Study of nonlinear irregular singular differential equations
with Borel summable functions

Sunao QuCHI !

0 Introduction

A system of nonlinear differential equations

:UHV% = Fo(x) + A(2)Y + F(z,Y) (0.1)
with an irregular singular point x = 0. There exist many works about them,
Hukuhara [8], Malmquist [11], Trjitzinsky [16] Iwano [9] [10] and many other
mathematicians (see Wasow [17]).They studied construction of formal solu-
tions and showed the existence of genuine solutions under some conditions
by classical analysis. The theory of multisummable functions in asymptotic
analysis has been developed after their studies, hence it was not used in their
researches . We study more precisely than their works, the meaning of asymp-
totic expansion of transformations and solutions by using Borel summable
functions. The theory of multisummable functions is used for differential
equations. Especially for nonlinear ordinary equations in Braaksma [1] and
for some class of partial differential equations in Ouchi [14]. In this article
we apply Borel summability to study, which is a special case of multisumma-
bility.

There is a classical important result due to Malmquist [11]. Let {\;}7,
be eigenvalues of A(0) and distinct. Assume A’ = {\;;1 < ¢ < n'} and
AN ={\;n’ <i<n}. AN and A” are separated by a straight line through
the origin in the complex plane. It is shown in [11] that there exists an n'-
parameter family of solutions in some sector corresponding to A’. It is the
main purpose that we try to have another look at this result, by applying
a new theory in asymptotic analysis. We construct transformations and
solutions more precisely and clearly in a function class with some Gevrey
type estimates. Costin,O [4], Costin,O, Costin,R.D [5] and Braaksma,Kuik
2] treated (0.1) for v = 1 (rank 1) in a different way, by applying the
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resurgence theory due to Ecalle. In the present article we use only elementary
properties of Borel summable functions. The details of this article is in Ouchi
[15].

1 Notations and definitions

I = (a,p) an interval, I. = (e +¢,8 —€) € > 0. C* is the universal covering
space of C — {0}. S(I) = S(a, ) = {z € C*argx € I}.

So(I) = So(e, B) = {x € S(I);0 < |z| < p(argx)}, p(t) is some positive
continuous function on /. The same notation Sy(-) is used for various p(-).
O(U) is the set of holomorphic functions on a domain U. N is the set of
nonnegative integers. Let k = (ky, -+ ,k,) e N* and Y = (y;.--- ,y,) € C™.
]{?' = kl'kg' X ]{n', |]€| = Z?:l /{Zi, Yk = yiﬂ . "yin, |Y| = maxlgign |yz| and
(%)k = H?:l(@?h)ki'

7 S« I,
\ \\ ’."
\ SSo), I = (a, B)
\ AN
\ \
\ \|z| = p(arg x)
\\ g N \\

Definition 1.1. Let k > 0, I = (a,8) with f —a > 7/k and Q = {Y €
C™ Y| < R}. A function f(z,Y) € O(So(I) x Q) is said to be k-Borel
summable with respect to x, if there exist constants M, C' and {a,(y)}>>, C
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O () such that for any N >0
N-1 N
(2, Y) =) an(Y)a"| < MCN\a:]NF(; +1) (2,Y) € So(I) x Q (1.1)
n=0

holds. The totality of k-Borel summable functions with respect to x on So(I) X
) is denoted by O/ (So(1) x Q).

We say that f(x,Y) is k-Borel summable in a direction 0, if there
exists 0 > /2 such that f(x,Y) € Oy (So(0 — 0,0 +§) x Q).

2 A system of nonlinear equations with irregular singularity

Y _t(yl'y27' o 7yn)
L dY 2.1)
o —Fy(@) + A@)Y + F(,Y)
Y is a pOSitiVG integer7 F(‘EY) = t(fl(x7y)7f2($:y)7“' fn("Ly)) with
F(z,Y) = O(|Y]?) and F(0,Y) = 0.

1+7 _fOZ +Zalj y]+fle) i:1727"'7n> (22)

Let I, = (0, — 6,,0, +96,) (0 < 0, < 2w, 0, > m/2y). We assume
{ai;(2) i<ij<n C ﬁ{l/v}(s (1)) and {fi(z, Y)}1<z<n C Oy (So(l) x ),
Q={Y eC":|Y| <R}, file,Y) = O(]Y)?). Let {\}1<i<n be eigenvalues
of A(0). We assume

[ Condition 0. Eigenvalues are distinct j

Set A* = {\; — \i; i # k}, wir = arg(\ — M) (0 < w;p < 2m) for i # k and

QZ‘ = i 27l ",KGZ,
{ ke = (Wig +270) /v (2.3)

@1:{9i,k,€:i;k:1;"‘ N, # k, EEZ},

Firstly we assume Fy(x) = 0. We simplify the linear part A(x).

Proposition 2.1. (Diagonalization of the linear part) Let 0, ¢ ©;.
Then there exists a matriz P(x) with elements in Oy (S0(1.)) and P(0) =
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Id such that Y = P(z)Z transforms ' 774X = A(2)Y to

dz
22— A(2)Z 2.4
2 \ayz, 2.4)
where A(x) = diag.(M\(z), Aa(x), -+, \u(2)) is a diagonal matriz and \;(z)

is a polynomial with degree <~ and \;(0) = \;

Hence we begin to study

( Y:t(yl-y%'” ~yn)

dy
me =A(z2)Y + F(z,Y)

A(z) =diag.(A\(x), -+, A\u(x))
\ F(I’Y) :t(f1<x’y)7"' ,fn<$,Y)),

(Eq-Y)

where {\;(x) }1<;<, are polynomials with degree < v and X\;(0) = \;, F'(z,Y) =
O(|Y)?) and F(0,Y) =0. Let 0 # A" = {\;i=1,--- ,n'} C A. We give 2
conditions on A'.

r Condition 1 N

There exist 0 < 0, < 2m and 0 < dpr < w/2 such that A’ C ¥ = {n #
O7 ’ argn — QA/’ < 5A’}~
N\ J
s Condition 2 ~
Z)\jmj—)\i#o for |m|>2 and 1 <i<n. (2.5)
j=1
|m| = E;il mj, m= (my,-- ,my) €NV
N J

Remark 2.2. We note that if A = {\; # 0}, Condition 1 is obvious and
Condition 2 <= A\ym; — \; Z0 for my > 2 and 2 <i<n.

Let

i=1  j=1

and L(0) = {r > 0;r¢"} be a half line in a direction 6.



Lemma 2.3. There exist § and € > 0 such that L(6) N (L) =0 for J =
(0 — €,0 4+ ¢) and a constant C; > 0 such that for n € S(J)
lyn + Z)\jmj —N| = Ci(In| +|m|) |m| > 2. (2.7)

j=1

Remark 2.4. (1)Let 0, = 0/. Then L(76,) N (—£)
(2) We can choose 6 = Oy, by changing da: if necessary.

€) > m/2

Bullets(e) are elements of —£.

We take 6,
Condition 3

I=(0,—e,.0.+¢) (e, > 0) such that INO; = 0 and L(70) N
for 0 e l.

such that .

0

(-2)

Let J be that in Lemma 2.3. Since Af is finite, we can take 7 such that
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S(J) NA* = (). Hence S(J ) (( L)UA
and T = (0, — €4, 0, + €,). Then f J
satisfies Condition 3.

Let 0, = 7/2y + €, > 7/2y and I = (0, — 04,0, + J,). Then we give one

of the main results

)—@ Let 6, —90/%6*—60//
and if € € S(I), €& € S(J). This T

Theorem 2.5. There exists ®(v,Z) = (p1(v, Z), -+, ¢n(r, Z)) such that
for any small € > 0 there exists v > 0, ¢;(x,Z) € Opypy(Siy(Le) x {Z €
C";|z| < r.}) and the followings hold.

(1) ¢(x,Z) = 2 + O(|Z)?) for 1 < i < n' and ¢i(x,Z) = O(|Z|*) for
i>n'.

(2) Let S be an open set in Sy (1) and Z(x) = (z1(x), -, 2w (2)) (x €
S,|Z(x)| < re) be a solution of

1y 42
dr

Then Y (x) = ®(z, Z(x)), yi(z) = ¢i(z, z1(x), -, 2z (x)) (1 < i < n),
satisfies (Eq-Y) in S.

- AZ(I)ZM 1= 17 27 e 7n/' (28)

Remark 2.6. Theorem 2.5 means existence of solutions of (Eq-Y) with ex-
ponential series called transseries of equations,

zi(x) = A; exp(/z /:f:l) dr) (1<i<n'),
=z(2)+ Y Ci@)Z(@)P (1<i<n), g=Y Cix)Z(x), (i>n).

[p|>2 Ip|>2

3  Costruction of ®(z, Z) of Theorem 2.5

The system of equations to study is

A(z) =diag.(Ay(z), -, A, (),

F(LL’,Y) :t<f1<$vy)7"' ’fn(I)Y))’

(Eq-Y)



where {A;(x)}1<i<, are polynomials with degree < v and A;(0) = A;. Our
assumptions are

{fil, Y ) hcicn} C Oy (So(1) x {[Y] < R}),
I=(6,—0.0.+0,), I = (0 — €4,05 + €.), 0 =T/277 + €., (3.1)
IN©, =0, L) N(-L) =0 forbel

with £;(0,Y) =0, fi(x,Y) = O(]Y|?) and (2.7) holds.

3.1 A system of nonlinear partial differential equations

We introduce the following system of nonlinear partial differential equations
which is similar to that appeared in [13] to construct ®(x,Z) in Theorem
2.5,

O (x, Z) = (¢1(3U Z), ¢2(37 Z),  fulx, 7))
1+’y + Z)\ Zja —\i(2); = fi(z, @) 1<i<n (3.2)

(x,7) = (;L’,zl,---  Zw) € C x CY
Let Z(x) = (z1(x),- -,z (x)) be a solution of
dz;
:Ulﬂdzx =Ni(7)z, i =1,2,--- 0.
If we find a nice solution ®(x, Z) of (3.2), then Y (z) = ®(x, Z(z)) (y;(x) =
¢i(z, 21 (), -+, o (z))) will satisfy (Eq-Y)

ey () = 2" (0,¢4(x, Z(z +Zazj¢z x, Z(v)z (v )

= 2'0,¢;(x, Z(z Z)\ 8., ¢i(x, Z(x)))

= Xi(z)¢; + fi(x, @) = A( Vi + filw, Y (x)).

117

Let U(Z) = (01(2),¢2(2), -+ ,n(2)) = (21,22, » 21,0, -+ ,0) and ®(x, Z) =
Ulx, Z)+V(2), (pi(x, Z) = ui(x, Z) + ¢;(Z)). Then
(:EHV% + Aj(:v)zj% — A (x))ul, filz, U +¥(2)). (Eq-U)

J=1
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There exist {g;r(x) € Opy(S(I))} such that

@ U+9(2) == > gire(2)Z°U" + fila, U(2))

keN™' peN™,
[kI-+161>2,6£0

with g;x¢(0) =0 (.- f;(0,Y) = 0) and |fi(z, ¥(Z))| < M|z||Z|*. Let

L—x1+’7§+2)\]zja N A= Ai(0)
oA % (3.3)
A (z) = Ni(x) — Ny hi(x, Z) = fi(e, U(Z Z hip(x

Ip|>2

Then we get

Z N (7)zj—— (92 — A (x))u; + Z Gine(T) ZFU 4+ hi(z, 7).

keN”/ LeEN™,
|k |+1€]>2,6£0

(3.4)
We introduce an auxiliary parameter

ZA* Z]a A;“(x))umLs Z gi7k7g(l’)ZkU€+5hi<I’, Z)

keN™ eNm,
[k]-+]61>2,6:£0
(Eq-U.)
If e =1, (Eq-U.) coincides with (Eq-U). Let
Ulx, Z,e) = (ui(z, Z, ), yup(x, Z,€))
ui(x, Z,e) = Z Cipqg(x)ZPe?, 1 <i<n. (3.5)

(p.q)EN™ xN
[pI>2, ¢>1
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By substituting u;(x, Z, €) into (Eq-U.), we have

HJY +Zpy Ai) zpq ZPJA* A ( ))Civpvq—l(‘r)

+ Z i ke() ( Z H Cy i g (

7
keN" feNn n Tk=
HINHO O zl_l(zi_lp) —p7
zil(z; 7) 1=

X H027p2,j7q2,j (x) ...... H Cnan an ) + 5(1 1th( )
(Eq-C)

3.2 Construction of C;, ,(r) and convolution equations

We solve (Eq-C) by Laplace integral. Let

0

Copalz) = / T GG, (©de Bel df = lde (3.6)

Let us note relations about product of functions and their convolution and

use a notation Wi (&) x Wa(&) x -+ x Wy (&) = HWZ(S) We get a system of
v v L-

Y
convolution equations to C; , ,(£).

(€ + D03 = M)Cipa(€) = = (D_piR5(€) = K(€) * Cipaa (€)
j=1

j=1
+ Z Gike(§) : ( Z
keN"' geNr i (5 ) +h=p 37
el 22,60 S qw'>+1=q (3.7)
lo R
HOlpqulj HCQPQJQQJ chpn]qn] ) 6q71h7;7p<£).
j=1

J/
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é\ivpyq(é“ )(|p| > 2,q > 1) are successively determined and they are holomorphic
in ({0] < |¢] < r}US(I)) x{|z| < R}. Moreover &7*C;,, ,(&)(Ip| > 2,q > 1)
is holomrphic at £ = 0. We have

Proposition 3.1. (Estimate of @71,7,1(5)) There exist positive constants
r, M; 4 and c such that

M p,ql€] e

Cipal)] < ¢e{0< ¢l <r}us(. (3.8)

CunalO] < =200 {0<lg <rpus)

and the series Y ,ennt p>2 Mip 787 converges in a neighborhood of (T, s) =
qeN,g>1

(0,0) € C" x C.

We apply the method of implicit functions to obtain the estimate. This
method is often used in [7]. It follows from Proposition 3.1 that there exist
A, B and ¢ > 0 such that M,;,, < AlPIB? and

Y Gz < Y, et AT

Ip|>2,q>1 p|>2,4>1 I'(q/7) »
Z A\pqu’f|q—7’Zp€q| p (Z A‘p||Zp|) ’£|1—we(c+c/6)\§|v (3.9)
< s <
o F 9 - F 1 )
Ip>2,4>1 (a/7) pl>2 (1/7)

which converges for any ¢ and {Z € C"; |z| < A7!, 1 <i<n'}. {@,p,q(&)} (1<
n) satisty (3.7). Let e =1, C;,(£,1) = Zqzl Cipqe(§) and

Cip(r) = /L " e G, (e,1)de" fel.. (3.10)

Then ui(w, Z) = 3_ Lenw jp>2 Cip(2) 27 and we get (2, Z) = ¢(2)+ui(x, Z) (1 <
i <n) in Theorem 2.5

4  Equation with Fy(z) # 0
Let us study the case Fy(x) # 0,

Y :t(yl-y2> e 7yn)
ay 4.1
I‘HJ/% :F()(l’) + A(.I')Y + F(fE. Y), ( )



A(z) = (a; j(x))1<ij<n- Fo(z) and a; ;(z) are holomorphic in a neighborhood
of = 0 and Fy(0) = 0. F(z,Y) is holomorphic in a neighborhood of
(z, ) (0,0) and F(x,Y) = O(|Y]?). {N\i}1<i<n are eigenvalues of A(0).
Ai # 0 and distinct. Let w; = arg \;, 0 < w; < 27. and

Oy U O, is called the set of singular directions. There exists a unique formal
power series solution K(z) with K(0) = 0 of (4.1). Its Borel summability
follows from Braaksma [1].

Proposition 4.1. Let 0. & ©g. Then there exists K(z), which is ~y-Borel
summable in the direction 0, with K(x) ~ K(x).

Let us transform (4.1) to the case we can apply Theorem 2.5.
(1) Let Y = 2W 4+ K(z) and 0, € ©¢ U ©;. Then

0 (A) W 2 (P2 W+ K (@) — P, K (2))
Zi(@iu’(%’) = 05w + Z B, (w))w; + g, W),
p
and we get
gg””% = A ()W + Gz, W) W =" wws, -, w,)

A(x) = (ay;(x) — 6,507 + aiwjfxx, K(x))), A(0) = A(0)  (43)
G<x7 W) = t(91<$7 W)> T agn(x> W))

(2) Next we transform W = P(z)U by an invertible Linear transformation
P(z) with elements in @ /43(So(1)) (I = (0. = ds,, 0, +0.), 6, > m/2v) and
have )

U ="(uyug, -+, up)

U _poyw + H,v)

B(:L’) =diag. (bi(z),ba(z), -+, ba(2))).
| H(z,U) =t (hy(2,U), ha(a ,U) (2, U)),

bi(x) is a polynomial with degree < v and b;(0) = A;, hi(2. U) € Oy 43 (So(I)x
Q) with h;(0,U) = 0 and h;(x,U) = O(|U|*). B(z ) depends on K (x). Thus

(4.4)

121



122

we simplify (4.1) to (4.4) by Y = K(z) + 2 P(z)U
(3) Set A" = {\;;1 <i <n'} and assume Conditions 1 and 2 hold. Consider
an n’ x n' system of linear equations

A :t<2’1.227 ey Zn/)

. U(r) =Pz, Z(x 4.5
xlﬂ% h()e 1< < () = ®(x, Z(x)) (4.5)
x

By applying Theorem 2.5, we have

Theorem 4.2. There exists ®(x,2) = *(p1(z,2), -+, dn(x, 2)), di(x,2) €
O (Sioy(Le) x {z € C";|z| < re}) with the following properties.

(1) ¢i(x,2) = 2 + O(|z?) for 1 <i < n' and ¢;(x,2) = O(|z]?) fori>n'.
(2) Let S be an open set in Sy, (1) and Z(x) = (z1(x), -, 2w (2)) (x €
S,|Z(z)| < re) be a solution of (4.5)
Then Y (z) = K(x) + 2 P(x)®(z, Z(z)) satisfies (4.1) in S.

5 Examples

We remark that if equation (4.1) is 2 X 2 system with eigenvalue A\; Ay # 0
and arg \; = w, arg Ay = w + 7, then we can apply Theorem 4.2 (Remark
2.2). We give examples. We apply Theorem 4.2 to Painlevé 2.

(P)2:y" =2y" + 1y + a. (1%)
Byt=1/s
S(S2d—:9)2y =25y +y +as (5.1)
(P2.1) There exists a unique formal power series solution k(s) = —as +
2(a® — (Ii,)))si—l— e t202(5.1). I?:et y = —as+ 2. Then s(s*L)%z = (1+6a*s*)z +
2(a —a’)s* — 6as’z” + 2s2° and
sip o, 1 ad 2.3 2 3
(s E) 2oy o= (14 6a°s”)z+ ag(s) + az(s)z” + as(s)z”.

5/2.d
dsZ'

PRl B el
0 | |

+ Lzo(s) + ag(s)u® + ag(s)u3]

Putu=2zv=s



We have by changing = = s'/2

i M =(B (2)}”3 {8 (1)]+O(336)) H (5.
+

2 LO@Z) + a2<g;20)u2 + ag(xz)u?’]

Hence we can apply Theorem 4.2 to (5.3). v = 3, Ay = 2,\y = —2 and
Oy U B, ={%;( € Z} for (5.3) and k(s) € C[[s]] is 2 Borel summable.
(P2.2). Let 2¢2+1 =0 and y = s /2(c + 2). Then

d cs?
52 \2 92 _ 1 2 9,3 3/2 .
(s ds) 2o oS 2= (6c* + 1+ 4)z+6cz +227 +as”" 4 =

Set u=z,v= 55/2%,2. Then

o) = (% o o 3 +ou) M (5.4)

0
+ Llo(é‘) + 6cu® + 2u?

N

The situation of this case is the same as (P.1) and we can also apply Theorem
4.2.

Another example is Noumi- Yamada system. This system is symmetric
and it is knowun that it is almost equivalent to Painlevé J (see Noumi [12]).

fo=folfr = f2) +
fi=hlfa—fo)+o  am+ar+ay=1 (NY)
fa = folfo— f1) +

There is a constant k£ such that fo+ f1 + fo =t + k. We may assume k = 0.
Hence fo + f1 + fo =t and get 2 x 2 system

{f{ =—th+fl+2fifsta 55

[y =tfs—2fifo— f3 + .

Let f1(t) = art + g1 (1), f2(t) = ast + g2(t), 91(1), g2(t) = O(1) t — oc.
Then (ay,az) = (0.0), (0,1), (1,0), (1/3,1/3) and

(1,
2
91 + 2192 + o1 —ay
5.6
( ) ( ) (—93 — 20192 + ag — CL2> (56)
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where

A — —1 + 2@1 + 2(12 2@1
- —2(12 1-— 2@1 - 2@2

(0 (5 5) 6 A) (s 2)

The eigenvalues of A of is £X # 0 for each case, so conditions of Theorem
4.2 are satisfied and we can apply it to each case.

References

[1]

Braaksma, B.L.J. Multisummability of formal power series solutions of
nonlinear meromorphic differentia equations, Ann.Inst.Fourier Greno-

ble, 42 (1992), 517-540

Braaksma, B.L.J, Kuik, R. Resurgence relations for classes of differential
and difference equations. Ann. Fac. Sci. Toulouse Math. (6) 13 (2004),
no. 4, 479—492. .

Baler, W, Braaksam, B.L.J. Ramis, J.P. Sibuya, Y. Multisummability
of formal power series solutions of linear ordinary differential equations,
Asymptotic Anal. 5 (1991), 27-45.

Costin,O. On Borel summation and Storkes phenomena for rank-1 non-
linear systems of ordinary differential equations Duke Math.,J 93-2
(1998), 289-344.

Costin,O, Costin,R.D. On the formulation of singularities of solutions of
nonlinear differential systems in antistokes direction, Invent. math 145
(2001) 425-485

Costin,R.D, Truncated solutions of Panilevé equations F,. Summetry.
Integrability and Geometry: Methods and Applications, SIGM 14 (2018)
117, 14 pages

Gérard, R, Tahara, H, Singular Nonliear Partial Differential Equations,
Aspect of Mathematics, Vieweg 1996

Hukuhara,M. Intégration formelle d’un systéme d’équations
différentielles non linéaires dans le voisinage d'un point singulier,
Annali di Mathematica pura ed Applieaia, 19 (1940) 35-44.



[9]

[10]

[11]

[16]

[17]

Iwano, M., Intégration analytique d’un systeme d’équations différntielles
non linéaires dans le voisnage d’un point singulier, I. Ann. Mat. Pura
Appl., 44 (1957) 261-292

Iwano, M., Intégration analytique d’un systeme d’équations différntielles
non linéaires dans le voisnage d’un point singulier, II. Ann. Mat. Pura
Appl., 47 (1959) 91-150

Malmquist, J., Sur 1’étude analytique des solutions dun systeme
d’équations dans le voisinage d'un point sigulier d’indétermination, I,
Acta Math., 73 (1941), 87-129.

Noumi. M., Painlevé Equations Through Symmetry (Translations of
Mathematical Monographs Vol. 223, AMS)

Ouchi, S., Borel summability of formal solutions of some first order
singular partial differential equations and normal formal forms of vector
fields, J. Math. Soc. Japan, 57 (2005) 415-460.

Ouchi, S., Multisummability of formal solutions of nonlinear partial dif-
ferential equations in complex domains. Asymptotic Analysis, 47 (2006)
187-225.

Ouchi, S., Construction of solutions of nonlinear irregular singular dif-
ferential equations by Borel summable functions and an application to
Painlevé equations, ArXiv 2211.04650

Trjitzinsky, W.J., Theory of non-linear singular differential systems,
Trans. Amer, Math. 42 (1937), 225-321.

Wasow, W., Asymptotic expansions for ordinary differential equations,
Reprint of the 1976 edition. Dover Publications, 1987.

125





