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On the existence of Cohen extensions and ZJB' vredicates I
By Yutake YASUDA

In the present paper, we shall consider only Cohen extensi-—
ons that do not use notions of forecing Which are proper classes
in a given model. From now on, accoding to Takahashi [ 18], this

kind of Cohen extemsions we will call Cohenian exitensions.

Let [ be the first-order language with the equality symbol
"=" and the membership relatiom symbol "e&", but without other
norn~logical symbols. We use ZF for the Zelmelo-Fraenkel axiom
system (extensionality, regularity, infinity, union, replacement
and power set) that is formulated in £, and ZFC for ZF plus the
axiom of choice formulated in [ .

Suppose that W is a countable standard transitive model for
ZF. For each set m of py{,, we choose a constant symbol m called
the name of me It is understood that different names are chosen
for different sets. The language obtained from £by adding all
names of sets in Wlis denoted by .ﬁm.

We shall consider the following problem: Let @ be a sente—

e —

nce of "tm: Then can ;vfg find a Cohenian extension of W that satisfi-

es ¢ ?

*¥) The auther is im Dr. M. Takahashi's debt for several useful
suggestions. Also he gave me that Solovay obtained a simple proof
of Takahashi's®theorem, but I:could not know his proof.
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Since there is a semtence of [,that is not true in arbitrary
structure for £ s some restriction on @ is necessary in order to
answer our problem. Now let ué consider only § for which there is a
countable standard transitive model U for ZF that is an extension
of Mhaving the same ordinals as B, and that satisfies @ .

’\Tm let us also suppose that W is one of Easton's model{[1])

that satlsfles the statement: for every regular cardlnaljé s 2 <N0:
Jensen] 3] constructs o countable standard trasitive model M that is
an extensio-nfléf m‘ heving the same ordinals as W, and that satisfies
__G_C__l_i’_( the generalized cowtinuum h;\rpoi‘,hesis). Jensen's construction of
his model W uses a notion of forcing that is a pfo;oer class of Nlo
Ve can not conmstruct his model Tl using a notion of foréing which is
a set of W, for, in arbitrary Cohenian extension), thve collapsed
cardlnalc constitute only a set of the Cohenian extensz_on(CL. Jech[Z]
) Thus amswer to our problem is still negative.

7B

Lévy [5]shows that GCH is 2 ||5~ sentence in his blerarchy of

set theoretic formulas. Thls suggests that $ must be restricted to
7H ZF -
elther ZT— or |l 7~ sentence of _fm.
ZE " o

Let 9 be T(-i—- sentence of _fmsuch that there is a standard

transitive extension T of W that satisfies @ o Then we have that
N Ay

WMzlso satisfies @ , for the .ﬂz‘,‘*— sentences of f are preserved
vetween W and ¥ . Thus 9 is satisfied in the trivisl Cohenian
extension WMof M (use, as a2 notion of forcirg, a linearly ordered

structure in M ). This give us an affirmative answer to our problem

when @ is 2 'ﬂ—-"- sentence of
m

—
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Tekshashi [13] gives the following answer to our problem for the
o .
case of 21—- sentences of f 2
: 1 e

THEOREW( Takahashi [13]). Let mt 2nd 3 be countable standard

transitive models for ZFC and assume that ¥ is an extension of ¢

Zr

having the same ordinals as wt. If ¢is 2§+ sentence gf_['hhat is
: ot

true in ¥t , then there exigts a Cohenian extension W(Glof Wtihat

setisfies ¢ .

~ Takshashi's proof of his theorem uses a notion'of forcing
whose conditions are elements of the Lindenbaum algebra of an
infinitaly propositional logice.

We shall show that Takahash's theorem may be proved with a very
gimple notion of forcing. Since in order to do forcing over W we need
only to be able to code the forcing language and to define the forcing
relation in W, and these do not need the axiom of choice (Cf. Jensen
141), our proof will improve Takahashi's theorem such, that the
theorem applies to models Wland W that do not satisfy the axiom of
choice. Algo, we shall apply Takahashi's theorem to—some.}j% predicates. -
We will present more applicationms in a fbliowing>paper R AP

We assume that the readers are familiar with the nmotions of
firgt-order languages, formal system of Zefmero—Fraenkel set theory
in such a language, models for such a system and the analytical
hierarchy, and the theory of forcinge The book of Shoenfield[8]
provides one of the best accounts of these notions énd their theorieso
For the theory of foreing, the readers should comsult the excellent

papers of Shenfield[9]and Solovay[12,§1].
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Our notations and terminologies are those of ohooafleldD,lOJ

and Solovay [_12 §1], but with the following differemces: We use the

symbol " =" for logical equivalence, and small Greek letters "o,
"o" and "3" demote reals which are totall functions from ¢y intow,
but letter "o

is a special variable for ordinals.

1

1. Shoenfield Absoluteness Theorem.
theorem which

Let us begin with a
is a model

theoretic version of well known Shemfield

absoluteness theorem([8]). This is considerably importamt in our
further worke.

Let M and ¥ be standard transitive models for ZF and assume

that W is an extensiom of W having the same countable ordinals as M.
Then we have |

THEOREM 1. The 22 and ﬂ2 sentences of £ are absolute
between w and L #

. R

Proof. Shoerfleld (8] shows that if $ is a 22 sentence offm

then there is a A-—- formula (") having only one free variable @
and the same names as § such that

(*) ¢ = Hoeew 'L(cr)

1 v '
By (*), the absoluteness of the A%—E sentences(Cf. Karp[5])
and the hypothesis of the theorem,

WE § =

wE Do <w 1)
=Je< Wt = A ]
=<l T & A ]

ETILFSQM% ()

£
- .
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f-_-;vrcx:?.

For a T[:é sentence @ , consider the negation of @ which is }—_;.
C.Q.F.De

2., M¥ain Theoremo Now we turn to our main theorem which is

a slight \improvement of Ta.kahashi's theorem.

Let Mand Wbhe countable standard transitive models for ZF
armd assume that T(is an extension of NMhaving the same ordinals
as .

THEORE M 2;“ Ir 9_}_:; _a_. 2.?{: sentence of f"};;{avi@ only names

Cy9eeesl s then there exists a Colienian extension WG] of W{that

satisfies .

Proof. Without lseing generality, we may assme that 9 has -
only one name c.

Let A(xyy) ve a A, formula of £having only two free variables

X and y such that

¢ = ’A(X’E)
is provable in @o Since @ is true in Y, there is a set s of ¥{ such
that A (x,y) is satisfied in ¥ when x and y are interpleted hy s and
¢ respectively. Ifk, s is already in W(, then our theorem is trivial.
Therefore we may assume that s is not imW{.

Now let us consider two partially ordered structures

¢, = (B, (w,™(cVw)), &)

o

and

g = (Fy (@,7(s)), )

e
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Then CC and Cs are notions of forcing which are sets inrntand>7t
respectively. Now let G and G_ be a T ~generic filter on C_ and
a Tﬂ?&l-geﬁeric filter om C_ respectively. Notice that ¢, is also
T ~generic filter on~CCo Thus there is a bijection;gc from  onto:
TC(c V) in7KGé) andTﬂGé). Let g be a bijectionvfrom(;)onﬁo
TC{c V)V TC(s) in”ﬂﬂSC,GS] such that for every natural number i,
e21) = g (1)
Consider the bimary relation Rgﬁoncudefined as follows
R, = {i,9) ewxw gli) e al3) }.
Ther g is an isomorphism between: itwo structures (OJ,Rg) and
(TC(cUw)UTC(s), € ). Let c* and s* be two natural mumbers such
that
glc*) = ¢
and
g(s*) = s.
Since A(x,y) is aAO formila ofﬁ, and (TC(cVw)UTC(s), €) is a
transitive substructure of {{,
(mc(e Uw)UTQ(S)r €) }:X.(XQ-Y)[S”C]’
and thus

(w,2) kA (xy5) [5%,04].

Let WO(X,Y) Be an arithmetical predicate having only two free

variables x and y, without names, which says that x and y are reals

—bm
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such that x and y are the codes of binary relations onw, and for

2ll natural numbers i and j
'(*) - x(¢21,25>) = 0= y(<2i,25>) = O
and
y(<1,25+1>) = 1&y(<2141,3>) = 1.
Let '{Jl(x) be aﬂ% predicate having only one free variable X ,
without names, which says that x is a regl that is the code of a

well-founded binary relation om ¢y, and for all natural numbers

J and k

i

Vi(x(<i,3>) =0 = x(<i,k>) =0) = 3 = k.

Pinally let l{JZ(x) be an arithmetical predicate having only one free
variable x, without names, that is the logical conjunction of a
predi;:;ate which says that x is a real and the predicate é'ﬁrtained
from the formula 7(,(.:{, ¥ ) by replacing x with s¥, y with _g’,‘ VeV

with x(<i,5>) = 0, Vu with ¥i and Ju with Fi. Then
Ix(olzy) & P (x) & Py(x)

is a 22 predicate of _fmhav:mg only one free real variable y and
two names c* and g%, and we express this predicate as Sb(y) for
simplicitye.

Consider the bimary relation 5 defined as follows
g
c

sgc = {(21,23) cewxw :gli) e é':c(a")»}

which is in WG] end TU[E ]
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Let o and @be the codes of Rg and Sﬁ respectively. Hotice
. Se
®is in M[GC—_I, so in N[ch and J‘([GC,GS]. Since R_ is a well-founded

(=Y

binary relation orm o such that for all matural numbers i, and k

Le

(e1,25) e 2_ = (2i,2)) e S
= e

and

(1,2541) 5= (2i41,3) &5
~e

g

0

. C
Vn((n,j) €R_= (mk) €R) —J =k,
& <)
and U () says that % (x,y) is satisfied in (aJ,Rg) when x and y
2

interpreted by s* and c* respectively, we have
K[GC’G:S] l= (PO(X"V) & ¢1(3='-) &'\ %(X) [O(, @]'

thus | |

nle,,¢lkE P () ILRI-

Now observe that M[GC] is 2 submodel of M[Gc’st having
the same countable ordinals as ﬂ[GC,G-s],.'fOr, gince the notions
of forecing (HNé(w,TC(ch )), ) and (H‘!NO(w,TC(S)), € ) satisfy
the JNG-chain condition in N[ and ¥ respectively, the cardinals,so
the coumrtable ordinals, are preserved bhetween the two models M\:Gc]
and U([GC,GS] . By theorem 1, the Z% predicate %(y) is also satisfied
in M([G’c] when y is imteroreted by (b . Let ¥ be a real in NG cJ

sﬁch that
MET e §olar) & (0 & ¢, 7, Bl

Consider the binary relation R7 defined as follows

<8~
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Ry={'(i,j)€~wxw : 7(<iyj>)=0}'
'I’hgn (wW,R ) is a well-founded and extensional structure such that
(CU,R]) ‘:" 7(‘(3(’3’) LS*!C*] .

By Mostowski Collapsing Theorem ({7])s there are unique trensitive

set u and unique isomorphism 7R from (G),Rﬂ onto (u, €) in M(_G'C]. Thus

(wse) B Al(xy) D(e*), T(c*)l.

By (*) 5_ is a subset of R/ , and hence the inverse function of
“c :
8, is the restriction of Mto the set of evenrr matural numbers.

Since ¢* is g even natural number,
TM(c*) = g (c*) = & H(c¥) = c.

Notice that (u, €) is a substructure of MGc], and i(x,y‘) is a AO

formila of [. Therefore we have
ale ] F Ay Un(s*),e ],
S0 ”
WmiclJr .
C.Q.F.D,

3. Application. DNow we shall give some applicatioms of our

theorem 2 that are concerned witk the analytical hiergrchy.

Let Wland Whe countable Jcransitive\ mo-delé for ZF + "there
existe an inaccessible cardinal" :a:nd assumé thet I is an extension
of M having the same ordinals. Let 3p%(X,B) be a Zé sentence with

one name X for a real inW(.
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THEOREE 3. If the predicate IpP(d,p) is satisfied in IC,

then there exists a Cohemian extension WG] which bas a standard

trensitive submodel for ZF + Jpa(d,p).

Proof. Let 0 be an inaccessible cardinal in M and R“(G* ) the
set of sets in I with ranks less than C. Let k[J(X,}’,_"_Q be the A%‘E
formula "(x%,€) is a transitive model for ZF +& (o,¥)". Then ¥(%,y,%)
is satisfied in J{ when x and y are intrepleted by R“(U“) and some real
in RK(O‘) respectively. Since Ix ayﬁ{a(x,y,gi) is a E%—m formula, by
our theorem 2 there exists a Cohenizan extension M{:G] of m:.n which

this formula is true. This meanms that there is a transitive standard

submodel of WG] in which ap@ (ﬁ,(_’:) is true. ’ C.Q.F.D.

The technique inm the proof of theorem 3 has séme interest
and many applications, and we present here one more applicatiom.

Let M and Flbe standard transitive models for ZF having the
same ordinals and assume that J{ satisfies MC(there exists a mesurable
erdinal). Let P(o(,(}) be a T]é predicate which says that [ =0(#(Cfo
Solovay [11]). Since IPP(A,P) is provedble im ZF + M , for each
real X in W IPPE ,8; is true inQf. Let Y(x,y,R%) be'a A«lz—?f féémula
which says that (V,é) is a transitive model of Z__F + P(o_(,y). Then
applying a similar argument im the proof of theorem 3 to this formula,

We have

THEOREE 4. There exists a Cohenian extension MUG] of W

which has a stendard transitive submodel for ZF + " Q_(_—#exis:bs".
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