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1 Introduction 

This is a joint work with Thomas Eiter (Weierstrass inst. Applied Analysis and Stochas-

tics, Berlin) and Mads Kyed (Hochschule Flensburg) and this manuscript was written 

based on Either, Kyed and Shibata [7]. 

Let O be a C2 exterior domain in配 andr the boundary of 0. At begining, I consider 
the N avier Stokes equations 

畑＋ U• Vu―△u+p = F, divu = 0 in Ox 11', ulr = 0. (1) 

Here, F is a 2n: periodic external force, that is F(・, t + 2n:) = F(・, t) for any t E恥 and
11'=恥＼2迄． Thereare a lot of studies of periodic solutions to the N avier-Stokes equations 

(1), cf. [9, 14, 21, 22]. See [7] for more reference. By far the most popular method that 

emerged is based on a representation formula that arises from the principle that a solution 

to the initial value problem tends to a periodic orbit as t→oo regardless of the initial 
value. Equivalently formulated, a solution to the initial-value problem with time-periodic 

right-hand side tends to a periodic orbit as t→oo. Since the Stokes operator generates a 
C0 analytic semigroup, which is denoted by｛四t)}t;:,:0 here, the solution is represented as 

u(t) = lt00 T(t -s)F(s) ds -lt00 T(t -s)P(u •• u)(T) ds, (2) 
-OO -OO 

where P denotes the solenoidal projection defined by (11) of Sect 2, below. Then, it is 

easy to verify that this integral expression indeed leads to a periodic solution of the same 

period as F. The challenge with the method based on (2) is to construct a framework of 

Banach spaces such that the integral expression is well defined. Since F is time-periodic 

and therefore non-decaying, this clearly requires suitable decay properties of the semi-

group {T(t)}t;:,:0, which is basically guaranteed by Lp-Lq decay estimates due to Iwashita 

[13]. 
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In this note, I would like to propose a completely different method based on the冗

solver and operator valued de Leewe theorem. In this section, I would like to explain our 

method created in [6, 7] in the abstract framework. Let X, Y, Z be three B皿 achspaces 

such that X c Z c Y and let A E £(X, Y) and BE  £(X, Z) n £(Z, Y). Here, £(E, F) 

denotes the set of all bounded linear operators from E into F. Let 11'=恥＼21rZbe the 

2汀 torusand we consider time periodic problem 

OtU - Au = F, Bu = G for t E'IT', (3) 

where F(t+21r) = F(t) and G(t+21r) = G(t) fort E股． Ourapproach is to use R-solvers 

associated with the corresponding resolvent problem: 

入v-Av = f, Ev = g. (4) 

Here,入isa complex number ranging on 

〗e，入。＝ ｛入 E(C 11 arg入IこT - €, |入|こ入o}

for some入。＞ 0and E E (0, 1r /2). The situation here is the case where the following 

generalized resolvent estimate holds: 

|入||vllY+ llvllx :S C(IIJIIY + llgllz +||入112gllY)

when Z = (Y, X)i;2. This is an abstract version of the Agranovich and M. I. Vishik type 

estimate for parameter elliptic problems (cf. [1], [2], [3], [4]). 

To introduce the R-solver (R bounded solution operator) of problem (4), we start with 

the definition of R-bounded family. 

Definition 1. Let E and F be two Banach spaces. We say that an operator family 

TC  £(E, F) is R bounded if there exist constants C > 0 and q E [1, oo) such that for 

any integer n, {Ti}J=l CT  and {/j}J=l CE, the inequality: 

J応叫）刀f贔 duさCj1II立(u)虞 du
゜j=l ゜j=l 

is valid, where the Rademacher functions rk, k E N, are given by rk : [O, 1]→{-1,1}; 
t r-+ sign (sin 2叶t).

The smallest such C is called R bound of Ton £(X, Y), which is denoted by冗.C(E,F)T

Next, we introduce an operator valued Fourier multiplier. Let m(O be an £00（恥＼｛O} 

function with value in £(E, F)). We set 

Tmf = :f°iミl[m(~)]民 [fl （く） l f ES（罠，E),
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where五 andFiミ1denote respective Fourier transformation and inverse Fourier transfor-
mation on罠． Thefollowing theorem concerned with the boundedness of the operator Tm 

was proved by Weis [20]. 

Theorem 2. Let E and F be two UMD Banach spaces. Let m(~) EC尺罠＼｛O},£(E, F)) 

and assume that 

冗£(E,F)({ m(~) I ~ E囮＼｛O}}) :S乃
冗£(E,F)({~m'(~) I~ E股＼｛O}}) :S Tb 

with some constant乃＞ 0.Then, for any p E (1, oo), Tm E £(LP（飛，E),Lp（罠，F))and 

||T』||ら(JR,F):SCprbllf||ら（屈，E)

with some constant Gp depending solely on p. 

In view of Theorem 2, we introduce the following definition. 

Definition 3 (R-solver). For every入＝'Y+ iT EE,，入。， thereexists a map 

S（入）： YxYxZ→X (F1, F2ぶ）→S（入）（F1,F2，凡） EX

such that 

(i) V = S（入）（f,入112g,g) is a solution of problem (4), 

(ii) s（入） satisfies

応 (YxYxZ,X)(｛（噂）es（入） I 入€刃€，入。｝） <知

冗.C(YxYxZ,Y)({ (TOT l（入S（入）） I入E江，入。｝）三乃，

for R = 0, 1 with some constant rb. 

S（入） iscalled an R-solver or R-bounded solution operator of problem (4). 

Before considering periodic problem (3), we consider 

知ーAu= F, Bu = G for t E股． (5) 

Letゃ(t)EC噸） whicheq叫 s1 for ltl 2入。＋ 1and O for ltl ::S,¥0 + 1/2. From (ii) of 
Definition 3 t_p(T)S(iT) is R bounded, that is 

冗C(YxYxZ,X)(｛（喝）停(T)S(iT)IT E艮｝）さ fゎ

Rc(YxYxZ,Y)({(TOT l(i1―サつ(T)S(iT))I T E IR}) ご;'rb, 

for£= 0, 1 with some constant rb, Let 

S(F, G) = Fi1[cp(T)S(iT).r玉［（P,A1l2c, G)](T)] 
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burier transformation and Fourier inverse transformation on where石 andFi― denote Fourier trans£ R 

罠， and,A112G＝石直(iT)l/2五后](T)].Writing几＝互い[cp(T)石 [H](T)]for H = F and 
G, we see easily that w = S(F, G) , G) satisfies equations: 

応— A心＝凡， Bw= 仇 fort E股．

Moreover, by Theorem 2, for any p E (1, oo) there exists a constant Gp depending on p 

such that 

閾S(P,c)||伝(JR,YJ+IIS(F,G)||ら（恥X):::;C占(||八||ら(R,Y)＋||A1/2仇IILp(lR,Y)+||ら||ら（応Z))．
(6) 

We now consider time periodic equations (3). Let巧 and写 denoteFourier transfor-
mation and Fourier inverse transformation on 11.', that is 

石[J](k)＝」J27re―iktf(t)dt, ぢ［（ak)kEZ](t) ＝~eiktak, 
27f。

kEZ 

where Z is the set of all integers and (ak)kEz denotes a sequence. Letら(11',X) be the set 
of allら（股） functionf valued with X such that f(t + 21r) = f(t) for any t E股andlet 

Wj(11', X) = {f Eら(11',X) I 8tf Eら(11',X)}. Set 

2T 1/p 
IIJIILp(11',X) = {1"7r IIJ(t) II文dt}l/p. 

゜To treat time periodic problem, we use the operator valued de Leewe transference the-

orem stated as follows: 

Theorem 4. Let E and F be Banach spaces and let p E (1, oo). Let m(~) be an L00（恥＼

{O}) function valued in £(E, F)) and 1五isa bounded linear operator fromら（恥，E)to 

ら（罠，F). Suppose that for all f E E the point k E zd is a Lebesgure point of ~• 
m(Ox, and set md  = m(ik)f. Then,（叫）kEZdis a Fourier multiplier fromら(T叫E)to 

ら(T叫F),and in fact, 

訊叫）kEZd11.c(Lp('!l'd,E),Lp（守，F)):S:: IITmll.c(Lp（配，E），ら（配，F))・

Here, 

応k)kEZJf]＝左ご[m巧 [f](k))kEz](t)= Likt叫石[J](k). 
kEZ 

Proof. For the proof, refer Proposition 5. 7.1 in [12]. 

Now, we consider (3), and set 

附＝左ご[cp(T)S(iT)F'll'[(F,A°'G, G](T)]. 

□ 
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Then, u1 satisfies periodic problem: 

釦l,1-A附＝凡 B附＝ G'P for t E 11'. 

Here, H'P = Fi1位(T)F'll'[H](iT)]for HE  {F, G}. Moreover, combining (6) and Theorem 

4, we have 

ll8tu1 IILv('.IT',Y) + llu1 IILp(＇『，X)s C(IIF'PIILp(＇『，Y)+ IIA112G'PIILp(＇『，Y)+IIG,っ||Lp('.['，Z))．

Thus, problem (3) is reduced to show the existence of finite number of solutions vk of 

equations: 

ikvk -A料＝左[F](ik), Bvk＝石［G](ik).

And then, 

U＝附＋ L Vk (7) 
lk|こ入。＋1/2

is a solution of (3). This is our strategy to solve periodic evolution problem (3). 

2 A time periodic problem for the Stokes equations in exterior 

domains 

Detailed arguments below are refered to Eiter, Kyed and Shibata [7]. Let O be a uniform 

び boundeddomain or exterior domain in艮N(N ~ 2) and let r be the boundary of 0. 
Let Lq(O) be the set of all Lebesgue measurable functions f defined on O such that 

II!||伍(m= {J |f(x)|q心｝1/q< 00 
for 1 :::; q < oo. And let 

w：：①）＝ ｛f €伝(0) ID訂(x)E Lq(O) (lalさm)｝, ||f||wげ(!1)＝こ尻f||伝(!1)・ 
lal<:'.m 

We consider time periodic problem for the Stokes equations: 

8tU —△u 十▽p = f, divu = 0 inn x 11', ulr = 0. (8) 

The corresponding resolvent equations read for the following equations: 

入v―△v十▽q=F, divv=O inn, vlr=O. (9) 

First, we introduce the Helmholtz decomposition. Let 

”団）＝ ｛U E Lq,loc(O) I▽u E Lq(O)N}. 
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We consider the weak Neumann problem: 

（▽u，▽ゃ） ＝ （ f, 図）咋€尻（切 (10) 

Here, (!, g) = ~。 f(x)g(x)dx. From [10, 18] we know that for any f E Lq(O)N problem 

(10) admits a unique solution u E的(0)satisfying the estimate: llv'ullLq(n) S Cllf||ら(n)・
Let 

Jq(O) = {u E Lq(O)N I (u，▽r.p)=O ¥/r.pEfr↓(n)}, 

which is called the solenoidal space. For u E WJ(n), what divu = 0 inn is equivalent to 

that u E Jq(O). 

For皿 yfEら(0),let u E虎(0)be a unique solution of (10) and set g = f―▽u. Wesee 
that g E Jq(D). f = g+ Vu is called the Helmholtz decomposition. Let P : Lg(O)→ Jq(Q) 
be the solenoidal projection defined by 

g=Pf. (11) 

According to Shibata [17], we know that for any c E (0, 1r /2), there exists a positive 

constant入。 andR-solvers 

T（入） EHol (Ee，入。，£(Lq(O)凡虎(n)州， P（入） EHol (Ee，入。，£（ら(O)凡附（切）

such that for any f E Lq(n)凡v= T（入）fand q = P（入）fare unique solutions of equations 
(9) and 

R.c(Lq(O)N,H:f（叩）（｛（喝）PT（入） I 入€い｝）こ乃 (£ = 0, 1), 

R.c(Lq(O)N) ({ (T8T l(〉（T(〉＼））|〉＼ E江，入。｝）さ乃 (£ = 0, 1), (12) 

R.c(Lq(O)N) ({ (T8T)R（▽P（入）） I入EXC，入。｝）ご乃 (£ = 0, 1), 

Let cp(T) be a C00（良） functionwhich equals to 1 for ITI 2:入。＋1and O for ITIさ入。＋1/2,

and set 

叫＝Fi1['T(iT)cp(T)石[f](T)］，凡＝f戸[P(iT)cp(T)石[f](T)].

Then, u'P and p'P satisfy equations: 

畑 P―△四＋▽p'P = f<p, divu'P = 0 inn x 11', u<plr = 0, (13) 

where f'P = Fご［cp(T)石[f](T)],and the estimate: 

ll8tu<pl1Lp(']['，Lq(O)) + llu'PIII、v('ll',W:f(O))さ;Cllf'PIILp('ll',Lq(O))さ;CllfllLp('ll',Lq(O)) (14) 

provided that f Eら（11')ら(O)N)and 1 < p, q < oo. Thus, we have to consider the low 
frequency part. Let k be an element of Z such that lkl ::;入0+ 1/2. Let uk E W,加）N
and Pk Eか(n)be uni e unique solutions of the resolvent problem: 

ikuk―△Uk+▽肛＝F'll'[f](k), divuk = 0 inn, u叶＝ 0. (15) 



23

2.1 0 is a bounded domain 

We know that when O is bounded, uk E W,化(0)and Pk E的(0)exist uniquely and 
they satisfy the estimate: 

llukllwg(n)+||咋||ら(Q）さ C|巧[f](k)II~名 (O) ・ '.S C j27r llf(・, t)||ら(Q)dt. 
゜

(16) 

Combining (14) and (16), we have the following theorem. 

Theorem 5. Let O be a bounded uniformly C2 domain in記 (N~ 2). Let l < p, q < oo. 

Then, for any f Eら（T,伝(O)N),problem (8) admits unique solutions u and p with 

u E WJ('ll', Lq(O)州nら(11',w;(o)州， PEら（T」対(Q)），

which satisfy the estimate: 

ll8tul1Lp(＇ll',Lq(n)) + llullLp('『，W:f(O))+ llv'PIILp('ll',Lq(O)）さ CllfllLp(＇『，Lq(O))・

2.2 n is a three di is a three dimensional exterior domain 

We now continue the argument in the case where n is an exterior domain. We assume 
that n is a three dimensional exterior domain. Let b > 0 be a large number such that 
nc C Eb= {x E股3I lxl < b }. We will discuss the unique existence theorem of 21r-periodic 
solutions of (8). 

We divide periodic function f into two parts as f = f上十fs,where we have set 

fs(x) = ~「71'f(x,t) dt, f_1_(x, t) = f（エ，t)-fs（ェ）．
27r。

Obviously, Ji。~71'f_1_(·,t) dt = 0. We call that f_1_ is the oscillatory part of f and fs the 
stationary part of f. 

We know that when kヂ0and lkl :S入。＋ 1/2,problem (15) admits unique solutions 

Uk E匹（D)Nand Pk E的(D)which satisfy the estimate (16). Thus, setting 

Uj_＝叫＋区 uK, PJ_ ＝匹＋区匹
1:c;lk|こ入o+l/2 l'.:::'.lk|三入o+l/2

we see that 

U上€ら（11',w;(o)州nw;(11'，伝（O)N), p上€ら（11',iI:(O)) 

and u_j_and p_j_satisfy the equations: 

坊u_j_―△u_j_＋▽凡＝ f_j_，divu_j_ ＝0 in f1 X'Jl', U_j_|r = 0. 
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Moreover, we have 

ll8tu_1_IILp(11',Lq(n)) + llu_1_IILp(1r,w:号（Q)）＋ 1|▽p J_ I I Lp('l',L叩）） S C||f||ら（艮，W手(n)）・

Let us and Ps be the stationary part of u and p, and then us and Ps satisy the stationary 

equations: 

―△Us十▽Ps= fs, div us= 0 in 0, uslr = 0. (17) 

Using the fundamental solutions: 

uij(x) =-」凸＋~), qj(x)＝上功
8T |x| |x|33T  |x|3' 

of the Stokes equations in配 andthe cut off technique, we have 

Lemma 6. Let St be a uniformly C2 exterior domain in配， andlet 3 < q < oo. Let 

< g >c= supxE!l(l + lxl)ilg(x)I, and 

Lq,3b(St) = {g E Lq(St) I g(x) = 0 for lxl > 3b}. 

If fs = div F + g such that 

< div F >3 + < F >2 < oo, g E Lq,3b(St), 

then problem (17) admits unique solutions u8 E W;(S1)3 and Ps E WJ(rl) satisfying the 

estimate: 

llusllwJ(nJ+ < us >1 +＜▽us >2 +IIPsllw:岬）十 <Ps>2 

::=; C(< divFs >3 + < Fs >2 +Ilg||ら(!1)).

It is important to investigate the asymptotic behaviour of oscillatory parts u1_, espe-

cially to solve the Navier-Stokes equations. For this purpose we use the following lemma 

which shows the asymptotic behaviours of the fundamental solution r 1_ of the resolvent 
equations: 

ikv―△v十▽q= f, div v = 0 in配．

Lemma 7 (Eiter and Kyed [5]). Let 

い＝写い[;|2一二（I-冒）］．
Then, r 1-E Lq(〗炉 x 11') for q E (1, 5/3) and▽rJ_ E Lq(〗炉 x 11')3 for q E (1, 5/ 4). And for 

any multi-index a EN~, o > 0 and r E [1, oo), 

||D：い（x,・)||ら('']['）こ
Ca,ii 

lxl3+lal 
(lxl > o). 
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We consider again equations: 

OtUj_ —△U1_ 十▽凡＝ f1_, divu1_ = 0 in 0, u1-lr = 0. (18) 

To state the asymptotic behaviour of u1_, we introduce the norm 

< f >p,c= sup II!（北・)IILv('ll')(l+ lxlf 
xE!1 

Using the fundamental solutions to the oscillatory part r.land the cut off technique, we 

have the following lemma. 

Lemma 8. Let 3 < q < oo and£ E (0, 3]. Assume that f.l ＝divF.l ＋ g.lsuch that 

j21r F 1-(x, t) dt = 0, 

l％釦（x,t）dt=0, 
Then, u_1_ satisfies the estimate: 

< FJ_吝，p+ < divF _1_＞叫＋1<oo, 

gJ_ Eら(11',Lq,3b(O)り．

< u_1_ >p,£ + < v'u_1_ >p,c+l::::; C(< div F _1_＞四＋1+ < F J_ >p,c +Ilg||ら('lr,Lq(O)))・ 

Summing up, we have obtained the following theorem. 

Theorem 9. Let 2 < pく ooand 3 < qく oo,and e E (0, 3]. For all f = f8 + f_1_ with 
fs = Div Gs+ gs and f_1_ = divG_1_十g_1_such that gs E Lq,3b(n)叫gJ_€ら(11',Lq,3b（叩）

and 

< Gs >2 +<div Gs >3 + < G_1_ >p,£ + < divG_1_＞四＋1<00 

problem (8) admits unique solutions u and p with 

u € W以11',Lq(O)りnら(11',w;(n)3), p Eら(T,”]（Q)）

satisfying the estimate: 

llusllwg(o)+ < us >1 +＜▽us >2 +IIPsllwJ(o)+ < Ps >2 +llu』|Lp(T,W罰））

+ ll8tU_l||ら(11',Lq(O))+< U_l ＞p,£ +＜▽u_l ＞p,f+l+||向 ||Lp(11',L叩））

さC(<div Gs >3 +<Gs >2 + < divG_l ＞四＋1+ < G_l ＞p,£ 

+ llgsllLq(O) + Ilg』|％（11',Lq(O))).

3 Time periodic solutions to the Navier-Stokes equations 

Since we already know Theorem 9, which tells us the unique existence of time periodic 

solutions to the Stokes equations based on the maximal regularity for the high-frequency 
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part and the space decay properties of solutions, we can show the unique existence of 

strong solutions stated as follows, which is completely different approach from [9, 14, 21, 

22]. 

Theorem 10. Let 2 < p < oo and 3 < q < oo. Assume that F = Fs + F _1_ with 

F s = div Gs and F _1_ = div G _1_. Then, there exists a small constant E > 0 such that if 

F satisfy the smallness condition: < Fs >3 + < Gs >2 + < F _1_叫＋く GJ_＞ぃ＜召，

then problem (1) admits unique solutions u =us+ u_1_ and p = Ps + p_1_ with 

Us E w;(D)3, Uj_ E 1勺,(11',w;(n)3) n w;(1r, Lq(D)3), 

Ps EW訊Q)，PJ_Eら（T，虎(D))

satisfying the estimate: 

< Us >1 +＜▽us >2 +llusllw:定(nJ+< Ps >2 +IIPsllwJ(n)+ < u1_ >p,1 

+<Vu」->p,2 +ll8tU」-||Lp(11',L、0(!1))+ llu1-IILp(11',W:手（!1))+ IIVP」-||Lp(11',L0(!1))< E. 

Proof. To move u •• u to the right hand side and using the Banach fixed point theorem 

based on Theorem 9, we can prove Theorem 10 immediately. ロ

We now consider the N avier-Stokes equations in a periodically moving exterior domain. 

Let¢ E C0('1['，C3(n)N) n ci('1['，び(Q)州with

11¢llc0(']['，C3(0)) +||知||co(']['，C叩）） ：：：：：： g 

and flt and ft are given by 

Ot = {x = y十の(y,t) I y E 0}， じ＝ ｛X = y + cp(y, t) I y Er} (t E股）．

Consider the Navier-Stokes equations: 

(19) 

畑＋U・ ▽u―△u+ p = F, div u = 0 in Ot, ulr, = 0. (20) 

When E is small enough and O is a bounded domain, Farwig, Kozono, Tsuda, and Weg-

mann [8, 11] proved the global well-posedness. Eiter, Kyes and Shibata [7] also proved the 

global well-posedness by using a perturbation method based on Theorem 5. The method 

in [7] is completely different from [8, 11]. 

Moreover, in [7], the case where Ot is an exterior domain of配 istreated. If we assume 

that E in (19) is small enough, we have the inverse transform: y = x十ゆ(x,t), and we 

reduce equations (20) to the following equations: 

8tW —△w 十▽q = G + £(w, q) +N(w), divw = 0 in Ox 11', wlr = 0 (21) 
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with a fixed domain D. Here, £ is a linear operator of the form: 

£(w, q) = a(x，閲w+L似(x,t)D~w + c(x, t)▽q 
lal9 

with ll(a,ba,c)IIL00(!1x11')：：：：： C在， andN(w) is a nonlinear term satisfying the estimate 

IN(w)I：：：：： Clwll▽wl. Using the standard iteration argument based on Theorem 9, we 

have the following theorem. 

Theorem 11. Let 2 < p < oo and 3 < q < oo. Assume that 2/p + 3/q < 2. Assume that 

G=Gs+G_lwith Gs= divHs and G_l ＝divH_l．Then, there exists a small constant 

E > 0 such that if ¢ and G satisfy the smallness condition: 

||¢||c°(T,C3(9)） + ||励||c°(']['，C叩）） ：：：：：召，

IIG_l||ら(']['，L詞）十<G_l ＞p,2 + < H_l ＞p」+＜Gs忍十 <Hs>2< E2 

then problem (21) admits unique solutions w = w8 + w_land q = qs + q_lwith 

w_lE H~ (11'，ら（切り nら（11',H;(n)3), Ws E H;(n)3, q_l E ら(T」f~(n)), qs E H~(O) 

satisfying the estimate: 

<w」-＞p,l+＜▽w_1_ >p,2 +llwll1ンp(11',H名(n))+ ll8twl1Lv(11',Lq(O)) + llv'q_1_IILv(11',Lq(O)) 

+ < Ws >1 +＜▽Ws >2 +llwllH印(n)+ llqsllH罰）三€．

Here, 

< g_1_ >p,£= sup llg_1_(x, ・)11Lp(11')(1 + lxl/, <gs>£= sup lgs(x)l(l + lxlf 
xEfl xEfl 

This theorem gives us the unique existence of periodic solutions of equations (20) for 

small E when Dt is an exterior domain of記
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