire function of order less than I} (p(h)< 1) with at least one

simple zero, then F(z) is uniquely factorizable. We wish to put here an outline

of the proof of this last assertion. Let
F(z) = {ze®)o(n()e®) = £(g(2))

with non-linear entire functions £ and g. Then by Borel-Nevanlimma's theorem
(cf. [23] p.72) and the fact that h(z) has at least one simple zero, f(z) must be
transcendental. Further, noting Edrei-Fuchs' theorem {Lemma §)}, we have only to
consider the following three cases: (i) f£(z) = hl(z)eP(Z}, vhere hlﬁnon—lingar)
and p{z) (% const.) are entire functions with p(hl) = 0 and g(g) is a tramscen-

dental entire function with p{g)<l. {u} f£(z) = zeptz) and g{z) - h(z)EQ(Z)
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with non-constant entire functions p and q. (ii) f(z) = hl(Z)Ep(z) and g{z)
is a polynomial with deg g 22, where h, and p are non-constant entire functions
with D(hl}< 1/{deg g) and hence p(hl(g))<:1 (cE. [34] Lemma 6).

In case (i}, from F = £(g), we obtain equations hl(g(z)) = h(z)ed(z) and

p(g(;)) =z ~ d(z) + h{z)e®, where d(z) is an entire function with p(d) <1 (Lemma 1).
Then applying Coldstein'’s theorem (Lemma 10). it follows that p(z) must be a poly-
nomial. But then we have p{g) = 1, which is a contradiction. In case {(ji}. we

have a functional equation q{z) + p(h(z}eq(z)} = z + W{z)e®. From this relation,
noting q{z) must be linear, we obtain equivalent factorizations. In case (iii},

we have equations hl(g(z)D = h{z) and p(g{z) = z + h(z)e®, whence we can derive

a contradiction as abova. Hence it Is seen that F(z) = (zez)o(h(z)ez) 1s uniquely

factorizable. Thus the impessibility ef certain functional equations will be

useful in the subsequent studies.

3.2, Main Theorems

Theorem 3 Let F(z} = (z + h{e®))e(z + Q(ez)), where h{z) iz a noa-constant
entire function with the order p(h(e®))< = and Q(z} is a non-constant polynomial.

‘Then F{z) is unigquely factorizable.
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Remark. If h is entire, then p(h(e®)) <o iff h{z)} € }{{cEf. [36] Lemmas 1, 2).

Theorem 4 Let F(z) = (li(z) + z.explz + h(eZ3}) e(z + P(ez)), where H{z)
and h(z) are entire functions withH(z + 27i) = B(z) and p(h{e®}))< =, and P{z)

is a pon-constant polynomial. Assume that the function K{z) + z.expl[z + hie?))

ia prime, then F(z) is uniquely factorizable.

Corollary 7 Let F{z)} = (H(z) + zeZ)o(z + h(e%))o{z + P(e?)), where H,

h and P are as in Theorem 4. Then F(z) is uniquely factorizable.

Theorem 5 Let F{g} = (Hl(z} + ze2Yolz + Hz(z}). where entire functions
Hj {3 =1, 2) have period 2wi., Assume that z + Hz(z) is prime, themn F(z) is

uniquely factorizable.

Corollaxy 8 Let F(z) = (H(z) + zez)v(z o+ em(z)}, where H is entire with
H{z + 2mi) = H{z)} =nd em(z) = exp[em_l(z}], eo(z) =2 (mzl). Then F{z) is

uﬂiquely factorizable.

Theorem 6 Let F{z) = (Hl(Z) + zem(z))n{z + HZEZ)), vhere entire functions
Hj {j = 1, 2) have pericd 2mi with E(H2)<°°, and em(z} is as in Corollary &8 (m=x21)

Then F(z) is uniquely factorizable.
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H,{z) H
Theoren 7 Let ¥(z) = {z + Hl(z))e » where entire functions Hl and e

have period 2mi with p(H1)<'W. Then F(z) is uniquely factorizable.

Remark. We shall show that, if Hz(z) = H3(z +-H1(z)) has an entire solution
H3(Z)= then F(z) is uniquely factorized as F(z) = (z-exp[H,(z)])-(z + Hl(Z))’

otherwise F(z) is prime. (Note Corollaries 1 and 3.)

3.3. For the proof of Theorem 3, we use the following Lemmas 5 and 6.

Lemma 5 Let F(z) = {z + Hl(z))vfz + Hz(z}}, where Hl and H, (¥ const.) are

entire, periodic with period 2wi such that the ordexr of H, is finite and Hz(z)

1

is of exponential type. If F(z) = £(g(z)) with non-linear entire functions, then

g{z) must be of exponential type.

Lemma & Let p(z) and q{z) be holomorphic in.0w<|z|<*M, and let G(z) be

entire. Assume that the relation
(13) p(=) + q(zeP'P) = 6(2)
holds for all z ¥ 0. Then both p(z) and g{z) must be entire funcrions.

Proof of Lemma 5. Since F{z) € J(27i), by Theorem 2 we have £{z) ¢ J(b)
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for some b £ 0 and g(z)e J(271). Now we have

(14} log M{x, F) < log M[M{r, z + Hy(2)), 2z + Hl(z)]

mkr

€ MMlr, 2+ 0,10 € ™ (rar)

for some positive integers m and k, since p(Hl) is finite and H., is of exponential

2

type. Further, noting that M(r, f) 2 eﬁr (TZJ%J with some poaitive constant &

{Lemma 3}, we have, using Lemma 1,

{15} log M{r, f{g)) = log M[cM{r/2, g), £] 2 &eM(r/f2, &) (1'21'0)-

Since ¥ = £{g). we have from (1%4) and (15) that M(r, g) < (Gc)_lexp(kar} (r zro),

which, combined with Lemma 3, implies that g is exponential type.

Proof of Lemma 6. Assume that p{z) = me akzk and a_y £ 0 for some k with

1¢k <%, then we can chaose {zj}, z + 0 (§ > ) such that
(16) |2;-explpz )] = 2, (G~ 1, 2, 000,

Indead, write p{z) = pl(z) + pz(lfz), where pl(z) consists of terms of non—
negative powers and pzilfz) consists of terms of negative powers. If (16) is not
valid for any {zj}, then |z-exp{p(z}}f} 1 {or £ 1) in some neibourhood of z = 0.

Since pl(z) is bounded mear z = 0, from the above inequality we have |exp[~p2(1fz)]|
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< alz| (or Iexp(pz(lfz))|<’ﬁflz|) in some neibourhood of z = 0 for some positive
constant A. This means that ]exp(—gﬁz))]{ 1/a|z2| (or |EKP(P2(ZJ)]<'AIZ|) for
sufficiently large values of |z]. From this we have that exp(-p,{(z}) is coastant,
= 0, or exp(pz(z)) is at most a linear polynomial. This contradicts to hypothesis.
Hence' {16) must be satisfied for some {z, }, 7, > 0 as j >,

]

Let's take z = zj satisfying (16) as g in (13)., Since z, tends to zexro as

3

j*+= and |Zj-exp(p(zj))l =1(}=1, 2, ---), we conclude that |p{zj)[ -
Re P(zj} + @ (j > «), vhence we deduce that the left hand side of (13) tends to =
as j + <. While the right hand side of {13) remains bounded. This is impossible.
Hence we have proved that a_y = 0 for any positive integer k, which shows that
p(z) is eatire.

From (13), it is clear that the origin camnot be a pole of gq{z). Further
the origin cannot be aun essential singular point of q(z), which follows from a
theorem of Weierstrass, since zep(z) (z ¥ 0) covers some punctured meibourhood of

origin by Rouchd's theorem. Thus gq(z) must be also an entire function.

Proo£ of Theorem 3. Let F = f(g) with non-linear entire functions £ and g.

Since F(z)€ J(2mi), by Theorem 2 {(cf. (11} and (12)} we have f(z) = cz}(ZWicz) +

Hl(z) and gl(z) = €42 + Hz(z). vhere Hl(z + Zﬂitz) = HI{Z)‘ Hzfz + 2Ti) = Hz(z)‘
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¢ and c, are some non~zero constants. From F = f(g), we have ¢ = 2wi. Hence

we have f(z) = zfcz + 1, (2) = zfc2 +-H3(zfc2) and g(z) = e,z + Hq(z))’ where

H3(z + 27i) = H3(z) and H#(z) = lfcz-Hz(z}. Thus we may assume that
£(z) = z + Hy(z) dnd g(z) =z +H2(z).

vhere H (z + 271) = R

3 j{z) (5 =1, 2). Now we can write that £{z) = z + p(e?)

and g{z) = z + q(ez), where p{(z) and g{z) are some holomorphic functions in
O“<|z|< w, By Lemma 5, g(z) must be of exponmential type, whence by Lemma &

we may write gq{z) = §$ a zk, for some constants a (~nesksmn) and some positive

k
integer m. In the relation F = f{g), cancelling z and then putting w = ez, we
obtain the relation q(w)} + p(w-expl{q(w}]) = Q(w) + hiw.exp[Q(»)]), {w % 0).
By Lemma 6, q{z} is a polyncwial and p{z) is an entire function. Here p and q
are non~constant, ginee otherwise f exr g becowmes linear. The above identical

relation now can be writtea as

{17) p(zeq{Z)) = Q(z) - q(z) + h(zeQ(z)), (z ¢+ 0).

:h,m?mumﬁ‘{
One finds that deg q = deg Q anﬁﬁghe leading coefficients of q and Q are equal.
‘ﬂgaqmmqua{
ITa fact, if deg q ¥ deg Q, or deg q = deg Q andﬁFhe leading cozfficients of q and Q

are not equal, then we can choose a suitable radial straight line L on which
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explg(z)] tends to zero while exp[Q{z}] tends to @ as z + =, We shall show that

this state of affairs leads us to a contradiction. Since p(h) = 0, there exists

A 1-€
B sequence {rn}-, r,>0and r > ® asn >« such that m(r, B) 2 M(r, )"

m -
where m(r, h) is the minimum modulus of h(z) for IZ| = r ﬂ, and

1-&

gince h(z) is not constant, M(r, h) 2 r (r 21:0). hence we have

(18) B, Wz = Y2 @an),

here we take € as 0<e<.1/54, LettingL: z = 1:e:La {£>0), the equation r =~

1z-exp[Q(z)]l has a solution g = Zo = tneia

say, {n zno}. In this case we may
assum> chat r, Z exp(ﬁtn} (n ;_!nu) for some positive constant § so that we obtain
from (18) [n(z -expla(z YD 2 exp(ét /2) = exp(§|z [/2), vhile we have that
IP(ZH' QXP[q(i‘nn)])l + ]Q(Zn)l + lq(zn)l < |zn|K {n "..’no) for some constant K>0

a{z) + 0 as z +% pon L). These inequalities and {17) mean that

(noting ze
exp(ﬁizni 2) £ |anK (ngno), which is clearly impossible.

Then again by (17}, we obtain that Q(z) - q(z) (polynomial) is bounded on
some radial straight line, hence Q{z} — q{z) = const. = -d (say}. Then we have
that q(z) = Q(z) + 4 and from (17}, p(z) = h{e-dz) - d. Thus f(z) = z + p({e?)

=% -d+ hie® "~ d) and g(z) = z + q(ez) =z +Q(e?) + d. Taking T{z) = z + 4,

we obtain thark

%} Bpas R.P.: Entire functions (Academic Press, 1954), p.5l.
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£02) = (2 + h(e®)oT (2) and gl2) = T(2)e(z + QeD))},

which shows that two Factorizations £{g{(z)) = (z + h{e™))e(z + Q(ez)) are equi-

valent, which is to be proved.

3.4. Proof of Theorem 4. Let F = f(g) with non-linear entire functions f and g.

Since FeL{2wl), by Theorem 1 we can write
K(z)
(19) £(z) = Hl(z) + ze and gz} = =z + Hz{z).

where non-constant entire functions Hﬁ (j =1, 2) and F(2) pave period 2wi. Then

¥{z + Hzfz)) ¥(z + Hzfz))

fle(z)) Hl(z + Hzfz)) + Hz(z)-e + zw&

z , 2 Zoys -
H(z + P(eD)) + P(eP)elZ T 1N (z +P(™) , (2 +heNe(z + (e

Considering the fumction F(z + 2mi} - F(z) end cancelling the periodic parts,

we have exp[K{(z + Hz(z))] = exp[(z + h{e®))e(z + P(e?))], bhence
(20) R(z + Ky(2)) = (2 + h(e®))o(z + P(e%)), (mod 2mi).

Now the right hand side of (20) is uniquely factorizable by Theorem 3. Hence

we can write

(21) x{z) z + h{ez) and =z + Hz(z) =z P{ez), or

(22) K{z)

1l

z and z+H,(2) = (z+ h{e®))s(z + B(e%)).
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In case (21), from (19) g(z) = z + P(e%), so that we have 0 (z) = Eiz) and
f(z) = H(z) + z.exp[z + h(e®)]. 1In case (22), we have from F = £(g) and (19) that
H(z) + z-explz + h(e®)] = F(z + h(e®)). By the assumption the left hand side
of t@is relation is prime. Since f is non-linear, this is impossible. Hence

we can rule out the case (22), Thus we have done.

Proof of Corollary 7. We repeat the argument in the proof of Theorem 4.

Letting F = £(g), we have (19). We shall study two cases (21) and (22). In
case (21), since g{z) = z + P(e”), we have £(z) = H,(z) + z-explz + h(e")] =
(H{z) + ze™)a{z + h(e®)). Assume that £(z) = fl(gl(z)) with non-linear entire

functions fl and gy then by Theorem 1 we may write

By (2)
{23) fl(z) = Hz(z) + ze and gfz) =z + H&(z)'

From f = fl(gl}, we conclude as in the proof of Theorem & that H3(z + Ha(z)} -
z + h(e®). The right hand side of this is of finite order, so that, noting
L:emas 1 and 3, Hj{z) must be lirear. We may assume that HS(Z) = z. Hence
g,(z) = 2 + H,(z) = z + h(a"). Then from (23) and £ = £, (g;), we have Ky(2) =

H({z) so that we obtain

fltz) = H{z) + ze%, gyz) =z % h(e®) and glz) = z + P(®).
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In case (22), noting g(z) = z + Hy(2) = (z + h(e®))e(z + P(e%)), we have
from F = £{g). £(z) = H(2) + zeZ. Thus in any caseg, the factorization F(z) =
B(z) + ze®) ez + h(eZ))olz + P(e?)) 1s the only one into prime factors up to

equivalent factorizations, which is to be proved.

3.5. The proof of Theorem 5 will bacome clear frow that of Corollary 8. Hence
we prove only Coxollary 8. For this purpose we shall need the following fact,

which is a generalization of known resulrs (ef. [16], [25]).

Theorem 8 Let F(z) = em(z + P(ez)) + Q{z), where P and Q {+ const.) are

polynomials and m 21. Then F(z) is prime.

Corollary 9 Let F(z) = z + em(z) (mz1l). then F(z) is prime.

2
Corollary 10 Let F(z) = P(ez)ee + Q(z) with polynomials P (£ 0) and §

{# const.). Then ¥{2) is prime.

Corollary ¢ follows directly from Theorem & if we take P(z) = 0 and Q(z) = =z.
And the proof of Theorem 8 below essentially shows Corollary 10, which is noted
in [34] {(remark after Theorem 3) without proof. To prove Theorem 8, we use the

following lemma due to Ozawa.
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Lemma 7 {[25]) Let F(r) be an entire function satisfying the inequality
N(r, 0, F") 2 kmir, F) {= T(r, ¥)) for all positive number r ¢E with a set E

of finite linear measure and for some kD} 0. Assume that the system of equations

(24). F(z) = ¢ and F'(z) = 0

have only finitely many common roots for any constant ¢ (f ®). Then F(z) is

left-prime in entire sense.

Proof of Theorem 8. Consider N{x, 0, F'). Letting

{1+ P'(ez)ez}el(z + P(e”}}-----em(z + P(e®))
Gz =

(1 +—P'{ez)ez)e1(z + P(ez))---em(z + PeD)) + Q' (z)

we have, by the second main theorem of Hevaniimma,

T{r, G) < N(r, =, G) + N{(r, 0, G} + N(r, 1, G) + 0(log[rT{r, G}]),

for r(fEG with a set E, of finite linear measure. Note that the denominator of G(z)
is equal to F'(z). Then using Cluenie's theorem (cf. [17] p.54), we obtain

¥(r, 0, F") 2 (1 - €}m{x, ¥} = kom(r, F) for r‘fEG’ with k. =1 - € (0<e<l)

{(cf. [25]). Thus the first condition im Lemma 7 is satisfied.

Next consider the equatien {(24). We may suppose, substituting {(z) by
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Q{z) - ¢, that ¢ = 0. Then (24) can be written as

em(z + P{e®)) +Q{z) = 0
(25)
e (z + P(ez))"'“el(z + P + P'(eHe?) + Q' (2) =~ 0,

*Agsume that the equations (25) have an infinite mumber of common roots {zn};l

Then from (25) we have

Q'(zn) z

2 Z Z
@6 gy T Gl tEC M)rorre (2 +Ble "N e R e ™)

z
form =1, 2, **- . By the first equation of (25), em(zn +Pe ™)) >®as o+,

2 z
Hence we must have ek{zn +Ple M) +®asn+=for k=1, **-, m-1, and &

n
<+ ag n +«, Then the right hand side of (26} tends to ® as n + %, while the
laft hand side of (26} tend=s to zero as n + %, This is 2 contradictioun. Hence
the equation {24} can have at most a [ipite number of common roots for any c.
Thus F{z) is left-prime in entire sense by Lemma 7.

By the result of Baker-Gross ([6] Theorem 3), the right factor of F{z)
{(which is periodic mod a polynomial) cannot be a polynomial of degree greater than
2. Let F(z) = f(R(z)) with a quadratic polynomial R{z). In this case, substituting
the variable, we may assume that em[{z + zD) + P(exp{z + éu))] + Q(z + zo) is =n
even function for some z . But this is impossible. Thus F(z) is prime in entire

sense. Since F is non-periodic, F(z) is prime as is koown and easily prowved ([15]).
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Proof of Corollary 8. Letting F = f(g) with non-linear entire functions

f and g, we can write as ia (19) that £{z) = Hl(z) + z-exp(Hz(z)) and g{z) =

z + HS(Z)‘ where H are entire, periodic with period 2wi. From

1 exp(Hz) and 113

F = f{g), similarly as in the proof of Theorem &, we have
(27) HZ(z + H3(z)) = g 4 em(z} + 2hmi

for some integer k. Here the right hand side of (27) is prime by Corollary 9,
hence HZ(Z) is linear and we (may) have g(z) = z + HS(Z) =z + em{z). Therefore
we obtain £(z) = H{z) + ze®, Thus we have proved that twp factorizations F(z) =

(H(z) + zeD)afz + em(z)) = £{gl(z)) are equivalent, hence we have done,

3.6. Proof of Theorem 6. Let F = f{g), where f and g are non-linear entire

functions. Since FeL(2mi), we can write f and g as in (19).

k(=)

(19") £f(z) = H3(z) + z-e and glz) = z + H4(z).

[}

Then as before we obtain expfi{z + H&(z)}] = em(z * Hz(z)). Hence
1

(28) K({z + Hﬁ(z)) = emﬁl(z + Hz(z)) + 2k wi (kl: an -Integer},

so that K(z)} = 2k nwi + exp[l]l(z)l for some entire function Ul(z), since z + Hz‘{z)

1
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* ¢ has roots for any constant ¢ (cf. footnote at p.15). Therefore we have

U(z+HA(z)) =e ,(z+ H,(2)} + 2k, i for some integer k,. This implies that

't
Ulfz) = zkz'“i + EXP[UZ{Z)] for some entire function U?.(Z)' Thus we have
U,z + H,(2}) = e iz +H(2)) + 2k,1i for some integer k,. Repeating this

process, we arrive at Um_z(z) = ka? i + exp[Um_l(z)] and

1

{29) v 4=+ H(z)) =z + Hz(z} + 2k 71,

where T and U are gome non-constant entire functions, k and k_  are sone
m-2 m-1 m—1 ™

integers. Since the right hand side of (29) is prime by Corollary 1 (cf. [6]),

Um91(Z) must be linear. Putiing Umﬁl(z) = az + b, we have from (29) rthat a = 1

and Hﬁ(z} = Hz(z) + ¢ with ¢ = -b + Ekmfri. Then we have

(30) glz) = z + Hy(z) + c.

From (28) we have ¥X{z} = em_l{z - ) + 2klri and further from F = f{g) we have
(‘31) i(z) = Hl(z ~¢) + (z - n:)em(z - ¢).

Taking T(z) = z + ¢, we obtain from (30) and (31} chat f(z) = {Hl(z) + zem(z))a']:_]'(z)
and gz} = T(z)e{z +-H2(z}}. Therefore two factorizatrions F(z} = L(g(z)) =

(Hl(z) + zem(z))o(z + Hztz)) are equivalent, which is to be proved.
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3.7, For the proof of Theorem 7, we shall use the following lemmas.

Lerma § (Edrei-Fuchs {8)) Tet £(z) and g(z) aie itwo transcendental entire

functions. If p*{f)} >0, then we have necessarily p*(£(g)) = o.

-

Lemra 9 (Borel's unicity theorem cf. [23])} Let aj(z) (i =0,1, --+, n)
be entire functions of order no greater that p, let gj(z) {j=1 *+-, n} be
also entire and let gj(z) - gk{z) {j %+ X) be transcendental entire functions

or polynomiale of degree greater than p, then the identity

n g4 (z)
El aj-e = ao(z)

]

holds only when ao(z) = al(z] = e o= an(z} = D identically.

Proof of Theorem 7. Letting F = f(g) with non-linear entire funcrions

f and g, by the fact F(z) € L(271) we can write as before

Héfz)
(323 £f(z) = H3(Z} + z-e and g(z) = z + HS(z},

where entire functions H,, exp(H,) and Hy have period 2mi. Since p*(F) is finite

and g{z) is transcendental, by Lemma 8 p*(f} cannet be positive. Hence

H,(2) .
(33) £(z) = Hy(2) + zee 877 ed(®
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for some entire functions h(z) and q{z)} with p(h) = 0. From {33) we have

H, {z}
(34) h(z + 2mi)ed(2 ¥ 2™M) _ pohea(@) o4

By Lemma 9, we obtain q{z + 2mi) - q{z) = const. = say. Then {(34) becomes

Cl,
! (2}
[e "h(z + 2m)} - h(z))e1"*® - 2ﬂiexp(H4(z)). Since p{h) = 0, we conclude that

eq(z) = cyexp(H,(2)}) for some c, £ 0. Going back to {33), we have Ha(z)} =
{CZhCZ) - z)exp(HA(z)}. This wmeans that czh(z) - z (= 0) is periodic, so

czh(z) =z 4 cz' for somes cz‘ ¥ 0. Hence Ffrom (33) we have Ha(z) = CBExp(Hﬂ{z)}
and £z} = (z + cs)exp(Ha(z)) for somea 5 From F = f(g) and (32), considering

F(z + 2%i) - F(z), we obtain {(as before)

(35) HE(Z) = Hq{z + Hs{z)} + 2kvi end Hl(z) = HS(Z) + Cq-

From (32) and (35} we have g(z) = z + Hl(z} - o4 and hence

H. (z) H&(z + Hl(z) - .}

F(z) = (z + 1, (2))e 277 Ltz 4+ B, (2))e 3

H&(Z)
= ({z + cj)e Ye(z + H,(2) - ey) = £(g(2)),

which is the only non-trivial factorization if F(z) is not prime. Thus under
the assumption that F(z) is not prime, from (35} we have Hz(z} = HB(Z + Hl{g))

for some entire Ffunction Hﬁ(z) such that exp(Hﬁ(z)} has period 2mwi.
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Remark. The functions z + Hy{z) ~ e, and (z + c3)exp(H&(ZJ) are known to

3

be prime by Carollary 1 or 3.

84. Certain prime functions inm J{27i) or L{2mi)

We wish to note here the following several resulis,

z
Theorem 9 Let F(z) = =z + hl(ez) + hz{ez)ee , where hl and hz (2 0} are
entire functions with p(hj)< 1(j=1, 2). Then F(z) is prime, unless h, is
a linear polynomial and hz(z) = czm, for some mon—zero constant c and some

positive integer m.

z
Theorem 10 Let F(z) =z + Q(ez)+-h(ee ). where h{# const.) is entire with

B(h(ez))< % and Q is a polynomial, them F(z} is prime.

z
Theorem 11 Let F{z) = z + he®) + Q(ee ), where h is entivre with p(h)< 1

and Q is a (non-constant) polynomial, then F{z) is prime.

Theorem 12 Let F(z} = Q{e®} + z-explz + P(e®)] with polynomials P and Q.

Then ¥(z) is prime.

H,(2)
Theorem 13 Let Flz} = {(z +-Hl(z))e , whare Hj ¥ const,) is entire,

periodic with period 2mi with P(Hj}<'w (i =1, 2), thea F(z) is prime.
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For the proof of Theorem 9, we shall need the following lemma.

Lemma 10 ({12}) Let F(z) = b (z) + hy(2)e”, where h, and b, (§ 0) are
entire functions with p(hj)< 1 (5 =1, 2). then F(2) is right-prime. Further

if hl_is non-constant, then F is prime.

Proof of Theorem 9. Let F = f(g) with non-linear entire functions £ and g.

Then by Theorem 2, Lemma 6 and the proof of Lemma 5, we may assume that £{z) =
z + Q(ez) and g(z) = z + Q(ez), uhere q{z) (% const.) is entire and Q(z)} (¥ consat.)

is a polynomial. From the relation F = £(g), we have (cf. proof of Theorem 3)
(36) 402e%P) = 1 (2) - Qle) + hy(2)e”.

Here the right hand side of (36) is right-priwe by Lemma 10, hence gq{z} is a
polynomial. Further if h; - Q ¥ coust., then the right hand side of (36) is prime
by Lemma 10, so that g must be linear. But in this case, a special case of Lemma %
leﬁds te a contradiction. If hl - Q = const. {= cl), noting that @ is a linear
polynomial (which will be clear from (36)), we have that h; is linear and, using
Borel's theorem (cf. [31] p-279), we obtain that q(z) = z + ¢,s bhence hz(g] =

czzm' for same constants cl and cz % 0, and for some positive integer m, Thus .

if F is not prime, then hl is linear and hz(z) = czzm, which is to be proved.
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The proof of Theorem 10 can be dome, using Theorvem 2 and the following Lemma.

Lemma 11 ([34]) Let F(z) = h{e®) + Q(z), vhere h (% const.) is entire

z
with p{h{e™)){ = and Q is a non-constant pelynomial, then F{z) is prime.

The proof of Lemma 11 {(in [34)) shows essentially the following fact, which
is a conjecture of Gross ([16] Conjecture 2).

Lemma 11' Let F(z) = H(z) + Q(z), where H (4 const.} is an entire function
of finite lower oxder which is periodic with period 2vi and Q(z) ia 2 non-constant
polynomial. Then F(z) is left-prime. Further if Q{z) has no quadratic right

factor, then F({z) is prime.

Indeed, if F = £(g) with transcendental entlre functions h and g, them by
Lemma 1 we have p(h) = 0. Then for any € >0, there exists a sequence {rn}‘;,

L3 -¢ {(n3l) even in

r > 0 and r, +® (n + «) such that H(rn, h} 2 H(rnfz, h)
%
the case pCh) = 0 (noting Lemma 2),. ) Therefore from the argument in [34] F{z)

mbst be pseudo-prime and further we can get the above conclusien.

Proof of Theorem 10. Let F = f{g) with non-linear entire functions f and g.

Then from F€ J(27i) we may write as before, f(z) = z + q{e”) and g(z) = z + R{e?),

%) cf. Ostrovskii I.V.: On defects of meromorphic functions with lower order

less than one, Soviet Math. Dokl. 4 (1943) 5B87-591.
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where q (f const.) is entire and R (% const.) is a polynomial. From the relation

F = f(g), we pbtain the identical relation

<) 02"y = a(2) - R(z) + n(e?).

If Q(z) - R(2) % const., by Lemma 11' the right hand side of (37) is left-
prime, so gq(z) must be lincar. Then we have from (37) that the function

(z + 2ﬂi)eR(z +2mi) zeR(z)

ig a polynomial, which will be clearly impossible
{cf. Lemma 9).
Assume that Q(z) - R(z) = const. Then, noting p{q) = 0 by Lemma 1, we can

dedouce a contradiction similarly asz in the proof of Theorem 3. Sipce F is non-

periodic, F{z) must be prime.

The proof of Theorem 11 can be done quite similarly as that of Theorem 10,

if we use the following lemma {hence omitted).

Lemma 12 ([34]) Let F{z} = h(z)} + Q{ez), where h{z) is a non-constant

4

entire function with p(h)< 1 and Q{z} is a non-constant polynomial. Then

F{z) is prime,

Proof of Theorem 12. Letting F = f(g) with non-linear entire functiions

f and g, since FEL(2wi), by Theorem 2 we can write f(z} = H3(z) + z-exp(Hﬁ(z))
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and g(z) = z + H5(z), wvhere entire functions Hg, expfﬂq) and H, have period 2mi.

5
From F = £(g) we can conclude as before thar z + P(e%) = Hﬁ(z +-H5(z)}. Since
the left hand side of this is prime (Corollary 1}, we may have H&(Z) = z and
Hs(z) = P(e?). Hence we obrain again from F = £(g) that H3(= + P(e®)) +

P(ez)exp[z +P(e®)) = Q(ez). Writing Ha(z) = h(ez} for some holomorphic function

hiz) in 0¢i|z|< @, then the above relation reduces to
£38) h(zEP(z)) = —zP(z)eP(z) + Q=) (z ¥ 0).

By the proof of Lemma 6, we conclude from (38) that h(z) is entire. By Lemmz 1,
p{h)} = 0. Further we conclude from {38) that h{z) must be a polynomial, using
the argument in the proof of Theorem 3. (Note also that the right hand side of
(38) is known to be pseudo-prime by Goldstein's thecrewm, [12] Theorem 1.) Then

by Lemna 9 we can deduce a contradiction.

Proof of Theorem 13. Let F(z) = £{g{z)), where f and g are non-linear

[}

éntire functions. Since FEL(2m) and p*(F) <o, £(2) and gz} can be written as
£(z) = z-exP[H3(2)] and g{z) = =z + H4{3)’ vhere entire functions exp(HS) and Hﬁ
have period 2mi. From F = f(g), we have H3(z +-H4(z)) = Hz{z). Since p(Hz){im

and glz) = z + Hﬁ{z) is necessarily transcendental, by Lemmas 1 and 3 this identity

is possible only when H3(Z} is linear, but in this case Hz(z) - H3(z + Hh(z))
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caunct be periodic. This contradiction shows that F{z) is prime in entlre sense.

As ¥(z) is not periedic, F(z) is prime.

§5. Certain Results on the Periodicity

Inspired by the guestion of Gress {13]: Whether or not a noan-constant entire
function f(z) is periodic when £(£f(z)}} is so, the author studied the perjodicity
of entire functions and obtained several results in {33], using the method which
i1s closely connected with the arguwent in the proof of Theorem 1. Then we had to
put the assumption that f(z) is of finite order for getting a result from some
moderate condition {[33] Theorem 2). 1In this section, we shall show that we can
prove the same conclusion as Theorem 2 in [33], evern when the eorder of £(z) is

not necessarily finite. The result is stated as follows.

Theorem 14 Let £(2) be 2 transcendental eatire function. If there exists
a, sequence of positive integers {kn}¥ (N: finite or infinire) such that for each z,
k) (k1)
at least omne of £ (=) fkﬁ—th derivative of f(z)) is not zero, acd f {£{z))
has the cosmon pericd (14 n<W), then £{z) or £'(z) is necessarily periodic.

(f(O}(Z) = £{z))}. In fact, f{z) can be written as £(z) = cz + H(z), where c is

a constant and H{z)} is a periodic entire function.
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Remack 1. The assumption that for each z, at leasrt one of the kn—th derivative

of £(z) {n =1, 2, -+*) is not zero, 1s always valid when {kn}N 15 raken as the

1

set {m; integerzjﬂﬁ for some positive integer m .

Remark 2. Take £(z) = z + em(z) (mxt, integer), where em(z) - exp[gm_l{z)],
e (2) = z. Then f(k)(f{z)} is periodic with period 2wi for any integer kzl. In
this case, f(z) 1s not periodic while £'{z) is periodic. Thus Thzorem 14 is best

possible in this formulation.

We shall give here an ouvtline e¢f the proof ¢f Theorem 14, which will be
sufficient. We can assume that the common period is equal to b. Further by the
(k“) (knfl}
assumption that for each z, at least one of f (z) is not zero arnd f (£{z)}
is periodic with peried b (n =1, -++, N), we may assume that the functions
[E{(z + b) ~ £(2)] and [f{z + 2b) - £(z)}] have no zeros, otherwise by the unicity
theorem for helomorphic functions f{z) becomes periodic with period b or 2b.

Hence by the argument in the proof of Theorem 1, we have only to consider the

following two cases.

H,(z) +cz
H (2) + e 2 . if ePS &1,

{6") £(z}

B,.(z) + ¢z
Hl(z) +t ze , 1f e =1,

(7 f£(z)

A



where entire functions Hj(z} {j = 1, 2} have period b.
In case (6"), we can procead to rule out this case quite similarly as in [33]

(cf. the first step of the proof of Theorem 1). In fact, we have the identity

g(£{z) + (explncb] - 1l)explez + Hz(z}]) = g(€(z)) (n=0, X, ***),

for some transcendental entire function g(z). From the sequence {exp{ncb); n is
any integer} {exp(nch) % 1), taking a subsequence which converges, we conclude
by the unicity theorem that g{z) is a constant, which is clearly impossible.

In case (7"), £(z + nb) = £{z) + nb.explcz + HZ(Z)]' By the assumption

-

we have the identity. for some transcendental entire function g(z),

cz + Hz(z)

g{f{z} 4+ nb.e ) = g(£(z)) (n: any integer).

In this case, if cz + Hz(z) is not constant, applying the argument in the proof

of Theorem 1 {cf. the second step), we can conclude that H(zx, g} = 0{1), hence
g({z) must be constant, comntrary to the transcendency of g{z). This contradiction
shows that ez + Hz(z) is a constant., Hence f(z) = ¢,z + Hl(z) for some constant €5

so that f'(z) = c, * Hl'(z) is periodic with period b.

Remark. Let f(z) = cos z, then f{f(z)) has period m, but £{z) has period 2%.
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Finally., we note the follewing tesult of Gross [14] as a Corollary.

Corollary 11 Let £(z) be a transcendental entire Functiem such that £'(z)

does not vanish. Assume £(f(z)) is p=sricdic, then £{z) is necessarily so.

Proof. Assume f£{f{z)) has peried b (¥ 0). Siuce £'(z) does nor vanish,
the conditions in Theorem 14 are satisfied when N = 1 and kl = 1. Then from
Theorem 14 it is enough to consider the case: £(z)} = cz + H{z), where c is a
constant and H{z) is entire with H{z + b) = H{z). We have to show ¢ = {J, By
the periodicity of £{f{z)}) and f'(z) = ¢ + H'(z), £'(£(z)) is 2lso periodic with
pexriod b, hence B'(cz 4+ H(z)) is so. Since non-constant entire functions cannot
be doubly periodiec, we conclude that ¢ is e ratiomal number. Now £{£f{z)) =
czz + cH{z) + H{cz + H{z)), and note here that cH(z) + H{cz + H(z)) is periodic
{(with period mb for some pon-~zero integer m, since ¢ is a rational number 2nd H{z)
has period b). This shows that, if ¢ ¥ 0, f(f(z)) camot be periodic. Hence
¢ = 0, vhich neans that f{z) is periodic with-pariedtr—(or-2b)>. Thus we have done.
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