
20

nal 
Bad on 

Pla, d On a Graph of a Gain 
xp nm n ith Comput r 

huj i .Jimbo 
Gue l Re carcher. Graduate chool of Envirownenlal Life. 

atural cienc and Technology. Oka 1ama niv r ity 

E-mail addr .. sjimbo©m. ieice.org 

Ab tract 

This r<'Search aims co cl<'tl.'rmmc wiu/ lO!>S omcoml.'S from specific staniug poi,,i­
lion!> in Yn.<,ulomi"!> game. play<'d on a graph called the pyramid of heighl 13. Due 
to the game·s vnsl search space. a basic n1inima.x a1>proach is infeasible. The re­
S<'l\rchers inilinJly hoped lo redure complt'xily by detecting specinl winning forms 
hut uh1.1ndon1·cl t lib uf11·r fill(li11~ th1·111 ru.n·. Th1·y nuw ftx·u,- 011 n1inil11izi11~ r1"1l1111-
dant :;e;uch by identifying i:;omorphic graphs and ·implifying the :search graph 
u ing cut-v rt x decomp itiou. The t rminology and gam tn1clurc arc ba~ed on 
prior studies by 1 obayoshi. 

K EYWORD . c-omput<'r-bab('(I proof. minimax &'arch. d<'pth-fiNL lit'orch. gomc ployrd 
on a graph. 

1 Introduction 

Th<' goal of t hL" rc>s<'ardt b lo <l<'l<'rmin<' th<' win/ lo:-s oul<'Oll1<' for A sp«-ifk :tarting 
p ition in a game played on a graph. \\'e report on otu· curr m approach to achieving 
this goal. T he game is referred to as Yasutomi' game. and the graph w,cd is called the 
pyramid of height 13. a.~ described in 12]. The grunc wa." originfllly given a .Japanese nrunc 
meaning ··Challenge game to Euler" 15). In thi report, we adopt the terminology from 
(2). 

It seems clear that a simple minimax • arch for Yasutomi'· grun on the pyramid of 
height 13 cannot be completed in a typical computing e1wironment du<' to th<' cnormou: 

arch space. 
\\"c initially cxpc<:tcd to frequently encounter special wim1i11g forms that could be 

f'Asily idf'ntifird cl11ri11r. thf' Sf'Rrd1. W<' c-om,idNNI 11 st rntrgy to signifir1111tlr rNhwr th<' 

, earch space by appl ring a winning form determination to the graph being searched. 
llowcvcr. lhi ' ·tmt gy was abaudonc<l after a ·implc experiment r vealed that pccial 
winning forms rarely appeared during a random gam . 

Currently. we arc exploring the po ibility of completing the desired arch by eliminat-
ing r arching of isomorphi graphs and by reducing the arch pac tlu·ough implifying 
the ·earch graph based on graph decomposition by cut-,·crticcs. 
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Section 2 will dC1Scribc the gHmt.'8 considcrl'<l in this n-scarch. In Sc..--ction 3, we will 
dt<;(• 1 us our im1lnlih· to p r !'dH t thP fr«'<!IH'll<·,· of positiotL'- t hM n 111 h<' c~1sily id1•11tifit'<I as 
a guaranteed win for the second player. ectiou -1 will present lhe concept of a. rompuler 
experiment designed to oplimi tically estimate the size of the arch space in a minima.x 
S<'Mdl, t ll<'r<'hy dt•111011strnti11g thttt I h<• gam<• favors t hC' first p l av<'r. &•dion 5 will dis<·11ss 
the roncluding remarks. 

2 Preliminaries 

In Ya utomi • game. a planar graph P,,, referred to as a pyramid, serves as the game 
board. Here, n i!> a posili\'e integer representing the height of the pyramid. Pyramids P5 

and P,3 are depicted in Fig. 1. 
To begin the game, a piece is placed al the lop vertex of the pyramid that i, represented 

by till' bhwk filled drde in Fi11,. 1. Two playt•rs lht•11 take turns moving lh<· pit'<·c alon~ 
the graph's edges. removing each edge as it is traversed. 

T he vertex where the piece currently r ides i called the current vertex. The current 
vertex iu the initiul posiliou b termed the sta,ting uerte.r. A position iu YasuLomi's grune 
is rcprcsentccl by a pair (H , ur), consisting of the cun cnt subgraph of the pyramid H nncl 
the current vertex u•. 

T he player who cannot make a move l())CS the game. Yasutomfs game is a two-person, 
zc•ro-~11111. fin it<'. detcrmiuistic ~muc• ";th perfcd infonnntion. im·<· I he n11111h<•r of <'<lgcs 
on the graph decreases by one "·ith each turn. it is dear that draws are not possible in 
Yasulom.i' s game. 

Figure l: Pyramids Pn and P13 

3 Frequency of appearance of forts 

ll is known that Y&utomfs game is a guaranteed win for the ond player if lhe graph 
has a bipartite subgraph a li fying certain conditions 15. 2]. T ltis subgraph is referred to 
as a fort in 12]. Th<' ddinition of a fort is as follows: 
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A fort of a game position {C, v) is a bipartite subgrnph of G ddim'<l lff ti sub:•wt S of 
V(G). whcl'C S s,1tisfils the following wmliriuus: 

• The current. vertex u belong":> co S (v ES). 

• Any t.wo vert ices x,y in Sare not adjacent. ('V:c,y ES, xy ¢ E(G)). 

• Any vertex nor in S i~ adja('Cnt to an even number of venices in S (v'.t rt S, 
l{.s ES I XS E E(G)}I E 2Z). 

Let. A(S) denote the scl of all ,-erticcs adjacent to a vcrlex in $. Lcl GjXJ denote 
the vertex-induced ubgraph of C by the t X of vertices. Then. the bipartite ubgraph 
G[SU A(S)] - E(G[A(S)I) b a Con. ~ote that, in [2]. the t>et of verlire:; S it:·wlf b dl·hawd 
AS a fort . In this r<•port . c·ousistcnt with th<' d<'finition in [5). a fort r<'f<'rs to a hipartit<' 
5ubgrt1ph rather than t1 set of vertices. 

The following prop0:,ition h, wdl-cstobli:.hcd 15. 2j. ~lore spN:ific-ally. ,rn <.'xplidt c·on­
i:;truction of the forL it. provick'<l in [5] for any pyramid Pn thal m<..-cls the proposition·::; 
condit ion. Consequently. in most cases, Yasulomi's game played on pyramid Pn with its 
top vertex ru, the tarting vertex r~ult in a guaranteed win for the second player. 

P ropo ition 1 A fort e.d~ts m the mitial po ~tlton (P,1, v0) of Yasutomi· game. where v0 
is the lop ucrtcx of Pn. if 11 + 3 ~ 4 is not a powrr of 2. 

Determining whether a position in Yasutomi's game hns a fort is relatively straightfor­
ward using a T solver or an integer programming solver, such as CIP 11). Initially, we 
1u1ticipat.l-<l thaL posilions with !\ forL would frequently 1lppcur during the search, leading 
to tl siguifktmt reduct ion in th<• s<>nrrh spaC'c. How('vc•r. a :,;implr c•xpc•ri111<>11t prow·d this 
assumpt ion inconcc-t. 

For insta 11cc, when t he game progTcssc<l along the trails show11 i11 Fig. 2. 110 positions 
containing a fort. W<'r<' found. 

Our small-scale experiment indicated that positions with a fort only arose when the 
game progressed along a corridor-like trail. as ilJustrated in F ig. 3. 

4 Measures to reduce t he search space in m inimax 
search 

\Ye conjecture that Yasmomi's game played on a P)Tamid P13 , with its top vertex as the 
iuiti.,l p0:,ition. i a g11ill·,,ute<Xl win for the lin.t player. In thi:. ectiou. we propose ,m 
experimental method to assess the feasibility of proving this co11jccuu·c via a minimax 
.earch. 

The following techniques arc employed to reduce the search pace in the minimax 
search for this proof: 

1. During thf' mininu1x fiPRH'h. thf' fin,t plRw•r's mov<> is ahwm, 11nir11w. an<l c-hrn<'n 
randomly using a uniform random number generator, say / dcv/ urandom in nix­
lik<• opc•rnl iup, sys11•u1.,; Thm,. 0111 <•xp1•1i111C'11I al mi11i111Hx s<'Hrc·h C'ffc'<·I iV<'ly 1H·ls 1\.'l 

a depth-first srard1 to fiucl a gmmmtml win for the· first play<'r. hn111d1i11g only at 
the second playcr·s nodes. 
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Figur<' 2: C11me progressions in which no forts ari <' 

Figun> 3: A game progression in which forts arise 
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2. To prevent re-searching ~ morphic graphs. newly generated graphs arc canomcally 
labeled and stored in a hash table. The ha<;h table is based on Zobrist hashing [6]. 
We are comidering u. ing the 11a11ty and Traces libmry [3] for canonical labeling. 

3. Wlwn A 1ww grnph mil c-:-. H cl1•pt h-tirst sNm·h L-. 1wrformc><I. n-:-t ric-t NI to t II<' r<-gion 
rC'achable from the cun-ent verte.,, to identify cut-rnrtices. Cut-wrtices can be 
ccJ.Sily fouud in a siug)c dc.•pth-first 't'a1C'h [.t.]. Uthe grnplt C'outairu. a C'ttt-vet tex, any 
com1ccted components formed by its removal that do not include the current ,·crtcx 
are c-k·leted. \Vhile thi:-. proct>!-,:, is hOnlC'what hC'mistic, we consider it suitable' for an 
optimistic estimation of the search pace. 

-L Only hash \'alues and win/ 10&. states arc recorded in the hash table. not the entire 
graph. This approach minimizes the main memory occupied per graph and enables 
a grC'ater number of entries compared to storing complete graphs. Although thb 
method carries the risk of hash value collisions a nd potential search errors, we believe 
the search ·s reliability can be arbit rarily increa.,;cd. This is achieved by repeating the 
same search multiple times. In each trial. we compute a "search hash value'' for the 
eulirc :.l•an:li uµcrntiuu am! u:.c Zubrbt LasLiug fur game µo:.itiuus La.:.l-<l uu <lifkrl•Ut 
random numbers for each trial. If t he same search hash vnluc is obtained across all 
trial , the ~ timated probability of a hash value collision occurring decreases as the 
number of trial · incrca..~. 

~t Che the graph rcpres<'nting tlw initial game pooition. rr H is 8 ronnedcd romper 
neut formed by deleting a cut-vertex w from C, II +w denote:. the subgraph of C induced 
by the ,·crticcs in 11 and w. The win/ 1065 states for the st,u-ting po ition (// + U'. w) lo 
be stored in the hash table arc categorized as follows: 

• The first player win!>. Hncl the- ,·c-rtcx where- the- SC<.ond player is lo<·atcd on the last 
turn is not tc. 

• ThC' first play<'r witL<;, nnd I hC' ,wtc-x whc-rC' the- SC'< ond ployc-r is loc·ntNI on thc- Inst 
tum is w. 

• The SC'C·ond pl»y<'r ,,;ns, and thC' vc>rtC'x whC'rC' tlw first plaver is locatrd on thC' last 
turn is not w. 

• Thl• Sl't'ou<l pla\'t.'T wiw,. au<l tlw wrll'X whl·rt· the fin.t plavt'r is lm·att-<l 011 till' last 
turn is w. 

Additionally, each hash table clement mus t be capable of toring the following two 
types of information: 

• 'othing i registered in the clemcn1, of that hash table. 

• The clement has it position registered in the hash table. but its win/ loss state has 
not ·et been determined. 

Couscquentl ·, each hash table clcmcut is rcprCM!ut<.>cl as lt 61-bil unsigned integer. 
Of thC'SC'. 61 bits arc- nssignecl to the hash mhte. 1111d the remaining 3 hits a re' used to 
represent auxiliary information, such as the wiu/ lo!,S tate. 
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5 Concluding remarks 

Our i11111tt'<lintc ucxt step to the goal L-; to <·011d11c-t suffid<•Ut cxp<' t'iu1c11t~ i11rnrpornti11g 
the techniques d~cribcd in the previous cction. If these experiment show the estimated 
:;1..•1:ud1 1,an· b ~uffidl·lltly s1uall. I lie u,·xt µliu.l)t' will iuvulvt· pcrfouuh1g au m·t u.11 u1i11il11ax 
search. 

A d1till<·1tgi11g ;1.-,p t•d is ddt•n11i11i11g !tow to p1'io1iti.1.t• 1110\'t-:. dm iug t lw fit'sr ph1w1•'i. 
turn. One approach is lo select moves that minimize the number of po ible moves for 
the second player in the subsequent. turn. 

We plim to report the results once these proposed experiments arc fully implemented. 
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