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On the Resolution of Hypersurface Singularities

By Mutsuo OKA ﬁf] ﬁﬁi%ﬁé
BE-TE KT 1R EY ARG

§1. Introduction.

Let F(zl, ..-y Z_ .) be a germ of an analytic ‘function at the origin

n+l
such that f(0) =0 and f has an isolated critical point at the origin.
We assume that f has a non-degenerate Newton boundary. Let V be a germ of
hypersurface f'l(O) at the origin. We will study the resolution of V. Let
r*(f) be the dual Newton diagram and let I* be a simplicial subdivision.
It is well-known that there is a canonical resolution’ T : ¥y—>V which is
associated with Z*. ([51). However the process to get g* from T*(f)
is not unigue and a "bad" f* produces unnecessary exceptional divisors.

The purpose of this paper ié to study the topology of the exceptional
divisors using a "canonical" subdivision I*. For example, if n = 2, there
is a "unique" subdivision £* so that the resolution graph is obtained by

a canonical surgery from S r*(f) (= 2 skeleton of T*(f) which we consider

2
as a graph by a plane section). Namely we have:

(I). For a vertex P of S, I"(f) which corresponds to a compact two
dimensional face ~A(P) of the Newton boundary F(f)z there is an exceptional
divisor E(P) which is a Riemann surface of genus g(é). Here g(P) is
equal to the number of integral points of A(P) - 3A(P).

(II). A line segement PQ of S, I'*(f) is replaced by r(P, Q) + 1

copies of a chain of rational curves
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where T(P, Q) -is the number of integral points on = - 33 ,

g = 0(P)na(Q). The continuous fraction mo- =

1

Tk

is canonically associated to P and Q. (See Theorem (6.1).)
This paper consists of the following sections.

§2. Newton boundary and the dual Newton diagram.

§3. Canonical simplicial subdivision.

§4. The resolution of V.

§5. Topology of the exceptional divisors.

§6. The surface singularity.

§7. Three dimensional singularity.

§2. Newton boundary and the dual Newton diagram.

Let f(zl, cers Z,q) = z avzv be the Taylor expansion of f where
v, v
2’ = z L. anil as usual. Recall that the Newton boundary T(f) is the

union of compact faces of F+(f) where F+(f) is the convex hull in Rn+l

n+1

of the union of the subsets v + (R™) for v such that a, £ 0.

I (f) has a natural polyhedral decomposition. For any closed face A  (of

any dimension) of T(f), we associate the polynomial fA (z) = %eAavzv
We say that f is non-degenerate on A if —iA - _afa g

R

n+l

has no solution in (C*) We say that f is non-degenerate if f is

non-degenerate on any face A of r(f). ([61, [141).



Let N* be the space of positive vectors of the dual space of Rn+l.

Bl
For any vector a = (E

. ) of N', we associate the linear function a(x) =
3 _

n+l
Zaixi on r+(f). Let d{(a) be the minimum value of a on r;(f) and
let A(a) = {x¢g I;(f); a(x) = d(a)} . We introduce an eqguivalent relation
~ on N* by a~b if and only a(a) = aA(b). For any face A of
dimension k of I‘+(f), there is an eguivalence class A* of dimension
(n+l-k) which is defined by A* ={aeN"; ala) = a}. The collection
of % gives a polyhedral decomposition T[*(7} of N* xhich we call the dual
Newton diagram of f. We identify 7T *(f) and its projection on the hyperplane
L = {xl Foeee # X 0w 1} . Thus a vertex P of r *(f) 1is a primitive
integral vector such that A(P) is of dimension n. If P ié strictly
positive, i.e. each coordinate of P is positive, A (P) is a compact
face of T(f).

Example (2.1). Let f(x,y,z) = NI y4 + z4 + xyz. Then T(f)

has three faces of maximal dimension and *(f) is the following;

QU

R P =¥z, 1, 1), SX,00)

./\. | Q=%1, 2, 1), T=10:1.0)
/P Q\Q R =Y1, 1, 2), U=(0,9,1)

T

Wo

Figure (2.1)

For any P eN+, we define the support of P by A(P)*.
We say a polyhedral subdivision r* of r*(f) is a simplicial

subdivision if the following conditions are satisfied. ([ 5 J).



(i) I* 1is a subdivision by the cones over the simplexes o = (Pl""’Pk+l)
where Pl,...,Pk+l are primitive vectors and they can be extended to a basis
of Zn+l. We identify the cone over a simplex ¢ and o itself. In particular,

any n-simplex o =’(Pl,... P .) with P, = t(pl i;...,p ) satisfies
: ?

' n+l
det (pi j) = +1. The intersection of two simplexes is a simplex.
b

n+l,1

(ii) For any n-simplex as above, there exists a permutation 1 of {1,..., n+l}
such that
(2.2) A(Pr(l)) ) A(PT(Z)) D.o.. D A(Pt(n+l))'

Remark (2.3). The condition (2.2) can be replaced by a weaker condition
but (2.2) makes the intersection of exceptional divisors easier to be unders-

tood. (See temma (4.7).)

§3. Canonical simplicial subdivision.

t

Let Pi = (pl ..... , P ) (i=1,..., k) be given integral vectors
! ’ .

of N'. We define a non-negative integer det(Pl,...,P ) by the greatest

common divisor of all k x k minors of the matrix (pj ;) and we call
?

det(Pl,...,P ) the determinant of P P

1ree0s Pe

i j) be a unimodular matrix. Then we have
?

det (Py,..., P ) = det (APy, ..oy AP).

The proof is an easy exercise of linear algebra.

Lemma'(Z.l).VLef A= (a

Lemma (3.2). Let Pys---s P ) be given integral vectors such that
det (Py,..., P) =tl. Then there exist integral vcetors Pro17 s Pryp  SUCh

that det (Py,..., P 1) = &l

N+l

Proof. Let M be the subgroup of Zn+l

generated by Pl""’ Pk' Then

by the structure theorem of a finitely génerated abelian group, there is a



Do
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subgroup M' of rank k such that MCM' and M' is a direct summand of

Zn+l. Then the assumption that det(Pl, ceey Pk) = 1 'clearly implies M' = M,

(I). Division of a line segment.
integral
P1 a; integ
Let P =] and Q =|: be given distinct primititgv;gg{g;; in N*.

Prsl 941

Lemma (3.3). let c = det(P, Q).

(i) Any integral vector P

| oOn the segment PQ such that det(P, P =1

can be written as
c

1 1
PL=cl+—F

for some integer C,2 0.

(ii) There exists a unigue c, such that O¢ cy<cC.

1
(iii) P, is necessarily primitive. 1
Proof. By Lemmas (3.1) and (3.2), we may assume that Q = ?
0

v

Then ¢ is nothing but g.c.d(pz, e pn+l)‘ Let Pl = 3P +pQ(A 20, p 20)

and assume that P, 1is an integral and P. satisfies det(P, Pl) =1. As

1 1

det(P, Pl) = py.det(P,Q) = yc =1, we have p = %-. As \Pl is integral,
c
1

AP € z for i=2, ..., ntl and this implies that ) = = for some c

v
o

1

and c + 1 =0 modulo c. The last equation has a unique solution in

1P1
()§C1,<C as g.c.d(pl, c) = g.c.d(pl, ceey pn+l) = 1. The assertion (iii)
is immediate from the assumption det(P, Pl) = 1. Note that c, = 0 if
and only if c = 1.

Remark (3.4). By the abuse of language, we say that Pl = AP + uQ is

. 5= . v A o .
on the line segment PQ if the normalized vector P; b P T Q is

on PQ. This is the case if and only if A 2 0, p z20.

Definition (3.5). Let PQ be a line segment of S,T*(f). Here Skf*(f) is

the k-skeleton of [(f). wWe say that
-5 -



IRREE Pk on PQ are the canonical primitive sequences

if the following is satisfied.

the primitive vectors P

(i) If c = det(P,Q) =1, k=1 and P, =P + Q.

1
(ii) If c> 1, there are non-negative integers c = Cg> 1> +-. >0 = 1, Chpl = 0
such that
o
1 i+l .
isl = o @ Py (1=0, ..., k)

i i
where PD = E and Pk+l =Q |
The condition (i) is to satisfy (2.2).
Lemma (3.6). Assume that c = det(P, Q)>1 and let P, ..., P, be the

1’ k
canonical primitive sequence of the line segment PQ. Let c; (i=0, ..., k+l)

, €i-1 * Sial
be as in (3.5) and let m; = ————=——= (i =1, ..., k). Then m, Iis
i c; i

an integer such that m; 2 2 and the continuous fraction

_— 1
i mo-
_ L
e
. o
is equal to o -
: 1
PLi
P: s+ 1 +Ps s
Let Pi = § . Then ms is equal to J’l,l - 11+l for any j =1, ..., n+l.
Pii
me»l,i
Proof. We prove the assertion by the induction on k. Assume that k = 1.
-1 1 -0 -
Then P1 =2 Q + - P. Thus m = N =c. As ¢c pj,l = qj + pj, we have
p: + Q. _ > C
c=—1—2_ pssume that k> 1. Then as P, = g-+'——l--P and P -4 +-—-Z Py
P ~ 1 ¢ ¢ 2 cC c, 1
I 1 1
1 1 c, c+C
we have that det(P, P,) == det(P, Q + c,P,) = = (1 + =) det(P,Q) = =m .
o 2 c, 21 c, c | 1 1
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Thus my is an integer and m

implies that P

1 2 2. We can write Pl =P/ m o+ P2/ m . This

is the canonical primitive sequence for PP Now we have

2°

Cl/CZ = C/Cl’ completing the proof of the

l.
ml_r];\ :C+c2— 1
2. - c

first assertion.The second assertion is obvious from the-equality:

( P. = c.(P. . +P. ).

Cis1 *Ci41 "1 7 GV T Tia
Remark (3.7). Lemma (3.6) 1is true for every primitive sequence Ploeees

P onP Q such that det (Pi Pi) =1 fori=1,..., s+l (P, =P and P,

s -1’ 0 1
= Q). exept that mo > 1 in this case. qu example,‘£m1+l, 1, m+ l,m3,...?mk]
= [ml,...,mk]. Here we write Iy- -%;:T—————E—- = [rl,..., rt] for brevity's )

T
sake. Note that if c = det (P,Q) > 1, a primitive sequence Pl""’ PS is

canonical if and only if mi > 2 for each i, by the second expression of

e =
170 Pk is V' canonical primitive sequence of P Q,

Pys+++» P{ 1is the canonical primitive sequence of TP. The ambiguity of the

m, . In particular, if P

continuous fraction expression [rl,...;,rs] for T, 2 1 corresponds to the

existence of the exceptional curve of the first kind. (See §6.)

(II) Division of S5 r*(f).

Let & be a closed cell of dimension 2 with vertices P,..., S. There
is no unique way to divide € into simplexes with determinant 1. We first
take canoniéal primitive sequence on the boundaries and divide £ into
triangles without adding any other vertices. The determinant need not be

equal to one.



Lemma (3.8). Let A  be a triangle with primitive integral vectors P, @,
R as vertices. Let c¢ = det(P,Q,R) and assume that ¢ > 1 and det(P,Q) =

det(P,R) = 1. Then there are unique c, and dy such that

()0 <c; < ¢ and 0 <dy < c. (if) The point defined by T,= -—%R .
Cl dl . ) ‘ =1 ‘
E—Q sl P is an integral point which satisfies det(P,Q,Tl). (iii) Tl divide

A into three (two if dl = 0) triangles with det(P,Q,Tl) =1, det(P,Tl, R)

and det(Q, T R) =d

=< 1"

Proof By Lemma (3 1) and Lemma (3.2), we may assume that P = t(

1,0,...,0),

(O,l,O,...,O) and R = 0,...,0). Thus c = r,. Tl is an integral

(rl’rz’rz’ 3

point if and only if ¢ = 0, dl = 0 modulo c. Clearly this has a

1% %2 I =
unigue solution in 0 £ c; < c and 0 £ dl < c¢. If c; = g, Tl is on
PR and we have a contradiction 1 = det(P,R) = c det(P,T,). The other asser-
tions are obvious.

Note that det(P, Tl) =1 by det(P, Q, Tl) = 1. Thus we can do the same

operation on the triangle 411 = AS(P,Tl,R) if c, > 1. By the induction, we

get

Lemma (3.9). Assume that c > 1. There exists unique integers Kk, Cls vees
Che and dl""’ dk such that C=Cy> Cy > >ck-l and O <d < Ci_1-
and T, = R/c; ; +¢;T, 4/c; 4+ d.P/C._l,(l =1,..., k) are integral points

with det (P,T, ,,T. ) = 1 where T . (See Figure (3.10).)

i-1’ 0~

Figure (3.10).

We say that Zliz (P,T; 1

subdivision of the triangle (P,Q,R) at P. (T,,; =R). In the case c = 1, we take

Ti) (i=1,...,k+1) are the canonical simplicial
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one vertex T =Q +R if A@) & AR) and A(Q) » A(R). Otherwise we do not
need any subdivision. |

We Teturn to the subdivision of § . Take any triangle A(P',Q',R'). If
det(P',Q') # 1, we take canonical primitive sequences on P'Q' , say Pl?"" Por
and divide A(P',Q',R') into k+l triangles with the property det(Pi’Pi+l,R)
< det(P',Q',R'). If det(P',Q') =1 and A(P') and A(Q') are not compatible
with (2.2), we take one vertex Pl = P' + Q'. Thus we may assume‘that det(P',Q")
=1 and A(P') and A(Q') are compatible with (2.2).Then we do the same opera -
tion on P' R'. As the determinants of the triangles are monotone decreasing under
the above operation, after a finite number of Qperations we come to the situatio
of Lemma (3.8). Then we apply Lemma(3.8) and so on. Thus by the finite operations
we can divide § into simplicial triangles i.e. with determinant one and the
condition (2.2). By this argument, we can divide SM*(f) into simplicial
triangles so that the restriction of the subdivisioq to the SZF*(f) is the
canonical one which is constructed in (3.5).

The subdivision of [*(f) can be done by the inductive argument. Suppose
we have a simplicial sudivision of SmP*(f). First we divide Sm+lf*(f) into
simplexes with determinant not necessarily one without adding any vertex on

SH”*(f). Then the following Lemma plays the same role as above.

Lemma (3. 1 ). Let A be a simplex with vertices Pl’ ceny Pm+l and

3

assume that det(Pl, B e

i ) =1 and c = det(Pl,..., Pm+l) > 1

m+1

(i=2,..., m+l). Then there exists unique integers c Ch such that

IEIRERY
the vertex T defined by

T = ClPl/C Foee. + Cn»Pm/C + pm+ /C

1

is an integral point and 0 < C; <c fori#1land c >c, >0. T divides

1
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A into m+l simplexes with respective determinant Cls =+ Cp and 1.
The proof is completely parallel to that of Lemma (3.8). The details are

left for the reader. See also [5] for a further information.

§4.  The resolution of V.

Let f be an analytic function with an isolated critical point at the
origin. We assume that f has a non-degenerate Newton boundary and let ZI*
be a given simplicial subdivision of T *(f).

For any n-simplex g = (Pl’ eeey P 0) = (p;.), we associate

n+l ij
(n+1) - dimensional Euclidean space C2.+l with coordinate (yCr 17 e Y )
. ?

g,n+1

n+1 n+1

and holomorphic mapping 1 : €' ——> € which is defined by

Pi 1 Pio2
yo' ’2

_ pi,n+l
i'yc,l

» ey Yg el By the abuse of the notation, we write

z

z = (yq )o . Let X be the union of Cn;l which are glued along the images

1

of Mo Let 7#: X - ¢ be the projection map and let V be the

n+l

closure of ¢ "l(vf\(ﬂt*) ‘ It is well-known that © :V — VvV is

a resolution of vV ([ 5 1). (m=z 2)
Let di = d(Pi) and Ai = A(Pi) be as in §2. The ordering of Pl’ ceey
is so chosen that

(4.1). Al>A2 O>... )Aml
n+l1 dj
W . B .
e define gAi(%,l’ oy yo,n+1) = fAi( Ts (yc))/ j=Hl %5 - It is easy

t i - g - :
0 see that gAi is a function of .n+ 1 - i variables yO,i+l’ cees yC,n+l .

If Pi is strictly positive, 9, is a polynomial. We can write
i

- 10 -



d d »
1 n+1 e aps ~ N+l
* = .o f . By the definition of V, VAC =
Mo f(XJ )‘ Yo ,1 Yo,n4l g (XJ ) y ' » NTe
3 _
{ﬁj =0} and £ (Xml’ eee, G, . Xs,n+l) = gAi(XJ,j+l’ ey Xs,n+l)'

Thus we have
(4.2). V afy, ;=0] # @ if and only if dimap 0.
Recall that. ———— S, T*(f) is the union of cells of TI'*(f) whose

dimension is less than k + 1, and we call Sk I'*(f) the k - skeleton of

I*(f).
4.3) .

Remarky™ The dimension of a cell decreases by 1 if we consider the
section with the hyperplahe X+ eee + Xq g 0= 1. 7

Corollary (4.4). Assume that o A S_T*(f) = @. Then VAetc @?*)n+l

y . . N n - ° ﬂcm i *

Thus no exceptional divisor is in this chart.

Let 0‘ be as abqve and let E(P;;0 ) = Vf\{%;,i =0} = {(Xti,..., Xr,n+l”

ey

in a neighborhood of 17'1(0) is easily derived from the non-degeneracy

iy _
Y% i =0 gAi(XJ,i+l’ (J,n+l) =0} . The smoothness of V and E(P;50)

assumption of the Newton boundary. By the definition of T, o, we have

(4.5).  m (E(P;;0)) ={o’3 if and only if P, is strictly positive.

Now we study the glueing map between Cq;l n+1‘

and E,r

Let. o

= (Pl’ ey, P_0) and T = (Ql’ cee, Qn+l)' We can write

n+1
N+l
Q; = %_ ﬁin forany i=1, ..., n+l.
j=1
Then y ;= "0—10 (g )= TTO_lT (yT ) and Glt is the matrix A = U‘ij)'

Namely we have
Af

(4.6). %, "%

Ai,n+l

y-z' ,N+l

bt Tt

2

In particular, if Pj = Qi we have

- 11 -



( 0 \
A= 0
-1 j
0
0
~ /
et  pA' o= ( Xa,g)uij,gfi . Then ' is a ugimgdular matrix and E(Qi, T) |
~
and E(Pj; o) are glued by y! = (yr,l’ ceey O, ou, yT,n+l) N yé - (yé ',

Thus for each P e g ~ with dimA(P)> 0, the union of E(P; g) for simplexes
g such that P ¢ g 1is a divisor of VvV ~and we denote it by E(P). E(P)
is a compact exceptional divisor if and'only if P 1is strictly positive. If
P is not strictly positive, n(E(P)) # ‘{Oj . The topology of E(P) will
be studied in the following sections.

We say that vertices Pl’ ceey Pk in g* are adjacent if there is
an n-simplex g of I* such that Pi‘e g for i=1, ..., k.

The following criterion for the intersection is important.

Lemma (4.7). Let P P, be mutually distinct vertices of g*

17 we0r Py
with dimA(Pi)>>Q for 1i=1, ..., k. Then the intersection E(Pl)/w vee [yE(Pk)

is non-empty if and only if Pl’ ceny Pk | are adjacent. If Pl’ ceey Pk
. k
are adjacent and if g:} A(P,)  is compact, E(P) ... NEP) is a compact

: manifold of dimension n - k.

Proof. E(P,)A m“;l 40 if andonly if g5P.. Thus the first assertion
is obvious by (2.2). Let o = (Ql’ ceey Qn+l) be a simplex such that

(*) 42 D@y D... DM@, )

and P, = Qy; for Vi<V, n-<vk .

In u:‘;+l , E(P;;0) is defined by

- 12 -
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BP0 ) = {1y, 5 Yg,,, =0 9 (@v;) (yo,vi+l, o Yool T

Thus E(P50 ) A «or AE(PLS o) =

{y 5y =0 for i=l, ..., k and gA(ka) (y = 0}

. g eeey ¥
. +
o} 0sVy Or Yyl gsN+1l

which is clearly smooth of dimension n - k. It is compact because
'E(Pl)(\.../\E(Pk) is a closed subspace of a compact divisor E(Pk).

The divisor E(P) with dimA(P) = 1 1is special by the following reason.

Lemma (4.8). Assume that dim(P) = 1. Then E(P) has tT(A(P)) + 1 \connected
components where r(A(P)) 1is the number of integral points on A(P) - 34 (P).

Proof. We can find a simplex g = (Pl’ ceey Pn+l) such that Pn =P

and A(Pn+l) is one of the end points 3 A(P). Let f (z) =

A(P)

T+l Vi
z

a,z where vg. V. - are integral points of A(P) 1in the
izo0 1 ? ’

*IVry]

order and r = r(A(P)). E(Pjg ) is definedby y _ =0 -and
‘ o

?
gA(P )(yc n+l) = 0. As the number of the integral points on A(P) and on
n 3
S(gA(Pn)) ( = th¢ support of gA(Pn))) are equal, we may assume that

T+l
) =
i=0

1 i ys
gA(Pn)(yO,n+l aiyc,n+l Thus by the non-degeneracy condition,

gA(Ph) (yU,n+l) = 0 1is the disjoint union of r + 1 planes

L( O)i = {yo,n+l = &; and Yo,n = O} where § ; #0 for i=1, ..., r+l.
tet T = (Ql, cee, Qn+l) be a simplex such that A(Ql) ... j>A(Qn+l)

and Q; = ? for some i and A(Qi+l) = ... = A(Qn+l) = one point. We

can find a simplex G  as above suéh that Ql = Pil ) Q2 = Piz, ceey Qi = Pn'

Watching the glueing map carefully, we can see that E(P; 1) C E(P; 0).

- 13 -



Thus E(P) 1is covered by E(P; ¢)

— 1
g' = (P, ..., Pn+l

) be another simplex with PH = P. Then Y g and

where § is of the above type.

Yo are identified through the matrix
0+ )
y .
A= N
o
*oeeaal? 1,*
0 ciiiennnn 0,1

The sign + 1 means whether PH+

with respect to A(P)*. Thus the component y’%

the component Yo nel = Ei by Yo, 1 = Vo, 1

l.

~ is on the same side of P,y Or not
ln+l = gi is glued with
?
A1l Xl,n-1 X1,nel
> " o-'sn-1  “g',n+el 7 77T
An-
n-1,n+1 Thus the union of
ot,n+l

_ An-l,l )} n-1,n-1
Yoon-1 T Vg1 ot Yot n-l
y oo x for each
& ,N+1 i

Remark (4.9). The above compdnents are birationally equivalent to Pnf

i make a connected component.

§5. Topology of the exceptional divisors.

Let g(ul, ceay, U

g 1is globally non-degenerate (= O-non-degenerate in [19 ]) if

g
A (u) = ...

gA(u) = 50,

o)

29,

be a polynomial with support S(g).

(u) = 0 has no solution in (C*)"

any face A of S(g). ‘([15 . In [15], we have proved

We say that

for

Let

Theorem (5.1). Let ‘g be a globally non-degenerate polynomial. Then

(1) x((@)" - g7H0)) = (-1)™!  n-dim. volume S(g)

(i) 1If dim S(g) Z 3, WE((C*)” - g_l(O)) is a free abelian group of rank

n+ 1.

- 14 -
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By the additivity of the Euler characteristics and (i), we get
Corollary (5.2). ([6], [19]). Let g be as above and let V* =
g L@ A @)™, Then  X(v¥) = (<1)™n1 n-dim. volume S(g).
In this section, we study the topology of exceptional divisors of
m: Vi——+ V which is constructed in §4. Let G’:(Pl,..., Pk+l) be an (unordered)
k-simplex of I*. We define E() =ME(P,) and E(@)* = E(@) - U{EWQ);
Q# Pp,..o, Pk+l}' We also use the notation E(9) = E(Pl,..;,Pk+l) etc.
Define A(G) by the intersection of A(Pi). For a fixed strictly positive
vertex P, the collection of E(P, Pl,..., Pk)* gives a canonical stratifica-

tion of E(P) where P and P , P, are adjacent. Let A be a face of

1000 k
A(P) of dimension (n - k) and let a(A;P) be the number of k-simplexes
¢= (P, Py,...,P ) of E¥ on the closure ( A%.

The main result of this section is

Theorem (5.3). (i) Assume that 6’:(P,Pl,...,Pk) be a k-simplex of I*.

The Euler characteristic %(E(G?*) is non-zero if and only if dim IC2)
n-k. Let T=( Ql"""Qn+l) be an n-simplex such that {P,Pl,...,Pk} =

{Ql,..., Qk+l}. Then A(E(O)* ) = (-1)”'L<+l

(n-k)! volume S(gA(v)(yr,k+2""’yt,n+1)%
(ii) The isomorphism class of E(@)* depends only on A(G7) if dim A(0) =
n-k. It does nop@epend on the particular choice of I* either.
(iii) Let A be a (n-k)-dimensional face of A(P) and let X(A;P) be
X(E(e)*) where o is a k-simplex on the closure (A¥) with P& o . Then
X(E(P)) = ¥ a(a;P) X(A;P) where the sum is taken for every faCEQS? A(P).
Corollary (5.4). (i) The Euler characteristic of the top dimensional

stratum E(P)* is (—1)n+l(n+l)—dim. volume C(O, A(P}EAQEEE% C(0,A(P)) is
/d(P) "

the cone of  A(P) with the origin. -

- 15 -



(ii) The birational class of the exceptional divisor E(P) depends only
on A(P). If dimA(P) = r(fn there exists a compact complex manifold
M(P) of dimension r - 1 such that E(P) is birationally equivalent to

=T MP).

P
The proof of Theorem (5.3) and Corollary (5.4) occupies the rest of

of this section.

Let Q= (Pl’ cee Pn+1) be a simplex with A(Pl);D... )A(Pn+l). By
s aas N+l
the definition , ;::::Z::] E(Pil, ceey Pik)* cC_” and E(Pil, ceey Pik)*
is defined b s T aes = . =0 and . ces =0
s y ﬂr,ll yvylk gA(F’i )(Wr,1k+l’ ’ ”T,n+l)

k

with Yo j £0 for j# il’ cees ik‘ Here we have assumed that il<i2 <. <ik'
H

o romial is defined by o ( 7y (ye)) 1Ty 0P
e polynomia gA(Pi y 1is defined by ap, )t e Yo ! ) A0 Y1 gA(Pi ) .
Kk : k

Thus it is easy to see that Ir(p ) is globally non-degenerate because f 1is
L
non-degenerate on A(Pi ). (Compare with Lemma (5.2) of [15 J1). As
k
dimS(gA(P )) = dimA(Pi ), the assertion (i) of Theorem (5.3) is immediate
i k
k

from Corollary (5.2). Assume that P =P, and dimA(P) = n. Then E(P)*

1

is defined by g, p) ) =0 where f, o ( Zelys)) =

(”Y,Z’ e Yw,n+l

d(P) dP_ )

xﬂ PR yv;n+1 gA(P)(yc;Z ) eeey %y,n+l) . Thus we have the equalities

(n+1)! volume C(0,A(P)) = (n+1)! volume.C(O,S(ﬂ}?fA(P)))

d(P)

(n+1)! volume S(gA(P)) .

n! volume S(QA(P)) . d(P)

- 16 -



224

This proves the assertion (i) of Corollary (5.4).
Let >*' be another simplicial subdivision of [H*f) and let
T o V' = V be the associated resolution. We denote the exceptional divisors

in ' :V'—= Vv by E'(P), E'(®) etc. Let o = Py «evy Py) De

a simplex of S* and let o' = (P}, ..., P! ) be a simplex of >*'. We

assume that

(5.5). A(P'l) D.e. DAP_ )

n+l
and A(Pk) = A(Pk)

AP D> ... AP )

n+1
and dimA(Pk) =n+1-Kk for some k.
E(Pl, vy Pk) is defined in ngl by
Yoy = e = %;k = 0- and gAk(yo’,k+l’ ceey yo',n+l) =0

d(rP.)

where & = 8P and fy (T (yg)) =Ty )

9, Ot e1r =+ Ygynet)

E'(PY, ..., P}) is defined in €04} by

yoJ,l = ... = yc’,k-= 0 and g&k(yGJ’k+l, ceey ng, n+l) =0

d(P';)

where fAk( 7[0_, (yc_.)) = ‘””ys_v,i gék(yﬁyv’k_‘_ly ceey y0_|’n+l) .

By the assumption that A(P.) = A(P}) and dimA(P) =n+1-k, Z-submodules
generated by Pl’ ceey Pk and Pi, ceey P& are equal and they are egual

to the submodules generated by the integral points o Therefore the matrix
1 closure(Aﬁ).
O~ .o can be written as

/k\

- 17 -



n+l k n+l-k

where /\i(i=1,2) ar-e unimodular. Write O as CexCg and

Yo = (yl, y2) where yle [Ef. _and yzve ﬂ:n;l—k Yo is the coordinate of the
subspace q:r;j,l—k where E‘(Pl, ---y P ) are defined by gAk(YZ) =0 .
Respectively we write Cgfl as !El;,x U:n;}_k and yg, = (yi , yé). Now we
define a birational mapping T ﬂ:nfl_f( —> ll:r:;l'k by y, = (yé)/\2

Ny @

We will show that 71 1 induces a desired biholomorphic mapping from E'(P!, ..., P;()*
2

to E(Pl, ceey P*. By the definition of A , we have 'yo_ = (yo,)A. In

particular, vy, =y) Az. Thus we have fAk(yqf\) = fAk( 7(&.(y¢,)) which

implies that

/\2) n+1 o -

[ 1 1
=gAk(y2) LTY (yc_, i) for some o, ..., o

g, (y!
Ak 2 Iik"’,

’

The last equality says that /(A (E' (P!, ..., P;{)*) = E(Pl’ cens Pk)*. This

completes the ;eroofvof the assertion (ii) of Theorem (5.3). The assertion (iii)
of Theorem (5.3) is immediate from (ii) and the additivity of the Euler
characteristics. -

To prove (ii) of Corollary (5.4), we take a strictly positive vertex P

such that dimA(P) =t and O<r<n. Let ¢ = (Pl’ ) be a

<os Py

simplex with P__ = P and A(Pl) D... 7A(Pn+l) . E(P,0) 1is the

T+l
product C€R %k {E(Pl, N szl Thus we can take
E(Pl’ Cee, Pn—r+l) as M(P). The isomorphism E(P;¢-)— ﬂ::fr)( (E(Pl’ cees Pome)n
ﬂ:f;fl) exfends t‘o a deéired birational mapping. fhis completes the proof.

Corollary (5.6). Let P be a strictly positive vertex with dimA(P) = 1.

n-1

Then each component is birationally equivalent to P and the Euler
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MR}
X2

characteristic is equal to a, = the number of (n-1)- simplexes ¢ =
(Pl""’ Pn) such that P, =P and A(Pl) > )A(Pn).

Remark (5.7). Two simplexes with the same vertices are counted once.

§6. The surface singularity.
400 In this section, we study the case n = 2 in detail. Let 7C: v -——? V be
’ kEﬁolution of V which is ‘constructed in §4. Let Ei (i=1,..., k) be the irre-
ducible components of ’rc“l(o). The resoclution graph l'“‘ is defined in the fol-
lowing way. For any Ei , we associate a vertex vy with. weight my which is the
self-intersection number of Ei' When Ei is not a ratiohal curve, we also put the
genus g; of Ei to Vi If EinEj £ 0, Vib and vj are joined by a line segment.
A lot of information about the resolution is: derived from this weighted
graph I . ([131,[4], (3], (7].)

The 2-skeleton 52 *(f) can be expressed by a graph through a hyperplane
section. (See Figure (2.1) in §2.) We will show that [ is obtained from
52 [*(f) by a »canonical surgery. Forb a 2-dimensional face A of T(f), we define
an integer g() by thfe number of the integral points on A-93A. Similarly for
a l-dimensional face = of I(f), we define r(Z) by the number of integral points

on - )2. For any line segment P§ of r*(f“), r(P,Q) is defined by r(A) where

(]

A* is the interior of PQ. Our main result in this section is

Theorem (6.1). Let 7[: V —> V be the resolution associated with S*.
Then we have )
(i) If P 1is strictly positive and dim A(P) = 2, E(P) has genus g(A(P)).
(ii) If P is strictly positive and dimA(P) = 1, E(P) is r@(P))+1 disjoint

copies of rational curves.

@the sense of (3.5). /
1

Assume that s * is canonical¥ Then

(iii) the resolution graph is obtained by the following surgery of Sz(r*(f‘)).
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Let PQ be a line segment of 52]‘*(f) and assume that - P is strictly
positive. Let c = det(P, Q). If c=1, we put (P, Q + 1 copies of
rational curvés with self-intersection -1 between P and Q -as

follows:

v .‘\ '
p,;\\\\\i///;,.Q or T’<<:Z' (Q is not strictly

\ - positive)
~l
| | ) 1. .S
If e>1, let c, be the unigue integer such that Pl = E-Q = P
is integral and O<:cl<<c. Let %—— = [ml, ceny mk]. We insert
r(P, q) + 1 copies of a chain of rational curves. —— se——e— ---- .« —

between P and Q. Those vertices which are not strictly positive are

omitted after the surgery from the resolution graph. |
(iv) Let P be a strictly positive vertex with dimA(P) = 2. Let

Ql’ .;., QS be the vertices of >** which are adjacent to P and

| | Py a3
dima(Q.) = 1. Let P = (pz ) and Q. = (QZi . Then the self-intersection
1 - 'P3 1 \G34 , ‘

number of E(P) is

Mo

i (r(P, Q) + l)ql,i

'Dl

Before the proof of Theorem (6.1), we explain the theorem by two examples.

Example (6.2). Let f(z 2, 223 + 235 . Then

1 %3 =7

S, [™(f) 1is as follows. ( o implies "not strictly positive.")

P =t(15, 10, 6), g=t(; o 0)

R = %0,1,0), s = %0,0,1)
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It is easy to see that g(A(P)) = 0. det(P, Q) = 2.

1 1 1 15 8 1 0 5 157 - 1o
Q' =§ 01+ > 10| = 5]. As det(P, R) =3 and R' ="3' 1]+ 3 lQ =|7
0 6 3 0 6 4
3 1 1 0 4 15 12
we have 5 =2 -=. As det(P, S) =5 and S'=%|0(+=({10] =(8 |,
o2 2 5 5
1 6 5
we have 2 = (2, 2,2, 2]. As ©(P, Q) = (P, R) = I(P, S) = O,
EP2 = - ELJ;%é%;t_lg = - 2. Thus the resolution graph is
2 2 2 2 2 2 =2
2

3.4
2 23) =27 2, + 25 + 212223 . J(f) has

three 2-dimensional faces with genus 0. S, [*(f) is:

Example (6.3). Let F(zl, z

’ \ P =t(2,1,1), S= t(1,0,0)

AN Q0 =%4,5,3), 7 = %0,1,0)

N0
,// \ R =t(4’3’5) ) U= t(OyD’l)
s oo o T '

(1) det(P, S) =1, (P, S) =3. Thus we add 4 vertices of self-intersection
number -1 to P.
. 3
(2) det(P, @ =2, r(P, Q) =0. As % P+ %-Q = {3} » € = 1. Thus we
2

-2
‘add —e¢— between P and Q.

(3) det(@, T) =1, r(Q, T) = 0. Thus we add —e+ to Q.
1,1 ! -8
(4) det(Q, R) =8, r(Q, R) =0. As gQ+gR=11}, weadd ——
l .

between Q@ and R. PR and RU are similar with PQ@ and QT.
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E(P)2 __4 -3 ; 3+3 __g
E(Q)2=—3+2+l=—2
E(R)2=_1+Z+4 - .9
Thus the resolution graph is -2
y 2N\
- -3
Sl e !
=

which is blown down to

/\

-4

- -5

Now we are ready to prové Theorem (6.1). Let P be a strictly positive
vertex of * with dimA(P) = 1. Then P 1is on the line segment A(P)*.
Thus there are exactly two vertices P> P] on the closure of A(P)* which
are adjacent fo P. '

A(P)*

R P P

By Corollary (5.6), we have X(E(P)) = (z(A(P)) + 1) . 2. As E(P). has

r(A(P) + 1) components which are birationally equivalent, each component
‘ 1

must be a rational curve P . We will see this directly.

Let o= (P, P, P) and o' =(P;, P, P)) be two simplexes where

P, and P! are taken on the same side with respect to A(P)* for brevity's

2 2
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3 , : . ) )
sake. In Cp, E(P;6) is defined by y. , =0 and y 3 = g5

(i=1, ..., T(A(P)) + 1). In €, , E(P; o) is definedby y_, , =0
o',2

and yGJ’3 = §i. They are glued by the matrix

0‘ G— = —l O b
a l c
0 01
_ _ -1 . b
Thus %T’B = yo\,’3 and xy,l = yoJ,l ch,B, Namely on each component

. 52 . Thus it is a rational curve. This

Yo, 3 Ygr,3 7 55 Vo1 = y;,l
proves (ii) of Theorem (6.1).

To prove the assertion (i) of the theorem, we need

Lemma (6.4). Let A be a compact convex polyhedron in R2 with integral

vertices Py, ..., P. Then  2volume A = 2 g(8) + Z () + 1) -2,

where JA = A UA2 ... VA

1 k °

Proof. Step 1. Assume that k =3, g(4) = r(Al) = r(A ) = 0.

) = (4
By a parallel translation if necessary, we may assume that Pl =(8). Then
P2 and P3 are primitive vectors and 2-volume A = det(P2 , PB) .

Assume that c = det(PZ, PB)‘>1' By Lemma (3.3), we can find 0~<Cl<jc such

c
that Q = %-Pz + El P. is integral. However this is a contradiction to the

1
assumption g(A) = r(Al) =0 as Q€4 - ?Pl, PZIPBS . Thus the assertion
is true in this case.

Step 2. k = 3. Assume that r(Al) #0 or g(A) # 0. Then we

divide A into two or three triangles respectively.
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DN
(O]
Q3

"1
Pl
[\ ‘ ' (P' : integral)
: . ’ P ! . :
P P ' / \
2 , 3
| P ; P, Py

It is easy to see that both sides of the assertion are additive under the above
divisions. Therefore this case is reduced to Step 1 by a finite subdivision.
Step 3. The assertion for general k £ 3 is proved by the induction

on k and the additivity of the assertion under the following division:

Pe-1
Let P be a strictly positive vertex of > * such that dimaA(P) = 2.

Let Ay, ..., A

1 K be the boundaries of AP). Then P has k-branches in

['*(f) which correspond bijectively to 4; (i=1, ..., k). Each

branch has a unique vertex P, which is adjacent to P in . Let

¢ = (P, P, P) beasimplex. In €, E(P;0-) is defined by Y

1 0

17

gA(P)(¥r,2’ xy’3) = 0. By Theorem (5.3), we have X(E(P)) = - 2 volume(S(gA(P))) +

£ (£(8,) + 1). We use the equality g(A(P)) = 9(S(gy(py)) which is
i=1 1

immediate from the fact that G is a unimodular matrix. Thus by Lemma (6.4),
we get ‘ |

X(EP)) = - 2 g(a(P)) + 2
which implies that g(A(P)) is the genus of E(P).

Now we assume that <s7* 1is a canonical simplicial subdivision. Let
> p

- 24 -



PQ be a line segment of S, [*(f) where P 1is strictly positive.

Case 1. Assume that c = det(P, Q) >1. Let ¢, be the unique integer

1

c
—(l:—Q + c_l P is integral. By the definition of

such that O<cl<c and Pl

>*,  Z* has k vertices Pl’ ceey Pk on PQ which are inductively defined

by

1 ci+l
== Q+ =P, (i=0, ..oy k- 1)

1 1

Pi+l

where P = P, O<Ci+l<ci for i =0, ..., k-1 and c, = Cc and

0 0

C, = 1. Observe that Pl’ ceey F’k are strictly positive. Let (Y'i = (Pi’Pi+l’Ri)
be a simplex of ¥ *. 1In ttg_i , E(Pi) is defined by yo‘i,l =~O and

yc_i’3 = Ej (j =1, ..., r(P,;Q) + 1) and E(Pi+l) is defined by _yﬂ,i’2 =0

yo,i,3 = % (j=1, ..., r(P,Q? + 1). Thus each component of E(Pi) has a non-

empty intersection with only one component of E(F’i+ We note-the components

-

of E(Pi) by E; j(j =1, ..., t(P,Q) + 1). We may assume that
b

E. .-E. =0 j # k) and E, ..E. — . = ‘
i, fik =0 AW L3703 TR, R, T Y B R gt
P 2 . . .
Ei,j'Ei-l, k_o (j#k). To compute Ei,j’ we consider the divisor o}tkéweglomorphlc
function 7 *z,. In E:3 , C*z, =
1 0& 1
P, . P, - T, . Py T. .
11 1,1i+1 1, I g 3 1,1
yo’i:l 0,1’2 y(r_,3 where Pi = &221 and Rl = r2,i
i . i
31 3,1
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G
<
(4}

, k+1
Thus (7(*21) -2 pliE(Pi) + D where D has no intersection with any E(Pi),
i=0 ‘ ‘ ' B

(i=1, ..., k). By Theorem 2.6 of [ & 1, ( n?zl)' Eij = 0. Thus we get

p 5 _ ’+p .
_ g2, - d.icl Lirl ms by Lemma (3.6) where %— = [ml, ceey mk].

= Pii 1

Case 2. Assume that ¢ = det(P,Q) = 1. By the definition of the canonical

primitive sequence, >.* has a unique vertex P, =P + Q on PQ. Let

1

E be the components of E(Pl). Again by Theorem (2.6) of

1 BrpLa)el

2

[ & 1, we get EY = -

1. This proves the assertion (iii) of Theorem (6.1).

The assertion (iv) is proved by the same argument. This completes the
proof of Theorem (6.1).
In practice, the following is useful for the computation of g(a).

Corollary (6.5). Let P be a strictly positive vertex of =2* with

6
d(P)

k .
dimA(P) = 2. Then 2 - 2g(A(P)) = - volume c(0,4(P)) + 2— (r(8;) + 1)

i=1

where 9 A(P) = AlU ...UAk .

Now we study the resolutions of several interesting singularities.

(A). Weighted homogeneous polynomials.

The surface singularities with C*-action were studied by Orlik-Wagreich
in [ 1] 1. Our method gives an alternative description df the continuous
fractions which were derived in [ |7 ] from the orbit. invariants of the C¥* -
action.

(1). Pham-Brieskorn variety.
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Do
(e
<

4 a, 8 >
Let fa(z) =2z) 42y "+ 2y where a; = 2.. Let s = g.c.d(al, a5, a3)

and let ss; = g.c.d(ai_l’ ai+l) modulo 3. Then Sy» S,y Sy are mutually

3 i - ! . i=
coprime and we can write a; =555 15:,198 modulo 3 for i=1, 2, 3 whe;e

a!, al, al are mutually coprime. The dual Newton diagram [ *(f) is

0S5

tat
i | 18283 1 0
e Prelsdss) - ED ) Rel
’ int
, P\\ 538182
/\ 0
! \ -
Surgery data are
c C1 T+1
PQ cqg = @ CQ,lPl +1=0 (CQ) 55}
PR | cg = aj CR,lP2 +1=0 (cg) ss,,
PS Cg = aé CS,lPB +1=0 (cS) S5

g(E(P))

1
5 sisslssz - (sl * Sy + 53)} + 1 .

o

We assume that 5,<S,<S5 - Then it is easy to see that g(E(P)) = O

J

if and only if

(#l) s=s5 =5,=1 oT

(#) s =2, 5] =Sy, =55=1
Note that (#f is equivalent to g.c.d.(a},al) = g.c.d.(aB,az) =1 and (#2)

is equivalent to g.c.d.(ay, aj) =2 for any i # j.
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Let Kalz fa"l (O)ryss. Ka - is diffeomorphic to the boundary of 'a tubular
neighborhood‘of the total exceptional divisoré. g(E(P)) = O is equivalént‘
0 H(K @ = M5 @ (4 D |

As a special case of (i), .H*(Ka; 2) = H*(53; Z)' if and oniy if (#l).

(ai’aj) = 1 fOFll £ - by [2].

In general, different polynomials may have the same resolution graph. (DU,[TD‘

fFor example, Pham-Brieskorn polynomials xz + y57'+ zlla, x3 + y29 + 287, ,

x8 + y9 + 272 have the same minimal resolution: @ (28 is the genus. )
) -/
However we have

Theorem (6.6). Assume that Ky 1s a Q-homology sphere. Then
(1) There is no other polynomial f, which has the same resolution graph as

faf

(either/ E
(ii) The fundamental group 771(Ka) isYa cyclic group if a = (2, 2, q}, or’
a central extension of a Dyck (or a triangle) group.

Proof. If a = (2, 2, @), the resolution is Aa'-
3

that & # (2,2{83)' i.e. fy 1is not of A type. We assume that

1 Thus we can assume

ajgas az. First observe that the intersection number E(P)2 (after blowing

down exceptional divisors of the first kind) is equal to-

c c )
(*)—{~Q-LL s, + ~§L£ ss, + —%Ll ss5 + 57"?57-}
Q R S : 19283
(Here CQ,l =0 if cq = 1.)

Case 1. ai:>l; Then the resolution graph has three distinct families
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of branches which correspond to the continuous fractions c./c, ;5 Co/Co 1,
. R "Q,1’ "R""R,1

CS/CS,l‘ Thus the resolution graph determines al', as, aé, SSy, SS,; SS5.

Therefore s = g.c.d.(ssl, S 553) and s; are also determined. Thus a =

(al, a5, a3) is also unique.

Case 2. Assume that ai 2

ble as a; > 1. Thus the graph has 5(52+53) > 3 branches and E(P) can-

=1 and aé > 1. Then s= s, = S5 = 1l is impossi-

not be blown down. By the graph aé, aé, $S,, SSy are determined. Thus s =

g.c.d.(ssz, SSB) is also determined. By (#l)and (#2), s) = 1 and a is also
recovered by these data. '

aé =1 and aé
assumption, we must have s = S; =Sy = 1 by (#ﬁ and (#2). Thus a; = S5 which

Case 3. Assume that aj > 1. As a # (2,2;83) by the

implies $; > 2. The graph has s; branches at E(P) and E(P) can not be blown

3
down. . - Thus an and S5 are determlngd from the graph, which makes ?;5/\\___\\
_ (a),a,,85)
to be unique.
The case that ai =1 for i=1,...,3 are impossible from the assumption
and (#f and (#2). The assertion (ii) is immediate from

Lemma (6.7). Let [ be a star of rational curves in a complex surface M

-m
o\_.- -ml 2 /./
— .1 -m
o\r/
BN
—'/‘mz.i =
. ~
-Mm
3,V3
Mo

where k =z 3 and -m < -2 and -mYare self-intersection -numbers.

i,J
Let 94/ be the boundary of a sufficiently small tubular neighborhood of
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C.
. i .
rin M. Let C—i = [mi,l*’ ceey My pil. Then Tl(aN) is a-central
. : Cl, : Ci.
extension of a Dyck group <Xl’ vees X5 XU = eee =X = X XX = e >,
Proof. By [13 Jor [ ¥ 1, ’lTl(a N) can be represented by <x, xij
i=1 ., k, 135 <) 3Ryt x x_ijx =e i=1 k
1 =14y, «vo5y Ky 12 & k? 1 i,j-1"dj i,j#1 = = 1 ey Ky
3 . N —m — -
j=1, ..., )Ji and R2. X1 le cer X1 X T e> where Xi,D = X and
v T By R, , we can cancel generators X; ; (1< g__)/i - 1) so that
c c c,' c,' c.'
~ . B 1 _ _ .k m _ 1 2 k
7Zl(aN) S Xy ey X X5 X = XU = LoEmX S, X=X X, cee X >

Here x; = X; Vi - Clearly x is an element of the center of Wl(aN)
and 7z“l(a N)/<x> is isomorphic to
<xl, ceer Xpio Xp T E e =X = & Xy T ..o X = e> .

As Cy and ci' are coprime, we can take y; = X as generators. Thus

J
72’1(8 N)/<x> 1is isomorphic to the Dyck group
¢y ’ :
<yl...yk; Y T F e T Y =yl...yk=e> E
For the other geometry of Kg» see (17 Jand [ 7117,

a

a a
1 2 3 S
+ 23 ") + bz2 Zy

t
1+ an

(I1). Let f =z where b is a generic

constant and s >170, t > 0. We assume f.hat f 1is a weighted homogeneous

by the weights P = (pl, By p3). Thus we have

(*) plalzpl+p2a2=pl+p333=s‘p2+t’p3.

This class of weighted homogeneous polynomials is omitted in the classification

- 30 -



240

table of Orlik-Wagreich [ \7 ] and this class is special in the sense that the
corresponding sl_action on K = f—l(O)(\ s° has four singular orbit types.
(For the other classes, there are three orbit types.) In fact, the dual

Newton diagram is

R
\ / | 7 =%¢,0,1)
L] P t ‘
_ S = (s,1,0)
= Y%0,1,0), R =%0,0,1)
o T
Surgery data are
c , T +1
a5C
PQ (py»P3) Leep,=0(@ | 5=
- 1
. : a,C
PR (Dl,p2) l1+cpy=0 (c) B
1
PT P, 1 +cpy=0 () 1
PS P+ 1+ ClD2 =0 (c) 1
' a,a,a, + sa, + ta a a
_ 9198 3 2 1(% )
SEP) - S - 3 {20y « Eoppp ) 1
171 1 1
Example (6.8). ziB + zl(z18 + zg) +’zg zg.
a
f iéfﬁeighted homogeneous,by the wedght P = (6,4,9).

The resolution graph is
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The other classes of weighted homogenecus polynomials can be treated in the

same way.

(B). singularity. ([-21-1).

T

p,q,T |
_, P g r 1,11

Let f = Z)" 42y 4 25 4 212525 where 5 + 3 * 7 <1l. Let

_tf _t _t: E :
P = (pl, p2,.p3), Q= (ql, ) q3) and R = (rl, To 13) be the vertices

of ["*(f) which correspond to the supports of qu + 23r +2,2,24

p T p o} ‘ . ; .
Z)" + 25+ 272574 and Z)" + 2y + 202574 respectively. They satisfy

(*) ((PyQ = P3T =Py + Py + Py

l‘lpzli‘zf.}:rl+I‘2+I‘3
Thus S, ['*(f) is .
oy = (1,0,0)
= Y%0,1,00
a2 - u=Yo,0,1)

AN

First observe that g(A(P)) = g(A(Q)) = g(A(R)) = 0. Next we have
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det(P, S) = g.c.d(pz, p3) =1 by (*). It is also easy to see that

r(P, Q) = 0. Thus after blowing down the exceptional curves of the first kind,

we get
Proposition (6.9). The resolution graph of qur is a cyclic chain of
raitonal curves.
. .U5 6 7 _
Example (6.10). T i X" +y +2z2 +xyz =0, P=1{(29, 7, 6),

5,6,7

Q=(7, 23, 5), R = (6, 5, 19). The resolution graph by the theorem is

2
-2 /\0’7
2,/ -2
,2./ ,
—3./ \n ‘5
3 v,

-1,/ ,

-2 v "
e Vet — et — o —a

-2 -2 22 2-3-2,-32

By blowing down, the graph reduces to

-2
-2 /’\,—3
\ \ ’
3 / ] :
*-3
-2 .\:2-’/—.2.

(C). Join type singularity. ([18], [16])
Let g(x, y) be an analytic function with a non-degenerate Newton boundary.
We assume that g'l(O) has an isolated singularity at the origin. Let

Qi = (ai’ bi) (i=1, ..., k) be the vertices of [ (g) and let
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G. (i =1, ..., k). We assume that. ag<a; ... <a, and
b0>tﬁ_> cen >bk . Let f(x, Y, z) = g(x, y) + 2% for an integer
a > 1. The Newton boundary [ (f) has k 2-simplexes E} (i=1, ..., k)

which correspond to {A. } and T‘*(f)' looks like this:

th
(Q is either t(l, Q, 0) or (a, o, 1) dependlﬁﬂvfé gr

_]_(

1.)

Thus the resolution graph [° of V = f 7(0) is of the following type.

A i =
N e M e K
VT TRKT e

‘We look for the necessary and sufficient condition for T° to be a
tree of rational curves. We must have

(1) r(P,, ) =0 for i=1, ..., k-1 and

(ii) g(Pi) =0 for 1i=1, ..., k.
The condition (i) is equivalent to

(i)' g.c.d(a, a; bi) =1 for i=1, ..., k-1.

17

By an easy calculation using Corollary (6.5), we have

1
g(P;) = §-{m g.c.d(a, d;) - g.c.d(a, a;_,, by ;) - g.c.d(a, a;, b;) - mi} +1

where m; = g.c.d(a; b. , - b.,) and d, =(a; b; ;- 2a; 1D )/m, .

4i-10 Pi-1 T P1 i i71-1
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Note that 9, (x, y) 1is a weighted homogeneous polynomial of degree di
i

b. - b. a. - a.

with weights (2i—2 | 2 _3=1)  Thus for 2sigk-1, g(P,) =0 (under
i i

(i)) 1if and only if g.c.d(a, di) = 1. As g has an isolated critical point

at the origin, ag = 0 or 1 and bk =0 or 1l. We assume that (aO, bk) £

(0, 0) if k=1 by (I). We consider g(Pl). If a; =1, wehave

g.c.d(a, ag; bo) = 1 and therefore g.c.d(a, dl) = 1. Assume that ag = 0.

3159
0 - bl) and dl = m , we have

As m = (al, b

>1 _ _ _ . . .
g(Pl) = 2(ml 1) {g.c.d(a, dl) l_}. Thus g(Pl) = 0 if and only if either

g.c.d(a, bo) = g.c.d(a, dl) =1 or (al, by - bl) =1 and (a, bO) = (a, albOL
Thus we obtain
Theorem (6.11). (Compare with [ 9 1). Assume that g is not of Brieskorn
type. Then [’ is a tree of rational curves if and only if the following
are satisfied. |

(i) g.c.d(a, a;, b)) =1 for i=1, ..., k-1.

i
(ii) g.c.d(a, d;) =1 for i=2, ..., k-l.
(iii) I1f g.c.d(as, 3y bo) =1, g.c.d(a, dl) =1.
If g.c.d(a, ay, bo) >1, g.c.d(a, bo) = g.c.d(a, a - bO) and
(al, by - bl) = 1.
(iv) If g.c.d(a, a. b) =1, g.c.d(a, d) = 1.
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If g.c.d(a, g, b )21, g.c.d(a, a ) g.c.d(a,

g.c.d(a, a_ - ak—l) = 1.

Remark (6.12). [’ is a tree of rational curves
neighborhood boundary K of the exceptional divisors.
(L 4 1. The latter condition is equivalent to: 1
of the monodromy of f. Thus Theorem (6.11) can also

Example (6.12). Let g(x, y) = x> + xzy2 + y5.

b, .,a ) and

k-1

if and only if the

if a Q-homology sphere
is not an eigenvalue

be proved through [ !9 1.

Then we have

m =Mm, = 1 and d, =d, = 10. [7 is a tree of rational curves if and only

1 2
if g.c.d(a, 10) =1 or 5. Here are some examples.

_ a=23

/
N

§7. Three dimensional singularity.

1

Let V = f "(0) be as in §4 and we assume that

n = 3. In this section,

we study the topology of the exceptional divisors E(P). We have three types
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of exceptional divisors: The dimension of A(P) is either 1, 2, or 3.
We are particularly interested in the case that dimA(P) =
(I). Assume that dimA(P) = 1 or dima(P)* = 3

Let G

17 s GL be two simplexes in A(P)* which contain P as a

vertex.

67 Oy k

\/

By Lemma (4.8) and Theorem (5.3),' E(P) has r(A(P)) + 1 connected components
2

P2 ,///]\\\\\\.P

.ﬂ

E(P)i (i=1, ..., t(A(P)) + 1) which are birationally equivalent to P
and

(7.1) ’XiE(P)i) =

Note that k 1is greater than or equal to 3.

(II). Assume that dimA(P) = 2 (dimA(P)* = 2).

Let P' and P" be vertices of ¥* which are on A(P)* and are
adjacent to P. Let C(P) be the curve defined by ‘E(P)f\ E(P'). By
Lemma (6.4) and the calculation in the proof of Theorem (6.1), we have

(7.2) g(C(P)) = g(a(P)).

Let =, .-, = be l-dimensional faces of A(P). Then A(P)* is in

the boundaries of 2 .* for i=1, ..., t in ['*(f). Let G%yy .--» O U
1 11 1, i

be the 2-simplexes in > * which are adjacent to P and Cyij ¢ closure

=)

AP

./‘\.
] Q /\\
5, //
OL 1 %
P' P P"
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DO
£S5
-]

Thus by Theorem (6.1), we have

- 4g(APY) + 4+ F (Y

(7.3) XE(P)) = 2)(r (E;C) +1).
i=1

1\v}

Note that )/i 2 2 in gereral so that X(E(P)) 2 2(2 - 2g(A(P)).

If Y.=2 for i=1, ..., t, the equality holds and E(P) canonically

1

projects to C(P) with the fiber P~.

Assume that dimA(P) = 3.

(II11).
Let Al’ .., & be 2-dimensional faces of A(P) and let

E;l’ ceny = q be 1-dimensional faces of A(P). Let 1{i be the number of
By Theorem (5.3) and the calculations

2-simplexes in "’i* which contain P.

in (I) and (II), we have

(7.4) X(EP)) = “’V"légg; AP, & a(8) + 25 +
i=1

(V. -2 T )+ D).
: J y

1

Lemma (7.5). Assume that A(P) is-a simplex. Let O = (P, Ps Po, P3)

be a simplex of ;z;* ahd let j: E(P)* — (U:g.)3 be the inclusion map. Then

j# : Gzi(E(P)*) —_ 'ﬁi(gi)s) is an isomorphism.
When we move the coefficients of f keeping the non—degeneracy

Proof.
condition, then E(P)* moves diffeomorphically as there are simultaneous

smooth compactifications E(P). Thus we méy assume that
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Do
5.3
(8]

3 i
> a; Y. where c #£0, a; £0

QA(Yo_’l, yd',2’ YG.’B) = C + .i:l

(i=1, 2., 3) and O, fﬁ, Ky #% are vertices of S(gA). Let

h(xy’l, y¢,2’ y633) be the weighted homogeneous polynomial deflneﬁ by

K. L
= a y_' - By Theorem (5.3) of [15 1, the map b:(2)° - h7l0) - (@)% o
i=1 ‘ '

defined by b(ygs) = (yq, h(ys)) gives an isomorphism of the fundamental
groups. On the other hand, E(P)* = hl(-c) and (c*)° - h™1(0) is a fiber
bundle over C* with fiber h'l(-c). Thus the assertion is immediate from the
homotopy exact sequence of the above fiber bundle.

Remark (7.6). Lemma (7.5) will presumably hold for any A(P) with
dimA(P) = 3. |

Theorem (7.8). Assume that A(P) is a simplex. Then the fundamental
group of E(P) is a finite cyclic group.

Proof. Let (O = (P, Pl’ P2, P3) be a simplex of X* such that

A(P) D A(Pl) > A(PZ) > A(PB) and P.€ A * and P2 € -El* )

1771 ‘
(We assume that Sl C Al). Then by Lemma (7.5), 7[1(E(P;0*-)) is a free

abelian group generated by e, = (0, 0, 1). Let o = (P, P, P}, P}) be

another simplex of X* with A(P)> A(Pi) > A(Pé) > A(Pé) and

dimd(Py) = 1. Let 07l -

bk

>

Lo¥ . Write A' = (Alj) .

O O Ok

th '
Then byY{Van Kampen Theorem, 7Zl(E(P; o-) U E(P; ¢')) is a cyclic group generated
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by e w?th relations AB,l e = )\3’2 ey = p. Note that )\3,1:{ >\3,2f_0
if and only if Pi;\Pé are on the élosure(EZT). Thus the assertion is immediate

from the existence of o' such that 'AB,l #0 or iii??ﬁﬁiﬁﬁl
Remark (7.9). In fact, the order of the fundamental”does not depend

on the choice of ¥ *. The verification will -be done in [21].
Now we study the divisor curves on E(P) which are the intersection
with E(P') such that P' are adjacent to P. We denote by C(P') the divisor

E(P, P'). On each A? , there is a point Pi which is adjacent to P.

. ~ .
A% and AE are on the boundaries of - * if A. N Aj = Sk
We assume that Ag and AE are on the boundaries of fg k* . Let

Pk,l’ ceey Pk’”L-l be vertices of ilk* which are adjacent to P.

P
P. * P.
~~.
S LW a
mnx
e

Figure (7.10)

By the calculation of the Euler characteristics, it is easy to see that

each connected component of C(Pk m) is a rational curve and C(Pi) has
b
Py
genus Q(Ai). Let P= | : . To calculate the self-intersection numbers
p .
4

Py Py
of C(Pi) and C(Pk m), we consider the rational function ?’: 7[*(21 /Z2 )
b
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' 9 the 2 x 2 minor
on E(P). For any vector Q= |: | , we defire |Q, P| b§?’515§_:_5;51_7/
: s
We assume that > * is canonical at P in the sense of Lemma (3.9).
Namely
(1) Z*|S,T*(f) is the subdiviéion by the canonical primitive
sequences.
(ii) P

K17 "t F’k’yk_l are determined by (ii-a) if det(P, Pi’ Pj) 5 1

Vk =2 and P

K1 = P, + Pj or (ii-b) ¢ = det(P, P.s Pj) >1 and
C : d
1 m+1 m+1
(*) P = =P P + P (m=0, ..., V,-1)
kymel “c 3 7 k,m Ch k
where Cq=C and CO>CL> >c”k—l 1 and CVk 0 and 0g 4w < G
‘ ; X
' 1,m
Pk,Ozpi and Pk,szpj . Let Pk,m:
X4,m
Let C(Pk,m)t s t=1, ..., r(ffk) + 1 be the components of C(Pk,m)'

Then by the same discussion as in §6, we have (¥) = 2> ’Pknw’ P [C(Pk -
k,m ’

Therefore we have f
P

t = [P Pl

. 2 Pemr P+ [P
(=) -C(P ) U | :

for m=1, ..., DL - 1. On the other hand, we can interpret {*) as:

I T L Ly

Cm+l J

k,m+1’ k,m’

By the exact same discussion as in Lemma (3.6), we get
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Theorem (7.10). Assume that > * is canonical at P. Then the continuous

fraction [sl, ceey S”@-l] is equa; to %i‘ where s_ = -C(Pk’m)i
(If ¢ =1, Vi =2 and sy = l; Otherwise, S5 22.) - C(Pi)2 is
equal to

| > (E ) + 1) ]Pk’l, P |

|Pis P
where >' 1is the sum for k such that EEKCZ,Ai'
Remark (7.11). 1If |Pi, P| =0, we take another 2x2 minor to
determine the intersection numbers.
. a
_ 1
Example (7.12). Let f(zl, 2,y Z3, 24) =z) T+ 2" +237 42
We assume that g.c.d. (ai, aj) =1 forany i # j. Then
ot . .
P= (823384’ a,a58,, 8,3,3,, 813283)‘ is the weight vector. The dual Newton

diagram ["*(f) 1is a 3-simplex plus a barycenter P.-

Q

4
g, = '1, 0,0, 0
o, = %0, 1, 0, 0)
% % Qs = @, 0, 1, 0)
Q, = %0, 0, 0, 1)

U
Thus [*(f) has four 1l-simplexes 5@1 and six 2-simplexes A(PQin)

at P. Let Z* be a canonical simplicial subdivision. As det(P, Q;) =a
‘ , at P
the vertex Pi on PQi which is adjacent to P can be written as

i’
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a.'
_L L 3 1 t .- _
Pi = a; Qi + 3, P for some integer a; 'y 0 <:ai < a;- Consider the two

simplex A(P, Qi; Qj) (i#J). As det(P, P., Pj) = 1, we need only one

vertex Pij =P+ Pj on A(P, Py Pj) at P.

Q; Q

By Theorem (7.10),

; a,a~a,a
X(E(P)) =5—lé—2-525“ 404+84+0
1727374
=9
- C(Pij)z -1
ZlPij, P
- C(Pl)2 = ‘]il B 5 =2
[Pir P ]

We blow down 6 curves of the first kind C(Pij) (i 43 to obtéin a surface
M of Euler characteristic (9 - 6) = 3.

Assertion. M isk 2-dimensional projective space.

"Proof. Let o= (P, P

P P') be a simplex of X * such that

1’ 12
0
0 4
APY) = 0 Then, in €, E(P;®) is defined by y L =0, and
l b
182829, 1 d(r,.) d(P")
¢ = %&?f/%r,l Ye,2 Y&,3 M ea

More precisely, as 3! volume S(gy) = 1, we have
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_ L3 0(4 (34 -
TV, 2e3 Yes T Vo3 e T Y

9 5,20 Y5,3 Yo,

where o 5, 0(4, (54 are positive integers.

Let L be the hyperplane in P3 defined by Xl + X2 + X3 + XA =0.

we define the holomorphic mapping Y : E(P;6) — L by

A3 d 3
_ 3,04 4 .
) YOe) = U a5 Y40 %3 Ve 3 Yepe 3 10 Y can
also be written as Ply,) = [Xl;... ; Xa] where
a; ajaya;a,
1 — ]
(*) X; = TEzg /y“,’l (i=1, 2, 3, 4).

It is easy to see that Y maps E(P; )N (y(r 3 = 0) to a point and ¥ is
?
bijective on the complement. By the second expression (*)', l// can be

extended to any E(P; o), &' = (P, P!, Pé, F’é) by

a. a,a~a-a
o i 132933
Xi= T 297 /¥

As ‘/’(C(Pij)) = 1 point, ¥ induces an isomorphism Y': M—> L as is desired.

The other exceptional divisors of the resolution & : V—v are

2

birationally equivalent to P“ by (I), (II) and Corollary (5.4).

Thus we obtain

a
1

1 + 22 + Z3 + Z

a
4

4

Theorem (7.13). Let f(z) = z and assume that

a; (i=1, ..., 4) are mutually coprime. Let ‘Z* be a canonical simplicial
subdivision of [ *(f) and let T : V—> V be the associated resolution

of V. Then the exceptional divisors are birationally equivalent to P2.

ld+ 22d+ 23d+ Zad .

can be resolved by a single blowing up with an exceptional divisor Ed which

Example (7.14). Let f(z) =z This singularity
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is the projective surface of degree d in P3 defined by f = 0. This

corresponds to the resolution with respect to > * = [*(f). (The condition
(2.2) is not satisfied.)

at P
If we take a canonical simplicial subdivision X */ E(P) -contains

3

6d curves of the first kind and X(E(P)) = d” - 4(d-1)(d-2) + 8. Let M

be the manifold which is obtained by blowing down 6d curves of the first kind.
Then by the similar discussion as in Example (7.12), we have M GaEd.
Remark (7.15). 1In general there is no unigue minimal resolution of

3-dimensional singularity.

da da da da
1 + 22 2 + z3 3 + Z 4 where a

Example (7.16). Let f(z) =z 4 i

1
are mutually coprime. Then we can take the same > * as in Example (7.12)
as a canonical simplicial subdivision of (["*(f). The only differences are

3

(d—li;d—Z) - 4(d-1)(d-2) + 8.

g(Ai.) = and 1( E,j) + 1 =d. Thus X(E(P)) = d

Blow down 6d curves of exceptional curves of the first kind and let M be

the quotient manifold. We can define an isomorphism ¢ : M — Ed<: P>

by the same equation (*)' of Example (7.12).
Further details about three dimensional singularity will be studied

in [21].
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