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Study of nonlinear irregular singular differential equations 
with Borel summable functions 

Sunao OucHr 1 

0 Introduction 

A system of nonlinear differential equations 

dY 
xl+-Y~ = F0(x) + A(x)Y + F(x, Y) 
dx 

(0.1) 

with an irregular singular point x = 0. There exist many works about them, 

Hukuhara [8], Malmquist [11], Trjitzinsky [16] Iwano [9] [10] and many other 
mathematicians (see Wasow [17]).They studied construction of formal solu-
tions and showed the existence of genuine solutions under some conditions 
by classical analysis. The theory of multisummable functions in asymptotic 
analysis has been developed after their studies, hence it was not used in their 
researches. We study more precisely than their works, the meaning of asymp— 

totic expansion of transformations and solutions by using Borel summable 

functions. The theory of multisummable functions is used for differential 
equations. Especially for nonlinear ordinary equations in Braaksma [1] and 
for some class of partial differential equations in Ouchi [14]. In this article 
we apply Borel summability to study, which is a special case of multisumma-

bility. 

There is a classical important result due to Malmquist [11]. Let｛入i｝『=1
be eigenvalues of A(O) and distinct. Assume A'=｛入i;1さ iさ n'}and 
A"=｛入i;n'< iさn}.A'and A" are separated by a straight line through 
the origin in the complex plane. It is shown in [11] that there exists an n'-
parameter family of solutions in some sector corresponding to A'. It is the 
main purpose that we try to have another look at this result, by applying 
a new theory in asymptotic analysis. We construct transformations and 

solutions more precisely and clearly in a function class with some Gevrey 
type estimates. Costin,O [4], Costin,O, Costin,R.D [5] and Braaksma,Kuik 
[2] treated (0.1) for 1 = 1 (rank 1) in a different way, by applying the 
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resurgence theory due to Ecalle. In the present article we use only elementary 

properties of Borel summable functions. The details of this article is in Ouchi 
[15]. 

1 Notations and definitions 

I= (a, /3) an interval, IE= (a+ E, /3-E) E > 0. (C* i 1 . (C* is the universal covering 

space of (C -{O}. S(I) = S(a, /3) = {x E (C*; arg x EI}. 
S0(I) = S0(a, /3) = {x E S(I); 0 < lxl < p(arg x)}, p(t) i is some positive 
continuous function on I. The same notation S。(・)is used for various p(・). 
tf(U) is the set of holomorphic functions on a domain U. N is the set of 
nonnegative integers. Let k = (k1, • • •, k砂E即 andY = (y1・．．．，珈） EC匹
k! = kサk社・"kn!,lkl = L~=l ki,戸＝ y↑・・ • yが,|YI=max:1年i::s;nIYil and 
鳴）k= TI~=l （瓜）心

/
＼
 

｀` ‘← I€ 
‘ ヽ
ヽ

、So(I),I= (a, /3) 
ヽ
ヽ
＼ 

¥lxl = p(argx) 
＼ 

I 

Definition 1.1. Let K > 0, I = (a, /3) with f3―a>1r／K and D = {Y E 
en; IYI < R}. A function f(x, Y) E tJ(S,。(I)x D) is said to be K-Borel 
summable with respect to x, if there exist constants M, C and { a直）｝~=O C 
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叩） suchthat for any N ~ 0 

N-1 
N 

lf(x, Y)ーと叫Y)x門::;MCNlxlNr( — +1) (x, Y) E So(I) x O (1.1) 
k 

n=O 

holds. The totality of /',;-Borel summable functions with respect to x on S0(I) x 
n is denoted byり{l/1,,}(So(I)X n). 
We say that f(x, Y) is /',;-Borel summable in a direction 0, if there 
exists c5 > 1r /2/',; such that f (x, Y) Eり{l/1,,}(S。(0-c5,0+c5)X fi). 

2 A system of nonlinear equations with irregular singularity 
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(2.1) 

1十'"Ydyi n 
x ＝恥（x)＋こ叩（伽＋fi(x,Y) i = 1, 2, ・ ・ ・, n, (2.2) 
dx j=1 

Let I* = (0*―ふ，仇＋い（0::::;仇 <21r, ふ＞ 1r/21). We assume 
{ai,j(x)h:s;i,j勺nC {j{lh}(So(I*)) and {fi(x, Y)｝区さnC {j{lh}(So(I*) X 0), 
0 ={YE en: IYI < R}, fi(x, Y) = O(IYl2). Let｛入｝ピi:Snbe eigenvalues 
of A(O). We assume 〔Conditiono. Eigenvalues are distinct 
A =｛入；i= 1, ・ ・ ・,n}，入i#入kfor i #-k. 

Set A~= ｛入t ―ふ； i#-k}, wi,k = arg（入i-ふ） （Oさwi,k< 21r) for i #-k and 

ヽ

{ °t,K,£=（Wt,K + 2冠）／ァ， f€ Z, 

81 = {0i,k,£: i,k = l,・ ・ ・,n,i #-k, RE Z}, 
(2.3) 

Firstly we assume F0(x) = 0. We simplify the linear part A(x). 

Proposition 2.1. (Diagonalization of the linear part) Let 0* (/_ 81. 
Then there exists a matrix P(x) with elements in fJ{l;,}(S0(I*)) and P(O) = 
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Id such that Y = P(x)Z transforms xl+,伍＝ A(x)Yto 

dZ 
xl+7~ = A(x)Z, 
dx 

(2.4) 

where A(x) = diag.（入1(x)，入2(x),・ ・ ・，入n(x)) is a diagonal matrix and入i(x)
is a polynomial with degree ~'Y and入i(O)=入

Hence we begin to study 

Y =t(Y1-Y2, ・ ・ ・, Y砂
dY 

xl+'Y~ =A(x)Y + F(x, Y) 
dx 
A(x) =diag.（ふ(x),...，入n(x))

F(x, Y) =t(f1(x, Y), ・ ・ ・, fn(x, Y)), 

(Eq-Y) 

where｛入（x）｝ピi:Snare polynomials with degree ::s; "(and >.i(O)＝入， F(x,Y) = 
O(IYl2) and F(O, Y) = 0. Let 0 #-A'=｛入；i= 1, ・ ・ ・, n'} CA. We give 2 
conditions on A'. 
Condition 1 

There exist 0さ0A'<21r and 0く奴＜ 1r/2such that A'c ~ = {TJ #-
O; I argrJ -0A,I＜奴｝．

Condition 2 

n 

こふmj―入i#-0 for 1ml ~ 2 and lさi~ n. (2.5) 
J=l 

1ml = L]~1 m1, m = (m1, ・ ・ ・,m□E Nn' 

Remark 2.2. We note that if A'=｛ふ＃ 0},Condition 1 is obvious and 
Condition 2 ~⇒ ふ加—入＃ 0 for m1 ~ 2 and 2 ~ i ~ n. 

Let 
n n 

~=u{ こ入J四—入i; Im|~ 2} 
i=l j=l 

(2.6) 

and L(0) = {r ~ O; rei0} be a half line in a direction 0. 
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. --• . -＿ ▲ 

Lemma 2.3. There exist 0 and Z > 0 such that L(0) n (-£) = 0 for J = 
(0-直＋E)and a constant C1 > 0 such that for T/ ES(]) 

n' 

I可＋こ入J四—入 I 2 CI(In|+加|） |ml~ 2. (2.1) 
j=l 

. --• 
Remark 2.4. (l)Let仇＝ 0/ry.Then L訊 n(-~) = 0. 

. --・ 
/ry. Then L( 

. --• ） 
(2) We can choose 0 = 0A', by changing tJA'if necessary. 

A' 

rJ = ~'-space 
o入i

o入2

． 
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Bullets(•) are elements of-~. 

We take仇suchthat. 

Condition 3 

＾ I = （O* ― €*9 仇十ら） （ら＞ 0)such that f n 81 = 0 and L(10) n(—豆） ＝ 0 
＾ for 0 EI. 

Let J be that in Lemma 2.3. Since A~ is finite, we can take J such that 
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S(l) n A~= 0. Hence S(l) n ((-£) u A~) = 0, Let仇＝尻／,,ら＝で。／1
and f = (0* ― €*9 仇＋ら）． Then,f= J and if e E S(I), C E S(l). This「
satisfies Condition 3. 

Letふ＝ 7r/2, +ら＞ 1r/21 and J = (0*―ふ，仇十b*)*). Then we give one 
of the main results 

Theorem 2.5. There exists <I>(x, Z) =（c/>1 (X, Z), "・，伽(x,Z)) such that 
for any small E > 0 there exists店＞ 0,c/>i(x, Z) E り{lh}(S{o}(JE)x { Z E 
en'; lzl < rE}) and the followings hold. 

(1) c/>i(x, Z) = zi + O(IZl2) for 1 :::; i :::; n'and c/>i(x, Z) = O(IZl2) for 
i > n'. 

(2) Let S be an open set in S{o}(JE) and Z(x) = (z心），・・・ ，知(x))(x E 
S, IZ(x)I < rE) be a solution of 

1+7dzi 
x ー＝入し）祐， i= 1, 2, • • •, n'. 
dx 

(2.8) 

Then Y(x) = <I>(x, Z(x)), y心） ＝叫x,均（x),...'知 (x))(1 :::; i :::; n), 
satisfies (Eq-Y) in S. 

Remark 2.6. Theorem 2. 5 means existence of solutions of (Eq-Y) with ex-
ponential series called transseries of equations, 

叫＝Aiexp(jx~;［]占） （1さi::;;n'), 
Yi=均（x)＋L C!(x)Z(x)P (1::;; i::;; n'), Yi= LC記）Z(x)見 (i> n'). 

IP|2':2 IPl2':2 

3 Costruction of <I>(x, Z) of Theorem 2.5 

The system of equations to study is 

{”1+1誓＝A（x)Y+ F(x,Y)，Y = t(Y1•Y2, •.．， y砂
A(x) =diag.（ふ(x),...，心(x)),

F(x, Y) =t(f1(x, Y), ・ ・ ・, fn(x, Y)), 

(Eq-Y) 
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where｛ふ（x)}1 <i<n are polynomials wi ith degree :::::; 1 andふ(0)＝入i・ Our 
assumptions are 
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(3.1) 

3.1 A system of nonlinear partial differential equations 

We introduce the following system of nonlinear partial differential equations 

which is similar to that appeared in [13] to construct <I>(x, Z) in Theorem 
2.5, 

<I>(x, Z) =（ゆ1(x,Z)，伽(x,Z), ・・・ ，伽(x,Z)) 

1+7狐
n' 

x —＋こい）z 竺＿入2（叫＝ fi(x,<I>) 1さiさn
釦 j=1 虜

(x, Z) = (x, z1,・・・ ，叩） E C X Cn' 

Let Z(x) = (z1 (x)，・・・ ，知(x))be a solution of 

xl+7dこ＝い）Zi,i= 1,2,・・・,n1. 

(3.2) 

If we find a nice solution <I>(x, Z) of (3.2), then Y(x) = <I>(x, Z(x)) (Yi(x) = 
叫x，Z1(x),・・・ ，叩(x)))will satisfy (Eq-Y) 

n' 

Xl十'Yy'(x)＝三(e尋 (x,Z(x))＋こい(x,Z(x)弓(x)))
j=l 

= x1+7鯰 (x,Z(x)＋（言心(x)い (x,Z(x))) 
＝入(X)<Pi + f i (X,<I>)＝入(x)yi+ fi(x, Y(x)). 

Let w(Z) =（ゆ1(Z)，心2(Z),・ ・ ・，心n(Z))= (z1, Z2, ・ ・ ・, Zn', 0, ・ ・ ・, 0) and<I>(x, Z) = 
U(x, Z) + w(Z),（ゆi(x,Z)＝糾(x,Z)＋ゆi(Z)).Then 

8 
n' 

(xl十言＋こい）Zj羞―人(x)）尻＝ fi(x,U + w(Z)). 
j=l 

(Eq-U) 
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There exist {gi,k,e(x) E tJ{lh}(S(I))} such that 

fi(x, U + w(Z)) == L 9i,k,£(X)かぴ＋fi(x,w(Z)) 
I kE印，に即，
lkl+ICl:::>2,C-/-0 

with 9i,k,£(0) = 0 (-.・ fi(O, Y) = 0) and lfi(x, w(Z))I:::; Mlx11z12. Let 

゜
n' 

L = x1+7 ゜—＋こ凸―—入i' 入i= ふ(0)
枷 j=1 0zj 

(3.3) 

At(x)＝人(x)一入， hi(x,Z) = fi(x, ¥JJ(Z))＝〉加(x)ZP.
IPl2>2 

Then we get 

n' 
8 

L糾＝一（LA;(x)z1i;-
勺Zj
如））糾＋ 〉 山k,c(x)かぴ＋九(x,Z). 

j=l kENn,RE炉，
lkl+IRl2'.2絆 0

(3.4) 
We introduce an auxiliary parameter c 

~..,. a 
L糾＝—心こ A;(x)z ― -At(x)）糾十 c L 9i,k,c(x)かぴ＋成(x,Z). 

j=l 
囁 j

kE炉，RE炉，
lkl+l£12':2，絆0

(Eq-U1c) 
If c = 1, (Eq-U』coincideswith (Eq-U). Let 

几＜＿ i
 
＜＿ ー

、1
,
、1
,e
 
，
 

q
 

N' ,

e

 

位

ZPヽ`＇l,

n
 

x
 

u
 
（
 

'
 

.

g

i

 

.

P

 Ci 

．
 ，
 

、1
,e
 
N' に
区
ーu
 

＇
ー
＼

＝
＝
 

司

司

N
,
N
'
 ，
 

，
 x
 

（
 

x
 □
Ui 

r

v

、

(3.5) 
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By substituting ui(x, Z, c) into (Eq-Ue:), we have 

n 'n'  
d 

(x1+7石＋こいJ―入）ci,p,q(x)=-（LPjA;(x) -At(x))Ci,p,q-1(x) 
j=l j=l 

＋ ▽/] kENn',RENn 
lkl+l£12:2，絆O

化

9i,k，心）（ L IT C1,p1,j,q口(x)
匹＝1(四＝1炉）＋k=pj=l

江＝1(四＝1炉）＋l=q

ら £n

X IT C2,p2,j,q2,j (X) • • • • • • IT cn,pn,j,qn,j (X))＋心，心(x),
j=l j=l 

(Eq-C) 

3.2 Construction of Ci,p,q(x) i,p,q x) and convolution equations 

We solve (Eq-C) by Laplace integral. Let 

ooe i0 
C,p,q (X) = 1ooe--e―(§)Tc,p,qば）dぐ OE f€ 応＝ 1ぐ―1d~ (3.6) 

゜Let us note relations about product of functions and their convolution and 
N 

use a notation W心）＊児（く） ＊・・・＊叫(~)=IT 剛（~)- We get a system of 
1 1 1 i=l 

ヽ *, 
＾ convolution equations to Ci,p,q（く）．

n I n I 

心＋I:p]ふー入）ci,p,qほ） ＝ー（こ凸（＜）一応(~)) ~ ci,p,q-1に）
j=l j=l 

+ I: 釦，t（い）＊こ
I kENn,CE即

~ ( 
匹＝1（こ如炉）＋k=p

|K|＋|£|：：：：：2,£#。（3.7)
匹＝1（こ如炉）＋l=q

£1 £2 £n 

IT 81,pl,j,ql,j (~) ITら，p2,j,q2,jに） •... IT Cn,pn,j,qn,j (~))＋心，ふ，p(~).
j=l j=l j=l 

*7 
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己，p,q(~)(IPI ~ 2, q ~ l) are successively determined and they are holomorphic 
in ({OI < l~I < r} u S(L)) X {lzl < R}. Moreover ~"y-lci,p,q(~)(IPI ミ:2,q ミ 1)
is holomrphic at~= 0. We have 

Proposition 3.1. (Estimate of Ci,p,q(~)) There exist positive constants 
r, Mi,p,q and c such that 

厄，p,q(~)I ::; 
Mi,p,q I~ I q-'Y ecl~I' 

- f(q/,) 
~ E {O < 1~1 < r} US⑰) （3.8) 

and the series ~pENれ',|Pl2:2Mi,p,q匹 convergesin a neighborhood of (T, s) = 
qEN,q2:l 

(0, 0) E ten'X (C. 

We apply the method of implicit functions to obtain the estimate. This 

method is often used in [7]. It follows from Proposition 3.1 that there exist 

A, B and c'> 0 such that Mi,p,q ::; A叫祁 and

区 1ci,p,qに）Z腔叶 S こ
IPl2'.2,q2'.1 IP|2'.2,q2'.1 

Mi,p,qltlq→|Z吃叶
f(q/ry) 

e cl~l'Y 

さこ
AIPIB賢1q-"(IZPc:叶

ecl~l'Y さ（こ訓Z門）
1e11• eCc+c'e)l~l'Y 

f(q/ry) r(1/1) ＇ IP|ご2,q?1 |p|吝2

＾ 

(3.9) 

whichconvergesforanyc:and{Z E en'; lzil < A-1, 1 Si Sn'}. {Ci,p,q(t)} (1 S 

＾ ＾ n) satisfy (3.7). Let c = 1, ci,p（ふ1)＝こ企1Ci,p,q(t) and 

ci,p(x) = !,((!) e―(§)7ら（ふl)dぐ 0EL.. 
L(0) 

(3.10) 

Then ui(x, Z) = L匹如',|Pl2'.2 ci,p (X) ZP and we get叫x,Z)＝処(z)＋叫x,Z) (1 ::;; 
i ::;; n) in Theorem 2.5 

4 Equation with F0 (x)争〇

Let us study the case F0 (x)手0,

{ Y=t(Y1•Y2, ・ •.， y砂

xl+1誓＝F0(x)+ A(x)Y + F(x, Y), (4.1) 
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A(x) = (ai,j(x))i-:::i,j-C::n・ F0(x) and aぃ(x)are holomorphic in a neighborhood 
of x = 0 and Fi。(0)= 0. F(x, Y) is holomorphic in a neighborhood of 
(x, Y) = (0, 0) and F(x, Y) = O(IYl2).｛入」｝区i-;nare eigenvalues of A(O). 
入i-/= 0 and distinct. Let wi = arg入， 0:::; wi < 21r. and 

0。=｛(wi+ 2冠）／1,1::; i::; n,£ E Z}. (4.2) 

0。U81 is called the s~t of singu厨 directions.There exists a unique formal 
power series solution K(x) with K(O) = 0 of (4.1). Its Borel summability 
follows from Braaksma [1]. 

Proposition 4.1. Let 0* tf_ e。.Thenthere exists K(x), which is,-Borel 
summable in the direction仇 withK(x) ~ K(x). 

Let us transform (4.1) to the case we can apply Theorem 2.5. 
(1) Let Y = xW + K(x) and 0* tf_ e。U81. Then 

xl+-Y~ =(A(x)ー炉I)W+x―1 (F(x, xW + K(x)) -F(x, K(x))) 

n n 

戸こ 8 ＝L(ai,1(x) -c5i,j炉）w1+ L ~ fi(x, K(x)）四＋gi(x,W), 
j=1 j=1 8wj 

and we get 

Xl+, dW 

dx 
= A'(x)W + G(x, W) W = t （叫•四，...，叫）

8 
A'(x) = (ai,j (x) -bi,j x'+ ~ Ji (x, K (x))), A'(0) = A (0) 

如 j

G (X, W) = t (g1 (X, W), ・ ・ ・, 9n (X, W)) 

(4.3) 

(2) Next we transform W = P(x)U by f an invertible Linear transformation 

P(x) with elements in {j{l/,}(S。(I))(I= (0*ーと，，仇＋ふ），ふ＞ 1r/2,) and 
have 

U =t(u凸 2,''',Un) 
dU 

Xl十ニ― =B(x)U+ H(x, U) 
dx (4.4) 

B(x) =diag. (b1(x)，的(X)," ・, bn (X))). 

、H(x,U)＝加(x,U)，加(x,U)，・・・ ，加(x,U)), 

bi(x) is a polynomial with degree:::;'Y and bi(O)＝心九(x,U) E tl{1h}(S。(I)x
0) with九(0,U) = 0 and hi(x, U) = O(IUl2). B(x) depends on K(x). Thus 
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we simplify (4.1) to (4.4) by Y = K(x) + xP(x)U 
(3) Set A'=｛入i;1さiさn'}and assume Conditions 1 and 2 hold. Consider 
an n'x n'system of linear equations 

｛が＋7ddz：ニニ:',・;/が:n' U(x) = <I>(x, Z(x)) (4.5) 

By applying Theorem 2.5, we have 

Theorem 4.2. There exists <I>(x, z) = t伽(x,z), ・・・ ，如(x,z)）， 叫x,z) E 
{j{l／'Y}(S{o}(JE) X {z E en'; lzl＜乃｝） withthe following properties. 

(1) <Pi(x, z) = zi + O(lzド） forlさiさn'and<Pi(x, z) = O(lzド） fori > n'. 

(2) Let S be an open set in S{o}(JE) and Z(x) = (z1(x), ・ ・ ・, Zn,(x)) (x E 
S, IZ(x)I < rE) be a solution of (4.5) 

Then Y(x) = K(x) + xP(x)<I>(x, Z(x)) satisfies (4.1) in S. 

5 Examples 

We remark that if equation (4.1) is 2 x 2 system with eigenvalue入1入2#-0 
and arg入1= w, argふ＝ w+ 1r, then we can apply Theorem 4.2 (Remark 
2.2). We give examples. We apply Theorem 4.2 to Painleveゑ

(P)2 : y" = 2炉＋ty+ a. (P2) 

By t = l/s 
d 

s（討—)切＝ 2s炉＋ y+as
ds 

(5.1) 

(P2.1) There exists a unique formal power series solution訊s)= -as+ 
2(a3 -a)対＋ •.. to (5.1). Let y =-as+ z. Then s(s2fs)2z = (1 + 6a2惑）z+
2(a -a叫— 6as2召＋ 2sz3 and 

(s5/2 d)2 1 4 d - Z --s -Z = （1 + 6a2討）z+ ao (s) + a2 (s)召＋％（s)z3. ds1 - 2-ds 

Put u = z, v = s512羞z.

85/2羞に］＝ （［『~] + s3/2 rnり］ ＋O(sり）に］

+ [ ao(s) + a2(s~u2 + a3(s)u3] 

(5.2) 
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We have by changing x = s112 

x`に］＝（［］芯］＋x3 [g『]＋ 0（い）［叶
+2し。（丑） ＋四(x2~炉＋％（丑）u3]

Hence we can apply Theorem 4.2 to (5.3). 1 = 3,入1= 2,ふ＝ー2and 
O。LJE>1 =｛予；/!,E Z} for (5.3) and k(s) E <C[[s]] is ~ Borel summable. 
(P2.2). Let 2沙＋ 1= 0 and y = s―1!2(c + z). Then 

(5.3) 

d 3 4 ds3  es3 
(s5/2-)%--s -Z  = （6召＋ 1+;)z + 6c召＋2召＋as3/2+ 
ds 2 ds 4 4. 

Set u = z, v = s512羞z.Then 

S5/2 品[~] = ([~2 ~] +s312 [~ ~] +O(sり） [~] 
+ [ ao(s) + 6~研＋ 2u3]

The situation of this case is the same as (A.1) and we can also apply Theorem 
4.2. 
Another example is N oumi-Yamada system. This system is symmetric 
and it is knowun that it is almost equivalent to Painleve 4 (see Noumi [12]). 

(5.4) 
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a。+0:1+ 0:2 = 1 (NY) 

There is a constant k such that f 0十八十h= t + k. We may assume k = 0. 
Hence f O + Ji + h = t and get 2 x 2 system 

｛且＝一th+ff+2f山＋a1
f; ＝tf2 -2f山―且＋a2・ 

(5.5) 

Let fi(t) = a1t + g1(t), f2(t) = a外＋ゅ(t),91 (t), 92 (t) = 0 (1) t→ CX). 
Then (a1, a2) = (0.0), (0, 1), (1, 0), (1/3, 1/3) and 

羞(~~) = tA (~~) + (~:［□誓ば；2++a~2--a~2) (5.6) 
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where 

A=  (-1+~釘＋ 2a2 1 -2!~1- 2a2) 
-2a2 1 -2a1 -2a2 

-（-01『)'(!2 ~1)'(~ !1)'『土 2/3 
-1/3) 

The eigenvalues of A of is土入＃ 0for each case, so conditions of Theorem 
4.2 are satisfied and we can apply it to each case. 
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