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PREFACE

The electrical energy used not only in Japan but also in the
whole world shows a remarkable yearly increase. However, the over—
all thermal efficiency of a present large scale steam power plant
remains at about 40 percent and that of an atomic power plant is
about 30 percent. Large thermal pollution with air contamination
and efficient usage of fuels will be supposed to become serious
problems unless the efficiency is improved. Thus, it is a pressing
need to develop a method of energy conversion with high efficiency
and low pollution.

An MHD (magnetohydrodynamic) -steam binary power plant is
expected to have a potential to increase its overall thermal effi-
ciency as large as to 50 or 60 percent. Moreover, the MHD genera-
tion will have the largest capacity among various methods giving

high conversion efficiency.

In Japan, experimental researches of several open-cycle MHD
power generators with an alkali-metal seeded combustion gas of
fossil fuel have been made in the Electrotechnical Laboratory as
a National Project since 1966 [1.1]. In foreign contries, experi-
mental investigations of the open-cycle MHD generator have been
made by Dicks et al. of UTSI, Petty et al. of AVCO [1.3] in USA,
and by Sheindlin and Biturin et al. of High Temperature Institute
in USSR [1.4]. In addition, numerous theoretical studies have been
performed by Hurwitz [1.5], Dzung [1.6], Celinski [1.7], Oliver
[1.8], Argyropoulos [1.9], et al. With these research and devel-
opment, it is now expected that the open-cycle MHD-steam power
plant will be operated commercially in the latter half of the
1980's.

On the other hand, for closed-cycle MHD power generation, in

which nonequilibrium plasma of an alkali-metal seeded rare gas is

iii



utilized as the working fluid, there have been made fundamental
experiments and theoretical analyses, and such as a fossil fuel
fired heat exchanger [1.10], a future nuclear fusion reactor, and

a solar furnace are thought as heat sources. A low temperature
working gas can be used in the closed-cycle MHD which will provide
higher energy conversion efficiency and power density compared with
those of the open—cycle MHD generator.

Theoretical studies on the closed-cycle MHD generator have
been done by Velikhov [1.11], Solbes [1.12], Yoshikawa [1.13],
Tanaka [1.14], and many other workers, and experimental studies by
Bertolini [1.15], Brederlow [1.16], Zauderer [1.17], Nakamura
[1.18], Rietjens [1.19], Shioda [1.20], et al. They have shown
that the closed-cycle MHD power generation has potentiality of
increasing the conversion efficiency, but the effective Hall
parameter will be difficult to exceed 2 or 3 under the existence
of ionization instabilities unless fully ionization of seed atoms
is fulfilled.

As a working gas for the closed-cycle MHD power generation,
alkali-metal seeded argon or helium is usually utilized. In this
thesis, cesium-seeded helium is chosen as a working fluid.

So long as linear generator types are concerned, three types
have been proposed so far. Although a Faraday type generator will
reveal the best generator performance, it requires many DC-AC
inverters corresponding to each output electrode pairs. Hence, the
plant system containing a Faraday type generator will be com—
plicated due to many number of inverters.

By contrast, a Hall type generator can be operated with only
a single load in principle, but needs high Hall parameter to give
good performance [1.21]. It will hence show fairly poor perform-
ance characteristics if the ionization instability is not sup-
pressed.

As an intermediate of the above two types, a diagonal type

generator is thought to be possessed of good characteristics eyen
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for low Hall parameters [1.21], and it can be operated with a
single load or a few, and hence requires a few DC-AC inverters,

A plant system containing the diagonal type generator will be more
simplified with respect to operational control than that containing
a Faraday type generator. In addition, its performance character-
istics are expected to be as close as to those of a Faraday type
generator.

Consequently, diagonal type generators with nonequilibrium
plasma will be promising for commercial scale generators, never-
theless they have not been investigated so far, although diagonal
type combustion gas MHD generators have been well studies by Dicks
[1.2], Petty [1.3], Dishchikov [1.22], et al.

The purpose of this thesis is to investigate theoretically
the performance characteristics of a diagonal type MHD generator
with a nonequilibrium plasma. of cesium-seeded helium, and the
thesis consists of two parts.

In part I, an optimization of a large scale diagonal type
MHD generator is investigated. This part consists of the following
three chapters.

In Chapter 1, studies of optimizations of MHD generators made
until now are briefly introduced. Also, the purpose and signifi-
cance of the investigation are stated.

In Chapter 2, quasi one-dimensional basic equations for the
working gas flow are introduced in a diagonal and a Faraday type
generators, in which the friction and heat losses, electrode volt-
age drops, and finite segmentation effects of electrodes are con-
sidered, and it is assumed that the end effects can be neglected.
In addition, the relaxation of ionization is neglected, because it
affects only electrical characteristics in the generator inlet
region [1.15]. As an estimation function for the optimization of
the generators, total thermal efficiency is adopted. Beside, the

isentropic efficiency, output power density, etec. of the generator,



some constraints for the optimization, and expressions of the elec—
rical conductivity and Hall parameter of the working gas are de-
rived.

In Chapter 3, by the optimization theory derived in the pre-
ceding chapter, numerical calculation is made for the typical
closed-cycle diagonal type MHD-steam power plant with about 2000
MW of thermal input. Influences of the Mach number, inclination
parameter, duct length, inlet pressure and temperature of a diago-
nal type generator on the total thermal efficiency of the plant are
investigated in detail. As the results the optimum duct with opti-
mum Mach number, inclination parameter, and duct length giving the
maximum efficiency is found out. In the similar way, the optimiza-
tion of a Faraday type generator is further studied, and a compara-

tive study of the generator performances of both types is made.

In part II, the electrical characteristics of a diagonal type
nonequilibrium plasma MHD generator are investigated by two—dimen-
sional analyses. Part II consists of the following six chapters.

In Chapter 1, two— or three—-dimensional analyses of a Faraday,
Hall, and diagonal type MHD generators carried out until now are
introduced briefly.

In Chapter 2, basic equations, which are to be used in the
analyses, are introduced. By use of the stream and potential func-
tions, two-dimensional partial differential equations are derived
from the basic equations together with boundary and subsidiary con-
ditions required for a diagonal type generator. Expressions of the

electrical efficiency and the specific Hall voltage are shown.

In Chapter 3, basic electrical characteristics of a generator
duct are investigated by two-dimensional analyses for spatially
constant and variable electrical conductivity and Hall parameters.
Influences of the load factor, the Hall parameter, and the inclina-
tion parameter of sidebars on the current and potential distribu-

tions and the electrical efficiency are then investigated.
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In Chapter 4, effects of a resistive electrode and of a dis-
tribution of the applied magnetic flux on the electrical character—
istics of a generator are studied by two-dimensional analyses.
Influences of the conductivity and configuration of wedge-shaped
resistive electrodes on the current concentration at the electrode,
electrical efficiency., etc. are studied. And also the electrical
characteristics of a generator with the spatially attenuating mag-
netic flux in the region near the duct wall are compared with
those of the generator with the spatially constant magnetic flux.

In Chapter 5, end effects are investigated by two-dimensional
analyses. Influences of the attenuation of the magnetic flux, and
position of the output electrodes of various types on the current
distribution and the internal resistance are studied in detail for
two cases, i.e., spatially constant and spatially variable elec-
trical conductivity and electron mobility.

In Chapter 6, effects of internal or external connection of
electrodes in a diagonal type generator are investigated by two
—dimensional analyses in the plane perpendicular to the plasma
flow. Current and potential distributions for two cases are then
compared from view point of electrical efficiency for various para-
meters of the load factor, duct wall temperature, and inclination

parameter.
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PART I

OPTIMIZATION OF DIAGONAL TYPE
NONEQUILIBRIUM PLASMA MHD GENERATOR



CHAPTER 1
INTRODUCTION

In designing an MHD generator duct, it is necessary that the
generator duct is constructed in an optimum form. Hitherto, opti-
mizations of the open-cycle diagonal type generator, in which an
alkali-metal seeded combustion gas of fossil fuel is used, have
been studied theoretically by Takano [1.23], Convey [1.24], Bobbio
[1.25], Gorb [1.26], Yoshida [1.27], et al., and that of the closed
-cycle Faraday type generator, in which alkali-metal seeded rare
gas in nonequilibrium ionization is utilized, by Zauderer [1.28],
Shioda [1.29], et al. On the other hand, optimization of the
closed-cycle diagonal type generator has not been studied by anyone
except the author [1.30]-[1.35].

In this part, an optimization of a large scale diagonal type
MHD generator with nonequilibrium plasma of cesium-séeded rare gas
is investigated. The generator is optimized so as to maximize the
total thermal efficiency of an MHD-steam power plant by varying
separately some parameters such as the Mach number, diagonal angle,
duct length, inlet stagnation pressure or temperature, etc.

For grasping exactly performance characteristics of an MHD
generator, a two- or three-dimensional analysis is required. How-
ever, by the usual two- or three-dimensional analysis, we can ana-
lyze only a local characteristics of the large scale generator. In
this part, since the whole performance of the generator is studied
the working fluid is assumed to be a quasi one-dimensional gas.

In Chapter 2, there are introduced quasi one-dimensional basic
equations for the working gas flow in the diagonal and Faraday type
generators, in which the friction and heat losses along the duct,
the electrode voltage drop, the finite segmentation effect of elec-
trodes, etc. are considered and it is assumed that the end effects
of a generator and the relaxation of ionization can be neglected.

Next, as an estimation function for the optimization of the



generators, the total thermal efficiency is adopted. The isentropic
efficiency, output power density, etc. of the generator, some con-
straints for the optimization, etc. are derived.

In Chapter 3, by the optimization theory derived in Chapter 2,
numerical calculation is made for an example of the closed-cycle
diagonal type MHD-steam power plant of the thermal input of about
2000 MW. Influences of the Mach number, inclination parameter, duct
length, inlet pressure and temperature, etc. of the diagonal type
generator on the total thermal efficiency of the plant are investi-
gated in detail. As the results, an optimum duct of optimum Mach
number, inclination parameter, duct length, etc., which maximize the
efficiency, is found out. Next, in the similar way, the optimiza-
tion of the Faraday type generator is studied, and a comparative

study of the performances of both type generators is made.



CHAPTER 2
OPTIMIZATION THEORY

2.1 Introduction

In this chapter, first, there are introduced quasi one-dimen-
sional basic equations for the working gas flow in the diagonal and
Faraday type generators, in which friction and heat losses along
the generator duct, the electrode voltage drop, the finite segmenta-
tion effect of electrode, etc. are considered. Next, as an esti-
mation function for the optimization of the generators, the total
thermal efficiency is adopted. Besides, the isentropic efficiency,
output power demnsity, etc. of the generator, some constraints for
the optimization are derived. The expressions of the electrical
conductivity and the Hall parameter are derived, where ionization
instabilities are considered.

Finally, for the constant Mach number type generators, the
numerically solvable differential equations for the stagnation

pressure and temperature are derived from the above basic equations.

2.2 Basic Equations in MHD Generator Duct
The MHD flow in a diagonal type generator duct [see Fig.l.1]
is described by the following set of quasi one-dimensional basic

equations, namely the continuity equation

puad = My (1.1)

the momentum equation
pal® 4 éf =JB-f (1.2)

the energy equation
2
ﬁ_ u

+ — =R Jd F*EE =@ 1.
pudX(CpT 3 ) T vy ’ (1.3)

the state equation

P = PRT, (1.4)



the current continuity equation
*%
(Jx + aJy)A =I, a = tané, (1.5)

and the generalized Ohm's law

a
eff
B
eff
o cr : (1.6)
Jy —-——————2-——[{5y uB(1-A)} + BeffEX]
1+ B
eff
where
N *%
EY = aEx. (1.7)

In these equations and Fig.l.1l, A is the duct cross section, a the
electrode inclination parameter*, B the applied magnetic flux den-
sity*, Cp=aR the specific heat* at constant pressure, Ex and EY

the x- and y-components of the electric field intensity, respec-
tively, f the friction loss on the duct wall, I the load current*,
Jx and Jy the x- and y-components of the current density, respec-—
tively, mo the mass flow rate*, p the gas pressure, g the heat
transfer loss on the duct wall, R the gas constant®, T the gas tem-

perature, u the gas velocity, a = y/(y=-1)%*, Beff the effective

o]
eff
electrical conductivity, 4 the dimensionless voltage drop®*, and 9

Hall parameter, y the specific heat ratio*, the effective

the angle* of inclination to the y axis of the straight lines join-

ing the equipotential electrodes. The duct cross section is treated
as square.

2.3 Estimation Function and Constraints for Optimization

2.3.1 Estimation function

A total thermal efficiency n of an MHD-steam plant is adopted

* Quantities which are assumed constant when the basic equations
are solved.

*% See Appendix I.



as an estimation function of the generator performance. For com-

parison between the diagonal and Faraday type generators, the
quantity Véc is evaluated, which is approximately proportional to
a required volume of the super-conducting wire [1.36]. In addi-
tion, the isentropic efficiency Ny and the output power density Pw
of the generator and the enthalpy extraction NMED from the genera-
tor are also calculated.

Figures 1.2(a) and (b) show the block diagram and rough T-S

diagram, respectively, of the MHD-steam plant for the analysis in

this thesis.

In the plant, n, Ny vupe Fo and V;c are given by

n = Pt/Qins
Pt - nDAPMHD ® Pst - Pcom' J (1.8)
Qin = mOCP(TSO - TB)’
Ny = P! moCoT (0 = (o )M, (1.9)
"rp = Pamn/™0CpTs0° 11:10)
B_= PMHD/V, (1.11)

Electrode —
Insaiator

Fig. 1.1. Schema of a diagonal type MHD gemerator duct




v' = va,

sc 1 1

t  respectively, where Pt is the

li- power of the compressor, PMHD

U: P
> st

(1.8va, + L),

the output of the steam generator, Qin

(1.12)

total AC output, Pcom the driving
the DC output of the MHD generator,

the thermal input, V the

., duct volume, Py and P the stagnation pressure at the duct inlet
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Fig. 1.2. (a) Block diagram of MHD-steam plant.

(b) T-S diagram.



and exit, respectively, TSO the stagnation temperature at the duct
inlet, T8 the temperature at the compressor exit, Al the cross sec-
tion of the duct exit, L the duct length and bA the inversion ef-
ficiency of DC-AC inverters.

Next, since it has been ascertained that Eq.(1.12) is avail-

able for 4T<B<7T [1.36], let us assume that it is approximately

valid for B=8 to 10 T, too. And PMHD’ Pst’ Pc0m’ TS’ and Vv are
given by
L
= - + ad
PruD fD(EXJX Eny) X
= £§££:EAILKU(3 - a)dx, (1.13)
2 0] eff
1+a
= 1.14
Por T %5e-in"st? ( )
_ 1/za
Pcom N ZmocpTcom{(pSO/pcom) l}/ncom’ (1:13)
1/za
- 1.
TB Tcom(psojpcom) ? (.18
e
vV = foAdx, (1.17)
where Q ., 1is the thermal input to the steam cycle, T and p
st—in com com

the temperature and the pressure at compressor inlet, Z the stage

number of compressors, ¥ the load factor defined by Eq.(l.41) and

(V- and Micr the efficiencies of the compressor and the steam cy-
cle, respectively. Here, Qst-in and P.om 2T given by
Dot Prossivn T AgF, "y ~ B0y,
+ mOCP(Tb - T6)nh, (1.18)
Piom = P17 (P - pl)nd, (1.19)
where Qloss = ngAdx is the heat loss of the generator, Tb’ Td and,

T6 the temperatures at the boiler, the diffuser, and the heat-ex-
changer exits, respectively, Py and P the static and stagnation
pressures at the duct exit, and nb, g My and L the efficien-
cies of the boiler, the diffuser, the heat exchanger, and the re-

covery of Q1 - respectively. In addition, Mo varies usually
1O



with the value of Oct—in [1.377.

2.3.2 Constraints

In this article, let us introduce some constraints to be con-
sidered when the estimation function is evaluated.

First, in order that the end effects and the boundary layers
may not become too large, it is assumed that the ratio of the duct

length L to the width va is limited by
4 < L/VAa < 18 (1.20)

on reference to [1.28], [1.38], and [1.39].
Next, since too much enthalpy extraction causes the gas dynam-
ic instabilities such as choking of the gas flow and the separation

of the boundary layer, the following constraint

wap < 45 % {1:21)

is adopted on reference to [1.28] and [1.40].
2.4 Electrical Conductivity, Hall Parameter, and Fluid Losses

2.4.1 Electrical conductivity and Hall parameter

In this part, the effects of the relaxation of ionization is
not considered as already described. It is assumed that the ioni-
zation instability occurs in the gas plasma, the electrons obtain
their energies only by the Joule heating and lose those only by
collisions, and the fluctuation of the electron temperature can be
neglected [1.15]. On these assumptions, the electron temperature
Te, the effective electrical conductivity Ouff and the effective
Hall parameter B are obtained as

eff
S B % Bcrit

9 .2 2 2 2
Te/T =1+ 2yM0 BT (1-4A)"/{36 (1+a )(1+Beff)}
x ((1a?) + k(B2 - a®)
-(Beff—a)z(l—K)K}, (1.22)

o = Ao, R = AB, (L.23)

eff eff



for B > Bcrit

2 2 2 2
Te/T =1 + EYMO Bscrit(l-A) /{38(1+a )(1+Beff)}
2 2 2
x {(1+a”) + K(Seff - a)
B (1.24)
eff 2
Geff/g - Beff/B’ Beff N ABcrit’ (1.25)

where o is the local scalar electrical conductivity., 8 and Bcrit
the local and critical Hall parameters for electrons, respectively,
A the parameter of the finite segmentation effect of the elec-
trode, & the collision loss factor, and MD the Mach number, in
which 3 is assumed constant [1.5], and moreover the grade of reduc-
tion of Beff is assumed equal to that of O ff by reference to
[1.21], _
The local electrical conductivity ¢ and the Hall parameter A

are given by

2
o ne /meve, (1.26)

oW
Il

eB/meue, (1.27)

where e, m and n_ are electron charge, mass, and number density,
respectively, and Vo the average momentum transfer collision fre-
quency.

If the relaxation of ionization can be neglected, n, is eval-
uated by Saha's equation, namely

2
n " = ns(2nmekTe/h'2)3j2exp(—evf/kT N
vooe (1.28)
g - Rapy = Hah

where h' is Planck's constant, k Boltzmann's constant, n the num-
s

ber density of seed atom, n the original number density of seed

s0
atom before ionization, and Vi the ionization potential of seed

atom.

10



Next, ve is given by

/2
(nsgs * nOQO * neQei)’ (1.29)

v, = (BkTe/ﬂme)l
where ng is the number density of parent gas atom, and QO’ Qei’ or
0, are the collision cross-sections between electron and parent gas
atom, ion, or seed atom, respectively.

If Te does not rise much, ne becomes much smaller than n .
s

Then, we have
n_ = esp/kT, (1.30)
where Eq is the seed fraction, and neQei becomes negligible in

0.
0~0

Consequently, substitution of Egs.(1.28) to (1.30) into Eqs.
(1.26) and (1.27) yields

comparison with nSQS and n

o = (2rm x/n' "> (ne_sm )%

X p'lszl/ZTel/4/{(1—eS)Qo +e 0.}

x exp(-ev!/2kT ), (1.31)
8 = (}mr/&-ne)l/2¢=-,13p_li"i"e-1/2

1 (-e )0y + e 0.} (1.32)

2.4.2 Friction and heat losses
It is assumed that the friction loss f and the heat loss g

are given by

f

2pu2cffn, (1.33)

(]
Il

ApuCp/D-cf/2°(TS - Tw)

F1 * ch/ZBN), (1.34)

11



respectively, where

e = 12.87 + 1.5810g(x/ks)}'2'5
2
/{1 + r(y—l)MU /2},
r=+Vp, D=z, L (1.35)
0.45 0.8
BN = 0.52(pufcf/2k8/u) p_

where ¢ is the friction factor, D the hydraulic diameter, kS the
equivalent sand roughness which represents the roughness level of
a plate surface, p, the Prandtl number, r the recovery factor, Ts
the local stagnation temperature in the main stream, Tw the wall
temperature, and p the viscosity of the gas [1.41]. Equations
(1.33) to (1.35) are those which Schlichting has obtained for a

compressible turbulent boundary layer on a rough plate [1.41].

2.5 Transformation of Basic Equations for Constant Mach Number

Generator

2.5.1 Diagonal type generator
The basic flow equations (1.2) and (1.3) can be rewritten by

the new variables defined by

€ =log(p_./p ),
0
= ; (1.36)
;= log(TsolTs).
and the adiabatic law
log(pS/p) = alog(TS/T) = alog(l + X), (1.37)
where
_ 2
X = (Y-l)MO 12, (1.38)
as follows:
2 2 2 2
dE/dx = 0 pgUB (1-8){1 + (seff - a )k/(1+a")}

12




/(1 + seﬁf)p} - wkdclén~ £y, (1.39)

de/dx = I(Beff - a)BK(l~K)f{a(l+X)pA(l+a2)}

+ g/{a(l+x)up}, (1.40)

where
2

(l—K)oeffuBA(l—A)(Beff—a)/(l + Beff)’

=]

(1.41)

Fa
Il

EX/ (EX)I=0 s

= = Ll +* az)Ex/{(Beff - a)uB(1-A)}.

Next, using Egs.(1.22) or (1.24), (1.23) or (1.25), (1.31),

(1.32), and (1.41), we can obtain the following equation

dTe/dx = cngfdx + cgdcfdx, (1.42)
where for B < Bcrit :
cp = T(flf2p + fzflp)/{l ~ PE fzfle)},
c, = T(—Te/T + £ fop T Eyf )
/{1l - T(flf2e + f2fle)}’
£, = ZYMOZSZ(I-&)Z/{35(1+a2)(1+Be§f)],
£, = 142’ + k(B8 2, - &%) - (B - ) (-,
£, = -=f _ = 2f [(1 +B 2 ),
1p 1T 1 eff
£, = ~£/17, 0+ 8 200, L, (1.43)
€17 = 2 a+ K(Beff - a) ,
Cyg = Bopgt2eBogp — @B pp + (Begf ok T
/(4B L),

13



f2p = 011{1/2 4 (1—K)(Beff - a) + 012},
sz = cll[*l/Z + (l—K)(Beff - a) + 012}’
B = cll{lfa + Ti/Te - clz}/Te,
and for B > Bcrit
ey = (Te -7+ ce)/co,
c, = -(ZTe -7+ ce)/co,
¢y =1 - {ce(ZTi/Te +3/2) - (T, - 7)/2}/T s b (1.44)
e =2y 28 . (1-8)r(B .. - a)(1-K)
e 0 crit eff
{ - )}/ {38Q+ad) A + B 2.}
x{a + (Beff ak a off) )

Now, for obtaining the values of p, T, etc. in the diagonal

type generator we have to assume beforehand one value of MO’ u,

A, etc. or one relation among them. We assume that MO is constant
by reference to the previous investigation of the Faraday type
generator [1.42]. Then, Egs.(1.39),(1.40), and (1.42) can be nu-
merically solved with the assumed values of mo, psO’ TsO’ MO’ i
and L. Thus, the optimum generator duct can be obtained which

makes maximum under the constraints (1.20) and (1.21).

2.5.2 Faraday type generator
The momentum and energy equations for the Faraday type gener-
ator, which correspond to Egs.(1.2) and (1.3), respectively, in

the case of JX=O, are transformed to the following equations

6 . uB>(1-A)(1 - <)/p - axdt/ax + £/p, (1.45)

dE/dx fF

dr/dx

heffuBz(l—A)zuf(l - Kf)f{a(l+X)P}

+ g/{a(1+xX)upt, (1.46)

14



similar to Eqs.(1.39) and (1.40), respectively, for the diagonal
type, where K¢ is the load factor of the Faraday type generator

defined by

ke = Ey/{uB(l - A}, (1.47)

In addition, since two conditions are necessary to analyze the
performances of the Faraday type generator, by reference to [1.42],

it is assumed that the Mach number M = M_ and the electron temper-

0
ature T =T are constant. Then, k. is written as
e el f
= _ 1/2
hg = I {BBG(TEO T)/(ZBcritYT)}
/{Mo(l—ﬂ)B}, (1.48)

2.6 Concluding Remarks

In this chapter, an optimization theory of the MHD generator
has been described. The main conclusions are as follows.

(1) The numerically solvable differential equations for the
stagnation pressure, temperature, and electron temperature were
derived from the basic MHD equations for the constant Mach number
generator. For these equations, the electrode voltage drop, effect
of finite segmentation, friction and heat losses at the duct wall,
and ionization instabilities were considered.

(2) As the estimation function of the generators the total
thermal efficiency of an MHD-steam power plant for the optimization
was derived, where the efficiencies of diffuser, heat exchanger,
and compressor, etc. were considered, and some constraints required

for the estimation function were introduced.

15



CHAPTER 3
NUMERICAL INVESTIGATION

3.1 Introduction

In this chapter, using the optimization theory derived in the
preceding chapter, numerical calculation is made for a closed cycle
diagonal type MHD~steam power plant with about 2000 MW of the ther-
mal input. Influences of the Mach number, inclination parameter,
duct length, inlet pressure and temperature, etc. of the diagonal
type generator on the total thermal efficiency of the plant are
investigated in detail. As the results, an optimum duct of optimum
Mach number, inclination parameter, duct length, etec. is found out,
which maximizes the efficiency. Then, the distributions of physi-
cal quantities in the optimum duct are discussed.

Next, in the similar way, the optimization of the Faraday type
generator is discussed, and the optimum Mach number, duct length,
etc, are obtained. Finally, a comparative study of the perform-

ances of both type generators is made.

3.2 Numerical Conditions

A numerical analysis is carried out for the cesium-seeded he-
lium in nonequilibrium ionization. We assume that the thermal in-
put g;n = 2000 MW as previously mentioned. Also the magnetic flux
density B = 6 to 10 T, the inlet stagnation pressure Py = 5 to 15
atm, and the inlet stagnation temperature TsO = 1600 to 2200 K are
used. We adopt the seed fraction B, = 0.3 %Z and the compressor

stage number Z = 2, which maximize the total thermal efficiency n

under the conditions that L = 10 m, Poo = 10 atm, and T 0" 2000 K.
s
Also 1 i ive 5
lso Nee 1s given by
38.25 for ¢ . < 380 Mw,
st—in
41.04 for 380 =z 0 . < 1000 Mw, [1.37
st—in
Ase = » (1.49)
41.76  for 1000 < . < 1500 Mw,
sSt-1n

16



42.30 for 1500 <o . . J
st—-1in

Moreover, the case of Nge = 42.0 % is considered, too, in which it
is assumed that some MHD generators and a steam turbine generator
are operated together.

In Table 1.1, the above mentioned and the other assumed condi-

tions are listed.

Table 1.1 Values of quantities used in numerical calculations

B M 6 - 10 2 2.52
c, /K deg) 5.30 x 10° Barit 2.0
kg 4.0 x107? ” 1.67
mg (Kg/sec) 2.8 x 103 A 0.01
jo 0.664 é 2

Pep (atm 5-15 e, (8 0.3
0y (m) 5.4 x 10720 Ny (®) 90.0
0, @) 300 x 10720 N (3 98.0
T . (K 300 ng (%) 99.0
Tg (K 350 ng @ 90.0
7, (K 1000 N, @ 99.0
Te (K 1600 2200 n, ® 98.0
vy (V) 3.87 3 X7 0.9

3.3 Optimization of Diagonal Type Generator

3.3.1 Influence of Mach number and inclination parameter

In Fig.l1.3 the variations of n by M  and a are shown in the

0
case of psO = 10 atm, TsO = 2000 K, and &z = 10 m. From the figure,
it is seen that there exists an optimum Mach number Mopt which
maximizes n, M becomes larger with |a|, M = 1.38 at a = -2.2,
opt opt

and the maximum value of n varies little for -1.8 < a < -2.6.

17



L2 | | l
05 1.0 15
Mo

Fig. 1.3. Influence of MO and a on mn.

3.3.2 Influence of duct length
Figure 1.4 illustrates the influences of L[ and a on the maxi-

mum value of n corresponding to Mb = Mopt in the case of P = 10
atm and TSO = 2000 K. The figure presents that there exists an

optimum inclination parameter aopt
the variation of n by L is fairly small except the case of L =8 m

which makes n maximum and that

where the constraint (1.20) prevents n from increasing because of
a short duct length. Then, n has the maximum value 52.1 % at a =
-2.2 and L = 10 m. Next, Fig.l.5 shows the variations of n by My
when Nge has the constant value 42.0 % and the variable values

given by Eq.(1.45) under the same conditioms as in Fig,4, It in-
dicates that the value of n is heightened about 0.2 % by combining

some MHD generators and one steam cycle.

3.3.3 Influence of inlet stagnation pressure

18
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Fig. 1.4. Influence of L and a on n.
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Fig.1.5. n vs. MO when Bt is assumed constant or variable.
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Figure 1.6 denotes the variation of n by Py and a in the
case of T . = 2000 K and L = 10 m. It is shown that the smaller
s0 '
is, the larger n and aopt are, and for example, the maximum

P
s0
values of n reach 53.4 and 53.1 % for Poo = 5 and 7.5 atm, respec-

tively.

48—

l I | |

2.0 25 30
15 -a(=-tano)

Fig. 1.6. Influence of P and a on n.

3.3.4 Influence of.inlet stagnation temperature

Figure 1.7 shows the influences of TS and a on n-in the case

0
of pso = 10 atm and L = 10 m. The figure"indicates that the wvalue
of n increases by about 1.6 % per increase of 100 K of TSO and that
the maximum value of n is little dependent on a in the range of

lal » 1.5. These indicate that TS should be elevated more than

0
1900 K for obtaining n > 50 %.

3.3.5 Influence of applied magnetic flux demsity

In Fig.1.8, the influences of a and B on n are shown when

20



T = 2000 K, p = 7.5 atm, and L = 10 m.
s0 s0
From the figure, it is seen that Iaopt' becomes large with

increasing B, for example, aopt =-1.8, -1.95, and -2.2 for B = 6

bl

8, and 10 T, respectively.

Moreover, the maximum value of n exceeds 50 % for B> about 6
T, and it increases with increasing B by the rate of about 1 % per
1 T. The rate of increase of n by B does not become so much in the
case where the ionization instability is considered as in this
thesis, though the output power increases in proportion to 32 if

the ionization instability does not occur.

3.3.6 Distribution of various quantities in optimum duct

In Figs. 1.9 and 1.10, there are plotted the distributions of

T . = 2200
55_ s0
2000
J—
50—
1800
=n
45 1600
/-—‘-_7
|
40—
L1 e b e ol _
15 2.0 25
-a(=-tang@)

Fig. 1.7. Influence of Teo and a on n.
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the quantities in the optimum generator duct [see Table 1.2], which

gives the maximum efficiency n, where B = 10 T, P = 10 atm, and
73.6 %,

Il

Teo = 2000 K. 1In this case, we have n = 52.1 %, Ny
s

= 44.0 %, and p_ = 52.3 Mifn® as listed in Table 1.2.

"MHD

Figure 1.8 shows that Te decreases uniformly from TeO = 2000 to

T 1 - 1900 K, and so the difference TE1 %= Foa is only about 5 % of
e =10

- i
el
creases from 1.16 to 0.31 5/m and inversely f increases from 4.8

Therefore Te may be regarded as almost constant. Geff de-

to 32.2. Also JX changes its sign in the latter half of the gen-
erator duct, both -Ex and Ey have their peaks there, and |EX|
does not exceed 9kV/m. Next, the ratio of the inlet cross section

to the exit Alon is 8.38.

53

| ! — l
1.6 1.8 20 22 24 26
-a(=-tanB)

Fig. 1.8, Influente or B and a on n,
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3.4 Optimization of Faraday Type Generator

In the performance analysis of the Faraday type generator, MO

and T are assumed constant along the flow, and the same numeri-
e

cal cogditions as for the diagonal type listed in Table 1.1 are
used.

The duct length of the optimum duct becomes about 10 m under
the given conditions. Also are obtained R o ™ 1970 K, Mopt =
1.34, n = 52.3 %, g ™ 4.4 %, Yt 44,4 %, and P, = 56.1 MW/m

in the case of Teo = 2000 K and P = 10 atm as shown in Table 1.2,

3

where T is an electron temperature which maximizes n.
e

opt
The distributions of the quantities in the optimum duct of the

Faraday type generator are plotted in Figs.l1l.11l and 1.12, which

20

o w

P (atm), To , Tet10%K ), KKI0), Ogg107 25/ m)
wun

0 5 19
¥ (m)

Fig. 1.9. Variation of quantities along the

diagonal type generator duct (I).
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show that O.f decreases from 0.81 to 0.36 ¥/m and B increases
from 6.3 to 32.4 along the duct. Also IEx | exceeds 10 kV/m in the

first half of the duct and AlfAO becomes 7.01.

3.5 Comparison between Diagonal and Faraday Type Generators

As shown in the previous sections, the values of the various
quantities in the optimum generator ducts in the case of TSO =
2000 K and p <0 - 10 atm are listed in Table 1.2. As seen in the
table, n, nys and PW of the diagonal type generator become about
0.2 %z, 0.8 %, and 3.8 MW/m , respectively, smaller than those of

the Faraday type, and V;c of the former becomes only a little

E

=15

b5 b
O —
—_ ™
E E
: z
w =
410 14 &
L ~
~ S
E K
<

=

>

I

4 2

Fig. 1.10. Variation of quantities along the

diagonal type generator duct (II).
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larger than that of the latter. 1In both type generators, the opti-
mum duct length Lopt’ which makes n maximum, is nearly equal, Mopt
becomes supersonic, and Mopt of the diagonal type is a little lower
than that of the Faraday type generator. Next, 1EX| in the former
is below 9 kV/m, but that in the latter exceeds 10 kV/m.

In the open cycle MHD generation, the performances of the di-
agonal type generator are a little inferior to those of the Faraday
type generator [1.23]. On the other hand, the difference of the
performance between both type generators in the closed cycle MHD
generation is fairly smaller than that in the open cycle. Conse-
quently, it can be said that the performances of the diagonal type

generator sufficiently approach to those of the Faraday type.

20
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polatm), T107K), Kt10™), 010725/ m)
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Fig. 1.11. Variation of quantities along the

Faraday type generator duct (I).
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Ix, ~Jy(kAIm2), Ex, Ey(kV/m), &MW/m?)
o
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w
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Fig. 1.12. Variation of quantities along the

Faraday type generator duct (II).

Table 1.2 Values of various quantities in optimum duct

Diagonal Faraday Diagonal Faraday
a -2.2 T~ F,  (w/md) 523 56.1
Ik 162 S~ Py W) 1310 1320
2, (K 1950 1970 Py (M) 453 478
iy 1.38 1.34 P, 0W) 594 593
Lo m 10.0 10.0 P W) 1143 1179
N8 52,1 52.3 AL/, 8.38 7.01
n, (B 3.6 74.4 ¥ ) 36.3 35.8
HMHD (%) 44,0 44.5
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3.6 Concluding Remarks

The main conclusions, which were derived from the above de-
sceribed numerical analysis, are as follows.

(1) When the ionization instability of the nonequilibrium
plasma is assumed to occur, the total thermal efficiency of the
MHD-steam plant with the diagonal type generator exceeds 52 % in
the case of B = 10 T, Pyg = 10 atm, and TsO = 2000 K.

(2) The optimum values of the Mach number and the inclination
parameter are considerably influenced by the value of B, P s OT
ot = 1.38 and a_
T Py = 10 atm, and TS = 2000 K.

0
(3) The optimum duct length of the diagonal type generator is

= -2.2 in the case of B = 10

TSD’ and we have MO ot

nearly equal to that of the Faraday type generator, and about 10 m.
In this connection, the variation of the thermal efficiency by L
is small.

(4) The smaller Poo is, the larger n and aopt are. The small
pSD gives the wvery large Iaopt"
(5) The total thermal efficiency increases by about 1.6 7% per

increase of 100 K of Ts and it reaches about 50 7% at Ts = 1900 K.

(6) The efficiencyodecreases by about 1.0 % per decgease of 1
T of B, but it exceeds 50 % still in the case of B = 6 T.

(7) The performances of the diagonal type generator can suffi-
ciently approach to those of the Faraday type, and the thermal ef-
ficiency of the former is only 0.2 % lower than that of the lat-
ter. In both types, a quantities proportional to the volume of the
superconducting wire is almost equal each other.

Thus, it may be thought that the diagonal type nonequilibrium
plasma MHD generator will be practically used in future in view of

the total thermal efficiency of the MHD-steam power plant.
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PART II

TWO-DIMENSIONAL ANALYSES OF DIAGONAL
TYPE NONEQUILIBRIUM PLASMA MHD GENERATOR



CHAPTER 1
INTRODUCTION

Electrical characteristics of MHD generators can be totally
investigated by a quasi one-dimensional theory. However, in the
generator duct, there usually occurs two- or three-dimensional
phenomena, which cannot be analyzed by the above theory, such as
current concentration at the electrode end and end effects. These
have large influence on the generator performance. Accordingly,
at least, a two-dimensional analysis of the generator becomes nec-
essary for grasping more accurately the performance.

The two- or three-dimensional current and potential distribu-
tions in the Faraday type generator have been investigated in fair
detail by Hurwitz [1.1], Celinski [1.3], Oliver [2.1], Argyropoulos
[2.2], Lengyel [2.3], and many others, and its electrical charac-
teristics have been considerably clarified. Those distributions
in the Hall type generator have been studied by Denzel [2.4],
Tanaka [2,5], et al. Moreover, the generator characteristics of a
diagonal type MHD generator have been a little discussed by a two
-dimensional analysis by Kaidalov [2.6], et al., but the detailed
analysis has not been made.

Therefore, the auther et al. have investigated some basic
electrical characteristics of the diagonal type nonequilibrium
plasma MHD generator [2.7] to [.12], two methods of improving the
characteristics [2.13] to [2.15], the end effects in the generator
[2.16] to [2.20], influences of difference between internal and
external connections of the diagonal electrodes on the generator
characteristics [2.21], [2.22], etc.

In this part, the electrical characteristics of the diagonal
type nonequilibrium plasma generator will be investigated by two
-dimensional analyses.

In Chapter 2, there are introduced the basic equations, which

are used in the analyses, such as the Maxwell equations, the gen-
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eralized Ohm's law, and the energy equation for electrons. Apply-
ing the stream and potential functions to the basic equations, the
nonlinear two-dimensional partial differential equations to be nu-
merically solved are obtained. Next, boundary and subsidiary con-
ditions are shown, which are required for calculations of the cur-
rent and potential distributions in the diagonal type generator.
Further, for quantitative estimation of the electrical efficiency,
the specific Hall voltage, an expression of grade of the current
concentration at an electrode end, etc. are derived.

In Chapter 3, the basic electrical characteristics of the gen-
erator such as an electrical efficiency and a specific Hall voltage
are investigated by a two-dimensional analysis. When the electri-
cal conductivity and the Hall parameter are assumed constant, the
current distribution is evaluated, and influences of the load fac-
tor, the Hall parameter, and the inclination parameter on the dis-
tribution are investigated. Then, influences of the inclination
parameter, the Hall parameter, etc. on the electrical characteris-
tics are studied. Next, when the electrical conductivity and the
Hall parameter vary spatially. the distributions of current, poten-
tial, and electron temperature are shown, and influences of the
load factor and the inclination parameter on the current distribu-
tion are discussed. Then, influences of the duct size and the tem-
peratures of the gas plasma and the duct wall on the electrical
characteristics are investigated.

In Chapter 4, effects of a resistive electrode and a distribu-
tion of the applied magnetic flux on the electrical characteristics
of the generator are studied by a two-dimensional analysis. The
configuration of the resistive electrode and the distribution of
magnetic flux used in this chapter are shown. Next, influences of
the conductivity and configuration of a wedge-shaped resistive e-
lectrode on the current concentration at the electrode, electrical
efficiency, etc. are investigated. Next, the electrical character—

istics of the generator with the attenuation of magnetic flux in
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the region near the duct wall are compared with those of the gen-
erator with the constant magnetic flux.

In Chapter 5, end effects of the generator are investigated by
a two-dimensional analysis. First, when electrical conductivity
and electron mobility are assumed constant, influences of the at-
tenuation of magnetic flux and type and position of the output e-
lectrodes on the current distribution, the internal resistance,
etc. in the end regions are studied. Next, when nonuniformity of
electrical conductivity and electron mobility are considered, ef-
fects of the attenuation of magnetic flux on the current distribu-
tion, the internal resistance, the ballast resistance, etc. are
investigated.

In Chapter 6, effects of internal or external connection of
electrodes in a diagonal type generator are investigated by a two
-dimensional analysis in the duct cross section perpendicular to
the plasma flow. First, the two-dimensional differential equations
in the above cross section are derived from the basic equations in
Chapter 2, and the boundary and subsidiary conditions are intro-
duced. Next, numerical calculation results of the current and po-
tential distributions in the generators with internally and exter-
nally connected electrodes are comparatively studied. Then, in-
fluences of the load factor, the duct wall temperature, and the
inclination parameter on the current distribution, electrical effi-

ciency, etc. are discussed.
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CHAPTER 2
TWO-DIMENSTONAL THEORY

2.1 Introduction

As already noted, for grasping accurately the generator char-
acteristics considering current concentration at the electrode end,
etc., at least, a two-dimensional analysis of the generator is
needed.

In this chapter, the basic equations are introduced such as
the Maxwell equations, the generalized Ohm's law, and the energy
equation for electrons. The nonlinear partial differential equa-
tions are derived by applying the stream and potential functions.
Next, the boundary and sﬁbsidiary conditions are presented, which
are required for the diagonal type generator. Further, the elec-
trical efficiency, the specific Hall voltage, and expression of
grade of the current concentration at an electrode end, etc. are

derived.
2.2 Basic Equation

2.2.1 Basic equation

In a two-dimensional analysis of the electrical characteris-
tics of the diagonal type nonequilibrium plasma MHD generator, it
is assumed that the electric quantities such as the current densi-
ty, electric field, etc. vary with x and y [see Fig.2.1] in Chap-
ters 3 to 5, and in particular, do periedically in the period of
the electrode pitch s in the x direction viz. along the gas flow
in Chapters 3 and 4, and that the gas velocity and temperature in
Chapters 3 to 5 depend on only y according to Eqs.(2.8) and (2.9)
and the pressure is constant.

The Maxwell equations for the electromagnetic field, the con-
tinuity equation of electrons, the generalized Ohm's law, the en-—

ergy equation of electromns, etc. are used as the basic equations
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for the gas plasma in MHD duct.

First, the Maxwell equations are written as
VxE = 0, Ved = 0, VB = 0, (2.1)

where E, 7, and B are the electric field intensity, current den-
sity, and magnetic flux density or magnetic induction vectors, re-
spectively,
Next, the continuity equation for the electrons is
2

2
uanefax = ne(neq - n, )vr,

&

where 5 (2.2)

v o= 1.09x10—20T ~9/2
T e

is the three body recombination coefficient, n, the electron den-
sity, B the electron density obtained by the following Saha's
equation

2 25 3/2 ot
B ™ ns(2nmekTe/h ) exp( eVi/kTe),
in which b, (2.3)

n_ =n - n
s s0 eg?

n_ and n o are the seed atom density and the original one before
ionization, respectively, and u the x component of gas velocity,

The generalized Ohm's law is written as

J = o(FE + uxB + Vpe/ene) - BJxB/B
+ BBi(JxB)xB/Bz, (2.4)

which is nothing but the momentum equation for electrons, where u
is the gas velocity vector, pe = nekTe the electron partial pres-
sure, and Bi the Hall parameter for ion [see Eq.(2.12)].

The energy equation for electrons is given by
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ud{ (3/2kr + ev)n }/ax = 3%/o - 3/2kn m_(z_ - T)

X(ves/ms +voo/my * vei/mi) = Vkn_r )*d/en , (2.5)

where
. (BkTe/ﬁme)llznst,
Vo = (Skre/nme)lfznOQO, r . (2.6)
vy = @k ) o,

ms, mo, and m are the masses of seed atom, parent gas atom, and
ion, respectively, nO the parent gas density, Qei the collision
cross section between electron and ion. In Eq.(2.5). the radiation

term is neglected since the electron temperature is relatively low

Anode A
8 e
<— C —>

Y K— § —>

>,

x.u © 4

h
z,B
Insulator J
J

c’/
# Cathode

Fig. 2.1. Schema of diagonal type MHD generator

duct for two-dimensional analysis.
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under the numerical conditions in this thesis.

Next, we assume E, J, B and u as

]
I

J T s J.s 0)y
E (Ex, Ey, 0)s (x 7

> (2.7)

= (0, 0, B), u (u 0, 0),

in the chapters except Chapter 6.

The secondary magnetic flux caused by J is assumed to become
negligible in comparison with the applied magnetic flux, since the
magnetic Reynolds number of the gas plasma is much smaller than
unity under the operating conditions.

Next, as described previously, it 1is assumed that the gas ve-
locity u and temperature T in Chapters 3 to 5 depend on only y ac-

cording to the following relations,

n [2.3]
u/uO = {4y/h-(1 - y/h)} (2.8)
and
' [2.3]
(T - TW)/(Tb - T@) = {4y/h*(1 - y/h)} (2.9)

respectively, where h is the duct height, ﬂw the wall temperature,
TO and g the gas temperature and velocity at the center of flow,
namely y=h/2, respectively, and m and m' constants.

Finally, the electrical conductivity o, Hall parameters £ and

Bi for electrons and ions are given by

o= neezlmeve, (2.10)
B = kB My = e/meve, (2.11)
- 1/2
Bi = eB(BkT/ﬁmS) {QiO/(l + ms/mo)
-1 [2.22]
# esQiSf/—f} /3p, (2.12)

where the average electron momentum transfer collision frequency
Ue is given by

_ 1/2
Ve = (BT /un ) T (n0, + ng0q + n 0 y)s |
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in which

B 2, 2 [2.23]
0,4 = 3.90(e"/8ne kT ) logh, ' (2:13)

_ 2312 -1/2
K = 12 (eOkIe/e ) n,

3

and QiO and Qis the collision cross sections between ions and par-
ent gas atoms and between ions and seed atoms, respectively, u_ the
e

electron mobility, and 0 the permittivity of free space.

2.2.2 Stream and potential functions
To evaluate the current distribution in the MHD generator duct,

we use the conventional stream function Y defined by
g = a¥/ady, Jy = -3¥/9x, (2.14)

which satisfy VJ=0 in Eq.(2.1).
Also, to obtain the potential distribution, we adopt the po-

tential function ¢ defined by
L = -Vo, (2.15)

which satisfies YxF=0 in Eq.(2.1).
Then, from Egs.(2.1), (2.4). and (2.14) the following partial
differential equation of the 2nd order for V¥ is derived.

2

VoY + Pa¥/ax + QA¥/3Y = Ry, (2.15)
where
p = ofe-{3(efa)/ox - 3(B/o)/3y}l,
0 = o/e-{3(e/o)/dy + 3(B/0)/3x},
By = o/e-{-a(apefay/ene)/ax " P
+ a(ape/ax/ene)lag},
in which

e =1+ Bﬂi'
Also, from Egs.(2.1), (2.4), and (2.15) the following equation for

¢ is obtained,
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82 + p'a0/ax + 0'90/0y = R, (2.18)
where
' = (3a"/9x + da'"/3y)/a',
o' = (-3¢'"/ax + da'/3y)/o',
R' = 3{o(uB - ape/ag/ene) + a'ape/ax/ene}
lax/c' + a{c"ape/axfene + o' (-uB -, (2.19)
+8pe/3y/ene)}/ay/0
in which
gt = oe/(€2 + Bz), g'' = GSK(EZ + 82).

In these equations P, P', etc. are the functions of V¥ or ¢

and so both Egs.(2.16) and (2.18) become nonlinear equations.

2.3 Boudary and Subsidiary Conditions

For solving Eqs.(2.16) and (2.18), we need boundary conditions
on an electrode surface and an insulating wall, periodicity condi-
tions, and two subsidiary conditions peculiar to the diagonal type
generator.

First, the boundary condition on the insulating wall is
J = 0.
v (2.20)
Using Eqs.(2.4), (2.7), (2.14), and (2.15), this equation is

changed into the following equation

Y= const. (2.21)

or

E(Ey + apefay/ene) - B(Ex + apefax/ene)
= e(-3¢/dy + Bpe/ay/ene) + B(-00/dx

+ Bpelax/ene) = 0. (2.22)
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Next, the boundary condition on a good conductor electrode

surface is

E = 0. (2.23)

Using Eqs.(2.4), (2.7), (2.14), and (2.15), the above equation is

transformed into the following equation

+ —
EJX/G BJy/o Bpe/axfene

=(c3¥/3y - ROY/3x - Gape/ax/ene)fc =0 (2.25)
or

& = const. . (2.25)

Next, the periodicity conditions for J and E are given

J(x+s) = J(x), E(x+s) = E(x). (2.26)
By Eqs.(2.14) and (2.15), these equations are rewritten as

Y(x+s) = ¥(x) + I§, d(x + 5) = ¢(x) + V;, (2.27)
respectively, where I; is the current flowing into an electrode and
V; the potential difference per electrode pitch s in the x direc-
tion.

Finally, in the diagonal type generator, the potential differ-
ence must be zero between the electrodes C and A short-circuited
each other in Fig.2.l1. Accordingly, the first subsidiary condition

becomes

fé E-ds = 0, (2.28)

where ds is the line element vector on an optional integral path
from C to A.

Next, the current which runs through an arbitrary surface S
crossing the insulating wall surfaces C' and A' is equal to the
load current I. This gives the following second subsidiary condi-

tion
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IS Jdg = I, (2.29)
where dg is the element vector of the surface S.
The current and potential distributions in the diagonal type
generator duct can be obtained by solving numerically Eqs.(2.16)

and (2.18) under the conditions (2.20) to (2.29).

9.4 Formulation of Electrical Characteristics
As the quantities which are used for the estimation of the

generator performance, we adopt the electrical efficiency T given

by

I

n, —IS z-de/fg (IxB) *udx (2.30)

and the specific Hall voltage QH defined by

% = Vi/Videa1" (2.31)

In this equation, Vv, and Vid are the Hall and ideal potential

H eal
differences per one electrode pitch s, which are given by
v, = -/ E_dx (2.32)
H 0 "x :

and

2
Videal = ($B> — a)uBks/(1 +a"), (2.33)%

respectively, where

2
k=1 - 1(1 + Beff)/{bwﬁef <u>B(Beff - a)}. (2.34)*

f

In this equation, w is the duct width in the z direction, and ¢ £f
e

and Beff the effective conductivity and Hall parameter, which are

obtained by the following relations

2
J = + " -
. Oeff/(l Beff) {1 aBeff)<Ex>

+ <u>Bf

3eff}’

g (2..35)%

* See Appendix IT.
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2

Ty = Oapp/ (1 Bgs

v )+

(Beff + a)<EX> - <usB}. J
In Egs.(2.33) to (2.35), < > shows the average value per one elec-
trode pitch s.

Moreover, a grade of the current concentration at an electrode

end is estimated by the following relations

Jpeakf<J>e1’ (2.36)
where Jpeak and 7>, are the maximum and average current dinsity
on the electrode. In this connection, J [ <J> = 1 shows that

peak el

the current distribution on the electrode surface is completely

uniform.

2.5 Numerical Calculation of Basic Equations

2.5.1 Normalized basic equations

Now putting

E = xfs, T =y/ls, Y= ¥/ (1/w),

. (2.37)
LI | L—
T, Te/TO, n} ne/no,
where ng is the electron density obtained by Eq.(2.3) in the case
of Te = TO.

Equations (2.16), (2.17), (2.21), (2.24), (2.27), and (2.5)

are normalized as

v2y + ptvaY/3E 4+ p''3Y/BT + R'' = O, (2.38)
p't = o/e-{3(e/0)/3E — d(B/0)/3L], ~
o'' = o/e~{8(B/o)/3E + d(e/0)/BL],
. . (2.39)
R'' = kaTO/(IeEné)‘(BT;/aE'Bnefai [
- BTé/Bg-ané/SE) + w/I+o/e-swaB/3E,
{ = const., (2.40)
(2.41)

29/og = B/e+d9/3E + kleso/e-Ty/n -3 (n T)/BE,
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w(E+1,z) = w(&,0) + I;/(I/w), (2.42)

' = #
3n meﬁkneo(Té T/TO)(vesfmS veolmo

070
2 2 2 o 2
+ vei/mi)/2 = (1/sw) {(au/8E)" + (8y/3L) "}, (2.

respectively.

2.5.2 Difference approximation of normalized basic equations

Defining

: .= A, . = A,
] w(xi,yj) x v

ij i

1.4 = 1,2~ (2.44)

by the central difference approximation, Eqs.(2.38) and (2.41) are

transformed to

- + (1 - ap,./2) )
(1 + apij/2)¢i+1,j 4wi,j ( lJ/ )

s (2.45
%Wy g 4 F O Aoij/2>w§,j+l L (2.45)
+ A R,. = 0

+ (1 - AQijlz)wi j- 3

il
i;j = 1323-_'_

= = « (1 -
Y5941 " Va5 T BE W g T Ve

+ kwT o/ (eIn'e)-(n' . . .
0 e e i+l,j e i+l,] | (2.46)

Bl 1S Lydy===

where P,., O... R,., n'. ., and T',, are the values of P'', Q0'',
ij ij ij eij eij

RV né, and Té at a point (xi, yj), respectively. Here

Vi, 5-1051 204 ¥y sel oy

easily eliminated from Eqs.(2.45) and (2.46) for the electrode sur-

p» Which can not exist physically, can be

faces.

The rectangular region s x h is subdivided by 20 x 40 rectan-

gular meshes of an equal size. In this connection, it has been

42



ascertained that the calculation results by those meshes agree very
well with that by 50 x 100 rectangular meshes.

In addition, with respect to the numerical example in this
thesis, it has been seen that if the forward or backward difference
approximation is applied to the electrode surface, it is very dif-

ficult to find out the converging solutions of the basic equations.

2.5.3 Relaxation parameter®** in SOR method

The simultaneous difference equations (2.45) can be solved
under Eqs.(2.46), (2.40), and (2.42) by means of the SOR method
(successive over-relaxation method). However, for converging the
calculation of the strong current concentration which rises often
at an electrode end in an MHD generator duct, the basic difference
equations require a considerably smaller relaxation parameter w =
w¥ (= 0.1 to 0.4) than the conventional value. Therefore the dig-
ital computation cannot rapidly converge and wastes a long time.

Accordingly, the above small value w = w* is used only for the
numerical calculation near the electrode. On the other hand, with-
in the duct, the other relaxation parameter w = wg (=1 to 2) of the
conventional magnitude is used to accelerate the calculation.
Moreover, if the residuals of the solutions of the difference equa-
tions decrease, w,. is increased by a suitable value w', and con-

0
versely if they increase, @ is reduced by another suitable value

w''.

For example, when w*=0.3 and wy= w*, the repetition calcula-
tion of 4451 times was required for the residuals to become smaller
than 107>, but when w*=0.3 and w,=1.0 to 1.84 (4'=0.002 and u''=
0.02) only the repetition of 592 times was done. In these examples,
the numerical solutions agreed very well with those by a conformal

mapping [1.6] or the equivalent circuit in the case where o, B, and

u were constant.

** See Appendix III.

43



2.6 Concluding Remarks
In this chapter, a two-dimensional theory for analysis of the

diagonal type MHD generator has been introduced. The main conclu-

sions are as follows.

(1) The nonlinear partial differential equations were derived
from the basic equation, by which the current and potential dis-
tributions in the MHD generator duct can be numerically calculated.

(2) The electrical efficiency. the specific Hall voltage, etc.
were derived, by which the electrical characteristics of the diag-
onal type generator can be estimated.

(3) The method of numerical calculation of the basic equations
was introduced, which includes the normalized basic equations, the

difference basic equations, and the modified SOR method.
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CHAPTER 3
BASIC ELECTRICAL CHARACTERISTICS

3.1 Introduction

The two- or three-dimensional analyses of the current and po-
tential distributions, etc. in the Faraday type generator duct
have been carried out by many researchers [2.1] to [2.3] et al.,
and its basic electrical characteristics have been fairly clari-
fied.

However, the usual Faraday type generator is a current-con-
trolled generator, and on the other hand, the diagonal type gener-
ator is a potential-controlled one because of the diagonal connec-
tions of electrodes. Therefore, the electrical characteristics of
the diagonal type generator duct differ fairly from those of the
Faraday type so that they must be clarified independently for the
practical use of the diagonal type generator.

In this chapter, first, when the electrical conductivity or
the Hall parameter are assumed constant in the generator duct, the
current distribution is evaluated and influences of the load fac-
tor, etc. on it are investigated. The current distribution in the
diagonal type generator is compared with that in the Faraday or
Hall type generators. Then, influences of the inclination parame-
ter, the Hall parameter, etc. on the electrical characteristics
such as electrical efficiency of the diagonal type generator are
studied. WNext, when the electrical conductivity or the Hall pa-
rameter vary spatially, the distributions of current, potential,
and electron temperature are evaluated and influences of the load
factor and the inclination parameter on the current distribution
are discussed. Then, the influences of the duct size and the tem-
peratures of plasma and duct wall on the electrical characteristics
of generator duct are investigated.

These investigations are carried out by means of the theory

described in Chapter 2. In this connection, the Saha equilibrium
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is assumed in the cumerical calculations, since the gas is assumed

to be a subsonic flow.

3.2 Numerical Conditions

The numerical analysis in this chapter is carried out for the
diagonal type MHD generator with a cesium-seeded helium plasma in

nonequilibrium ionization in which
h=20,2, w=20.1, s=20.1, c = 0.06 m,

2000 m/s, TO = 1700

to 2000 K, p =5 atm, e, = 0.3 %s

Il
=~
L
=
=

I

B
L, (2.47)

§ =5, m=m"'=1/7

where Es is the seed fraction of the cesium, and it is assumed
that the duct size is related to the somewhat large experimental

duct, and the gas velocity is subsonic.

3.3 Numerical Calculation Processes

PSS

0 220,8=200, (-=0375, a=-I

Fig. 2.2. Current distribution for constant ¢ and B (1).
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The value of the stream function { is determined by solving
the basic difference equations (2.44) and (2.45) under the boundary
conditions (2.40) and (2.46) and the subsidiary conditions (2.28)
and (2.29) by the modified SOR method. The calculation processes
are as follows.

(1) The values of ¢ on the insulators are plausibly assumed to
satisfy the subsidiary condition (2.29).

(2) The reasonable values of 1, o, R, ¢, n.s and Te are given,
and then the value of | is obtained by solving the difference equa-
tion (2.45) under the conditions (2.40), (2.42), and (2.46) by the
SOR method.

(3) Using the Newton-Raphson method, the value of Té is calcu-
lated by Eq.(2.43), in which the value of § obtained in the above

process (2) is used. Then, by Eqs.(2.10), (2.11), etc. o, B, and

0=220, pAB=200,

Fig. 2.3. Current distribution for constant ¢ and B8 (2).
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n are calculated.

: (4) The digital computation in the processes (1) to (3) are
repeated until § converges to a constant value for I given in the
process (2).

(5) To satisfy the subsidiary condition (2.28) the previous
value of I is changed to a new value. After many repetitions of
the processes (2) to (4), the desirable value of y is acquired.

In addition, the potential ¢ can be obtained by the similar

processes.

3.4 When Electrical Conductivity and Hall Parameter Are Assumed

Constant

3.4.1 Current distribution and influence of load factor

In this section, the current distribution, influences of the
load factor, the Hall parameter, etc. are discussed when o and B
are assumed constant in the generator duct.

When ¢ and B are spatially constant, P, O, and R, in Eq.(2.16)

1

£
[
ag
(pe]
I~

/8.

. Influenc f
uence of B on Ngs QH, Geff/O and Be

ff
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become zero, and the equation reduces to the Laplace equation

2
vy = 0. (2.48)

If values of ¢ and g are assumed, the numerical solution of
Eq.(2.48) is found through the calculation processes (1), (2), and
(4) described in Section 3.3, and then the current distribution in
the duct is obtained.

In Figs. 2.2 and 2.3, the current distributions are plotted
in the case of ¢ = 0.375; J = 0.532 A/cm2 and « = 0.703; J =
0.684 A/cmz, respectively, where ¢ = 2.2 8/m, B = 2, B = 4T, and
a=-1 (8 = 135°). These figures show that the current distribu-
tion in the diagonal type generator remarkably varies with «.

That is , the current flows from an upstream anode to a downstream
cathode when ¢ < k*. On the other hand, it does from a downstream

anode to an upstream cathode when « > k*, where

k* = i (1 - aBeff)(Beff - a)

<J »=0 B
x

2
/{Beff(l +a)}. (2.49)
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Fig. 2.5. Influence of a on 0, %y %% £f
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Tn this connection, the load current flows from the inlet to the
exit of the generator duct in all cases, since an anode and cath-
ode are diagonally connected.

This is explained by the following. Using Egs.(2.35), the
tangent of the angle §' between the direction of a average current
density <J> and the x-axis [see Fig.2.1] is expressed by the fol-

lowing equations

tang' -<J »/<T >
y X

= —{Beff<Ex> +<Ey> - <u>B}

/{<Ex> - Beff(<5y> - <u>B)}

= {1 + a2 + (B + a)k}

eff a)(Beff

[{B,0p (1 +a") = (1 - aB )

x (B - a)kl}. (2.50)

eff

=)
=

-
B

-

B=4,¢0>=222, ¢B>=2.00, K=0.449, a=-|

Fig. 2.6. Current distribution for nonuniform ¢ and B (1).
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Accordingly,

1 = 2 2
3(tanf')/3k = (L +a)(Q + 8 [ )(B . - a)
2
/{Beff(l +a’) - (1 - &Beff)
2
x (Beff - a)x}” > 0. (2.51)

This equation shows that 8' increases with k. Namely, when x is
small, 6' is small and the current runs from an upstream anode to
a downstream cathode. On the contrary, when k becomes large, 6'
does large and the current from a downstream anode to an upstream
cathode.

Moreover, since the duct must operate as a generator, the load
factor x > 0. Therefore, we obtain the condition 8' > tan_l l/Beff
from Eq.(2.50), and also the load current I has te flow from the
inlet to the exit of the duct, consequently we obtain 6' < 3n/2 -

8. Thus, we have the following constraint

B= 4, <0»=222 ,¢B>=200, (=0.449, a= -l

Fig. 2.7. Electron temperature distribution corresponding

to current distribution in Fig. 2.6.
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can L 1/8B . < B' < 3u/2 - 8 (2.52)
eff

for 8' in the generator duct.

From the above description, it is understood that the current
distribution in a diagonal type generator varies very widely with
k. On the other hand, since <Jx> = (0 for the whole duct of the
Faraday type generator and s ¥ 2 0 for the Hall type, the above
-mentioned phenomena do not occur in both type ducts.

The state of the current concentration at the electrode end
is fairly similar to that in the Faraday or Hall type generator

shown in the references [2.1] ot [2.5].

3.4.2 Influence of Hall parameter on electrical efficiency and
specific Hall voltage

The variations of ngs © Ueff/U’ and Beff/B by B are shown

H’
in Fig.2.4 in the case of k = 0.5, B = 4T, a = -1, and o = 2.0p3/m.

The figure shows that QH’ oeff/U, and Beff/B increase with g, and
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B=4,<0>=222, {B>=200, (=0449, a=-I

Fig. 2.8. Potential distribution corresponding to

current distribution in Fig.2.6.
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then they saturate. These are because VH increases as B becomes
large, but when g becomes larger the current concentration at elec-
trode ends and the nonuniformity of the current distribution become

intensive. Ng has the maximum value near g = 4.

3.4.3 Influence of inclination parameter on electrical efficiency
and specific Hall voltage

The relations of Ng» QH’ cefffo, and Sef /B to a are plotted

in Fig.2.5 in the case of « = 0.5, B = 4T, o i 2.08/m, and B = 2.
It is seen that ne and QH increase with |a|, and that those of the
Hall type generator (a = 0 or & = 90°) become fairly small, namely
its electrical characteristics are inferior to those of the diag-

onal type generator.

100~
0
-100
$-200
s
o

-300

-400

-500

Fig. 2.9. Variation of electric potential ¢ between
confronted anode and cathode corresponding

to current distribution in Fig.2.6.
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3.5 When Nenuniformity of Electrical Conductivity and Hall

Parameter Are Considered

3.5.1 Current, electron temperature, and potential distributions

In this section, the current, electron temperature, and poten-
tial distributions are evaluated and influences of B, a, h, TO’
and Tw on the generator characteristics is studied when o, B, and
Si vary according to Egs.(2.10) to (2.12). 1In addition, it was
made clear by the numerical calculation results that two terms of
the ion-slip BBi(JxB)xB/Bz and the gradient of the electron pres-
sure Vpe/ene in Eq.(2.4) are much smaller than the other two terms
under the numerical conditions in this thesis.

In Figs. 2.6, 2.7, and 2.8 are plotted the distributions of
current, electron temperature, and potential, respectively, and in

Fig.2.9 the variation of potential ¢ between a pair of confronted

/ /j
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=
[/ / w
= 153:<:i;”// [

=
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T et e TR

!

(
-:'/f‘??:_:’

B=5, (0)=268, ($>=2.49, K=0.355, a=-1

Fig. 2.10. Current distribution for nonuniform ¢ and 8 (2).
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0.&99, B = ﬁ}T, a = —1’ TO =

1600 K, <o> = 2.2 U/m, <B> = 2.00, and <J>

anode and cathode in the case of «

1800 K, T

0.468

By comparison between Fig.2.6 and 2.2, it is found that

W

2

Alem

t the electrode end in the case of non-

ion a

»

the current concentrat

uniform ¢ and B becomes more intensive than that in the case of

constant ¢ and R, and that the eddy current is induced on the e-

to these arise in the

The phenomena similar

lectrode surfaces.

This is because the Joule heating

Faraday type generator [2.2].

h in the

1g

Te and therefore o h

due to current concentration makes

case of the nonuniform ¢ and R.

As seen in Fig.2.2, the current distribution is almost uniform

in the main flow where the gas velocity becomes almost constant,

and its nonuniformity in the x direction does not yet occur there.

.2.6, the nonuniformity in the x direction appears

However, in Fig

clearly in the main flow.

A
SOESE

e

CEEESIEET

0.630,a=

5, <0>=3.44, (Pr=2.46, K

B=

Fig. 2.11. Current distribution for nonuniform o and B8 (3).
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Next, Fig.2.7 shows that the distribution of the electron tem- - -
perature becomes very nonuniform and T, varies from 1600 to 2200 K, .
In addition, o varies 0.019 to 7.72 Um and B 1.63 to 2.03.

Tt is seen from the potential distribution between the con-
fronted anode and cathode in Fig.2.9 that the electrode voltage
drop is about 13 % of the potential difference between the con-

fronted electrodes.

3.5.2 Influence of load factor on current distribution

In Fig.2.10, the current distribution is plotted for «k =
0.533, <0> = 2.68 U/m, <B> = 2.49, and Bcrit = 1.77, and in Fig.
2,11, that for k = 0.630, <o> = 3.44 U/m, <B> = 2.46, and Bcrit =
1.61, where B = 5T, TO = 1800 K, and Tw = 1600 K.

In Fig.2.10 where « is small, the current flows from an up-
_stream anode to a downstream cathode, but in Fig.2.11 where k is

large, it runs from a downstream anode to an upstream cathode in

it

i

-

Vi

B=4,¢<0>271, ¢B>=198, K =0652, Q=0

Fig. 2.12. Current distribution for nonuniform ¢ and B 4).
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the similar way to the case of constant o and B. Such phenomena
cannot occur in the Faraday and Hall type generators. Also, from
Figs.2.6, 2.10, and 2.11, it is seen that the state of the nonuni-
formity in the x direction in the main flow is changed with k.
Besides, as seen in Figs.2.10 and 2.11, when <B> becomes high and

exceeds B » the streamer due to the ionization instability

erit
grows [1.11] to [1.13]. Moreover both figures indicate that the
state of the streamers varies with k, and hence the state of ioni-

zation instability does with k.

3.5.3 Influence of inclination parameter on current distribution

In Figs.2.12 and 2.13, the current distributions are shown
for « = 0.652 and a = 0, and ¥k = 0.658 and a = -2, respectively,
0" 1800 K, and T, = 1600 K.

These figures tell that the current distribution varies re-

where B = 4T, T

markably by the values of a and that the current density increases

with decreasing |al. The reason for these is the following. From

N

B=4,<0>=157,¢8>=203, (0658, &=-2

Fig. 2.13. Current distribution for nonuniform o and B (5).
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the subsidiary condition (2.29), the following equation is derived
<> =1/ (wh/l + 2%y, (2.53)

where s ¥ is the average value of the current density perpendicu-
lar to the cross-section C'A' in Fig.2.1. The above equation in-
dicates that the current density in the Hall type duct (a = 0) is
(1 + a2)1/2 times as large as that of the diagonal type (lal > 0),
even when the load current 7 is equal. Therefore, the current
concentration, the nonuniformity of its distribution, etec. in the
Hall type generator become more intensive than those in the diago-

nal type generator.

3.5.4 Influence of duct height on current distribution and

electrical characteristics

e PRy
- te, .\".I'JQ"”J(__

[/

B=5,(0)=4.28, (B)=2.46,h=0.3, a=-1

Fig. 2.14. Current distribution for nonuniform ¢ and B (6)
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In the case of B = 5T, a = -1, TO = 1800 K, Tw = 1600 K, and
Ix = 0A, Figs. 2.14 and 2.15 show the current distributions for h
= 0.3 and 0.4 m, respectively, where the influence of the boundary
layer are excluded in this article. From the figures, it is seen
that the current distribution is not largely influenced by the duct
size when a nonequilibrium ionization grows. In Fig.2.16, the var-

iations of Ng» Oy oeff/<0>’ and 8 __/<B> by h/s are plotted. As

seen from the figure, M and QH arifiittle dependent on h/s, while
ueff/<o> increases with h/s. This is explained by the following.
In Figs.2.14 and 2.15, the current distribution has the repetition
of the almost same pattern except the region near duct wall, and it
is little influenced by the duct size, if the duct size is much
larger than the size of the pattern. Accordingly, it is thought

that our investigation can be sufficiently carried out by the

B=5,<0)=5.04, (P> =2.44,h=0.4,a=-1

Fig. 2.15. Current distribution for nonuniform ¢ and B (7).
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numerical analysis for h/s = 2.

3.5.5 Infuence of temperatures of central gas flow and duct
wall on electrical characteristics
In Fig.2.17 the variations of ne, QH, etc. by T0 are plotted

in the case of B = 4T, a = -1, T, - Tw'= 200 K, and « = 0.5. The

figure tells that the changes ofone and Beff/<8> due to TO are
large and they increase fairly with Ty but on the other hand, the
variations of O and ceff/<c> by T, is very small.

The reason of the above phenomena is shown below. When TO is
low, nonequilibrium ionization occurs more intensively than when
Ty high, and consequently the nonuniformity of the current distri-
bution becomes severe in the former case. Accordingly, U falls
as TO decreases. On the other hand, the decrease of TO makes <g>
and <J> low, so that the effects of <g> and <J> on QH offset each

other, since VH depends on <J>/<o>. V. or QH are scarcely changed
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ef
by TO'
Next, Fig.2.18 shows the variations of Ng» Ope ceff/<q>. and
Beff/<8> by T in the case of B = 4T, a = -1, T0 = 1800 K, and k =

0.5. It is seen that ne and Beff/<5> decrease slightly, and on the

other hand, QH and B f/<cr> increase fairly with Tw' These can be

i
explained as follows. The intensive current concentration at the
electrode ends already grows and the current distribution in the
duct varies only a little with Tw' Therefore, Tw has only a little
influence on ne which is much influenced by the current distribu-
tion as seen from Eq.(2.30). On the other hand, the drop due to
thermal boundary layer increases with decreasing Tw’ while the de-
gree of decrease of <g> is small because T0 is assumed constant.
VH’ on which <J>/<g> has a large influence, namely QH decreases

with lowering Tw'
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Moreover, in Fig.2.19 the influence of T, on Ng» Oy etc. is

plotted in the case of B = 5T, a = -1, 7. = 1800 K, and I = 0.
X

The layer of the low electrical conductigity due to the decrease of
e is apt to make the current distribution uniform, for example the
value of Jpeak/<J>e1 changes from 14.0 to 12.6 as N decreases from
1800 to 1000 K, and also to prevent the current from flowing in the
case of g = 5T, where the higher degree of the nonequilibrium ioni-
zation occurs. Accordingly, the electrical characteristics become

best when TO =k W 300 to 400 K in the case of ionization insta-

bility.

3.6 Concluding Remarks

The basic electrical characteristics of the diagonal type ge-
nerator have been investigated by a two-dimensional analysis. The
main results are as follows.

(1) The current concentration at the electrode end is fairly
similar to that in the Faraday and the Hall type generators.

(2) The current distribution in the diagonal type generator
is remarkably affected by the values of the load factor and the
inclination parameter, which differs from the states in the Faraday
and the Hall type ducts.

(3) In the main flow, the large nonuniformity of the current
distribution in the x direction grows if nonequilibrium ionization
is made strong. The state of the nonuniformity is varied remark-
ably by the values of the load factor and the inclination parame-
ter.

(4) The effects of the duct height on the electrical charac-
teristics become small as the nonequilibrium ionization instability
grows.

(5) The electrical characteristics of the generator degrades
as the temperatures of the central gas flow and the duct wall low
er, where the former and the latter affect mainly the electrical

efficiency and the specific Hall voltage, respectively.
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CHAPTER 4

EFFECTS OF RESISTIVE ELECTRODE AND DISTRIBUTION
OF APPLIED MAGNETIC FLUX ON
ELECTRICAL CHARACTERISTICS

4.1 Introduction
As shown from the results which have been obtained in Chapter

3, the current concentration at the electrode ends makes the cur-
rent distribution in the generator duct nonuniform, and the Joule
heating by the concentration may damage the electrodes and break
down the insulation between the adjacent electrodes.

The current concentration is caused by short—circuiting of the
axial Hall electric field through a good conductor electrode. For
the Faraday type generator, as one way removing the concentration,
the use of a resistive electrode has been proposed and already its
effects have been investigated in fair detail [2.25] to [2.28].

As another way, reduction of the applied magnetic flux in the di-
rection perpendicular to both the flux density and the gas velocity
in a region near the duct wall has been thought out and its effects
have been discussed, too [2.29].

On the other hand, their influences on the current concentra-
tion at the electrode ends and the performance characteristics of
the diagonal type generator have been yet little investigated.
However, as found in Chapter 3, the current distribution in the
diagonal type generator duct varies remarkably with the load factor, ,,
which noticeably differes from that in the Faraday type. Accord-
ingly, it is necessary to study their effects on the performance
characteristics of the diagonal type generator.

Im this chapter, influences of resistive electrode and atten-
uation of the magnetic flux density in the neighbourhood of the
duct wall on the performance characteristics of the diagonal type

generator with nonequilibrium ionization plasma are investigated
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by a two-dimensional analysis. The configuration of resistive
electrode and the distribution of magnetic flux adopted in this
thesis are shown. Next, current distributions are calculated,

and the influence of conductivity and configuration of wedge-shape-
ed resistive electrode on the current concentration and electrical
efficiency is investigated. Besides, the electrical characteris-
tics of generator with the attenuation of the magnetic flux densi-
ty in the region near duct wall are compared with those of the ge-

nerator with the constant magnetic flux density.
4.2 Effects of Resistive Electrode

4.2.1 Basic equations in resistive electrode

The basic equations for the gas plasma in the generator duct
has been already shown in Section 2.1. In this article, only the
basic equations in a resistive electrode are introduced.

The basic equations in the resistive electrode are the Maxwell

equations
vxg' = 0, v-s' = 0, (2.54)
and Ohm's law
J' =0 ', (2.55)
e
where E' and J' are the electric field intensity and current den-

sity vectors in the resistive electrode, respectively, and o, the

conductivity of the electrode [see Fig.2.20]. They are assumed as

vy @ o= (at, 3% O
% y X Y ,(2.56)

const.

1l
—~

5]

(&3]

E'

I

a
e

Using a stream function ¥' of the same type as ¥ in Egs.

(2.14), which is derived as

g ¥ = /8y, J ' =-3y'/ax, (2.57)
X L4

to evaluate the current distribution in the resistive electrode,
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the following Laplace equation

VZW' =0 (2.58)

can be obtained.

Resistive electrode
(anode)

Cf Insulator
Resistive
electrode(cathode)

Metal electrode(collector)

Fig. 2.20. Schema of diagonal type generator duct

with resistive electrodes.

4.2.2 Boundary and subsidiary conditions
The boundary condition (2.23) on the electrode surface in

Chapter 2 is replaced by the following two equations.
E'=E, g V¥Y=3 . (2.59)
X X Y Yy
Using the stream functions ¥ and ¥', these equations are trans-
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formed as

Y /oy = ae(eaw/ag/o - RAY/dx/a

- ape/Bx/ene), L ) (2.60)

respectively. The other boundary and subsidiary conditions are the
same as Eqs.(2.21) and (2.27) to (2.29) in Chapter 2; A and C in
Eq.(2.28) must be replaced by collectors A and C in Fig.2.20.

4.2.3 Configuration of resistive electrode

When let us express the angle between J' and the normal of the
boundary surface between the gas plasma and the resistive electrode
with a', the angle of intersection between an equipotential surface
in the resistive electrode and the boundary surface is o' as seen
from Fig.2.21, since E' and J' are parallel each other.

This indicates that a collector should be arranged on an equi-
potential surface [2.25], which is made of a good conductor. The
configuration of resistive electrode can be assumed to be the wedge
shape as shown in Fig.2.20.

Then, Eqs.(2.4), (2.55), and (2.59) yield
[:2.25]

tany' = ce(s - tano)/o, (2.61)

where o is an angle between J and the normal of the boundary sur-

face [see Fig.2.21].

4.2.4 Numerical conditions

In this chapter, the numerical calculation is made for the di-

agonal type generator with cesium-seeded helium plasma in nonequi-

librium ionization.

Numerical conditions are given by
h=0.2, w=0.1, s = 0.1, c = 0.06 m,

4 to 6 T, uy = 2000 m/s, Tg = 1800, »(2:62)

B
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p - 1600 K, p=5atm e =0.3%

§ =5, m=m = 1/7, 9 = 135°.
The wvalues of B, B, ey 6B, o , and x are varied and influ-

ences of those variations on the current distribution, the elec-

trical characteristics, etc. are investigated.

= J
Plasma

Resistive
electrode

e

Equipotential
surface

Fig. 2.21. Schetch of electrical quantities in

plasma and resistive electrodes.

4.2.5 Effect of resistive electrode

As shown in Fig.2.11, the intensive current concentration oc-
curs at the end of a good conductor electrode, and there Jpeak/
=F* = 13.3.

el

Figure 2.22 shows the current distribution in the generator
duct with the resistive electrodes, where B = 5T, ¢ = 0.744, @ =
=1, o = 0.4 m ' = 30°, <g> = 1. 5 <R> = 2, .

L 5/m, a , <O 1.71 &/m, <B 2.53, and Bcrlt
= 3.81. The figure indicates that the excessive current concen-—
tration at the electrode end as seen in Fig.2.11 can be eliminated
by use of the resistive electrode. 1In this case J [<a> =

peak el

1.46.
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K=0.744 ,0,=0.4,a'=30"

Fig. 2.22. Current distribution in generator

duct with resistive electrodes (1).

Next, Fig.2.23 represents the current distribution in the
case of B = 6T, « = 0.273, o_ = 0.4 8/m, o' = 30°, <o> = 1.50 y3/m,
<> = 3.06, and B . = 3.29. The current distribution becomes a
little more nonuniform than that in Fig.2.22, but a streamer does
not grow yet.

Figure 2.24 shows the current distribution for B = 6T, k =
0.716, o, = 0.4 5/m, o' = 30°, <o> = 1.94 p/m, <B> = 3.02, and
Bcrit = 2.17. From the figure we see that the current scarcely
concentrates at the electrode end, though the streamer occurs.
These denote that the wedge-shaped resistive electrode can sup-
press occurence of the current concentration at the electrode end
in the same way as the Faraday type generator, and also that it

can suppress the growth of streamer in the gas plasma to some ex-
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tent.

In Fig.2.25 is presented the influence of k on J/<J>el on the
electrode surface when B = 5T, o' = 30°, and o, = 0.4 ¥/m. Under
these numerical conditions, the variation of Jpeak/<J>el by k is
small and the values of J /<> become smaller than 1.46, al-

peak el

though ¢ varies from 0.281 to 0.744. These show that the resis-
tive electrode can hold its validity against a large variation of
k, though the current distribution remarkably varies by x in a di-
agonal type generator.

In Figs.2.26 and 2.27, the variations of Ng» QH, Jpeak/<J>e1’
Ty P ceff/<o>, and seff/<g> by o, are plotted for o' = 5° and 30°,
respectively, where B = 4T and « = 0.5. Figure 2.26, where o' is
small, shows that the current concentration at the electrode end

is largely weakened, and e and Oy increase a little with de-

////I/ Wil /// I’ [T ////],’j[f}iiﬁ:;.

‘,‘,‘,,,,,,,/// W!’I[ﬂ[// Wflllll////

B=6,(»=1.50,¢>=3.08,
K=0.273,00=0.4, =30

Fig. 2.23. Current distribution in generator

duct with resistive electrodes (2).
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creasing S but I and P decrease. Figure 2.27 tells that current
concentration is most removed at g, = 0.5 8/m. This value of Ue
roughly coincides with the value obtained from Eq.(2.61) under the
above numerical conditions.

Moreover, Figs.2.26 and 2.27 inform that the variation of s
Oy etc. is small in the g, range of about 0.1 to 1 ¥/m, and thus
the use of the resistive electrode will not degrade the electrical
characteristics of the generator. Ge = 0.1 to 1 8/m will be suit-
able for the resistive electrode. In this connection, many inves-
tigations of electrode materials have been carried out, and the e-
—CeO

lectrical conductivity of ZrO mixture or spinels has been

2 2
found to show above-mentioned values [2.30] and [2.31].

N

R=6,(0)=1.94,¢3=3.02,
K=.716,3,=0.4,0 =30

Fig. 2.24. Current distribution in generator

duct with resistive electrodes (3).
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K= 0.744

0.456
0.281

0 0.5
x/c
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Fig. 2.25. Influence of k on J/<J>el on electrode surface.

4.3 Effects of Distribution of Applied Magnetic Flux

4.3.1 Distribution of applied magnetic flux

It has been proposed to eliminate the current concentration at

the electrode ends by an attenuation of the magnetic induction at

the region near duct wall in the y direction, where the Hall effect

decreases because of a low magnetic flux demsity [2.29].

Distribution of the applied magnetic flux B is assumed to be

given by the expression

({(3, - B ) /85 y/h + B,

B 8§, < ylh <1~ GB

0’ B

—{(HO -

L= 8

g < ylh < 1,

Hw)ﬁﬁ}g/h + {BO -

0 < y/h < GB

> (2 .63)
(1 - 8,)B }/8,

as shown in Fig.2.28 where B, is the magnetic flux density at the

duct wall, and §

P

B is the length shown in the figure.

The distri-



bution of megnetic flux can have approximately the above configura-
tion when the generator duct protrudes from the magnet in the y

direction.

4.3.2 Effects of distribution of applied magnetic flux

The current distributions in the duct are plotted in Figs.
2.29, 2.30, and 2.31 in the case of « = 0.114, 0.362, and 0.617,
respectively. where BO = 5T, B, = 2T, and 68 = 0.1. These figures
show that the streamers are formed in the %, y, and negative x di-
rections for ¥ = 0.114, 0.362, and 0.617, respectively. Namely,
the current distribution in the diagonal type duct is very depend-

ent on the value of «.
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Fig. 2.26. Influence of 9, on n» 0., ete. (1).
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In Comparison with Fig.2.11 which shows the current distribu-
tion for k = 0.630 and B, = By = 5T, Fig.2.29 tells that the cir-
culating current near the electrodes is eliminated and the current
distribution there becomes uniform to some extent when B, is small,
but the current still concentrates at electrode end and the main
streamer is influenced little by B, Furthermore, as seen in Figs.
2.30 and 2.31, the new streamer occurs in the neighborhood of the
insulating walls in parallel with the insulating walls when x is
large.

Figure 2.32 shows influences of B on the generator perform-
ance when ¢ = 0.6 and B, = 5T. The figure indicates that Jpeakf

<J>el decreases with B and its value for B = 0 is about 75 % of
h = . i .

that for B BD’ but Ny QH, etc. are affected little by BW The
current concentration at the electrode end can be eliminated to
some extent by decreasing Bw’ but the main streamer is hardly de-

pendent on Bw' Consequently, the generator performance is affected
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Fig. 2.28. Distribution of applied magnetic flux.
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Fig. 2.29. Current distribution in generator duct (1).
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Fig. 2.30. Current distribution in generator duct (2).
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little by attenuation of B in y direction near the duct wall.

From Fig.2.33, in which the variation of Jpeak/<J>el by « is
plotted, it is seen that Jpeak/<J>el becomes about 65.0, 72.5, and
75.0 % of those for BW = BO’ in the cases of « = 0.2, 0.4, and 0.6,
respectively. This indicates that current concentration is elimi-
nated better as k is small.

i i <J> b 3

Furthermore, it was ascertained that Jpeak/ 7>, becomes 10.9,
11.2, and 10.6 for 5B = 0.1, 0.2, and 0.4, respectively, when B, =

0

5T, Bw = 2T, and ¥ = 0.4. This shows that variation of Jpeak/<J>el
by 6B is small. In addition, a little short-circuit current flows

between the adjacent electrodes when 63 = 0.4,

4.4 Concluding Remarks

The effects of wedge—-shaped electrode and attenuation of mag-
netic flux density in the region near duct wall on the performance
of the diagonal type MHD generator with nonequilibrium plasma have
been numerically investigated. The main results are as follows. T

(1) The wedge-shaped resistive electrode can largely remove
the current concentration at the electrode ends of the diagonal
type MHD generator with nonequilibrium plasma.

(2) It is not necessary to vary the conductivity of the resis-
tive electrode according to the load factor, although the current
distribution is varied remarkably by the load factor in the diago-
nal type generator.

(3) The generator charactervistics such as the electrical ef- VLT
ficiency and the specific Hall voltage are not degraded by the use of ¢y
wedge-shaped resistive electrode.

(4) Attenuation of magnetic flux density in the region near Ll
the duct wall can eliminate the current concentration to some ex-
tent.

(5) The elimination of the current concentration varies with

the load factor and decreases with increasing the load factor. (it 6
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CHAPTER 5
END EFFECTS

5.1 Introduction

An eddy current 1s apt to be generated in the end regions of
a generator, since spatial differences of the induced electromotive
forces are created there in the direction of attenuation of the
magnetic flux dinsity. It distorts a mormal current distribution
in the generator duct ends and degrades the total electrical char-
cteristics of the generator. These may be intensive especially in
the diagonal type generator, because the output electrodes are ar-
ranged in the inlet and exit regions of generator duct.

The end effects in the Faraday type generator have been ana-
lyzed in fair detail [2.32) to [2.34]. On the other hand, those
in the diagonal type have been only a little discussed [2.35] to
[2.37]. Accordingly, the end effects in the diagonal type genera-—
tor are studied by a two-dimensional analysis.

In this chapter, the arrangement of the output electrodes and
the distribution of the applied magnetic flux are shown, which are
used for the numerical investigation. Then, in the case of con-
stant electrical conductivity and electron mobility, by the numer-
ical analysis are investigated influences of the attenuation of
the magnetic flux density and the types and position of output e-
lectrodes on the current distribution in the end regions, the po-
tential difference between adjacent electrodes, the internal re-
sistance, etc. in the end regions.

Next, in the case of variable conductivity and electron mobil-
ity, effects of the attenuation of magnetic flux density on the
current distribution, the internal resistance, the ballast resist-—
ance, etc. are studied.

In addition, the current distribution in the inlet region be-

comes symmetric with the distribution in the exit region on the

assumptions made in this thesis.
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5.2 Arrangement of Output Electrodes and Distribution of Applied

Magnetic Flux

5.2.1 Arrangement of output electrodes
(1) Arrangement of output electrodes

Among various types of arrangements of the output electrodes
which have been proposed for the diagonal type generator, the ef-
fects of three types shown in Figs.2.34, 2.35(a), and (b), which
we call hereafter A, B, and C types for the convenience, will be
investigated in this chapter. As seen in the figures, in A type

the two electrodes E, and E, which are shorted each other, in B

type two pairs of thi diagoially connected end electrodes, and in
C type two pairs of the Hall connected electrodes are equipped as
the output electrodes, respectively. Of cource, the anode Ai and
cathode Ci (i =1,2,-——, n) except the output electrodes are con-
nected diagonally.
(2) Subsidiary conditions of end region

The subsidiary and periodicity conditions (2.28) and (2.29)

are replaced by

A,
v, =~ ‘peds=0, i = 1,2,-——,n, (2.64)
€.
1
fSiJf-dS =T, i=1,2,---,n, (2.65)
respectively.

In this connection, behind the n-th electrode pair A and C [see
n n

Fig.2.34], the electric quantities are assumed to vary periodical-

ly with one electrode pitch s along the gas flow. Then, the peri-

odicity condition (2.27) is rewritten as

< g % g S0 (2.66)

P(x.) = T(xl .

1

where g is the x co-ordinate of the right edge of the insulating
wall C; in Fig.2.34.
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Fig. 2.34. Coordinate system and end region of diagonal

type MHD generator duct (A type).
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Fig. 2.35. Duct end geometries (B and C types).

Next, From Egs.(2.14) and (2.65), we can derive the following

equations
\ L}
w% - w(.: - 1. i= 1’2:—”'_!“
& L i (2.67)
= v/ (1/w),
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v T
where w% and w? are the values of ¢ on the insulating wall sur-

faces A' and C , respectively, in Fig.2.34.

Flrst 1f the values of I and w are assumed and ¢ is given
1

a plausible value, the value of wC is decided by Eq (2 67). When
Eq.(2.16) is digitally solved by those values of w and w - and
the appropriately assumed values of u, o, and 8, we can obtain the
numerical solution of y. By applying the solution to Eqs.(2.4) and
(2.7), we can find the values of Ex and Ey. Further, byA?ubsti-
tuting the values of Ex and Ey into the integral Vi = —fciE-ds in
Eq.(2.64), we can decide the value of Vis but yet the value of v,
obtained is not necessarily equal to zero.

So let us consider the average resistance between the elec-

trodes A, and C,.
i i
R% = h/{<c>icwcos(n-9)}, i=1,2,-—,n, (2.68)

where <0>i is the average electrical conductivity of gas plasma.

We assume that an imaginary current defined by

Il. = Vi/RJ{, i=1,2,--——,n, (2.69)

flows through the resistance Ri. To make v, zero, it is necessary
to flow the inverse current —I, through R:. Therefore, newly it
< : 5 A' Al
is required to increase the current w(wi+l - Uy ) running into the
anode A, by -I..
i i Al
Again beginning with the new modified value of wi , We must
repeat the above-mentioned calculation process. When V. becomes
A
adequately small after many repetitions of the above-mentioned

process, then we can obtain a satisfactory numerical solution of 1.

5.2.2 Distribution of applied magnetic flux

For effective use of the magnet the MHD generator duct will
be arranged in the attenuation domain of the magnetic induction B.
In order to investigate the influence of attenuation of B on the
current distribution in the generator, we assume that B is con-

stant in the central domain and decreases linearly from the left
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edge of the j-th electrode in the end regions of the generator.

5.3 When Electrical Conductivity and Electron Mobility Are

Assumed Constant

5.3.1 Numerical conditions

As a numerical example, we analyze the current and potential

distributions in a diagonal type MHD generator duct, in which

h = 0.3, w = 0.3, s = 0.075, c = 0.056 m,
B, = 4 T, I =150 A, uy = 800 m/s, n =9, }, (2.70)
o =5.0 U/m, u, = 0.5 and 1.0, ®& = 153°,
where BO is the magnetic flux density in the central region of the
duct, and the five configurations of B are assumed as shown in

Fig.2.36, in which g is the gradient of B and j=8.

In addition, the numerical results obtained in this section

can be available for the open cycle generator.

12 3 4 5 6 7 89
electrodes

Fig. 2.36. Distribution of applied magnetic flux for j=8.
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5.3.2 Effects of type of output electrodes and distribution

of applied magnetic flux

(1) Current distribution

In Figs.2.37 to 2.40, are plotted the current distributions
in the duct of the A type arrangement in the cases of g = 0,
5.33, 8, and 10.6 T/m , respectively, and j = 8. In the figures
and the later Figs.2.41 to 2.44, the contour interval of current

stream lines is 1/8 of the load current I.

Fig. 2.37. Current distribution for g = 0 and 7 = 8 (A type).
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Fig. 2.38. Current distribution for g = 5.33 and 7 = 8 (A type) .
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Fig. 2.39. Current distribution for g = 8 and i =8 (A type).

Ez A1 2 Az.] As Asum

B

Fig. 2.40. Current distribution for g = 10.67

Ct.cs

and 7 = 8 (A type).

From Fig.2.37, it is seen that the current concentrates only
at the left end of the first output electrode El and the second

electrode E2 acts little as the output electrode, and also that

the large circulating current flows through the first electrode

pair A_- which are diagonally connected, when the magnetic flux

1 l
density B does not attenuate.

Next, Fig.2.38 shows that in the case of g = 5.33 the current

distribution on the output electrodes becomes fairly uniform, but
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an eddy current occurs in the duct end region, whose rate is about
13.3 % of I.

Figure 2.39 indicates that the nearly equal currents flow
into both output electrodes, and the current distribution on the
electrodes becomes very uniform when B decreases with g = 8. The
figure also tells that the current concentration at the output e-
lectrode ends weakens, because B becomes small in the area suffer-
ing a spatial attenuation of B. Further in this case, the eddy
current vanishes.

Next, from Fig.2.40 we see that a new nonuniform current dis-
tribution occurs when B is rapidly attenuated by g = 10.67. For
example, the current stream is pushed toward the central part of
duct and a shorting current flows between E2 and Al.

Figures 2.38 to 2.40 inform that arranging the output elec-
trodes within the attenuating domain of the applied magnetic flux
density B has no appreciable influence on the current distribution
in the central part of generator.

Next, Figs.2.41 and 2.42 show the current distributions in the
ducts of the B and C type arrangements, respectively, in the case
of g =5.33 and 7 = 8. It will be seen that the current distribu-
tions in both figures are similar to the distribution in Fig.2.38.

The persentages of the eddy current Ie in Figs.2.41 and 2.42

are about 21.1 and 9.1 7% of T, respectjizly, and the B type ar-
rangement induces a little larger eddy current than the other type
arrangements. This is because the B type duct is not equipped
with the output electrodes on the upper side in the inlet.
Figures 2.43 and 2.44 show the current distributions in the
A type duct in the case of j = 6 and 4, respectively, and g = 8.
Figures 2.39, 2.43, and 2.44 also show that the current dis-

tribution varies with the positions of the output electrodes for

the same gradient g, and getting the output electrodes nearer the
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l I

Fig. 2.41. Current distribution for ¢ = 5.33
and j = 8 (B type).

2.42. Current distribution for g = 5.33

Fig.
and j = 8 (C type).

domain of constant B makes eddy current large. In this connection,

Table 2.1 shows the calculated values of Ieddy/I for the 7 = 8, 6,

and 4, where Iedd is the eddy current in the duct end.
In addition, when He = 1.0, the percentage of Ieddy/I becomes
about 12.5, 22.8, and 10.0 % in A, B, and C type, respectively,

which are nearly equal to the percentages when Mg = 0.5.
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(2) Internal resistance and current concentraion
For quantitative estimation of the end effects of the genera-
tor, the internal resistance R, of the end regions and the rate

J k/<J>el of the current concentration on the output electrodes

are calculated by

R, = (VD - v/I (2.71)

and Eq.(2.36), respectively, where Vo is no-load potential differ-

ence between the output electrodes and the n-th electrode and Vv

Fig. 2.44. Current distribution for g = 8 and j = 4 (A type).
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Table 2.1 R, Jpeak/<J>el, Ieddy’

for 7 = 8, 6, and 4 (A type)

and Vel

.J RI(Q) Jpeak’(-»el Ieddﬂ I Ve[(V)
8 [ 510 1.63/0. | 345
6 |11.52) 2.84/0.200] 855
_ 4 [16.93] 6.00] 0.433|234.
10
8= B
6 —

S A
€,
2 -
| | l l 1
0 8 10

4 6
9(T/m)

Fig. 2.45. Variation of internal resistance

by g for j = 8.
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the potential difference between these electrodes.
Table 2.1 shows the values of R, and J /<J> ., which are
i peak el
obtained with respect to Figs.2.39, 2.43, and 2.44, respectively.
In Fig.2.45 is plotted the variation of R, against g in the ducts
of the A, B, and C type arrangements in the case of j = 8. The
figure indicates that R, decreases with ¢ in all types, and for
instance, the values of Ri for g = 8.0 become 49.8, 69.7, and 58.3
%# of those for g = 0 in the A, B, and C type ducts, respectively.
Figure 2.46 shows the relation between J <3 _. @nd &.
peak el

From the figure it is seen that in any type of duct the current

0 2 7 6 8 10
9(T/m)

-

Fig. 2.46. Variation of current concentration on

output electrodes by g for j = 8.
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Fig. 2.47. Variation of potential difference
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Fig. 2.48. Variation of potential difference

for j = 8 (B type).
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Fig. 2.49. Variation of potential difference

for 7 = 8 (C type).

concentration considerably weakens in keeping with the attenuation
of B. This indicates that arranging the output electrodes in the
attenuation area of the magnetic flux density is useful to guard

the output electrodes.

(3) Potential distribution

In Figs.2.47 to 2.49 are plotted the calculated results of

the potential differences

A,
- [ gas, i=1,2,-—,n (2.72)

!

I

o]

between each electrode pair Al—Cl to AS—CS and the electrode E1 in
the A, B, and C type arrangements, respectively. In the above
equation, d# is a line element vector on an optional integral path
from E. to A_.

1 1
Figure 2.47 shows that the relatively large potential differ-
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ence arises between the adjacent electrodes when B does not atten-
vate in the duct end, and accordingly large ballast resistors are
necessary to use effectively the electrodes El and E2 as the out-
put electrodes. On the other hand, the potential difference be-
comes smaller as g becomes larger, and in the range of g = 5.33 to
8, the potential difference between the adjacent electrodes EZ and
Al is almost negligible. Thus, by a proper attenuation of B, more
output electrodes than two can be used without large ballast re-
sistors.

From Figs.2.48 and 2.49, it is seen that the potential distri-
butions in the B and C type ducts are similar to that in the A type
duct for g = 5.33 and j = 8.

Alsc Table 2.1 shows the potential difference Ve between E

1 2
and Al in the A type duct.

5.4 When Nonuniformity of Electrical Conductivity and Electron

Mobility Are Comsidered

5.4.1 Numerical conditions and ballast resistance
Numerical analysis is carried out for the diagonal type MHD

generator with the nonequilibrium plasma, in which

hR=0.2, w=20.1, s=0.1, = 0.06 m,

»BO =4 and 5 T, ug = 2000 m/s,
o = 1800 K, 2= 1600 K, p = 5 atm, L g (2.73)
By, = 0.3% &6=5, m=m"'= 1/7,

g = 0 to 10 T/m.

Also in this section, it is assumed that the applied magnetic flux
has the six configurations and j = 5. The numerical calculation

is carried out for the A type arrangement in this section with re-
ference to the results obtained in the previous section 5.3. Then,

the load current I is assumed to flow equally into both output
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electrodes E1 and E2 through a ballast resistance Rb defined by
e
- [ “ peas/r. (2.74)

El

By

5.4.2 Effects of distribution of magnetic flux

(1) Current distribution

In Figs.2.50, 2.51, and 2.52, the current distributions are
plotted in the case of g = 0, 6, and 10 T/m, respectively, BO = 4T
and I = 70 A, where the contour interval of the current stream-
lines is 1/20 of'the load current I. In the figures, <J> 4 =
0.583 A/cmz, <g> = 1.84 135/m, and Bcrit = 2.48, where the values of

<0> and B8 are calculated in the n-th electrode region.

erit
Figure 2.50 shows that the current concentration at the output
electrode ends is very intensive when g = 0, viz. B is constant.
On the other hand, Figs.2.51 and 2.52 indicate that the concentra-
tion weakens as g increases, since B becomes small in the area
suffering a spatial reduction of B. Also it is seen that the cur-
rent flowing into a diagonally connected electrode pair reduces
with increasing g in the entrance region of duct, for instance,

the currents of about 60, 25, and 15 % of I flow into C. for g =

1

]
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A
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e
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N
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Fig. 2.50. Current distribution for g = 0,

BO =4, and 7 = 5.
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Fig. 2.51. Current distribution for g = 6,

BO = 4, and j = 5.
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Fig. 2.52. Current distribution for g = 10,
BO =4, and 7 = 5.

0, 6, and 10 T/m, respectively. Also the figures show that the

eddy current is not induced when the output electrodes are dispose-

ed in the attenuation domain of B [2.33], and that arranging the

output electrodes within the attenuation domain has little appre—

ciable influence on the current distribution in the central part

of generator duct. These results are similar to the ones when

electrical conductivity and electron mobility are assumed constant.

(2) Internal resistance and current concentration

Figure 2.53 shows the variations of R /Rlo, b/RbO’ and
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Fig. 2.53. Influence of g on Ri/RiD’ Rb/RbO’
and Jpeak/<J>el for BO = 4,
Jpeak/<J>el by g, where RiO and RbO are Ri and Rb for g = 0, res-
pectively, and B = 4T. From the figure, it is seen that R, de-

i
creases with g, for instance, Ri for g = 6 becomes about 80 % of

R.., and that J /<J> first decreases with g, reaches the min-
i0 peak el

umum value 1.90 at ¢ = 8 T/m, and next increases with g. This

shows that the current concentration at the output electrode ends

is almost diminished when ¢ = 8 T/m. Accordingly, arranging the

output electrodes in the attenuation area of the magnetic flux

density is useful to guard the output electrodes.

In Fig.2.54, the current distribution is plotted for g = 6
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= _ 2
T/m, B, 5T, T = 150 A, <T> = 1.25 A/em”, <o> = 2.85 U/m, <B> =

2.48, and Bcrit 1.90. The figure indicates that the streamer is

induced in the central part of generator, while the current dis-
tribution becomes successively uniform as B attenuates along the
generator duct and the current concentration is almost swept away
near the output electrodes. Therefore it is seen that arranging
the output electrodes within the attenuating domain of B is effec-
tive also for the case where the streamer is generated in the cen-

tral region of generator duct.

Fig. 2.54. Current distribution for g = 6,
=5, and j = 5.

By
(3) Potential distribution and ballast resistance

Figure 2.55 shows the variation of the potential difference
between each electrode pair A1*01 to AS—CS and the electrode El in
the case of B = 4T. From the figures, it is seen that the rela-
tively large potential difference arises between the two output
electrodes El and E2 when B does not attenuate, namely g = 0. On
the other hand, the potential difference becomes smaller as g be-
comes larger, it almost vanishes for g = 6, and the inverse dif-
ference appeares for g > 7. Also Fig.2.55 denotes that the po-
tential differences in the central part of generator duct is lit-
tle influenced by the decrease of the magnetic induction.

Figure 2.53 tells that RbebO decreases with g, becomes almost

zero at g = 6.5, and then increases with g. Therefore, it is seen
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that many output electrodes will require large ballast resistors
when B does not attenuate or g exceeds 8 T/m, but they can be used
without large ballast resistors in the range of ¢ = 6 to 7 T/m.

In addition, the gradient of the magnetic flux density in the
entrance of the apparatus decribed in Reference [1.3] is almost 8

T/m, and g = 6 to 7 T/m will be realized in the future super—con-

ducting magnet.

OO\ \ I \ N

S

N N Y Y I N O
Eh EEQ !\l /\2 2\3 /\4 !\5’[\6 1\7 1\8

Fig. 2.55. Variation of potential difference for BO = 4,
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5.5 Concluding Remarks

The main results obtained in this chapter are as follows.

(1) The variation of the type of output electrode arrangement
has little effect on the current distribution in the generator.
The selection of the type can be decided from a viewpoint of advan-
tage in manufacturing.

(2) A suitable distribution of the magnetic flux can make the
current distribution very uniform near the end region of generator
duct, both when the streamer is not induced and when it is induced
in the central region.

(3) Disposing the output electrodes within the attenuation
area of magnetic flux density has little influence on the current
distribution in the central part of generator duct.

(4) The internal resistance in the end region of the generator
duct decreases as the magnetic flux attenuates.

(5) The current concentration at the output electrode ends
can be fairly eliminated by attenuating magnetic flux.

(6) When the output electrodes are disposed in the region
with a suitably decreased magnetic flux, the potential difference
and the ballast resistance between two output electrodes become
very small. Accordingly it is thought that many output electrodes
can be used without large ballast resistors.

It was made clear that the output electrodes of the diagonal
type MHD generator should be arranged in the attenuating region of
magnetic flux, since arranging them in the region becomes useful
not only for the improvement of the electrical characteristics in

generator duct ends but also for the effective use of magnet.
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CHAPTER 6

EFFECTS OF INTERNAL OR EXTERNAL CONNECTION OF
ELECTRODES IN  DIAGONAL TYPE GENERATOR

6.1 Introduction

In the diagonal type generator, a pair of anode and cathode
to be shorted is connected internally or externally. What influ-
ence the difference between these connections gives the electrical
characteristics of the generator must be studies to grasp suffi-
ciently the generator performance. However, as it cannot be exam-
ined by the usual two-dimensional analysis for the vertical duct
cross-section to magnetic flux, it has been little discussed [2.38].

In this chapter, by a two—dimensional analysis in the cross
-section perpendicular to the plasma flow [2.39], [2.40], are in-
vestigated comparatively the current distribution, the electrical
efficiency, etc. in the nonequilibrium plasma generators with the
internally connected electrodes viz., the diagonal conducting wall
(the so-called windframe generator) and those with the externally
connected electrodes viz., the insulating sidewall, which let us
call the DCW and the GIS, respectively, for simplicity. As in the
previous chapters, numerical investigation is made for an example
of the cesium-seeded helium in nonequilibrium ionization, where it
is assumed that the ionization instability does not occur.

First, a two—dimensional differential equation in the duct
cross—-section perpendicular to the plasma flow is derived from the
basic equations such as the Maxwell equations and the generalized
Ohm's law, and then boundary and subsidiary conditions are shown
for both the internal and external connections.

Next, the numerical calculation results of the current and
potential distributions in the DCW and the GIS are comparatively
studied. Then, influences of the load factor, the temperature of

the duct wall, and the inclination parameter on the distributions,
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the efficiency, the effective conductivity, ete. of the generator

are investigated in detail.
6.2 Two-Dimensional Theory

6.2.1 Basic equations

In this chapter, it is assumed that the electrical quantities,
such as the current and electric field, are independent of x and
they vary with y and z [see Fig.2.56(a)], that the gas velocity
and temperature depend on y and z according to Eqs.(2.86) and (2.
87) presented later, and that the pressure is kept constant.

Next, E, J, B, and u are assumed as

I

E

(EX, Ey. Ez), J (Jx, Jy, 7,

v (2.75)

B ( Os Os B)-: u ( U, 0, 0)-

Then, VxE = 0 in Eq.(2.1) and the assumption that the elec-

trical quantities do not vary with x yield
Ex = const., (2.76)

thus E_ is regarded as a fundamental parameter in the calculation
in this chapter.
When a stream function ¥ is defined newly by the following

relations
J_ = -3¥/3z, J. = 3v¥/a3y. (2.77)
vy z
Then, from Egs.(2.1), (2.4), (2.15), and (2.77), the following
differential equations can be derived for V¥ and ¢.
2 2 2
azw/ayz + (32 + g7)/e-3"¥/3z
+ 03(1/0)/9y-3y/dy + o3 (1/o)/9z-3Y¥/3z

+ UB{(EX - Bpe/az/ene)ﬂle}/az

+U{3(1/ene)/32-8pelay - a(l/ene)/ag-apelaz}

- gaus/az = 0, (2.78)
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6.2.2 Boundary and subsidiary conditions
Equations (2.78) and (2.79) require the boundary conditions
on the electrode and insulating wall surfaces, and the subsidiary
condition peculiar to the diagonal type generator.
First, the boundary condition on the electrode surfaces be-
comes
= 0 at y = 0 and h. (2.82)

Using Egs.(2.4), (2.77), and (2.15), the above condition is changed
with ¥ or ¢ as
Y/ 8y = G/ene'Bpe/BZ,
at y = 0 and h, (2.82)"
& = comnst.,
respectively.

Next, from the assumption that the physical quantities are
independent of x, the duct walls at z = 0 and w, which is the duct
width in the z direction, become the infinite segmented electrodes
in the DCW. Therefore, the boundary condition on the duct side-
walls is given by

E = ak , a = tanB. (2.83)
y X

By Egs.(2.4), (2.15), and (2.77), Eq.(2.83) reduces to
AY/az = —o'(ae + B)Exls - U'Bpelag/ene,

or . (2.83)'

3¢/ vy -aE_, at z = 0 and w.
In the generator of the GIS, the boundary condition is
Jg =0, at z =0 and w. (2.84)
z

Substitution of Egqs.(2.4), (2.15), and (2.77) into Eq.(2.84)

yields

Y = const., ]
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or at z = 0 and w. (2.84)"

9%/0z = Bpefaz/ene.

Finally, in the diagonal type generator, the potential differ-
ence must be zero between a pair of the anode and cathode which

are shorted each other. Hence, the subsidiary cendition is given

by

c -
- IA E~ds = O, (2-85)

where ds is the line element vector on an optional integral path C
to A [see Fig.2.56 (b)].
Using Eqs.(2.75) and (2.76), Eq.(2.85) reduces to

h
= ) 2.85)"
fa B dy = ahF (2.85)

6.2.3 Gas velocity and temperature distributions
As mentioned before, the gas velocity u has only the x compo-
nent u, and u and T are assumed to vary in the y and z direction

according to the relations

= {4y/h- (1 - y/h) Y {bz/w (1 - z/w)}" (2.86)

u/u

0

and
(T - TW)/(TO - TW) = {4y/h- (1 - g,’h)}m'

wlefill = alai T , (2.87)

where m, m', n, and n' are the constants, T, and u, the gas temper-

0 0
ature and velocity, respectively, at the center of flow; namely at

y = h/2 and z = w/2, and 7 the duct wall temperature.
6.2.4 Electrical efficiency

To estimate the performance characteristics of generator, the

electrical efficiency
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=_hW hrw
Na Iojo E'dedz/fﬂfo (J%B) *udydz (2.88)
is used. Also an effective electrical conductivity g £ and Hall
e
parameter Beff are evaluated, which are obtained by the definitions

a = <J>2f(<J>-<I'*>),

eff

> (2.89)

8 = [<J>x<ﬂ*>|f(<J>'<E*>)s

eff

where E* = ¥ + uxB and <J> and <g*> denote the avarage value of g

and E*.
6.3 Numerical Investigations

6.3.1 Numerical conditions

Numerical conditions are given by

h=0.2, w=20.2m, B=5T,
uO = 2000 m/s, TO = 1800 K,
> F (2.90)
p =5 atm, e = 0.3 Z, & = 5,
m=m'" =n=n'"=1/7.

In addition, since the investigation in Chapter 3 has clari-
fied that the terms of the ion-slip and the gradient of electron
pressure are negligible under the present conditions, it can be

assumed that ¢ = 1 and apé/ay = Bpefaz = 0.

6.3.2 Influence of load factor

Figures 2.57 and 2.58 show the current and potential distribu-
tions on the y-z plane in the DCW, respectively, and Fig.2.59 pre-
sents the current distribution in the GIS, where E_ = -800 V/m, T,
= 1600 K, ¥ = 0.053, and a = -1 (8 = 135°). Figure 2.57 indicates
that some current flows into the conducting sidewall, namely J has

not only the y component Jy but also the z component Jz near the
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sidewall, and Fig.2.58 shows
that the large electrode
voltage drop occurs, when
E, and accordingly « are
small. Also Fig.2.59 shows
that the current density
becomes large in the central
part of the duct cross-sec-
tion and it is very small
near the insulating side-
wall.

In Figs.2.60 and 2.61,
the current and potential
distributions in the DCW are
plotted, respectively, and
in Fig.2.62, the current dis-
tribution in the GIS in the

case of E = -8000 V/m, 7 =
b'¢ %

1600 K, ¢« = 0.513, and a = -1.
From Figs.2.60 and 2.61, it is

seen that the current flowing

into the conducting sidewall

and the electrode voltage drop

diminish against Figs.2.57
and 2.58. Also Fig.2.62 in-
dicates that the current near
the insulating sidewall tends
to bend toward inside.

Next, Fig.2.63 gives the
r 7 T f
variation of n, and Ueff/<o>
by E in the case of 7 =

X w
1600 K and a = -1, where <o>

is the average value of ¢ in

Yy
T__oz
Fig. 2.57. Current distribution
in the DCW when Ex -
-800 V/m, Tw = 1600 K,
and a = -1.
y
L‘z
Fig. 2.58. Potential distribution
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the y—z plane. It shows
that the magnitudes of N,
and oeff/<o> of the DCW
become a little larger
than those of the GIS,
and these differences
increase with Ex. This is
because the current in the
DCW tends to flow not only
in the middle area of the
duct cross-section but
also near the sidewall due
to presence of the elec-
trodes on the sidewall,
and on the other hand,
in the GIS it is difficult
for the current to run near
the sidewall because of the
low temperature and low
conductivity, and the cur-
rent tends to gather in the
middle area of the duct.
In addition, the value of
Beff/<8> is nearly equal to
unity in both the DCW and
GIS, where <g> is the ave-
rage value of B in the y-z
plane, and it is not plot-
ted in the figure.

Figure 2.64 shows the
relations between EX or K
and the x component Ix of

the load current I, the

¥l i
=
Fig. 2.59. Current distribution
in the GIS under the
same conditions as
Fig.2.57.
T . ]
i i ‘,’
| { ) 3
; HaE
; i dalead
‘ | al b
| LEERRERRIIIN
i | L HIER
f' i i ?
Yy
T_pz
Fig. 2.60. Current distribution
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[——az
Fig. 2.61. Potential distribution in the DCW

corresponding to current distribution
in Fig.2.60.
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Fig. 2.62. Current distribution in the GIS

under the same condition as

Fig.2.60.

108



ratio i of the current flowing into one conducting sidewall to

. 2
I', or the ratio v of electrode voltage drop to Vy in the DCW,

where

K = Ex/(E )

X" open
= -1 + &°
a )EX/{(Beff - a)<u>B}, (2.91)
I=1 +1,
x Ty
_ ek 2 \ (2.92)
I jojg Jdydz, I = ahjo J dz,
. _ rh/2
i, fo 7 ayl1', (2.93)
W
&= |15 Jydz| at y = h/2, (2.94)
_ _¢h
v, Iq E dy- (2.95)

i I i .
0 2 4 6 8 10

‘Ex(X|03 Vim)

Fig. 2.63. Influence of E_ on n_ and o___/<0>
X e eff

when Tw = 1600 K and a = -1.
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From the figure, it is found that the sign of IX changes from
positive to negative when E_Or K becomes large, namely the direc-
tion of the current T is reversed. The values of x and I, in the
DCW become nearly equal to those in the GIS. Then, iz and vy de-
crease and converge to a constant value when k becomes large, for

example, iz = 14.3, 5.8, and 4.0 % for « = 0.05, 0.5, and 0.7, re-
spectively [see Figs.2.57 and 2.58].

20— 1.0

16 — 0.8 2

2+ 06 Icg
2 | = =
N8 04F 0=
o

|
; x
0 2 4 36 8 10
~E, (X103 V/m}
Fig. 2.64. Influence of ¢ on I , i , v_, and
b4 X z D
¢ when TW = 1600 K and a = -1.

6.3.3 Influence of duct wall temperature

Figure 2.65 shows the influence of duct wall temperature T
on the electrical characteristics both of the DCW and of the GIS
in the case of Ex = =-5000 V/m and a = =1. From the figure, it is
seen that the values of N, and iz are nearly independent of Tw’

but o /<c> and I increase with T , and also that n and @ /
eff X w e

f eff

<g> of the DCW are a little larger than those of the GIS.

Figure 2.66 informs the influence of Tw on the performance
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(GIS)

0.4~ (GIS) (DCS‘)EH

0| | | | |
3 14 15 16 17 18
T (x103K)

Fig. 2.65. Influence of T on I , i , n , k, and
W X Z e

oefff<0> when Ex = —5000 V/m and a = -1.

characteristics of the DCW when B, = -8000 V/m and a = -1. The
figure indicates that N, and k¥ are nearly independent of rw, and
Ueff/<0>, Ix’ and iz increase with T » for example the values of

Ix and iz for B 1800 K are 1.50 and 1.58 times as large as those
for Tw = 1300 K, respectively. This is because the current is pre-
vented from flowing near the duct wall since a low value of 2. hin-
ders the elevation of Te there, and so it is apt to flow in the
central region of generator duct. The values of ne and creff/<0>
are nearly equal to those in Fig.Z2.65 but the variations of Ix and

iz are larger than those in Fig.2.65.
6.3.4 Influence of inclination parameter
In Fig.2.67, we plot the relations of Ngs Geff/<0>, I and

i when ¢« = 0.5 and Tw = 1600 K. It is shown that Ny increases
z
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largely and Geff/<0> does only a little when |a| becomes laxrge.
Also Ix becomes negative and its variation due to a is small for
lal > 0.4, but Ix is positive for |a| < 0.4, and especially Ix be-—
comes very large at a = 0, namely in the Hall type generator.
Next, iz is nearly constant in the range of 0 < Jal < 1, but it

increases fairly for |a| > 1.

o

—
Qo

5 .
206 044
. (@
=

-0.b6 =

e . Oeﬁ/ (0);
o
~

1-0.8

0 1 l 5 ; -1.0
1.3 1.4 1.5 1.6 1.7 1.8
Tu(x103K)

Fig, 2.66. Influence of T on I , i , n , k,
w x’ "z’ e

and Geff/<0> when Ex = ~8000 V/m

and a = -].
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6.4 Concluding Remarks

The main conclusions, which have been derived from the above
described two-dimensional analysis, are as follows.

(1) In the DCW, the current flowing into the electrodes on
the sidewall increases with the load factor. In the GIS, it is
difficult for the current to run near the sidewall and the most
part of the current flows in the mid area of the generator duct.
Also the electrode voltage drop becomes large with decreasing load
factor.

(2) The generator characteristics such as the electrical ef-
ficiency and effective conductivity of the DCW are better than
those of the GIS and this difference increases with the load fac-
tor and the wall temperature within the numerical conditions used
in this chapter.

(3) The decreases of the duct wall temperature causes a re-
duction of the ratio ix and a little degradation of generator per-
formance of the DCW.

(4) The electrical characteristics of the generator improves
as the magnitude of the inclination parameter increases.

Thus, it may be thought that the diagonal type MHD generator
with nonequilibrium plasma should be equipped with the conducting

sidewall within the assumptions in this chapter.
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APPENDIX I
DERIVATION OF EQUATIONS (1.5) AND (1.7)

Equations (1.5) and (1.7) of the quasi one-dimensional basic
equations are peculiar to a diagonal type MHD generator.

When the current continuity equation is applied to a hexahe-
dron v which has the width of unit length in the 2z direction and
an area (A'C'D'B') in the x-y plane in Fig.l.1l, we obtain the

following equation
[ divaav = 0, (A.1)

where dv is an element of v. By Gauss' divergence theorem, the

above equation is transformed to

[gdeds =50 -850, =0, (A.2)
where d5 is element vector of the surface S' of the hexahedron v,
Sl and 52 the cross-sections A'C' x 1 and B'D'

and Jnl and an

-sections 51 and 52, respectively.

SlJnl = SZJnZ = SJn is equal to the load current I, namely

SlJnl = Sanz = SJn =1I, (A.3)

x 1, respectively,

the current components perpendicular to the cross

where S is a cross—-section which intersects a normal cross—section
A by the angle 0, Jn the current component perpendicular to 5.
Using the x and y components J and J of J and A, J and
nx ny n n

S are written as

Jg =Jd -J =-(J cosb + J sinb), (A.4)
n nx ny X y

S = -AfcosB. (A.5)
From Egs. (A.4) and (A.5), the following equations
(g +a7 )a =1, a= tand (A.6)
X ¥y

are derived. These equations are nothing but Eqs.(1.5).
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Next, since an electrode pair C and A is short-circuited, the

potential difference between C and A becomes zero. Using this re-

lation, as the component of Ex in the CA direction is Exsine and

that of Ey is —Eycosa, the total electric field in the CA direction

becomes
E sin® — E cos® = 0. (A.7)
X ¥
Accordingly,
E = aE . (A.8)
¥ %

This gives the relation in Eq.(1.7).
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APPENDIX II
DERIVATION OF EQUATIONS (2.33) TO (2.35)
Neglection of the ion-slip and electron partial pressure terms

in Ohm's law i.e. Eq.(2.4) for the diagonal type MHD generator
yields

J

olE + BQuB - E)}/ (1 + 8D, (A.9)
b4 X y

J
¥y

with respect to the x and y components JX and Jy of .

o{Bg - (uB - E )} (1 + 52), (A.10)
X y

If the quasi one-dimensional approximation can be assumed,

the following equations

(7 +a7)a=1I, a = tand, (A.11)
X ¥y

E = aE (A.12)
v 3
are formed as shown in the previous appendix.

From Eqs. (A.9) to (A.12), Ex is derived as

(£),_o = ~(B = a)us/(L + a°) (A.13)

for no-load condition. Here, when the results of two-dimensional
analysis are used, B must be replaced with <@>.
Let us define an ideal potential difference per one electrode

pitch Vi by

deal

= —(Ex) ks = (<p> - a)uOBSK/(l + az), (2.33)

Videal

where k is the actual load factor [see Eqs.(A.1l4) and (A.15)].
This V.
1

I=0

deal becomes the potential difference per one electrode

pitch when the ideal generator is opperated with k.
Next, when J , J , E , and E are replaced with <J >, <J >,
X y X y X ¥
<EX>, and <Ey>, respectively, ¢ and B are replaced by the effective

electrical conductivity o and the effective Hall parameter B

eff eff’

respectively, defined by
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<J >

I 2
¥ = Oepsl By ¥ By (0B — <E )N + B o), (4.9)

2

< L - _ T

Jy) Geff{seff<Ex> (<u>B <Ey>)}/(1 + Beff)’ (A.10)

= |

<Ey> a<p >, (A.11)
(<7 >+ a<J_>)a = I. (A.12)°

X Yy
with respect to the two-dimensional analysis.
When the load factor is defined by
K = <E‘X>/(<EX>)I= 0 (A.14)

from Egqs.(A.9)' to (A.12)' and (A.1l4) the following equation is

derived

c=1-10 + Beif)/{hwse «wB(8 . - ). (A.15)

ff
This is nothing but Eq.(2.32).
Equation (2.33) can be derived from Egs.(A.8)' to (A.10)'.
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APPENDIX III

RELAXATION PARAMETER IN SOR METHQOD

The convergence of the author's modified SOR method is ex-

plained as follows.

In general, simultaneous linear equations are written in the

following matrix form
Ax = b, A=D-E~F, (A.16)

where A, D, E, and F are square, diagonal, lower triangular, and
upper triangular matrices, respectively, and b and x known and un-
known column vectors.

Now let us consider the following relaxation parameter matrix

mlo———U
0m2 -

Q=1 B _ 5 (A.17)
0- ---"n

where mi(i =1,2,-———,m; m: total node number) is the relaxation
parameter for the i-th node. Then, the (k+1)-th approximation

x(k+1) for ¥ is given by

(k1) _ (k) (k+1)
x = x

+ o0 T + Bx

(k) (k)}
¥ .

+ Fx ) - (A.18)

Further, this equation is rewritten as

LED (R ¥

P IRE S Rt S g, (A.19)

where U is the unit matrix, and

(v - QD-IE)-I{U + n(p‘lF - i},

(v - QD_lE)_lQD—lb.

M

il

} s (A.20)

¥

Next, if Iim M| < 1, where M) is the norm of M,
k..m
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; k+1 - -
1im x( ¥ - (v - M) lg =2 lb, (A.21)
Je—»0
(k+1)
Namely, when k tends to =, the value of x converges to

the solution of Eq.(A.16).
Moreover, if A is a symmetric positive matrix, it can be

proved that x converges for 0 < wy (i = 1,2,-—,m) < 2.
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