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Generation and propagation of interface
to a competition-diffusion system
with a very large interaction rate

RAUBE RS - RN P BER (Kimie Nakashima)
Tokyo University of Marine Science and Technology

1 Introduction

Habitat segregation phenomena in mathematical ecology supply us with various problems
which are interesting from the aspect of interfacial dynamics. We mathematically discuss
regional partition by competitive two species and their competition for their own habitats.
When the competition between two species is bitter, they cannot coexist at the same point.
In such cases we can expect that the two species with a suitable initial state segregate their
habitats and compete on the interface between both the habitats. Then it is significant
to understand the dynamics of the segregation patterns.

In this article we treat a competition-diffusion system for two species in competition
of the Lotka-Volterra type:

Uy = diAu + (ag — by — ¢1v)u, in Q x (0, 00),
vy = doAv + (a2 — bav — cou)v, in Q x (0, 00),

with Neumann zero boundary condition on 9. Here ag, by, cp and dy (k = 1,2) are
positive constants; v = u(t,z) and v = v(¢, z) are the population densities of competitive
two species. Our concern is the situation where the interspecific competition is exceedingly
bitter: in particular, the situation close to the singular limit as ¢j,¢5 — 00 with ¢1/c;
fixed. Thus we simply rewrite the above system as

u; = Au+ (o — u)u — bMuwv, in Q x (0, 00),
(1)
v; = DAv + (d — v)v — cMuwv, in Q x (0, 00),

where a, b, ¢,d, D are fixed positive constants and M is a huge parameter. As seen in the
following section, the spatial supports of u and v satisfying (3) become separated from
each other by an interface in a short time-period. Then after that the segregated {(u,v)
behaves like a solution of a two phase free boundary problem for the Fisher equation.
We will establish a rigorous mathematical theory both for the formation of interfaces at
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the initial stage and for the motion of those interfaces in the later stage. More precisely,
we will show that, given virtually arbitrary smooth initial data, the solution develops
interfaces within the time scale of O(e?). We will then prove that the motion of the
interfaces converges to the following free boundary problem as € — 0.

uwf = Au* + (e —u*)u*, " =0 in R(),

v} = DAv* + (d —v**, v* =0 in Q\R(?), (2)

ou* ov*
bD
ov + Ov

C

=0 on (),

where

I(t) = OR(t),

and v an inner normal to I'(¢).

There are several related works on singular limits of some reaction-diffusion systems
as the effect of interaction tends to infinity: [1], [3], [4], [5] and [11] investigate the
fast reaction limit of chemical reaction systems (see also the references therein). As for
competition-diffusion systems, [2] investigates singular limits of the stationary problems
as the interspecific competition rate tends to infinity. The most related work is [6], which
we will mention after giving the formal derivation of the singular limit.

2 Formal derivation of the singular limit

We rewrite (1) as

u = Au+ (o — wu— S, in Q x (0, 00),

vy = DAv + (d —v)v — <

U, in Q x (0,00},

with the boundary condition and the initial condition such that

ou Ov
55—%—0, on 00 x (0, 0c),
u(z,0) = up(z), v(z,0) = vy(x), in .

Here ug(z) > 0, vo(z) > 0, in Q, n is an outer normal to 8, and € is a small parameter,
especially. In this section we present a formal derivation of the singular limit of (3).
Set

R(0) = {z € Q| cuo(z) > bue{z) }, O\R(0) = {z € Q| cup(z) < bug(z) },

and assume that both of R(0) and Q\ R(0) possess interior points.
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Let us consider the first stage of a short time period from ¢ = 0 until £ = ¢%. Since
the initial data is smooth, it is heuristically seen that the behavior of the solution of (3)
is formally approximated by that of (&, %) below during the very early stage, where the
diffusion terms, u{a — u) and v(d — v) are relatively small compared with the competition
terms.

([ buv
Ut *“-;5—
PR (4)
€
| 4(z,0) = uo(z), ¥(z,0) = vo(x).

The solution of (4) is given by

i(s,7) = 65, w0(@) w()), (2,0) = (5 w0(2) w(a)), (5)
where (¢(T;€,1),9%(7; &, 1)) is a solution of
{ 9%: —bep, ¢(0) =£ >0, (6)
¥ =—cgyp, P(0)=n>0.

Set A(€,7n) = ¢ — bn, then we can easily observe that A(¢(7), (7)) is preserved for any
7> 0 ; so that

Solving (7) explicitly, we have
' B {AEAT . 3 UAG—AT
05(7’:5,77) - A + Cg(CAT _ 1) ] w(T: 'S? 77) - A + b'f](l _ e—A’r)’ (8)
therefore,
A A
Jim orin) =max {28 o) yiriem) = max {0, - 2EDY ()

Then it follows that the solution becomes close to the continuous function

N | (wlz)/e, 0) in R(0),
(ur{z), vi(z)) = { (0, —w(z)/b) in Q\}_ﬁ(_(})_, (10}

after a short period of time scale t. The non-degeneracy of Vw on R(0) = {z| w(z) =0}
causes the gap of (Vuy, Vvy) across the surface R(0). Thus sharp transition of (Vu, Vv)
appears near OR(0). Namely the corner layer of (u(t,-), v(¢,-)) is generated along the
surface R(0) in a short time-period.
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The second stage of the dynamics of {3) describes the propagation of the corner layer.
The stretching (u,v) with a suitable scale makes the analysis of the corner layer easier.
To rescale the system in the best possible way, we need to estimate the length scale
e = ¢(M) of the width of the corner layer. We note that ug, v; are continuous functions
with bounded gradients and that the mean curvature of the surface R(0) is bounded.
It is natural to assume in the second stage that u = Ole), v = Ofe), u; = O(1) and
Au = O(e ') on the corner layer for huge M and that the effects of Au and Muw in (3)
are well-balanced. Then we have € = O(M ~%/3).

Taking account of (10) and the argument for the first stage, we can expect that
u(t, z;€) almost vanishes in some region in €, namely IRV\R¢(t), on the other hand
v(t, z;€) vanishes in R(t). Further the corner layer of (u(t,-;¢), v(t,;€)) remains along
the interface OR(t). Around each point y € AR‘(t) we introduce a local orthogonal
coordinate system (£, o) such that o = (oy,... ,0n_1) is a local coordinate along GOR*(t)
whereas £ = £(z, OR*(t)) is the signed distance from z to OR(t) locally defined near y
so that & > 0 in R*(t). Around the corner layer we stretch the solution and see it using a
moving coordinate system (¢, p, o), where p = £/¢ is a rescaled coordinate in the normal
direction to JR*(t). Suppose that (u(t, z;€), v(t,z;¢€)) is asymptotically written as

(u*,v*) + O(e) away from the layer (outer expansion),
(u,v) =
€U, V1) + €(Us, V) + O(€®)  around the layer (inner expansion),

where (u*,v") is a bounded continuous function of the fixed coordinate (t,z) and (Uy, V)
and (Us, V2) are smooth functions of the moving coordinate (¢, p, o) with a bounded gradi-
ent; all of them are independent of e. By a formal argument based on the matched asymp-
totic ezpansion method, we can formally conclude that (u*,v*) satisfy (2) and (U1, V1)
satisfy

Upp = cUiVi, —00 < p< +oo,

dVipp = BULV}, —00 < p < +o00,

J (U1(t,p,0'), {’fl(taf% U)) : (O> _'p'g%:(t, y)) as p — —0Q, (11)

ou*
i

\ (Uilt, p,0), Vit p,0)) = (pa

690) msore

and (Uy, V3) satisfies (30) which is given later.

Here R(t) is the formal limit of R*(¢) as € — +0, *(2°) inner (outer) normal to OR(t),
and y & point on 9R(t) corresponding to the coordinate (0,0). In (11) the boundary
conditions at p = Fco reflect the request that (u*,v*) and (U, V1) should be matched.
The boundary condition on dR(t) in (2) is requested for (u*,v*) in order that the elliptic
boundary value problem (11) possesses a solution. Consequently, in the second stage the
supports of u(t, - ¢) and v(t,; ¢) are almost separated by the corner layer which remains
in a narrow range of Ofe) along the propagating interface AR(t). The dynamics of the
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segregation pattern is essentially determined by the free boundary problem (2). We see
from the elliptic equations in (11) that the population on the interface supplied by the
diffusion from both the habitats instantly disappears by the strong competition between
two species.

3 Main result

The formal derivation of the free boundary problem (2) from (3) as e — +0 is justified by
[6] on a bounded domain in IRY under the no-flux boundary condition in the framework
of weak topology of H!. It also gives a result on the uniqueness and existence of a Holder-
continuous weak solution to (2). However we need to justify the derivation of (2} at least
in the framework of C%topology in order to investigate the dynamics of the segregating
interface. To accomplish this end we impose the existence of a classical solution to (2) as
follows.

Before stating the results, we will make some assumptions.

Assumption 1 (nondegeneracy condition) Suppose that

inf [cVug — bVwe| > 0.
(o)

Here T'(0) = OR(0)

Remark 1 Assumption 1 assures that 'y is an N — 1 dimensional hypersurface with
bounded mean curvature.

Let (u*(z,t),v*(z,¢),['(t)) be a solution to the free boundary problem (2) with an
initial data

u*(z,0) = “’—(j—) in R(0), v'(z,0) = —“’(b"””) in Q\E(0). (12)
T'(t)) satisfies (2) with the initial data (12) in a classical

Assumption 2 (u*(z,1),v*(z,1t),
) is a closed hypersurface in Q and is in C* for each t

1
sense for (z,t) € Q x [0,T}. I'(
and in C! with respect to t.

)
t

Assumption 3 u* and v* be nonnegative continuous functions, |u*|,|Vu*|,|Au*| are
bounded in R(t) uniformly with respect to t, and |v*},|Vv*|,|Av*| are bounded in Q\R(t)
uniformly with respect to t;

Assumption 4 inf lim [Vu*(z)| >0, inf lim  |[Vu*(z)] > 0.
yel{t) TY yel'(8) Ty
z € R(t) z € O\R(D)
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Remark 2 If the free boundary condition in (2) is replaced by

d Ou* ov*
— = - — bhD
udt L{t) =c vt e

on I'(¢)},

d . .
where p is a positive constant and (—IEI’(t) denotes the propagation speed of T'(¢) in the

outer normal direction, then the regularity of I'(¢) will be assured by the parabolicity as
treated in [8] and [10]. However, in our case which corresponds to the case u = 0, it is not
easy to deduce the regularity of I'(2) in (2), because the parabolicity is partially broken
on I'(t). Nevertheless, a recent result in [11] suggests that the partial regularity of I'(Z) in
the classical sense can hold also for (2). Thus we believe the above assumptions natural.

Now we will give our main theorem.

Theorem 1 There exist a positive constant C > 0 such that for sufficiently small € > 0,
the following hold:

ue(z, t) — ut(t, z)| < Ce|logel,

lve(z,t) — v*(t,z)| < Celloge| for (t,z) € [¢%,T] x Q,

where (ue(z,t), ve(z,t)) is a nonnegative solution of (3). More precisely, there ezists
C',C",C" > 0 such that for sufficiently small €, the following holds:

lue(z,1)| < C'exp(— w

);

for{z € Q\R(t) ; |d(z,t)| > C"¢|logel},

C"\d(z, t)]
€

[ve(z,t)| < C" exp{~ )

for{z € R(t); |d(z,t)| > C"¢|loge|}.

Theorem 1 shows that , for virtually arbitrary smooth initial data, the solution devel-
ops interfaces in time ¢ = ¢* and the motion of the interface is approximated by the free
boundary problem (2) for ¢ € [¢2, T).

Our main tool for deriving the above results is the method of upper and lower solutions.
We will use two different pairs of upper and lower solutions, namely (U*, V*) and (u, v¥).
The first one (U*, V*) is used to analyze the generation of the interface that takes place in
a very fast time scale. The second one (u*,v*) is used to study the motion of the interface
in a relatively slow time scale. The transition from the initial stage to the second stage
occurs within a time scale of €2. Since the behaviors of solutions are so different between -
the two stages, it is important to construct suitable upper and lower solutions for each
stage and to know the right timing to switch from (U%, V#) to (u*,v®).

In the following Section 4, we deal with the generation of the interface, and in Section
6, the motion of the interface. Section 4 is depend on [9], and Section 6 is on [7].
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4 Generation of interface

In this section we study the generation of interface that takes place in the initial stage.
We will construct an upper and lower solution for this stage.

As we have mentioned in Section 2, we can expect that the solution (u(z,t),v(z,t))
would be approximated by
t t
(¢(555 ua(z), v0(2)), $( 55 v0(z), vo(2))) (13)
by a formal argument. Let d* > 0 be sufficiently small constant such that dist(z,'(t))
be signed distance function defined in {z € Q | dist(z,['(t)) < 3d" } We will introduce
cut-off functions. We define d as a modification of dist(z,T'(t)) such that dd > 0.

dist(z, T'(t)) it |dist(z,T(1))] < d7,
d(z,t) = d* < |dist(z, T(2))] < 2d* if d* < |dist(z, T(t))| < 2d*,
|dist(z,T(t))] = 2d* for Q\{z € Q|dist(z,T(t)) < 2d* }. -
> Iy = [(0).

It is easily seen that there exists 0 < Cy < C such that
Cold(z,0)| < w(x)| < Cyld(x,0)].
Therefore, we obtain the following theorem:

Theorem 2 (Nakashima-Wakasa [9]) Then there exist Cy, Cy > 0 such that for suffi-
ciently small € > 0, the solution (u.,v.) of (3) satisfies the following estimate:

ue(z,t) - d)(gg,UQ(l‘), Ug(ﬁ')))‘ < Cie, (z,t) € Qx (0,€%),

ve(z,t) — @b(é%,ug(z),vg(:c))‘ < Cie (z,t) € Q x (0,€?),

and

ue{z, €2) — max {w(cx) : O}l <Cs, €0

ve(z,€*) — max {0, _w_(bx_)_}l < Che z €.
Moreover, under Assumption 1, there exist Cs, Cy, Cs > 0 such that for sufficiently small

e >0,

%9_)_’ , in {z € Q\R(0) ; |d(z,0)| > Cuellogel},

N

lue(z,€%)] < Cs exp(—

Cs| d(z,0)| (15)

|ve(z, €2)] < Csexp(— ), in{z € R(0); |d(x,0)| > Cue|logel}.
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Theorem 2 shows that, for virtually arbitrary initial data, the solution forms interfaces
in time ¢ = €2. More precisely, at time ¢ = €2, (u*,v*¥) stays between another pair of
upper and a lower solution which are given in the next section, Motion of interface. This
makes it possible to combine two different pairs of upper and lower solutions.

5 Proof of Theorem 2

In this section, we will prove Theorem 2 The proof of this theorem is due to constructing
upper and lower solutions, which are modifications of the approximate solutions (%,7) in

(4).

5.1 Some estimates for solutions to O.D.E. system

Let us consider (¢, 1), solutions to (6). We will give some estimates for several quantities
of ¢, ¥, and their derivatives with respect to £ and 5. From (8) and (9), we can see
that sign of A{&,7) plays an essential role to determine asymptotic behavior of (¢,) as
T — +00. In order to show Theorem 2, we need two kind of different estimates. One of
these are given uniformly in A, that is, these estimates are independent of A(£,7n). We also

need estimates for ¢ (resp. ¥), if (£,7) € {A(€,n) < 0} (resp. if (§,7) € {A(§,n) > 0}).

Lemma 1 (i) For all 7,&,1> 0,

o<arien —max { X0 o} < L

and

0 < 4(r;€,m) — max {o,_A(&”)} < U

b 1+tmr)
(i} If €,m > 0 satisfies A(€,m) <0 (resp. A(€,n) >0), then
0 < g(r;&,m) < €™M (resp. 0 < w(r;€,m) < pemHEMT)
for any T > 0.

Lemma 2 ForallT> 0, >0,n >0,

b
0 < ¢e(r36,m) < 1, - < én(1;:€,m) <0,

and )
- < YT €,m) <0, 0 <y(r;€,m) < L.
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Lemma 3 If £,n > 0 satisfies A(€,n) <0 (resp. A(€,n) > 0), then there exists My > 0,
which is independent of £ and n, such that

lde(T56,m)] < My(1 +£7)e@MT g (7:€,m)| < Mo&reAEnT
(resp. |we(m;€,m)] < Momre™ M7 I (3 €,1)| < My(1 + nr)eAEmT)
for any T > 0.
Lemma 4 (i) For all 7> 0, £ >0, n> 0, i holds that

o(r;ém) Y(m5€,n)
¢g ¢e(ri€,m) Un(T3€,1)
(11) There exist My, My > 0, which are independent of € and 1, such that

< 2¢,

i<277.

Gee(T56,m) | | |den(T; €, 1) by (7€, 1)

¢.§(T'§, )}+ ¢g(7‘5, )1 ¢§(T;<f7"7)' £ Mo,
w&f £,m) 1/)577 1) wnn(T'fa n) A_/—C
o Rl s st R e ERREAS

forallT>0, £>0, n>0.

Proofs of above lemmas are ommited.

5.2 Definition of upper and lower solutions

Let (u(z,1),v(z,t)) be a smooth function defined on § x [to,t;]. We say (u,v) is an upper
solution for equation (3) (in the time interval ¢y < ¢ < ¢;) if it satisfies

bv
—Au—(a-u)u+?u;i20,
(16)
vt—dAv—(d—v)U—e—c—Z?-SO

for x € Oty <t < t; along with the boundary condition

ou v
—_—> fo <t < .
an = O Bn O, (SL‘ € BQ, fg =~ t =~ il)

We say (u,v) is a lower solution for equation (3) if it satisfies
buv
Au-u(a—u)+——— <0,

Ccuv

vt~dAv—v(d-v)+E—3 >0
for z € Q,t; <t < t; along with the boundary condition
ou Ov
— <0,— >0, (z €00, to <t <t).
an =05, 20 @ vt
The following is a consequence of the maximum principle.



154

Proposition 1 Let (u*,vt) be an upper solution and (u™,v™) be a lower solution of (3)
for to < t < ti. Suppose that a solution (u,v) of (3) satisfies u™(z,t0) < u(z,t5) <

ut(z,ty), v=(z,%0) > viz,t) > v(z,to) for x .€ Q. Then the solution (u,v) satisfies
u(z,t) < u(z,t) < ut(z,t) and v=(z,t) > v(z,t) > v (2,t) fort € [to, t1] and z € L.

The following is also an immediate consequence of the above proposition:

Cororrary 1 Comparison principle. If (u,v) and (&,7) are two solutions of (3) and
ifu<tandv >0 fort=ty, thenu <4 andv > ¥ fori > tg.

Remark. This comparison principle reduces to Proposition 1 in the case of the ODE
system (6). More precisely

o) () e (G2ET) = (i) 2o oo

5.3 Construction of an upper and a lower solution

The upper and lower solutions for the early stage are constructed by modifying the solution
of the following problem:

Define
+ ¢ t t
Ut(z,t) = ¢(g§;u0(:c) + 7€ exp(;), vo(z) — 'y;geexp(e—g))7

VH@Y) = 5 u0(s) + meexn(), vo(z) — vaeexp(5)),
U(o,t) = dliueln) — meesp(S), w@) +meen( )
t

Vil t) = ¢(z;u(e) “Vlfexp(;g), vo(z) +7259Xp(612))7

(19)

where 41,72 > 0 is constants determined later.

Lemma 5 There exists y; > 0, v2 > 0 such that for sufficiently small € > 0, the functions
U=, V* are pair of upper and lower solutions of (3) for 0 < ¢ < €.

Proof. We first consider the case where

o _ov_g
on  On

on 0f). Consequently, we have
out  9U~ 9Vt avV-

= = = =0

on on on on
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on 8. The general case will be considered in Remark below. We will show that (U V),

(U=, V™) satisfy inequalities (16) and (17) respectively. We set

Li(u,v) = u,—Au—(a—u)u+ %3—1),

cCuvy

Lo(u,v) = v, —dAv— (d—v)v+ 5

Our goal is to show that

L(UT, VY20, L(U,VT)<0, LU, VT)<0, L(U7,V7)=0.

(20)

We will only prove £:(UT,V*+) > 0 and L,(UT, V™) <0, since the other inequalities can

be proved similarly. £,(UT,V*) and Lo(U™, V) are given by

LU, V) = expl(5) (e — 7at)
- ¢g§qu0(x)[2 — 206, Vuo(2) Vo (z) ~ ¢nn'vvo($)’2
— @eAuo(z) — $pAvo(z) — (a — ¢)9
=6 -~ exp(5) — R+ (60) -~ exp(5) — R,

and
1 ,
L (U™, VF) == exp(gg)(“/ﬂbs ~ Y2tn)
— Dipee| Vuo(2)|* — 2Dten Vo (2) Vo (&) — Dibyy|Vvo(2)?
— DypeAug(z) — Dy Aug(z) — (d — )i

~Dye(L - Lexp() — Bs) + (=) (> exp(5) - Ro).

N
D
Here R; (i=1,---,4) are

Ri=%(a—¢)+Auo+ %\WOF + Q%i’lvuovvo + %?W’UOF,
Ry, = —Avg, Rz = Quy,
Ry = —h(d = 9) = Ao = S Vol = 25 VugVuo — 2| Vol*

In above expressions, we also use several notations as follows:

9= Cb(gfg; ug(z) + 1€ exp(é)a vo) = %({eXp(:—Q))’
o , t ¢ t
e = 56—(25, ug(x) + Yi€ EXP(;;)’UO@) - 7166Xp(22_>)’

Pt ¢ ¢
Pee = gg(gg; uo(z) + ’YlfeXP(E—g):Uo(J?) - 7158XP(€_2))’6tC'

(21)

(22)
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By Lemma 2, we can see followings: ¢¢, —¢, are positive and ¢, —%, are negative.
Additionally, from Lemma 4, we can observe that if € is sufficiently small, then -

1 i
< T
max{|R:|, |Rs|} < 1(infw€g up{z) - 63),

1 t
< v
max{| s}, |Rel} < Mz(infzeg vo(z) " 63)3

(23)

for x € 2, and ¢t > 0. Here M, M, are positive constants and, depend on bounds of
luo|, [Vuol, |Augl, |vel, |Vuol, |Awg| in 2. Therefore applying (23) to (21) and (22), we
obtain £; (U, V*) > 0 for sufficiently large v, 72 > 0 independently of ¢ > 0. The proof
is complete. U

Lemma 6 There exist C,,Cy > 0 such that for sufficiently small € > 0, the solution
(ue, ve) of (3) satisfies the following estimate:

'Ui(x,t)-—qﬁ( < Cie, (z,t) € Q x (0,€?),

and

le))|
Vi(x;t)—z/)( ol )‘<Cle (z,t) € Q x (0,€%),
)

lUi(m,EQ) - max{w——-f—,()}l <Che, z€0

}V*(m, €?) — max {O, ——bi%m—)}

Moreover, for any > 0, there exist Cs > 0 such that for sufficiently small € > 0,

< Che z €8

U=(z,€%)| < Csef, in {z € Q\R(0) ; w(z) < —fe|loge(},
VE(z, )| < Caef, in {z € R(0) ; w(z) > fe|logel}.

Proof of Theorem 2.  If we apply Proposition 1 to Lemma 5, then for (z,t) € Qx [0, €?]
U™(z,t) S ue(z,t) < Uz, 1), V- {z,8) > v(z,t) > V*T(z,¢) and especially,

3

uee,t) = 6 vola), (o)) < gmax

u+u-

UE(,1) - (5 0(@), w(o)),

ve(z,t) — ¢(§3;u0(x),vg( ))l < max

VE(z, t) — z,b(gg, ug(z), vg(x)> l

and —
uc(z, ) umax{g—(gl,OH < U{l}%}(_ U*(z,€%) — max{w(:),O}l,
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ve(z, €2) — max {O,—@}J < Jnax VE(z,t) — max {0, —%ﬂil}.

Therefore from Lemma 6, we obtain the proof. O

Proof of Lemma 6. We only show the inequalities for U™, since the other inequalities
are shown in the same way. Using mean value theorem, we have

U+@;ﬂ-—¢<§§;udxxvdxﬂi

t t t i
<év exp 6—2'455 (6—3— s ug(x) + eby; exp 2 o (z) — €Byy2 exp 6—2) (24)

t t t t
— €72 €Xp ;5057; (:3 ; ug(z) + €fl3y exp 2 vp(x) — €847y, €xp ;5),

for some 0 < 6, <1 {¢=1,2,3,4). It follows from Lemma 2 below and (24) that there
exists C] > 0 such that

pw%@—qg;m@mmmﬂgc@ for (z,1) € Q x [0, ¢, (25)

Hereafter, C] (i € IN) denotes a positive constant independent of € > 0. Set ¢ = €. It
holds that

w(x)

U+ (o)~ max {2 ol < |0 (e, @) — 9 5 wole), wle))

+|¢(% ; Uu(fﬁ)ava(?ﬂ)) - max{w(:c)

C

o} (26
By (i) of Lemma 1,

‘(be; uo(z), Uo(x)) — max {@ OH <ce
in Q. Hence combining this inequality, (25), and {26) we obtain the second inequality for

U+ in Lemma 6. Now let us consider the third inequality for U™ in Lemma 6. Fix g > 0,
and recall (24) and (26). Using of (ii) of Lemma 1 and Lemma 3 at ¢ = € (7 = ¢ 1), if
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w(z) < —Pe|logel, then for sufficiently small € > 0,

U ) <[, = 8 5 () 0a)) |+ (5 5 vale), w(x)
<eyiege (é s up(z) + eby1yie, vo(z) — 692")/28>
— €y26y (% : uo(z) + ebsme, volz) — eﬂwge)

+1o(=5 wl@) w@)| )

1 w(z) + Ofe
<elm +ya)e- M(’)E sgguo(:r) exp ———-————————( ) (e
Z

+ sup ug(z) exp w(z)
z€N €
<Csexp(—pf|loge]) < Csé’.

Therefore we obtain the inequality for U'. The proof is complete. O

Remark We finally consider the case where ug(z) and vo(z) do not satisfy the Neumann
zero boundary conditions. Since € is small, d(z, 9Q) is smooth in {z € Q | dist(z, Q) <
3e}. Set

0 i dist(z,00) > 2,
1 if dist(z,00) <e

Choose 1y, 192, 13, 12 such that

—1 < mingeoq {62;“5),0} <0, m > maxeon {8”0(””),0} >0,

on

Oug(x)
<
on ’O} 0

8 .
73 > MaXgzeaq {—%)%l, 0} >0, —ng < mingesn

N

we define
ug (z) = wup(z) +mdist(z, 0Q)8(z),

vi(z) = wolz) — medist(z, 00)0(z),
ug () = wup(z) — nadist(z, 0Q)8(z),

vo () = wvolz) + mdist(z,00)0(x),

If we replace uo{z) and vp(z) in (U, V*) in (19) by uf and v{, respectively, we obtain
the upper solutions. On the other hand, if we replace uy(z) and vy(z) in (U~,V ™) in
(19) by ug and vy, respectively, we obtain the lower solutions. The proof is completed
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by repeating the proof of Lemmas 5 and 6. Almost all the a,rguments are the same as
the case of Neumann zero except for two differences. One is that Aug, Avy are O(1/e)
in Lemma 5. Therefore, we obtain
1 1 t
max{ Rl |Rsl} < My (7 + ——— + 5 ),
€ infiequo(z) €
1 1t (29)
max{ |Ral, |R4|} < M, <—+.—————+”‘>,
{Ral, [Pal} < My ¢ infyequs(z) €
insted of (23). The other difference is that we need to check the Neumann zero boundary
condition of ug, vi,ug, and vy. To show this we remark that

oo

6(z) =1, — >0, on 0.
on
Then it follows that
J, 4 _ Oug(x) ) o0
5 (ug (z)) = o mé(z) + mdist(z, 89)—55 =0 on 4.

The conditions for v, ug, vy can be obtained in the same way.

6 Motion of interface

In this section we construct another pair of upper and lower solutions for the second stage,
motion of interface. This upper and lower solutions (u¥,v*) has interface near I'(t), the
solution of the free boundary problem (2).

We first construct upper and lower solutions (UZ, V.Z) in a tubular neighborhood of
I'(¢) by modifying the first two terms of the inner expansion. After that we construct an
upper and a lower solution (UZ,, Vii,) outside the tubular neighborhood using the first
term of outer expansion. Then we match (UZ, Vi) and (U, Vi,), then obtain (u*,v*).
Once (u*,vt) are obtained, they will later be combined with another set of upper and

lower solutions (U*, V*) that take care of the generation of interface at the initial stage.

6.1 An upper and a lower solution near the interface

We define an upper and a lower solutions in the following form:

Ui:, (3.7, f) =

an (e
Vi) = aq (20
Unl(z,t) = (
o (2

<
S
R
Nt
i
Sld
q
~—
+
o
™2
N
TN
—~—
B
o
S
_|_
3
=
S
-
S’
+
I3
w
W2
=
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Here d(z,t) is defined in (14),
1 R .
n(t) = (10g ;)'yeXP(Mt), g(t) = cexp(Mt), §(t) = 6exp(M),

where v, 0,6 and M are positive constants to be determined appropriately, and (Ui, V1)
satisfies (11) and (Us, V2) satisfies

( —Uzgg + (U Vo + Ung) = "‘Ul.s(dt - Ad) -0 < p < 00,
—DVoge + b(Ui Vo + UpVi) = —Vig(dy — DAd) —o00 < p < 400,
< (30)
(UZ(t7 P; U)a ‘/Z(ta P 0-)) = (07 D) as p — —0oQ,
| (Uslt, p,0), Valt, p,0)) = (0, 0) as p — +00.

(30) is obtained by the formal argument based on the matched asymptotic expansion.
The following lemma assures the existence of the first and second term of upper and
lower solutions, whose proofs are omitted.

Lemma 1 (i) There ezists a unique positive solution of (11).
(ii) There exists a solution of (30).

Since the first two terms of (Ui,Vi;f) are determined, we choose appropriate g and g so
that (UZ,V.E) are an upper and lower solutions.

ins Yin

6.2 Upper and lower solutions away from the interface

In this subsection we will construct upper and lower solutions away from the interface
modifying the first term of outer expansion.

Let g be a smooth function satisfying
gls)=01if s<0, gls)=11if s>1

0, g(s) >0 for 0<s<1

(Q\

—
fow)

N
i

Q\

=
il

and set s s
Ai(s) = g(g + Rllogel), Az(s) = g(—; — R|loge|).
Moreover let 4 satisfy 0 < § <« d* and define

7

3 386?
—felloge|(s + 8)* + BORe*| logel* + —R——ei log el

H(s) = 4 (~6 — Relloge] < s < ~Relloge]),

3 52 5
BSRe*|loge]® + %e] log e, (s < —6 — Re|logel).
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Now we will define upper and lower solutions in the following form:

- { w*(z,t) + €| log | exp(Lt) — H(d(z,t)), d(z,t) < —Re|log ¢
Ut (z,t)=
(1= A(d(z, ONUF + A (d(z,1)el, d(z,t) > Re|loge|
0, d(z,t) < —Re|logel,
Vott(at) = { _ B
v*(z,t) — €| log e|laexp(Lt) + H(—d(z,1)), d(z,t) > Re|loge]
{ u*(z,t) — e|log |aexp(Lt) + H(d(x,t)), d(z,t) < —Re|loge]
Uo_ut(xﬁ t) =
0, d(z,t) > Relloge|
{ (1 = Ap{d(a, )W + Ao(d(z, 1))e?, d(z,t) < —Re|loge]
V:n—zt(x’t) = N -
v*(z,t) + ¢|log ejaexp(Lt) — H(—d(z,t)), d(z,t) > Re|logel.

Here @, 3, R are positive constants to be specified appropriately.

(U, V) are chosen so as to satisfy the following condition.

o (U, V) is an upper and a lower solution for |d(z,t)| > Re|loge|.

o The entire upper and lower solution given by (31) below is not smooth for |d(z,1)| =
Re|loge|l. (We need to care about the derivative of (UE,VE) and (UL, VL) at
ld(z,1)| = Re|loge|.) (U, Vi) are determined so that (u®,v*) given below be-

Uty
come an upper and a lower solutions.

o (UL, VZ,) has the following estimate.

(UZ,,VE) = (u",v*) + Olelloge]).

out? Y out

6.3 Entire solution for the motion of interface

The entire solution is given by

(Ui Vie)  ld(z,1)| < Re|logel,
)= . (31)
(Usuts Vaur)  ld(z, )] > Re|loge|.
Let (u,.v%, Rm) be a solution to (2) with an arbitrary initial data (u},(z,0).v;,(z,0)).
Assume

Assumption 5 Assumption 2 and Assumption 8 hold with replacing (u*,v*, R) by (u},, v}, Rm).
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Set [, = ORm, and let d,, be difined by (15) with T' replaced by I',. They give the
following result:

Theorem 3 (lida-Karali-Mimura-Nakashima- Yanagida [7] ) For any sufficiently ‘large
v > 0 and any sufficiently small ¢ > 0, there exist Cy, Cy, Cy > 0 such that for sufficiently
small € > 0 and the initial data satisfying

|ue(z, 0) — u, (z,0)] <.Cse|logel, [ve(z, 0) — vl (z,0)| < Csellogel. (32)

O-.Jm(xao)‘),

for  {z € N\Rn(0) 5 |dm(z,0)] > ve|logel},

IUE(QT, 0)' < Cs EXP(—'

g 33
lve(z,0)| < Cs exp(—M (33)

for {z € Rp(0); |dm(z,0)| > velloge|},
it holds that

lue(z,t) — u) (z,t)] < Coe|logel, [ve(z,8) — vl (z,t)] < Ceelloge|.

e, )] < Cpexp(~2om2 9y

for {z € O\R,({); fcfm(x,t)l > Cye|logel},

|ve(z, )] < Cé eXp(—M

)
Jor {z € Ry(t); |dn(z,t)| > Cre|logel}.

7 Proof of Theorem 1

Combining the estimate in Theorem 2 and expressions of (u*, v¥), we have
u(z,€?) SU(z,6%) < Ut(z,e?) < u™ (z,€?),

v (z,€)) >V (z, e?) > V*H(z,€) > vz, ).

This and Theorems 2 and 3 implies that for arbitrarily chosen initial data satisfying
Assumption 1, the solution of (3) stays between (U~,V~) and (U*,V*) for t € (0,€?],
and stays between (u™,v7) and (u*,v*) for t € [¢%, T]. Using the estimate in Theorem 3,
the proof is completed.
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