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Abstract

In this thesis, we study tropical geometry and its relation with algebraic cycles.
Tropical geometry, a relatively new area of mathematics, is a combinatorial shadow
of algebraic geometry. Several kinds of problems of algebraic cycles are proved by
reducing them to tropical analogs, e.g., calculations of Gromov-Witten invariants.

In the first part of this thesis, we give a tropical characterization of closed algebraic
subvarieties of toric varieties over non-archimedean fields among all Zariski closed
analytic subvarieties. This is a converse of the celebrated result of Bieri-Groves.

The second and third parts are devoted to a very challenging program. We propose
a tropical approach to some of the most important problems on algebraic cycles, i.e.,
some problems on algebraic classes of cohomology groups, such as the Hodge conjec-
ture. As a part of this approach, we prove a tropical analog of the Hodge conjecture
for smooth algebraic varieties over trivially valued fields. To prove this, in the sec-
ond part of this paper, inspired by Liu’s construction of tropical cycle class maps by
Milnor K-groups, we introduce tropical analogs of Milnor K-groups and show the
exactness of the Gersten complexes for the Zariski sheaf cohomology of the sheaves
of them on smooth algebraic varieties over trivially valued fields. Then the tropical
analog of the Hodge conjecture follows from that the tropical cohomology groups for
smooth algebraic varieties over trivially valued fields are isomorphic to the Zariski
sheaf cohomology groups of the sheaves of tropical analogs of Milnor K-groups. In
the third part of this paper, we prove these isomorphisms of cohomology groups by a
theorem for general “cohomology theories”, developed by many mathematicians, e.g.,
Quillen, and explicit calculations of tropical cohomology of the trivial line bundle by
non-archimedean geometry. Usually, non-archimedean geometry of height 1 valuations
is used to study tropical geometry. To study tropical analogs of Milnor K-groups and
tropical cohomology, we introduce tropicalizations of valuations of higher heights.
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CHAPTER 1

Introduction

1.1. Introduction

In this thesis, we study tropical geometry and its relation with algebraic cycles.
Tropical geometry is a combinatorial shadow of algebraic geometry and deals with
certain weighted balanced polyhedral complexes. Tropical geometry is used to study
many areas of mathematics, for examples, birational geometry, linear series of alge-
braic curves, non-archimedean arakelov geometry, and the Gross-Siebert program in
mirror symmetry. Among these many kinds of applications, one of the most important
applications is those to algebraic cycles. Tropical geometry enables us to reduce some
problems of algebraic cycles to combinatorial problems, which are easier to deal with,
e.g., Mikhalkin’s combinatorial descriptions of the Gromov-Witten invariants of toric
surfaces. In this thesis, we study tropical geometry and its relation with algebraic cy-
cles further. This thesis consists of three parts based on three papers [M18], [M20-1],
and [M20-2].

In the first part of this thesis, we give a tropical characterization of closed al-
gebraic subvarieties of toric varieties over complete non-archimedean valuation fields
among Zariski closed analytic subvarieties. In 1984, Bieri and Groves showed that
tropicalizations of closed algebraic subvarieties of tori over non-archimedean fields are
finite unions of polyhedra. This is a fundamental result of tropical geometry. In 2007,
Gubler showed that tropicalizations of Zariski closed analytic subvarieties of tori over
complete non-archimedean fields are locally finite unions of polyhedra. In the first
part of this thesis, we show that if the tropicalizations of Zariski closed analytic sub-
varieties of toric varieties over complete non-archimedean fields are finite unions of
polyhedra, they are algebraic subvarieties. This is a converse of Bieri-Groves’ theorem
and a generalization of Chow’s lemma over complete non-archimedean fields (Remark
5.1.3).

THEOREM 1.1.1 (Theorem 5.1.1). Let X C T® be a Zariski closed analytic sub-
variety of the Berkovich analytification TB of a toric variety T over a complete non-
archimedean field of height 1. Assume that the tropicalization Trop(X) is a finite union
of polyhedra. Then X is the Berkovich analytification of a Zariski closed algebraic sub-
variety of T

The second and third parts are devoted to a very challenging program. We propose
a tropical approach to some of the most important problems of algebraic cycles, i.e.,
some problems of algebraic classes of cohomology groups such as the Hodge conjec-
ture, the Tate conjecture, and Grothendieck’s standard conjectures. We remind two
conjectures which are especially related to this thesis.

CONJECTURE 1.1.2 (the Hodge conjecture). Let X be a smooth projective variety
over C. Then, for any p, the image of the cycle class map

CHP(X) ®z Q — HE,(X,Q)

1



2 1. INTRODUCTION

is the group of Hodge classes Hszflg(X, Q)N HPP(X). Here, CHP(X) is the Chow group

of algebraic subvarieties of codimension p.
By Hodge theory, the Hodge conjecture means the following corollary.

CONJECTURE 1.1.3 (Grothendieck’s standard conjecture D). Let X be a smooth
projective variety over C. Then, for any p, the kernel of the cycle class map

CH,(X) ®2 Q — H5r(X, Q)

is the Q-vector subspace of algebraic cycles V' of numerically equivalent to 0, i.e., for
any algebraic subvariety W C X of codimension p, the intersection number (V, W) is

0.

The goal of the second and third parts of this thesis is to prove a tropical analog
of the Hodge conjecture for smooth algebraic varieties over trivially valued fields.

THEOREM 1.1.4 (Theorem 7.1.1). Let X be a smooth algebraic variety over a triv-
ially valued field. Then, for any p > 0, Liu’s tropical cycle class map

CHP(X) ®z Q — HY? (X)

Trop
1S an isomorphism, here H%f)p(X) is the Q-coefficient tropical cohomology group.

As a corollary, we also prove a tropical analog of Grothendieck’s standard conjec-
ture D for smooth proper varieties embeddable into toric varieties over trivially valued

fields.

COROLLARY 1.1.5 (Corollary 7.1.5). Let X be a smooth proper algebraic variety
over a trivially valued field. We assume that there is a closed immersion of X to a
normal toric variety. Then, for any p > 0, the kernel of the tropical cycle class map

Zp(X)®Q — H)2P(X)

from the Q-vector space Z,(X) ® Q of algebraic cycles of dimension p to the tropi-
cal homology group H%OP(X) s the Q-vector subspace generated by algebraic cycles
numerically equivalent to 0.

In the second part, inspired by Liu’s construction of tropical cycle class maps by
Milnor K-groups, we introduce tropical analogs K7 of Milnor K-groups, and show the
exactness of the Gersten complexes for the Zariski sheaf cohomology of the sheaves of
them on smooth algebraic varieties over trivially valued fields.

THEOREM 1.1.6 (Theorem 6.1.1). Tropical K-groups K. form a cycle module in
the sense of Rost [Ros96, Definition 2.1]. In particular, for any p > 0, their Zariski
sheafification K3 on a smooth algebraic variety X over a trivially valued field has the
Gersten resolution, i.e., a flasque resolution

0= 425 @ inkb(k(2) 5 @ iwkb (k(2) 5 @D in Kb (k(z) 5 ...

€ X (0) zeX @) zeX(2)
d . 0 d
S P inKG(k(z) S0,
zeX (@)

where X is the set of points of codimension i, the residue field at x € X is denoted
by k(z), the maps i,: Spec(k(x)) — X are the natural morphisms, and we identify
the groups K;.(k(z)) and the Zariski sheaf defined by them on Speck(z).

In particular, we have the following corollary.
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COROLLARY 1.1.7 (Corollary 6.1.2).
HY,, (X, 4F) = CHY(X) ©7 Q.

In the third part, we finish proving the tropical analog of the Hodge conjecture. It
follows from that the tropical cohomology groups for smooth algebraic varieties over
trivially valued fields are isomorphic to the Zariski sheaf cohomology groups of the
sheaves of tropical analogs of Milnor K-groups.

THEOREM 1.1.8 (Theorem 7.1.2). Let X be a smooth algebraic variety over a triv-
tally valued field. For any p,q, we have

H%r%p(X> = Hq(XZah ’%/7?)

We prove Theorem 1.1.8 by a theorem for general “cohomology theories”, which
is first proved by Quillen [Qui73| for algebraic K-theory and developed by many
mathematicians including Bloch-Ogus [BO74], Gabber [Gab94|, Rost [R0s96], and
Collit-Thélene-Hoobler-Kahn [CTHK97], and explicit calculations of tropical coho-
mology of the trivial line bundle by non-archimedean geometry. The latter is the most
technical part of this thesis.

Usually, non-archimedean geometry of height 1 valuations (Berkovich analytic
spaces) are used to study tropical geometry. To study tropical analogs of Milnor K-
groups and tropical cohomology, we introduce tropicalizations of noon-archimedean
spaces of higher heights valuations (Huber’s adic spaces and Zariski-Riemann spaces).

The organization of this paper is as follows. Chapter 2-4 are devoted to basics on
valuations, non-archimedean analytic spaces, thier tropicalizations, tropical cohomol-
ogy. In Chapter 5, we prove Theorem 1.1.1. In Chapter 6, we introduce and study
tropical K-groups. In Chapter 7, we prove a tropical analog of the Hodge conjecture
over trivially valued fields. A key proposition, Al-homotopy invariance of tropical co-
homology over trivially valued fields, is proved in Chapter 9. In Chapter 8, we give
explicit descriptions of analytifications (in the sense of both Huber and Berkovich)
and tropicalizations of the projective line P* over non-archimedean valuation fields of
height 1.

1.2. Notations and terminologies

For a Z-module G and a commutative ring R, we put Grp := G ®z R. For a
subgroup I' C R, we put v/I' the minimal devisible subgroup of R containing I'. For
a field L, we denote its algebraic closure by L. Integral separated schemes of finite
type over fields are called algebraic varieties. Cones mean strongly convex rational
polyhedral cones. Toric varieties are assumed to be normal. For a valuation v of a
field L, we put L, the completion of L. When there is no confusion, we also denote
it by L. We denote the residue field of a valuation v by k(v). We denote the residue
field of the structure sheaf at a point x of a scheme X by k(x). For an extension of
fields L/ K, we denote its transcendental degree by tr.deg(L/K).






CHAPTER 2

Valuations and non-archimedean analytic spaces

In this chapter, we give a quick review on (non-archimedean) wvaluations (Sec-
tion 2.1) and non-archimedean analytic spaces: Berkovich analytic spaces (Subsection
2.2.1), Zariski- Riemann spaces (Subsection 2.2.2), and Huber’s adic spaces (Subsection
2.2.3). (See Chapter 8 for Berkovich’s and Huber’s analytification of the projective line,
which is used in Chapter 9.) We refer to [HK94| and [Bou72, Chapter 6] for valua-
tions [Hub93| and [Hub94] for valuations and Huber’s adic spaces, [Ber90|, [Ber93],
and [Tem15] for Berkovich analytic spaces, and [Tem11] for Zariski-Riemann spaces.

2.1. Valuations
In this section, rings are assumed to be commutative with a unit element.

DEFINITION 2.1.1. We define a valuation v of a ring R as a map v: R — I') U{oo}
satisfying the following properties:

- I is a totally ordered abelian group,

- v(ab) = v(a) + v(b) for any a,b € R, where we extend the group law of T to
M U{oo} by v+ 00 =00+7vy=0c0 for any vy € T

- v(0) = 00 and v(1) =0,

- v(a +b) > min{v(a),v(b)}, where we extend the order of I} to I, U{cc} by
o0 > for any vy €',

The subgroup of I/ generated by v(R) \ {oo} is called the value group of v. We
denote it by T',. We put supp(v) := v~ *(o0). We call it the support of v. We put
O, :={a € Frac(R/supp(v)) | v(a) > 0},
which is called the valuation ring of v. The valuation v extends to a valuation on O,,
which is also denoted by v. We put
k(v) := Frac(O,/{a € O, | v(a) > 0}),

which is called the residue field of v. If R/supp(v) C O,, we call the image of the
maximal ideal under the canonical morphism Spec O, — Spec R the center of v.

DEFINITION 2.1.2. We call two valuations v and w of a ring R are equivalent if
there exists an isomorphism p: 'y = Ty, of totally ordered abelian groups satisfying
Y'ov = w, where ¢’ : T,U{oo} — T',U{oo} is the extension of ¢ defined by ¢'(00) = oc.

We call the rank of a totally ordered abelian group I' as an abelian group the
rational rank of T.

DEFINITION 2.1.3. Let I' be a totally ordered abelian group. A subgroup H of T’
is called convex if every element v € T satisfying h < v < h' for some h,h' € H 1is
contained in H.

DEFINITION 2.1.4. We call the number of proper convexr subgroups of a totally
ordered abelian group I' the height of I'. We denote it by ht T

5



6 2. VALUATIONS AND NON-ARCHIMEDEAN ANALYTIC SPACES

The following well-known theorem is called the Harn embedding theorem.

THEOREM 2.1.5 (Clifford [Cli54], Hausner-Wendel [HW52]). Every totally or-
dered abelian group of finite height n has an embedding into the additive group R™ with
the lexicographic order.

We call the rational rank (resp. height) of the value group of a valuation v the
rational rank (resp. height) of v. Equivalent valuations have the same rational ranks
and heights. Hence rational ranks and heights of equivalence classes of valuations are
well-defined.

DEFINITION 2.1.6. A field L equipped with a valuation v: L — T, U {oco} is called
a valuation field. A waluation field (L,v) is called trivially valued if its value group T,
is the trivial group {0}.

Let R be a ring. We call the set of all equivalent classes of valuations of R the
valuation spectrum of R. We denote it by Spv(R). We equip Spv(R) with the topology
which is generated by the sets

{v e Spv(R) | v(a) > v(b) # oo} (a,b € R).

Let v: R — T, U{oc} be a valuation. For every convex subgroup H C T',, we
define two mappings

ofH: R (U/H) U {oo), M{ij) mod Hif o(a) #

if v(a) = oo,
v(a) ifv(a) € H

v|H: R — H U {oo}, aH{oo if v(a) & H.

LEMMA 2.1.7 (Huber-Knebusch [HK94, Lemma 1.2.1}). (1) The map v/H is
a valuation of R, and it is a generalization of v in Spv(R).

(2) The map v|H is a valuation of R if and only if the image of R in Frac(R/supp(v))
is contained in the localization O, o, of the valuation ring O, at a prime ideal
pO,, where we put p :={a € R | v(a) > H}. Moreover, in this case, the val-
uation v|H is a specialization of v in Spv(R).

DEFINITION 2.1.8. We call a generalization of v in Spv(R) of the form v/H for a
convez subgroup H C T, a vertical (or primary) generalization, and a specialization of
v in Spv(R) of the form v|H for a convex subgroup H C I, a horizontal (or secondary)
spciaization of v.

LEMMA 2.1.9. Let (L,v) be a valuation field, f = >, a;T" € L[T] a polynomial,
and b € L& a root of it. Then v(b) is contained in a finite set determined by (v(a;));.

Proor. This follows from the folloing: for ¢,d € L such that v(a) > v(b), we have
v(a + b) = v(b) [BGR84, Proposition 3 of Section 1.1.1]. O

REMARK 2.1.10 (Bourbaki [Bou72, Proposition 2 in Section 4 in Chapter 6]). For
a valuation v of a field K, there is a natural bijection between vertical specializations
of v in Spv(K) and valuations on the residue field k(v) of v.
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2.2. Non-archimedean analytic spaces

2.2.1. Berkovich analytic spaces. In [Ber90, Section 3.5], Berkovich intro-
duced the Berkovich analytic space associated to a scheme X locally of finite type
over a complete valuation field (L, vy : L* — R) of height < 1. We denote it by XBer.
Berkovich analytic spaces are, as sets, the sets of bounded multiplicative seminorms.
There exists a bijection between multiplicative seminorms | | and valuations v of height
< 1 defined by | | = —log| |. By this bijection, we consider multiplicative seminorms
as valuations.

The scheme X is reduced, pure d-dimensional, irreducible, or separated if and
only if XB° has the same property; see [Duc18, Proposition 2.7.16] for irreducibility,
[Ber90, Proposition 3.4.6] for separatedness, and [Ber90, Proposition 3.4.3] for the
others.

For an algebraic variety X over K, a Zariski closed Berkovich analytic subvarity
of XB means a reduced Zariski closed Berkovich K-analytic subspace of XB. We
say that a Zariski closed Berkovich analytic subvarity of W C XB is algebraic if W
is the Berkovich analytification of a Zariski closed algebraic subvariety of X.

For a Berkovich analytic space Z and a coherent ideal sheaf 7 C Oy, the Zariski
closed Berkovich analytic subspace corresponding to Z is denoted by V(Z) C Z; see
[Ber90, Proposition 3.1.4].

In this paper, an affinoid algebra A over L means an L-affinoid algebra A in
the sense of [Ber90, Definition 2.1.1]. We put A° C A the ring of power bounded
elements, i.e., the subring consists of elements whose spectral radiuses are < 1, see
[Ber90, Section 1.3]. We denote the Berkovich analytic space associated with A by
A (A) [Ber90, Section 1.2]. There exists a unique minimal subset B(A) of .Z(A) on
which every valuation of A has its minimum [Ber90, Corollary 2.4.5]. (Note that the
minimum as valuations is the maximum as multiplicative seminorms.) It is called the
Shilov boundary of #(A). It is a finite set [Ber90, Corollary 2.4.5].

By [Ber90, Proposition 2.4.4], we have the following.

LEMMA 2.2.1. For a pure d-dimensional affinoid domain A, the Shilov boundary
B(A) does not intersect with any Zariski closed subset of dimension < (d —1).

LEMMA 2.2.2. Let W be a Zariski closed Berkovich K -analytic subvarity of the
analytification ZB% of an algebraic variety Z over K. Then for any Berkovich analytic
space U, a morphism ¢: W — U of Berkovich K-analytic spaces is separated, and the
relative boundary of ¢ is empty.

ProoF. First, we show that ¢ is separated. Since Z is separated, the analytifi-
cation ZB is separated by [Ber90, Proposition 3.4.6]. The Zariski closed Berkovich
analytic subvarity W C ZB is separated by [Ber90, Proposition 3.1.5]. Hence, ¢ is
separated by [Ber90, Proposition 3.1.5].

Second, we show that the relative boundary of ¢ is empty. The boundary of ZB is
empty by [Ber90, Theorem 3.4.1]. (We note that, in [Ber90], a Berkovich K-analytic
space is said to be closed if its boundary is empty; see [Ber90, Section 3.1, p.49].)
Since the closed immersion W < ZB¢" has no boundary by [Ber90, Corollary 2.5.13
(i) and Proposition 3.1.4 (i)], the boundary of W is empty by [Ber90, Proposition
3.1.3 (ii)]. Hence the relative boundary of ¢ is empty by [Ber90, Proposition 3.1.3
(ii)]. O

2.2.2. Zariski-Riemann spaces. For a finitely generated extension L/ K of fields,
we put ZR(L/K) the set of equivalence classes of valuations of L which are trivial on K.
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We call ZR(L/K) with the restriction of the topology of Spv(L) the Zariski-Riemann
space.

There is another expression. For each v € ZR(L/K) and proper algebraic variety
X over K with function field L, by the valuative criterion of properness, there exists a
unique canonical morphism Spec O, — X. This induces a map from ZR(L/K) to the
inverse limit @X (as topological spaces) of birational morphisms of proper algebraic
varieties X over K whose function fields are L.

The following Propositon is well-known.

PROPOSITION 2.2.3. The map ZR(L/K) — JimX is a homeomorphism.

PROOF. See [Teml1, Corollary 3.4.7]. O
REMARK 2.24. For any v € ZR(L/K), we have rank(v) < tr.deg(L/K). The

equality holds for some v.

DEFINITION 2.2.5. We put (Spec L/ K)B the subspace of the analytification X B
of a model X of L/K (i.e., an algebraic variety over K whose function field is L,)
consisting of points whose supports are the generic point of X. This definition is
independent of the choice of a model X .

The following slight modification of [Ducl8, Proposition 7.1.3] is proved in the
same way by using K(s;'S1,...,s;'9)) (s; € Rsg) instead of K(Sy,...,S;). (This
notation is what used in [Duc18].)

LEMMA 2.2.6. Let vp: Spec L' — Spec L be a finite extension, U C (Spec L'/ K)Ber
a subset which is the intersection of (Spec L'/K)B and an affinoid subdomain of a
model of L'/K. Then ¢)(U) C (Spec L/K)B is a finite union of intersections of
(Spec L/ K)B and affinoid subdomains of a model of L/ K.

2.2.3. Huber’s adic spaces. For an algebraic variety X over a trivially valued
field K, we define the adic space X?¢ associated to X as follows. (See [Hub93] and
[Hub94| for notations and theory of adic spaces.) For each affine open subvariety
U = Spec R C X, we put U := Spa(R, RN K®8), which is the space of equivalence
classes of valuations on R trivial on K (here we consider R a ring equipped with the
discrete topology). We define X®4 by glueing U2 for an affine open covering {U,} of
X.

REMARK 2.2.7. Taking supports of valuations induces a surjective map X — X
whose fiber of x € X is homeomorphic to ZR(k(z)/K).

REMARK 2.2.8. Taking equivalence classes induces a map XB" — X2 This
induces a bijection

XBer /(equivalence relations) & X b=l

to the subset XIS of Xad consisting of equivalence classes of valuations of height
<1.

For an algebraic variety Y over a complete non-archimedean valuation field L of
height 1, we consider the adic space Y associated to Y in the sense of [Hub94].
What we need to consider in this paper are subvarieties of the projective line, whose
structure will be explained precisely in Chapter 8.



CHAPTER 3

Tropicalizations

In this chapter, we shall recall basic properties of fans and polyhedral complexes
(Section 3.1), tropicalizations of non-archimedean analytic spaces (Berkovich analytic
spaces (Section 3.2), Huber’s adic spaces (Subsection 3.4.1 and 3.4.3), and Zariski-
Riemann spaces (Subsection 3.4.2)), and tropical compactifications (Section 3.3). Trop-
icalizations of algebraic varieties are usually defined to be tropicalizations as Berkovich
analytic spaces. They have been studied by many mathematicians, e.g., see [Gub13],
[GRW16], [GRW17], and [Pay09-1|. Tropicalizations of Huber’s adic spaces and
Zariski-Riemann spaces are the inverse limits of certain polyhedral complex struc-
tures of tropicalizations of Berkovich analytic spaces. They are used to give explicit
descriptions of tropical analogs of Milnor K-groups (Corollary 6.2.4) and to prove
Al-homotopy invariance of tropical cohomology in Chapter 9. For details of tropical-
izations of the two analytifications of the projective line, see Chapter 8. (Note that our
tropicalizations of adic spaces are different from Foster-Payne’s adic tropicalizations;
see [Fos16].)

Let M be a free Z-module of finite rank n. We put N := Hom(M,Z). Let 3 be a
fan in Ng, and T% the normal toric variety over a field associated to 3. (See [CLS11]
for basic notions and results on toric varieties.) In this paper, cones mean strongly
convex rational polyhedral cones. Remind that there is a natural bijection between
the cones o € ¥ and the torus orbits O(c) in T%. The torus orbit O(o) is isomorphic

to the torus Spec K[M N o). Its Zariski closure O(o) in T is a normal toric variety
over K containing it as the open dense torus orbit. We put N, := Hom(M Not,Z).
We fix an isomorphism M = 7", and identify Spec K[M] and GJ,.

3.1. Fans and polyhedral complexes

In this section, we recall the partial compactification | | .y, Nor of R" and define
generalizations of fans and polyhedral complexes in it.

We define a topology on the disjoint union | | .. Nor as follows. We extend the
canonical topology on R to that on R U {co} so that (a,00] for a € R are a basis
of neighborhoods of co. We also extend the addition on R to that on R U {oco} by
a+ 0o = oo for a € RU{oo}. For each o € 3, we put

o' ={meM®@zR|n(m)>0forallncoao}.
We consider the set of semigroup homomorphisms Hom(MNo¥, RU{co0}) as a topolog-
ical subspace of (RU {oo})M"" We define a topology on UZ% N, r by the canonical
bijection
Hom(M N oY, RU {oo}) = | | Nk

TEY
T=0

Then we define a topology on | |

»ex: Nor by glueing the topological spaces | |rex Nrr
T=0

together.
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We shall define fans and polyhedral complex in |_|(,€E oR-

DEerFINITION 3.1.1. Let I' C R be a subgroup. Then a subset of R™ is called a
[-rational polyhedron if and only if it is the intersection of sets of the form

{r e R"| (z,a) < b} (a€Z",beT),
here (x,a) is the usual inner product of R™.

DEFINITION 3.1.2. Let I' C R be a subgroup. For a cone o € ¥ and a (I'-rational)
polyhedron (resp. a cone) C' C Nyg, we call its closure P := C in | | . Nor a (I-
rational) polyhedron (resp. a cone) in | | v Nor. In this case, we put relint(P) :=
rel.int(C), and call it the relative interior of P. We put dim(P) := dim(C).

Let op € ¥ be the unique cone such that relint(P) C N,,g. A subset @) of a
polyhedron (resp. a cone) P in | | _y, N, is called a face of P if it is the closure of
the intersection P* N N, in | | »r for some a € op N M and some cone 7 € X,
where P? is the closure of

{r € PN Nopr | 2(a) < yla) for any y € PN Nopr}

in| | .5 Nog. A finite collection A of (I-rational) polyhedra (resp. cones) in | | .y Nor
is called a (T'-rational) polyhedral complex (resp. a fan) if it satisfies the following two
conditions:

- For all P € A, each face of P is also in A.
- For all P,@ € A, the intersection P N () is a face of P and Q.

We call the union
Urcl]|Now

PeA o€EY
the support of A. We denote it by |A|. We also say that A is a (I'-rational) polyhedral
complex (resp. a fan) structure of |A|.

UEE
JEE

3.2. Tropicalizations of Berkovich analytic spaces

We recall basics on tropicalizations of Berkovich analytic spaces. Let (L,vy: L* —
R) be a complete valuation field of height < 1. In this section, every algebraic variety
is defined over L.

The tropicalization map

Trop: O(c)®* — N, = Hom(M N o+, R)
is the proper surjective continuous map given by the restriction
Trop(vy) = Va|pner: M Not = R

for v, € O(c)B; see [Pay09-1, Section 2|. (Here, as explained in Subsection 2.2.1,
we consider elements of Berkovich analytic spaces as valuations.) We define the trop-
icalization map
Trop: T8 = |_| O(o)B" — |_| Nor
ocED ocEX
by glueing the tropicalization maps Trop: O(c)B" — N, g together. We note that the
tropicalization map
Trop: Tger — |_| Nor
oEX
is proper, surjective, and continuous; see [Pay09-1, Section 3].
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For a morphism ¢: X — Ty, from a scheme X of finite type over L, the image
Trop(p(XB)) of XB under the composition Trop oy is called a tropicalization of
XBer (or X). For simplicity, we often write Trop(¢(X)) instead of Trop(p(X)). For
a closed immersion p: X — T, the tropicalization Trop(¢(XB)) is a finite union of
dim(X)-dimensional y/v(L*)-rational polyhedra by [BG84, Theorem A] and [MS15,
Theorem 6.2.18].

More generally, for a closed immersion ¢’: 2~ — TS from an irreducible Berkovich
analytic space 2~ over L, Gubler showed that the tropicalization Trop(¢'(Z)) is a
union of dim(2")-dimensional /v (L*)-rational polyhedra, and for any cone o € ¥, the
intersection Trop(¢'(27)) N N, is a locally finite union of y/v(L*)-rational polyhedra
[Gub07, Theorem 1.1]. Here, a locally finite union U of polyhedra {P,;}; means that
U is the union of {P;}; and, for each compact subset C' C U, only finitely many
polydedra in {P;}; intersect with C.

For a toric morphism v : Tsy — T, there exists a morphism Trop(7s) — Trop(7%)
inducing a commutative diagram

Ber Ber
TE/ TE

i Trop i Trop

Trop(Ts) — Trop(T%).

We also denote it by ¢: Trop(Tx) — Trop(Tx). The restriction 9|y ,: Nov — Ny of
it to each orbits is a linear map.

REMARK 3.2.1. Tropicalizations do not change under base extensions, i.e., for an
extension L'/L of complete valuation fields of height < 1, we have a commutative
diagram

YL
Xy — TE,L’

R

X 2o Ty % Trop(Ty),

here, (=) means the base change to L'. In particular, we have
Trop(vr (X)) = Trop(¢(X)) C Trop(Ty).

We recall tropical skeletons. Let ¢: X — T% be a closed immersion of an algebraic
variety X. For 0 € ¥ and a € Trop(O(0)), the fiber (G"), := (Trop)~'(a) is an
affinoid subdomain of O(c)B. The fiber X, := (Tropoy)~t(a) is a Zariski-closed
subspace of it. We put I C I'((G}},)a, O(gr.),) the defining ideal of X, C (G}},),. When
the base field (L, v) is of height 1, for a € Ng.r, N Trop(¢(X)), the formal scheme

SPE(C((Gr)a Oepa)”/ T N T((Gr)as Oteg)a)”)

is an admissible formal model of a strictly L-affinoid domain X,. We call its special
fiber in,(X) the initial degeneration of X at a. There is a reduction map

X, = ing(X),

which is surjective [GRW17, Proposition 2.17]. (See also [Ber90, Section 2.4] and
[GRW17, Section 2.13].) By [GRW17, Prosposition 2.12 and 2.16], we have the
following.
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LEMMA 3.2.2. The image of Shilov boundary B(X,) under the reduction map is
the set of generic points of in,(X).

We put
Sk,(X):== || B(Xd).
a€Trop(¢(X))

We call it a tropical skeleton of X. When there is no confusion, we simply denote it
by Sk(X).

3.3. Tropicalizations and partial compactifications

In this section, we shall recall a relation between tropicalizations and partial com-
pactifications. Let X C GI', = Spec K[M] be a closed subvariety over a trivially valued
field K.

DEFINITION 3.3.1. The closure X in the toric variety T, associated with a fan ¥
in Ng 1s called a tropical compactification if the multiplication map
an x X — Tx
is faithfully flat and X is proper.

_ THEOREM 3.3.2 (Tevelev [Tev07, Theorem 1.2]). There exists a fan 3 such that
X C Ty, is a tropical compactification.

REMARK 3.3.3. Let X C Tk be a tropical compactification of X C G7,.

(1) The fan ¥ is a fan structure of Trop(X) C Ng [Tev07, Proposition 2.5].
(2) For any refinement ¥' of X, the closure of X in Tsv is also a tropical com-
pactification [Tev07, Proposition 2.5].

REMARK 3.3.4. For a tropical compactification X C Ts and v € XP, since X
is proper, by the valuative criterion of properness, there exists a unique canonical
morphism

Spec O, — X.
The orbit O C Tx, which contains the image of the maximal ideal under this morphism
corresponds to the cone o € ¥ whose relative interior contains Trop(v).

PROPOSITION 3.3.5 (Tevelev [Tev07, Proposition 2.3]). For a fan ¥ in Ng, the

closure X of X in T is proper if and only if Trop(X) is contained in the support of
3.

The following, which is well-known for specialists, can be proved in a similar way
to the proof of [MS15, Proposition 6.4.7].

LEMMA 3.3.6. Let o C Trop(X) be a cone. We put X C T, the closure of X in
the affine toric variety T, associated with the cone o. Then, for any face T C o, the
intersection X N O(T) is non-empty and of pure codimensional dim(7) in X.

LEMMA 3.3.7. Let A and A" be fan structures of Trop(X) inducing tropical com-

pactifications of X. We assume that A’ is a refinement of A.
Then for N > P’ +— P € A, the morphism

XNO(P)— XNO(P)

is the trivial (dim(P") — dim(P))-dimensional torus bundle.
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PROOF. For z € relint(P') C relint(P), by [Gub13, Remark 12.7], the initial
degeneration in,(X) is the trivial torus bundle over X N O(P) and is that over X N
O(P’). Hence Lemma 3.3.7 holds. O

REMARK 3.3.8. When A is smooth and Ty — Ty is a iteration of blow-ups at
smooth centers, Lemma 3.5.7 follows from that X and orbits intersect properly, i.e.,
the intersection X N O(P) (P € A) is of pure codimension dim P in X. For our
purpose, refinements of this form are enough.

DEFINITION 3.3.9. We put X° the subset of XB consisting of valuations v such
that there exists a natural morphism Spec O, — X.

When X is proper, by the valuative criterion of properness, we have X° = XBer,
The following follows from Remark 3.3.4.

LEMMA 3.3.10. Let ¢: X — Tx be a closed immersion, A a fan structure of
Trop(p(X)). Then we have

X° = U (Trop o)~ (P).

compact cones PEA

REMARK 3.3.11. Since tropicalization maps are proper, the subset X° is compact.

3.4. Tropicalizations of adic spaces and Zariski-Riemann spaces

3.4.1. Tropicalizations of adic spaces. In this subsection, we introduce tropi-
calizations and tropical skeletons of adic spaces associated with algebraic varieties over
a trivially valued field K, and study their basic properties.

We define tropicalizations. Let X be a subvariety of a torus G}, over K, and A a
fan structure of Trop(X) C Ng. We consider the composition

X 5 X — A,

where the first morphism is taking center and the second one is defined by X 3 2 — \ €
A such that # € O(A). (The closure X is taken in the toric variety T associated with
the fan A.) Note that by Proposition 3.3.5 and the valuative criterion of properness,
the map X! — X is well-defined. We denote this composition by Trop}®: X4 — A.

DEFINITION 3.4.1. Taking all fan structures A of Trop(X), we have a surjective

map
Trop®: X2 — limA

called the tropicalization map of X9,

For a subvariety Y of a toric variety Tx, over K and A a fan structure of Trop(Y),
we put

Tropi®: Y24 — A

the disjoint union of Trop?\%Tmp(O(U)) (o €3).

DEFINITION 3.4.2. Taking all fan structures A of Trop(Y), we have a surjective

map

Trop®: Y24 — @A

called the tropicalization map of Y4,
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REMARK 3.4.3. By Proposition 2.2.3, the natural map
X = mX

is surjective, where X runs through all tropical compactifications of X C G" , and the
map Trop™ induces a bijection

X4/ J = mA,

where J s the equivalence relation generated by v ~ w for v and w such that the re-

strictions v|y and wly are the equivalent, i.e., there exists an isomorphism p: v(M) =
w(M) of totally ordered abelian groups satisfying ¢ o v|y = w|-

To give another description of Trop®(X?d), we define an equivalence relation on
(Nr)". For l; € Ng, we can write [; = >, a;xl;x by Q-linear independent elements
{aix}r C R and Q-linear independent elements {l;x}r C Ng. In other words, the
subspace @, Q-l; x C Ng is the minimal subspace of Ng such that (), Q-l;x C No)r
contains ;. We put

i1
Jo={(l,...,l,) € (Ng)" | I; € NR/ZZR -1; 1s non-zero (1 <1i <r)}.
j=1 &k
We put I, the equivalence relation on (Ng)" generated by (I, ...,1.) ~ (I},...,1.) for
(I,...,1.) and (I1,...,1) satisfying
i1
Roo-li=Rop-1L€Na/ D> Y Reljp (1<i<r)
j=1 &k

To simplify notations, we put (Ng)? := {(0,...,0) € Nr}.

LEMMA 3.4.4. Let A C Ny be the support of a fan. There is a bijection
U{<l1’ o) € J | Z(H €j)l; € A for smalle; e Ry (1< j5<1)}/ U I,
>0 i=1 j=1 r>1
& @nA
given by (Iy, ... 1) — (Px)a, where A runs through all fan structures of A and (Py)a
satisfies

Z(H en;)li € relint(Py)

i=1 j=1
for any A and sufficiently small ep ; (1 < j <r).

PrROOF. We prove Lemma 3.4.4 by induction on dim(A), i.e., the maximum of
dimension of cones contained in A. When dim(A) = 0, it is trivial. We assume
dim(A) > 1. We fix [ € Ng \ {0}. We put (P, 5)a the image of | under the map
in Lemma 3.4.4. Then for a fan structure A of A such that dim(F,5) achieves its
minimum, the set AN Np,, g C Trop(Ty) does not depend on the choice of A under
canonical identification of Np , g by bijective maps of tropicalizations induced from
blow-ups of toric varieties. We fix such a fan structure, and denote it by Ag. Then,
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by applying the assumption of the induction to AN N Pa,R» the map in Lemma 3.4.4
for ANN oy R Induces a bijection between the subset of

U{(ll’ o ly) € J | Z(Hej)li € Aforsmalle; e Rop (1 <5 <r)}/ U I,

r>0 i=1 j=1 r>1
consisting of the equivalent classes of (I1,...,1.) such that R.o-l; = Ry - and the
subset of @n]\ consisting of (Py)a such that R.q-lp,) = Ryq -1, where [(p,), is a fixed

point in the relative interior of the intersection (), Pa. (Note that by compactness of
S~ and the definition, the intersection (), Py is a half-line.) Since I € Ng \ {0} is
arbitrary, Lemma 3.4.4 holds. UJ

REMARK 3.4.5. Let (Iy,...,l.) = (Pa)a as in Lemma 3.4.4. Then for a sufficiently
fine fan structure Ay of A, we have

Spang (Py,) = ZR i -
ik

By definitions, we have the following.

LEMMA 3.4.6. Let A be a fan structure of Trop(X), v € X and w € X
a wvertical specialization of v. We put W € X N O(Trop}t(v)) the unique vertical
specialization vy of the trivial valuation on k(center(v)) such that W is a horizontal

specialization of w ((HK94, Lemma 1.2.5(i)] ). Here, we consider vy as an element in
~-ad

X .
Then we have

Trop?d (w) = Tropi(w) N Ny,

(PN g o T Pen ropf{!(v)°

We consider (ly,...,l.) € (Ng)" as a map
M >mwe— (Iy(m),...,l,(m)) € R".

LEMMA 3.4.7. Let v € X be a valuation, and (I1,...,l.) € (Ng)" corresponds to
Trop™(v) wia the bijection in Lemma 3.4.4 for Trop(X). Then there exists a ordered
group isomorphism ¢: v(M) = (ly,..., 1) (M) satisfying ¢ - vl = (ly,...,1.). Here,
we consider R” equipped with the lexicographic order. (We denote a representative of
the equivalence class v by v.)

ProOF. When r < 1, the assertion is trivial. When r > 2, the assertion follows
from induction on 7 in a similar way to Lemma 3.4.4 by Lemma 3.4.6. 0

DEFINITION 3.4.8. For x € Tropad(Xad) whose tnverse image under the bijection
in Lemma 3.4.4 for Trop(X) is (I1,...,1.), we put ht(x) :=r.

We omit the proof of the following lemma because it immediately follows from
Lemma 3.4.7.

LEMMA 3.4.9. Forv € X*, we have
ht(v(M)) = ht(Trop™(v)).
REMARK 3.4.10. The map in Lemma 3.4.4 induces a bijection
Trop(XP) /1 = Trop™!(X2d)ht<t,
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Here, the subset Trop(X2*)M<1 of Trop(X?4) consisting of elements of height < 1, and
I is the equivalence relation generated by a ~ a’ for a and a’ such that R<g-a = Ryg-a’.
We have a commutative diagram

XBer /(equivalence relations) adht<1 c yad

l Trop l Trop®d l Trop®d

Trop(XBer) /T Trop™ (Xadyhtsl Trop™ (Xad),

The following is trivial.

LEMMA 3.4.11. Let v € X, We write Trop™ (v) = (Ppy)a. Then we have
rank (M) = miny dim Py.

DEFINITION 3.4.12. We define tropical skeleton Sk(X?21) of X4 to be the subset
of X2 consisting of generalizations of v € X! such that rankz v(M) = dim X. For a
closed immersion @: Y — Ty to a toric variety Ts, over K, we put

L) = | | Sk(p(Y™) N O(a)™).
Py
PROPOSITION 3.4.13. Let v € X*. The followings are equivalent.
(1) v € Sk(X?d).
(2) There exists a specialization w € X of v such that for any fan structure A
of Trop(X), the tropicalization Tropi’(w) € A is of dimension dim(X).
(3) For any fan structure A of Trop(X) such that X C Ty is a tropical com-

pactification, the center center(v) € X is a generic point of an irreducible
component of X N O(Tropit(v)).

PrROOF. (1) < (2) follows from Lemma 3.4.11. (2) < (3) follows from Remark
2.1.10 and Lemma 3.3.7. O]

REMARK 3.4.14. For any x = (Pp)p € Tropad(_Xad), there exists v € Sk(X?) N
(Trop™®)~1(x). More precisely, for a = (ay)a € NmX (where the limits is taken for all
fan structures A of Trop(X)) such that for any A, the point ay is the generic point of
an irreducible component of the intersection X N O(Py,), there exists v € X*! whose
center is ap for any A. Then, by Proposition 3.4.13, the valuation v is contained in
Sk(X2d).

PROPOSITION 3.4.15.

Sk(X*) N XM=t = Sk XB /(the equivalence relations of valuations).

Proor. This follows from Lemma 3.3.7, [Ber90, Proposition 2.4.4], and [Gub13,
Remark 12.7], O

PROPOSITION 3.4.16. For v € Sk(X®), we have
ht(v) = ht(Trop™(v)).
PRroOF. This follows from Lemma 3.4.9. O
REMARK 3.4.17. We have
Trop™ (X*!) = Trop™(ZR(K (X)/K)).
Here, we consider ZR(K(X)/K) C X,
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3.4.2. Tropicalizations of Zariski-Riemann spaces. In this subsection, we
shall introduce tropicalizations of explicit subsets of Berkovich analytic spaces and
tropicalizations of Zariski-Riemann spaces. They will be used to compute tropical
analogs of Milnor K-groups. Let K be a trivially valued field, L/K a finitely generated
extension of fields. For a morphism ¢: Spec L — G}, over K, there is a canonical
morphism

¢ (Spec L/ K)B — GmBer,

DEFINITION 3.4.18. We call
Trop(p(Spec L/ K)) = Trop(p((Spec L/ K)))
a tropicalization of (Spec L/K)Ber.
REMARK 3.4.19. We have
Trop(p(Spec L/ K)) = Trop(p(Spec L)),
where o(Spec L) is the closure in G". (This is because any affinoid subdomain of

Ber — =<
©(Spec L) has a point whose support is the generic point of p(Spec L).) In partic-
ular, Trop(¢(Spec L/K)) is a finite union of cones.

DEFINITION 3.4.20. For a fan structure A of
Trop(¢(Spec L/ K)) = Trop(¢(Spec L)),

we denote the composition

N ro ad
ZR(L/K) — p(Spec L) TP A,
by Tropi o, where the first morphism is the canonical map. Taking all fan structures
A of Trop(p(Spec L/K)), we have a surjective map

Trop™ op: ZR(L/K) — limA
called a tropicalization map of the Zariski-Riemann space ZR(L/K).

3.4.3. Tropicalizations of adic spaces over valuation fields of height 1.
In this subsection, we shall define tropicalizations of adic space over a complete non-
archimedean valuation field (L,v) of height 1.

We shall define the tropicalization map

Trop2!: U™ — =

for a closed subvarity U C GI', over L, and a \/v(L*)-rational polyhedral complex
structure = of Trop(U).

We assume that = is a polyhedral subcomplex of a polyhedral complex whose
support is Ng, and that any element of = does not contains affine lines. For general
polyhedral complex structure =’ of Trop(U), there exists a refinement = of =’ satisfying
the above assumptions, and we define Trop2! to be the composition of Trop2! and the
natural map = — =/

We construct the above map. As in [Gub13, Section 7], there exists a toric scheme
T¢(=) associated with = over the valuation ring Le° of L¥&, (The existence follows from
[BS10, Corollary 3.11]. See [Gub13, Remark 7.6].) Then, by [Gub13, Proposition
11.12], the closure % of Upus in the toric scheme T,=z) is proper over L*2°. Hence for
any v € Uz‘jlg, there is a natural morphism Spec O, — % . We put x(v) the image of

the maximal ideal. This induces a map x: U gﬁflg — U, where %, is the closed fiber of
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2 . We consider the composition U zflg — Z of this map and a map %, — = defined by

U > x — & € Z, where &, is such that the orbit O(&,) contains z. By construction,

this composition U z‘jlg — = induces a map

Trop2: U — =,

We extend definition of tropicalization maps to subvarieties of toric varieties by
taking disjoint union of them on each orbits. Let X be a closed subvariety of a toric
variety T% over L. For a y/v(L*)-rational polyhedral complex structure = of Trop(X),
we put

Tropd': X* — =

the disjoint union of TTOP%%Tmp(o(U)) (0 €X).

REMARK 3.4.21. There is a canonical map Trop(XP) — = given by z — P,
where P, € Z 1s a polyhedron whose relative interior containing x. We have a com-

mutative diagram

XBer Trop Trop(XBer)

|

Xad

TropaEd

—_
—
—



CHAPTER 4

Tropical cohomology

In this chapter, we study tropical cohomology, (Subsection 4.1.1 and 4.1.2), tropical
cycle class maps (Section 4.2), and show that the tropical analog of de Rham’s theorem
given by Jell-Shaw-Smacka [JSS17, Theorem 1] is given by integrations (Section 4.3).

Let K be a trivially valued field. Let M be a free Z-module of finite rank. We put
N :=Hom(M,Z).

4.1. Tropical cohomology

4.1.1. Tropical cohomology of fan spaces. We remind tropical cohomology
of fans introduced by Itenberg-Katzarkov-Mikhalkin-Zharkov [IKMZ17]. See also
[JSS17, Section 3]. We define a slight modification, which is used to prove existance
of retraction maps in Section 7.2 and 9.

Let Ty, be the toric variety over K associated with a fan ¥ in Ng. Let A be a
polyhedral complex in Trop(Ty). We put A := |A|. For a subset B C Trop(7%), we
put

AN B :={P N B}pea.

We assume that A is a fan. Remind that for P € A, we putted op € ¥ the cone such
that rel.int(P) C Trop(O(op)). Let p > 0 be a non-negative integer. We put

Span(P) := Spang (P N Trop(O(op)))
the Q-linear subspace of Trop(O(op)) spanned by P N Trop(O(op)),
F,(P,A) := Z AP Span(P') € AP Trop(O(op)),

P'eANTrop(O(op))
rel.int(P)C P’

and
FP(P,A) = (M N 0B)o/{f € (M N0b)g | alf) = 0 (a € F(P,A)}.
We have
Fp(P7 A) = HOH](FP(P, A)v@)
Since F,(P,A) and FP(P,A) depends only on the support A = |A|, we sometimes
write F,(P, A) (resp. FP(P, A)) instead of F,(P, A) (resp. F,,(P,A)). When there is no
confusion, we simply write F,(P) (resp. FP(P)) instead of F,(P, A) (resp. FP(P,A\)).
REMARK 4.1.1. Let P, P, € A with P, C Py. In this case, we have op, C op,.

- When op, = op,, there exists a natural injection

imcp Fp(P1) = Fp(Py).

- When P, = P\NTrop(O(op,)), the natural projection Trop(O(op,)) — Trop(O(op,))

mduces a morphism
iP2CP1 : FP(PI) — FP(PQ)'
19
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- In general, we put

ipcp = ipcq 0 lqer t Fyp(P1) = Fy(Q) = Fp(P),
where Q) == P, N Trop(O(op,)).

DEFINITION 4.1.2. Let B C A be a subset, and A a fan structure of A.

(1) For every cone P € A, we put Cy(BN P) the free Q-vector space generated by
continuous maps v: A1 — BN P from the standard q-simplex AY such that

v(relint(A?)) C B Nrel.int(P)

and the image of the relative interior of each face of A? is contained in the
relative interior of a face of P. We put

CP,(1<Bv A) = EBPEAFp(P; A) ®Q Cq(B N P)

We call its elements tropical (p, q)-chains on (B, A).
(2) For v € Cy(BN P), we denote the usual boundary by d(y) = > ,(—1)"y".
For each v®@~y € F,(P,A) ® Cy(BNP), we put

q

v ®v) = (=1)ip cp(v)®7 € Cpyr(B,A),

i=0
where P, ; € A is a face of P such that
v (relint(AY7Y)) C relint(P, ;).
We obtain complezes (C, (B, ), D).
(3) We define the tropical homology groups to be
Tro —
H,7P(B,A) := Hy(Cp.(B,A),0

)-
We put (CP*(B,A),9) the dual complex of (Cp.(B,A),0). We call its coho-
mology groups

HP? (B, A) := HY(CP (B, A), §)

Trop
the tropical cohomology groups of (B, A).
REMARK 4.1.3. We put
ZPY(B, A) := Ker(§: CP9(B,A) — CPT(B, A)).
For a subset D C B, we put
C%Y(B,A) := Ker(CP(B,\) — CP(D, A)).
We have
CPY(B,\) = @®pepFP(P) ®g Hom(C,(B N P),Q).
We identify the both hand sides.

For each a € CPI(B,A) and v € | |pcp Co(B N P), we put a, € FP(P,) the
restriction of a to

Fy(P,) ®QQ.7$FP(P'Y)

where P, € A is the cone such that y(relint(A?)) C relint(P,). We often write
a = (ay)y.
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REMARK 4.1.4. Tropical cohomology does not depend on the choice of the fan
structure A of |A|, i.e., for a refinement A’ of A and any p,q, the natural map

HY (B, A) — HEL (B, N

Trop

is an isomorphism. This follows from [MZ13, Proposition 2.8] (see [JSS17, Section
3] for a proof of it). We write Hyjl (A) := HE (A, A) for a set A and a polyhedral
complex A such that A = |A|.

We define a slight modification, which is used to prove existance of retraction maps
in Section 7.2 and 9.

DEFINITION 4.1.5. Let B C A be a subset, and A a fan structure of A.
(1) For every cone P € A, we put C(BN P) the free Q-vector space generated by
continuous maps v: A? — BN P from the standard q-simplex A? such that

the image v(A?) is not contained in any proper face of P. We put

C;J,q(B7 A) = @PQAFP(P, A) ®Q CQ(B N P)

(2) For v € C{(B N P), we denote the usual boundary by () == > {_(=1)"v".
For each v @y € F,(P,A) ® Ci(BN P), we put
q . .
O(v©7) =Y (~1)ip, ,cp(v) ©7' € Cp o i(B,A),
i=0
where P, ; € A is the minimal face of P containing Im(y"). We obtain com-
plexes (C,, (B, A),0).
(3) We put
- (CP*(B,A),6) the dual complex of (C,, (B, A),0),
- H'P(B,A) := Hy(Cp (B, A),0), and
- HPY (B, A) := HI(CP*(B, ), ).

Trop

LEMMA 4.1.6. We assume that BN A := {B N P}pep is a polyhedral complex
structure of B. Then, for any p,q, the natural morphism

HPS (B, A) — HEL (B, A)

Trop
s an isomorphism.

PROOF. In the same way as [JSS17, Proposition 3.15], there is a natural isomor-
phism
Hie,(B,A) = HY(B, F7|p),
where Z? is a sheaf on A, see [JSS17, Proposition 3.6] for the definition. In a similar

way, there is a natural isomorphism
H2? (B,A) = HY(B,.Z?|p).

Trop
Hence the Lemma holds. ]

We give an easy lemma. Let ¢: Tyy — T% be a toric morphism, A (resp. A') a
fan in Trop(7%) (resp. Trop(Tyr)), and B C |A| and B’ C |A’| subsets such that, for
P € N, there exists @ € A containing ¢(P), and ¥(B’) C B. Then, as usual, the map
¢: Trop(Ty) — Trop(Tx) induces maps

*: CPI(B,A) — CP(B', \')
and
P*: H%%p(B,A) — HPA (B’,A’).

Trop
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LEMMA 4.1.7. We assume that (B') = B, Y(|N]|) = |A], and p(P) € A (P € A').
Then, for any p,q, the map

*: CPYB,\) — CPY(B' ")
15 injective.
PROOF. The assertion follows from the surjectivity of B — B and |A'| — |A|. O

4.1.2. Tropical cohomology of algebraic varieties over trivially valued
fields. We define tropical cohomology of an algebraic variety X over K by tropi-
cal charts in a similar way to tropical Dolbault cohomology H%%EDol(X ). Tropical
charts are first given by Chambert-Loir-Ducros [CLD12] over valued fields of height
1. Slightly different formulations were given by Gubler [Gub16] and Jell [Jel16].
Our formulations are Jell’s ones in [Jell6, Section 3.2 and 3.3]. (Note that tropical
cohomology and tropical Dolbeault cohomology are isomorphic by [JSS17, Theorem
1].) We also define tropical cohomology groups of the subset X° C XB° (Definition
3.3.9), which are isomorphic to those of X.

We define tropical cohomology of X. We define a sheaf % on X5 by, for each
open subset V' C X B putting €%?(V) the set of equivalence classes of (U;, Vi, @i, A, i)
consisting of

- open coverings {U;}; of X and {V;}; of V|
- closed immersions ;: U; — A™ such that V; = (Trop og;) ™' () C UP for
some open subset ; C Trop(p;(U;)),
- fan structures A; of Trop(y;(U;)), and
- o € CP(Trop(vi(V3)), Ay)
satisfying the following: for any ¢, 7, there exists
- a covering {U; ;. }i of U; N Uj,
- closed immersions ; jx: U j i — A"k,
- toric morphisms W; ;py;: Aik — A" and W, ;5 ;0 A"k — A" and
- fan structures A; ;x of Trop(v; jx(Uijk))
such that

- for each P € A;;, and [ € {i, j}, there exists Q) € A; containing W(; ; 1) (P),
- the diagrams
Ui jk

> |
Pi, 5.k

A AMgk — s AT
W (i,5,k),i W(i5,k),5

are commutative, and
- we have

‘I’?i,j,k),v:ai|Trop<sa¢,j,k(womeE;,z)) - ‘I’Eki,j,k),j%‘|Trop(eoi,j,k(mvijE;rk))
€ CPU(Trop(piju(V; N V; NUSL)), Aijik)-
The equivalence relation is generated by
(Ui7 ‘/;7 Pis Ai7 Oéi) ~ (Uj/a V;‘lv 90;7 A;7 Oé;-),
satisfying the following: for each j, there exist i(j) and a toric morphism ;: A" =
A™G) such that

» Uy(j) (resp. Vj(j)) contains Uj (resp. V),
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- the diagram

Pi(5
Ui(j) e AT

b

@} /
Ul —— A"
is commutative,
- for P € A, there exists Q) € Ay(;) containing ;(P), and
© 0 = 5| Trop(e (V1)) -
The coboundary map ¢ in Definition 4.1.2 induces a complex

o0 0 5 €
of sheaves on XPB. The cohomology groups
HE(X) = Ker(€57(XP) — @1 (X)) [ Tm(@51 (XPr) - 631X )

Trop
of global secitons of this complex are called the tropical cohomology groups of X. By
[JSS17, Proposition 3.15], they are the sheaf cohomology groups of a sheaf #% :=
Ker(€2° — €%") on XB. For a closed subscheme Z C X, we put

Cply = Ker(6y! = m.a"6%9),
where m: X \ Z — X is the inclusion, and
: ) : g1 q—1 ,

H']I)‘r((])p,Z(X) 1= Ker(¢,2x(X) — ngg;r( (X))/ Im(E5 5 (X) — G525 (X)).

We consider another expression of tropical cohomology by embeddings of X to toric
varieties. In the rest of this subsection, we assume that X has a closed immersion to a
toric variety. Then there are many closed immersions of X to toric varieties [FGP14,
Theorem 1.2]. Jell used them to give another representation of tropical Dolbeault
cohomology [Jel16, Section 3.2 and 3.3]. We imitate his difinition. We define a sheaf
Gr% on XP in a similar way to €37 but the differences are using closed immersions
X — Ty, to a toric variety Ty, instead of open subvarieties U; C X and closed

immersions U; — A™. Then in a similar way to [Jel16, Proposition 3.3.4], we have
the following.

LEMMA 4.1.8. For any p,q, there exists a natural isomorphism €39 = €3%.

In particular, the tropical cohomology H%‘f)p (X) is isomorphic to
Hpfrop(X) = Ker(6R5% (XP) — G5 (X)) / Im(GR% T (XP) — GR%(XP)).

By [JSS17, Proposition 3.15], it is the sheaf cohomology of a sheaf 7,  := Ker(‘fﬁ’g{ —
Ry) on XBer,

We define tropical cohomology groups of the set X° in the same way as those
of XBer. (They are isomorphic by Corollary 7.2.11 and 7.2.12.) We only describe
the differences. We define sheaves €3¢ and €7%. on X° in a similar way to €%*
and €7'% by using an open subset Q; of Trop(p;(UP* N X°)) instead of an open
subset of Trop(¢(U;)). For a closed subscheme Z C X, we also define sheaves €4 o
and 6750 x.. We define cohomology groups Hyy (X°), Hy%g,,,(X°), HEL ) 70(X°),
and Hpf,.0 70(X°). We have natural isomorphisms €3¢ = €7%. and €0y
G150 xo- The cohomology H7%,, (X°) is the sheaf cohomology of the sheaf F7 . :=
Ker(62 %o — €2%.) on X°.

1%



24 4. TROPICAL COHOMOLOGY

4.2. Tropical cycle class map, tropical homology, and intersection theory

In this section, we study tropical cycle class maps to tropical cohomology groups.
In [Liu20], Liu defined them to tropical Dolbeault cohomology groups. We translate
it to tropical cohomology groups by Jell-Shaw-Smacka’s tropical analog of de Rham’s
theorem [JSS17, Theorem 1]. We also translate Liu’s compatibility of tropical cycle
class maps with intersection theory of algebraic cycles [Liu20, Theorem 1.1 and Re-
mark 1.3 (1)]. (Theorem 4.2.3). For this, in Section 4.3, we will prove that the tropical
analog of de Rham’s theorem is given by integrations.

Let X be a d-dimensional smooth proper algebraic variety over K. We assume
that there exists a closed immersion of X to a toric variety.

We define tropical homology. Since X is proper, i.e., X" is compact, every element
of €7°%(X) has a representative of the form (X, X", ¢: X — Ty, A, o). Hence we
have the following.

LEMmMmA 4.2.1. We have
Hipyep (X) = limg, Hypo (Trop(p(X)),
where ¢: X — Tx, runs through all closed immersion to toric varieties.
DEFINITION 4.2.2. We put
HEP(X) = lim, H (Trop(p( X)),
We call it the (rational) tropical homology group of X.

By basics on inductive and projective limits, we have

H™(X) = Hom(H}, (X), Q).

Trop

There is a tropical analog H%%p,Dol(X ) of Dolbeault cohomology called tropical
Dolbeault cohomology. (See [Jell6, Section 3.3 and 3.4]. Note that he denote it by
HY(X*).) Jell, Shaw, and Smacka showed a tropical analog of de Rham’s theorem
[JSS17, Theorem 1]

Hgg)p,Dol(X) = H%%p(X) ®Q R.
In Section 4.3, we will show that, as mentioned in [JSS17, Remark 3.25], the tropical
analog of de Rham’s theorem is given by integrations of (p, ¢)-forms.

We define the tropical cycle class map to the tropical cohomology group H%ﬂp(X )®0
R to be the composition

CHp(X) — H%f())p,Dol(X) = H'ZI)‘;“I:)p(X) ®Q R

of Liu’s tropical cycle class map CH”(X) — Hgj, | o (X) ([Liu20, Definition 3.6]) and
the isomorphism given by integration. In Section 7.2, we will show that tropical cycle
class map induces an isomorphism CH”(X)q = Hgjy (X).

There is also a natural tropical cycle class map to the tropical homology group.
Let Y C X be a closed subvariety of dimension p. Then, by [MS15, Theorem 3.4.14]
and [MZ13, Proposition 4.3], its tropicalization Trop(p(Y')) with the weight defined
in [MS15, Definition 3.4.3] determines an element of H *P(Trop((X))) which is
compatible with the push-forward maps. Hence Y determines an element of H%OP(X ).
This induces a morphism Z,(X) — H,'*P(X) from the set Z,(X) of algebraic cycles
of dimension p to the tropical homology group.

By Corollary 4.3.10, Liu’s Theorem [Liu20, Theorem 1.1] for tropical Dolbeault

cohomology also holds for tropical cohomology. (He proved [Liu20, Theorem 1.1] only
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over complete non-archimedean valuation fields of height 1, but his proof also works
over trivially valued fields.) Namely, we have the following.

THEOREM 4.2.3 (Liu [Liu20, Theorem 1.1, Remark 1.3(1)]). We have a commu-
tative diagram

CHP(X)q X Z,(X)o *ﬂ(f
HEP (X) @R X H*(X) — R,

where the first horizontal arrow is the intersection theory.

4.3. The tropical analog of de Rham’s theorem

In this section, we shall show that the tropical analog of de Rham’s theorem is given
by integrations on semi-algebraic singular simplices (Corollary 4.3.10). See [Jel16] and
[JSS17] for notations and basics on (p, ¢)-superforms and tropical Dolbeault cohomol-
ogy.
Let X be an algebraic variety over a trivially valued field K. Let X be a fan in NVg.
We shall define semi-algebraic maps to tropicalizations of algebraic varieties.

DEFINITION 4.3.1. A subset A C Trop(Tx) is said to be semi-algebraic if
ANTrop(O(o)) C Trop(O(0)) = Nor
s semi-algebraic in the usual sense for any cone o € X.

REMARK 4.3.2. For a closed immersion ¢: X — Ty, the tropicalization Trop(¢(X))
s semi-algebraic.

DEFINITION 4.3.3. Let S C R™ be a semi-algebraic set. A map ¢: S — Trop(Tx)
is said to be semi-algebraic if and only if the graph

I'y, CR™ x Trop(T,) = R™ X N, g
s semi-algebraic in the usual sense for any cone o € 3.
EXAMPLE 4.3.4. A map
0,1]" — [1,00]" C (RU{o0})" = Trop(A")
gwen by 0 — oo and t — % fort # 0 is a semi-algebraic homeomorphism.

We define the semi-algebraic tropical cohomology group H’II)‘;%p,semi—alg<X ) in a sim-

ilar way to the usual tropical cohomology group Hff”r%p(X ) but using semi-algebraic

singular simplices instead of usual singular simplices.

LEMMA 4.3.5. We have a natural isomorphism HE (X) = Hy! (X)

Trop,semi — alg

PRrOOF. By discussions in [JSS17, Section 3], what we need to show is that for any
point z in the tropicalizations of open varieties of X there exist an open neighorhood U
of z and a semi-algebraic strong deformation retractions of U onto x. By the existence
of semi-algebraic triangulations [BCR98, Theorem 9.2.1] and a similar discussion to
Lemma 7.2.6, it suffices to show that for a point y in the boundary 9A of the singular
simplex A and a suitable open neighorhood V' C A of y, there exists a semi-algebraic
strong deformation retractions of Vonto V N 0dA. This assertion is trivial. OJ
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We shall show that integrations of (p,q)-superforms on semi-algebraic singular
simplices are well-defined. It suffices to show that for a cone o € ¥, a closed subvariety
Y C T,, an open subset V' C Trop(Y), a continuous semi-algebraic map p: A? — V|
and a (0, g)-superform w € &/%¢(V), the integration [,, ¢*w € R is well-defined.
Namely, then, for a (p, ¢)-superform v € &?4(V') and a semi-algebraic tropical (p, q)-
chain

0 = (00p)p: aay € C5(V),

[om% [ vt

is well-defined, here (v; ) € @7%4(V) is the contraction. (See [JSS17, Section 2] for
contractions.) By definition of .&7%¢, without loss of generality, we may assume that w
is the pull-back of the restriction w, of w to an open subset of Trop(O(c)) under the
projection ®,: Trop(7,) — Trop(O(o)) given by the natural one N — N,. We deal
w, as an usual smooth g-form. Since the restrictions of this projection to each orbits
are semi-algebraic, the composition

®, 0 p: A? — Trop(T,) — Trop(O(0o))
is semi-algebraic. By [HKT15, Theorem 2.6], the integration [,,(Il, o ¢)*w, is

well-defined and takes value in R. We define the integration of the (0, ¢)-form w
by [yo¢*w = [,,(IL; 0 p)*w,. Consequently, we have the following.

the integration

PROPOSITION 4.3.6. The integrations of (p, q)-superforms on semi-algebraic trop-
ical (p,q)-chains defined by (4.3) are well-defined.

The next Lemma, a version of the Stokes’ theorem, is a slight generalization of
[HKT15, Theorem 2.9].

LEMMA 4.3.7. Let p: A? — R! be a continuous semi-algebraic map, and w a
smooth (¢ — 1)-form on an open neighorhood of p(A?). Then we have

/w*(dw)z/ prw.
A4 ONAd

Here, d is the usual derivation and OAY is the boundary.

PROOF. When ¢ is smooth on rel.int(A?), the Lemma is just [HKT15, Theorem
2.9]. (As mentioned in the proof of it, [HKT15, Theorem 2.9] works for contin-
uous semi-algebraic map which is smooth on the interior.) In general, the Lemma
follows from the fact that ¢ is smooth on a dense open semi-algebraic subset U of
A? ([HKT15, Corollary 1.12.1]) and the existence of a semi-algebraic triangulation
(¥3)i: L; A7 — A% of A? such that the restriction of maps ); to each dense open face
is smooth and the images of dense open faces are contained in U ([BCR98, Theorem
9.21]). 0

COROLLARY 4.3.8. The integrations give a morphism of complexes o/P* — €2

semi — alg "’

REMARK 4.3.9. Tropical cohomology Hyjl (X)r (resp. tropcial Dolbeault cohomol-

0gy Hiyh, pot(X)r) is isomorphic to sheaf cohomology of a sheaf Fg (resp. Ker(&P? —
PY)) on XBer. Jell, Shaw, and Smacka’s tropical analog of de Rham’s theorem
Hy pa(X) = HEl (X)r [JSS17, Theorem 1] is given by an isomorphism of the
sheaves Ker(&/P° — &/Pl) = FP which is given by integration on points. See [JSS17]

for details.
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Consequently, we have the following.

COROLLARY 4.3.10. Jell, Shaw and Smacka’s tropical de Rham’s theorem Hyl 1 (X) =
Hyd ((X)r is given by integration of (p, q)-superforms on semi-algebraic singular sim-
plicies.






CHAPTER 5

A tropical characterization of algebraic subvarieties

5.1. Outline of this chapter

We shall give a characterization of algebraic subvarieties of normal toric varieties
over complete non-achimedean valuation fileds in terms of their tropicalizations.

Let K be a complete non-archimedean valuation field with non-trivial valuation
val. Let M be a free Z-module of finite rank. Let 7% be the normal toric variety
over K associated to a fan ¥ in Ng := Homz(M,R). Let X C TE be an irreducivle
Zariski closed Berkovich analytic subvariety.

Gubler showed that for any cone o € X, the intersection Trop(X) N N, g is a
possibly infinite union of polyhedra [Gub07, Theorem 1.1]. On the other hand, if
X C T8 is the Berkovich analytification of a Zariski closed algebraic subvariety of
Ty, Bieri and Groves showed that the intersection Trop(X) N N, is a finite union of
polyhedra [BG84, Theorem A]. (See also [EKLO06, Theorem 2.2.3].)

There is a unique cone ox € ¥ such that X N O(ox)B is a dense Zariski open
analytic subvariety of X.

The main theorem of this chapter, a converse of the Bieri-Groves’ theorem [BG84,
Theorem A], is as follows:

THEOREM 5.1.1. Let Ty, X C T8, and ox € X be as above. Assume that
Trop(X)N N,yr is a finite union of polyhedra. Then X is the Berkovich analytification
of a Zariski closed algebraic subvariety of Tx,.

As a corollary, we have the following.

COROLLARY 5.1.2. Let T and X C TS be as above. Then X is the Berkovich
analytification of a Zariski closed algebraic subvariety of Ts if and only if Trop(X) is
a finite union of polyhedra.

REMARK 5.1.3. Chow’s theorem over nonarchimedean fields follows from Theorem
5.1.1 as follows. When Ty, is the projective space, the Berkovich analytic subvariety
X is compact. By [Marl5, Theorem 1], one can see that the tropicalization Trop(X)
is a finite union of polyhedra. Hence, by Theorem 5.1.1, the analytic subvariety X is
the Berkovich analytification of a Zariski closed algebraic subvariety of T.

REMARK 5.1.4. In [MINN14|, Madani, L. Nisse, and M. Nisse proved similar
results for analytic subvarieties of tori over the field of complex numbers.

This chapter is organized as follows. In Section 5.2, we recall initial forms. In
Section 5.3, we prove Theorem 5.1.1 for Berkovich analytic hypersurfaces in tori by
calculating their tropicalizations explicitly in terms of initial forms of analytic func-
tions. In Section 5.4, we prove Theorem 5.1.1 by using surjective homomorphisms
of tori to reduce to the case of hypersurfaces. This is the idea of the proof of Bieri-
Groves’ theorem [BG84, Theorem A], and is also used in [Pay09-2] to study fibers
of tropicalization maps. In Section 5.5, we give examples of the tropicalizations of
analytic and algebraic hypersurfaces in the 2-dimensional torus.

29
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5.2. Initial forms

We shall introduce the initial forms of analytic functions on the analytification
G7Ber of the r-dimensional torus

G’ := Spec(K[TF!, ... TF)
over K as follows. (See [MS15, Section 2.4] for the case of Laurent polynomi-
als.) Let M’ be the free abelian group generated by T; (1 < i < r). We identify
Homgz (M’ R) with R" by sending ¢ € Homgz(M',R) to (¢(T1),...,¢(T.)) € R". For
u=(uy,...,u,) € Z", we put T% := Ty - - - T"r.
For a non-zero analytic function

f=Y aT" TGP 0)\{0} (a, €K),
u€ezZ”
let
Trop(f): R" — R
be the piecewise linear function given by

Trop(f)(w) := min{ val(a,) + (w,u) |u € Z",a, #0} (w € R"),

where (,) is the standard inner product on R".
We note that a formal power series

f=YaT"eK[T,... . T

ueL”

is an analytic function on G™2" if and only if for any w € R”, we have | 1|im val(a,) +
U|—0o0

(w,u) = oo, where we put |u| := > _;_, |u;|. Hence the function Trop(f) is well-defined.

Let K° (resp. k(val)) be the valuation ring (resp. the residue field) of K. Let
~: K° — r(val) be the projection. We fix an algebraic closure K& of K. We also
denote the extension of the valuation val on K to K2 by the same symbol. We put
[ := val((K®8)*). There exists a group homomorphism ¢: I' — (K28)* such that
val op = idr, where idr is the identity map on I' [MS15, Lemma 2.1.15]. We fix such
¢: T — (K®8)* in this chapter.

DEFINITION 5.2.1. The initial form of f with respect to w € R" is the Laurent
polynomial over the residue field k defined by

iy (f) = > dup(—val(a, )T € k[T, ..., T
UEZL", ay#0
val(aw)+(w,u)=Trop(f)(w)

Since ‘ 1|im val(a,) + (w,u) = 0o, the Laurent polynomial in,(f) is well-defined.
u|—o0

We also note that the initial form in,(f) depends on the choice of p: ' — (K?8)*
but, in this paper, we focus only on whether the initial form in,(f) is a monomial or
not for each w € R". This does not depend on the choice of p: ' — (K?#)*.

PROPOSITION 5.2.2. For the Zariski closed Berkovich analytic subvarity Z =
V(Z) C GLP corresponding to a coherent ideal sheaf T C Ogr.per, we have

Trop(Z) = {w € R" | iny(f) is not a monomial for any f € T(G"P T)\ {0} }.

Moreover, when T is generated by a mon-zero analytic function f € T(GHBr O)\ {0},
we have
Trop(V(f)) = {w € R" | in,(f) is not a monomial }.
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PROOF. For each affinoid domain U of GB* w € Trop(U), and f € I'(U, Z) with
Trop~*(w) C U, when the initial form in,,(f) is not a monomial, the initial form in,,(g)
is not a monomial for a function g € I'(U,Z) which is sufficiently close to f in I'(U, Z).
By [Van75, Theorem 3.1.1 and Example 3.1.3], the image of ['(G"B*" 7) in ['(U,Z)
is dense. Hence the first assertion follows from [Rab12, Theorem 7.8]. One can show
that

in,(fg) = in,(f) in,(g)

for any g € T'(G"E, 0) \ {0} and any w € R” in the same way as [MS15, Lemma
2.6.2 (3)], where the equality is proved for Laurent polynomials. Hence the second
assertion holds. 0J

5.3. The tropicalizations of analytic hypersurfaces in tori

In this section, we prove Theorem 5.1.1 for analytic hypersurfaces in the r-dimensional
torus G:Ber.

First, we show that the tropicalization of an analytic hypersurface in G™:2" is the
(r — 1)-skeleton (i.e., the union of cells of dimension less than or equal to r — 1) of
the polyhedral complex associated to the analytic function defining the analytic hy-
persurface. (See [MS15, Proposition 3.1.6 and Remark 3.1.7] for the case of algebraic
hypersurfaces.) See [MS15, Section 2.3| for the terminology of polyhedral geometry
used in this paper.

For a non-zero analytic function

f=Y aT" TGP 0)\{0} (a, €K),
u€ezZr

we write Xmyop(s) for the coarsest polyhedral complex in R" containing
0. :={w eR"| Trop(f)(w) = val(a,) + (w, u) }

for every u € 7" satisfying a, # 0, where (,) is the standard inner product on R"; see
[MS15, Definition 2.5.5]. The polyhedral complex Xryop(s) is pure r-dimensional and
its support is R".

LEMMA 5.3.1. For a non-zero analytic function

f=Y aT" TGP 0)\{0} (a,€K),

ueL”

let V(f) C GBe be the analytic hypersurface defined by f. Then the tropicalization
Trop(V (f)) is the (r — 1)-skeleton of Lavop(s), i-e., the union of cells of Yrop(s) of
dimension less than or equal to r — 1.

PROOF. One can prove this lemma in the same way as in the case of Laurent
polynomials; see [MS15, Proposition 3.1.6 and Remark 3.1.7]. O

We shall now prove Theorem 5.1.1 for analytic hypersurfaces in G7Ber.

THEOREM 5.3.2. Let f € T'(G7Br, O) \ {0} be a non-zero analytic function. As-
sume that Trop(V(f)) is a finite union of polyhedra. Then f is a Laurent polynomial.
In particular, the Zariski closed Berkovich analytic subvarity V(f) C GUB is the
analytification of the algebraic hypersurface of G), defined by f.
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Proor. We put
f=)Y_aT" €T (G 0)\{0}.
uezZ”
By Lemma 5.3.1, the (r — 1)-skeleton of Yqyep(s) is a finite union of polyhedra. Since
the polyhedral complex Yqyop(s) is pure r-dimensional and its support is R", there are
only finitely many maximal cells of Yqyopr). We take a finite subset A C Z" such that
for each maximal cell o € Yqyqp(s), there exists u € A satisfying o, = 0. Then we have
Uuea @ = R7; in other words, for any w € R”, there exists v € A such that

Trop(f)(w) = val(a,) + (w, u).

We shall show that there are only finitely many u € Z" satisfying a,, # 0. Assume
that there exist infinitely many u € Z" with a,, # 0. Then there exist v = (vy,...,v,) €
Z"\ A and 1 < ¢ < r such that a, # 0 and |v;|> |u,| for any v = (uq,...,u,) € A.
Take a real number z; € R such that

val(a,) + zv; < val(ay) + zu;

for any u = (uy,...,u,) € A. Let x :=(0,...,0,2;,0,...,0) € R" be the element such
that the i-th entry is x; and the j-th entry is O for j # i. Then we have

val(a,) + (z,v) < val(a,) + (z,u)
for any u € A. Hence x € R” is not contained in |
R".

Consequently, there are only finitely many v € Z" satisfying a, # 0. In other
words, f is a Laurent polynomial. OJ

wen Ou, Which contradicts (J, ., 0 =

REMARK 5.3.3. For an irreducible Zariski closed Berkovich analytic subvarity Z C
GnBer of codimension 1, there exists a non-zero analytic function f € T'(G7B O)\ {0}
such that Z = V(f). This easily follows from the fact that Z C G"2 is a Cartier
divisor, and the line bundle on G™B corresponding to Z is trivial; see [Lut16, Lemma

2.7.4).

5.4. A proof

In this section, we shall prove Theorem 5.1.1 by using surjective homomorphisms
of tori to reduce to the case of hypersurfaces.

Let M be a free Z-module of finite rank. Let Tx, be the normal toric variety
over K associated to a fan ¥ in Ng := Homy(M,R), and X an irreducible Zariski
closed Berkovich analytic subvarity of TE®. Take a unique cone ox € ¥ such that
X N O(ox)B is a dense Zariski open Berkovich analytic subvarity of X. We fix
a Z-basis my,...,m, of (ox)r N M. By using this Z-basis, we identify N, g =
Homgz((ox)*t N M, R) with R".

Assume that Trop(X) N N, r is a finite union of polyhedra.

LEMMA 5.4.1. Assume that the Zariski closed Berkovich analytic subvarity X N
O(ox)B € O(ox)B is algebraic. Then the Berkovich analytic subvarity X C TS is
algebraic.

PROOF. Let X' C O(ox) be the algebraic subvariety such that X'B" = X N
O(ox)B. By [Ber90, Proposition 3.4.4], we have (X/)B = (X'Ber) = X where X’
is the algebraic Zariski closure of X’ in T%. Hence the Berkovich analytic subvarity
X C T8 is algebraic. O
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By Lemma 5.4.1, it suffices to show that X N O(ox)B" C O(ox )P is algebraic.

We put X’ := XNO(ox)B. Since X’ C X is Zariski open and X is irreducible, X’
is irreducible. We put d := dim X’ = dim X. By the Z-basis m,, ..., m, of (ox)tNM,
we identify O(ox) with Gj,. Let T C Ognse be the coherent ideal sheaf such that
V(I)= X" c GnBer

Let Gr(n —d — 1,n) be the Grassmannian of (n — d — 1)-dimensional subspaces of
Q", which is an integral variety over Q; see [LB15, Section 5.3.2]. Let S be the set of
surjective homomorphisms

$: G" — GIH!
such that
¢: Trop(G?) = R" — Trop(G%™) = R4!

is injective on every d-dimensional polyhedron contained in Trop(X”).

Since Trop(X’) is a finite union of d-dimensional I'-rational polyhedra, we get the
following.

LEMMA 5.4.2. The subset

{ker(¢) N Q" C Trop(GL) | 6 € 5)
is a dense Zariski open subset in Gr(n —d — 1,n)(Q).

PROOF. See [M18, Lemma 5.2]. O

LEMMA 5.4.3. For any homomorphism ¢ € S, the image ¢(X') C GLBT s g
Zariskr closed Berkovich analytic subvarity.

PROOF. For each d-dimensional polyhedron P contained in Trop(X'), the R-linear
map
¢lp: P — R

is injective. Hence ¢|p induces a homeomorphism from P onto ¢(P).
For any affinoid domain U of G415 since Trop(U) is bounded, the intersection

Trop(U) N o(P)
is bounded. Hence the intersection
¢~} (Trop(U)) N P
is bounded. Since Trop(X’) is a finite union of d-dimensional polyhedra, the intersec-
tion
¢~ (Trop(U)) N Trop(X')
is bounded. Hence
Trop((¢)~'(U) N X') € Trop((¢)*(U)) N Trop(X’)
C ¢ (Trop(U)) N Trop(X')

is bounded. Thus Trop((¢)~*(U) N X’) is compact.
By [Pay09-1, Lemma 2.1], the tropicalization map

Trop: G™P — R"
is proper. Hence the closed subset
(#)~'(U) N X" C Trop™' (Trop((¢)~"(U) N X))

is compact. It follows that for any compact subset C' C GLFHBer the subset (¢)~1(C)N
X’ is compact. By Lemma 2.2.2, the morphism ¢|x/: X' — GHBer s separated.
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Hence the map of underlying topological spaces |X’| — |GZFLBer| induced by ¢|x
is proper; see [Ber90, Section 3.1, p.50]. Moreover, the relative boundary of ¢|x
is empty by Lemma 2.2.2. Hence ¢|x: is a proper morphism of Berkovich analytic
spaces; see [Ber90, Section 3.1, p.50] for the definition of proper morphisms. By
[Ber90, Proposition 3.3.6], the image ¢(X') C G&H1Ber is a Zariski closed Berkovich
analytic subvarity. OJ

By Lemma 5.4.3, for each ¢ € S, we consider ¢(X’) as a Zariski closed Berkovich
analytic subvarity of G&1Ber. Since X’ is irreducible, its image ¢(X') is also irre-
ducible. Since

Trop(¢(X')) = ¢(Trop(X”))
and ¢ € S, the tropicalization Trop(¢(X")) is a finite union of d-dimensional polyhedra.
By [Gub07, Theorem 1.1], the irreducible Zariski closed Berkovich analytic subvarity
H(X') C GEFLBer s d-dimensional. By Remark 5.3.3, it is an analytic hypersurface in
Ga+tBer Hence, by Theorem 5.3.2, it is the analytification of an algebraic subvariety

of G&f.

Therefore, for each ¢ € S, the Zariski closed Berkovich analytic subvarity

Wy = (¢) " (6(X")) C GP
is algebraic. We put
W .= m W¢.
peS

Then W contains X’. Since Wy C GB is algebraic for every ¢ € S, the intersection
W is algebraic. One can deduce that X’ C G™%Be is algebraic from the following:

LEMMA 5.4.4. The dimension of W is less than or equal to d = dim X' = dim X .

PROOF. Assume that there exists an irreducible component V' of W of dimension
greater than d. By [GubO07, Theorem 1.1], the tropicalization Trop(V) is a locally
finite union of polyhedra of dimension greater than d. We take a polyhedron P of
dimension d 4 1 contained in Trop(V').

Let S’ be the set of surjective homomorphisms

¢: Gy, — GI
such that the R-linear map
¢: Trop(G?) = R" — Trop(G%™) = R4H!
is injective on P. By [LB15, Theorem 5.2.3|, the subset
{ker(¢) NQ" C Trop(Gy,) | ¢ € 5"}
is dense Zariski open in Gr(n —d — 1,n)(Q). Since S is also Zariski open dense in
Gr(n —d —1,n)(Q), the intersection S N S’ is non-empty.
We take an element ¢ € SN S’. Since ¢p(W,) = ¢(X'), we have
¢(Trop(W;)) = Trop(¢(Ws)) = Trop(¢(X”)) = ¢(Trop(X')).

Since ¢ € S, the image ¢(Trop(Wy)) is a finite union of d-dimensional polyhedra.
Since ¢ € ', the polyhedron ¢(P) is (d + 1)-dimensional. Hence we have

¢(P) £ ¢(Trop(Ws)).
Since P C Trop(V), we have

¢(Trop(V)) £ ¢(Trop(Ws)),
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which contradicts V- C W C W,
Consequently, the dimension of W is less than or equal to d. O

PROOF OF THEOREM 5.1.1. Recall that X' := X N O(ox )P and d := dim X’ =
dim X. By Lemma 5.4.4, the dimension of I is less than or equal to d. Since X’ C W,
the Berkovich analytic subvarity X’ is an irreducible component of W. Since W
is algebraic, by [Ducl8, Proposition 2.7.16], the Zariski closed Berkovich analytic
subvarity X’ C O(ox)B is algebraic. Therefore, by Lemma 5.4.1, the Berkovich
analytic subvarity X C TE is algebraic.

The proof of Theorem 5.1.1 is complete. 0

5.5. Examples of the tropicalizations of algebraic and analytic
hypersurfaces

In this section, we give two examples of the tropicalizations of hypersurfaces in the
2-dimensional torus G%B*. The first example is analytic and not algebraic. It is a
locally finite union of polyhedra, but the number of polyhedra is infinite. The second
example is algebraic, and it is a finite union of polyhedra.

Let

f= > a,; XY €O0G*)\{0}  (ai; €K)

(i,j)ezéo
be a non-zero analytic function on G%P = (Spec K[X*, Y*])B satisfying
val(a; ;) =>4+ 2 +ij —i — j

for any (i, j) € Z2,. For each (s,t) € Z2,, we put

for= Y ai;X'Y7 € K[X,Y]\ {0}.
0<i<s
0<j<t

First, we consider the tropicalization Trop(V(f)) C R?. Since f has infinitely
many non-zero terms, the analytic hypersurface V(f) C G%B is not algebraic. The
tropicalization Trop(V(f)) C R? is not a finite union of polyhedra; see FIGURE.1.
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(-2-1)

(4.-2)

(-6,-3) (-1,-2)

(-8,-4)

-10,-5) -2,-4)
-12,-6 (-3,-5)

-14,-7) (-3,-6)
-16,-8 (-4,-7)

(-18,-9) (-4,-8)

FIGURE. 1. The tropicalization of the analytic hypersurface V (f) C G2%Ber,

Next, we consider the tropicalization Trop(V(fs:)) C R? for each (s,t) € Z2,.
Since f,; is a polynomial, the analytic hypersurface V(fs;) C G%P is algebraic. The
tropicalization Trop(V (fs;)) C R? is a finite union of polyhedra; see Figure.2.
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(-2s+4 ~
-s+2)

(-2s+2,-s+1)

(-2s+1,-s)

(-2s,-s-2)

(-2s-1,-s-4)

"t+3,-2t+6)

(-t+2,-2t+4)

(-t+1,-2t+2)
(-t,-2t+1)

_ -2t1)

(-2s-t+5,-s-2t+8)

(-25-t+4 -5-2t+6)

(-2s-t+3,-s-2t+4)

(-25-t42,-5-2t+2)

FIGURE.2. The tropicalization of the algebraic hypersurface V(fs;) C G%Ber.






CHAPTER 6

Tropical analogs of Milnor K-groups and their sheaf
cohomology

6.1. Outline of this chapter

In this chapter, inspired by Liu’s construction of tropical cycle class maps by Mil-
nor K-groups ([Liu20, Definition 3.6]), we shall introduce a tropical analog K} of
(rational) Milnor K-groups, called tropical K-groups (Definition 6.2.2), and study its
basic properties. The goal of this chapter is the following (Theorem 6.2.7 and Corollary
6.2.9).

THEOREM 6.1.1. Tropical K-groups K7 form a cycle module in the sense of Rost
[Ros96, Definition 2.1]. In particular, for any p > 0, their Zariski sheafification 3
on a smooth algebraic variety X over a trivially valued field has the Gersten resolution,
i.e., a flasque resolution

0— % P ia. KL (k @ o KT @ 052 (R ()

e X (0) zeX @) zeX(2)

—> @ zx*KO O

zeX (P

where X is the set of points of codimension i, the residue field at x € X is denoted
by k(x), the maps i,: Spec(k(x)) — X are the natural morphisms, and we identify
the groups Ki(k(x)) and the Zariski sheaf defined by them on Spec k(z). (See Section
4 for details.)

In particular, we have the following corollary (Corollary 6.2.9).

COROLLARY 6.1.2.
Hgar(X’ '}5/7?) = CHP(X) ®z Q.

Corollary 6.1.2 is used to prove a tropical analog of the Hodge conjecture for smooth
algebraic varieties over trivially valued fields in Chapter 7.

To prove Theorem 6.1.1, we use tropicalizations of Zariski-Riemann spaces (see
Subsection 3.4.2), which give explicit descriptions of tropical K-groups (Corollary
6.2.4).

6.2. Tropical analogs of Milnor K-groups and their sheaf cohomology

Let K be a field. We equip it with the trivial valuation. Let M be a free Z-module
of finite rank. We put N := Hom(M,Z). Let L/K be a finitely generated extension of
fields. Let p > 0 be a non-negative integer. For a morphism ¢: Spec L — Spec K[M]
over K and a fan structure A of Trop(p(Spec L/K)), we put

F,(0,A) == Z AP Span(P’) C AP N,
PeA
39
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where Span(P’) is the Q-vector space spanned by P’ N Ng, and put
FP(0,A) := NPMg/{f € N’Mg | a(f) =0 (o € F,(0,A))}.

Since F?(0,A) depends only on the support Trop(p(Spec L/K)) = |A] of A, we some-
times write F?(0, Trop(¢(Spec L/K))) instead of FP(0, A).

REMARK 6.2.1. Consider two morphisms p: Spec L — G' and ¢': Spec L — G,
over K and a toric morphism ¢ : Gl — G’ such that the diagram

Spec L ——= G,
\ Td’
%)
Gl
1s commutative. These induce a pull-back map
Fr(0, Trop(p(Spec L/K))) — F7(0, Trop(¢'(Spec L/ K))).

Note that since Trop(¢'(Spec L/K)) — Trop(yp(Spec L/K)) is surjective, this pull-back
map 1s injective.

DEFINITION 6.2.2. We put
KN(L/K):=  lim  FP(0,Trop(o(Spec L/K))),

¢ Spec(L)—Gl,

where ¢: Spec L — G runs all K-morphisms to tori of arbitrary dimensions and
morphisms are the pull-back maps

F?(0, Trop(¢(Spec L/K))) — F?(0, Trop(¢'(Spec L/ K))).

We call K%(L/K) the p-th (rational) tropical K-group. When there is no confusion,
we denote it by KI.(L).

The following results give another expression of tropical K-groups.
LEMMA 6.2.3. For a morphism
¢: Spec L — G, = Spec K[M]|
over K, we have
FP?(0, Trop(¢(Spec L/K))) = APMg/Jy = NP Mg/ Ty,

where Jy (resp. Jy;) is the Q-vector subspace generated by f € APMg such that
NPu(p(f)) =0 for v e ZR(L/K) (resp. for v € ZR(L/K) with

ht(v(p(M))) = tr.deg(k(p(Spec L))/ K)).

Here, the element o(f) € NP(L*)q is the image of f by the map NPyp: N Mgy —
NP(L*)q, the map

NPv: AP (L))o — AP(Ty)o
(resp. AP p: AP Mg — AP(L™)g)

is the wedge product of vo: (L*)g — (I'y)g (resp. o Mg — (L™)g) as a homomor-
phism of Q-vector spaces, and k(p(Spec L)) is the residue field of the structure sheaf
at p(Spec L) € G,.
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Proor. This follows from Remark 3.4.5, Lemma 3.4.7, Lemma 3.4.9, and sur-
jectivity of tropicalization map ZR(L/K)* — HmA where A runs through all fan

structures of Trop(p((SpecL/K)). Remind that Trop(p(Spec L/K)) is a finite union
of rational polyhedra of dimension tr.deg(k(¢(Spec L)/K)). O

COROLLARY 6.2.4. We have
KG(L) = NP(L")g/J = NP(L*)g/ T,

where J (resp. J') is the Q-vector subspace generated by f € NP(L*)q such that
NPu(f) =0 forv e ZR(L/K) (resp. for v € ZR(L/K) with ht(v) = tr.deg(L/K)).

We shall show that tropical K-groups satisfy good properties, i.e., they define a
cycle module in the sense of Rost [Ros96, Definition 2.1].

We recall the definition and several maps of Milnor K-groups. For a field F, its
Milnor K-group is defined by

K2,(E) := TPE* }J,

where TPE* is the p-th tensor of the multiplicative group E* over Z and J is the
subgroup of TP E* generated by

{1 ®---®a, | a;=1—a; for some i,j}.

In particular, we have KY,(E) = Z and K};(E) = E*. The image of a1 ® --- ® q,, in
K7, (E) is denoted by (ai,...,a,).

- A morphism ¢: F' — FE of fields induces a map
it Ky (F) = Ky (E)
by
pa((ar, .. ap)) = (plar), ..., plap)).
- For a finite morphism ¢: F' — FE, there is the norm homomorphism

o Ky (E) = Ky (F)
(Bass-Tate [BT72], Kato [Kat80]). It is a generalization of the multiplication
<|E: F]: K%(E) = Z — Z = K,(F)

and the usual norm map E* — F*. This is defined by Bass and Tate [BT72]
with respect to a choice of generators of E over F', and independence of such
a choice was proved by Kato [Kat80].

- For a normalized discrete valuation v: F* — 7Z, there is the residue homo-
morphism (Milnor [Mil70])

dy: K¥(F) = K¥ ' (k(v)).
It is characterized by

(9v((7r, U,y ... ,Upfl)) = (ﬂla Ce ,ﬂpfl)

Oy((u1,...,upy)) =0

for a prime 7 of v and w; € F with v(w;) =0 (1 < i < p) and residue class ;.
(Remind that x(v) is the residue field of v.)
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LEMMA 6.2.5. The canonical morphism
®PL* — KZ(L)
factors through
QPL* — K¥ (L) — KE(L).

PRrOOF. For any a € L, there are no 2-rational-rank valuations of K (a) which are
trivial on K. Hence the assertion follows from Corollary 6.2.4. 0

LEMMA 6.2.6. The maps ¢, ©*, and 0, for v which is trivial on K induce maps
of tropical K-groups

o Kp(F) = K7(B),
v Kp(E) — Kp(F),
dy: KP(F) — K27 (k(v)).

ProOOF. For ¢,, the assertion follows from Corollary 6.2.4. For 9,, the assertion
follows from Corollary 6.2.4 and Remark 2.1.10.

We shall show that the norm homomorphism ¢* induces a map of tropical K-
groups. It suffices to show that for a finite extension of fields ¢: F' — E and a €
K%, (E) such that APw(a) = 0 for any w € ZR(E/K) with ht(w) = tr.deg(E/K), we
have

NPu(p*a) =0

for any v € ZR(F/K) with ht(v) = tr.deg(F/K). We shall show this assertion by
induction on p. When p = 0, the assertion is trivial. We assume p > 1. Let v, €
ZR(F/K) be the unique generalization of v of height 1. Note that since ht(v) =
tr.deg(F/K), we have rank(v) = ht(v). Hence we have rankv; = ht(v;) = 1, ie.,
the valuation vy is discrete. For an extension w; € ZR(E/K) of v; to E and any
u € ZR(k(w;)/K) with ht(u) = tr. deg(r(w;)/K), we have

AP0y, (@) = APa(a) = 0,
where 4 € ZR(E/K) is the specialization of w; corresponding to u in the sense of
Remark 2.1.10. Note that we have

ht(a) = ht(u) + 1 = tr.deg(k(w;)/K) + 1 = tr.deg(E/K).
Hence by applying the assumption of induction to ¢;: k(v1) — k(w;) and 0, (a) €
K (k(w;)), we have
A15( (0w, (@) = 0,

where 7 € ZR(k(v1)/K) is the valuation corresponding to v in the sense of Remark
2.1.10. Hence we have

APu(p*a) = AP715(0,, o p*a)

= to( et e0u(a)
= 0, /

where w; € ZR(E/K) runs through all extensions of v; € ZR(F/K) to E, and the
second equality follows from a basic property

Dnog” =3 plod,

of Milnor K-groups. O
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We also denote the induced maps of tropical K-groups by ., ©*, 0.

THEOREM 6.2.7. The functor

(finitely generated fields over K) — (Z>o-graded abelian group)

L~ @KL (L/K).

p

with ., ©*, 0, and a natural morphism
Ky (L) x K3(L) — Kp**(L)
is a cycle module in the sense of Rost [Ros96, Definition 2.1].

Proor. This follows from Lemma 6.2.5, Lemma 6.2.6, and the fact that Milnor
K-groups form a cycle module [R0s96, Theorem 1.4 and Remark 2.4]. O

EXAMPLE 6.2.8. We give ezamples of tropical K groups.
- For any L/K, we have KX(L/K) = Q by definition.
- For any L/K, by Corollary 6.2.4, we have KX(L/K) = (L* /(L N K8)*)q.
- For any L/K and any p > tr.deg(L/K) + 1, we have K}(L/K) = 0 since
there are no valuations of L which are trivial on K and have rational ranks
strictly greater than tr.deg(L/K).
- Let T be an indeterminate. For any L/K, we have

K;f,deg(L/K)+l<L(T)/K) ~ @ Kfpr'deg(L/K)(k(x)/K)’

1,cl
T€AY

where AlL’d is the set of closed points of AL = Spec L[T], the field k(z) is
the residue field at x € AL, and 8, is the residue homomorphism for the
normalized discrete valuation of L(T) corresponding to x € AV, This follows
from homotopy property of cycle modules for A' [Ros96, Proposition 2.2 H]
and the above example. In particular, for L/K with tr.deg(L/K) = 1, we

have
(az T

KH(L(T)/K) = @ (k(2)*/(k(x) N K"8)*)q.

1,cl
T€AY

~

We give an explicit resolution of the Zariski sheaf of tropical K-groups on a smooth
algebraic variety X over K. Let X @) be the set of points of X of codimension i. For
any i and points z € X®,y € XY Rost defined a map

O: K (k(x)) = Ki ' (k(y))
[R0s96, Section 2] as follows. When y ¢ {z}, we put 8¢ = 0. When y € {z}, we put
0= ¢hod,: Kp(k(z)) = i (k(y)),

where v € ZR(k(x)/K) runs through all normalized discrete valuations of k(x) whose

center in m is y. Let n € X be the generic point. We denote by 7 the sheaf on
the Zariski site Xz, defined by

HE(U) 1= Ker(KE(K (X)) @,epm K (k()),
where d := (97),cpm . We call it the sheaf of tropical K -groups.
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COROLLARY 6.2.9. For any p > 0, the sheaf A7 has the Gersten resolution, i.e.,
an exact sequence

0= A5 @ (K 5 P ik (k@) S @ e KB (k@) 5

J?EX(O) .Z’EX(1> Z‘GX(2>
—> @ zx*KO — 0,
zeX®

where i, : Spec(k(z)) — X are the natural morphisms, we zdentzfy the groups K;.(k(z))
and the Zariski sheaf defined by them on Speck(x), and d := (0Y) (ex®), yext+ny- In
particular, we have

Hgar(X7 ’%/7?) = CHP(X)Q

PRrROOF. The first assertion follows from Lemma 6.2.7 and [R0s96, Theorem 6.1].
The second assertion follows from the fact that for a normalized discrete valuation
v € ZR(E/K) of a field extension E/K, the residue homomorphism

O, K(E) = (E¥)g/(ENK")*)q = Kp(k(v)) = Q
coincides with the map induced by the valuation v: E* — Z. 0

REMARK 6.2.10. Note that residue homomorphisms 0,: KE(F) — Kb (r(v)) of
tropical K -groups lift to wedge products 0, : NP F(S — /\pflli(v)é. For a field extension
L/K, the direct sum of residue homomorphisms

APL(T EB AP~V (
xeAl (D)

is surjective (where T is the coordinate of AL ). To see this, for any element (a,), of
the right hand side, consider the number max{|k(z) : L]} for x such that a, # 0, then
surjectivity easily follows from induction on this number.



CHAPTER 7

A tropical analog of the Hodge conjecture

7.1. Outline of this chapter

We propose a tropical approach to problems on algeraic classes of cohomology
groups such as the Hodge conjecture, the Tate conjecture, and Grothendieck’s standard
conjectures. The goal of this chapter is to prove the following tropical analog of the
Hodge conjecture for smooth algebraic varieties over trivially valued fields.

THEOREM 7.1.1. Let X be a smooth algebraic variety over a trivially valued field.
Then, for any p > 0, the tropical cycle class map

CHP(X) ®z Q — Hgp o (X),

defined by Liu [Liu20, Definition 3.6], is an isomorphism. Here, H3, (X) is the
tropical cohomology group.

(Strictly speaking, Liu’s tropical cycle class map is defined for tropial Dolbeault
cohomology. Tt is isomorphic to tropical cohomology by [JSS17, Theorem 1]. See
Section 4.2.)

By Corollary 6.1.2, Theorem 7.1.1 follows from the following (Theorem 7.2.2) (see
Remark 7.2.4).

THEOREM 7.1.2. Let X be a smooth algebraic variety over a trivially valued field.
For any p, q, we have
Hip(X) = HY(Xzar, A7),
where K¥ is the Zariski sheaf of p-th tropical K-groups (see Chapter 6).

By the Gersten resolution (Theorem 6.1.1), we have the following.
COROLLARY 7.1.3. We have HY? (X) =0 forq>p+ 1.

Trop
COROLLARY 7.1.4. We assume X proper. For p > 1, we have H%%p(X) =0.
PRrOOF. This immediately follows from [R0s96, Lemma 12.8] and the theory of
tropical compactifications. O

One of the most important corollary of the (original) Hodge conjecture is Grothendieck’s
standard conjecture D of algebraic cycles, i.e., kernels of the cycle class maps to sin-
gular homology groups equal the groups of algebraic cycles numerically equivalent to
0. The following (Corollary 7.2.5) is its tropical analog, which follows from Theorem
7.1.1 and Liu’s theorem on compatibility of tropical cycle class maps and intersection
theory [Liu20, Theorem 1.1] (see Section 4.2 and Remark 7.2.4). Note that tropical
homology is the dual of tropical cohomology.

COROLLARY 7.1.5. Let X be a smooth proper algebraic variety over a trivially
valued field. We assume that there is a closed immersion of X to a normal toric
variety. Then, for any p > 0, the kernel of the tropical cycle class map

Z,(X)2Q — Hg;OP(X)
45
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from the Q-vector space Z,(X) ® Q of algebraic cycles of dimension p to the tropical
homology group s the Q-vector subspace generated by algebraic cycles numerically
equivalent to 0.

REMARK 7.1.6. We define tropicalizations of algebraic varieties via non-archimedean
geometry. When K = C, tropicalizations can be defined as certain limits of complex
manifolds. See [Jonl6).

REMARK 7.1.7. We remark related works.

- There is an announcement by Katzarkov [Kat09] that he and Kontsevich used
tropical geometry to study the Hodge conjecture for several types of abelian
varieties.

- There is a paper by Zharkov [Zha20] on Kontsevich’s idea to find a counter-
example to the Hodge conjecture by finding a counter-example to a tropical
analog of the Hodge conjecture. (This tropical analog of the Hodge conjecutre
is slightly different from ours.)

- Babee-Huh gave a counter-ezample to a stronger version of the Hodge conjec-
ture by tropical geometry [BH17].

- When X is curve, a generalization of Theorem 7.1.2 is already proved over
(not necessary trivial) non-archimedean valuation fields by Jell-Wanner [JW18|
for Mumford curves and Jell [Jel19] for general curves.

- Many properties (such as Poincare duality, hard Lefschetz property, and Hodge-
Riemann relations) of tropical cohomology of smooth (i.e., locally matroidal)
tropical varieties are known. See introduction of [AP20] on this topic.

A character of our result is that it holds for gemeral smooth algebraic varieties.
Properties of thier tropical cohomology were, previously, not known so much. (Note
that tropicalizations of smooth algebraic varieties are not necessary smooth tropical
varieties, and properties of tropical cohomology groups of general non-smooth higher
dimensional tropical varieties are still not known so much.)

To avoid difficulty of tropicalizations of higher dimensional algebraic varieties, we
use a theorem for general ”cohomology thoeries”, which is first proved by Quillen
[Qui73] for algebraic K-thoery, and developed by many mathmaticians including
Bloch-Ogus [BO74|, Gabber [Gab94], Rost [Ros96], and Collit-Thélene-Hoobler-
Kahn [CTHK97|. By this theorem, we reduce Theorem 7.1.2 to (several easy com-
putations and) A'-homotopy invariance, which is proved in Chapter 9.

Our main tool is non-archimedean geometry. In addition to usual tropicalizations
of Berkovich analytic spaces, we use tropicalizations of Huber’s adic spaces, introduced
in Section 3.4.1. They are useful to comupute tropical cohomology and tropical K-
groups.

Throughout this paper, we consider tropical cohomology and tropical K-groups of
Q-coefficients. Chapter 9 (a proof of Al-homotopy invariance) does not work for those
of Z-coefficients.

Organization of this chapter is as follows. In Section 7.2, we prove Theorem 7.1.2.
The proof of key Proposition 7.2.1 is given in Section 7.3 (étale excision) and Chapter 9
(A'-homotopy invariance). In Section 7.3, we prove étale excision theorem for tropical
cohomology over trivially valued fields. The proof is easy and short. In Section 7.4,
we show the existance of corestriction maps for extensions of finite base fields. This
is used to prove Theorem 7.1.2 over finite fields. In Section 7.5, we give an example,
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smooth toric varieties over C. We show that their tropical cohomology groups are
isomorphic to the weight graded pieces of their singular cohomology groups.

7.2. A proof of the main theorem

The aim of this section is to prove Theorem 7.2.2 (a tropical analog of Hodge
conjecture). It follows from

- Proposition 7.2.1 (proved in Section 7.3 and Chapter 9),

- easy lemmas on tropical cohomology (Lemma 7.2.14 and 7.2.15 proved in
Subsection 7.2.3), and

- a theorem on general ”cohomology theories” [CTHK97, Corollary 5.1.11],
which is first proved by Quillen [Qui73| for algebraic K-theory, and then
developped by many mathematicians including Bloch-Ogus [BO74], Gabber
[Gab94], Rost [Ros96], and Collit-Thélene-Hoobler-Kahn [CTHK97]

- (and the existence of corestriction maps (Proposition 7.4.5) when the base
field is finite).

As a corollary of Theorem 7.2.2, a tropical analog of Grothendieck’s standard con-
jecture D holds, i.e., tropical homological equivalence equals numerical equivalence
(Corollary 7.2.5). In Subsecton 7.2.2, we will give basic lemmas used to prove Lemma
7.2.14 and 7.2.15.

Let K be a trivially valued field.

7.2.1. A proof of the main theorem. We prove the main theorem (Theorem
7.2.2).
The next Proposition is proved in Section 7.3 and Chapter 9.

PROPOSITION 7.2.1. (1) (étale excision) Let ®: X' — X be an étale mor-
phism of smooth quasi-projective varieties over K. Let Z C X be a closed
subscheme. We assume Z' := ®7Y(Z) — Z is an isomorphism. Then we
have

qD*: ]iéxip,Z(;XT) = }i§¥ip,Z’()(l)'
(2) (A'-homotopy invariance) Let X C ANo be an open subvariety over K. We
put m: X x Al — X the first projection. Then the pullback map

CHPY (X)) — HE? (X x Ab)

Trop Trop
s an isomorphism.
Lemma 7.2.14 and 7.2.15, which are used in the proof of the following theorem,

are proved in Section 7.2.3. We put 7 the Zariski sheaf on X associated to the
presheaf U — HE? (U).

Trop

THEOREM 7.2.2. Let X be a smooth algebraic variety over K. Then there exist
natural isomorphisms

H,, (X, 27°) = Hy, (X)),
A = AP,

In particular, we have

HEP (X) = CH(X),
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PROOF. The last assertion follows from the first one and Corollary 6.2.9.

For each r, by Proposition 7.2.1 and [CTHK97, Remarks 5.1.3, Corollary 5.1.11,
Lemma 5.3.1 (a), and Proposition 5.3.2 (a)] (and Proposition 7.4.5 and a discussion in
[CTHK97, Section 4] when K is finite (see also [CTHK97, Section 6])), there exists
a spectral sequence

= [ B = B (X)

Trop,z
xEX(P)

whose Eay-terms are EYY = H) (X, .™9), and we have
AOV) = Ker(di: Hyyyy, (X)) = @pevo Hipop o (X))

for each open subvariety V' C X, where

. H%&;%(X ) = hﬂerH%ﬂ:?x(U ), where U C X runs through all open neigh-

borhoods of z,
- dy is the differential map of the spectral sequence, and
- 1 € X is the generic point.

(Note that we do not need to prove etale excision for smooth algebraic varieties. That
for smooth quasi-projective varieties are enough. See [CTHK97, Section 4].)

By Lemma 7.2.14, we have E7"? =0 for ¢ > 1. By definition, we have EY? = 0 for
qg < —1. Hence

H%ar(X’ %T7O) = EéLO = Ego = Hr’q (X)

Trop
By Lemma 7.2.15 and Corollary 6.2.9, we have

HV) 2 Ker(Higy, ,(X) = @pevo Hi,

Trop,x

(X)

r d:(aﬁ)w —
= Ker(K7(K(X)) —= @pevi K (k(2))
= (V).
(See Subsection 6.2 for definition of d;.) O

REMARK 7.2.3. By Theorem 7.2.2, the complex of Zariski sheaves m.€%" on X

~Y

(where T: XBT — X is the map taking supports) is a flasque resolution of m,.F% =

AL

REMARK 7.2.4. The isomorphism CHP(X)q = HY, (X) in Theorem 7.2.2 con-
incides with the tropical cycle class map in Section 4.2. This follows from the con-

structions of morphisms of sheaves which induce these two morphisms, see Section 4.2,
[Liu20, Definition 3.2, 3.6], [JSS17, Lemma 3.21|, and the proof of Theorem 7.2.2.

By Theorem 4.2.3 and 7.2.2, we have the following corollary, which is a tropical
analog of Grothendieck’s standard conjecture D of algebraic cycles.

COROLLARY 7.2.5. Let X, K be as in Theorem 7.2.2. When X is proper and has a
closed immersion to a toric variety (e.g. projective), the kernel of the cycle class map
Z,(X) — H%OP(X) to the tropical homology is the set of algebraic cycles numerically
equivalent to 0.

7.2.2. Basic lemmas. In this subsection, we give several basic lemmas, which is
used to prove Lemma 7.2.14 and 7.2.15 in Section 7.2.3.
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LEMMA 7.2.6. Let p: X — Tx, be a closed immersion of an algebraic variety X to
the toric variety T over K associated with a fan ¥ in Ny such that o(X) intersects
with the dense open orbit, and A a fan structure of Trop(p(X)). Forr > 0, we put

C, = U rel.int(P N Ny, r N {n € Ng | min dist(n,n’) <r}),

'e™ X°))NNV
et w €Trop(ip(X*))NNe

where dist(n,n’) is the usual distance of the Euclid space Ng = R™ (here we fix an
identification Ng = R™). (Remind that we put op € ¥ is the unique cone such that
rel.int(P) C N, r.) We assume that for any P € A, the intersection PNTrop(¢(X°))
is a face of P. (Sufficiently fine A satisfies this assumption.)

Then the pull-back map

H%%p<c7“? A) — H%%p<TI'Op(()0(XO)>, A)
1 an isomorphism.

PrROOF. Remind that by Lemma 4.1.6, usual tropical cohomology is isomorphic to
the slight modification defined in Definition 4.1.5. Hence it suffices to show that there
exists a strong deformation retraction ¢: C, x [0,1] — C,. of C, onto Trop(¢(X°))
preserving the fan structure, i.e., for any cone P € A, we have

Y((PNCy[0,1]) C PNC,.

We show the existence of such a ). Let P € A be a cone which is not contained in
Trop(¢(X°)). Then since the intersection P N Trop(p(X°)) is a non-empty face of P,
there exists a strong deformation retraction

wp: PNC, x[0,1] » PNC,

of PN C, onto
(PNC,) \relint(P) = JQNC,,
Q

where ) € A runs through all proper faces of P. (This is a trivial fact on topology.) We
put C,(p) the intersection of C, with the union of cones in A which are of dimension < p
or contained in Trop(p(X°)). These ¥p for cones P € A of dimension p which are not
contained in Trop(¢(X°)) induce a strong deformation retraction 1,: Cy ¢ x [0,1] —
Cn,p) of Cn,p) onto C 1) preserving the fan structure. These ¢, (p > 1) induce a
strong deformation retraction ¢: C, x [0,1] — C,. of C, onto Trop(p(X°)) preserving
the fan structure. OJ

COROLLARY 7.2.7. The pull-back map

Hig, (Trop(p(X))) = Hrye,, (Trop(p(X°)), A)

s an isomorphism.

Proor. Since Trop(p(X)) = U,z Cr, every compact subset of Trop(¢(X)) is
contained in some C, (r € Zs,). Hence, by Lemma 7.2.6, we have

Hiye (Trop(p(X°)), A) = ling ez, Hie,, (Cr, A) = Hyy, (Trop(9(X))).

Trop Trop Trop

O

LEMMA 7.2.8. Let Tx, be a toric variety, A a fan in Trop(Tx), and A, B be subsets
of |A| such that A C B. We fix p € Z>o and q € Z>1. We assume that the pull-back
map

HEI(B, A) — HEI(A, A)

Trop Trop
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is injective for e = 0, and surjective for e = 1. Then, for « € ZP4(B,\) such that
ala =0, there exists 3 € CP*Y(B, A) such that f|a =0 and a = §(B).

PROOF. The proof is elementary. By injectivity of (7.2.8) for ¢ = 0, there exists
a 3 € CP9 (B, A) such that §(8') = a. Since §(f'|4) = ala = 0, by surjectivity
of (7.2.8) for € = 1, there exist 8” € ZP471(B,A) and v € CP72(A, A) such that
B"|a+6(7) = B'|a. We put ¥ € CP972(B, A) the element such that its restriction to A

is 7, and it is 0 for singular (¢ — 2)-simplex whose image is not contained in A. We put
B = p'—p"—46(%). By construction, this § satisfies the conditions in the Lemma. [

LEMMA 7.2.9. Let X be an algebraic variety over K. Assume that X has a closed
immersion to a toric variety. Then the pull-back maps induces an isomorphism

H%%p,T(X> = @WH%%p<Trop((p(Xo)))a
where @ runs through all closed immersions of X to toric varieties.
ProOOF. Well-definedness of the morphism follows from compactness of X° (Re-

mark 3.3.11). Surjectivity follows from Corollary 7.2.7. Injectivity follows from Lemma
7.2.6 and 7.2.8. 0

REMARK 7.2.10. Since X° is compact (Remark 3.3.11), for closed subscheme Z C
X, we have

H’%‘?}p,T,ZO (XO) = li3180‘E[”ﬁr(cl)p,Trop(Zo)(rrropap()(o)))'
COROLLARY 7.2.11. We have
H'II)’;%p,T(X) = H'Il)’;%p,T(Xo)‘
COROLLARY 7.2.12. For a closed subscheme Z C X, we have
H%(f)p,T,Z<X) = H%f%p,T,ZO (XO) = liQW]IZI)‘;z)p,Trop(Zo)(’I‘I‘OI)“O(‘XVO)))‘

PRrROOF. In a similar way to Lemma 7.2.9, the pull back map

HID(X®\ Z2°,61xe)) = Higopr(X\ Z2)°)

is an isomorphism. The assertion follows from long exact sequences of realtive coho-

mology for pairs. O

LEMMA 7.2.13. Let p: X — T, be a closed immersion of an affine algebraic variety
X to the affine toric variety T, associated with a cone o C Ng. Letx € X. We assume
that X N~ (O(0)) = {x}. Let p, € O(X) the prime ideal corresponding to x. We
put p the codimension ofm Cc X.

Then there ezist fi,..., fr € O(X) \ px such that

(1)
Trop((¢, (f):)(X)) N (0 x {0}") € Trop(T5) x (R U {oo})"
1s a finite unton of cones of dimension < p, and
(2)
Trop((¢, (fi)i)(X)) N (o x {0} \ rel.int(c x {0}")) C Trop(T,) x (RU {oco})"
1s a finite union of cones of dimension < p —1,
here we consider f; as a morphism f;: X — Al, and
<§0, (fl)’L) X — Ta’ x A"

1s a closed immersion.
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PROOF. Let ¥ be a fan structure of ¢ such that a subfan A C X is a fan structure
of Trop(¢(X)) No. This induces a birational toric morphism 7: 7%, — T,. We put X’
the closure of 77! (p(X)NG™) in Tx. Then, by [MS15, Theorem 6.3.4], the subvariety
X' is contained in the toric subvariety Ty C Tx,. Moreover, by Lemma 3.3.6, for any
7 € A, the intersection X' N O(7) C X' is pure codimension = dim(7).

We put B C X the union of the image of the generic points of the irreducible
components of X’'NO(7) for cones 7 € A of dimension > p under the natural morphism
X" — X. Then any y € B is of codimension > p. In particular, every y € B\ {z} is
not a generalization of x. Hence there exist fi, ..., f, € O(X)\p, such that for any y €
B\ {z}, there exists f; contained in p,. By construction, these f; satisfy the properties
in Lemma 7.2.13. (Remind that for any 7 and v € XB N (Trop o) ~*(rel.int(7)), there
is a natural morphism Spec O,toX’ from the spectrum of valuation ring O, whose
center center(v) (the image of maximal ideal) is in X' N O(7).) O

7.2.3. Several computations on tropical cohomology. We show Lemma 7.2.14
and 7.2.15, which are used to prove Theorem 7.2.2. Let X be a smooth algebraic va-
riety over K.

LEMMA 7.2.14. Letp >0, . € X® and ¢ > 1. Then
HPM (X)) =0.

Trop,z

Proor. This follows from Corollary 7.2.11, Lemma 7.2.13, the fact that as usual
singular cohomology, tropical cohomology can be computed from cell complex instead
of singular chains ([MZ13, Proposition 2.2]), and the long exact sequences of relative
tropical cohomology of pairs. O

LEMMA 7.2.15. There are natural isomorphisms

Higo (X)) 2 K7(K (X))
and
Hfopo(X) = K7 (K(2)) (2 € XW)
such that
7,0 d1 r,1
HTrop,n (X) - HTrop,;v(X)

L.

% r—
Kp(K(X)) — K77 (k(z))
is commutative. (See Subsection 6.2 and the proof of Theorem 7.2.2 for notations.)

PRroOOF. The first isomorphism is given by Corollary 7.2.12. The second one is
given as follows. (By construction, the diagram is commutative.) By Corollary 7.2.12,

Lemma 7.2.13, and Remark 7.2.10, the tropical cohomology H{:l (X) is isomorphic

rop,T
to

. 7,1 7

hglsonpE\lw (o Ag),
where ¢: U, — T, run through all closed immersions from open neighorhood U, C X
of x to the toric varieties T associated with 1-dimensional cones [, € N, r such that

0 1(0(l,)) = U, N {z}. (Here, the closure [, is taken in Trop(7},)) and A, is a fan
structure of Trop(yp(U,)).) A map

@@H;rlopj\{o} (Zv A<P) - K;“_l(k(x))
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given by

H;rlopj\{O}(Z’ Ayp) 3 ap = (p)q, (dyp A )

is an isomoprhism, where d, € [ is the primitive element, and v,: [0,1] — E is a
fixed homeomorphism such that ,(0) is 0 € N,g. The composition gives the second
isomorphism in Lemma 7.2.15. 0

7.3. Etale excision

We prove étale excision (Proposition 7.2.1 (1)). Let ®: X’ — X be an étale
morphism of smooth quasi-projective varieties over a trivially valued field K. Let
Z C X be a closed subscheme. We assume that ¢ induces an isomorphism 7’ :=
®~1(Z) = Z. By Corollary 7.2.12, it suffices to show that the natural morphism

Cricxe = PuCk o
of sheaves on X° is an isomorphism. We consider an open neighorhood X°\ (X \ Z)°
(resp. X"\ (X'\ Z')°) of Z° in X° (resp. of Z’° in X’°). Remind that by definition,
X°N\ (X \ Z2)° (resp. X\ (X’ \ Z2)°) is the set of valuations contained in X (resp.

X') whose center is in Z (resp. Z'). Since ®: X’ — X is étale and Z' = Z, by [Fulb,
Lemma 2.8.5], the map
XN (XN 2)" = XPN\ (X 2)°
is a homeomorphism. Hence it suffices to show that for any v € X\ (X’ \ Z’)°, the
morphism
(ggquXo,‘D(v’) - (ggngX’o,'u’
of stalks is an isomorphism. When v" € Z’°, the both hand sides are 0. We assume

v' € Z'°. Injectivity follows from Lemma 4.1.7.
We shall show surjectivity. Let fi,..., fr € Ox/supp(v/)-

LEMMA 7.3.1. There exist gy, ..., gr € Ox supp(v) Such that

i
and
w’(é —1)>0
gi

for any w' in an open neighorhood W' of v’ in XBer.

ProoOF. This follows from the fact that the above conditions are open conditions,
the morphism ®: X’ — X is étale, and 7' = 7. O

Hence we have

Trop o(fi)ilw = Trop o(g;)i o ®lw,

here (f;); and (g;); are considered as morphisms to the affine space A". Consequently,
since { f;}; are arbitraly, the morphism

P,q D,q
Crexyevw) = Clzcxno

is surjective.
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7.4. The existence of corestriction maps

In this section, we show the existence of corestriction maps, which is used to prove
the main theorem Theorem 7.2.2 over finite fields. Let K be a trivially valued finite
field and L a trivially valued finite field which is an extension of K. Let X be a smooth
algebraic variety over K.

We shall construct a Q-linear map

cor: ?f)’zf(Xfer) — CK)’?‘](XB“)

(corestrction map) such that cor 0§ = docor and corores = [L : K|, where res: €3 (XPT) —
CRI(XP) is the base change.

We may assume that X is quasi-projective. We use 675 instead of €%? (Lemma
4.1.8). Let ¢: X, — Ts 1 be a closed immersion to a toric variety Tsvj over L
and o € O (Trop(¢(Xy))). We shall construct cor(a) € €7%(XP). We put

Trop

m: X — X the base change. For simplicity, we assume that X is connected and
(X 1) intersects with the dense torus orbit.

LEMMA 7.4.1. There exists a morphism 1: X — T, to a toric variety Ts, such that

- the projection

®: Trop((¢,¥r)(Xr)) — Trop(y (X))

is finite-to-one, and

- for any r, sufficiently fine fan structures A of Trop(¢(X)) and A" of Trop((¢, ¥1) (X))
and cones P € A and P' € N such that ®(P') = P, there is a unique Q-linear
map

coTpr: Fr(Plv TI'Op((QO, ¢L)(XL>>) - FT(PJ TI'Op(Q/J(X))),
such that for a valuation p € X with Tropy*(¢(u)) = P, the diagram

F'(P', Trop((p, ¥r)(X1))) — F" (P, Trop(¢(X)))

| |

D, Kr(k(v)) K (k(p))

is commutative, where v runs through all the elements in the finite set =1 (u)N
(Tropa?)~Y(P"). the vertical arrows are canonical ones, and the last horizontal
arrow 1s the sum of norm homomorphism.

ProOF. Uniqueness is trivial.

We claim that for any g, there exist a closed subscheme Z, C X of codimension
q and a morphism v¢,: X — Ty, to a toric variety Ty, satisfying the assertion of the
Lemma for X \ Z, instead of X.

When ¢ = 1, this follows from compactness of the Zariski Riemann space ZR(K (X)/K)
and Lemma 7.4.2. (Note that for v and v, as in Lemma 7.4.2 and any ¢': X — Ty,
Lemma 7.4.2 holds for v and (¢,,%’) by projection formula.)

When ¢ > 2, the claim follows in a similar way to ¢ = 1, by induction on gq. 0

LEMMA 7.4.2. For any v € ZR(K(X)/K), there exists a morphism 1,: X — Ty,
such that for sufficiently fine fan structures A, and A}, there exists corp: as in Lemma
7.4.1 for the cones P’ € Al such that P' — Trop}’ (1,(v)) € A,.
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PROOF. There exists a commutative diagram

Tsrp X Th, o — T,

(907%,0,1;;); 7 T T V,,,_wv,o
y ;,0 '[pvl
Xy Ty Ts,, <% X
/ . Yo
111 N T T //,r' 1!%;,2 L
Ty 1 Ty, Tx,
such that
- for any *, the variety T, is a toric variety, the arrows between them are toric
morphisms,

- the usual arrows are morphisms, the dotted arrows are rational maps,

- the toric morphisms Ty, — T, and Ty, oL Tsr p X Th,, 1 are birational,

- for any *, the closure of the image of suitable open subvariety of X in T}, or
Xp in Ty, 1, is a tropical compactification,

- the toric variety T), is an open toric subvariety of the toric variety Ty, 0 XTh, 4
Ty, (Lemma 7.4.3),

- the variety 1,1 (U) is the normalization of ¢, o(U), where we fix a sufficiently
small open subvariety U C X,

- the morphism Trop(+;, (UL)) — Trop(t,0(U)) is finite-to-one,

- the fan A[ ; is sufficiently fine so that for w € 7(v), the number dim(Trop?\‘i (W)

archives its minimum,
- we have

{zo} = ¢ (U) N O(0s,)

for some o,, € ¥, 1, where zy := center(v) € 1, 1(U),
- for any p, the image of the set

AP Im(T(O(oy,), O) — Kk(v))
contains the image of the restriction

Tl (M7 Pw=1({0})

of ¥ KB (k(w)) — KL (k(v)) for w € 71 (v), where 7,,: k(v) = k(w) is the
natural finite morphism of the residue fields and O is the structure sheaf of
the torus O(o,,).

Then there is a natural morphism
wv,l(U)L — Q/JL,O(UL)'

This is because 1, ,(Ur) — v,,0(U) is finite, and 1, 1(U), is normal. (Remind that
L/K is separable.) In particular,

- for any w,v € ZR(L(X./K)) such that 7(w) = v and
Tropj, (¢, (w)) = Tropj, (¥/,(v)),

the local ring O, of the structure sheaf at the center y € 1,1 (U), of v contains
o(M") Nw=(0), and




7.4. THE EXISTENCE OF CORESTRICTION MAPS 55
- for w,v € ZR(L(X/K)) such that m(w) = v,
Tropy, (Y2 (7(v))) = Tropy, (Yu2(v)),

and y, € {yw}, where y, € 1,1(U), is the center of * for x = w, v, we have

Trop, (¥,(v)) = Tropj; (v;,(w)).
(Note that for each v such that
Tropy, (Y2 (7(v))) = Tropy, (Yu.2(v)),

there exists w as above.)

Consequently, there is a unique required Q-linear map ¢orps by projection formula
([Ros96, Definition 1.1 R2c]), two types of compatibility [Ros96, Defintion 1.1 Rlc
and Propositon 4.6 (1)], and the fact that for any x,2’ € X with 2/ € {z} and
v € ZR(k(z')/K) C X there exists a horizontal generalization v € ZR(k(z)/K)
(see [HK94] for horizontal generalizations), and we have x(v) = x(v') and

@ k(w') = @ k(w).
w/'en—1(v') wen~1(v)
(The last fact is because we have
deg( P w(w))/r(v))) = deg(r(v') ®x L/w(v)) = [L : K]
w'en=1(v")
and the same holds for v instead of v'.) O

By computations of dimension and the balancing condition ([MS15, Theorem
3.4.14]), we have the follwoing.

LEMMA 7.4.3. Let Ty, (i = 1,2,3) be a toric variety and p;: Ty, — Ty, (j = 2,3)
be a toric morphism. Let Xy, C Ty, (i = 1,2,3) be an algebraic variety which is
a tropical compactification such that ¢;(Xs,) = Xx, (j = 2,3) and Trop(Xy,) —
Trop(Xs, ) is finite-to-one. Then there exists an open toric subvariety Ts, of T, X1y,
Ty, such that

Trop(Xs, X xy, Xs,) = [S4] C Trop(Ts, X7y, Tx,).

We put M the lattice such that Spec K[M] C Ty is the dense torus orbit.
For each cone P € A, we take fi,..., famr) € M N op such that the natural map

(fi,-- -, faim(p))o — Homg(Span(P), Q)

is an isomorphism, where op € ¥ is the cone such that rel.int(P) C Trop(O(op)).
This induces decompositions

FP(x) 2 @ _g N (f)g @ F" ()

for x = P € A or P’ € A’ such that ®(P') = P. For each continuous map v: A? —
P e Cy(P'), we write the image of a, by

p
E E bt ®
j=0 1

(ij S /\j<fi>(@ and Qi € Fpij(P/)).
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DEFINITION 7.4.4. For each continuous map v: A? — P € Cy(P), we put

COI‘ ZZZbJZ ®COI‘p/ (®]pr)~ 107][)
P j=0
where P € N’ runs through all cones such that ®(P') = P.
We put
cor(a) := (cor(a),), € CHL (Trop(¥(X))).

Trop
This cor(«) pr is independent of the choices by uniqueness of €or and projection formula
([R0s96, Definition 1.1 R2c|).

Consequently, by Lemma 4.1.8, we have the following.

PROPOSITION 7.4.5. Let X be a smooth algebraic variety over K. Then there is a
Q-linear map
cor: ‘ﬁﬁf(XLBer) — ERI(XP)
such that corod = § o cor and corores = [L : K].
(The compatibility corod = ¢ o cor follows from [Ros96, Definition 1.1 R3b].)

7.5. Example: smooth toric varieties

In this section, we shall show that the tropical cohomology groups of smooth toric
varieties over C are isomorphic to the weight-graded pieces of their singular cohomology
groups.

Let M be a free Z-module of finite rank. Let Ty be the smooth toric variety
over C associated with a smooth fan ¥ in Ng := Hom(M,R). We define the tropical
cohomology groups H%%p(T v) of Ts, by considering C as a trivially valued field.

We recall a spectral sequence whose Es-terms are isomorphic to the weight graded
pieces gry(, HE(T5(C), Q). We put T C Ty the closure of the union of p-
codimensional orbits. This induces a filtration

FOCr =T o1 () (T2(€), Q) = Ker(Ci, (T5(C), Q) = G (T (C C)\T¥(C), Q)

on the group of singular cochains C" := Cf,,(Tx(C),Q). Totaro showed that the
spectral sequence

E’Pq Eg% — HI p(T(p)(C)\T(p+1)(C) Q) Hp+q(T§;((C) @)

sing sing
induced from this filtration degenerates at Ep-terms, and EY? := EYY 5 1s isomorphic
to the weight-graded pieces gr2( » H9(T5(C),Q) [Tot14, Theorem 4].

sing

We give a natural morphism E5? — H3? (Tx). There are natural isomorphisms

HL (0(0)(C),Q) 2 AN (MNot)y (1€ Zsp,0€X),

sing
see [CLS11, Example 9.0.12]. We consider composition of this isomorphism and a
natural map A (M Not)g — KL(k(n,)), where for each o € ¥, we put 7, € O(c) the
generic point. By [Jor98, Theorem 2.4.1] and Poincaré duality, we have a commutative
diagram

HELTY @\ T (0),Q) —= HEr (T \ T (0), Q)

sing sing

| |

D, ere K7 (b(w) —— = D, eqpen KF77 (k(0)),
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where dy: EP* — EP™Y is the differential, the map d is as in Corollary 6.2.9, and
the vertical map are defined above. (Here, we identify HZ ? (Tép )(C) \Tép )(C)) and

sing
@U€Z<p) HE 2(O(0)(C)), where ¥,y C ¥ is the subset of p-dimensional cones.) By

sing
Corollary 6.2.9 and Theorem 7.2.2; this commutative diagram induce a morphism

EDY — HEP (Ty).

Trop
We shall show that this is an isomorphism.

REMARK 7.5.1. For a smooth toric variety Ty, a closed toric subvariety Ty C T
of codimension 1, we put = the fan associated with the smooth toric variety Ts, \ Ty .
We shall construct a morphism of long exact sequence

p—1,g—1 'q D, p,q—1
By, By Lz, LNy

)

T T

o Hi T (T8) —— HR,(Ts) —— Hil, (Te) — Hip, " (Th) — ...

The projection gives an short exact sequence

0— EX M1 — BB — E2Y 0.
(Here, we identify E7{ and EBUE*@) HE 2(O(0)(C)) for x € {A,3,Z}.) This gives a
long exact sequence of Eo-terms

cee = Eﬁ,_;’q_l — Egé — Eé% — Eﬁ’g_l — ..
Theorem 7.2.2 and the Gersten resolutions of sheaves of tropical K-groups induces a
natural isomorphism
Hitom, (Te) = Hiy " (Th).
Consequently, by the long exact sequence of relative tropical cohomology groups for the
pair (Ts, Ty, we have the above morphism of long exact sequences.

THEOREM 7.5.2. We have
EP?T >~ HIP (Ty).

Trop

PRrROOF. First, we show Theorem 7.5.2 for the torus Ty, = GJ, by induction on
n. When Ty, = G% = {pt}, Theorem 7.5.2 is trivial. When Ty = G?, (n > 1),
Theorem 7.5.2 follows from the assumption on induction, A'-homotopy invariance
(Proposition 7.2.1 (2)), and the morphism of long exact sequences in Remark 7.5.1 for
Gl x {0} Cc Gt x AL

Second, we show Theorem 7.5.2 for general smooth toric variety Ts by induction
on the integer #X. When #3 = 1, the toric variety T% is the algebraic torus G},
and Theorem 7.5.2 is already proved above. We assume #> > 2. Then there is a
codimension 1 closed toric subvariety Ty C Tx. We put = the fan associated with
the smooth toric variety T \ 7. We have #A < #3 and #= < #X. Hence, by the
assumption of induction and the morphism of long exact sequences in Remark 7.5.1
for T C Ty, Theorem 7.5.2 holds for Ts.. O






CHAPTER 8

The analytifications and tropicalizations of the projective line

In this chapter, we give explicit descriptions of Berkovich’s and Huber’s analytifi-
cations of the projective line P! over complete valuation fields of height 1 (Subsection
8.0.1) and of their tropicalizations (Subsection 8.0.2). (See Chapter 2 and 3 for basics
on analytic spaces and thier tropicalizations.) In Subsection 8.0.3, we compare tropi-
calizations A! and those of fibers of (X x A1)Br — XBer and (X x Al)2d — X2d for
algebraic variety X over trivially valued fields.

Let (L,vy: L* — R) be a valuation field of height 1. We denote its completion
by (j}, v LX — R). We fix an extension of vy, to L. We also denote it by v;. We
denote the residue field of (L, vr) by x(L). Let T be the affine coordinate of P'.

8.0.1. The analytifications of the projective line. We describe the structure
of the two analytifications of the projective line. See [Ber90, 1.4.4] and [Schll,
Example 2.20].

As a set, Huber’s analytification P+

L
valuations. There is a canonical inclusion P

is the set of equivalence classes of continuous

}J’Ber C Pli’ad as sets. Huber’s adic space
Pli’ad consists of points of 5 types. The Berkovich analytic space IEDE’Ber is identified
with the set of points of type 1 — 4 by the inclusion IP’lz’Ber

[Sch11, Example 2.20].

1,ad : .
C Pz’a . See a picture in

DEFINITION 8.0.1. - x € Plﬁ’ad s said to be of type 1 when there exists

a € PE(Lglg) such thaassociated with t x is the composition
Op % LAle Ly gy (L2l2),
L

We identify type 1 points and closed points of IP’li.

- x € Pli’ad is said to be of type 2 (resp. of type 3) when there exists a €
IP’E(Lg‘lg) \ {oo} and r € vy ((L¥2)%) (resp. r € R\ UL((Lalg)X)) such that x is
defined by the restriction of

L*[T] 5 Z a;i(T — a)’ ml_in{v(al-) +ir}

In this case, we say that x corresponds to (a,r). Note that r is unique, but a
is not unique. In fact, for a’ € ]P’lﬁ(LAIg) such that v(a —a’) > r, the valuation
x also corresponds to (a’,r). In particular, we can take a € L8,

- x € ]P’li’ad is said to be of type 5 when there exists a € Piélg(L:ﬂg) \ {0} and

re vL((L;ﬂg)X) and € € {+, —} such that x is defined by the restriction of

LA[T]* 5 Z a;(T — a)' miin{(’u(ai) +ir,ei) € R x Z},

59
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where we consider R X Z as an ordered group with the rexicographic order. In
this case, we say that x corresponds to (a,r,€). It is a specialization of the
type 2 point corrsponding to (a,r). Type 5 points are height 2 valuations.

A point = € ]P’E’ad is said to be of type 4 when it is not type 1 — 3, nor 5. Type 4
points are not important in this paper. We do not explain them anymore.
Remind that for each x € IEDE’Ber, we put k(z) the residue field of the valuation z.
Note that it is different from the residue field of the stalk of the structure sheaf. We
denote [k(z) N k(L) : k(L)] by res. alg. deg(z), which is always finite. This notation
is not standard.

For z,y € ]P’E’Ber, we put [z,y| C ]P’E’Ber the minimal connected subset containing
both = and y, which is homeomorphic to [0,1] C R. We also put [z,y) = (y,z]| =

[l’,y] \ {y} and (x,y) = [l’,y] \ {%,y}.

REMARK 8.0.2. For a point x € IP’fJ

a 2 1,Ber -
to a € PL(L*) or (a,r) € (P} (L) \ {00}, R), then (z,00) C P is the set of
valuations defined by

\ {0} of type 1,2, or 3 corresponding

LY8[T) 5 ) ay(T — a)' min{v(a;) +ir'} (' € Re,).

(Here, we put r := oo when x is of type 1.) The map
(x,00) 2 (the valuation corresponding to (a,7’)) — ' € R_,
1s @ homeomorphism.

. 17Ber . l,Ber
lleMARK 8.0.3. For a type 1 point a € P \ {oo} and a point x € P77\ {oo},
we have

[z, 00] N [a, 0] = [(the valuation corresponding to (a, min Z(7 — a))), oo,

1,cl

where T runs through all extensions of x to IP’i’S:r, and the closed point a € IP’Lélg 1S a

fized extension of a.

1,ad

REMARK 8.0.4. For a type 2 point w € P, there is a bijection

. .. . . lady ~u 1,Ber
{non-trivial specializations of w in P;*"} = {connected components of ;™" \ {w}}

defined by, for each (a,r) to which w corresponds,

the valuation corresponding to (a,r,+) +— the connected component containing a

the valuation corresponding to (a,r, —) — the connected component containing oc.

We put wy oo (T€SP. Uy o) the specialization of w correspoding to the connected compo-
nent containing oo (resp. 0).

REMARK 8.0.5. When w ¢ [0, 00|, we have ty, o = Uy co-

Note that for a specialization u of w € P}i’ad, we have x(w) N k(L)™8 C k(u).
LEMMA 8.0.6. Let w € Plﬁ’ad be a type 2 point, and u € Pli’ad

1zation of it.

a non-trivial special-
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(1) [APZ88, Corollary 2.1] The residue field x(w) as a valuation is isomorphic
to the one variable rational function field over k(w) N k(L)™8. In particular,
we have bijections
{specializations of w}

={equivalence classes of valuations of k(w) which are trivial on x(L)}
g]P)]- alg -

k(w)Nk(L)?1s

(2) We have r(w) N K(L)M8 = K(Uy.oo) = KU p)-

(3) When u # wy oo, for a type 1,2, or 3 point x € PE’BGT which is contained in the
connected component of IP’li’Ber \ {w} corresponding to u, we have a canoncal
inclusion k(u) C k(x).

(4) For type 1,2, or 3 points x1,xo € P
canonical inclusion

r(29) N K(L)™8 C K(xy) N K(L)™E.

1,Ber

i such that x; € (x1,00), we have a

(5) There exists w' € [0o,w) such that k(w') N k(L) = k(w) N Kk(L)*8.

PRrROOF. (2) follows from [APZ&88, Theorem 2.1 and Corollary 2.1].

(3) and (4) follow from a discussion in the proof of [APZ88, Theorem 2.1 (d)]
when z and z; are of type 1. They follow from the type 1 cases, [APZ88, Corollary
2.1], and [APZ90, Theorem 5.3|, when z and x; are of type 2 or 3.

(5) easily follows from [PP91, Corollary 1.6] and the definitions of type 2 and 5
points. ]

8.0.2. Tropicalizations and skeletons of the projective line. We shall give
explicit descriptions of tropicalizations and tropical skeletons of the projective line.

We fix notations. Let M be a free Z-module of finite rank. We put N :=
Hom(M,Z). Let p: P} — Tx be a closed immersion to the toric variety T over
L associated with a fan 3 in N such that ¢(PP}) intersects with the dense open orbit
G, = Spec L[M] C Tx . Let hy,...,h, € L(T) be the image of a fixed generator
ma,...,my, of M under ¢: K[M| — L(T). Let a;; € Plﬁ’d be the zeros and poles of h;
in the base change PP}

In this subsection, we assume the following.

ASSUMPTION 8.0.7. There exists r < n such that f; == h; (1 < 1 <
polynomial and hy (I > r+ 1) is a quotient of products of copies of f; (1 <1i <r).
1,Ber

i/ A
ion retraction of IP’IL’BQr onto [a,00]. Let g € L[T] be an irreducible polynomial whose

REMARK 8.0.8. For a closed point a € P\ {oo}, there exists a strong deformar-

zero is a. We consider it as a morphism g: IP’E — Plz. Then Sk, IP’E’Ber = [a,00]. We
have a commutative diagram

1,Ber
PL

~

[aa OO] TrT:>pog [—OO, OO]



62 8. THE ANALYTIFICATIONS AND TROPICALIZATIONS OF THE PROJECTIVE LINE

This commutative diagram gives a description of the reduction of “g”. Let w €
IP’lLBcr be a type 2 point, ¢ € L and d € Zsy such that w(c-g%) = 0. We putu € ]P’lﬁ’ad the

specialization of w correspondz’ng to the connected component of PE’BQT\{w} containing

a. When w ¢ [a,00], we have c- g% € k(w) N k(L)¥8. When w € [a, 0], the zero

resp. the pole) of the reduction c - g% € k(w) in P: ag U8 U (TESP. Uy o), where
K(w)Nr(L)2e

1,cl RN 1,cl
uepP’ () (L)l (resp. Uyoo € Pﬁ(w)m Jols

U 00) bY the bijection in Lemma 8.0.6 (1), in other words, the element ¢ - g% € k(w) is
a product of a constant and copies of the monic irreducible polynomial corresponding

1,cl
tou e P’ () (L)l

Nk(
) is a closed point correspondng to u (resp.

REMARK 8.0.9. By definition, for f = fi- fo € L(T) and v € PY Ber, we have
Trop(f(v)) = Trop(f1(v)) + Trop(f2(v)).

LEMMA 8.0.10. We assume Assumption 8.0.7. Then we have
1,Ber
Sk, (P;) = U[ai,jaoo]'
2%
and there is a strong deformation retraction of IP’E’Ber to Sk, (PE’BH) such that

1,Ber
Pi

Sk (IP’E’Ber )Trop Trop op; (]Pl Bery

18 commutative.

PROOF. What we need to compute is the fiber (Trop op;)~!(a) for a € Trop(p; (P} ))N
Ng. By Assumption 8.0.7, Remark 8.0.8, and Remark 8.0.9, we have

(Trop op; )~ ( |_|D {w}UUC),

c

where w € PE’BGI runs through all elements in the finite set

(Tropog; )™ (a) N U a; ;, 00

and C' runs through all connected component of IEDI Ber \
Ui jlaiz, 00]. By [GRW17, Lemma 4.4], we may assume that Lis algebraically closed
and I',, = R. Then the affinoid subdomain D,, is isomorphic to (LT, (T =)~
for some b; € L°. (Here, the ring L° is the valuation ring of L. See [BGR84, Section
6.1] for definition of the affinoid algebra L(T, (T — b;)~");.) It has the formal model
Spf L(T, (T — b))~ ');. Here, the topological ring L(T, (T — b;)~ ')y is the subring of

L(T, (T — b))~"); consisting of bounded elements. In particular, the set {w} is the
Shilov boundary of D,,. Hence

B((Trop op; )~ !( |_|B U{w}

{w} not intersecting with
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Hence the first assertion of Lemma 8.0.10 holds. The second assertion also follows
from the above discussion and the fact that there is a strong deformation retraction
of A (L(T, (T — b)~'),) to its Shilov boundary. O

COROLLARY 8.0.11. We assume Assumption 8.0.7 and hy = T. Let = be a
Vu(LX)-rational polyhedral structure of Trop(goi(IP’IL’Ber)). Let w € Sk, (P%Ber) be
a type 2 point such that Trop(p(w)) is contained in = and u € P

2 a non-trivial
. . . L
specialization of w. We assume

Trop2 (1) = Trop (1)
Then u = ug.

COROLLARY 8.0.12. We assume Assumption 8.0.7. Let = be a /v(L*)-rational
polyhedral structure of Trop(gpi(IPlz’Ber)). Let l,e € = be such thatl C e. Let w €
Sk, (PEBGI) be a type 2 point such that Trop(p(w)) =1 and u € Plﬁ’ad a non-trivial
specialization of w. We put C,, the connected component of ]P’IL’Ber \ {w} corresponding
to u.

Then Trop®(u) = e if and only if for any subset D C C, such that w € D, we
have

Trop(D) Nrel.int(e) # 0.

LEMMA 8.0.13. We assume Assumption 8.0.7. There exists a morphism 1: P+ —
(P1)! over L such that Tropo(p; X v;) is injective on Sk(%xwﬁ)(PE’Ber).

PRrROOF. We take monic irreducible polynomial g; ; € L[T'] which is irreducible over

L and has zero b; ; sufficiently near to a; ;. We put ¢ := (g, ;)i ;. By Remark 8.0.8 and
8.0.9, for any iy, i, j1, j2, the map Trop o(y; x 1;) is injective on

U [aik,jw OO] U [bik,jm OO]
k=1,2
Hence, by Lemma 8.0.10 for ¢; x v;, Lemma 8.0.13 holds. 0

LEMMA 8.0.14. Let w € P42 be a type 2 point and
V C (k(w)N K(L)alg)é/ﬁ(L)é

a finite dimensional Q-vector subspace. Then there exist monic polynomials g; € L|T]
wrreducible over L, a; € L, and r; € 7 such that

- w(a;-g;") =0,

- the Q-vector subspace V' is generated by the reductions a; - g;",

- [00, b;] N[00, w] = [00, w;] for some type 2 point w; such that

res. alg . deg(w;) < res.alg . deg(w),

where b; € PYB s the zero of g;, and
- for any i # j, we have [00, b;] N[00, b;] C [00, w].
]P)lA,Ber

Moreover, when [0o,w] C Sk%( i

), we can take g;,a;,r; satisfying

o0, b N1 Sk, (B}™") = [o0,w]

for some type 2 point w; such that

res. alg . deg(w;) < res.alg . deg(w).
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PROOF. We prove the assertion by induction on res . alg . deg(w). When res . alg . deg(w) =
1, the assertion is trivial. We assume res. alg . deg(w) > 1.
Note that the function res. alg . deg satisfies

res. alg . deg(wy) < res.alg.deg(wy)

for wy, wy € ]P’E’Be]r such that w; € [00, ws]. By Lemma 8.0.6 (5), there exists an element

wp € [00, w| such that

res. alg . deg(wp) < res.alg . deg(w)
and w’ € [00, wy] for any w’ € [oo, w] satisfying

res. alg . deg(w') < res. alg . deg(w).

By the assumption of the induction for wy, it suffices to show the assertion of Lemma
8.0.14 for a finite dimensional subspace

W C (k(w) N K(L)™) 5/ (K(wo) N (L)) g

instead of V' and wy instead of w; for any 1.

We shall construct g;. We put uy, ., € Pli’ad the non-trivial specialization of wy

corresponding to the connected component of P%Ber \ {wo} containing w. Then, by

definition of wy, we have k() = x(w) N K(L*8). By Lemma 8.0.6 (1), the residue
field k(wyp) is isomorphic to the one variable rational function field I(¢) over a finite
extension [ of k(L). We consider wu,, ., as a valuation of [(t), which is not ¢ '-adic
valuation. We take finitely many monic irreducible polynomials G; € [[t] such that
Uy (Gi) = 0 and their reductions generate W, here we consider W as a subspace of

a quotient of ﬁ(uwoyw)a. We put u; € IP’E’ad the specialization of wy which corresponds
to the monic irreducible polynomial G; € [[t]. (See Lemma 8.0.6 (1).) We take closed
point b; € P} contained in the connected component of IP’E’Ber \ {wo} corresponding to

the specialization u; of wy. We put ¢; € [:[T] the monic irreducible polynomial whose

zero is b;. We can take b; so that g; € L[T]. By construction, these g;, suitable a; € L,

and r; € Z satisfy the assertion for W instead of V' and wy instead of w; for any 1.
When [o0, w] C Sk (IF’E’BGT), we can take G; such that

deg(G;) < deg(k(twg.w)/K(wo) N Kk(L¥)).
We can take b; such that [oo,b;] N Sk, (IP’E’BH) \ [00, wp] is small enough. Then w]
defined by [00, b;] N Sk (P = [o0, w(] satisfies
res. alg . deg(w;) = res. alg . deg(wp) xdeg(G;) < res. alg . deg(k(ty,.w)) = res. alg . deg(k(w)).
0

8.0.3. Tropicalizations of Al-fibers. In this subsection, we describe tropical-
izations of Al-fibers of non-archimedean analytic spaces over a trivially valued field
K. We also describe their certain compact subsets. We use them in Section 9.

Let X be an algebraic variety over K. We put 7: X x A — X the first projection.
Remind that we have

XBeT/(the equivalence relations of valuations) & X<t ¢ xad,

Let v € XBr. We put [v] € X* its equivalence class.



8. THE ANALYTIFICATIONS AND TROPICALIZATIONS OF THE PROJECTIVE LINE 65

REMARK &.0.15. There is a natural inclusion
,ad —
Al k(supp(v))w —m 1([U]>

whose 1mage is the subset consisting of specializations of height 1 wvaluations w €
7Y ([v]). We have the following commutative diagram:

71__1 (U) ~ Al ,Ber

[ (buljp(v))

_ ad
(W) A upp(o)).

see [Ber90, Section 3.1] and [Tem15, Definition/Exercise 4.1.7.1]. We identify ele-
ments of the above sets under the above morphisms.

We put
L A k(supp(v)) = 7 Hsupp(v)) — X x A
the natural inclusion. Let ¢’': X x A! — T be a closed immersion. We consider a

composition
Pl(supp(v))o © Lk(supp(v))e Ak (supp(0))e — (X x AY) x g k(supp(v))y — Tx X i k(supp(v)),.
Here, the morphsim gpk(supp(v))v and Ly(supp(v)), are induced from ¢’ and ¢, respectively.

For simplicity, we denote @} ), © te(supp(v)), DY ¢

REMARK 80.16. Let A be a fan structure of Trop(¢’'((X x ANHBT)) and Z a

Vv(k(supp(v))*)-rational polyhedral complex structure of Trop(¢' (771 (v))) such that
each element C € = is contained in some P € A. Then the following diagram is
commutative:

™ () - i
/ 7
() >Abupp(e).
(X x Al)Ber Trop g’
(X x Al)ad Trop og/ Tropad op
Tropi! o/ Trop(¢'((X x Al)Ber)) STrop(¢/ (771 (v)))
A / /

Next we describe a subset (7°)~!(v) of the Al-fiber 77!(v). The projection 7: X x
A' — X induces a surjective map 7°: (X xA!)° — X°. The canonical homeomorphism
71l(v) Al per (v)), induces a homeomorphism

(m°) " (v) = A (k(supp(v))u(T)).



66 8. THE ANALYTIFICATIONS AND TROPICALIZATIONS OF THE PROJECTIVE LINE

(See [BGR84, Section 5.1] for Tate algebra k(supp(v),)(T").) The affinoid subdomain
A (k(supp(v)),(T)) is a connected subset of A,lc’(Ber . Forany a € . (k(supp(v)),(T")),

supp(v))v
we have

[0,a] C A (k(supp(v))u(T?)).

We put

A picture of . (k(supp(v)),(T)) C P2

Kk(supp(v))»”



CHAPTER 9

Al-homotopy invariance

In this chapter, we shall prove Proposition 7.2.1(2), i.e., Al-homotopy invariance
of tropical cohomology. By Leray spectral sequence, we reduce it to computations of
sheaves (Proposition 9.1.1). By retractions (given in Subsection 9.3.1) and descriptions
of FP by tropical K-groups (Section 9.4), we reduce them to computations of tropical-
izations of Al-fibers (Subsection 9.3.3) and those of tropical K-groups of residue fields
of valuations in A%, Subsection 9.5.2 and 9.5.3 are the main parts of the proof. We
use induction and the following facts:

- the residue fields of type 2 points of Al-fibers of height 1 valuations are iso-
morphic to the fields k(s) of rational functions in one variable over fields k,
- there is a complex

d _
ARG — NR(s)5 = @D A k()
xeAkd
whose the last arrow is surjective (see Remark 6.2.10), and

- since tropical K-groups form a cycle module ([M20-1, Theorem 1.1]), we
have an exact sequence

0 — KB(k) — KB(k(s)) % P K2 (k(x) — 0
xeAbd
[Ros96, Propostion 2.2 (H)].

In Subsection 9.3.2, we fix notations. In Subsection 9.5.1, we give a picture and give
several notations used in Subsection 9.5.2 and 9.5.3. In Section 9.2, we give a rough
explanation of the proof.

Let X be an open subvariety of an affine space over a trivially valued field K. We
put 7: X x Al — X the first projection.

9.1. The goal of this chapter

By Lemma 4.1.8 and Corollary 7.2.11, A'-homotopy invariance of tropical coho-
mology follows from

Hio (X x AN)?) =2 Hy 1(X°).
Since tropical cohomology groups are isomorphic to the sheaf cohomology groups of
F7 (see Section 4.1.2), the Leray spectral sequence

Eg’q - Hq(XO, Rpﬂ*ﬁ{"7(XXAl)o)
for m°: (X x A')° — X° convergence to the tropical cohomology Hpl 4 (X x A')°).

The above isomorphisms of tropical homology groups follow from the following,
which is the goal of this chapter.

PROPOSITION 9.1.1. Letr € Z.
67
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(1) We have
Riﬂ*ﬁ{17(XXA1)o - 0

fori>1.
(2) The canonical morphism

r ogr
FI xo = ToF T (xxal)e

s an isomorphism.

9.2. A rough explanation of the proof

We explain the essence of the proof of Al-homotopy invariance.

We compute stalks of sheaves at vy € XP®. Since 7 (vg) = A"

k(supp(vo))uy 1>
homeomorphic to the inverse limit of certain 1-dimensional polyhedral complexes 0(its
tropicalizations), we have Riﬁ*ﬂ(prAl)Ber =0 for i > 2 (Corollary 9.3.4).

The rest of the proof is technical. We only prove Claim 9.2.8, which is essentially
the same as the rest of the proof. Before we state Claim 9.2.8, we need preparations.

Let L be a complete valuation field of height 1 with valuation vy. Let ¢j: Al — T =
be a closed immersion over L to a toric variety Ty, associated with a fan 3. We
put Ty the toric variety Al x Ty, which is associated with a fan 3. We put ¢’ :=
(Idy, @h): A' — Tsr. Let M be the lattice such that Spec K [M] is the dense torus orbit
of Tsy. We put N, = Hom(M,Z). We assume that Trop(y’(A!)) meets Spec K[M]
and Trop o' is injective on the tropical skeleton Sk, (A'). We fix a /vo(L*)-rational
polyhedral complex structure = of

Trop(y' (.« (L(T))) = Sk (A") N .2 (L(T)),

where T is the coordinate of A! and . (L(T)) is the affinoid subdomain of AMBer of
radius 1 with center 0. We assume that = is a subcomplex of a y/vo(L*)-rational
polyhedral complex structure = of Trop(p/(Al)).

REMARK 9.2.1. By retractions, what we need to compute is certain cohomology on

Trop(¢' (A (L(T)))). See Subsection 9.3.1.

A picture of .# (L(T)) C P"Ber,
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NOTATION 9.2.2. For each 0-dimensional polyhedron | € =, we put w; € Sk (A')N
A (L(T)) such that Trop(¢'(w;)) = . The valuation w; is of type 1 or 2. For 0-
dimensional polyhedron | € Z and 1-dimensional polyhedron e € = such that | € e and
wy s of type 2, we put u, € AV be the specialization of w; such that Trop%d(go’(ul,e)) =
e. For 0-dimensional polyhedron | € = such that w; is of type 2, we put U oo := Uyy,00 €
Al2d . For [ € e with type 2 valuation w;, we fix

gie € M N SpanR(l)l \ SpanR(e)L.

Here, for & € =, the set Spang(§) is the R-vector subspace of Ng spanned by the
elements in &.

DEFINITION 9.2.3. For an integer p > 0 and a 0-dimensional polyhedron | € =
(resp. a 1-dimensional polyhedron e € =), we put “FP”(l) (resp. “F?”(e)) the Q-vector
subspace of the tropical K-group K¥(k(w;)) of the residue field k(w;) (resp. Kr(k(u.))
of the residue field k(uye) for somel € = such that | € e and w; is of type 2) generated
by the image of the wedge product ofMﬂal/Lﬂwl_l(O) (resp. Mﬂu;;(O)), where o] € ¥
is the cone such that Trop(¢'(w;)) € O(o})B" (The orbit O(o]) C Tss corresponds to
the cone o}.)

This “F?” (1) (resp. “F*”(e)) plays the role of F'(P}) (resp. F'(P.)) in Section 9.

We assume the following.

ASSUMPTION 9.2.4. The definition of “F?”(e) does not depend on the choice of
the 0-dimensional polyhedron | € e such that w; is of type 2. For a 1-dimensional
polyhedron e € = and a 0-dimensional polyhedron | € = such that | € e, we have a
natural isomorphism “FP”(e) = “FP”(l) when w; is of type 1, and

“F™(e) 2 “FP (1) N Kq(k(wr) N k(vo) ™)
when w; is of type 2 and e = Trop%d(uwl,oo). (If we use K% instead of “F?”, this
assumption holds for sufficiently fine fan structure =.)

DEFINITION 9.2.5. For p > 0, we put

Cp,O — @ « Py (l)
€= polyhedra of dimension 0
CP,I — @ « Py (6) D chp—ln(e).

e€Z= polyhedra of dimension 1
(We put “F~1"(e) :=0.)

DEFINITION 9.2.6. We define a map 6: CPY — CP! as the sum of the following
dre forl,e € 2 such thatl € e. Forl € e with a type 2 valuation w;, we put

5l,e - (SW 87) qun(l) N qun(e) D qu—ln (6),

Up e’ Ule
where U is the normalized discrete valuation on the residue field k(wy) correspoding
to the specialization u;. € AY of wy, Ou 18 the residue homomorphism of tropical
K -groups, see [M20-1, Section 5]), and the element g;. € k(w;) is the reduction of
ge € M Nw;(0), and sﬂll’;(a) = Ou=(Gie Na) for a € “FP"(l). Forl € e with a type
1 valuation wy, we put

5176 : LLFp?? (l) _> LLFp?? (e) @ “Fp—].?? (e>

the map such that the composition of d;. and the first projection is the natural isomor-
phism in Assumption 9.2.4 and that of 6;. and the second projection is the 0-map.
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The following short exact sequence is an important tool to prove Al-homotopy
invariance. For a type 2 point w € AP its residue field x(w) is isomorphic to the
field k(s) of rational functions in one variable over a finite extension field k of the
residue field k(vg) of the base field L. Hence, for p > 1 and type 2 point w € ALBer,
by [?, Theorem 1.1] and [Ros96, Proposition 2.2 (H)|, we have a short exact sequence

0 — K2 (k(w) N k(ve)™8) — Kb (k(w)) — O uruwce B K kw) —o
uém\{w,uwpo}

We assume the following analog.

ASSUMPTION 9.2.7. For p > 1 andl € Z such that w; is of type 2, the morphism

“« Py (li(wl)) _)(am)esﬁrfrop%d(kp’(uwl,oo)) @ « pp—1n (Ii(ul,e))

leeEE\{Trop%d (Uw;,00) }

is surjective, where e runs through all 1-dimensional polyhedra in =\ {Trop%d(uwl,oo)}
containing [.

CrLAam 9.2.8. We have
H' := P /§(CP%) =0
amd the projection induces an injection
HY :=Ker(§: CP° — CP') — “FP"(Trop(¢'(0))).

Proor or CrAiM. We prove Claim 9.2.8 by induction on the following n;. For
each O-dimensional polyhedron [ € =, we put C; the subset of = consisting of 0-
dimensional [" € = such that only one 1-dimensional polyhedron in = contains I’ and
the minimal connected subset of Trop(¢'(.# (L(T')))) containing both [ and I’ does
not intersect with Trop(¢'([oo, w;))). We put n; the maximum of the numbers n;; of
1-dimensional polyhedra in = between [ and I’ € C).

First, we show that H® — “FP”(Trop(¢'(0))) is injective. Let o = (oy)jez € H°
(here I € = runs through all 0-dimensional polyhedra). By induction on n; in the
ascending order, the condition dav = 0, and the middle of the short exact sequence
(9.2), we have oy € K7.(k(w;) N k(vp)™8) for any 0-dimensional [ € =. For any l,e € =
such that [ € e and wj is of type 2, the restriction of s to KL(k(w;) N k(vg)™8)

Uj e

coincides with the map coming from the natural injection (w;) N K (vo)*® < K(u.).
Hence, by da = 0, the element « is uniquely determined by «y.

Next, we show H' = 0. Let o« € H!. By induction on n; in the ascending order
and Assumption 9.2.7, there exists a representative & = (&.)eez of o (here e € = runs
through all 1-dimensional polyhedra) such that for any 1-dimensional e € =, we have

de — (d@la O) c “EP ”(6) D can—l ”(6)
(Geq € “FP7(e)). Then, by induction on n; in the descending order and Assumption
9.2.4, the element 0 is a representative of o« € H', i.e., H' = 0. O
REMARK 9.2.9. Claim 9.2.8 is essentially the same as the proof of A'-homotopy
invariance, but there are small differences.

- We do not know whether there exist enough tropicalizations satisfying Assump-
tion 9.2.4 and 9.2.7. Hence we exchange tropicalizations under the process of
induction. See Subsection 9.5.35.
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- We compute tropicalizations and the tropical K-groups of the residue fields of
not only the inverse image 7 *(vy) of an elements vy but also the family of
the inverse images 7~ (v) of valuations v in a neighborhood of vy € XBe.

9.3. Preliminaries

9.3.1. The existence of retractions. We shall show existance of retractions.
This follows from properness of 7°: (X x A')° — X°. We consider a commutative
diagram

X x Al "5 X
I
TE’ \Il TE;

v and ¢’ are closed immersions to toric varieties Tsy and Ty, and W is a toric morphism.
Let vy € XB and A and A’ be a fan structure of Trop((X)) and Trop(p'(X x Al)),
respectively.

LEMMA 9.3.1. For a sufficiently small polyhedron A C Trop(Tx) which is a neigh-
borhood of Trop(¢(vg)) and any cone P € N intersecting with W—'(A), the intersection

P N Trop(¢'((X x AY)?)) N &~ (Trop(p(vo)))
1S nonempty.

PrOOF. By a commutative diagram

X x Ah° T X°
(
Trop o’ i iTrop o
\I]| rop(p’ X o
Trop(p! (X x A1) — 02 Trop(p(X°),

the restriction

U trop(er ((xxat)ey) - Trop(¢'((X x A')?)) — Trop(p(X°))

of W is proper. (Note that the 7° and Trop oy are proper, and Trop oy’ is continuous.)
Hence Trop(¢/'((X x A')°)) N W~1(A) is compact. Hence the Lemma holds. O

LEMMA 9.3.2. For a polyhedron A as in Lemma 9.3.1, the pull-back map
HP(Trop(¢'((X x AN°)) N U~ (relint(A)), A') — HP(Trop(¢'((7°) " (v0))), A)
s an isomorphism.

PROOF. In a similar way to the proof of Lemma 7.2.6, it suffices to show that there
exists a strong deformation retraction 1 of

Trop (' (X x AM°)) N ¥ (relint(A))
onto

Trop(((X x A1)?)) N & (Trop(e(vo)))

which preserving the polyhedral structure, i.e., for any cone P € A’ intersecting with
U~ (rel.int(A)), we have

$(P N U (relint(A)), [0,1]) € PN U~ (relint(A)).
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Remind that { P NTrop(¢'((X x A')°)) N~ (Trop(p(vg)))}per is a polyhedral struc-
ture of Trop(¢'((X x A')°)) N ¥~ (Trop(p(vp))). Hence, by Lemma 9.3.1, in similar
way to the proof of Lemma 7.2.6, there exists a strong deformation retraction of

Trop (' (X x AM)°)) N ¥ (relint(A))

onto

U Pen & (relint(A))

¢e=
preserving the polyhedral structure. For each ¢ € =, there exists a deformation re-
traction of P N ¥~ '(rel.int(A)) onto &. These induce a required strong deformation
retraction . O

LEMMA 9.3.3. [JSS17, Proposition 3.11] For a sufficiently small polyhedron A C
Trop(Tx) which is a neighborhood of Trop(¢(vy)), we have

HPO(relint(A) N Trop(e(X)), A) = HP?(Trop(¢(v)), A) = FP(Trop(p(v)), A).

9.3.2. Notations. In this subsection, we fix notations and give several assump-
tions used in the rest of this section.

We fix vo € XP. What we need to compute are stalks Zj. yo ,, , RTF L (xent)o g
of sheaves. In the rest of this section, we assume that v is of height 1. (When v is
of height 0, the proof is similar and much easier. We omit it.) By Lemma 9.3.2 and
Lemma 9.3.3, without loss of generality, we may assume that supp(vg) is the generic
point of X. Since we consider stalks, we can shrink X to open subvarieties. By Lemma
9.3.2 and Lemma 9.3.3, every element of these stalks is represented by a commutative
diagram

X xAl X=X
w’l l“”
Ty ——GE,

and an element of C?4(Trop(¢(vg)), A) or CP4(Trop (¢’ (X x A1)*)NU ! (Trop(p(wvg))), A),
where

- p and ¢’ are closed immersions to toric varieties Txy and Ty such that ¢/ (X x
A') intersects with the dense open orbit,
- U is a toric morphism,
- a fan structure A (resp. A’) of Trop(p(X)) (resp. Trop(¢'(X x A'))) such that
for any P € A, we have U(P) C @ for some @) € A.
In the rest of this section, we fix (¢, ¢, ¥, Q, A, A).
By [MZ13, Proposition 2.2] and Lemma 9.3.2, we have the following.

COROLLARY 9.3.4.
T, 6P =0
forq > 2.

We put M the character lattice of the dense open torus of Ty, N := Hom(M,Z),
and

= = A" N Trop(¢'((7°) " (v0))) = { P N Trop(¢'((7°) " (v0))) } penr-
The composition
Ak (xy =7 (Spec K(X)) s Ty
is generically defined by finitely many rational functions h; € K(X)(T) (1 <i <n).
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Without loss of generality, we may assume the following.

ASSUMPTION 9.3.5. (1) There exist a; € O(X)* such that {v(a;)}; is a Q-
basis of Q- Ty,
(2) p: X — GL is of the form

(@0, (a:)i): X — Gy M0 W0 o gra @l

(3) the cone P,, € A whose relative interior containing Trop(p(vy)) is of dimen-
ston dimg Q - Iy,
(4) ¢ : U x A' — Tss is of the form

(0, Idar): U x At — Ty x Al

(5) Assumption 8.0.7 holds for the above h;, and
(6) the set = is a polyhedral complex structure of Trop(¢'((7°) ™ (vo))).

(By Assemption 9.3.5 (1), a sufficiently fine fan A satisfies Assumption 9.3.5 (3).)
The polyhedral complex = is a graph, i.e., consisting of only 0 and 1-dimensional
polyhedra. To express an element of = of dimension 0 (resp. of dimension 1, of any
dimension), we use character [ (resp. e, £) (sometimes, with subscripts). For simplicity,
for example, we write 7] € Z” instead of "I € = of dimension 0”. Note that for e € =,
we have rel.int(e) C Ng.
- For each & € =, we put Pr € A’ the cone whose relative interior contains
rel.int(§).
- For each [, e € Esuch that [ € eNNg, we fix g, € MF‘lPlL such that g, ¢ Pj.

9.3.3. Technical conditions. In this subsection, we consider Conditions of a
triple (¢, ¢., ¥.) of closed immersions ¢, ¢!, and a toric morphism W. such that a
diagram

X xAl X5 X
wél l%
Ty GJe,
is commutative. In Subsection 9.5.3, we need to exchange tropicalizations under the

process of induction. We discuss how to exchange tropicalizations with Conditions
holding.

CONDITION 9.3.6. The restriction of Trop o, to Sky, ((7°)~*(vy)) is injective.

Ve

CONDITION 9.3.7. The fibers of the map
We: Trop(¢,((X x A')%)) — Trop(e(X°))

are finite unions of 1-dimensional polyhedra.

We identify (Spec K(X)/K)B and its image under the natural map
(Spec K (X)/K)Ber «y XBer,
Let A/ be a fan structure of Trop(tpg(X x A')) such that
(

e 1= Ag N Trop(e((7°) ™ (vo)))

is a polyhedral complex structure of Trop(.((7°) ™ (vg))). We put O(o”

( ) C TE'C the
orbit containing a dense subset of (7~ (supp(v))).

cvo
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CONDITION 9.3.8. - For any
v € (Trop op.) ™" (Trop o) (ve) N (Spec K (X)/K)P,
we have

Trop(¢l((°) ' (v))) = Trop(,((7°) " (v0))).

- For v as above and
(I, w, wo) € (Ee, Skyy ((7°)7H(v)) N (Trop o) (1), Sk ((7°) " (v0)) N (Trop o) (1))

such that dim(l) = 0, both w and wy are
— of type 2 and correspond to the same (a,r) € (K(X)*& Q- T,,) when
| € Trop(O(o,,,)), and
— of type 1 and correspond to the same a € K(X)8 U {oo} when | ¢
Trop(O(o1,, ).
- For v as above and

“H(v)) N (Trop o) ™ (1), ([v]) N (Trop2 o;) ™' (e),
Sk, (7)™ (v0)) N (Trop o)~ (1), 7" ([wo]) N (Trop] ;) ™" (€))
such that u € {w}, ug € {wo}, and 1 C e N Trop(O(ay,,,)), both u and ug
correspond to a same (a,r,€) € (K(X)™8, Q- Ty, {+,—}).

(lv 6, ’(U, U, wO? UO) E (EC7 EC’ Skﬁplc((ﬂ-o)

By Lemma 9.3.11 and 9.3.14, without loss of generality, we may assume the fol-
lowing.

ASSUMPTION 9.3.9. The triple (v, ', V) satisfies Condition 9.5.6, 9.53.7, and 9.3.8.

REMARK 9.3.10. By Condition 9.5.6, the tropicalization Trop(¢'((7°)*(vg))) is
sitmply connected, 1.e., the polyhderal complex = is a tree.
By Condition 9.3.8 and Lemma 2.2.1, we have

Trop(¢((7°) ™ (v0))) = Trop(' (X x A')?)) N ¥~ (Trop(e(vo)))-
In particular, we have dim(F,) = dim(P,,) (I € Z) and dim(P,) = dim(P,,)+1 (e € =).

LEMMA 9.3.11. For any ¢, ,: X x A' — Ty, there exists ¢, : X x Al = Ty, such
that @, == (¢, ¢e.1) satisfies Condition 9.3.6.

Proor. This follows from Lemma 8.0.13. O

LEMMA 9.3.12. Let ¢y : X x A" — Ty, satisfies Condition 9.3.6, f € O(X)[T]
a polynomial irreducible over K(X),,. We consider f as a morphism X x A — Al.
Then @, := (@Lg, f): X x At — Ty, x A satisfies Condition 9.3.6.

Proor. This follows from Remark 8.0.8. O]
Let ¢l o: X x Al = Ty be a closed immersion. The composition

’
ch,O

Ak(x) =7 (Spec K(X)) — Ty,

is generically defined by finitely many rational functions h.; € K(X)(T) (1 <i < n.).
By Lemma 8.0.10 and Remark 8.0.8, we have the following.
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LEMMA 9.3.13. We assume that Assumtion 8.0.7 holds for heq,. We assume that
each f; (as in Assumption 8.0.7) is a constant or a product of first degree polynomials
in K(X)[T). Let a;; be the zeros of f;. We put ¢; = f; when f; is a constant. Then, for
v € (Spec K(X)/K)® such that v(c;) = vo(c;) and v(a; ;) = volai;) for anyi,j, the

natural indentifications of |a; j, 00| in Pi;](g)e;)v and those in IP’};]?;?)UO induce a bijection

Sk, (7)1 (1)) = Sk ((7°) 2 (00)).
Moreover, the diagram

ot

Sk, ()7 (v)) ——— Sk , (7)™ (v0))
Trop OSO'C,O \L lTrop Oﬂolc,o

Trop(¢l((7°) ' (v))) == Trop(#,,((7°) ! (v0)))
18 commutative.

LEMMA 9.3.14. Under Assumption 8.0.7 for hcoi, by exchanging X to an open
subvariety, there exists p.: X — Gl'e such that (e, ¢l = Peo X P, Pry) satisfies
Condition 9.3.7 and 9.3.8, where pry is the second projection.

PrROOF. When each f; is a constant or a product of first degree polynomials, the
assertion follows from Lemma 9.3.13. In general, the assertion (Condition 9.3.7 part
(resp. Condition 9.3.8 part)) follows from Lemma 2.1.9, 3.2.1, and the above case (resp.
Lemma 3.2.1, 2.2.6, and the above case). O

9.4. Explicit descriptions of F? by tropical K-groups

We describe F? and maps between them by tropical K-groups.
First, we describe them by F. For a cone P € A/, we put

FP(P) = Fp(P)/Im(Span(P) ® F,_1(P) — F,(P)),
where
Span(P) ® Fy1(P) = Fy(P)
is a natural morphism, and FP(P) the quotient of the p-th wedge product of
(MNopNPHg:={meMnaoy |nim)=0(ne€PnNTrop(O(ch)))}q

by the Q-vector subspace generated by elements which are trivial on FP(P), where
o’» € X' is the cone such that rel.int(P) C Trop(O(o%)). We have F' (P) = Homg(F,(P), Q).
For [ € =, we have a natural isomorphism

p
P Hae @ F(R) = F/(P)
k=0
of Q-vector spaces given by
a®pB—=alp.
For [,e € = such that [ € e N Nk, we have a natural isomorphism

p p
P A+ ® F'(P)o P r*a)e2Q- g A

k=0 k'=1

(Pe) = FP(F)

of Q-vector spaces given by

a@pBrralf, d@g.@f —=a Ng.Np.
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Hence F?(P,) — FP(P.) is determined by the morphism
e F(R) = F(P)®@Q g ®F  (P.)),
which is given by a decomposition
(MNP )o=Q-gre®(MNPS).
Next, we express Fr by tropical K-grpups. We put

Star(P) := U P

P'eANTrop(O(o’p))
rel.int(P)CP’

We put Star(P)/P N O(c’) the quotient given by the equivalence relation that n ~ n’
if and only if n = n' + r for some r € PN O(op).

REMARK 9.4.1. The set F,(P) is determined explicitly by Star(P)/PNO(d%). The
set Star(P)/ Span(P) is canonically identified with the intersection

Trop(¢'(X x AY)N O(0p)) NO(P N Ny, ),
where the closure ¢'(X x A)N O(o%)) of ¢'(X x AY)NO(a})) is taken in the affine
toric variety Tpan,, , associated with the cone PN\ Ny g. In particular, for any x €
O'P,

Trop™ (¢’ (X x AY)2Y) whose image in A’ is P, by Corollary 3.4.14 and Remark 3.4.19,
we have

F(P)
= NP(M Nop NP/ ﬂ Ker(A?(M N oy N P)g — KL (k(supp(v))))
vE(Trop™ op’) =1 (x)
= AP(M NaF NP/ N Ker(AP(M N o' N P)g — K2 (k(supp(v)))).

vESkw((XXAl)ad)ﬁ(Tropad op’)~1(z)

PROPOSITION 9.4.2. Forl € = (resp. l,e € = such that | € e N Ng ), we have

FY(R) =AM Napt 0 Bl )o/ (Ker (A (M 0 oa N Bh)g — Kh(k(w))

(resp.

FY(R) = A (M N olt 0 P/ () Ker(AY(M 0 BY)g — Kh(k(u)),

w,u

where w runs through

w € (Trop ow’) (1) N U Sk (1)~ (v)

v€(Trop o)~ (Trop(¢(vo)))N(Spec K (X)/K)Ber

(resp. w runs through the above set and w runs through all non-trivial specializations

of w in A, 2ipp(v)) c = Y[v]) such that (Trop2! o) (u) = e € Z).

PROOF. Proposition 9.4.2 for [ follows from Proposition 3.4.15, 3.4.16, Lemma
2.2.1, the definition of Shilov boundaries, and Remark 9.4.1 for 2 = [ € Trop™ (y/(X x
Pl)ad).

By Remark 9.4.1 for x = (I,1.) € Trop™(¢'(X x P')2d) (in the sense of [M20-1,
Lemma 4.9]) (here we fix a point [, € relint(e)), Proposition 9.4.2 for (,e) follows

from that every
u € Sk (X x P1™) 1 (Trop™ o) ! (z)
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is of the form in the assertion of Proposition 9.4.2. We shall show this. In the following,
we identify elements as written in Remark 8.0.15 for suitable v. See also Remark 8.0.16.
We put w € (X x P')*! generalization of u of height 1, then w € Sk ((X x P')*)
and Trop™(¢/(w)) = I by Proposition 3.4.16. Hence w is contained in the set in the
assertion of Proposition 9.4.2. By Condition 9.3.7, the images 7(u), 7(w) are also in
Sk, (X?d). Then since

Trop™ (¢'(m(u))) = Trop™ (¢'(7(w))),
by Proposition 3.4.16, we have ht(m(u)) = ht(w(w)) hence 7(u) = w(w), ie., u €
71 (m(w)). Hence u is of the form in the assertion of Proposition 9.4.2. O

By construction of natural morphisms Fk(Pl) — K (k(w)) and Fk(Pe) — K% (k(u)),
we have the following three Lemmas. Remind that we put @ the normalized discrete
valuation of k(w) corresponding to w in the sense of Remark 8.0.4. We denote the first
(resp. the second) projection by pry (resp. pry). Note that by definition, for ( € = and
e € = such that ¢ € e\ Ng, the image of F'(P;) C FP(P;) in F?(P,) is contained in
F*(P,).

LEMMA 9.4.3. Forl, e, w,u as in Proposition 9.4.2, we have a commutative diagram

F'p)—=F'P)e @ g.0F (P)—~F(P)

l L sgl’e l

K (k(w)) K (r(u)),
where the last horizontal arrow is defined by
1 g= 1 _
— sz (a) := ——=0u(T1e N @).
u(gl,e) ( ) u(gl,e) ( : )

(Here, the element g, € k(w) is the image of gi. under ¢,: M N Pt — k(w).)

LEMMA 9.4.4. Forl,e,w,u as in Proposition 9.4.2, we have a commutative diagram

lle

F'p)—L-F'P)oQ g.0F () 2-Q g.0F '(P)

| |

Kk (k(w)) K5 (k(u)),

where the second vertical arrow is defined by
1 . gl,e ® a —» 'a(gl_ﬁ)a
Remind that by Assumption 9.3.5 (4), we have [0, 0o] C Sk 7~ (7(w)).

LEMMA 9.4.5. Forl,e,w,u as in Proposition 9.4.2, ( € Z such that { € e\ (eNNg),
and

p € (Trop og')~H(¢) N Sk 7 ((w)),
we have a commutative diagram
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where the second horizontal arrow is induced from inclusion k(u) C k(u). (See Lemma

8.0.6 (3) when u # wy,p.)

COROLLARY 9.4.6. For (,e as in Lemma 9.4.5, the map Fk(PC) — Fk(Pe) is
injective.

Proor. This follows from Proposotion 9.4.2 and Lemma 9.4.5. 0

LEMMA 9.4.7. There exists an affinoid subdomain U of XB containing vy such
that for any

v e U N (Trop o) (Trop(p(v))) N (Spec K (X)/K)Be

and (I, w,wq) (resp. (I, e, w,wo,u,uy) ) as in Condition 9.3.8 such that | is contained
in at least 3 edges or only 1 edge, we have

Ker(A*(M N o, N PM)g = A*(k(wo)*)g) C Ker(A*(M N oty N PF)g = AF(k(w)*)g)
(resp.
Ker(A*(M N PH)g — A¥(k(ug)*)g) C Ker(A*(M N PH)g — AF(k(u)*)g).

PrOOF. It suffices to show that for any f € K(X)(T'), there exists an affinoid
subdomain U; of XP containing vy such that for

v e Urn (Trop o) (Trop(¢(vo))) N (Spec K(X)/K)Ber

and (I, w,wy) (resp. (I, e, w,wp,u,up)) as in Condition 9.3.8 such that f € my,, (resp.
f € my,), we have f € m,, (resp. f € m,). The existence of such a U; follows from
Lemma 3.2.1, 2.2.6, 9.3.13, and Definition 8.0.1, in a similar way to Lemma 9.3.14.
(resp. from Lemma 3.2.1, 2.2.6, 9.3.13, Corollary 8.0.12, and Definition 8.0.1, in a
similar way to Lemma 9.3.14.) O

Without loss of generality, by exchanging ¢ to new one ¢, and ¢’ to (¢, ¢,), we
may assume the following.

ASSUMPTION 9.4.8.
U := (Trop op) " (Trop(p(vp)))

satisfies the assertion of Lemma 9.4.7.
The residue homomorphism 9; on tropical K-groups has a natural lifting
Oa: A (K(w))g = A" (k(u) -

COROLLARY 9.4.9. For (1, e, wo,ug) as in Condition 9.3.8, we have a commutative
diagram

1 9l,e
—_— S
u(gye) U

Im(A*(M OV P)g = AF(k(wo)*)g) ————= Im(AM(M N P)g — A (K(u0))o)

i i

F'(P) (P,
where the first horizontal arrow is defined by
1 g 1 _
— sg(a) .= ———=0a(G1e N ).
u(Gre) (@) u(gre) l )

PRroor. This follows from Corollary 9.4.2, Lemma 9.4.3, Assumption 9.4.8. O
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COROLLARY 9.4.10. For (I, e,wp, ug) as in Condition 9.5.8, we have a commutative
diagram

Tm(AH(M 0 PH)g = AR ((w0)*)g) —2 Tm(AF1(M 0 PA)g = AF(k(u0) o)

i i

Fk(Pl) Pro Ol e Q g ®Fk_1(Pe),

where the second vertical arrow is defined by
a — ———
u(gl,e)

PRroor. This follows from Corollary 9.4.2, Lemma 9.4.4, and Assumption 9.4.8.
O

'ge®a-

COROLLARY 9.4.11. For (e,(,u,p) as in Lemma 9.4.5 such that w(pu) = v, we
have a commutative diagram

Im(A*(M N o' N P — AF(k()*)g) == Tm(A*(M N o N PL)g — A (k(u)*)g)
Fr(P,) F'(p,).

Proor. This follows from Corollary 9.4.2, Lemma 9.4.5, and Assumption 9.4.8..
O

9.5. Proofs of (777, 41y0)v & Fxo,, and (R'w T F (e xaryoJuo = 0

9.5.1. A picture of Trop(¢'((7°)"!(vg))) and several notations. In this sub-
section, we give a picture (of an example) of Trop(¢’((7°) " (vp))) and several notations
used in the inductions in Subsection 9.5.2 and 9.5.3.

When there is no confusion, we denote by 0 the tropicalization Trop(y’(0)) of
the type 1 point 0 € A}é]?)e;)vo = 7w !(vy). To simplify notations, we put B :=
B(K(X)y,(T)), the Shilov boundary of the affinoid domain .# (K (X),,(T)). It con-
sists of only one point. We identify B and its unique element.

For pt € Trop(¢'((7°)"!(vp))) and [ € =, we put

- Wy the unique element of

Sk, 7" (vo) N (Trop o)~ (pt),
- e € E the edge which contains [ and is contained Trop(¢'(]0,w;])) when
[ #0,
* €00 € = the edge which contains [ and is contained Trop(¢'((co, w;])) when
I £ Trop(¢/(B)),
. res alg . deg(pt) :=res. alg . deg(wpyy),
Ly(1) the number of edges e € = contained in Trop(¢'([0, w;])),
L,(1) the number of edges e € = contained in Trop(¢'((oo, wy])),
L (pt) the number of I" € =N Trop(¢’((co, wp))) such that
— res. alg.deg(l') = res.alg . deg(pt), and
— [" is contained in at least 3 or only 1 edge,
and
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- Ly(pt) :=

L (pt) when pt € Z and it is contained in at least 3 or only 1 edge in =,
Ly (pt) 4+ 3 otherwise .

To simplify notations, we assume that Trop(¢'(B)) is contained in at least 3 edges
in =.

For each e € E, we put Span(e) := Q- (zy — x1), where z; # x5 € rel.int(e). We
denote the image of

Span(e) ® Fp_1(F.) — Fp(Fe)

by Span(e) A F,_1(F.).

EXAMPLE 9.5.1.
A picture of an exzample of Trop(¢'((7°) ™ (vp))).

Lo bl
Ly 4 4|2
L, 1 313
res. alg . deg 1 2|1
Ly 1+2[2]4
Here, we idetify Trop(¢'((7°) = (vo))) and Ski,(7°)~*(vo) C P}é](gfg)vo , and (res . alg.deg =

1)-locus is expressed by fine lines, and (res . alg . deg = 2)-locus is expressed by fat lines.

9.5.2. A proof of (77 % 41y0)vs = Fxo,,- In this subsection, we shall prove

o gp
*y(XxAl)O)UO'

‘gz)p}",vo = (ﬂ-
It is injective since the composition
mTosy: X > X x Al - X

is the identity map, where so: X — X x A! is the section at 0. We shall show
surjectivity. It suffices to show that for

= (apt)pt € Ziye, (Trop(¢'((7°) " (v0)))), A')

such that ag = 0, we have a = 0. We fix such a a.
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LEMMA 9.5.2. We fizrl € 2N Ng \ Trop(¢'(B)). We assume that
a;(Span(e) A F,_1(P)) =0

for any e € =\ {e; o} containing .
Then we have
ai(Span(ee0) A Fpo1(Pe, ) = 0.

Proor. This follows from Corollary 8.0.11, Assumption 9.3.5 (4), Proposition
9.4.2, Lemma 9.4.4, and an inclusion relation

(8ﬁ)u7ﬁuw,oo k—1 k am k—1
2 Bupu By (K(w))) € Ker(Kr(h(w)) —— K77 (#(tw,0)))

for w as in Lemma 9.4.2 for [, where u € P} (asipp(ﬂ(w))) :
specializations of w except for u,, . (The inclusion follows from the fact that tropial
K-groups form a cycle module [?, Theorem 1.1], Lemma 8.0.6 (1), and [Ros96, Propo-

sition 2.2].) 0

Ker (K. (k(w))

runs through all non-trivial

LEmMmA 9.5.3. We have
a;(Span(e) A F,_1(P.)) =0
foranyl,e € Z with | C e.

PRrROOF. We shall show that for any [ € =\ {Trop(¢'(B))}, by induction on L,(l) €
Z>( in the descending order, we have

al(Span(el,oo) A Fp—l(Pez,oo)) = 0.

Then the assertion follows from da = 0.

When [ is contained in only one edge, then the edge containing [ is €; ,, and [ is
not in the orbit Ng, which contains rel.int(e; ). Hence, in this case, the image of
Span(e;) to Trop(O(c%,)) is 0. Hence the equation (9.5.2) holds.

When L, (1) is the maximal, then [ is contained in only one edge, hence the equation
(9.5.2) holds.

When [ is contained in at least 2 edges, the equation (9.5.2) follows from Lemma
9.5.2 and the assumption of induction. O

LEMMA 9.5.4. For any |l € =N Ng, the map
—k—1
(P} Otter0): (D3 0t1))e) s B (P) = F (o) D@ g1 © F ()

15 injective, where e € = runs through all edges containing [.

Proor. This follows from Proposition 9.4.2, Lemma 9.4.3, Lemma 9.4.4, and in-
jectivity of

Qel 0

+(Oa)u)
R () 2 K (eluno)) & €D K

for w as in Lemma 9.4.2 for [, where u € IP’ ad runs through all non-trivial

k(supp(m(w))) x (w)
specializations of w but w, . (Injectivity of this map follows from the fact that
tropical K-groups form a cycle module [?, Theorem 1.1], Lemma 8.0.6 (1), and [Ros96,
Proposition 2.2].) O

PROPOSITION 9.5.5. We have o = 0.



82 9. ALHOMOTOPY INVARIANCE

PRrooF. It suffices to show that oy = 0 for [ € =. We show «; = 0 by induction on
Lo(l) € Z>o in the increasing order.

When Ly(l) =0, i.e., [ =0, we have ag = 0 by definition.

When Ly(l) # 0 and [ € Ng, by Lemma 9.5.3, Lemma 9.5.4, the equation é(«) = 0,
and the assumption of induction, we have o; = 0.

When Ly(l) # 0 and [ ¢ Ng, by Corollary 9.4.6, the equation §(«) = 0, and the
assumption of induction, we have a; = 0. Il

COROLLARY 9.5.6. We have
Fho 2 (1) Pl ep

9.5.3. A proof of (Rlﬂjﬁ&ml)o)vo = 0. In this subsection, we shall show that

(Rlﬂ-:igz(pXXAl)o)Uo — 0
It is enough to show that for
@ = (), € Zhyo,(Trop(¢'((m°) ™ (w0))), A,

there is another sextuplet (Y, ¢, o', ®,0,0’) consisting of

- an open subvariety Y C X,

- closed immersions ¢: Y — GX and ¢/: Y x Al — Ty, to toric varieties,

- a toric morphism ®: Ty, —— G~ and

- a fan structure O (resp. ©’) of Trop(¢(Y)) (resp. Trop(¢'(Y x Al)))
dominating (X, ¢, ¢', ¥, A, A’) such that the pull back of « to fo”rip(Trop(qﬁ’(W_l (v0))), ©")
is equivalent to 0, here we say that a sextuplet (Y, ¢, ¢/, ®, 0, 0") dominates (X, p,¢', U, A, \)
if

- (Y, 0,9, ®,0,0") satisfies Assumptions 9.3.5, 9.3.9, and 9.4.8,

- there exists a commutative diagram

Y x Al z Y

AV

T GE \?

o 2
new m
m \
v L
Tg/ Gm,

where morphisms between troic varieties are toric morphisms, and
- © is sufficiently fine so that the image of each cone in ©" under the toric
morphism Tyy ~— Ty are contained in a cone in N,

(When we discuss dominations, we fix toric morphisms.)

We show existance of such a (Y, ¢, ¢, ®,0,0’) by induction. In each steps of the
induction, we exchange (X, ¢, ¢, ¥, A, A’) and a sextuplet dominating it. We consider
Z x Z[3] as an ordered set by the lexicographic order.

NOTATION 9.5.7. For a sextuplet (Y, ¢, ¢, ®,0,0") dominating (X, ¢, ', ¥, A, '),
we put
Ew.0) = 0" N Trop(¢'((7°) " (vp))).
Forl € Sy \ {Trop(¢'(B))}, we pul ey .on1,0 € E,0 the unique edge which
contains | and is contained in Trop(¢/([w;, 0))). We define Ly, for Trop(¢'((7°)~*(vg)))
in the same way as for Trop(y'((7°) ! (v))).
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In this subsection, the character v always means a singular 1-simplex such that
7((0,1)) C rel.int(e) for some e € Z or Z(y,e1y. When we write a.,(Span(e) A FP(F,)),
we assume that v((0,1)) C relint(e). It is also the case for other cochains and for e
with subscripts.

LEMMA 9.5.8. Let g € O(X)[T] be a polynomial irreducible over K(X),,. We
consider g as a morphism X x A' — A'. Then there exists (Y, ¢4, D, Oy, 0)) such
that a sextuplet (Yy, ¢, ¢} := (@', @y, 9), Py, Oy, ©)) dominates (X, p, ', ¥, A, A').

Proor. This follows from Lemma 9.3.12, Lemma 9.3.14, and Lemma 9.4.7. 0
LEMMA 9.5.9. Let (A,r) € Z>1 X Z>o. We assume that

a,(Span(e) A Fy1(Fe)) = {0}
for any v in ((ves.alg.deg, Ly) > (A,7))-locus C Trop(¢'((7°) H(w))). Letl € Z
contained in at least 3 edges such that (ves.alg.deg(l), Ly(l)) = (A, 7).
Then there exist a sextuplet (Y, ¢, ), Py, Oy, 0)) dominating (X, ¢, ¢, V, A, \') and
B, € CPO(Trop(¢)(wy)), ©)) such that

- the map

Trop(pg;): Trop(¢;((7°) ™" (v0))) — Trop(y'((7°) ™" (v0)))
1s injective on the inverse image of

(((A,0) < (res.alg.deg, Ly) < (A,r)) — locus) \ {l},

and
- we have

(Trop(pg;) e + 1)y (Span(e) A Fy1(Fe)) = {0}
for any e € Zg .0 \ {€@.0)).0.00} contammg Trop(¢;(w;)) and any v, (when
I = Trop(¢'(B)), we put {6 ¢,0/),Trop(¢'(B)).00 ) := ).
Proor. This follows from Remark 8.0.5, Remark 8.0.8, Lemma 8.0.14 Assumption
9.3.5 (4), Corollary 9.4.10, Lemma 9.5.8, and surjectivity of

(8T)u Uwp ,00
N (r(wo) ) ——20% @D AP (k(uo) )
'U/O?éuwo,oo

for wy as in Corollary 9.4.10, where ug € P};a&)vo runs through all non-trivial specializa-

tions of wy except for wuy, . (Surjectivity follows from Lemma 8.0.6 (1). See Remark
6.2.10.) More presicely, we can take ¢ of the form (¢', ¢y, (¢;);), where g; € O(X)[T] is
a polynomial irrducible over K (X),, (which is considered as a morphism Y; x Al — Al))
such that

+ [wy, 00] C [(g; = 0), 00], or
- [00,b;] N Sky w1 (vg) = [00, w;] for some type 2 point w; € 7! (vg) such that
res. alg . deg(w;) < A, where b; € m(vg) is the zero of g;.
Note that by Lemma 8.0.6 (4), the morphism ¢ of this form always satisfies the first
property of the assertion. |
REMARK 9.5.10. In Lemma 9.5.9, for any ' € = such that
(A,0) < (res.alg.deg(l'), Ly(l") < (A, 1),
by the first assertion of Lemma 9.5.9, we have

(ves . alg . deg(Trop(¢}(wy))), Lu(Trop(¢)(wy)))) = (res . alg . deg("), Ly(l)).
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REMARK 9.5.11. For A € Z>y and r € Z>o + %,

1 1
(A, r— 5) < (res.alg.deg, L) < (A,r + 5)) — locus
18 homeomorphic to a direct sum of spaces which are gluings of finitely many copies of
0,1] at {0}. (The image of ((A,r — 3) = (ves.alg.deg, Ly)) — locus is the copies of
{0}.)
PROPOSITION 9.5.12. There exists a sextuplet (}/T7¢T7¢/17(DT7@T7@/T) dominating
(X, 0, ¢, W, A, A') such that the pull-back Trop(p¢/T)*oz, is equivalent to an element

o' € CP(Trop(d (7 (1)), ©})
satisfying
o (Span(e) A F,_1(F.)) = {0}
for any e € E(%@;) and any . (Here

Trop(pg;): Trop(¢i((7°) ™ (v0))) — Trop(¢'((7°) ™ (v0)))

is the induced map.)

Proor. This follows from Lemma 9.5.9, Remark 9.5.10, and Remark 9.5.11 by
induction on (res.alg.deg, L) € Z x Z[3] in the descending order. O

By Proposition 9.5.12, without loss of generality, we may assume that
o, (Span(e) A Fy-1(P.)) = {0}
for any ~.

LEMMA 9.5.13. Let (A, r) € Z>1xZ>o. Assume o, = 0 for anyy in ((res. alg . deg, L) <
(A,r))-locus. We fixl € E\ {Trop(¢'(B))} such that (res.alg.deg(l), Ly(l)) = (A,r).
Then there exist a sextuplet (Y7, ¢, ), ©r, Oy, 0)) dominating (X, ¢, ¢, UV, A, A') and
By € CPO(Trop(¢)(wy)), ©]) such that

- the map
Trop(pg): Trop(¢i((7°) " (vo))) — Trop(¢'((7°) ™" (vo)))

is injective on the inverse image of (res.alg.deg > A) — locus,
- Bi(Span(e) A F,—1(e)) = {0} for any e € Z(y o1y containing Trop(¢y(wi)), and
- we have
(Trop(pg;)*a +053;), =0
for any ~v: [0,1] — €($),0)) 100"

ProOOF. This follows from, when [ is contained in at least 3 edges (resp. only
1 edge), Lemma 8.0.6 (2), Lemma 8.0.14, Corollary 8.0.11, Assumption 9.3.5 (4),
Corollary 9.4.9, Corollary 9.4.10, and Lemma 9.5.8 (resp. Lemma 8.0.6 (3), Corollary
9.4.11, and Lemma 9.5.8). More presicely, we can take ¢, of the form (¢, ¢, (g;);)
where g; € O(X)[T] is a polynomial irreducible over K(X),, such that

[00, b;] N Sk (77 (v9)) = [00, w]

for some type 2 point w’; € 7 (vy) such that res. alg . deg(w}) < A, where b; €
Sk /(7 (vp)) is the zero of g;. (We consider g; as a morphism ¥; x Al — Al).
Note that by Lemma 8.0.6 (4), the morphism ¢ of this form always satisfies the first

property of the assertion. O
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REMARK 9.5.14. In Lemma 9.5.13, for any l' € = such that
A <res.alg.deg(l'),
by the first assertion of Lemma 9.5.9, we have
(res. alg . deg(Trop(¢;(wy))), Ly(Trop(¢)(wy)))) = (res. alg . deg(l'), Ly(l')).

PROPOSITION 9.5.15. There exist a sextuplet (¢, ¢, @, 0,0") dominating (¢, ¢', ¥, A, A")
such that the pull back of « is equivalent to 0.

Proor. This follows from Remark 9.5.11, 9.5.14, and Lemma 9.5.13, by induction
on (res.alg.deg, Ly) € Z x Z[1] in the increasing order. O

Consequently, we have the following.
COROLLARY 9.5.16.

(Rlﬂ-:ﬁ(pXXAl)o)Uo - 0
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