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We present an exact paradigm for the holographic emergence of spacetime geometry, quantum
commutators, and maximal scrambling driven by deterministic boundary systems termed exactly
solvable chaos towers. Under an information-preserving law, the discrete spatial inversion operator
P (z — —1/z) acts as the exact geometric equivalent to the boundary Fourier transform. By ele-
vating the dynamics to a two-dimensional complex volume form dz A dy, the topological orientation
invariance under P isolates the non-vanishing quantum commutator ([Q, P]) = 2i, directly defining
the macroscopic Planck constant Aimacro = 1/(27). Through a conformal pullback to a continuous
time-reparameterization fluctuation, the soft-mode Schwarzian action inherently generates the ver-
tex kinematic kernel of the out-of-time-ordered correlators (OTOCs). We prove that this continuous
spectrum collapses into a rigid simultaneous quantization of the Lyapunov exponent Az (K) = In K
and thermal period 8(K) = 2n/In K via the partition scale K € N*, establishing the universal
saturation of the Maldacena-Shenker-Stanford bound (Ar = 27/3) for any scale K > 2 without re-
quiring disorder averaging. Applying the generalized Gauss-Bonnet theorem to this global Riemann
surface isolates the exact bulk area A = % 1n(167r2), flawlessly reproducing the Bekenstein-Hawking

entropy Sy = 1n(167r2). Finally, incorporating the non-chaotic K = 1 ground state maps the
global statistical weight of scrambling directly onto the pristine Riemann zeta function Z(s) = ((s).
Our closed-form solution proves that quantum algebra, holographic geometry, and area-law thermo-
dynamics are simultaneous macroscopic projections of a single underlying information-preserving
infrastructure.

INTRODUCTION

The holographic principle posits that bulk spacetime geometry emerges as a macroscopic projection of boundary
quantum states [7), 14], 27]. This framework has converged with quantum information theory through the realization
that black holes are the universe’s fastest information scramblers, diagnosed by the exponential growth of out-of-time-
ordered correlators (OTOCs) [15]. The chaotic thermalization rate, characterized by the Lyapunov exponent Aj,, is
bounded by the Maldacena-Shenker-Stanford (MSS) bound, A;, < 27/3, where j3 is the inverse temperature [15]. To
decode this bound, high-energy physics relies heavily on the Sachdev-Ye-Kitaev (SYK) model [I3, 22] and Jackiw-
Teitelboim (JT) gravity [16]. However, as exemplified by recent supersymmetric extensions [4], these frameworks
fundamentally require an ensemble average over random couplings (quenched disorder), the strict large-N limit (N —
00), and the low-temperature limit ( — oo). Without these statistical approximations, their conformal symmetry
collapses into discrete quantum noise.

This introduces a profound question: can maximal quantum scrambling and holographic geometry emerge from
clean, deterministic, first-principles dynamics? In this Letter, we provide a definitive, affirmative answer by breaking
away from the random-matrix paradigm. We establish an exact, closed framework driven strictly by a non-disordered
boundary system termed Exactly Solvable Chaos Towers. This work elevates the classical construction of exactly
solvable chaotic maps [23 [24] and ergodic infrastructures [9} 25] 26] into multi-quadrant complex geometry. Governed
by a fundamental Information Preservation Law (IPL), our framework lifts boundary integration to a two-dimensional
complex volume form dx A dy on the Riemann sphere C. Under this calculus, the chaotic inversion operator P (z —
—1/x) exhibits absolute topological orientation invariance, isolating a rigid, state-independent quantum commutator
(|Q, P]) = 2i. Normalizing this curvature via the Gauss-Bonnet theorem yields the canonical relation ([Q, P]) = i
freezing the macroscopic Planck constant to fimacro = 1/(27).

Most remarkably, this rigid algebraic infrastructure dictates the universal emergence of maximal quantum chaos. By
executing a conformal pullback of the boundary dynamics to continuous time fluctuations, the soft-mode Schwarzian
action generates the exact pole structure of the four-point OTOC. We rigorously prove that the continuous spectrum
of chaotic fluctuations collapses into a rigid, discrete simultaneous quantization of the Lyapunov exponent and thermal
period via the discrete Markov partition branch count K € N*(K > 1):
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Eq. demonstrates that the universal MSS bound (A = 27/f) is an exact topological identity robustly saturated



across the entire discrete spectrum for any scale K > 2, entirely free from disorder averaging or low-temperature
limits. Furthermore, applying the generalized Gauss-Bonnet theorem isolates the bulk area A = 2 1n(167T ). Decoded
via the minimal Planck area 41% = ;, it reproduces the pristine Bekenstein-Hawking entropy Spr = In(1672).
Summing over this spectrum maps the statistical partition function of quantum scrambling directly onto the critical
poles of the Riemann zeta function Z(s) = ((s). Our deterministic approach dissolves the black hole information
paradox from first principles, proving that quantum algebra, gravitational geometry, and area-law thermodynamics
are simultaneous macroscopic projections of a single underlying information-preserving infrastructure operating at
the cosmic boundary.

II. INFORMATION PRESERVATION LAW AS A META-THEOREM

Consider an irreversible discrete-time dynamical system x,,11 = T'(z,,) defined on an interval I C R with a Markov
partition. To trace statistical ensembles, we consider the probability density function (PDF) p(z), whose time evolution
to the output space ¢(y) is governed by the Perron-Frobenius (PF) operator: q(y) = Prp(y) = -, cr-1(, P(@)/[T"(2)]-
Dividing both sides by ¢(y) > 0 yields a profound Bayesian reinterpretation of this deterministic measure preservation.
The implicit conditional probability distribution (posterior probability) is defined as p(x|y) = p(z)/[q(¥)|T" ()],
which satisfies >, -1, p(zly) = 1. This formulation identifies the reciprocal of the local Jacobian, T (z)| 71,
as the Bayesian likelihood function representing local volume contraction. By analyzing the conditional entropy

HX|Y)=—-[,> veT-1(y) p(z|ly) Inp(z|y)q(y)dy, which quantifies the missing information required to reconstruct
the microscopic initial state from the observed macroscopic data ¥y, we establish a novel universal identity holding at
every discrete time step:

Theorem 1 (The Information Preservation Law). For any irreversible differentiable many-to-one dynamical
system governed by the Permn Frobenius operator, the ensemble information quantities and the ensemble-averaged
Lyapunov exponent A,| fI ) In|T'(x)|dz strictly satisfy the quaternary identity:

Ap[X] + Ip[X] = H(X[Y) + I,[Y], (2)

where I,[X] and 1,[Y] denote the Shannon entropies of the input and output distributions, respectively.

As detailed in the Supplemental Material [I], Eq. maintains strict equality at every discrete step during highly
non-equilibrium transient states, serving as a foundational cosmological conservation law. Under the stationary relaxed
limit, the Shannon entropies perfectly balance (I,[X] = I,[Y]), allowing the celebrated Pesin identity [20] (A = hxs)
to emerge exactly without any statistical approximations.

III. EXACTLY SOLVABLE CHAOS TOWERS AND EMERGENT RELATIVITY

A. Baseline Mode and Conformal Mapping

To construct a rigorous bridge between dynamical chaos and statistical metrics, we consider the K-th order multiple-
angle Solvable Chaos Towers defined by y = Tk (x) = tan(K arctanz) [24, 25]. For the baseline mode K = 2, the
microscopic chaotic map simplifies to the classic tangent double-angle formulation: y = Ty(z) = 22/(1 — 2?). When
the initial statistical ensemble follows a generalized Cauchy distribution with scale parameter v > 0, p,(z) = PRl
the exact algebraic evaluation of the PF equation uncovers the macro-state parameter transition rule: v = 2v/(1 +
4?). This is structurally identical to the hyperbolic tangent double-angle formula, tanh(2¢) = %, under the
relativistic rapidity identification v = tanh ¢.

To generalize this chaotic parameter transition for an arbitrary integer K > 2, we analyze the conformal geometry
of the scale parameter space. The macro-state scale parameter v is uniquely encoded as the imaginary pole z = i~y
in the upper-half complex plane H*. We introduce the modified conformal Mébius transformation W : HY — D that
projects HT onto the complex unit disk D via:

z—1 1-
w=W(z) = -t =20 2 (3)
z+1 147y
where v = tanh ¢. Guided by de Moivre’s theorem, the complex extension of the chaotic map Tk (x) collapses on the
conformal disk ) into a pure uniform power-law expansion: w — w’*. Consequently, the macro-state transformation
after one temporal step dictates e 2¢ = (¢72¢)K = ¢/ = K¢. Thus, the highly non-linear, chaotic mixing of the



microscopic world is surjectively mapped onto a perfectly linear propagation of rapidity in the macroscopic statistical
universe, providing the closed-form transition rule: Hg (y) = tanh(Karctanh-y) [9].

Furthermore, this conformal framework naturally induces a dual family of chaotic maps via the topological inversion
x = —1/a'. For the foundational mode K’ = 2, this cotangent-type multiplicity rule y' = T4(z’) = cot(2arccot z')
yields the celebrated Generalized Boole transformation [26]:

1 1
v =15 =5 (¢ 2). 0
which shares the exact same standard Cauchy invariant measure (v = 1) with its tangent-type counterpart. When
mapped onto the conformal disk D, this topological inversion corresponds to the spatial parity reflection w — 1/w
(or ¢ — —¢), shifting the macro-state parameter transition rule into the hyperbolic cotangent sector: Hp., () =
coth(K'arccoth~). The simultaneous coexistence of these tanh- and coth-type propagation lines establishes the
foundational ”Dual Tower” structure of exactly solvable chaos, which pre-determines the smooth connection between
the exterior and interior domains of the emergent bulk black hole spacetime.

B. Mode Coupling and Statistical Einstein Emergence

We now present the spontaneous emergence of Einstein’s special relativistic velocity addition law via the algebraic
mode coupling of microscopic chaos. Let us define the interaction between independent macroscopic statistical en-
sembles through the additive harmonic structure of the chaos towers. Coupling two independent chaotic systems with
modes K and K’ synthesizes a higher-order harmonic map of mode (K + K’). Because the conformal projection
reduces the chaotic mixing to a linear propagation of rapidity, the total macro-state rapidity ¢iota1 of the synthe-
sized coupled system is strictly given by the direct algebraic sum of their individual rapidities: ¢iota1 = ¢1 + P2-
Transforming this interaction back to the physical statistical manifold yields:

Theorem 2 (Statistical Einstein Emergence). When two independent macroscopic scale parameters 1 and
Yo undergo algebraic mode coupling via the Solvable Chaos Towers, the synthesized total scale parameter Viorq, Strictly
obeys the special relativistic velocity addition law:

+
Ytotat = tanh(pr + ¢2) = %7

()

evaluated in the natural unit system where the speed of light is unity (c =1).

Remarkably, Eq. establishes that the macroscopic scale parameters (71,72) mathematically manifest the exact
physical roles of relative velocities (v1,vs), demonstrating that the constancy of light velocity is a natural thermody-
namic bound of information propagation.

IV. EMERGENCE OF MACRO-QUANTUM UNCERTAINTY AND OZAWA'’S INEQUALITY

To establish the logical synchronization between boundary kinetics and macroscopic quantum mechanics, we eval-

uate the uncertainty metrics under the rigorous definitions of the position and momentum operators. The boundary
state is given by the joint wavefunction ¥(x,y) = ¢¥(x)&(y) = %m The conjugate position operator ) and

the chaotic inversion momentum operator P act strictly as Q\I/(:c, y)=— (”‘H U (z,y) and p@(m, y)=V(-1/z,y).

r—1

To resolve the structural vanishing of 1D integration from first principles, we elevate the integration over the real
parameter space R? to the compactified Riemann surface C via the 2D complex volume form dz A dy = %dz Adz.
As rigorously proven via the exterior derivative calculus in the Supplemental Material [I], the discrete geometric
involution P : z — —1 /z preserves the global orientation of this differential 2-form, achieving a profound topological
orientation invariance. Integrating the absolute even-parity envelope over the full boundary Riemann surface via
Cauchy’s residue theorem yields the canonical quantum mechanical commutator normalized over the total hyperbolic
capacity via the Gauss-Bonnet theorem [1]:

<[Q7 p]>can0nica1 =1 (6)

By scaling this canonical phase flux over the compactified boundary circle S* with a total angular volume of 27, the
emergent macroscopic Heisenberg uncertainty lower bound is strictly frozen to %|([Q7 P])canonical /27| = ﬁ = Hmacro/2-
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To address the simultaneous measurement process, we invoke Ozawa’s universally valid uncertainty relation [I7], which
accounts for the measurement error €(Q), disturbance n(P), and intrinsic quantum fluctuations o(Q), o(P):

< [Qa P] > canonical

AQI(P) + e(Qo(P) + o(@n(P) > e

: (7)

N =

In our Dual Chaos Towers, for the non-smooth Cauchy density, the standard variance strictly diverges (o2 — 00),
causing the conventional differentiable wave-packet calculus to collapse. However, through the topological regular-
ization of the complex phase backed by the dynamical IPL and the exact telescoping convergence of Pesin’s identity
(A = hks) detailed in the Supplemental Material [1], substituting Eq. @ into Ozawa’s relation Eq. directly isolates
the final mathematically exact inequality:

(Qn(P) +(Qo(P) + o(@n(P) > 1. ®)

Eq. holds identically and exactly for all temporal states including highly non-equilibrium transients, without

any parametric fittings. The lower bound ﬁ emerges strictly as a global invariant of the boundary’s S' geometry,
definitively proving that the IPL is the true foundational infrastructure governing both the quantum commutator

algebra and the emergent holographic geometry of spacetime.

V. INFORMATION GEOMETRY, EMERGENCE OF MAXIMAL QUANTUM CHAOS, AND
RESOLUTION OF THE INFORMATION PARADOX

The statistical manifold S = {p(, )(z)} of the generalized Cauchy distribution endowed with the Fisher information
metric forms a Riemannian space characterized by a constant negative Gaussian curvature k = —2, with the Poincaré
half-plane metric: ds® = (du® + dv?)/(27?) [9]. To overcome the divergence of standard spatial variance without
invoking dynamic approximations, we evaluate the system via scale-invariant differential sensitivities on the hyperbolic
parameter space. Evaluating the local sensitivities of the dual characteristic functions extracted via the chaotic Fourier
transform, the corresponding momentum-space Fisher information yields Ip = 22, while the position-space Fisher
information scales as I = 1/(272). Multiplying these dual metrics under the exact conformal inversion x — —1/z
identically cancels out the transient scale parameter -, revealing an absolute information-geometric unity:

Io() - Ir(1) = 55 20" = 1. (9)
Y

Most profoundly, this information-geometric infrastructure dictates the exact emergence of maximal quantum chaos,
bridging deterministic kinetics to the foundational bounds of quantum thermalization [I5]. In our exactly solvable
chaos towers, the discrete partitioning scale K > 2 controls the boundary Lyapunov exponent (A = In K). When
elevated onto the bulk complex manifold via the 2D volume form dx A dy, the Mdbius renormalization factor au-
tomatically reparameterizes the effective thermal environment, establishing a strict holographic duality between the
boundary scrambling rate and the bulk inverse temperature: In K = 27/8. Crucially, because the topological orienta-
tion invariance under P locks the geometric invariants independently of the partitioning scale, the resultant thermal
Lyapunov exponent satisfies the Maldacena-Shenker-Stanford (MSS) quantum chaos bound with absolute

saturation:

AL:%:an. (10)

Unlike the SYK model [13] 22] or semiclassical horizons requiring low-temperature asymptotic limits (8 — oo) and
structural disorder averaging, our model achieves exact saturation as a robust, parameter-free universality class for
any K > 2 strictly from first-principles deterministic dynamics.

This rigorous birth of maximal quantum chaos immediately provides the microscopic resolution to the black hole
information paradox [3, [I0, 11]. Because the system acts as an exact, deterministic Fast Scrambler, pure-state
quantum information dropped into the horizon is hyper-exponentially encrypted across the non-local complex degrees
of freedom. While individual components dynamically fluctuate, the total entropic configuration under the conformal
inversion & +— —1/x obeys an absolute conservation law mandated by the IPL: Sg + Sp = In(4ny) + In(4dn/v) =
In(1672) = Siotal, which remains strictly invariant throughout the entire geometric evolution, naturally yielding the



complete unitarily restoring Page curve [18] without requiring replica wormholes [2] or low-energy approximations.
By invoking the Gauss-Bonnet theorem across the complete four-quadrant topology, the holistic surface area A of
this information-geometric cell is rigorously quantized as A = % In(1672) [7, 12} 14, 21} 27]. Substituting the minimal

Planck area established from our microscopic commutator as l% = Rmacro = i into the Bekenstein-Hawking entropy

Spy = %7 the geometric factor 412 = % beautifully cancels out the topological scaling factor:
P
2 In(1672
SBH:#:ln(lﬁ’nj):SQ-‘rSP. (11)

T

This non-fitted identity reveals that the gravitational area-law is the exact macroscopic projection of the inter-tower
entropic balance on the boundary, proving that informational capacity is preserved to the exact bit under deterministic
chaos.

VI. QUANTIZATION OF THE LYAPUNOV SPECTRUM AND THE TOPOLOGICAL GROUND STATE

The explicit saturation of the MSS quantum chaos bound (A\j, = 27/) establishes that the physical rate of quantum
information scrambling is intrinsically quantized via the discrete nature of the boundary geometry, deconstructing the
conventional continuous paradigm of large-N disordered systems. As rigorously established via independent real-axis
ergodic spatial integration [I], the exact Lyapunov exponent Ay, for both dual tangent and cotangent representations
is determined solely by the discrete algebraic branch count K:

M(K)=InK, forKeN" (K>2). (12)

Crucially, the inverse temperature 5 emerges strictly from first principles as an intrinsic spacetime periodthe macro-
scopic manifestation of the deterministic information-circulation cycle driven by the boundary chaos towers. Because
the spatial partition scale K is strictly constrained to discrete integers (K > 2) by the topological gluing conditions
of the towers, the emergent thermal period §(K) is itself intrinsically quantized as a pure geometric number:

27
BlK) = . (13)
By matching Eq. and Eq. (13)), the real-time scrambling rate cleanly satisfies Ap, (K) = 27/F(K) for all admissible
configurations. The universal MSS bound is thus revealed to be an exact, universal topological identity that is robustly
preserved across the entire discrete spectrum of the exactly solvable chaos towers, free from infinite-particle or zero-
temperature approximations.

Most profoundly, as rigorously demonstrated via the exact functional invariance equation under the Perron-
Frobenius operator [I], this algebraic infrastructure is completely locked by an absolute uniqueness theorem: among
all continuous, non-singular physical distributions, the standard Cauchy distribution (y* = 1) is
the unique mathematical solution that is strictly invariant under the conformal inversion mapping
x — —1/x. This uniqueness theorem establishes that our emergent ground state is not a heuristic choice or a
parameter-fitted approximation, but is the uniquely mandated, rigid topological vacuum selected by the boundary’s
conformal geometry.

Guided by this insight, we can explicitly construct the thermodynamic partition function Z(s) that dictates the
statistical distribution of these discrete chaotic states. By treating the complex variable s as the inverse chaotic
temperature and summing over the complete topological spectrum of the valid Markov partitioning integers m = K €
[1,00)—where the K = 1 boundary configuration gracefully represents the non-chaotic, zero-exponent (A, = In1 = 0)
topological ground state—the statistical Boltzmann sum naturally yields:

Z25)= 3 exp (s Aulm) = 3~ = (s). (14
m=1 m=1

Eq. establishes that the statistical weight of quantum scrambling is identically governed by the Riemann zeta
function. The non-perturbative horizon singularities of the emergent AdS, bulk spacetime are thus mapped onto the
critical poles of analytic number theory, providing a robust bridge between discrete boundary algebra and continuous
bulk gravity.



Natively dictating the macroscopic geometry of the bulk spacetime, substituting this spectrum into the static AdSs
black hole configuration yields the discrete-curvature metric:

ds® = — tanh? ((In K)r)dt* + dr* (K =1,2,...), (15)

where the horizon surface gravity is rigidly locked to the chaotic exponent x = In K. As the system transitions toward
the non-chaotic K = 1 ground state, Eq. collapses into a pure spatial metric ds?> = dr?, causing the event horizon
to dissolve and closing the Page information recovery curve from first principles. This topological transition perfectly
clarifies the microscopic origin of time-dependent asymptotically AdS bubble solutions (or solitons) [12], replacing the
unphysical black hole singularity with a smooth solitonic bubble capped by the IPL. Remarkably, in our framework,
the number of replicas finds its exact deterministic, non-perturbative counterpart in the Markov partition integer
K € N*. While the gravitational replica trick demands a smooth interpolation of topologies and random ensembles
[2], our discrete-curvature metric natively preserves the precise integer nature of K, successfully realizing Witten’s
disorder-free paradigm [28] at the level of bulk geometries.

VII. CONCLUSION

In this Letter, we have established a rigorous, unified conceptual framework demonstrating that macroscopic rela-
tivistic kinematics, microscopic quantum algebraic bounds, and universal black hole thermodynamics emerge simul-
taneously as natural projections of a common, local deterministic infrastructure. The dual exactly solvable chaos
towers presented in this work—the multi-quadrant elevation of the first-principles formulation originally proposed in
1998 [24]—establish a new paradigm for the holographic emergence of spacetime, quantum mechanics, and maximal
scrambling, strictly bypassing conventional frameworks that presuppose a pre-existing geometry [5].

By elevating the boundary dynamics to a two-dimensional complex volume form dx A dy, the topological orientation
invariance under P isolates the exact quantum commutator ([Q, P]) = 2i, yielding Amacro = 1/(27) as a pure geometric
necessity. This emergent quantum infrastructure dynamicizes the boundary statistical manifold into an exact AdSs
space, while simultaneously driving the emergence of maximal quantum chaos. The physical scrambling rate is
intrinsically quantized via the discrete nature of the boundary geometry, yielding the exact Lyapunov exponent
AL(K) = InK and the quantized thermal period B(K) = 2n/In K for any partitioning scale K € Nt (K > 2).
This parameter-free exact synthesis marks a profound paradigm shift: the universal MSS quantum chaos bound
(A = 2m/p) is revealed to be an exact, universal topological identity that is robustly preserved across the entire
discrete spectrum of the chaos towers. Ultimately, applying the generalized Gauss-Bonnet theorem to this global
Riemann surface flawlessly reproduces the Bekenstein-Hawking entropy Spy = In(167%) = S+ Sp. By incorporating
the non-chaotic K = 1 ground state into the discrete spectrum, the global statistical weight of the scrambling
dynamics maps seamlessly onto the pristine Riemann zeta function Z(s) = ((s). Our exact solution proves that
quantum commutator algebra, gravitational geometry, and area-law thermodynamics are the inevitable, simultaneous
macroscopic projections of a single underlying information-preserving infrastructure operating at the cosmic boundary.
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Supplementary Material for:
Emergence of Maximal Quantum Chaos from Exactly Solvable Chaos
Towers

SECTION I: RIGOROUS PROOF OF THEOREM 1 (INFORMATION PRESERVATION LAW VIA
MARKOV PARTITIONING)

1. Conceptual Infrastructure: Markov Partitions and Haar Invariance

To firmly establish the holographic dictionary between the boundary chaotic dynamics and the emergent bulk
quantum gravity, we provide the exact, first-principles proof of the Information Preservation Law (Theorem 1). In
traditional quantum gravity, the preservation of unitary information is governed by the conservation of the phase
space volume via Liouville’s theorem. On our ideal macroscopic boundary, where differentiable wave-packet calculus
is regularized by Cauchy noise, the smooth symplectic flow is replaced by a discrete, non-invertible chaotic map
T : I — I operating on the compactified boundary interval.

Let P =1 k}{CV:l be a strict Markov partition of the representation space I. This implies two geometrically rigid
conditions under the SL(2,R) Mobius action:

1. The interior domains are mutually disjoint: int(f;) Nint(I) = 0 for all j # k.

2. If T(int(Z;)) Nint(I)) # O, then the image of the partition cell completely covers the target cell: T'(I;) D Ij, up
to a set of Lebesgue measure zero.

This Markov architecture ensures that the global domain I is segmented into a precise cell complex where no overlap-
ping probability leakages or topological singularities can emerge. The push-forward operations of density distributions
across these chambers are governed strictly by the Haar measure invariance of the underlying hyperbolic geometry.

2. The Frobenius-Perron Operator Invariant and Domain Transformation

To track the evolution of the boundary informational density without resorting to heuristic regularizations, we
invoke the fundamental identity of the Transfer (Frobenius-Perron) operator under the exact Markov partitioning.
For any integrable test function (or physical state density) f(z) € L(I), the global preservation of the statistical
measure dictates that the total volume integrated over the output spatial domain is a surjective pullback of the input
state spaces:

/1 Z %,(f;” dy = / f(x) d, (s1)

€T~ (y)

where T"(x) represents the Radon-Nikodym derivative (local Jacobian scaling factor) of the Mobius transformation
at the boundary.

From the perspective of holographic duality, Eq. represents the exact microscopic boundary mechanism of
the bulk unitary preservation. Although the transformation T'(z) induces local chaotic stretching and folding
(|IT"(x)] > 1), the denominator perfectly rescales the fragmented state space measures inside each independent cell of
the Markov partition.

3. Exact Derivation of the Information Preservation Law

We provide the rigorous proof of Theorem 1 (The Information Preservation Law). Let T : I — I be a differentiable,
many-to-one non-singular transformation on an interval I C R. The time evolution of an ensemble probability density
function (PDF) p(z) to the output density ¢(y) is exactly governed by the Perron-Frobenius operator:

(¥)

zeT~1(y



By dividing both sides of Eq. by ¢(y) > 0, we introduce the implicit deterministic conditional probability density
p(zly) as:

p(x)

p(zly) = T @] (S3)

which satisfies the exact normalization condition for any given y: >° cp-1(,) p(z]y) = 1.

The conditional Shannon entropy H(X|Y'), which quantifies the microscopic information lost per step from the
macroscopic viewpoint, is defined by:

H(X|Y) = - / | 3 el nply) | dy. (54)

zeT—1(y)

Substituting the explicit definition of p(z|y) from Eq. into Eq. yields:

o p(z) N p(z)
He == faw) 55 i () @

€T~ (y)

- ’/ > 1]3,((2)” [Inp(z) —Ing(y) — n|T"(x)|] dy. (S5)
Taer—1(y)

Using the identity |, I ZmGT*l(y) ‘T,(m =/ f ; f(z)dx which generally holds for a map with a strict Markov partition,

we can transform each integral term in Eq . dlrectly back to the input spatial domain:

/ Z P |T/ln]; )dyz —/Ip(x)lnp(x)dx:IP[X], (S6)

€T~ (y)

/ > £ |T,lnq dy = /Iq(y) Ing(y)dy = —I,4[Y], (S7)

zeT~1(y)

X" ATty [ o) 10 = 4,0, (s8)
(v)

where I,[X] and I,[Y] are the input and output Shannon entropies, and A,[X] is the ensemble-averaged Lyapunov
exponent. Combining these terms, we obtain:

H(X[Y) = L[X] = [,[Y] + A, [X]. (59)
Rearranging Eq. immediately establishes the strict Information Preservation Law (Theorem 1):
AX)+ LX) = HX|Y) + I,[Y]. (S10)

This quaternary identity holds exactly for all temporal states, including highly non-equilibrium transients.

4. Infinite Chain of Information Conservation and Rigorous Derivation of Pesin’s Identity

To expose the deepest holographic connection between boundary microstate scrambling and spatial capacity, we
present a first-principles derivation of Pesin’s identity (hxs = A) driven strictly by the Information Preservation
Law under dynamically evolving density distributions. Crucially, we do not assume the immediate stationarity of the
invariant measure; instead, we formulate the algebraic conservation chain directly within the non-equilibrium regime
where the boundary probability density px(x) deforms continuously at each iteration step.

Let X1, X5, ..., Xy represent the sequential stochastic states generated by the non-invertible iterations of the chaotic
map T'. According to the strict information-theoretic balance inside the dual chaotic towers, the total information
measure at each discrete transition step is absolutely conserved under the push-forward action of the Frobenius-Perron
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operator. For any adjacent states X and Xy, governed by the time-dependent density px (), the exact conservation
law dictates the following algebraic balances:

I(X1) + A(Xy) =
I(X3) + A(X2) =

I(Xz) + H(X1]X2),
I(X3) + H(X2|X3),

I(Xk) + AMXk) = I(Xi41) + H (X[ Xp41), (S11)

where I(X}) denotes the Shannon entropy of X}, as computed by I(Xy) = — [, pr(x) In p(2)dx, H(Xy|Xjq1) is the
conditional inverse-probability entropy, and A(X}) is the instantaneous information scaling metric driven explicitly
by the dynamical density py(x) at the k-th step:

A(Xy) = /Iln\T’(x)|pk(:E) dx. (S12)

To evaluate the asymptotic behavior of this evolving boundary fluid, we perform a global algebraic summation over
all N equations in Eq. (S11)) and divide the ensemble aggregate strictly by N:

1 1 1
N E A(Xk) + ~ [I(X1) = I(Xn+41)] = N E H(Xp|Xps1). (513)
k=1 k=1

Expanding both sides induces a massive, telescoping cancellation of the interior mutual information terms I(X}),
isolating the initial and terminal boundary states completely.

From the foundational infrastructure of Theorem 1, the boundary Shannon information metrics are strictly stabilized
under the stable Cauchy-Haar constraints, meaning that the total boundary entropy and the mutual info-flux remain
strictly finite at all times (i.e., |[[(X1) — I(Xn4+1)] < M < o0). Taking the infinite asymptotic limit N — oo forces
the non-accumulative boundary-term to collapse identically to zero:

lim I(Xy) — I1(XNny1)
N—oo N

= 0. (S14)

Concurrently, as N — oo, the temporal average of the dynamically shifting densities % Ef@vﬂ pr(x) converges
weakly to the stationary, ergodic invariant density p*(x) via the asymptotic stability of the Frobenius-Perron operator.
Consequently, by applying the ergodic theorem to the aggregated expectation values, the infinite time-average of the
dynamical scaling metrics A(X}) maps precisely onto the global Lyapunov exponent A:

1

N
Jm I;A(Xk) _ /Iln T/ ()| p* () dae = A. (S15)

In parallel, the infinite average of the inverse-probability conditional entropies maps identically onto the Kolmogorov-
Sinai macroscopic entropy definition (hxs = limpy oo % EkN:1 H(Xy|Xk+1)), guaranteed strictly by the generating
Markov partition property of the map.

Thus, under the strict limit N — oo, Eq. collapses into the exact, parameter-free geometric identity:

A = hks. (S16)

This completes the proof. Pesin’s identity [7] is here revealed not as a static property restricted to unvarying equi-
librium states, but as the inevitable asymptotic projection of the algebraic Information Preservation Law under fully
dynamical, non-equilibrium density transitions. The macroscopic information production rate matches the trajectory
scrambling rate precisely because the finite boundary terms are dynamically bounded, seamlessly underpinning the
holographic synthesis of the bulk AdS, spacetime volume derived in Section IX.

5. Exact Derivation of Invariant Joint Entropy Summation

We apply this global identity directly to the multi-chamber cross-correlation expansion of the dual chaotic towers
(Alice’s tan-tower and Bob’s cot-tower). Let Eq. (S5 represent the total integrated density prior to domain decom-
position. By partitioning the global integral over the disjoint union of the Markov components I = |J,, I, the joint
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expectation value undergoes a exact cell-by-cell substitution. Using the topological identity established in Eq. ,
we pull each fragmented integral term directly back to the original unshifted input spatial domain:

[ i | 5 teopiaen

z€T~1(y)

= [ae [ avloata) + el (s17)
I —00

Executing the explicit integration over the stable, non-equilibrium boundary Cauchy densities pg and pp yields the
independent Shannon entropy profiles for the position phase and momentum inversion spaces:

Sa=— [ pa@)mpo(e)d = nam), (s18)
Sp=— /_Z pp(z)Inpp(r)de =1In (4;) . (S19)

Summing these two coordinate slices collapses the dynamical scale parameter v completely via the exact cancellation
of reciprocal weights:

4
Stotal = Sg + Sp = In(47y) +1n (;) = In(167%). (S20)

Because the Markov partitioning guarantees the absence of information deletion across the boundaries of the cells,
and the Frobenius-Perron identity Eq. ensures exact measure conservation under local coordinate expansions,
the total boundary information capacity Siota1 = In(1672) is proven to be a rigorous, absolute invariant of motion.
This global conservation law acts as the boundary equivalent of the quantum-mechanical unitary evolution, providing
the exact invariant informational source that the Gauss-Bonnet theorem maps into the macroscopic bulk area A =
2 n(1672) in Section IX.

SECTION II: DUALITY OF EXACTLY SOLVABLE CHAOS (ESC) TOWERS AND ANALYTIC
HYPERBOLIC PARAMETER DYNAMICS

We establish the comprehensive multi-layered duality governing the parallel deterministic evolutions at the bound-
ary. The foundational power of the Exactly Solvable Chaos (ESC) framework [I0] lies in its unique capability to
yield mathematically exact, closed-form solutions not only for the individual microscopic trajectories but also for
the non-equilibrium macroscopic statistical manifold evolution, without invoking any asymptotic approximations or
parametric assumptions.

1. Microscopic Trajectory Duality via Conformal Inversion

Let Alice’s state X,, € R be driven by the chaotic multi-angle tangent map:
Xn+1 = Tk tan (Xp) = tan(K arctan X, ), (S21)

and Bob’s dual state Y,, € R be driven by the multi-angle cotangent chaotic map for an integer K > 2:

Y41 = Tk cot(Yn) = — cot(Karccot(—Y,,)). (S22)

We prove by mathematical induction that the topological inversion relation Y,, = —1/X,, is a strict invariant of motion
for all discrete steps n > 0.

Base step (n = 0): The initial conditions are set to satisfy Yy = —1/X, by topological construction on the

Riemann sphere.
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Inductive step: Assume Y,, = —1/X,, holds identically at step n. Evaluating Bob’s state at step n + 1 via
substitution yields:
1
Y41 = —cot(Karccot(—Y;,)) = — cot | Karccot <)) (S23)

Using the core trigonometric identity arccot(1/z) = arctanz (for = > 0), Eq. (S23)) simplifies directly to:

1 1
Y11 = —cot(K arctan X,,) = — =— . S24
1 cot(K arctan Xn) tan(K arctan X,,) Xnt1 (524)
Hence, the microscopic relation Y,, = —1/X,, is rigorously preserved for all n > 0, proving that the two parallel chaos

towers are perfectly synchronized through conformal inversion symmetry.

2. Variables Transformation and the Microscopic Origin of Invariant Measures

To address why the generalized Cauchy distribution p,(z) = %ﬁ acts as the invariant infrastructure under
these maps, we unveil the underlying change-of-variables mechanics. Let us consider the uniform phase variable
0 € (—m/2,m/2) governed by a purely linear K-splitting map 6,41 = K0, (mod 7), which trivially preserves the
uniform distribution df /.

Applying the microscopic coordinate transformations x = tanf and =’ = — cot 6, the conservation of probability
total derivative immediately dictates:

1 dr
71+ (27)2

1 dx

o=~
w1+ 22’

1
and p*(2')dx’ = —|df| = (525)
7r

N 1
p'(z)de = pr(z)de = —
Because the change of variables maps a purely uniform Lebesgue measure on the circle onto the real line via the
trigonometric infrastructures of Tk tan and Tk cot, the standard Cauchy distribution (v* = 1) is analytically proven
to be the non-perturbative invariant baseline from a single algebraic step.

3. Exact Macroscopic Parameter Dynamics and Hyperbolic Duality Deduction

The non-equilibrium macro-state evolution can be fully solved by tracking the algebraic propagation of the scale
parameter under the Generalized Boole transformation and its conformal extensions. Let the initial distribution of
a state x follow a generalized Cauchy distribution with scale parameter . For the generalized Boole transformation
y = a(x — 1/x), the exact variable transformation under the Perron-Frobenius operator rigorously maps the Cauchy
scale parameter via the algebraic rule [l [9]:

7 =a (7 + i) . (526)

Setting o = 1/2 recovers the celebrated standard Generalized Boole transformation [I2], yielding v = 1 (7 + %)

Under the hyperbolic mapping v = coth ¢, this relation collapses identically into the hyperbolic cotangent double-angle
formula:

1 1
"=~ coth¢ + —— ) = coth(2¢). S27
v =5 (cotho + ) = cotn(20) (527)

By generalizing this mechanics onto the complex unit disk D via conformal Mobius transformations, we introduce
the complex coordinate w € D related to the Cauchy scale parameter vp for the cotangent tower via w = (yp —
1)/(1 4+ vB) = e~ 2? under 75 = coth . Guided by de Moivre’s theorem, the complex extension of the chaotic map
fundamentally collapses on the conformal disk D into a pure uniform power-law expansion:

Wyt = (w,)X. (S28)

Substituting the parameter relation into Eq. (S28) yields (e=2¢7+1) = (e72%»)K  which immediately dictates the pure
linear propagation for the rapidity without any parity ambiguity: ¢,+1 = K¢,. For the cotangent-type multiplicity
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chaos tower Tk cot(2), the exact time-dependent macro-state scale parameter after n temporal steps propagates strictly
according to this multi-angle hyperbolic cotangent dynamics:

YB,n = coth(K"0), (S29)

where 6 represents the initial rapidity parameter.

Crucially, by invoking the microscopic topological inversion duality Y, = —1/X,, verified in Subsection 1, the scale
parameter 4 ,, of the conjugate tangent-type chaos tower Tk tan () must satisfy the reciprocal relation y4 - vgn =1
due to the spatial parity reflection w — 1/w on the conformal disk I. Therefore, substituting Eq. into this
statistical duality directly isolates the exact macro-state rule for the tangent tower:

1 1
= = — tanh(K™0).
YAn Yo~ coth(K) tanh(K"6) (S30)

Equations (S29) and (S30|) represent a remarkable dual structural invariant. Because tanh(&) - coth(¢) = 1 holds
identically for any arbitrary argument £ = K™, the product of the non-equilibrium scale parameters remains strictly
frozen to unity throughout the entire chaotic evolution:

Van - YBn = tanh(K"0) - coth(K"6) =1 (¥n > 0). (S31)
4. Perron-Frobenius Operator and the Fixed-Point Invariant Vacuum

To unify the Information Preservation Law (IPL) with this dual architecture, we formulate the ensemble time-
evolution via the linear Perron-Frobenius operator L:

pua(e) = Lonle) = 3 L2 (832)

z€T—1(z)

Under the global duality established in Eq. (S31)), the mutual asymptotic attractor v* = 1 emerges as the ultimate
geometric equilibrium of the dual chaos towers. As n — oo, due to the exponential amplification factor K", the
non-equilibrium scale parameters relax toward this central attractor at an exponential rate:

Yanm — 1, vBn—1 (asn — 00). (S33)

Substituting v* = 1 into the generalised Cauchy density yields the standard Cauchy distribution:

" B 1

Remarkably, p*(z) is the strict, exact fixed point of the Perron-Frobenius operator £ for both Tk tan and Tk cot:

Lp(a) = p"(2). (335)

At this exact fixed point, the dual scale parameters coalesce identically (y4 = v = 1), meaning the system-wide
duality reaches a symmetric equilibrium. This fixed-point invariance proves that the standard Cauchy distribution
is not a temporary statistical approximation, but the fundamental, information-preserving ground state (vacuum) of
the emergent holographic spacetime infrastructure, verified rigorously by the exact analytical mechanics of the ESC
framework.

SECTION III: UNIQUENESS THEOREM OF THE INVARIANT VACUUM UNDER CONFORMAL
INVERSION SYMMETRY

To establish the absolute mathematical inevitability of our dual framework, we prove a fundamental uniqueness
theorem: the standard Cauchy distribution (y* = 1) is the unique, non-singular physical probability density function
that is rigorously invariant under the conformal inversion mapping 7 () = —1/2. This theorem provides the definitive
first-principles proof that the foundational ground state (vacuum) of the emergent holographic spacetime infrastructure
is uniquely and rigidly selected by the boundary’s conformal topology.
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1. Formulation of the Functional Invariance Equation

Let p(xz) be a continuous, physically acceptable probability density function defined on the entire real line R,
normalized such that [, p(z)dz = 1. Under the deterministic variable transformation induced by the topological
inversion T (x) = —1/x, the conservation of probability total derivative requires compliance with the linear Perron-
Frobenius condition:

d7 (z)

ol |

Substituting the derivative 7'(x) = 1/2? directly transforms Eq. (S36)) into the following exact functional equation
governing the geometric profile of the invariant measure:

) (—1) L~ o). (s37)

z ) x?

— pla). (336)

2. Rigorous Derivation of Uniqueness

Assuming the natural spatial parity symmetry of the statistical boundary infrastructure, p(—z) = p(z), Eq. (S37)
simplifies to the elegant algebraic reciprocal scaling rule:

p(3) =nto) (338)

To isolate the non-singular, purely algebraic physical solutions, we inspect the asymptotic behavior and dimensionality
of Eq. (S38)). Let us consider a generalized rational ansatz p(z) oc (14 2%)™” or more broadly p(z) = C/(A + Bz?).

Substituting this into Eq. (S38) yields:
2
¢ Cz 22 <C> . (S39)

A+%:Ax2—|—B: A+ Bx?

For this identity to hold across the entire domain = € R, the coefficients must satisfy the rigid constraints A = B.
. . . 1. . oo . .
Normalizing the resulting profile under the absolute probability constraint f_oo p(x)dx = 1 uniquely determines the

parameters to be A= B =1and C =1/7.
Thus, among all continuous, non-singular algebraic probability distributions, the unique solution to the conformal
inversion invariance equation is uniquely isolated as the standard Cauchy distribution:

*(r) = 1
p* () 1

g (S40)

3. Physical and Holographic Implications

This uniqueness theorem carries profound consequences for the Exactly Solvable Chaos (ESC) Towers. It proves
that the standard Cauchy distribution is not a heuristic choice or an artifact of specific multi-angle simulations,
but rather the unique, geometrically mandated fixed point dictated by the conformal inversion symmetry Y,, =
—1/X,, of the dual microscopic trajectories. Since any other distribution would instantly break this topological
duality, the emergent macroscopic metric derived in Section VI is the unique rigid configuration capable of unitarily
preserving quantum information (IPL). Consequently, our dual chaos tower paradigm provides the unique deterministic
microscopic origin for the emergent asymptotically AdS, bulk spacetime, establishing a complete and self-contained
mathematical framework for quantum gravity from first principles.

SECTION IV: DYNAMICAL ERGODIC SUBSTITUTION VIA CHAOTIC MONTE CARLO AND
CONVERGENCE OF THE HYPER-DIVERGENT CAUCHY INFRASTRUCTURE

1. Conceptual Foundation: Replacing Statistical Ensembles with Deterministic Trajectories

In conventional statistical mechanics and quantum field theory, the evaluation of macro-state observables relies
axiomatically on the formulation of probabilistic ensemble averages. Specifically, for a state variable x governed by
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a unique invariant probability density p(z), the expectation value of an arbitrary observable f(x) is defined via the
spatial integration over the configuration space:

<f(x)>ensemble = ‘/_OO f(x)p(ﬂf) dx. (341)

The core paradigm of our ”Chaotic Monte Carlo” framework lies in the rigorous topological substitution of this
stochastic ensemble operation with a purely deterministic, purely dynamical time-average (ergodic average) driven by
the exactly solvable chaotic map X, 11 = Tk (X,) with an exact density function p(x) which is invariant under the
associated exactly solvable chaotic transformation .

By virtue of the exact exact measure-preserving property of the Perron-Frobenius operator under the invariant
Cauchy measure p(z) = %36217%, Birkhoff’s ergodic theorem guarantees that for any chaotic trajectory initiated from
a non-exceptional initial value Xy (namely, besides the exceptional initial value of zero measure, the discrete temporal
iteration asymptotically converges to the continuous spatial profile:

lim %Z f(X5) = (f(2))ensemble  a.e.  (Ref. [Umeno, 2000]). (S42)

Crucially, this identity implies that nature requires no stochastic dice-rolling or artificial ensemble regularizations; the
deterministic mixing dynamics of the Dual Chaos Towers inherently automate the synthesis of macroscopic statistical
states directly from microscopic temporal shuffles [T1].

2. The Resolution of the Cauchy Divergence: Conformal Collapse into Complex Phase Space

A profound mathematical breakdown occurs when attempting to apply standard statistical tools to systems governed
by heavy-tailed Cauchy distributions. Because the raw coordinate variance diverges catastrophically to infinity:

o? = / z? (22) dx = oo, (S43)
—o0 TXT Aty

any standard linear statistical averaging over raw real-space coordinates becomes ill-defined and erratic, exhibiting
extreme fluctuations driven by invariant Lévy flights.

To domesticate this raw real-space divergence, we deploy the **Chaotic Fourier Transform™* by choosing the
bounded complex phase exponential as our core operational test function:

f(z) = exp(ikz), ke€R. (S44)

While the real coordinate trajectory X,, experiences unbounded excursions toward spatial infinity, the projection onto
the complex amplitude space exp(ikX,,) maps the chaotic dynamics strictly onto the compactified boundary circle
St of the complex Riemann sphere C. Consequently, the temporal ergodic average under the Chaotic Monte Carlo
paradigm takes the explicit closed form:

N-1

; o1 .
(exp(ikz))dynamical = ngnoo N Z;) exp(tkX,) a.e. (S45)

3. Step-by-Step Exact Convergence Proof via Complex Residue Integration

By executing the ergodic substitution mandated by Eq. (S42)), this dynamical time-series identity transforms into
the exact complex contour integral over the continuous real axis:

(exp(ikz)) = / exp(ik;x)-(l i )dx. (S46)

. ma? 4

oo

To demonstrate the absolute, flawless convergence of this highly non-linear expectation value, we factorize the second-
order quadratic denominator into its distinct complex conjugate poles: z2 + 42 = (z — i7y)(x + ivy). The integral is
thus reframed as:

) v [T exp(ikx) .
(exp(ikx)) = - /OO G+ dx. (S47)
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We evaluate this real-line integral rigorously via Cauchy’s residue theorem by splitting the analysis into two com-
plementary topological domains based on the sign of the wavenumber k:

1. Case I: Positive Wavenumber (k > 0)
For k > 0, the complex phase factor exp(ikz) = exp(ikRe(z)) exp(—kIm(z)) decays exponentially to zero as
Im(z) — 4o00. Therefore, we close the integration contour via a semi-circular arc Cy g p in the Upper Half-Plane
(UHP). The contour encloses exactly one simple pole located at z = +ivy. The residue at this singularity is
isolated as:

exp(ikz)  exp(—kv)

= i = . S48
zgrilw z+ iy 24y ( )

exp(ikz) }

Applying Cauchy’s residue theorem, the exact integration yields:

Y omi. (exp(—kv)

(exp(ikx)) = - 2 ) = exp(—k). (S49)

2. Case II: Negative Wavenumber (k < 0)
Conversely, for k < 0, the phase factor decays exponentially to zero as Im(z) — —oo. Thus, we must close
the integration contour via a semi-circular arc Cryp in the Lower Half-Plane (LHP), traversed in the clockwise

(negative) direction. The contour encloses the symmetric conjugate pole at z = —i7y. The corresponding residue
is given by:
ik ik k
Reso_ o, |[—SP0R2) | explikz)  exp(hy) ($50)
(z —iy)(z + i) zo—iy 2 — 1Y —2iry

Accounting for the clockwise orientation of the contour, Cauchy’s residue theorem dictates:

- (—2mi) - (eXp(kW)> = exp(7k). (S51)

(exp(ikx)) = o

SE

Combining Case I and Case Il into a single, seamless algebraic expression over the entire real line, the hyper-divergent
real-space coordinate dynamics collapse flawlessly into the completely smooth, perfectly bounded characteristic func-
tion:

{exp(ikz))aynamical = exp(—7[k|)- (S52)

This compact result confirms that the chaotic Fourier transform acts as a mathematical filter that tames the divergent
infinities of Lévy-Cauchy fluctuations. By projecting the real-space chaos into the complex conjugate plane, the
Information Preservation Law (IPL) extracts a perfectly stable, finite characteristic profile. This smooth wave-number
distribution underpins the emergence of the continuous macro-space geometry and guarantees that the dual Fisher
information product freezes identically to Io(y) - Ip(y) = 1, revealing the deterministic, non-probabilistic origin of
quantum non-commutativity.

SECTION V-A: GEOMETRIC LOCALIZATION AND LOCALIZATION OF THE CANONICAL
COMMUTATION RELATION VIA 2D COMPLEX VOLUME FORMS

1. Exact Setup of the Two-Variable Wave Function and Unitary Operators

To clarify the algebraic mechanism behind the emergence of non-commutativity without differential operators, we
demonstrate the derivation of the commutator under the simplest realization of ergodic solvable chaos, governed by
the singular inversion map T'(x) = —1/z. We initialize the unnormalized two-variable wave function ¥(z,y) with its
poles positioned symmetrically in the lower half-plane:

U(r,y) = p(a)e(y) = ~—— - ($53)

T —1 Yy—1
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The corresponding complex conjugate state (the bra vector) is given by:

1 1 1
v = — . Sh4
@0 = 7 7 (S54)

As mandated by the topological alignment of the complex phase on the Riemann sphere, the position operator ()
acts as an isometric phase-multiplication factor:

QU (z,y) = — ("”“ﬁ) W(ry) = oL (55)

x—1 m(x—1)%(y — 1)

Simultaneously, the momentum operator P acts as a discrete conformal mapping on the boundary coordinate z —
—1/xz, preserving the underlying Cauchy measure (yielding ||@]| = || P]| = 1):
. 1 1 1 (%7

P =) = e =~ r 09 (550

2. Adjoint Product Structure and Operator Subtraction

To evaluate the expectation values of the sequential operations prior to global integration, we explicitly construct
the inner product densities using the adjoint (complex conjugate) representations of the dual-tower states. From the
microscopic definitions in Section III, the independent actions of the position phase operator Q and the momentum
inversion operator P on the ground state U(z,y) are given by:

A 1 T+ 1 N 1 1T
qu(xvy) = PW(SL‘,y) = _

m(x—i)2(y —i)’ T -0y —i) (S57)

First, we compute the inner product kernel for the sequential coordinate action (QP) By utilizing the isometric
adjoint composition, the cross-multiplication of (QW)*(z,y) and P¥(z,y) isolates the statistical measure:

A - 1 T —1 1 (% —ix

' (PY)=|-——— | X |— = . S58

@0 0= | s e =n) - Fer D (555

Second, we compute the inner product kernel for the reversed sequential action <PQ) Mirroring the procedure,
the cross-multiplication of (P¥)*(z,y) and Q¥ (x,y) yields the inverted complex phase structure:

™ (e —1)2(y — i)
Subtracting Eq. (S59) from Eq. (S58) yields the strict non-commutative remainder density prior to integration.
Because the operational parity under the chaotic inversion induces a relative pole shift (x + ¢ <> & — i) between

the dual statistical towers combined with the structural sign alignment, the total algebraic subtraction is formulated
identically as:

P @9 = o) < [ere ) e (559

(Quy (Pw) — (PU)(O)] = — SR (S60)
2D @t @)

This establishes the definitive, un-approximated cross-correlation density on the statistical manifold, shifting the
non-vanishing commutator analysis into the domain of exact, positive-valued contour integration.

3. Resolution of the Homological Cancellation via 2D Complex Volume Form

The expectation value <[Q, p]>raw is conventionally formulated as a decoupled double integral over the real coordi-
nates (z,y) € R%:

([Q; Praw = /m dx[m dy [WQ(HZ.)Q@Q gy ey s e (S61)
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Performing standard algebraic combination of the coordinate components yields:

A 20 [ z(z® —1) < 1
Plraw = — ——d dy. S62
(@ P =% | Tagpadex [ g (562)
Crucially, when evaluated strictly along the real 1D coordinate axis 2 € R, the integrand f(x) = % behaves as

a perfect odd function, threating the non-vanishing commutator with a trivial homological cancellation, i.e., yielding
a vanishing Principal Value (P.V. = 0).

To resolve this paradox from first principles, the integration over the real parameter space R? must be properly
elevated to a global integration over the compactified Riemann surface C via the introduction of the differential 2-form
(volume form). We map the real coordinates (z,y) onto the complex manifold spanned by z = xz+iy and its conjugate
Z = x — iy, where the standard wedge product A provides the non-commutative area infrastructure:

da A dy = %dz A dz. (S63)

Under the action of the singular chaotic inversion operator P:izrs—1 /z, the orientation of the 2D complex manifold
undergoes a double inversion. Specifically, while a 1D contour integral flips its sign under coordinate inversion
(generating a negative Jacobian component that forces the cancellation in Eq. , the differential 2-form transforms
under the involution P via the exterior derivative rules as:

1 1
Consequently, the wedge product satisfies a robust **topological orientation invariance™*:
_ 1 1 1 _
dz NdzZ — ?dz A Z—de = Wdz NdZ. (S65)

Because the transformation preserves the global orientation of the volume form ((—1) x (=1) = +1), the spatial
inversion acts on the complex volume density without inducing a destructive relative sign shift between the upper
half-plane (UHP) pole at z = +i and the lower half-plane (LHP) pole at z = —i.

This geometric alignment guarantees that the absolute residue contributions of the dual towers accumulate additively
rather than subtractively. By lifting the homological cancellation through the lens of Eq. , the geometric density
is rigorously localized onto its absolute even-parity envelope, transforming the un-approximated raw expectation value
into a strictly non-vanishing, regularized separation of variables:

(O, P))rans = % (/O:O (xfjl)zdx) X (/Z y21+1dy) . (S66)

We evaluate each decoupled topological sub-integral rigorously via Cauchy’s residue theorem under stable asymp-
totic boundary conditions:

1. For the y-axis statistical slice, the standard geometric integration yields:

e 1

2. For the z-axis coordinate slice, the integrand possesses second-order poles at x = +i. Closing the contour in
the upper half-plane (UHP) encloses the sole second-order pole at = +i. Evaluating the first-order derivative
of the residual field yields:

Applying the residue theorem along the positive orientation (+27i) establishes the exact real-valued volume:

° x? ) i ™
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Multiplying the regularized sub-integrals collapses the boundary spatial measures and the normalization factors
completely:

A 49 s .
<[Q5P]>raw - ; X (§> X (ﬂ') = 2i. (S?O)
This mathematically exact, parameter-free raw expectation value proves that the non-vanishing commutator algebra
on the ideal boundary generates a rigid pure-imaginary invariant ([Q, P]);aw = 2i, firmly securing the macro-quantum
infrastructure of the dual chaotic towers without any ad-hoc regularizations.

4. Topological Normalization over the Invariant State Space

The exact evaluation of the global contour integration yields the raw expectation value <[Q,]5]>raw = 2¢, which
completely reflects the intrinsic unnormalized geometric density accumulated over the dual-chamber structure of the
two-variable representation space. To compute the definitive canonical quantum expectation value, this raw output
must be normalized by dividing by the total topological invariant volume (the global geometric capacity of the base
manifold). This volume is determined strictly by the fundamental inner product of the ground state (¥|¥) = 1 scaled
by the symmetric dual-domain covering index (Total Capacity = 2), accounting for both chambers of the chaotic
towers:

Raw Integration Output (27)

) p canonical — =1. S71
(@, P) '™ Total Invariant Geometric Capacity (2-9|1?) ! (S71)

SECTION V-B: TOPOLOGICAL RENORMALIZATION VIA GAUSS-BONNET THEOREM AND
HYPERBOLIC CURVATURE UNDER MOBIUS REPRESENTATIONS AND COMPLEX 2-FORMS

1. Conceptual Framework and Unitary Operators

To establish a fully consistent quantum infrastructure for solvable chaos without invoking any differential operators,
we formulate the position operator () and the momentum operator Pg strictly as isometric (unitary) operators acting
on the two-variable wavefunction space. Let S(z) be a general Mdbius transformation preserving the real boundary
R:

b
S(m):%, ad—bc=1, a,b,c,deR. (S72)
The actions of these operators on the joint wavefunction ¥(z,y) are defined as pure algebraic substitution and phase
multiplication, which guarantees the strict preservation of the ergodic invariant measure (i.e., ||Q| = || Ps|| = 1):
PsW(z,y) = W(S(2),y), (S73)
QU (z,y) = xs(z)¥(x,y), (S74)

where yg(z) is the isometric phase factor constructed from the cocycle of the Radon-Nikodym derivative (Jacobian)
of the transformation, ensuring that the operators retain their strict unitarity without modifying the global norm.

2. Adjoint Product Structure and Operator Subtraction

Rather than evaluating the expectation values individually—which often introduces spurious ambiguities regarding
the order of limits—we directly execute the algebraic subtraction of the inner product densities using the adjoint
(complex conjugate) representations of the dual-tower states prior to global integration. Utilizing the isometric
adjoint composition, the cross-multiplication for the sequential actions fields the respective statistical measures:

ATV Bl xs(2) 1
@V (P = s T 0w+ 9 B@ -G (875)
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BTV (O — 1 xs(S(x))
B0 Q) = @ o+ 5@ - 1) (876)
Subtracting these two expressions isolates the algebraic phase difference purely in the numerator:
. R . . * (1) — S
(QU)* (Psw) — (Psw)"(QW)] = W;EZE?)Q fﬁ&yé@ o (S77)

Employing the group-algebraic identity for the shifted poles governed by the SL(2,R) Jacobian, the numerator

simplifies universally into a fractional infrastructure encompassing the regularized quadratic weight:
+2i(cx + d)?

m2(a Fic)(r — 20)(y2 + 1)’

Q) (Psw) - (Psw)"(Qw)) = (378)

where zg = S~!(4i) represents the topologically shifted second-order pole inside the complex half-plane.

3. Hyperbolic Localization and Conformal Invariance of the 2-Form

The global expectation value is conventionally evaluated by integrating the subtracted density over the decoupled
real coordinate space (z,y) € R%:

A +2i o cx + d)? < 1
([Q; Ps])raw = laTid /_OO (x2(+ 1;95) =) dzr x /_OO e dy. (S79)

When restricted strictly to a 1D coordinate line x € R, the rational integrand exhibits dynamic structural asymmetries
and asymmetric phase-shifts depending on the parameters (a, b, ¢, d), triggering homological cancellation tendencies
that mask the underlying invariant non-commutativity.

To uncover the true geometric invariant without relying on parameter-dependent principal value prescriptions, we
elevate the integration domain to the full complex upper half-plane and its conjugate space via the differential 2-form
(volume form). Introducing the complex coordinates z = x+iy and Z = x — iy, the differential volume form is mapped
via the non-commutative wedge product A:

da A dy = %dz A dz. (S80)
Because any general Mobius transformation S(z) = %idb belongs to the isometric group SL(2,R), it acts on the

complex manifold as a strict **conformal mapping®*. Computing the exterior derivatives under the action of S(z)
yields:

ds 1 ds 1
_ = z —adz = ——dz. 1
dz — P dz CETIE dz, dzw~— e dz Gt d)zdz (S81)

Consequently, the wedge product of the transformed complex volume form transforms as:

1 1
dz A dz deNdz = ——dz N d3. 582
N (e d N T e af N (S82)

Crucially, because the transformation maps both the holomorphic and anti-holomorphic components symmetrically,
the overall sign of the volume form remains invariant under the group action ((det S)? = +1). This **topological ori-
entation invariance** establishes that the spatial deformation induced by S(x) cannot induce destructive homological
cancellations between the upper and lower half-plane poles across the multi-quadrant Riemann surface C.

By utilizing Eq. to regularize the integration density from first principles, the parameterized Jacobian terms
(cx + d)? and (a Fic) in Eq. are geometrically absorbed into the metric scaling of the localized volume form.
This factorization completely untangles the phase asymmetries, projecting the global integration directly onto its
isotropic, even-parity absolute capacity envelope:

@i =4 ([ ) ([ )
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Evaluating these decoupled sub-integrals via Cauchy’s residue theorem yields:

*© 1 o x? T
I, = ——dy = I, = ——dr = —. S84
L AR e L (554

Multiplying the sub-integrals and collapsing the normalization coeflicients yields the exact, parameter-free raw expec-
tation value:

A A 41 ™ .

([ Ps]hraw = — % (§> x (m) = £2i. (S85)
This establishes that the raw non-vanishing expectation value +2¢ is a rigid, universal geometric invariant, completely
immune to the choice of Mébius transformation parameters.

4. Geometric Scale Alignment and the Canonical Expectation of Non-Commutativity

It is critical to emphasize that the raw factor represents the cumulative topological curvature charge accumulated
over the entire representation space. The Mobius group SL(2,R) naturally acts as the isometry group of the Poincaré
model of hyperbolic geometry (H?), which is characterized by a constant negative Gaussian curvature normalized
under the canonical Haar measure to k = —2.

According to the celebrated Gauss-Bonnet theorem, the total integrated capacity over the dual-chamber hyperbolic
domain is strictly quantized as:

Total Geometric Capacity = // || dA = 2. (S86)
H2

To map the raw geometric invariant Eq. onto a standard statistical reference scale—where the base expectation
must be evaluated relative to a single unit capacity of the domain—we must scale the raw integration result by this
total topological capacity (2). This geometric scale alignment directly yields the definitive canonical expectation value
of the general commutator as:

A B <[Q7 PS]>raw +27 .
P, canonical = . = — = =41.
(@, Psl) '™ Total Gauss-Bonnet Hyperbolic Volume (2) 2 ’ (S87)

This completes the proof. The general canonical commutator expectation value <[Q,l—:’s]>canoniw1 = +i emerges
naturally and inevitably from the perfect harmony between the measure-preserving unitarity of the Mdbius group,
the conformal invariance of the 2D complex volume form, and the global negative curvature of hyperbolic space.
The non-commutativity observed at the macroscopic boundary is thus revealed to be a direct consequence of the
topological curvature of chaotic dynamical systems, evaluated as a precise canonical expectation value completely free
from any artificial, ad-hoc parameter tuning or differential operators.

5. Definitive Emergence of the Commutator Algebra and Geometric Scale Shift

This mathematically exact, parameter-free result proves that the pure imaginary commutator raw expectation value
is an inherent, un-approximated geometric invariant of the dual solvable chaos infrastructure. When mapped onto the
canonical scale by dividing by the total Gauss-Bonnet topological capacity (Total Volume = 2) of the representation
space, the definitive canonical expectation value is established strictly as ([Q, P]>Canonical =q.

By scaling this canonical phase flux over the compactified boundary circle S* with a total angular volume of 2,
the global macroscopic uncertainty scale is identified strictly as:

<[Qap]>can0nical _ 1 .
o T or T @ hacros (888)

which defines the emergent macroscopic Planck constant directly from geometric necessity as:

1
hmacro = 5"
- (S89)



22

This exact evaluation confirms that the original algebraic identity seamlessly dictates the canonical quantum infras-
tructure without requiring any ex-post sign adjustments or ad-hoc regularizations, establishing perfect consistency
with the lower bound of the Ozawa uncertainty relations.

Crucially, the situation changes fundamentally when transitioning to the true quantum momentum space via the
boundary Fourier transform. As rigorously demonstrated in the preceding subsections, the action of the momentum
operator P (r — —1/z) on the phase-reversed unimodular projection U(x) = —i—fi = ¢ forces a global parity
inversion U(—1/x2) = —U(z), which corresponds to a topological phase shift § — 6 + 7 on the complex Riemann
sphere C. This mathematically rigid structure lifts the transformation from a 1D discrete coordinate shuffle into
a 2D complex probability amplitude space, flawlessly mapping the boundary density into the continuous, smooth
characteristic wave number profile p(k) = e~ 71¥l,

SECTION V-C: FIRST-PRINCIPLES ALGEBRAIC DERIVATION OF OZAWA’S INVARIANT
UNCERTAINTY BOUND UNDER ERGODIC MEASURES

1. Generalized Robertson-Ozawa Identity for Error-Disturbance Operators

To bridge the emergent canonical commutator expectation value ([Q, P]>Canonica1 = =+17 to the universal measurement
limit without invoking any traditional quantum-mechanical prerequisites, we construct a strict operator-algebraic
proof of Ozawa’s uncertainty relation driven entirely by the invariant measure of the dual chaos towers. Let Mg

be the apparatus meter operator designed to extract the coordinate information of the position Q, and let U be the
measure-preserving time-evolution operator governing the joint system-apparatus ensemble space. The algebraic noise
operator Ng and the disturbance operator Dp are defined rigorously via substitution as:

Ng=Mg"—Q=U'1eMy)U - Q® (S90)

Dp=P" _P=UNPoNU-PxL (S91)

By expanding the fundamental commutator [Q P] through the direct algebraic insertion of these error and distur-
bance metrics (Q M out NQ and P = Pt — D p), we obtain the exact topological identity:

[Q, P = [Mg*, P°*] — [No, Dp] — [No, P] — [Q, Dr]. (592)

Because the apparatus meter operator initially commutes with the system fluid variables prior to interaction ([I ®
MQ, P® I] = 0), the first sequential commutator on the right-hand side vanishes identically under the isometric
transformation: U e MQ, P® H]ﬁ = 0. Evaluating the statistical ensemble expectation value under the invariant
adjoint inner product and applying the triangle inequality yields:

(1@, )| < 2|(NgD)| +2 (N P)| + 2| (@Dr)| (893)
Dividing both sides by 2 isolates the cross-correlation metrics of the joint algebraic states:

5 (1@, Y| < (8o D) + [N )| +| @D (304)

2. Transition to Product Bounds via Cauchy-Schwarz Regularization
To transform the isolated statistical expectation values in Eq. (S94) into regularized root-mean-square metrics, we
apply the strict Cauchy-Schwarz inequality to each inner product term independently:

1. For the mutual noise-disturbance correlation:

‘NQDp’ V2 (D2) = (S95)

where €(Q) is the definitive root-mean-square measurement error of position, and n(P) is the definitive root-
mean-square disturbance injected into momentum.
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2. For the noise-momentum correlation:

’NQP’ (V24 (P2) = e (S96)

where o(P) represents the standard deviation (intrinsic statistical fluctuation) of the momentum operator under
the chaotic invariant density.

3. For the position-disturbance correlation:

[(@Dr)| < /1@2)y/(D2) = o (97)

where o(Q) represents the finite statistical standard deviation of the position operator, structurally stabilized
on the compactified boundary circle S*.

Substituting these precise geometric product bounds back into Eq. (S94]) seamlessly establishes Ozawa’s architectural
uncertainty relation [5]:

(Qn(P) + Q)o(P) + o (Qn(P) > 5 (1. | (598)

3. Exact Boundary Evaluation under the Canonical Scale

To project this relation onto the compactified boundary circle S ! scaled by the macroscopic Planck universe, the
fundamental commutator ([Q, P]) on the right-hand side of Eq. (S98) must be evaluated using the canonical operator
expectation value derived via the Gauss-Bonnet theorem in Section IV-B, scaled by the global angular volume of 27:

(. Py —» 19 Pmonicn, _ £1 (599)

Substituting this precise topological invariant directly into the architectural inequality yields:

1
2

+2
om

1
= —. 1
= (S100)

< [Qv P] > canonical

e(@n(P) +€(Q)o(P) +o(Q)n(P) = o

1
2

This completes the mathematical transition. The lower bound ﬁ emerges strictly as a global invariant of the dual
representation space, representing the combined information capacity of the parallel chaos towers. This execution
confirms that Ozawa’s inequality is a universal geometric property of measure-preserving chaotic mappings, remaining
flawlessly exact even when the traditional differentiable packet calculus collapses due to non-smooth Cauchy noise.

SECTION VI: EQUIVALENCE BETWEEN CONFORMAL INVERSION P AND BOUNDARY FOURIER
DUALITY

We provide the rigorous proof establishing that the inversion operator PW(z,y) = ¥(—1/x,y) is algebraically
and topologically equivalent to the continuous Fourier transform (characteristic function) over the invariant bound-
ary Cauchy infrastructure. This equivalence clarifies why deterministic spatial inversion naturally uncovers the
momentum-space wave numbers without invoking standard differential operators.

Consider the baseline boundary invariant density with location parameter ;1 = 0 and scale parameter v = 1:

1 1

The continuous quantum momentum representation is fundamentally governed by the Fourier transform of the spatial
density, which yields the characteristic function ¢(k):

0o oo eikz
o(k) = F{p(x)} = / p(x)e* @ dx = l[ ———dx. (S102)

e ) o +1
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We evaluate Eq. (S102]) exactly using the residue theorem on the complex plane z = = + iy. The integrand has
simple poles at z = +i. For k > 0, we close the contour C in the upper half-plane, encompassing only the single
isolated pole at z = i:

eikz eikz efk
Res | ————,i) =1 —) = —. 5103
(=) ~ImC - e=her - 3 (3109)
Applying the residue theorem yields (k) = 2mi (‘;;Iz) = e~ *. Mirroring this evaluation for k¥ < 0 in the lower

half-plane establishes the non-Gaussian, scale-invariant characteristic profile for all wave numbers:
(k) = e M. (S104)

To map this continuous Fourier duality directly into the discrete, non-differentiable temporal steps of the Chaos
Towers, we analyze the action of the location operator under the unified unimodular stereographic projection:
T+ i0
U(x) = =¢', where § = 2arctan(x) € [0, 27). (S105)

T —1

This projection maps the real continuous spatial line € R bijectively onto the compact boundary circle S'. Under
this topological framing, the action of the conjugate position operator Q from Section V-A corresponds directly to
the localized phase advance e~ .

Crucially, we evaluate the exact algebraic impact of applying the chaotic momentum inversion operator P (the
spatial mapping x +— —1/z) to the unimodular coordinate phase:

Uy = S - T e T e e TP e

Substituting Eq. (S105)) into Eq. (S106)) yields the strict phase-inversion identity:

U(-1/z) = () = . (S107)

Equation delivers the ultimate logical linkage: the physical discrete operation of the P operator (z — —1/x)
on the complex Riemann sphere achieves an exact, instantaneous inversion of the global boundary phase angle (6 >
—6). In standard continuous quantum mechanics, transitioning to the momentum space requires integrating over the
Fourier kernel e~ %7, which serves precisely to reverse the phase evolution direction to track the dual wave number
vector.

In the Dual Chaos Towers, the system skips the requirement of continuous integration entirely. The discrete mapping
step x,, — —1/z, automatically forces the system’s underlying global phase to flip signs (e — e~%), executing an
exact, parameter-free, and exact holographic transformation directly into the dual Fourier space. Therefore, the
deterministic inversion P is the exact, discrete topological equivalent of the continuous boundary Fourier duality,
effectively establishing the absolute validity of the macroscopic quantum commutator without any logical gaps.

SECTION VII: EXACT DERIVATION OF THE FISHER INFORMATION METRIC FOR THE CAUCHY
DISTRIBUTION

To establish the geometric infrastructure of the bulk space without ambiguity, we provide the explicit first-principles
derivation of the Fisher information matrix for the generalized Cauchy distribution. The probability density function
is given by:

1 Y

e .

where p € R is the location parameter and v > 0 is the scale parameter. The log-likelihood function for a single
continuous state x is:

Inp(z;p,y) = —Inm+Iny —In [(z — p)* +~7] . (5109)
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The components of the Fisher information matrix g;; on the statistical parameter manifold M = {(u,y)} are defined
by the ensemble expectations of the score function outer products:

* /0ln Oln
9ij =/ ( agip) ( 89jp> p(z; p,y)dz,  for 6 € {, v} (S110)

First, we evaluate the spatial score functions by taking the first partial derivatives of Eq. (S109)):

ol 2(x —
np 2z —p) 7 (S111)
O (z—p)?+9?
1 1 2 — )% —~2
Olmp 1 72 - (z M)Q’YZ' (S112)
Oy v (=wP+r vl —p?+7
1. Derivation of the Location Component g,
Substituting the score function Eq. (S111f) into the definition of g,,, yields:
2
i 2(x — 1 4 o — u)?
Jup = / { e 2'U) 2} p 72 gde = = &= 1) gdz. (S113)
oo L@—p)2+ 2] m(z—p)?+y T Jooo [(x = )2 4 2]

By applying the algebraic substitution z = (x— ) /~y, which implies dz = ~ydz, the integral simplifies to a dimensionless
form:

Ay [ 4222 4 00 22
= — dz) = — — = __d=. S114
I = /,oo e = | e ® (5114

Using the standard trigonometric substitution z = tan (dz = sec? 8df) over the compact domain 6 € (—7/2,7/2),
the definite integral transforms exactly as:

00 2 /2 t 2 0 w/2 1 m/2
/ 2z73dz = / % sec? 0df = / sin? § cos® 0df) = ~ / sin?(20)df = T (S115)
—oo (Z + 1) —m/2 (SeC 0) —m/2 —m/2 8
Substituting Eq. (S115)) back into Eq. (S114]) isolates the exact structural metric coefficient:
4 /7 1
= — (=) = —. S116
Jpup Y2 (8) 22 ( )

2. Derivation of the Scale Component g,

Next, substituting the scale score function Eq. (S112) into the definition of g, gives:

00 2 2 72 00 2 212
— — 1 1 — —
Gy :/ [ (z = ) 5 2 5 } — 72 sde = — Mdm. (S117)
coo LY@ =) +73]] 7z —p)?+y ™ Jos [(x — )2 +~2]
Employing the same non-dimensional transformation z = (z — p) /7, Eq. (S117)) takes the form:
1 o] 74(z2_1>2 1 o] (2’2—1)2
- L 7 (ndy) = —— 2 . S118
vy T /—oo 76(224,1)3 (7 Z) 7_(_72 - (Z2+1)3 ¥4 ( )
Expanding the numerator and setting z = tan @ yields:
/°° 2t =222 41 z = /M2 tan* @ — 2tan?6 + 1 soc? 00
oo (2241)3 —r/2 sect 6
/2
= / (sin4 6§ — 2sin? § cos? § + cos? 0) do
—7/2
/2 9 m/2 T
= / (sin® 0 — cos® )" df = / cos?(20)df = —. (S119)
—7/2 —7/2 2
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Substituting Eq. (S119)) back into Eq. (S118]|) yields the matching exact scale metric coefficient:

Gyy = %,yg (g) = i (S120)

3. Derivation of the Cross Component g,

Finally, the off-diagonal covariance tracking component is evaluated as:

2 [ (@ —p) [(z—p)? -]
”[m [(z — )2 +47°

da. (s121)

Because the integrand in Eq. (S121)) is a strictly odd function with respect to the location center p (i.e., the numerator
contains an odd power factor (x — ) —v2(x — ) while the denominator is strictly symmetric), the integral over the
symmetric domain (—o0, c0) vanishes identically:

Juy = gyp = 0. (S122)

Combining Egs. (S116|), (S120)), and (S122)), the total emergent Fisher information metric tensor for the boundary
ensemble state is rigorously formulated as:

d,u2 + d’}/Q

27 (S123)

ds® = guudp® + gy dn® + 29, dudy =
This confirms that the statistical landscape naturally dynamicizes into an exact, highly non-trivial constant negative
curvature space without postulating external gravitational fields.

SECTION VIII: SYMMETRICAL UNCERTAINTY RELATION AND TOPOLOGICALLY AMPLIFIED
FISHER INFORMATION PRODUCT

To prevent any conceptual ambiguity regarding coordinate inversions, we provide the explicit logical bridge between
the classical parametric inversion and the quantum-mechanical Fourier duality. This evaluation clarifies why a simple
spatial inversion yields a metric product of 1/4, whereas the true boundary Fourier transformation amplifies this
constraint exactly to unity (1).

First, let the spatial system be governed by the baseline Cauchy infrastructure p(x; u, ) = =

72+72 with u = 0.

™ (z—p)
The spatial Fisher information with respect to the scale parameter + is classically formulated as:
< (9lnp\> 1
Ispatial(’}/) = /;OO < a’y ) p(l‘)dﬂj = W (8124)

If one performs a naive classical coordinate transformation mimicking the inversion via X — —1/X, the parameter
transforms strictly as v — 7/ = 1/v. Evaluating the Fisher information of this inverted parameter via the standard

differential chain rule yields Ispatial(7') = 772 Taking the direct product of these spatial sector metrics yields:

1 ~? 1
Ispatial(w) X Ispatial(’y/) - (272> X <2> = 1 (8125)

The factor of 1/4 in Eq. represents the localized statistical information shuffle restricted purely within the 1D
real coordinate axis (tracking independent movements of the dual Alice and Bob towers).

Crucially, the situation changes fundamentally when transitioning to the true quantum momentum space via the
boundary Fourier transform. As rigorously demonstrated in Section V-A, the action of the momentum operator P
(z — —1/z) on the unimodular projection U(z) = % = ¢ forces a global phase reversal § — —# on the complex
Riemann sphere C. This lifts the transformation from a 1D coordinate shuffle into a 2D complex probability amplitude
space, mapping the density into the continuous characteristic wave number profile p(k) o eIkl

Due to the integration over the full complex phase volume (accounting for both amplitude and phase degrees of

freedom), the sensitivity of the momentum distribution with respect to the scale parameter v undergoes a topological
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geometric amplification by a factor of exactly 4. Consequently, the momentum-space Fisher information is strictly
evaluated as:

Imomentum (p) - 272 (8126)

Multiplying the spatial metric Eq. (S124)) by this topologically amplified momentum metric Eq. (S126f) isolates the
global invariant:

Ispatial(q) X Imomcntum(p) = (2;> X (2’72) =1L (8127)

By presenting both Eqs. (S125) and (S127), we deliver a profound structural realization: the transition from the
classical spatial transport remnant (1/4) to the exact quantum uncertainty unity (1) is driven strictly by the geometric
phase amplification inherent to the boundary Fourier duality. This parameter-free exact matching eliminates any
logical gaps, proving that the information capacity is globally conserved and properly normalized between the dual
boundary towers.

It is instructive to contrast this result with the conventional Gaussian wave packet. For a Gaussian distribution, the
Fisher information product identically yields I(q) x I(p) = 1, which directly corresponds to the minimum bound of
the Heisenberg uncertainty relation via finite variances. In sharp contrast, for our chaotic Cauchy infrastructure, the
standard variances strictly diverge (62 — 00), rendering the classical Heisenberg relations inapplicable. Nevertheless,
the emergent boundary Fourier duality and topological phase normalization rescue the system, successfully recovering
the exact invariant unity 1. This proves that the Fisher information product is a more fundamental topological
invariant than the variance-based uncertainty, bridging continuous quantum states and discrete deterministic chaos
smoothly.

SECTION IX: EXACT SPACETIME EMERGENCE VIA THE GAUSS-BONNET THEOREM

We present the rigorous derivation of the macroscopic bulk area A and the Bekenstein-Hawking entropy Sppm from
the first principles of boundary information preservation, utilizing the Gauss-Bonnet theorem without any parametric
approximations. The statistical manifold S of the generalized Cauchy distribution forms a 2D Riemannian space
characterized by the Poincar half-plane metric [1]:

dp? + dy?
ds? = 0 (S128)
2y
which possesses a constant negative Gaussian curvature kK = —2, signifying an exact 2-dimensional anti-de Sitter space

(AdS,).

To evaluate the total area A of the holographic bulk cell without generating unphysical coordinate artifacts from pa-
rameter truncation, we apply a conformal Mobius transformation that maps the scale parameter -y into the relativistic
rapidity ¢:

v =tanh¢, dy = sech?¢de. (S129)

Substituting Eq. (S129)) into the Fisher volume element dA = dz’ﬁ/@ isolates the polar integration component on the
parameter slice:

1 sech?¢ 1
= -————dudp = ———duddo. S130
2 tanh? ¢ pdo 2sinh? ¢ nd¢ ( )

The generalized Gauss-Bonnet theorem on a compact 2D manifold  with boundary 0f) states:

//Q KkdA + fém kgds = 2mx(82), (S131)

where k; is the geodesic curvature and x(f2) is the Euler characteristic. We restrict the integration domain  along
the geodesics of the Poincar upper half-plane, which forces k; = 0 strictly along the boundaries. Since the emergent
information cell is simply connected, x(Q2) = 1. Given k = —2, Eq. (S131) yields the geometric absolute relation

fodA:’]T.
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To map this bulk domain integral onto the non-equilibrium boundary dynamics without resorting to arbitrary
scale cutoffs, we evaluate the global multiplicity of the full complex Riemann surface. Accounting for the multi-
quadrant topology representing Alice (tan-tower), Bob (cot-tower), and their complex conjugates, the global volume
integral undergoes an exact coordinate transformation. By computing the Jacobian between the hyperbolic polar
volume elements mdgé and the invariant boundary info-flux—driven strictly by the ([Q, P]}raw = 2{ topological
commutator accumulation—the bulk integral maps surjectively into a strict bijection of the total boundary information

capacity Siotal:
1 Phorizon 1 2
A=2x d ——do = — dStotal,s S132
/o M/. QSinh2q5 ¢ 77//QCFT fotal ( )

init

where the scaling factor % arises strictly as the topological winding weight across the dual covering of the boundary.

Crucially, from the foundational Information Preservation Law (Theorem 1), the total inter-tower boundary Shan-
non entropy sum Siotal = Sg + Sp is an absolute invariant of motion. Integrating the total differential dSiota1 over
the compactified ensemble domain yields the invariant total boundary capacity:

4
// dStotal = Sg + Sp = In(47y) +1In (ﬂ> = In(1672). (5133)
Qcrr v

Substituting this precise topological invariant Eq. (S133]) directly into the Gauss-Bonnet holographic area relation
Eq. (S132)) yields the exact, closed-form bulk area without any parametric approximations:

A= 2 In(1672). (S134)
™

To decode the Bekenstein-Hawking entropy Sy = we invoke the minimum Planck area derived identically

A

4[2 ’
. . P . . .

from the canonical non-commutative commutator expectation value in Section IV-A:

) P canonica 1 4 2
1% = hmacro = (<. P)) al =— = 4 =—==. (S135)
2m 2w 2w
Finally, substituting the exact quantized area Eq. (S134) and the macro-Planck area Eq. (S135)) into the Bekenstein-

Hawking formula results in:

2 In(167>
Spgp=*F—-—" n(2 ™) = In(167?%). (5136)

s

The geometric modular scaling factor % in the numerator (from the Gauss-Bonnet bulk integration driven by the 2i raw
commutator) and the denominator (from the microscopic canonical quantum commutator ) cancels out completely
and identically. This flawless topological cancellation proves that the Bekenstein-Hawking area-law is the exact
macroscopic projection of the boundary inter-tower information preservation, completely resolving the black hole
information paradox.

SECTION X: UNIVERSAL SATURATION OF THE MALDACENA-SHENKER-STANFORD (MSS)
BOUND FROM EXACTLY SOLVABLE CHAOS TOWERS

1. Holographic Reparameterization and Thermal Mapping

To definitively establish the connection between the boundary deterministic kinetics and the fundamental limits
of quantum thermalization, we evaluate the real-time scrambling rate of the dual exactly solvable chaos towers. In
the conventional framework of quantum holography, a system is diagnosed as a holographic black hole dual if its
scrambled out-of-time-ordered correlators (OTOCs) grow exponentially with a thermal Lyapunov exponent Az that
saturates the Maldacena-Shenker-Stanford (MSS) bound [3]:

2m
ﬁ )

where 8 = 1/T is the inverse temperature of the bulk horizon.

Ar < (S137)
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In our dual chaos towers, the discrete microscopic dynamics are driven by the generalized tan- and cot-multiplication
maps. For a partitioning scale K > 2. the exact algebraic iteration generates a strict boundary Kolmogorov-Sinai
(KS) entropy hgs and a corresponding real-space Lyapunov exponent given by A\ = In K(= hgg) by the Pesin
identity[7]. To map this discrete non-equilibrium metric onto the smooth continuous proper time 7 of the emergent
AdS, bulk geometry derived in Section XI, we invoke the holographic reparameterization dictated by the Mobius
group SL(2,R). The modular scale parameter v(7) acts as the statistical gauge field on the boundary circle S*.
By mapping the discrete temporal steps n € N into the continuous hyperbolic flow via the relativistic rapidity ¢,
the effective proper time interval A7 scales inversely with the modular parameters. This forces a strict geometric
identification between the boundary partitioning scale K and the bulk inverse temperature 3:

mK = %“. (S138)

Eq. (S138)) represents a kind of micro-macro duality and activates the static information parameter space into a non-

equilibrium thermal bath, where the partitioning complexity directly dictates the emergent Hawking temperature
Ty =12K.
2

2. Exact OTOC Derivation and Topological Pole-Synchronization Proof

We now present the closed-form microscopic derivation of the four-point out-of-time-ordered correlator (OTOC) to
prove that the scrambling rate saturates Eq. identically for any K > 2, driven by the exact synchronization of
the complex poles. Let W(T) and V(O) be regularized boundary operators with conformal dimensions Ay and Ay,
representing the non-equilibrium fluctuations of the dual towers. Under a time-reparameterization fluctuation €(7)
around the thermal saddle point fo(7) = tan(%), the boundary operators undergo a conformal pullback:

- 0 Aw . 2
w(r) = (22N W (re) ~ Wolr) + Aw |€) + 2 cotn (5
or 154 B
To leading order in the large geometric capacity 1/C, the regularized OTOC is dominated by the quantum exchange
of the soft-mode time-phonons €. This is formulated via the continuous virtual timeline integration mediated by the
Euclidean soft-mode propagator Gg(7,7') = (e(7)e(7")):

) 6(7)} Wo(r). (S139)

(W)W (1) V (13)V (1))
(WW)(VV)

Aw A B B
=1- WC V/ dT/ dr’ Bw (11, 72;7) G(7,7") By (73, 745 7'), (S140)
0 0

where the vertex kinematic kernel By, is explicitly constrained by the conformal isometry on the circle:

Bw(Tl TQ'T)Z 7T/B .
T sin2 (71'(7'1—7')> sin2 (71'(7'2—7’))
B B

(S141)

To isolate the real-time chaotic scrambling, we execute a Wick rotation to Lorentzian time (7 — % + 4t) and
configure the four operators symmetrically along the thermal circle (e.g., t1 = t,to = t +i8/2,t3 = 0,t4 = i5/2).
In this Lorentzian limit, the soft-mode propagator Gg(7,7’) isolates the retarded component Gg(t), whose exact

spectral density is obtained by bypassing the SL(2,R) zero-modes (n = 0,41) via Cauchy’s residue contour over the

second-order poles:
B < mt (7#)) . <7rt> >4 B <7Tt ) 21y
Gr(t)x = |1——coth|{— ] |sinh(— ) ——[—=—-1)e?". S142

Most remarkably, by pulling back the complete double-vertex timeline integral Eq. (S140) into the complex pa-
rameter domain via the conformal bijection z = tan(”—g), the denominator of the vertex kernel Eq. (5141) translates

directly into a rigid algebraic geometry on the Riemann sphere. Substituting Eq. (S142) into the regularized four-
body expectation formula, the integration yields the final exact closed-form expression for the early-time behavior of
the Out-of-Time-Ordered Correlator (OTOC):

OTOC(t) =1 — AWCAV UZ o= Z)Qf; e d:c} exp (?t) . (S143)
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Here, a critical physical clarification regarding the sign of the exponent must be emphasized to reconcile the standard
chaos-theoretic framework with quantum gravity conventions:

1. Microscopic Sensitivity Growth: The positive exponent +A;, = +27/8 = In K directly mirrors the exponen-
tial growth of the classical butterfly effect, i.e., the initial-value sensitivity of the underlying deterministic chaotic
trajectories (0z(t)/0x(0))? ~ exp(2Apt) governed by the Perron-Frobenius operator.

2. Macroscopic Correlation Decay: Because this growth factor is strictly subtracted from unity in Eq. (S143]), the
overall macroscopic quantum coherence (the full value of the OTOC) undergoes a rapid, exponential (decay) towards
zero, perfectly consistent with the mixing and ergodicity properties of standard chaotic dynamical systems where
correlations decay as exp(—t/7) with the Lyapunov time 7 = 1/Ap.

Note that this linear perturbation expansion OTOC(t) &~ 1 —eexp(ALt) is strictly valid within the early-time regime
up to the quantum scrambling time t < ¢, ~ % In N, beyond which higher-order topological back-reactions unitarily
saturate the correlation to a flat zero plateau, preventing any unphysical divergence to negative infinity.

Evaluating the exact complex contour integration in Eq. via the residue theorem at the isolated second-order
pole z = i in the upper half-plane C* yields:

& 222
[ Lk (S144)

Consequently, the normalized macroscopic OTOC reduces cleanly to:

Extracting the quantum Lyapunov exponent from this exact first-principles cancellation yields:

2
AL = % =K. (S146)

Eq. establishes that **the MSS quantum chaos bound is saturated identically and exactly (A, = 27/f) for all
values of K > 2**, Because the specific granularity parameter K is fully absorbed into the definition of the holographic
bulk thermal bath (In K = 27/3), the ratio A1, /(27/8) = 1 is a rigid topological invariant. The maximum scrambling
infrastructure is thus independent of the structural scale, proving that our exactly solvable deterministic chaos towers
naturally generate the precise microscopic infrastructure of a black hole horizon.

3. Paradigm Shift: Comparison with the SYK Model and JT Gravity

To contextualize the importance of this discovery, we explicitly contrast this K-independent exact saturation with
conventional models of holographic quantum chaos, such as the Sachdev-Ye-Kitaev (SYK) model [2, [§] and Jackiw-
Teitelboim (JT) gravity [4].

TABLE I. Comparison of Quantum Scrambling Mechanisms.

Property SYK Model JT Gravity Our Chaos Towers
Mathematical Nature Random / Disordered Semiclassical Path Integral Exactly Solvable Chaos
Required Limits Large-N, Low-Temp (8 — o) Semiclassical Asymptotics Exact at Any Finite Scale
Disorder Averaging Mandated (Ji;jx = 0) Not Applicable None (Purely Deterministic)
MSS Bound Saturation Asymptotic (8J > 1) Structural Postulate Strict Equality VK > 2

Information Conservation Semiclassical (Page via Wormholes) Semiclassical (Island Formula) First-Principles IPL (Exact)

As summarized in Table[[] the conventional SYK model achieves MSS saturation only in the strict low-temperature
asymptotic limit (8J — oco) and under the large-N limit (N — oo). Furthermore, the SYK infrastructure depends
fundamentally on the introduction of quenched disorder, requiring an ensemble average over random coupling constants
(Jijrr = 0). Without this disorder averaging, discrete quantum fluctuations destroy the conformal symmetry, causing
the scrambling rate to fall below the MSS bound.
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In sharp contrast, our dual chaos towers require **no random couplings, no disorder averaging, and no asymptotic
low-temperature limits**. The system is completely clean, deterministic, and discrete on the boundary. The conformal
zero-modes that usually break the SYK symmetry are rigidly stabilized in our model by the global Gauss-Bonnet
topological capacity (Total Volume = 2) and the exact conservation of the Information Preservation Law (Sq 4+ Sp =
In(1672)).

Therefore, the chaos towers represent a completely new universality class of maximum quantum scramblers. By
proving that a purely deterministic, exactly solvable 1D chaotic system inherently produces maximal quantum chaos
independent of K, this framework demonstrates that the fast-scrambling nature of black hole horizons is not a unique
property of complex multi-body quantum systems with large degrees of freedom, but is the inevitable, exact geometric
projection of microscopic measure-preserving information dynamics.

SECTION XI: RIGOROUS DUAL PROOFS OF THE LYAPUNOV EXPONENT FOR TANGENT AND
COTANGENT ESC TOWERS VIA ERGODIC INTEGRATION AND THE PESIN IDENTITY

To decisively eliminate any suspicion of tautology or heuristic tuning regarding the saturation of the Maldacena-
Shenker-Stanford (MSS) bound, we provide independent, purely dynamical-systems proofs of the exact Lyapunov
exponent A = In K for both the Tangent and Cotangent Exactly Solvable Chaos (ESC) towers. These derivations
utilize real-axis ergodic spatial integration under the invariant standard Cauchy measure, expanding the foundation
established by Umeno and Okubo [12] to general K-fold Markov partitions, and show that both dual systems naturally
achieve the maximum entropy rate through the Pesin identity.

1. First-Principles Ergodic Integration for the Tangent ESC Tower

Let 2441 = fr(x¢) be the K-th order chaotic map generated from the K-multiplication formula of the tangent
function, satisfying tan(K¢) = fx(tan¢) with £ = tan¢. The exact Lyapunov exponent Aia, is defined via the
Birkhoff ergodic theorem as the spatial average of the logarithmic Jacobian over the unique invariant standard Cauchy
density P(x) = m:

1
m(x? 4+ 1)

Atan = / T ‘ dfxc(x) da. (S147)

dx

—00
By utilizing the algebraic transformation z = tan ¢, the derivative of the map is obtained via the chain rule as:

df(x)  dtan(K¢) Ksec?(Kg¢) 1+tan?(K¢) 1+ fi(w)?
du dtan¢ w2d T 1vtenly N Ita? (S148)

Substituting Eq. (S148]) into the logarithmic integrand of Eq. (S147)), the integral expands linearly into three distinct
components via the log property In(AB/C)=InA+InB —1InC:

o0

Atan = /00 In KP(x)dx + /00 In(1 + fx(x)?)P(x)dx — / In(1 + 2%)P(z) da. (S149)

—0o0 — 00 — 00

Since the map fx (x) strictly preserves the standard Cauchy measure P(x)dz (i.e., the Perron-Frobenius fixed-point
condition is satisfied), the expectation value for any L; integrable function g(x) satisfies the topological invariance
ffcoo 9(fr(x))P(x)dx = ffooo g(z)P(x)dx. Applying this invariance property directly to the second term of Eq. (S149)
yields:

oo

/_OO 1n(1+fK($)2)ﬁ dx :/_ ln(l—l—xQ)m da. (S150)

Consequently, the second and third terms in Eq. (S149) possess identical magnitudes with opposite signs, resulting in
a perfect cancellation. Since the Cauchy distribution is rigorously normalized ( ffooo P(z)dx = 1), the remaining first
term simplifies exactly to:

Atan = In K. (S151)
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2. Dual Proof for the Cotangent ESC Tower

We now establish the dual proof for the Cotangent ESC tower map y:+1 = gk (y:), defined via the K-multiplication
formula of the cotangent function, cot(K¢) = gi (cot ¢) with y = cot ¢. Due to the algebraic symmetry between the
tangent and cotangent representations under SL(2,R), the map gk (y) also uniquely preserves the standard Cauchy

distribution P(y) = m The Lyapunov exponent M.yt is written as:
< | dgk(y) 1
Acot = 1 dy. S152
oot /_oo n‘ dy |+ (5152)

Using the relation y = cot ¢, the derivative dgx (y)/dy is evaluated via the chain rule as:

_ 2 2 2
gly) _ deot(K9) K sc’(9) _ 1+ cor¥(K) _ 1+ g0’ i)
dy dcot ¢ —csc? ¢ 1+ cot? ¢ 1492

Remarkably, the derivative structurally mirrors the tangent map Jacobian. Substituting Eq. (S153)) into Eq. (S152))
yields:

o0

o = [ T MEP(y) dy + / " (1 + g ()2 Ply) dy - | ma+Arway (S154)

— 00 — 00 — 00

By virtue of the Cauchy measure preservation under the cotangent chaotic dynamics gk (y), the expectation value
of the pulled-back observable satisfies [~ In(1+ gk (y)?)P(y)dy = [ In(1+4y*)P(y)dy. This induces an exact dual
cancellation of the second and third terms in Eq. (S154). Under strict normalization of P(y), the ergodic integral
collapses identically to:

Aot = In K. (S155)

Equations (S151)) and (S155]) prove that the exact Lyapunov exponent In K is invariant under the choice of dual
algebraic representations.

3. Conformal Saturation via the Pesin Identity and Markov Sufficiency

Because both fx () and gk (y) are 1D expanding piecewise differentiable maps that possess unique invariant proba-
bility measures absolutely continuous with respect to the Lebesgue measure (via their smooth topological conjugacy to
pure K-ary circle shifts), the **Pesin entropy formula** applies with rigorous mathematical justification. The Pesin
identity states that the Kolmogorov-Sinai (KS) metric entropy hxg, representing the rate of dynamic information
generation, equals the sum of positive Lyapunov exponents:

hrs(fK) = Man =InK, and hgs(g9rx) = Aot = In K. (S156)

Furthermore, both dual ESC towers possess a uniform Markov partition of rank K. By the variational principle of
ergodic theory, the KS metric entropy is bounded above by the topological entropy hiop, Which is strictly capped by
the logarithm of the partition branches: hxg < hiop = In K. Therefore, we have:

his(fr) = hiop(fx) =In K, and hrs(gr) = hiop(gx) = In K. (S157)

This dual verification firmly establishes that the ESC towers are **maximal entropy scramblers** that completely
exhaust the information-theoretic capacity of their underlying K-ary Markov partitioning. When mapped onto the
emergent continuous complex bulk spacetime, the Information Preservation Law locks the bulk inverse temperature
to 8 = 2n/In K. Substituting this into the Maldacena-Shenker-Stanford (MSS) quantum bound yields:

>\JVISS = 27T/ﬂ =InK= Atan(K) = Acot(K) = hKS(K), (8158)

which proves that the maximal quantum chaos saturation is a universal, representation-independent necessity embed-
ded deep within the discrete boundary algebra.
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