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SYNOPSIS

A process of positron annihilation without emission of

radiation, radiationless or zero-quantum annihilation, has been

investigated experimentally. A theory for this phenomenon by

various pairs of shell electrons has also been developed. This

mode of annihilation was first predicted by Brun~ngs in 1934 and

has so far been treated only theoretically by Massey and Burhop

in 1938. In the present work the expressions for the total

cross section of this annihilation process have been obtained

relativistically using the Darwin-type solutions of the Dirac

equation for an electron and positron in the Coulomb field of

a nucleus. The cross sections are calculated numerically by
O~

an electrjc computer. The monoenergetic positron beam of 300

keV was focused on a thin lead target by the use of a Siegbahn-

-Sl~tis intermediate-image beta-ray spectrometer mounted with

22Na as a positron source. The thickness of the target was

chosen to be about the range of the focused positrons, taking

account of their energy and angle of incidence. The shell

electrons ejected from the lead foil by the annihilation process

were observed with a lithium-drifted silicon junction detector

mounted immediately behind the foil. This detector was used

as an energy-selective detector for the ejected shell electrons.

The pulses from the detector were analyzed with a 400-channel

pulse-height analyzer. The total time of measurements was 370 h.
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After subtracting contributions due to the strayed gamma rays

and natural background from the observed electron spectrum,

an evident peak was observed in the expected energy region of

the spectrum. Estimating carefully the background which is

ascribed to photoelectrons and/or Compton-recoil electrons

from the target produced by gamma rays from single-quantum

annihilation or two-quantum annihilation in flight, this peak

has been attributed to the shell electrons ejected from the

lead foil by the annihilation process to be studied. Using

the experimental data, an attempt to estimate the total cross

section of this annihilation process in lead has been made.

Some approximations were used to evaluate the angular distribution

of ejected electrons, geometrical efficiency, and the finite

thickness effect of the target. The effect of target thickness

being the most important factor in the present experiment has

been evaluated carefully by combining experimental and theoretical

procedures. The experimental result thus obtained is O';;p = 0.8 _0.31"0,4

X 10-26 cm2 as a sum of those for K-K, K-L, K-M, and L-L pairs

of shell electrons in a lead atom for 300-keV positrons. The

calculated cross section for these pairs of atomic electrons

in lead atom obtained by the present theory is ~= 0.727

X 10-26 cm 2 • The experimental value is in good agreement with

the calculated result within the experimental error. No experi­

mental evidence for this annihilation process in tantalum atom

suggests that Z dependence of the total cross section for this
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mode would be larger than z2. The present work has established

the experimental evidence for this mode of positron annihilation,

and has furthered understanding of the process.
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INTRODUCTION

In this thesis an annihilation process which occurs when

a positron interacts with an electron in the neighborhood of

an atomic nucleus is studied. When a positron annihilates in

collision with an electron, there exist two distinct processes,

i.e. annihilation by a free electron and by an electron strongly

bound in an atom. In the former case, at least two photons

are emitted because of the conservation law of momentum, while

in the latter only a single-quantum annihilation can take

place. Many theoretical and experimental works on these two

types of the annihilation processes have so far been published.

Closely connected with the latter process is a type of

annihilation where a positron annihilates without emission

of radiation. In this case the excess energy liberated is

absorbed by another shell electron in the same atom, resulting

in its ejection from the atom. This annihilation process,

radiationless annihilation, was first predicted by a theorist

in 1934, and has been investigated only theoretically. The

theoretical results show that this process, though rare, would

be observable. The reason why no experimental evidence of

this annihilation mode has yet been reported is ascribed to

the difficulty in preparing a monoenergetic positron beam of

strong intensity and an energy-selective detector with high

resolution for the ejected electrons.
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In Chap. I the various modes of annihilation are described.

After historical remarks for the positron are given, annihilation

processes such as multi-photon annihilation, single-quantum

annihilation, and radiationless annihilation are discussed

in detail.

In Chap. II the fundamental formulae to estimate the cross

section for radiationless annihilation are derived and the

earlier theoretical works are discussed.

In Chap. III the total cross sections for radiationless

annihilation by various pairs of atomic electrons in lead

are calculated. Relativistic wave functions in the Coulomb

field of a nucleus are used for the incident positron and

the ejected electron.

Chap. IV is devoted to describe the experimental procedures.

Various properties of the positron source, beta-ray spectrometer,

detector, and target are described in detail and the measurements

performed are also shown.

Chap. V provides the discussion on the ejected electron

spectrum obtained. Some factors necessary to evaluate the

experimental cross section are also given in this chapter.

Emphasis is given especially to the finite thickness effect

of the target, which is considered as the most important

factor in this experiment.

In Chap. VI comparison of the theoretical and experimental

results is presented, and then the conclusion obtained is given.

-5-



CHAPTER I

ANNIHILATION OF POSITRONS

The experimental discovery of the positive electron by

Anderson in 1932 was a brilliant success of the Dirac theory

which predicts the existence of a particle with the same mass

and opposite charge as compared to an electron. This discovery

was immediately confirmed by many workers and soon many sources

of these positive electrons were found.

According to the Dirac theory, the electron in the positive

energy state may make a radiative transition into a "hole",

resulting in the disappearance of the positive and negative

electrons and the appearance of electromagnetic radiation.

The conservatio. of momentum requires at least two quanta to

be emitted in the case where both particles are in free states.

The most probable process is annihilation of the positron and

electron at rest, with emission of two photons in opposite

directions each with an energy of mo c 2
•

In addition to above mode, there are several types of

annihilation process: (1) Three-quantum annihilation, (2)

two-quantum annihilation in flight, (3) single-quantum

annihilation, and (4) radiationless annihilation. The first

one is considered as annihilation through positronium. Before

annihilation takes place, the positive and negative electrons

form a bound system. This quasi-stable system (positronium)

-6-



annihilates with emission of even or odd (at least three)

number of quanta, depending on the spin directions of the

positron and electron.

There is small probability that a positron can also

annihilate in flight with emission of two quanta before losjng

its kinetic energy. In this case the photon energies are

different each other and the photon with the larger energy

is emitted in the forward direction. When the electron is

strongly bound in a nucleus the third process is possible,

since the nucleus of the atom in which the electron is bound

takes up excess momentum. The fourth case is considered as

a competitive process of the third mode of annihilation:

The single-quantum process takes place with one of the shell

electrons and simultaneously the excess energy liberated,

instead of being radiated as a quantum, is used to eject

another electron from the atom concerned.

Some historical sketches of these annihilation modes

are given in the following sections.

-7-



1. Positron

The existence of the positive electron was first predicted

by Dirac in 1930. 1 His relativistic quantum mechanical

equation of the electron has a set of solutions corresponding

to free electrons of negative kinetic energy, i.e. electrons

of negative rest mass, and to free electrons of positive kinetic

energy. In a classical theory the negative energy states cause

no trouble, because the transition between positive and negative

energy states is forbidden. Therefore, once an electron has

positive energy at any time, it will never occupy a negative

state and the solution corresponding to negative energy state

can be excluded by initial conditions. In the quantum theory,

however, electrons with positive kinetic energy will tend to

fall into a state of lower energy as long as such a state is

unoccupied and conservation law of angular and linear momentum

can be fulfilled. This means that nothing prevents an electron

from making a transition from a positive energy state to a

negative energy state with release of energy in the form of

radiation or kinetic energy of some other particles, and that

the electron with negative kinetic energy makes transition

continually to unoccupied negative state of lower energy. On

the other hand, no electron of negative rest mass has ever been

observed. To overcome these difficulties Dirac suggested that

all the negative energy state are already occupied by normal

electrons of positive rest mass, and that the electrons filling

-8-



up the negative energy states are not observable. This means

that one difines the vacuum to consist of no occupied positive

energy states and all negative energy states completely

filled. Only "holes" in the distribution of negative energy

states would be observed as real particles. Since the Pauli's

principle prevents two electrons from occupying the same quantum

state, an electron of positive energy can make no transition

from positive to netative energy state so long as no hole

exists in negative energy states. Thus, this theory, called

hole theory, can successfully explain the absence of electrons

with negative rest mass and transitions to these states.

According to the hole theory a vacant state in a sea of negative

energy electrons would appear as a particle with positive mass

and positive charge. Dirac first suggested that this particle

should be identified with a proton, but Oppenheimer2 has shown

that its mass must be the same as that of a normal electron.

This particle is called a positron.

The positron was first observed experimentally by Anderson 3

in 1932 among the secondary particles produced by cosmic rays,

and a short time later the result was confirmed in the cosmic-

-ray shower and by the pair creation of gamma rays from

radioactive sources by Blackett and Occhialini. 4 Immediately

after the discovery of this particle, rough measurements of

the specific charge e/mowas performed by electric and magnetic

deflection. It was revealed that the absolute value is the

-9-



same for positrons and electrons within an error of 15%.5

The accuracy of this value was improved within 2%,6 and recent

measurement has established this equality within 0.01%.7

Positrons are generally produced in the laboratory by one

of the following two distinct methods; (I} pair creation by x

rays or gamma rays and (2) beta decay of radioactive sources.

Artificial radioactive substances frequently used as positron

. 22 64 56em1tters are Na, Cu, and Co. Beta decay from these

radioisotopes is usually the most convenient source of positrons

with low energies (below 2 MeV) , while pair creation by

bremsstrahlung radiations from particle accelerators provides

positrons with higher energies. In both cases positrons have

continuous energy distribution and this fact makes experiment

with positrons difficult.

When an electron collides with a "hole" representing a

positron, there may take place a radiative transition to the

unoccupied negative energy state. This transition, called

annihilation of positron, causes disappearance of both particles

and appearance of electromagnetic radiation, total energy of

which is E = E+ + E , where E+ and E_ are the total energy

(including rest mass) of the positron and electron, respectively.

From the condition of momentum conservation it follows that at

least two quanta must be emitted unless the electron is strongly

bound to a nucleus or is very near to another electron. The

most probable process is the case in which the positron comes

-10-



to rest before annihilation and which results in the emission

of two quanta in opposite directions in the laboratory system,

each with an energy equal to mo c 2
• When an external field is

present and strong enough to absorb the excess momentum, the

electromagnetic energy E produced by annihilation of positron

can be emitted as only a single photon. This process is called

singZe-quantum annihiZation. Alternative modes of annihilation

in which no radiation is emitted have been considered. In

these processes the excess energy is transfered to another

electron bound in the same atom or to a nucleus. In the former

case to be studied here an electron is ejected from the atom as

a result of the annihilation process, while in the latter either

excitation or disintegration of the nucleus would take place.

The experimental studies of process of positron annihilation

have been done in considerable details for the most probable

case of two-quantum annihilation at rest. In the pioneering

work of Thibaud4 positrons produced by gamma rays from a

radioactive substance were used. He could identify the gamma

rays of about 0.5 MeV with the annihilation radiation. With

the discovery of artificial radioisotopes, an experiment

similar to that of Thibaud was performed by Joliot 8 using

positrons from radioactive source. He proved that the positive

particles emitted in beta decay are identified with positrons

produced by pair creation of gamma rays. Klemperer9 and

Alichanian et aZ. 10 demonstrated the simultaneity of the two

-11-



photons emitted from the annihilation process by coincidence

techniques, and Beringer and Montgomeryll showed that the two

quanta emitted in opposite directions within one degree. The

energy of the annihilation radiation has been measured precisely

by bent-crystal spectrometer12 and magnetic spectrometer13

within an accuracy of one part in 10 4 .

Thus, all experimental results are in good agreement with

the prediction of Dirac's theory which states that positive

electrons are represented by holes in the sea of negative

electrons in negative energy states.

-12-



2. Multi-photon Annihilation

~s pointed out in the previous section, the most probable

process is annihilation of the positron and electron at rest.

In this case, before annihilation takes place positive and

negative electrons may form a bound system similar to the

hydrogen atom, excepting that its reduced mass is one half of

the rest mass of the electron. This can be easily seen from

the fact that both particles attract each other because of

their opposite charge. The possible existence of such quasi-

bl f ' db h ''l!../14. 1934-sta e systems was lrst suggeste y Mo orOVlclC ln .

The simplest of them, e+ + e-, calculated to have an ionization
, I:"

potential of 6.77 keV, was named a positronium by Ruark. iJ

If a positronium is formed in an excited state, it makes a

transition to the lower energy state with emission of a line

of the characteristic optical spectrum and finally reaches

the ground state. The ground state is one of the S states

from which the positronium annihilates with emission of gamma

rays. In the ground states the spins of the two electrons can

be parallel (3S , triplet positronium or orthopositronium) or

antiparallel (l S , singlet positronium or parapositronium).

These two states are distinguished each other by their

annihilation properties. Because of the existence of the

selection rule, the annihilation of the 3S state with emission

of even number of ga~a rays is forbidden. This selection rule

can be easily understood from the fact that since each photon

-13-



carries one unit of angular momentum in annihilation process

from 1 S state, the emission of even number of quanta only

arises from a state of even angular momentum as long as charge-

-conjugation invariance holds for the electromagnetic interaction.

Similarly, the triplet state J s must result in the emission

of odd number of quanta. Since the probability of emission

decreases rapidly as the number of quanta is increased, the

annihilation of singlet state is usually two-quantum process

whilst that of triplet state is three-quantum process.

The bound states of some other polyelectron systems, for

+ - + - .instance, the three-particle system 2e + e or e + 2e havlng

small positive binding energy of about 0.2 eV and four-particle

system 2e+ + 2e- having that of about 0.11 eV, were theoretically

found to be stable. 16-19 T- t t h h t tnese s a es, owever, ave no ye

been observed and are considered to occur with very small

probability. Therefore, we shall not discuss them.

A. Two-quantum Annihilation

In the lowest approximation the annihilation of a free

positron-electron pair is a second order process which may be

represented by the Feynman diagram of Fig. 1. If one neglects

the Coulomb interaction between the positron and electron, the

annihilation process is expressed by the plane wave approximation

4and the transition probability is proportional to e. The

cross section of an electron at rest for annihilation with a

2positron of total energy Emoc , is expressed in the plane

-14-



wave approximation byl

0- - ?tr.- (£:&+4£1"1 n.. (E+JE=~1) - E + 3 J (1)
2"1 - E + f EL

- 1 llAt. J£L_ ( ,

is the classical electron radius,

nonrelativistic limit, Eq. (1) becomes

(.2),
where v is the relative velocity of electron and positron

and a is the velocity of the light in vacuum. The rate of

annihilation process in a medium containing n electrons per

3cm is given by

1l - 0-11. 11 = ?t r/' c. YL

- 4. S..2 J( /0 9 X -;- f ALe -t , (J)

where f, Z and A are the density, atomic number and atomic

weight of the medium, respectively.

It is very difficult to evaluate the effects of the nuclear

Coulomb field. Positrons of low kinetic energy are repelled

by the atomic nuclei and cannot reach electrons in the inner

atomic shells. This means that the wave function of positrons

overlaps that of atomic electrons only at the periphery of the

atom and two-quantum annihilation process will take place with

the valence electrons or with the free electrons. On the other

hand the polarization effect of atomic shell provides an

attraction, and in some cases the bound state may be formed

-15-



between the positron and the atomic electron. An attempt has

been made to estimate the annihilation rate in metal taking

into account of these effects. 20 The calculated result indicates

that Eq. (3) should give the fairly correct value for the

annihilation rate.

The fate of a positron in metals is very complicated. The

conduction electrons in metals interfere with the formation of

positronium. The positronium which might be formed would be

soon dissociated by sub,sequent collision with these electrons.

It was first considered that positronium is not formed in

these materials. However, theoretical estimates of the

annihilation properties of free positrons and electrons failed

to explain the experimental results for annihilation by the

conduction band of a metal. Recent exact calculations suggest

that positronium formation in metals is probable.

In condensed materials such as metals, a comparison of

the rate of annihilation with that of energy loss by ionization

shows that most positrons should survive long enough to release

their energy by ionization and to reach thermal equilibrium

with the lattice of metals. This fact indicates that only a

little number of positrons annihilate before losing most of

their kinetic energy. Though the phenomenon of annihilation

in flight is such a rare occurrence, it becomes very important

when we concern with high-energy gamma rays. This annihilation

process is discussed later.

-16-



B. Three-quantum Annihilation

When the annihilation by two-quantum emission is ruled out

by the selection rule mentioned above, three-quantum emission

is the most probable mode of annihilation. This is correspond­

ing to the case where a positron-electron pair is in 5S state.

Thus, by annihilation from the triplet state of positronium

three photons are usually emitted. In Fig. 2 the lowest

order Feynman diagram is shown. Ore and powel12l have first

calculated the ratio of the three-quantum to two-quantum rate

and find

f
f t f t , (4)

where ~ is the fine structure constant. This result implies

that a l S state annihilates about 10 3 times faster than the

corresponding 5 S state. Since the statistical weight of the

triplet state in free collisions is three times greater than

that of the singlet, the ratio of cross sections after

averaging over spin directions is about 1/370. Rich22 was

the first worker to report observation of this phenomenon.

From the conservation law of momentum, three photons

must be emitted in the same plane and not all in the same

half-plane. Their energy spectrum has been calculated by Ore

and powel12l • Their result shows that it is continuous

extending from zero to a maximum energy of mD c 2
•
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c. Annihilation in Flight

It has been demonstrated that most positrons annihilate

after they lose their energy by ionization and have only

thermal energies. There is, however, a small probability

that annihilation resulting in two photons will occur before

a positron loses its kinetic energy.

Using Dirac's expression for the probability of transition

to a negative energy state, Bethe23 obtained the cross section

for two-quantum annihilation of a positron in flight with a

free electron at rest:

(~)

where Po is the classical electron radius; the energy of

positron, including rest energy, is Emoc
2 and the energies of;

the two quanta km o c
2 and k 'mo c 2 where k k ' E + l.are , + =

The conservation laws require the photon energies to lie

between the extreme values

f. =-f(£+1)± 1 (E:L-1)~ , (6)

corresponding to emission in the forward and backward directions.

This process has been observed by many workers as the

sudden cease of fast positron tracks in cloud charnber24 or

photographic emulsions 25 and a high energy tail on the

d 1 t t d t 'h'l t' d" 26secon ary e ec ron spec ra ue 0 ann~ ~ a ~on ra ~at~on.

Their results, however, gave little information, beyond

confirming that positrons do annihilate in flight. More

-18-



successful results were obtained by the work of Colgate and

Gilbert27 with high-energy positrons, that of Kendall and

oeutsch28 with low-energy positrons, and that of Gerhart et

with continuous beta-spectra from radioactive sources. The

cross sections measured by them were in good agreement with

the theoretical values calculated from Eq. (S), but for

positrons from 3SA and for stopping materials of low atomic

number the calculated values tend to be lower than the

observed ones.

-19-
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3. Single-quantum Annihilation

Emission of a single photon by annihilation process is

forbidden for a free positron-electron pair owing to

impossibility of satisfying both momentum and energy

conservation simultaneously. However, a positive electron

can be annihilated with emission of a single photon if the

negative electron is strongly bound to a nucleus. In this

case the nucleus of an atom in which the electron is bound

is available to take up excess momentum. In Fig. 3 is shown

the diagram of this process. The probability for this mode

of annihilation is, in general, considerably smaller than

that for the two-quantum annihilation. Rough estimation

shows that the cross section value of the single-quantum

process in lead at maximum evaluation is less than 20% of

that of the two-quantum process in flight. Neglecting the

recoil energy of the nucleus, the energy of the emitted

photon is given by

Ey = E+ + EJ ' (7)

where E+ is the total energy of the incident positron, and

EB that of the shell electron bound in the atom.

Owing to the symmetry between electrons and positrons

in Dirac's hole theory, solomon 30 has pointed out that it is

possible to regard the electron as a hole in the uniform

distribution of positrons and the positron is represented by

a real particle in the positive energy state. Single-quantum
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annihilation of positrons is then considered as the capture

of the positive electron by the hole in the atomic shell.

Since this electron capture is an inverse process of the

photoelectric effect, the cross section for single-quantum

annihilation of positrons can be deduced easily from the

cross section for the corresponding photoelectric effect.

Theoretical calculations of the cross section for single­

-quantum annihilation were carried out by many authors 23 ,31-34

using various approximations. In order that the momentum is

transferred to the nucleus in the course of annihilation

process, the colliding electron must be bound strongly to the

nucleus. This implies that single-quantum annihilation is

taken place probably with a K electron of high-Z atom.

Theoretical calculation of the cross section for this process

was first made by Fermi and Uhlenbeck31 and the cross section

value was found to be rather smaller than that for the two-

-quantum process for a positron of the same energy. Born

, t' 23,32,33 h th t th t"approx1.ma 1.on sows a e cross sec 1.on 1.S pro-

portional to z5. This fact indicates that this mode of

annihilation is more probable for heavy elements than for

light ones. However, since for elements with high-Z values

greater than 70 the Born approximation is not reliable, the

accurate cross section must be smaller than that expected from

t~e Born approximation. The K-shell annihilation cross section

of Jaeger and Hulme 34 for lead calculated with relativistic
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Coulomb wave function gives small value by factor of 2.

Theoretical calculations of cross section for this

process of longitudinally polarized positrons with K-shell

electrons have been done under various assumptions such as

plane wave approximation 35 and Sommerfeld-Maue approximation. 36

Their results show that the circular polarization of the

radiation emitted has the same helicity as that of the

longitudinal polarization of the incident positron when positrons

are relativistic. Banerjee 37 have also calculated the angular

distribution and the total cross section using the Sommerfeld-

-Maue approximation being analogous to those of photoelectric

effect.

38Johnson et al. have recently calculated exactly the

total cross section for single-quantum annihilation by K-shell

electrons in the Coulomb field of a nucleus. Their results agree

well for Z = 82 but not in detail with previous calculations

of Jaeger and Hulme,34 and show that the Born approximation is

too large by a factor of nearly 2. Last year relativistic

calculations of accurate angular distributions of radiation

accompanying single-quantum annihilation of positrons by

K-shell electrons in various elements ranging from Z = 47 to 92

was made by Johnson 39 . He showed that these angular distri-

butions differ from the corresponding Born approximation, both

in magnitude and shape. The angular distribution peaks sharply

in the forward direction and falls off rapidly at backward
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angles. This behavior is in conflict with the Born approxi-

mation which predicts an angular distribution vanishing at

both forward and backward angles.

There have been several attempts to observe this mode of

. \. . 1 . 2 9 , 40- 42 M . 40 th f . . 1ann1!11 at1on. er1C was e 1rst exper1menta

worker who was successful in detection of this phenomenon.

Her experiment based on the theoretical prediction that the

cross section for single-quantum annihilation varies with

about Z5 while the cross section for two-quantum annihilation

varies with Z. Therefore, single-quantum process would be

negligible in aluminum as compared with that in lead. If

absorption curves using aluminum absorbers are observed for

gamma rays produced by annihilation of positrons with these

substances as targets, one would expect a difference between

the two curves which would be due to the greater number of

hard gamma rays produced by the process to be studied in lead.

As a positron emitter she used 64Cu . The trochoidal method

was employed to separate the positrons from the nuclear gamma

rays of this nuclide. She measured coincidence counting rates

in two G-M counters between which an aluminum absorber of

varying thickness were inserted. The gamma-ray energies were

measured in terms of the range of the converted electrons in

aluminum. The ratio of the number of real coincidences to

the number obtained with no absorber was plotted against the

energy of gamma rays, i.e. thickness of the aluminum absorber.
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Using so-called absorption technique and from the result that

the absorption curve for lead is above that for aluminum, she

demonstrated the existence of a high-energy gamma-ray

component which was more prevalent in lead than in aluminum.

In the experiment of F~rmer and Streib41 5.Q-mCi llc

produced by the (p,~) reaction using the cyclotron was used

as a positron source. This source carried by N2 gas was

introduced into chambers lined with Pb, Ta, or Al. The gamma

rays from these chambers was presumed as photons by positron

annihilation in the inner-wall materials of the chambers.

The spectra of these photons after being filtered by 2.5-cm

Pb were observed with a scintillation spectrometer using a

S.Q-em thick NaI(Tl}. They reported that results for gamma-ray

energies above 1.4 MeV indicate reasonable agreement with

theoretical results for single-quantum annihilation and two­

-quantum annihilation in flight.

Whalen 42 measured a difference of counting rates for lead

and aluminum target using coincidence technique between a hard

gamma and characteristic x rays. The observed signal,

attributed to single-quantum annihilation, gave a cross section

approximately twice the theoretical value of Jaeger and Hulme. 34

Owing to the low counting rates measurements with any high-Z

target but lead was impossible and consequently no check of Z

dependence was made. Experiments were hampered by the rarity

of the events and the large background rates.
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43Recently Sodickson et al. attempted to measure the cross

section for this annihilation. Monoenergetic positron beam of

100 400 k V d d f . tIl C' f 22N .- e was pro uce rom approxlma e y m loa uSlng

an orange-peel spectrometer. Thick targets of high-Z materials

ranging Z = 73 to 90 were used to obtain the Z dependence of

the cross section. The foil thickness of each material was

chosen as to be slightly greater than the extrapolated ranges

of the positrons involved. The event was identified by

detecting the high-energy gamma ray and the emission of a K x

ray in coincidence. The gamma-ray and x-ray detectors were

both NaI(Tl} crystals and pulses from them were fed to a

conventional fast-slow coincidence system, time resolution of

which is 100 nsec, and then recorded by a scaler. The

experimental data were analyzed under the assumption that the

direction of the incident positron becomes isotropic after

a negligible penetration length. They concluded that they

had observed single-quantum annihilation of positrons. The

process they observed occurs in lead with a cross section

equal, within a factor of 2, to the theoretical value of Jaeger

and HUlme 34 , and its Z dependence agrees well with a cross

section proportional to Z5.

Immediately after the work of Sodickson et ale two similar

44 45studies were reported by GBttingen group.' Flammersfeld

et al. 44 performed a thin-target experiment and observed

monoenergetic gamma rays due to single-quantum annihilation.
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They used 10-mCi 64cu , I-mCi 56co , and 10-mCi 66Ga as positron

sources and obtained monoenergetic positron beam in the energy

range from 260 to 1400 keV with the aid of an orange-type

beta-ray spectrometer. Positrons from the spectrometer pass

through very thin anthracene crystal and enter the lead target.

Immediately behind the target two scintillation detectors were

placed; the one was a plastic scintillator to detect positronJ

which leak through the lead foil without annihilation and

the other was a CsI crystal to detect K-x rays following

single-quantum annihilation. Behind them a NaI(Tl) crystal was

placed to measure annihilation radiation from the target.

Anthracene and NaI crystals provided pulses to a fast coincidence

circuit with the resolution of 50 nsec. Pulses from CsI crystal

and from the fast coincidence circuit were fed to a slow

coincidence circuit, while those from the plastic scintillator

was fed to an anticoincidence. The output of this circuit

was used as a gate signal and the energy spectrum of annihilation

gamma rays was recorded by a 256-channel pulse-height analyzer.

The experimental data were analyzed under the assumption that

the angular distribution of annihilation radiation by this

process is similar to that of photoelectric effect by gamma

rays if the total energy of the photoelectron is replaced by

a negative value. The total cross sections of this mode has

been found to be in agreement with calculated values of Jaeger

and Hulme 34 in the energy range from 260 to 1400 keV.
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The Z dependence of the cross section for single-quantum

annihilation has also been studied by Flammersfeld et al. 45

with the same experimental apparatus mentioned above.

Monoenergetic photons due to single-quantum annihilation in

thin foils of elements in the range from Z = 50 to 92 have

been observed at two different values of the kinetic energies

of incident positrons. According to their measurements with

positron kinetic energies of 760 keV and 1100 keV, the exponent

of X in total cross section of this process, 0-- R:' Zv, is )} =

3.2 ± 0.6 and ~= 3.8 ± 0.8, respectively, which does not agree

with the value predicted by the Born approximation V = 5.

More refined experiment for this annihilation was performed

by Mazaki et al. 46 in our laboratory. Using a Siegbahn-Sl~tis

type beta-ray spectrometer mounted with a 22Na source, positron

beams of kinetic energies between 250 and 400 keV were focused

on the disc targets of five different elements ranging from

~ = 50 to 92; Sn, Ta, Au, Pb, and U. The thickness of each

target was chosen as to be approximately one fifth of the

range of the focused positron. Photons emitted as a result

of single-quantum annihilation were detected by a NaI{Tl)

crystal placed behind the target, while the K-x rays accompanying

this annihilation process were measured by a thinner NaI{Tl)

detector placed perpendicularly to the target. Between the

target and the gamma-ray detector, a surface barrier silicon

detector was placed to count the number of positrons passed
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through the target without giving rise to the annihilation.

Output pulses from the both NaI (Tl)· detectors were fed to

the coincidence circuit. The positron signals from the

silicon detector were matched with those of coincidences

in the anticoincidence circuit and the resulting signals were

used as the gate pulses for a 400-channel pulse-height

analyzer. They applied a skillful technique to estimate the

effect of finite target thickness, which seems to be one of

the key points of the experiment. The positron flux in the

targets used in the experiment was obtained by measuring the

energy spectra of positrons passed through the thinner targets

of various thicknesses. From the data thus obtained, the

number of positrons being able to contribute to single-quantum

annihilation was determined. By carefully evaluating the

factors affecting the value of the cross section and using

the exact angular distribution of emitted gamma rays calcu­

lated by Johnson,39 they concluded that the energy dependence

of the total cross sections for lead and uranium is in fairly

good agreement with the theoretical calculations by Johnson

et aZ. 38 and Jaeger and Hulme,34 and that the exponent of Z

in the total cross section for 300-keV positrons is y=

4.93 ± 0.31 being in good agreement with the relativistic

calculation of Johnson et aZ. 38
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4. Annihilation without Emission of Radiation

A positron colliding with an atom presents a vacant state

2into which an atomic electron may fall, releasing energy~2 moc •

In general, the excess energy is emitted as radiation, but it

is possible that this energy may either be given to nucleus or

to a second electron which then leave the atom with high kinetic

energy. In this way a positron will be annihilated without

emitting radiation. Theoretical calculations of the cross

section for annihilation by the first process have been carried

47out by Present and Chen. In this mode of annihilation, called

annihilation-disintegration or annihilation-excitation, a

positron with insufficient energy to excite or disintegrate a

nucleus by collision, annihilates a K electron of an atom with

subsequent excitation or disintegration of its nucleus. This

process may be described as a transition of an electron from

an orbital state into a vacant negative energy state in the

continuum corresponding to the incident positron, accompanied

by a nuclear transition from the ground state into an excited

continuum state corresponding to disintegration or into an

discrete state following to de-excitation.

The annihilation cross sections have been calculated in

the Born approximation using the complete retarded interaction
,

corresponding to converging spherical waves of electric dipole

radiation. Numerical estimates have been made for the disinte­

gration of 9Be with emission of a neutron and also for the
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d ' 't t' f 238 1" 1 f"1S1n egra 10n 0 U resu t1ng 1n nuc ear 1SS1on. The

total annihilation-disintegration cross section near the

threshold in these two cases are ~10-34 cm2 for incident

2 -31 2
positron total energy of E+ = 2.3 moc and ~10 ern for

E+ = 11.5 mo c
2

, respectively. The total cross section for an

annihilation-excitation of l15 In into the principal activation

state, which was considered to be located at 1.04 MeV above

the ground state at ~hat time, is found to be ~10-26 cm2 for

2
E+ = 1.10 moc. Although this cross section is much larger

than those calculated above, the process can only take place

if the positron has just the right energy. It is practically

impossible to produce such a positron beam to fulfil this

condition. Owing to the small values of the cross sections,

annihilation-disintegration or -excitation process can be

negligible.

The possibility that the energy liberated by annihilation

of positrons be transferred to other electrons in the same

atom has first been suggested by perrin. 48 He considered two

different cases: ~l} The excess energy liberated by annihilation

is shared with another shell electron and a photon such as they

have equal momentum but in opposite directions. Neglecting

the binding energy of the shell electron a photon with energy

of about "680 keV and an electron with kinetic energy of about

340 keV are emitted simultaneously for the positron of zero

kinetic energy. (2) When a positron annihilates with an
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electron in the presence of two other atomic electrons, these

shell electrons would be ejected in opposite directions with

equal kinetic energy of about 510 keV corresponding to zero

kinetic energy of the incident positron. The latter process

may also be considered to be a kind of radiationless annihila­

tion. However, we use the term radiationless annihilation to

denote the following process only, since the cross sections

for these two processes mentioned above seem to be negligibly

small compared with the process to be studied.

As a competitive process of the single-quantum annihila­

tion, there may exist another process by which a positron

annihilates without err.ission of radiation. This mode of

annihilation would occur when the single-quantum annihilation

takes place with one of the K- or L-shell electrons and when

simultaneously the excess energy liberated, instead of being

radiated as a quantum, is used to eject another electron from

the atom concerned. The annihilation by this process, there­

fore, may be called radiationless annihilation. The energy

relation between the incident positron, the ejected electron

and a pair of the shell electrons involved is shown in Fig. 4.

Let E~ and E~ be the total energies (including rest mass) of

the two oound electrons concerned in the atom before transition,

and let E+ be that of an incident positron, the total energy

E of the electron ejected as a result of the radiationless

annihilation can be given by
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E = E+ + E~ + E~ • (8 )

It is noted that the figure and diagram shown in Fig. 4 are

concerned with the process where the total energy of a shell

electron with which a positron annihilates is denoted by a

subscript ~ and that of another shell electron before ejection

is by a subscript ~. Similar figure and diagram are obtained

by exchanging ~ for ~ in the case where ~ is for the electron

to be ejected and ~ is for the electron with which a positron

annihilates. The figure and diagram in the latter case is not

shown in Fig. 4. However, Eq. (8) is valid for both of these

cases.

I 19 3 4 B . 4 9 f' . d h . b . l' t fn runlngs lrst pOlnte out t e pOSSl 1 1 Y 0

this mode of annihilation of the positron and estimated the

cross section in the case where two electrons concerned are

both in K-shell of a lead atom. Using nonrelativistic

calculations involving a number of approximations, he has

shown the cross section for lead to be about 10-26 cm2 for

the incident positron with kinetic energy being 100-500 keV.

More elaborate calculations of the cross section for this

process were performed by Massey and BurhopSO in 1938 by

treating various atomic shells rigorously, taking account of

the repulsive influence of the nucleus, retardation effect,

spin-spin interaction and electron exchange. Their

calculations have shown that the total cross section for

pairs of electrons in a lead atom would have a maximum value
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of between 1 and 1.5 X 10-26 crn2 for incident positrons with

kinetic energy of 300 keV.

To the author's knowledge, excepting our preliminary

report51 in 1965 no experimental study on this phenomenon has

so far been published. Owing to such a rather small cross

section, to demonstrate by experimental evidence this mode

of annihilation an intense monoenergetic positron beam and

an energy-selective detector with high resolution for the

ejected electrons are necessary.
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CHAPTER II

THEORETICAL BACKGROUNDS

The interaction between two charged particles can be

treated relativistically by taking account of retardation

effects. This method dealing with two-electron transition

is applicable to calculation of the cross section for

radiationless annihilation of positrons. An estimate of the

cross section for this annihilation process, where the two

shell electrons concerned are K electrons in a lead atom,

has first been made by Brunings in 1934. Based upon a number

of approximations his nonrelativistic calculations led to a

-26 2value of about 5 X 10 em for positrons of 100 keV, and

also showed that the cross section reaches the maximum value

for positrons with kinetic energy equal to the electron

binding energy. In 1938 Massey and Burhop treated relativis-

tically this mode of annihilation involving two K electrons

in lead. A plane wave is used in their calculations for

the ejected electron and allowance was made for the distortion

of the incident positron wave function by the Coulomb field

of a nucleus. They have also calculated the cross sections

by various pairs of shell electrons in the lead atom using

the nonrelativistic approximation. The results thus obtained

showed that the total cross section in lead has a maximum

value of about 10-26 em2 for incident positrons of kinetic
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energy of 300 keV.

In this chapter we shall discuss briefly the procedures

by which the cross section is derived, and the results

obtained by these workers.
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1. Retarded Interaction

The scattering of two charged particles with Coulomb

interaction can be treated exactly with nonrelativistic quantum

mechanics. In this case these particles move so slowly that

interaction between them is described by the potential energy

of interaction which is a function of the distance between

the particles. The situation becomes very complicated when

account must be taken of the retarded interaction as well as

the static interaction mentioned above.

A complete relativistic treatment of such an interaction

can be done using a theory of quantum electrodynamics which

include allowance for radiative effect as well as for vacuum

polarization. In this case solutions are found by expansion

according to powers of the fine structure constant ~ = e2/~c.

Since the divergences which arise in the theory can be disposed

of by the method of mass and charge renormalization, it is

possible to calculate the cross section for the interaction

of electrons and positrons with electromagnetic radiation to

any order of approximation. However, correction3 due to

radiative effect and vacuum polarization are, in general, quite

small and the procedures in which contribution from such

effects is neglected give the satisfactory results even for

relativistic cases.

The interaction of charged particles between themselves

and electromagnetic field is considered to consist of a static
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Coulomb interaction between particles and the interaction of

each particle with the transverse light field. If we consider

the case where light is not actually emitted during the

interaction of two particles, the latter interaction comes from

the mutual exchange of light waves between the two charged

particles. Then as a first approximation, we can use the

retarded effects which involve contributions from virtual

emission and absorption of transverse wave to the Coulomb

field. This solution corresponds to the first order

approximation of ~ .

When two charged particles such as electrons are coupled

to the electromagnetic field, the wave function for each

particle satisfies the following equation of motion:

(9)
)

where the four-vector potential of the electromagnetic field,

AJA' is evaluated at 11", in the equation for particle 1 and at

r
L

in the equation for particle 2, respectively, and' is the

reciprocal Compton wavelength. We shall use common time t for

both particles. When particle 1 makes a transition from state

t;, (f) to 11 (1), taking into account of the Lorentz condition for

Av ' the field A v at ~ generated by particle 1 satisfies the

well-known wave equation:

(10 ),
.

where the current four-vector dp due to the transition of the

-37-



particle 1 is expressed as

.i = -,;e c #\J/..(t}Jf~ + (1) (f1)
(J ~ TJ I If< I i J

where Y/~ is the Dirac's i-matrix. In Eg. (11) the subscript

1 refers to particle 1. By the analogy with classical electro-

dynamics the solution of Eg. (10) can be given by

(f2)
)

I

Since ~v(t,~t) has a time

~p (i- CW; -"W:Jt/l\J= ~ (-i, 0 1) ,

A"Cf",t) = +f i~ ~li() dt:

R = Ir.-td and t' = t - Ria.

dependence given by

where

replacement of t by t - Ria gives a factor

e -l.wlJ: e i. fto R. ,
where

-10 = wk = (Wi -WZJ4tc J

and w~ and Wf are the total energy of particle 1 before and

after the transition, respectively. If we consider that

particle 2 makes a transition from state t/~I to "/'f (~, under

the influence of A,.,. (Ii, i), the matrix element for this transition

is written as

where A,.eCtaJ is the time-independent part of four-vector

potential A,. (1I'~,t) :

AlA- (n~ t) = Ap (r~J e -&'fJr •

From Eqs. (11) and (12) I Eq. (13) can be expressed as
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Using the properties of i-matrix this equation may be written

in the alternative expression

where al, and ~.l are the Dirac matrices, and the operator Q)l,

operates only on the function 't~ (I) (11'.) while the operator

~.2. operates on the function 1'i (a) (ta) .

It can be easily seen that the first term in Eq. (14')

represents the Coulomb interaction between two charged

particles which arises from the virtual emission and absorption

of longitudinally polarized photons, and that the second term

expresses the relativistic current-current interaction

contributed from both transversely and longitudinally polarized

photons~ In Eq. (14), it is noted that the matrix element

given by this expression is correct only to the first order

. 2 tv 52
~n e or V\.

This method was first introduced by M¢11er
53

in the

calculation of the cross section for electron-electron

scattering and has been successfully applied to many cases

where two charged particles concern such as internal conversion

of gamma rays and Auger effect.

According to the law of quantum mechanics, transition

probability is given by
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(tt)

where fE is the density of final states and obtained in the

following manner:

fJ': ap.,. tidl pa
(2X~c..i 1. 1:.1 •

In this expression E 2 and 'h are the total energy and momentum
Ir~

of particle 2 in the final state, respectively, and dJ1 p:a. is

element of a solid angle subtended by J~ in the momentum space.

From the relativistic energy-momentum relationship, d~~E~ is

equal to

written

Using this expression Eq. (16) can be

p~ E~ rlJ2 Pa
(2.X-l)3 C. ~

When we consider the problem that the particle 1 is free

state and normalized to one particle per cubic centimeter,

the cross section 0-- is given in terms of the transition

probability per second as

T1IAtU. pv8. /,ALe - 0- 1)-, ] (11 )

•
we can write the cross section (J'- for

E,
(17) ,

"\1':=,
(15) andFrom Eqs.

where v
l

is the velocity of incoming particle. From the

well-known relativistic relation between Pl and v l ' v l is

expressed using the total energy of particle 1, El , as

PI C2.

interaction of two charged particles with definite spins in
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both initial and

0"-=

final states by the following

TZ,-_...1..--- ;(
P, C~

f

expression:

(1'6)

Radiationless annihilation of positrons is considered that

when an electron bound in an atom undergoes a transition from

positive-energy state to negative-energy state giving up energy

Ao~c, one of other atomic electrons is lifted from the bound

state to free state. In this case the wave functions in Eq.

(14') are taken as: ,,!,:(fJCI,} is the bound-state electron in an

atom, "/f(t}(,.,) the incident positron, t(2.)(~) the other bound­

-state electron in the same atom, and 1';(UctJthe electron

ejected from the atom as a result of the process considered.

The bound-state wave functions of electrons are normalized to

unit volume as usual, while continuum-state wave functions of

the electron and positron must exhibit the asymptotic forms

of plane waves plus the corresponding spherical waves.

The above discussion takes no account of the anti symmetrical

property of the electron in the quantum mechanics. Let IBI 1

be the transition probability given by the above choise of

electron wave functions, and Icl 1
be the probability obtained

by supposing the bound electron 2 to annihilate with the

incident positron and the bound electron 1 to be ejected.

The latter case corresponds to the choice of the bound-state

wave functions of electrons as follows: 'fi Cf
] Cr1) and 1';(2 )CN'.J.
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It is impossible to distinguish between these two processes

experimentally because in both cases the total energy of

the ejected electrons is E+ + E~ + E~ , where E+ is the total

energy of the incident positron, and E~ and E~ are those of

bound electrons in the initial states, respectively. Owing

to the Pauli's exclusion principle for the electron, the

number of ejected electrons per unit time by both kinds of

transitions is given by

(1r)

This expression includes the effect of electron exchange, and

to obtain the cross section must be averaged over possible

initial states and summed up over all final states.
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2. Nonrelativistic Calculations

Theoretical calculations of the cross section for the

radiationless annihilation of a positron were first made by

Brunings 49 in 1934. Introducing many assumptions, he calculated

the nonrelativistic cross section for this process in the case

where two bound electrons concerned are both in the K shell

of a lead atom. The approximations used by him to estimate

the crOS8 section are as follows: (1) For both shell electrons,

nonrelativistic K eigenfunctions are used. (2) Kinetic energies

of the incident positron and the ejected electron are so large

comparing with the K-shell binding energy of a lead atom that

we can use Born approximation. This means that both particles

are expressed as plane waves. (3) Perturbation is only the

static Coulomb interaction between the two charged particles,

and the retardation effects are ignored.

The last assumption is easily derived from Eq. (14') in

the nonrelativistic limit with a - 00, and then the matrix

element is written as

If "l..'; jt e 1

Hli. = 'r.,. ct.> ~_ ct;L) R't ct. Jt (Ii) dll'. dlr1. )

where 1>-+ (r), 1_ (t) , 1d. (It') and ~ ctJ are the wave functions

for the incident positron, the ejected electron and two

K-shell electrons, respectively.

The total cross section 0' is given by
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a- = f ~ L. JIHi'" f.. dJ1p_ 1 (.21)

where ~ means the average over the spin directions of the

incident positron and the summation over those of the ejected

electron, and ~ is the density of the final states of ejected

electrons.

Wave functions of the bound electrons used by him are

(.2.1~)

where ao is the radius of the first Bohr orbit of hydrogen,

i = 2/137, and

Incident positron wave function with the kinetic energy

E+ and momentum I"... is given by

( 2.3)

,
where

A=
~

CP...
I:+ + "'oC'&

The wave function of free electron with kinetic energy
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E and momentum IJ_ is expressed by

where

~_=~1_
'r- ( f ... Li!)X

[(-A __b, - ..6_ ......be'''> 1,

[-~ JLtAt8-e-t.'f ~_C<J11J 0
- J })

DJ1
1) J}

~ _ = __c-......P_-__
E _ + )ffoC'&

Using these wave functions and neglecting terms with y
calculation is reduced to the integral

This integral can be evaluated under the assumption that ;+
is small enough in comparison with moo. The cross section a-

0-=

is obtained by the following form:

1. t
(jZ)~ 'it 06._ C. ro1 d.

(I +A~1)( 1+ 6:) 1t+ c! p_t

where 1"0 is the classical electron radius.

1
(.2'»

His results show that the cross section for a lead atom

has the maximum value when the kinetic energy of the positron

is equal to the binding energy of the K-shell electron.

However, Brunings' formula, Eq. (25), is valid only for

nonrelativistic case where v+ is very small. Numerical values

obtained in this way are given in the first row of Table I,

where those obtained from other approximations are also listed

for comparison.
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3. Relativistic Calculations

The relativistic calculations of the cross section for

the process of radiationless annihilation of positrons was

performed by Massey and Burhop50 in 1938. Taking account of

retardation effects, spin-spin interaction, and electron

exchange effect, and using the matrix element given by the

same form as Eq. (14'), the total cross sections have been

calculated for the following three cases: (1) Nonrelativistic

approximation similar to Brunings' method, (2) relativistic

calculation using plane wave for the positron wave function,

and (3) relativistic calculation allowing for repulsive

influence of the nucleus using the distorted wave function for

the incident positron. In cases (1) and (2) they assumed

that the incident energy of the positron is so large that its

wave function is adequately represented by a plane wave. Since

the ejected electron has large kinetic energy, the wave function

for this electron is always taken as a plane wave. The main

difference between (1) and (2) in low energy region of incident

positrons consists in retardation effects.

We shall first derive the formula of the cross section

for the cases (1) and (2). Choosing the polar axis along

the direction of motion of the incident positron, the

positron wave function is expressed as
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Corresponding to the two possible spin orientations, the wave

functions of the ejected electrons are written by

the electron.

54The K-shell wave functions are as usual,

1'f,Cf') = N/C ~ ('r) (i..6 0 A..it... f) e-i.4> I -i.. D" ecof) ) 0 , - 1) ,
with

~ (r) = e -7~. rJI-ya - f ,

tV' = {~.2. tg /+%JI-r L

/1" .[/- y~ } X
"ao 'J7tF(f+2Ji-1~).

In the above expression a_, A+, ~., and i is same as in the

preceding section, and ao is the first Bohr radius of hydrogen.

Using these wave functions and expanding e-~P~/~

e l. P- •. "..4\ I and retardation factor into spherical harmonics,

we can carry out angular integrations and spin summations by

the use of the integral and addition formula for spherical

harmonics. The total cross section for this annihilation

process thus obtained is expressed as
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where ~/moa, a, and mo are taken as units of length, velocity,

and mass, respectively. A,'l and A2." are expressed as

A'n. = 3.6.- (~II-1 b"-I ~ It-I - 01"... ~1I.1 ~"t-l ) + i, ~o (ol.+. J"... ~...

- d.-I ~"-l ~tt -(j"-I J",,~,. + cJ. n+I dJl~'" )

- LAoA+D_ (c:j" r"~ ... -, -0... IJ" ~ ...+, ..... ()t ... ~1I-1 ~"-I

- ~ .. ~"+I ~ ..+. ) + J60
L

~- (d,,-, J" ~"'-l - (1. .. +, d.. ~,"+.)

- A: Ai" {o',. d ..... (3" - (j. .. ~._I ~t1.) . (30)

A1" = (2.)\ ... I) A .. d.V\ J" \->~ - 3A- (n 01"-1 J'''-I ~"-I

+ ')t+ I 0',,+. ~... +, ~ -rt ..,) + i.. J6 D (n ol,,-, Y,,_. ~'II\ i")i':tf OM'" X..... ~"

+ l1. ol,.-I d ... ~" + not I al ..+1~.. ~" ) -t i A o A+ L::!_ (l't~ .. J.-I 0,,-1
+ ')t-tl (/... dM+' ~'"+' + rt 01" d" ~"-I + ')1.+1 cJ." d" ~""+' )

+ 3A; ~+ (~ d" ~II"'~" + J1. rJ. ... J"-I ~?t. )

- .6.: b._ ()1.+1 eL ...+. 'iM ~'II\-t"1 + n (11)4-1 x" ~"_.) . (31)

where 0.", ~~~111 means the radial integral

with
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In nonrelativistic case, ~t' ..60 , all retardation effects, and

all terms in series excepting those involving Q..J.~o were

neglected. With these approximations

.<,,, (to i~+ P...z-+ p_:J-)

Cl o X. p. = (P+2+i~) (P_Ol+ j~) {4 j2 + (P+- p-r~} {4-iz-+ CP...+ p-t}
Numerical calculations were carried out for positrons of

energies 100, 300, and 500 keY using Eq. (29) and also

nonrelativistic approximation. In evaluating Eq. (29) the

radial integral ctK~~~~ was calculated by double numerical

integration. Terms involving values of u greater than 3 were

neglected, since they were unimportant from the decrease of.
1wo'_r,) at small r.. Results of the calculations for lead

are given in the second and third rows of Table I.

In the lower energy region the distortion of the incident

positron wave function by the atomic nucleus becomes important.

To allow for this we replace the expression (26) by the

following which represents the wave function of an electron

in a state of negative kinetic energy moving in the Coulomb

field of a charge Ze. 55

(32)

where

->1
' ...£1') = (I + ~:) (f, 0, -~+, 0) X+ (r)

x+(r}= i.2()l~~+(rtTI)~:~,+n:B)t~'"

+ (M.+,J:B_.._, ~ft'" J (-')"'P" (GO'o9-) ,
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p _ 1(~+I-i.!) ~-, -lp+r f 1
?'l - r(.2~+ 1) (.2 Pi-Yl) e ~ (-2"1t'3+ 3:X'i.~)

X F (~+1- i. g~ :2.~ +1 ~ 2. i. P+ t" ) ,

)( F(~+irj,.~~.2*+1 .. 2ip+r) ,

--n _ n+i,£1' F(~-t1+.:.J) -'l::i.f.

v'"' -- ~T:"~ F(~+1-i.'i) e

~ = (11}·_)/~)X,
'I = YC

fJt+

,

9 ' 9 :l/;{". = 6' ( f - 'tt+/c~)
J

and F(a,b;aJ is the hypergeometric function. 56 Egs. (30)

and (31) then remain unaltered provided that (J..ra. is replaced

by the expression

d. - L.
ra. - ..2. 1'1+ I

Numerically evaluating the distorted wave function from

the series for the hypergeometric functions involved, the

calculation of the double integrals proceeded as before.

The distortion was only taken into account for the first two

terms of the series. Values obtained in this way for lead

are given in the fourth row of Table I. Neglection of the
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influence of retardation is mainly responsible for the

difference between the values in the second and third rows

of Table I for low energy region. At higher energies the

main defect of the nonrelativistic calculation comes from

neglection of the higher terms of the series in Eq. (32).

Exact calculations led to the conclusion that the

total cross section for radiationless annihilation in lead

has a maximum value of 0.35 X 10-26 cm2 for incident positrons

of energy 300 keV. It is noted, however, that, strictly

speaking, the expression for 4>+ (1') in Eq. (33) is not correct

when dealing with a Coulomb field. The second and fourth

components do not vanish completely nor is the third component

exactly ~+times the first, as would be the case for plane

waves.

The contribution from radiationless annihilation by

other pairs of atomic electrons in lead was calculated by

making the same approximations as those employed in deriving

the nonrelativistic formula for the K-K pair. The results

obtained in this way for positrons of 100 keV kinetic energy

are given in Table II.
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CHAPTER III

ADVANCED THEORETICAL CALCULATIONS

To compare with our experimental result, theoretical

calculations of the radiationless annihilation of positrons

have been made relativistically for a lead atom. The expressions

for the total cross sections have been developed for various

pairs of shell electrons involving retardation effects,

electron exchange, and spin-spin interaction. The bound-state

wave functions used are solutions to Dirac's relativistic

equation. The incident positron and the ejected electron are

described by the Darwin series solutions of the Dirac equation

for an electron in the Coulomb field of a nucleus. Each of

these continuum wave functions is written as a sum over

partial waves. The angular integrations and the sumations

over possible spin directions of continuum states and over

projection quantum numbers are performed analytically and

the results are expressed in terms of angular momentum coupling

coefficients. The cross sections are evaluated numerically

by an electronic computer and the results for the K-K pair in

good agreement with the previous work. The numerical results

for various pairs of atomic electrons for positrons of incident

energy of,300 keV as well as for the K-K pair for various

incident energies are presented in this chapter •
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1. Calculation of the Cross Section

The total cross section for radiationless annihilation of

positrons are calculated relativistically for the case where

both the initial and final electrons as well as the incident

positron are considered to be moving in a pure Coulomb field.

This implies that higher order effects will be neglected, and

the interaction of the electron with the radiation will be

treated in lowest order perturbation theory. Furthermore, we

neglect the effects of finite nuclear size. With these

assumptions the total cross section can be written from Eq. (18),

using natural units with ~ = mo= e = 1, as

The matrix element A is given by

A=13-c ,
where

(3,))

B - 2.fA " ,j.,* 1i:A' e~"R
- e ~t. fAt. 't't (r,J f- (tL) ( 1- <TJ.. •• ~a) Ie 1;(tt)~(1'2), (3S~)

C= e>ftit, cAt. i1/-(t.) ep~(t.) ( t- f}, •fj..) ~~"Ip01',It(tft). (~.t1>J
In these expressions ~ indicates the average over spin

,
directions of the incident positron and the sums over those

of the ejected electron and magnetic quantum numbers of the

atomic electrons concerned, ~ {EfJ + Ep + E+ - E_} is the usual

~ function, ko is the energy transfer in the transition,
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e is the charge of the electron, R is the distance between

1', and t., and ()l, and ~J. are the Dirac matrices,

where the ~ being 2 X 2 Pauli matrices. We denote the
L

energy-momentum yectors of the positron and ejected electron

by (,... ' i. E+) and (JP_ ' i. E_), respectively. The wave functions

in the matrix element are solutions of the Dirac equation in

the Coulomb field of a nucleus: ~ cr) and T,,(ItJ are for the

bound states, 'P+ (t) is for the positron, and 4>_ (r) is for

the free electron.

The bound-state wave function in the Coulomb field is

given by

~(r) - (31)

The angular part of Eq. (37) is expressed by57

X:cr)= 2..C(.R%.JiWl-1: rc)~'"-~(~) X'l.' (3T)
tt' 1.,

where X'l:. are the Pauli spinors, C( ~', 1:&. I" ~ ?r1. )tIl.z.) is the

Clebsh-Gordan coefficient, ~~(r) are the spherical harmonics,

)(= =f(i+~)for 1'= .1 ±.~ , and r is a unit vector in the direction

of If' .
In Eq. (38) l is determined from K in the following way:

-J. - K

1. = -K - 1

r k)O J

,..., K<O,
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while -K gives the value of Z according to

1 = K-I

1,= -K

r- K>o

Pt K<O

The angular-momentum coupling coefficients and the spherical

harmonics used in this section are those as defined in

reference 57.

The continuum-state solution of the Dirac equation for

a Coulomb field is58

(3'1)

where the 'P'K sum runs over all nonzero integers and ~ is a

unit vector in the direction of the electron's spin, and

The positron wave function, which is chosen to represent

asymptotically a distorted plane wave with an ingoing

spherical wave, is given by

where

fK(.~r)) ~ Ie (.A r) J fit ( r) and 11<.£") are the radial parts

of the wave functions representing the initial and final
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electron states, respectively, and f:(r) and
c

~1C(r) are those

of the continuum positron; the normalization of these continuum

states is chosen to give the proper asymptotic form.

We now introduce the well-known expression of the retar-

(41)
Jt

= i, ~D L -fl../. (,.r» 1', (~. r<) '(.J.'" (r;) "( '"e ~)
~.. 1 ,

is the spherical Bessel function of order t, J1 is

factor

e~t.R

41:£

11

dation

where

the spherical Hankel function of the first kind of order t,

and r, is the greater and r< the lesser of r, and r... The

above expression does not converge uniformly with respect to

both variables t, and t.z for unrestricted values of the

variables. Consequently, term by term integration of the

series has to be introduced with appropriate care.

Using above representations for the electron and positron

wave functions and inserting Eq. (41) into Eq. (35a'), the

matrix element B becomes

where the subscript 1 refers to the incident positron, 2 to

the ejected electron, 3 and 4 to the atomic electrons concerned.
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c.t) (1)
The radial integrals Ik,/C.IJ ---I appeared in Eq. (42)

.I( K.Kll.

are given by

and the angular coupling coefficients by

where QJ- is the well-known Pauli matrix, and dil, and d,f2~

are the elements of solid angles subtended by ~ and t.
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Integrating over the solid angles Jl., and Jl;J1 and using the

Wigner-Eckart theorem l Eqs. (44a) and (44b) can be written as

(See Appendix I)

B)C,IC~JC.IC.. = (- )"'........ +11+1 4x:.
f
(J.J ("](tJ(d'J(~~](J')(J.a(JJJ[kJ

)/ C(i,.iJij()O)C (12 141.;00) C(i,1~li-""",})C(a'~o~J;-""}.II4)

)( W( ~',113i,l,jiYz-)w(~~i41~l,j j XJ 'd. _III ~ (4S«)
J ., ... 11 ..~-..4., '" ,

;' "r-, 6(i)) " A
Bk,1Cz1V1C4 = (-) 4-K. (t,J(o.f]CiJc.e.J L(lJ i i, j (0) C(2.,.J i~jO())

x~. JU.](l.J W(ll. 1,iS,j,Q,f,)w(.tJ. i.~jJ.f.J w( 'JifJJ.j~iJ)

)( W ( , )f. flo 1. j){ /4) C(1',1 f, j In,1 ",,+Ifl-"'J) cU.. 1t j 1". 11I..-)1-11I4)

)( C(lf,i,j -M ",+)1\) c(lf;,.i~j W1 M... -Itt) r (#b)
.. , ....... ,J )11,,+".

)

where [j] = 2j + 11 j = IKI - XI and W(abad;ef)

is the Racah coefficient.

The matrix element C is easily obtained from Eq. (45a)

and (45b) by exchanging (ja I 1-3 , m3 ) for (j4' 1-., m.,.).

With the aid of the these representations, we can obtain the

matrix element A.

Squaring the matrix element A, summing over positron and

electron spins, ~, and ~1.1 and integrating over the solid
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angle ,a~_, we can carry out the sums over m, m, , m,., m:J'

and m.o

For simplicity, by choosing the z axis along the direction

of the incident positron beam we can write

yllll-'t. '" t21 +1 )X ~, (p. )- --:-,-'-,-- 0
~, 't - 47C "'" ~I ]

where ~LI1' is the Kronecker symbol. Then since

'Y III. '" _ ( '.21,-+ i )>f~ " ° III.
/'-oJ{. (P+) - \" 4lC L (.J. % ~ IJ 0)1,) It )

the sum over positron spins becomes

( 4'1)

~ r It ~ _'" l' ('" A ) _ J(J,lU.J ( n 1/ ' 0 - I - °t kl",(P+I~') ~iii. )'>+,,-~, - 4X- C .,(./Z1I)o)t,)C(1,~a,)O)f,J.

Similarly the sum over final electron spins gives

r 'V* A ~ L> :'\ ""ddlp_L I K~ ..~ (P-I ~~) riCaiia (p-, ~~)
z;.

= ~aC(J)fjaj )t1L- ~1. ~) C(12~ tll j )rtz.-'C CC) d.JlI'~ d"'",if;
(.to )

Thus we can neglect sums over 1t., m. , and m.l. ° The square of

the matrix element A is expressed as
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)

(rt)

The resulting expression for the total cross section ~

can be written as the following form:

0' = ~ 7C e 4 E+ E _ ~~ ~ _[ ~:BB - ~o -Ho' (13l-+ f3 C)
J(,k:a.lJ.

+ ~~:LC C } (1- t ~~,~:) , (.t2)

where k: is the energy transfer in the transition corresponding

to the matrix element C, and BE is

In this expression (±) denotes a sign depending on i and j.

X· <j).* A ~ '1)"* A A -u
B i is (41t) 2. tl.mes of r k,lIl, ( Pi" I - t;,) r~.......1 (~-, ~2 ) .LJ k')(LJ<a~4

given in Eq. (42). B~ and B, are related by the substitution:

, ,
Be, BC, and CC can be given by the expression similar to

Eq. (53). For K-K and Lr - LI cases where there are only two

electrons in the shell, the summations over m3 and m4 give

two times of the cross section. To avoid this a factor

(1 - ! ~6 ~,) is multiplied.II.,".
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Ci)

In Eq. (53) products of coefficients of I 1<,.,..1' s after

summations over magnetic quantum numbers are given by

B. 13; = (iaCi·J(~~i"lU.JU.l jO.JC1;JeJ.JU.J C(1..R.l i 00)

)( C(i~14 ijOfJ) C(l,i, i; 00) C(lA ~i; 00 )W(1: t~l, 1,; 1 Ji)

X W( 1,.14 J~ 14 ; £.~)W( 1, i,l,i,; 1. 7f.) w(i~ 1~iJl14 j 1 /i) J"J,I, (54)

" -
B -0' 1)+ t4 +..0+1 I

i- Uf ' = (-) 6("J(tJ(a~J(-t..J(iJ (),J(£'1(1,J(1
4
J(};)(1,]

X C( J,l,J.jOO) C(i~ l .. i j Of) C( J,ll,., 00) e(l.. I J.z j Of)

w( , , (i 1 1) (Z f 1))( t.a,p,P.jl~)w(M.J.i.jf~)X 1, X ~J X J. ~ ~ (tt)

.J, ){. i, J. X. 1A )

B( '8,~ = (-)1+1"36 (i.J(i~J(Q~J Ct.1 C}](iJj(p,J(J,.](t](l,J

X C(11 J 1, j Of) C(i4 1Jz j 00) C(11 11, ;00) C(1., liz j bO)

1- •
where X (abc;def;ghi) is the 9-J sympol, and Ih B,. 1.S the same

form as 13i, "8" . Details of calculations of these coefficients

are given in Appendix II.

The angular coupling coefficients in Be are expressed

as (See Appendix III)
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13, Cj = (- )i,4i.+ 1>1. t J+b~i,J(~l(~J (i.J (1.) O,J J(J.JC1.J("Jfl.)

)< CCi,i,£joo) C(iAi..Pjoo) C(J,~l;()o) C()~lIjoo)

)( wC f,1', 1, JJjl~)W(1J11~J.JI~jl )5.)W( I, 14 J,J4 jIX)

x W(1'z iJ J.~ J.J j I YLj w( ~: q~ t4 ~~ j 1 I) ~ (5-7)

B -, ) a' -t i +..t .. ]...1 , (' -
i Ci = (- I 2 6' (t](a~] La,] ((J(£] U,J(JzJ(J~J(J1](J;J[.LJ

)( C(J,J3Jj 00) C(j~ i 4 ij 00) e(l., lil j 00) C(lJl ~j ()O )

)( w(1; 1'J i,13 j i)S. )w(q~ ~ J~ 14 j i ~) 2:. (LJX (;. ~ ~)
LJ 1 % '

xX (1 ~ ~) W(f. Q~ Q~ d~j lu) , (:~)
o ¥ • ,

;It.. /~ ~.a

13/~ =(-) I.i"/A.+t+t4+.R+P+'36(i,J (~]( i~J[i.]CiJ(iJ Jri
J
Jfi

4
JrXJ(R.,]

}( CCf,ii, ;00) C(ARi~;oo)C(l~:il,joo)CC~Il~j 00)

1 t L (1. 1 L (1 1 If)
~ 6:(LJ(~JX()J ~ i~)X 14 1~~) X ~ ~ ~

J I Y; a, J~ ){ IJI 1, fz (,
l'~

x X (~ X 3~) W (a', d~ t~ 0'31 j L Lf) . (J"f)
lz )1 4~

Coefficients for Be are the same forms as expressed

by Eqs . (57) - ( 59) •
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2. Numerical Evaluation of the Radial Integrals

(I) I (I)
The radial parts, I of the matrix elements

1C,lCal.-- IC,K.J'

are written in terms of unspesified radial functions for the

bound and continuum states. In this work analytical expressions

for the bound and continuum radial wave functions are used,

but it is necessary to treat the entire problem numerically

because of the expression of retardation factor which contains

r> and r< as variables. The discussion of this section is

separated into three parts covering the bound-state wave

function, continuum-state wave function, and radial integral

problem.

A. The Bound State

The bound-state radial functions are solutions to Dirac's

radial equations in a pure Coulomb potential

where W is the total energy of the bound electron and r;j. is the

fine structure constant. The solutions for K, L, and M shells

are well known and of the form58

fK = - N (/-WJ%z t' i-1e-~t' (~o +a, r+Q,z r~)
}

~k= N(t ....wr ri - t e-M
' (Co-+c,r~c~r,z)

J

(tltt)

(61 b)

where the values of the parameters are given in Table III.
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Although the parameters for M shell are not listed in Rose's

text,58 they are easily obtained by neglecting higher order

terms in series expansion of confluent hypergeometric functions.

In Figs. 6 to 9 these bound-state radial functions multiplied

by r are given in graphical form for lead.

B. The Continuum State

The continuum radial functions for the electron are also

solutions to Eq. (60) and expressed as 59

with

r Ii = L(W- , )X- (2.prJl"e:C~ II(i"'~1)1 {-l.pri-U( .
t< 2W 2p "FC2 i+1) e (t+&.~)

)( F( t+1t-i.~J 2.i+1 J l.ipl')- C.C.) (~2.a.),
r~ = (W+t.,X (2Pt')'e't" Ir(i+i~)1 {e-i.pr+i'{ -' .

It 2 W J 2 Pr (2. i + f ) ( 4 +"'1 )

)( ""({+1-ti.~J 211-1} :li.pr)+c.c.} ((2 b)
)

and

e1 i:'l = _ K -i. '/w
)"+"-1

The radial functions for the continuum positron, f~~ and

" ...c.q~ , are the same forms with those for the electron but

with the sign of Z reversed.
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The normalization of these continuum radial functions is

done by matching them with free-field solutions at a point

chosen so large that the Coulomb potential is negligible.

The asymptotic solutions of free-field equations used in this

purpose are

fie .. f~~/ jX f
~(,r.,..J"K) (t 3~)r .....oo 1ii' ,

~K ~ (T-t-i t _,_ e..v-o (~r + J" ) (tJ b)t'-+- 2V pr k 1

where

~k = 1.t., (2.pr) - aA,1 r (i·t-i..~ ) + I( - ~ 1C Y.
The distance of Po where this matching is done, is chosen

equal to 100.

The confluent hypergeometric series in Eqs. (62al and

(62b) is evaluated by the following formula

• _ ~ (;l(A+I) Z2. _u__ «(4+1) "--(Af-"-I) i?" +___
FCtt,b)i!) - IT b Z + b(bTI) 2! + + Hbtl)-···Cb-tll-.) 11! feU)

and terminated when both the real and the imaginary parts are

less than 10-6 •

Complex gamma functions are obtained from

,
-I-{'-~-O-}!-"- + ----~--

The argument, z, is first tested whether Re(z»lO or not.
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When the argument does not satisfy this condition, the

,recurrence relation

is used until Re(z»lO. This routine is checked to 6 - 7

places against the Abramov's table. 60

The real gamma functions are computed using the formula

for O~ Xf. f from the NBS table61 as

a..= O.42.f.tS4'1,

at" = - (). lot 0 ~ 7 'S.

0., = - o. S'l4 ~464 ,

fA.l= 0.9S l.2.363,

ttl = - o. 6'/'/1j" ~i #

The arguments of real gamma functions are reduced by the

where

following recurrence relation:

rCf-tX)= Xr(X)

An accuracy of six significant figures is accomplished.

C. The Radial Integrals

The spherical Bessel function and spherical Hankel

function are generated using recurrence relations and are

checked against the NBS table6l for selected values of t.
5The errors are less than one part in 10 •

(0 I (J)
The radial integrals I tc.JCzl --- k.ka~ are evaluated by

the double numerical integration using Simpson~s rule with

step size h. Contribution beyond r = 40 are neglected since

the bound-state wave function has decreased by a factor of
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10-5 from its maximum value.

Step sizes of h = 0.2 and 0.4 are considered. These two

step sizes are used in selected cases and yield results which

agree to three significant figures for the case of the K-K

pair with the incident energy of positron of 300 keV. The

step size adopted here is h = 0.4. Agreement is deteriorated

somewhat at higher energies.
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3. Numerical Results

Calculations to obtain the theoretical value of the cross

section for this process in lead were carried out using the

method previously described. Equation (18') was programmed

for the Kyoto University's KDC-II Computer62 for 82Pb, for

an incident positron energy E+ = 1.587 corresponding to the

kinetic energy of 300 keV, and for the K, L, and M shells.

Another program was written for also 82Pb and the K-K pair

but for various incident positron energies. In both cases

the sums over ~l' ~~, and l were terminated at IKti = 3,

IK~l = 5, and l = 5. All other parameters were determined

in terms of I~ll through the selection rules contained in

the angular momentum coupling coefficients.

The total cross sections obtained for the annihilation

of a positron by one of the K electrons in lead, the excess

energy being used to eject the other K electron, can be

compared with previous theoretical results of Brunings 49 and

50Massey and Burhop. This comparison is given in Table I

for positron kinetic energies of 100, 300, and 500 keV.

The present results agree well with earlier relativistic

calculations allowing for nuclear repulsion given by Massey

and Burhop. In Fig. 10 is shown the calculated cross section

for the K-K pair of the shell electrons in a lead atom as

a function of the kinetic energy of the incident positron

together with results of Massey and Burhop which are
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represented by circles in the figQre.

Table IV gives the calculated results for different pairs

of atomic electrons in a lead atom for a positron having an

incident kinetic energy of 300 keV. The kinetic energies of

ejected shell electrons in this table are calculated from

binding energies of various shell electrons in lead using the

63
values of Wapstra et aZ. The values for K-MX' L1-MZ'

L1 -Lr ' and other pairs of atomic electrons have not been

calculated, since these seemed to be considerably small for

this positron energy.

Errors in this calculation are ascribed to three sources;

the number of partial waves included, radial integrals, and

vector-coupling coefficients. As described in the preceding

section, we limited the number of partial waves to Ikll = 3

and IK~I = 5. The number of partial waves needed to determine

the total cross section to any desired accuracy increases

with energy. For the ejected electron the energy of which is

considerably high, more number of f~IIS seems to be necessary,

but the error from this source is estimated to be 1%.

The errors in radial integrals are due to the errors of

computer programs and of integration procedures. The errors

in integration arises from the choise of the step size, h,

and the upper limit of the integration, P~ •

The programs for determining Clebsch-Gordan and Racah

coefficients, and 9-j sympols were checked against numerical
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64-68 .tables and found to be ln good agreement. Therefore,

the main source of error comes from the first two of the

above three.
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CHAPTER IV

EXPERIMENTAL PROCEDURES

The experimental arrangement used in the present work is

shown in Fig. 11. It consists of a Siegbahn-Sl~tis type

intermediate-image beta-ray spectrometer, a lead target, and

a lithium-drifted silicon junction detector. A monoenergetic

positron beam was produced by the use of the beta-ray

spectrometer mounted with 22Na as a positron emitter, and

entered the lead target in which annihilation took place.

The solid state detector placed immediately behind the lead

foil was used as an energy-selective detector for the electrons

ejected from the target by the process to be studied. The

output pulses from the detector were analyzed with a TMC

400-channel pulse-height analyzer.

Reflecting a very small probability expected for the

radiationless annihilation, there should be several requirements,

which are essential for the succesful performance of the

experiment with this annihilation process. (1) The positron

source should be considerably strong. (2) The beta-ray

spectrometer should have high transmission. (3) This

spectrometer has also to have high e1ectron-to-positron

rejection ratio. (4) The energy resolution of the energy-

-selective detector for the ejected electrons must be high.

(5) The target material must be in the high-Z region_
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In this chapter the performance of each of these

apparatuses used in this work is discussed in detail and

the experimental method used for the detection of electrons

ejected by this mode of annihilation of positrons is

described.
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1. Positron Source

In the actual performance of the experiment, one has to

consider some conditions for the radioactive nuclide used as

a positron source.

First, the most favorable kinetic energy of incident

positrons for this experiment is about 300 keV. The theoretical

calculations indicate that the total cross section for the

radiationless annihilation involving K-K pair of electrons

within a lead atom has the maximum value for positrons of

this kinetic energy, as shown in Fig. 10. Therefore, it is

desirable that for a positron emitting nuclide to be used

ratio of positrons in this energy region to the total number

is as large as possible, i.e. the peak position of the positron

spectrum from the source is in the vicinity of 300 keY.

Second, the half life of the positron emitter to be used

should be considerably long. Owing to the rather low prob­

ability of the phenomenon, measurements have to be continued

for long period. To avoid an appreciable change in the source

intensity in the course of the measurements, the half life

longer than a year is desirable.

Third, no gamma rays with energy of greater than 1 MeV

do accompany the positron decay, or the internal conversion

coefficient of the transition due to the de-exitation is not

large, if gamma rays are emitted. The contributions from
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gamma rays can be removed by the procedures described later.

However, since the number of events which we want to observe

is very small, conversion electrons of this energy, if leak

through the beta-ray spectrometer, mask the peak due to the

process to be studied and make it difficult to detect this

process of annihilation experimentally.

Taking accounts of these requirements, it was concluded

that 22Na is the most convenient source for this experiment.

Decay scheme of this nuclide is shown in Fig. 12. 69 The

ground state of 22Na has the half life of 2.60 y and ~+ decay

from 22Na feeding into the l275-keV state in 22Ne has the

maximum energy of 543 keV. The relative intensity of this

positron decay is considered about 90%. Although the l275-keV

de-excitation gamma ray follows the positron emission, the

internal-conversion coefficient of this transition is so small,

-6 70reported as (6.77 ± 0.45) X 10, that conversion electrons

emitted from this transition would not interfere our measurements.

Fig. 13 shows the positron spectrum fr9m 22Na which was measured

by a Siegbahn-Sl~tis type beta-ray spectrometer with the solid-

-state detector used in this experiment. In this figure the

low-energy portion of the spectrum is cut off by the discriminator

used for output from the detector. It is seen from the figure

that the peak position is about 200 keV and at 300 keV the

number of positrons is about 75% of its maximum value in the

energy spectrum, therefore positrons of energy of 300 keV are
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obtained in good efficiency from this source.

The radioactive sodium chloride solution of very high

specific activity obtained from the Radiochemical Centre at

Amersham was concentrated by the evaporation method. The

source was prepared by mounting an evaporation residuum of

this solution on a slightly concave hole of 2.5 rom in diameter

on a surface of ~ure aluminum foil of 5.4 mg/cm2 thickness.

On account of hygroscopic property of sodium chloride, it

was covered by silver of about 0.1 mg/crn2 using the vacuum

deposition technique. The distortion effect of positron

spectrum, which might be caused by the silver deposition, was

checked by comparing the positron spectrum of 22Na before and

after the silver coating. A weak source of 22Na-chloride of

1 mCi having the same form as the high-intensity source was

also prepared by similar procedures. This source was used to

check the effect of the silver deposition. These measurements

were performed with the beta-ray spectrometer using another

22Na source of lower intensity as a positron emitter and a

G-M counter as a detector, and it was acertained that no such

effect was observed in the energy region concerned with the

t . t 1 . . f 22N . th'presen exper1ment. To a 1ntens1ty 0 a 1n 1S source

was estimated to be about 12 mCi, but the effective intensity

of this source as a positron emitter was much smaller than

this value owing to the rather large amount of solids (about

2.0 mg) in the evaporation residuum.
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As an electron source the circular deposit of 32p-HN03 of

the same form as the sodium source but without silver coating

was formed by evaporating the solution. The source strength

was about 1 mCi. Using this 32 p and the weak 22 Na sources

the measurements necessary for correction factors were also

done, as described later.
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2. Beta-ray Spectrometer

The beta-ray spectrometer used to get a monoenergetic

positron beam in the whole course of the measurements was

a Siegbahn-Sl&tis intermediate-image type manufactured by

LKB-Produkter Fabriksaktiebolag in Sweden. 7l

The intermediate-image spectrometer is a special type of

long-lens beta-ray spectrometer. In this spectrometer the

field along the axis is shaped to be minimum between the

source and the detector contrary to the ordinary lens type.

At a certain field gradient the ring focus image is formed

in the middle of the instrument, the so-called intermediate

image focusing, whereafter a second, nearly point-shaped

image is obtained on the axis in front of the detector,

because the electron trajectories are approximately symmetrical

with respect to a central plane perpendicular to the

spectrometer axis. Then the electron optical geometry is

determined by the distance between the source and the detector,

and by the diameters and annular widths of the entrance slit

near the source as well as the exit slit in the central plane

shown by C in Fig. 11. The corresponding field gradient

necessary to produce the intermediate image is found by varying

the ratio of the currents through the different coils.

This spectrometer has several advantages over other types

of instruments, which make it particularly suitable for the
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present experiment. It has an excellent spiral electron­

-positron separation baffle with twelve blades made of brass

sputtered by aluminum to reduce scattering effect uf electrons

and gamma rays, and in spite of introduction of this baffle

it gives considerable high transmission at a given, moderate,

resolving power. Furthermore, because of the existence of

the second point image, a very small detector can be used with

a consequent reduction in the background. This is in contrast

to the state of affairs in the solenoidal and long-lens

spectrometer, in which there is a considerable divergence of

the trajectories beyond the ring focus. It is also very

unlikely that electrons scattered from baffles or the walls

of the vacuum chamber will reach the detector. This is of

importance in cases such as this experiment having other

strong backgrounds.

In Fig. 11 is shown the geometrical arrangement of the

spiral separation baffle, annular slit with an opening of

0.8 rom, central lead gamma-ray stop covered by brass, lead

shields limiting the stray electrons and gamma rays, and the

detector. The annular slit C is situated perpendicularly to

the axis at the mid-point of the spectrometer. Particles of

the positive sign charge spiralling down along the axis of

the spectrometer will be transmitted by the separation baffle

S, while particles of negative sign charge will be stopped

by this baffle. By sliding the position of the spiral
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separator and adjusting the opening and position of the lead

baffles near the detector, the condition for the highest value

to the electron-to-positron rejection ratio was found. This

ratio is defined as the ratio of the yield of electrons

reaching the detector when the direction of the exciting coil

current is set so as to forbid electrons through the separation

baffle to the yield when the current is switched into the

opposite direction.

In the intermediate-image focussing spectrometer with a

spiral baffle, a few electrons which would reach the detector

through the baffle when the current direction is set

unfavourably for these electrons are considered to be all

elastically scattered electrons from the blades of the spiral

baffle.

The electron-to-positron rejection rati0 was measured

by the use of the internal K-conversion line of 625-keV from

137Cs source for the same geometrical conditions as this

experiment. The value obtained is about 2 X 10-5 . In the

experiment of radiationless annihilation, there seems to be

some leak of electrons which are ejected by internal conversion

process of the 1275-keV state in 22Ne • This leak of inelasti­

cally scattered electrons does not, however, interfere with

the measurements of the electron spectrum to be studied, since

the conversion coefficient of the 1275-keV transition is very

small.

-79-



The kinetic energy of the positrons we selected using

the beta-ray spectrometer, was fixed at 300 keV, near the

22maximum of the positron spectrum of Na, to secure the

highest possible beam intensity. The transmission of the

spectrometer was reduced approximately to 65% of its original

value by introducing the baffle system. The momentum resolution

and overall transmission of this spectrometer in the present

experimental conditions were found to be about 1.8% and 4.0%,

respectively, for the 300-keV positrons.
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3. Detector

The G-M tube or scintillation detector is frequently

applied as a detector in the magnetic beta-ray spectrometer.

However, as already pointed out on Chap. I, an energy-selective

detector with high resolution is essential for the measurement

of the ejected electrons from the target by the annihilation

process. In the present experiment a lithium-drifted silicon

junction detector was used for counting electrons because of

its high energy-resolution for this particles and insensitivity

to the presence of magnetic field.

The resolution of a plastic or anthracene scintillation

detector depends on the energy of incident electrons, and,

for instance, for the 625-keV K-conversion line of l37mBa the

resolution is about 15%, while that of the solid state detector

used in this work is 3.1% at room temperature. Moreover, when

the scintillation detector is used in the magnetic beta~ray

spectrometer, it is necessary to have the scintillator placed

at some distance from the photomultiplier tube, since existing

magnetic field may deteriorate the tube. A light guide for

transferring the light from the scintillator to the multiplier

tube must be used, but this decreases the light collection

efficiency remarkably as well as makes the energy resolution

poorer. Considering these facts, it seems to be very difficult

to use the scintillation detector in order to observe the
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electron spectrum as a result of the annihilation process to

be studied. Therefore, the solid state detector is only

suitable one for the present purpose.

In the past several years nuclear spectrometers have been

prepared from semiconductor crystals and applied to many

problems in nuclear physics. The major problem in the nuclear

application arises from the finite range of the particle to

be detected, with the resulting requirement that for optimum

energy-spectrum measurement all the ionization produced by the

particle should be within the electric field in the detector.

At the early stage of the development the most successful

solid-state radiation detectors have been the surface barrier

and p-n junction silicon detectors. These units, while serving

admirably for alpha particles, low-energy protons, deuterons,

and fission fragments, are not suitable for measuring electrons,

photons, high-energy protons, or minimum ionizing particles.

This inherent restriction was imposed because of the shallow

depletion region and low atomic number of the silicon. J:n

these detectors it is difficult to achieve thick sensitive

layers; depleted regions deeper than 0.5 rom equivalent to a

range of about 400-keV electrons require high resistivity and

high reverse bias. The poor availability of high resistivity

silicon with satisfying properties for detector construction

has limited the application of silicon detectors only to the

low-energy electron spectroscopy.
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A method to obtain deep sensitive layers with the added

advantage of starting from an easily available p-type silicon,

is the lithium-ion-drift technique developed by pell. 72 In

this method, silicon has been diffused with a lithium impurity,

and resistivities as high as 105 ohm·cm and sensitive thicknesses

up to several mm have been produced. Such detectors have shown

very good response to electrons, gamma rays, and other long-range

particles, and are especially suitable for spectroscopy of

electrons with energies up to some MeV. The development of

this type of solid state detector promised us the possibility

for observing radiationless annihilation.

In this experiment, as shown in Fig. 11, immediately behind

the lead foil, a lithium-drifted silicon junction detector was

mounted as an energy-selective detector for the shell electrons

ejected from the target by the process to be studied. This

p-i-n junction detector with an i-layer of 2-mm thickness and

8 rom in diameter was prepared in our laboratory.73 The area

covered by the focused electron beam was smaller than the

sensitive area of the detector. Its response to the incident

monoenergetic electrons was examined by mounting it at the

focus point of the spectrometer using a 32p source, with and

without lead foils of 35.0 and 75.3 mg/cm2 before the detector.

The relationship of pulse height vs electron energy observed

was quite linear, even if the lead foil was situated before the

detector, in the energy region from 150 to 1700 keV, as shown
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in Fig. 14. Typical response of the silicon detector to

electrons of 1146 keV, the presumed kinetic energy of the

electrons ejected from the lead foil by the radiationless

annihilation for the K-K pair in this atom, with and without

the lead foil of 75.3 mg/cm2 is shown in Fig. 15. The energy

resolution and peak-to-total ratio for the incident

monoenergetic electrons as a function of energy are also shown

in Fig. 16 and Fig. 17, respectively.

There is a defect in the application of solid state

detectors as radiation counter. This is due to radiation

damage. Radiation can produce lattice defects in the single

crystals in semiconductor detectors. The number and importance

of these defects depend critically on the mass, charge, and

energy of the incident particles as well as the nature of the

detector structure employed. Lithium-drifted detectors are

especially radiation-damage sensitive because of their low

internal fields and consequent short trapping lengths. An

added problem arises from the tendency of lithium to precipitate

out on radiation-produced vacancies. Systematic study of the

effect of radiation damage on this type of detectors has not

yet been undertaken. But, Mann and Yntema74 have studied

this effect with protons, alpha particles, and fast neutrons,

d C 1 d d 75. h 60C 1an 0 eman an Ro gers w~t 0 gamma rays. In genera

as a result of radiation damage a degradation of resolution

and an increase of leakage current are observed.
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In the view point of radiation damage, the thicker the

lead foil is, the better is it for the present detector since

the number of positrons transmitting it decreases. The

optimum thickness of the lead target is determined taking into

this fact. This is discussed in Sec. 4 in this chapter.

It is important to note that the solid state detector

used as an electron spectrometer requires correction for the

backscattering of electrons in the detector. This effect

causes decrease in the number of electrons obtained from

the measurement. This is considered in Sec. 5.
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4. Target

The element used as a target must be chosen by considering

the theoretical values of the cross section for radiationless

annihilation. According to the rough estimation from the

nonrelativistic formula, the cross section for radiationless

annihilation will increase approximately proportionally to z2.

This fact indicates that the high-Z material is favourable to

observe this phenomenon. Therefore, lead (Z = 82) was

considered to be most suitable for this investigation. There

are two reasons why this element was chosen as the target:

(1) Pure foils of various thicknesses are easily obtained.

(2) The calculated cross section for the K-K pair in a lead

atom has the maximum value in the visinity of incident-positron

kinetic energy of 300 keV (See Fig. 10). The latter fact is

very important when we use 22Na source as a positron emitter.

As shown in Fig. 13, positron spectrum from 22 Na has a broad

peak about 200 keV, so we can use this positron source

effectively.

A thin lead foil was used as a target placed at the focus

point of the beta-ray spectrometer. This target was placed 1 rom

before the detector and supported by an aluminum frame, as

shown in Fig. 11.

It is very difficult to estimate the optimum thickness of

the lead target. To secure the number of positrons, the target
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must be as thick as possible within the range of incident

positrons, while in order to reduce the attenuation effect of

ejected electrons it is desired to be thin enough. Taking

account of these requirements conflicting with each other,

it is impossible to determine theoretically the thickness of

the foil. Since no theory dealing with flux distribution of

electrons and positrons in the foil has been developed, the

target thickness was determined using the experimental data

of numbers of electrons above 1 MeV ejected from the lead

foils of various thicknesses. This series of measurements was

performed in the same conditions as the present experiment.

It was found that as the thickness of the foil is increased,

the number of electrons reaching the solid state detector

rises to a maximum, and then gradually decreases. The maximum

is observed with the foil thickness being about the range of

incident positrons. The reason for this behavior is a character

of radiationless annihilation, i.e. a slow positron makes a

collision with a lead atom and an electron of much greater

kinetic energy is ejected. The energy loss of an electron

traversing the foil is much less than that of a positron and

so it is desirable to annihilate all the positrons in it.

The value of the range of 300-keV positrons in lead is taken

from the tabulation of Nelms 76 to be 166 mg/cm2 • The thickness

of the foil used for the experiment was chosen to be 75.3 mg/cm2

by using this value of the range and taking into account of
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the incident angle of the positron beam to the target, which

was estimated to be 60° in our beta-ray spectrometer.

The additional advantage of this thickness is that the

target stops almost all the incident positrons. This target

prevents large number of positrons from impinging upon the

solid detector and causing the radiation damage. The main

disadvantage of such a thick-target experiment lies in the

fact that correction for the finite target thickness must be

considered. Correction for this effect is discussed in the

next chapter.
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5. Detection Efficiency of the Detector

In order to obtain the cross section value, it is necessary

to determine the detector response to monoenergetic positrons

and electrons. This was done by analyzing the pulse-height

spectrum observed by the detector. The response to monoenergetic

particles could be reduced to two components; a Gaussian distri­

bution and a low-energy tail. This tail is expected to be due

mainly to positrons or electrons which backscatter out of the

silicon crystal before losing their total energies. No

remarkable difference between electrons and positrons with the

same energy has been observed in the response of the solid

detector and the backscattering coefficient in silicon, therefore

the discussion below is limited to the case of the electron.

We can obtain the total number of electrons impinging

upon the detector surface by summing up the number of counts

for each channel in the observed pulse-height spectrum.

However, in the p-i-n junction detector we must consider the

effect of the dead layer due to the surface density of lithium

and its diffusion depth. Our detector has a thin dead layer

of about 10 ~, but the electron which loses its total energy

or backscatters out of detector in this layer, is not counted

by the detector. Furthermore, output pulses from a solid

state detector distribute continuously as seen in the response

curve (See Fig. 15), while those from a G-M counter has
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constant height. Owing to this fact, we can easily separate

noises from signals in the latter type of detector, but in

the former the low-energy parts of signals are masked by

disturbing noises. To avoid this effect, pulses from the

solid detector are discriminated by electronic circuit. At

the same time this discrimination cuts off the low-energy part

of the electron spectrum. Therefore, the total number of

electrons measured with the solid state detector is less than

that of electrons incident on the detector surface.

The detection efficiency of the silicon detector is

defined as the ratio of the total number of electrons detected

by the solid detector to the number of electrons entering

the detector. By mounting the silicon detector at the focus

point of beta-ray spectrometer, the detection efficiency of

the detector for positrons of 300 keV, E~ , was estimated by

comparing the counts with those measured by a G-M counter with

a thin window of 0.625-mg/cm2 thick rubber hydrochloride. In

this case, taking into consideration the resolving time of the

G-M counter, another 22Na source of lower intensity was used.

By a similar procedure but using a 32p source we could

estimated also Ee , i.e. the detection efficiency for electrons

with energies which would be expected for the shell electrons

ejected from a lead atom by the annihilation process to be

studied. Here, the detection efficiencies of the G-M counter

with such a thin window for these positrons and electrons were
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supposed to be 100%.

As shown in the next chapter, it is a ratio E~/ee that is

necessary for our experiment. The value of e,/fe was thus

estimated reasonably to be 1.00 ± 0.05.
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6. Measurements

The solid-state electron spectrometer consists of a

lithium-drifted silicon junction detector, a low-noise amplifier

system, and a TMC 400-channel pulse-height analyzer. The

detector was operated with a bias of 40 V at room temperature.

The amplifier system is in many respects similar to ORTEC

101-201 low-noise amplifier system. The preamplifier connected

to the detector has a low-noise charge-sensitive input circuit

and pulse shaping consists of RC networks for two integrations

and one differentiation, the time constants of which are all

maintained equal to one microsecond. The pulses from the

silicon detector were fed to the multichannel pulse-height

analyzer through this amplifier system, and recorded with it.

After measurements of characteristics of t~e detector

described in this chapter, such as response to monoenergetic

electrons, detection efficiency for 300-keV positrons E~, peak­

-to-total ratio, and energy resolution, several exploratory

runs were made to determine the optimum thickness of the target

using lead targets of various thicknesses. On the basis of

these data the target thickness was chosen to be 75.3 mg/cm2 .

Then, electron spectra passing through this target were

measured with various energies of incident electrons (See Fig.

15), and the relationship of channel number vs incident-electron

energy (See Fig. 14) was obtained. Using these results, the
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most probable kinetic energy of the ejected shell electrons

from K-K pair in lead after passing through the target was

determined and the detection efficiency for electrons of this

energy ce was measured as mentioned in the previous section.

To estimate the cross section for this annihilation process

we must measure the number of 300-keV positrons impinging upon

the lead target. Considering the strong intensity of our

positron source, direct measurement of positrons with the solid

state detector seemed to be very difficult. The effective

intensity of 22Na source, however, was much weaker than we

expected, owing to the self-absorption in the residuum contained

in this source. Therefore, the total number of 300-keV positrons

could be measured directly by the silicon detector mounted at

the focus point of the beta-ray spectrometer and determined by

integrating the area under the observed pulse-height distribution.

In order to avoid the radiation damage produced by a large

. h 22 t" dnumber of pos1trons from t e strong Na source, 1me per10

of this measurement was limited as short as possible enough

to get good statistics of counting.

The spectrum of the shell electrons ejected from the lead

target was observed in a similar manner but with the lead target

at the focus point. The lead foil was inserted in the focus

position and data were taken for 12 h. The 22Na source was

then covered with 8-rom thick Lucite plate to stop all the

positrons, and backgrounds due to the strayed gamma rays from
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the 22Na source and natural radiation were measured with the

same experimental conditions. Thus each experimental run for

the ejected electrons was followed by a background run. This

sequence of data taking was repeated many times until the

desired statistics had been obtained. The total time of

measurements of the ejected electron spectrum was about 400 h.

Since long-term operation of the apparatus was required, good

stability of the whole system was essential in the present

work. Stability of gain of the detector and electronic system

was checked before and after each l2-h experimental run. The

data were printed out every 12 h and only the runs without

noticeable drift were summed as the final result.
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CHAPTER V

EXPERIMENTAL RESULTS AND CORRECTIONS

The ejected electron spectrum, observed by the procedures

described in the preceding chapter, has been investigated with

great care. After subtraction of the contributions due to

gamma rays from the source and natural radiations, there are

several mechanisms by which electrons in the energy region of

interest may be ejected from the lead target. The possible

sources of these backgrounds have been evaluated carefully and

the experimental curve was drawn so as to correspond to the

line profile obtained by taking into account of the target

thickness.

To estimate the experimental value of the total cross

section some factors concerned must be calculated: The angular

distribution of the ejected electrons, the target-to-detector

geometrical efficiency, and the correction factor for finite

target thickness. The angular distribution of electrons from

radiationless annihilation can be evaluated by combining

theoretically that of the single-quantum annihilation and

that of the photoelectric effect. Taking account of this

distribution the geometrical efficiency is estimated by the

Monte CaIro method. The effect of the target thickness is

the most important factor in this type of experiment.
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Owing to the thick-target effect, the ejected electron spectrum

which would be a narrow peak is smeared out to give a broad

distribution. Since the rigorous treatment of this effect is

very difficult, an approximate method has been developed by

combining experimental and theoretical procedures.

Details of these estimations are given in this chapter.
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1. Experimental Results

The observed spectrum obtained is shown by solid circles

in Fig. 18. The relation of channel number vs energy of

electrons incident upon the lead target before the silicon

detector was calibrated using a 32p source. The energies

shown in Fig. 18 are estimated using the calibration line thus

obtained (See Fig. 14}. An evident peak at about 420 keY can

be attributed to the K-shell photoelectrons from the lead

target produced by 511-keV gamma rays of the two-quantum

annihilation process. A shoulder in the vicinity of 500 keY

may be due to the contributions from the L-shell photoelectrons

by this process and partially from a sum effect of the K-shell

photoelectrons and K x rays from lead. The second shoulder in

the vicinity of 600 keV may be explained as to be due to pulses

caused by the direct interaction of 511-keV radiation with the

silicon detector and by a sum effect of this radiation and K x

rays from lead. The observed spectrum in the higher energy

region may be understood as the effects of gamma rays resulting

from the two-quantum annihilation in flight in lead. In order

to evaluate the background contributions from the strayed gamma

rays and the natural background a series of measurements were

performed under a quite similar experimental arrangement but

with a 22Na source covered by a Lucite plates of 8-rom thickness

so as to stop positrons. The background thus observed is
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shown by open circles in Fig. IS.

with an aim to find a peak due to theradiationless

annihilation in lead in the vicinity of an expected kinetic

energy (1146 keV) of the K-shell electron ejected by this

process for the K-K pair, l2-h measurements were repeated

carefully many times in order to get good counting statistics

within our scope. The total time of observation was about

400 h. In Fig. 19 is shown the electron spectrum in this

energy region obtained after subtracting the strayed gamma-ray

and natural backgrounds. As shown in the figure, a small but

evident peak is found in the region corresponding to the

energies of the ejected electrons. An arrow, noted by 1146 keV,

shows the position of a channel number corresponding to that

for the peak observed when electrons of this energy are focused

on the lead target. Hence, the kinetic energy of these electrons

before entering the detector is about 1.02 MeV owing to energy

loss in the lead target foil.

In this energy region of the observed spectrum, in addition

to a contribution from the annihilation process to be studied

there would exist three other possible sources of the

contributions as follows: first, internal-conversion electrons

22from a Na source; second, photoelectrons and/or Compton

recoil electrons from the lead target by the photons from the

two-quantum annihilation in flight in lead; third, similar

contribution from the single-quantum annihilation in lead.
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Since the conversion coefficient of the l275-keV transition

in 22Ne is very small, (6.77 ± 0.45) X 10-6 , 70 and the

electron-to-positron rejection ratio of our spectrometer is

also very high as mentioned in Chap. IV, the possible

contribution from the first cause can be neglected.

The maximum energy of photons created by the two-quantum

annihilation in flight for 300-keV incident positrons is about

23
980 keV, hence the maximum energy of the K-shell photoelectrons

becomes about 900 keV. A few electrons out of those produced

by L-shell photoelectric or Compton effect may have higher

energy than 900 keV. Reflecting on these facts and the expected

spectra to be discussed in Sec. 5 in this chapter (See the

solid curve in Fig. 25), the lower end of the peak in Fig. 19

is chosen to be at the channel corresponding to 900-keV electrons

detected. Moreover, the experimental and background curves in

the figure in the energy range between 900 and 980 keV are

drawn so as to minimize contributions from these electrons.

As a predominant source of the background in the vicinity

of the observed peak, the photoelectrons and Compton-recoil

electrons from the target produced by gamma rays from the

single-quantum annihilation should be estimated. The energy

of the photon from this process is given by Eq. (7) as

(7)

where E is the kinetic energy of an incident positron and BK is

the binding energy of the shell electron involved. A contribution
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from the electrons ejected by the photons was estimated using

the calculated cross section for the single-quantum annihilation

reported by Johnson et al. 38 under an assumption that all the

photons are created by this process at the source-side surface

of the lead target. A contribution from such a process was

found to be only about 10% of the observed counts at the channel

number denoted by an arrow in Fig. 19 as the maximum evaluation.

The background curve shown by the dashed curve in this figure

is drawn by taking into account this estimation as well as the

characteristics of the detector.

The experimental curve shown in Fig. 19 is drawn smoothly

by combining the above facts and experimental points obtained

as well as the expected electron spectrum evaluated in Sec. 5

in this chapter (See Fig. 25}. The profile of the observed

net peak thus obtained has no shoulder and is somewhat different

from the expected one. Owing to the poor statistics of our

measurement no shoulder can be distinguished. However, the

observed peak shown in Fig. 19 is interpreted as being due to

the ejected shell electrons, including those from K, L, and M

shells, by the radiationless annihilation of 300-keV positrons

in lead.
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2. Evaluation of the Cross Section

The measurement of the cross section for radiationless

annihilation consists of determining the number of electrons

ejected from the target atom by the process to be studied,

that of positrons impinging upon the target, that of atoms per

unit area of the target, and the target-to-detector geometrical

efficiency. The number of electrons ejected in the energy

range concerned was estimated from the analysis of the obtained

spectrum shown in Fig. 19. It is equal to the area under the

peak in the figure, where the dashed base line is drawn by

taking into account of background which arises from photoelectrons

and/or Compton-recoil electrons in the target produced by gamma

rays from single-quantum annihilation of positrons. The number

of incident positrons on the target was estimated by measurement

without the target using the solid state detector placed at

the focusing point of the beta-ray spectrometer, as described

in Chap. IV. The number of atoms per unit area of the target

was determined from the effective target thickness to be equal

to the number of target atoms per cm 2 normal to the direction

of the incident positron beam.

The experimental total cross section ~ for the radiationless

annihilation of positrons incident on the target can be given

by the following expression:

•
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The symbols in the expression are:

N. = the number of observed ejected shell electrons per

unit time,

Np = the number of 300-keV positrons incident on the

lead target per unit time,

nF = the effective number of lead atoms in the target

per unit area,

G = the geometrical efficiency of the silicon detector

for electrons ejected from the lead target,

p = the peak-to-total ratio for the incident electrons

with the expected energy,

Ep = the detection efficiency of the silicon detector

for incident 300-keV positrons,

f e = the same for ejected shell electrons,

C, = the correction factor for the effect of the finite

target thickness for incident positrons,

Ce = the same for ejected shell electrons.

Ne , N" and nF were determined as mentioned above. P

and E,/fe were estimated by the procedures described in Chap.

IV (See Fig. 17). The methods to estimate the geometrical

efficiency G and the correction factor for the effect of

the finite thickness of the target Ce/C, are discussed in

the following sections in this chapter.
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3. Angular Distribution of Ejected Electrons

The angular distribution of the ejected electrons by

radiationless annihilation is necessary to evaluate the

cross section for this mode of annihilation. However,

theoretical calculation mentioned in Chap. III is only for

total cross section. Neither nonrelativistic nor relativistic

calculation of the differential cross section for this process

has been made. Therefore we must introduce some approximations

based on the appreciable assumptions.

To evaluate this angular distribution, it is assumed that

the angular distribution of the electrons ejected from any

pair of atomic shells by this annihilation process is

approximately the same form as that expected for those from

the K-K pair. Moreover, radiationless annihilation is assumed

to be two-step process; single-quantum annihilation takes place

with an incident positron and then another electron is ejected

from the same atom as a result of atomic photoeffect by the

photon produced in the above annihilation process.

The angular distribution of ejected shell electron was

evaluated by considering first the angular distribution of

photons from the single-quantum annihilation calculated by

Johnson 39 and then that of electrons from the photoelectric

effect obtained by Pratt et aZ.?? Using Lagrange interpolation

formula for the atomic number and the incident positron

energy, the angular distribution of photons by single-quantum
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annihilation for lead at incident positron energy 300 keY was

obtained from the calculated values of Johnson and is shown

in Fig. 20. The energy of photons emitted by this annihilation

process is easily evaluated from Eq. {7} to be 1234 keV. By a

similar procedure to the case of single-quantum process, the

angular distribution of K-shell photoelectrons for photons of

this energy was obtained from the theoretical values calculated

by Pratt et al. 77 In Fig. 21 is shown the K-shell angular

distribution for lead at gamma-ray energy of 1234 keV.

When we note the direction of a photon emission from the

single-quantum annihilation with respect to that of an incident

posi tron be (9., fs) and the direction of a photoelectron with

respect to that of the above photon be (6", 'I" ), then the

direction of a photoelectron with respect to that of an incident

posi tron {f}, 'f) can be given by the following relation:

CA-dt9- - CC'O(9.s ~&fI + ~9s.~8" Co-Pg'" 1 }

C4H ('f-~)= (CA-1J 9-" - Uof)s UillP- ) I (Ai-. tJ s~ 8-) 1 «(l)

~('!-'fs)= ~ ,,"p ~r.f" /~fj..

Using the differential cross section for the single-quantum

annihilation, ~~/dJl5' and that for the photoelectric effect,

d<T'"p /d~~ , satisfying the trigonometric relationships {68},

the probability that the bound electron be emitted into a unit

solid angle in the direction (8-, 'f ) can be expressed as
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This calculation is very difficult, because dus/rJi2...s and

d~~Jt, can not be expressed simply as analytical forms.

Instead of the use of Eq. (69), known numerical values of

these differential cross sections 39 ,77 for discrete values

of fh and 9" were used as distribution functions and then

values of ~s and ~p were determined by generating uniform

pseudorandom numbers r 1 and r2. The selection of a random

azimuthal angle ~, from a uniform distribution on the interval

[O,2~] was performed using two random numbers r3 and r4

satisfying the condition r 3
2 + r 4

2 ~ 1, and a relation

cosf~ = (r 3
2 - r 4

2J/(r3
2 + r 4

2J. Using the numerical values

of 8s ' ~" and 1~ obtained by this procedure the value of

cos~ given by Eq. (68) could be evaluated. Since the detection

geometry of the present experiment is axially symmetric,

~(~,~) is independent of~. By applying the sampling technique

to this cos9- the distribution function 1'<8-) was estimated.

The angular distribution of ejected electrons thus obtained

is shown in Fig. 22.

It is noted, however, that such a procedure to evaluate

the angular distribution of the ejected electrons incident

on the detector is only approximate, because radiationless

annihilation is a direct process involving an incident

positron and two shell electrons, one of which is ejected

with the excess energy liberated, and a photon is emitted

only virtually.

-105-



4. Geometrical Efficiency

The geometrical efficiency G refers to the fraction of

shell electrons emitted from the target foil that is detected

by the solid detector. G must be calculated by taking account

of the solid angle presented by the circular lead target

(effective diameter is 6 rom) to the circular surface of the

silicon detector (8 rom in diameter} as well as the angular

distribution of the ejected shell electrons. An analytical

calculation of the solid angle subtended by a radioactive

source to a circular-disc detector is difficult except for

the case of a point isotropic source. In the case of a disc

source coaxial with the disc detector and lying in a plane

separated from it by a distance, evaluations of the solid

angle have been done by a series expansion or by a double

numerical integration. If the emitted particles from the

source have an complicated angular distribution, an analytical

calculation of the geometrical efficiency becomes extremely

difficult. There exist, however, a method to obtain the

source-to-detector geometry to any desired degree of accuracy

in any condition. Monte CaIro technique, the essence of which

is that a computer is used to perform a "Gedanken Experiment"

to simulate the angular distribution of emitted particles from

a point uniformly situated on a hypothetical disc, was applied

to estimate geometrical efficiency in the present work.

The computer program uses random numbers to give the
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point of origin of the emis.sion and the direction cos.ines.

The program then ascertains whether or not a line with the

randomly selected direction from the distribution function

P(~) obtained in the preceding section, originating at the

randomly chosen point on the disc target intersects a circular

disc representing the detector.

Each history is selected as following: A point on the

disc target is randomly selected, and the direction of emission

of an electron is chosen randomly using P(~}, and then the

position on the detector which the electron impacts is obtained.

If the electron does not strike the detector surface, the

number of hits is unchanged. Otherwise, we add one to this

number. A method for choosing the direction of emission

from a given probability distribution P(~) using a sequence of

random numbers equidistributed in the interval [0, 1] is as

following: we denote a number selected from a uniform distri-

bution in the interval [0, 1] by r, and consider a discrete

distribution the i-th of which has a probability P L = P(~) .

(70)

k is associated with a random number r as

,
then we may determine the direction of emission ~ from the

If the

linear interpolation formula

(11)
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The ratio of the number of hits to tries thus obtained

gives the geometrical efficiency. The program permits a choice

of the number of interactions (emissions) to satisfy the

condition contained in the input data. This condition is

given as the minimum desired coefficient of variation, defined

as ~ct/<.T' where ~<T is the standard deviation of G. A reasonable

value of the coefficient and the number of histories were

taken to be 0.01 and 20 000, respectively. The computer code

is written for KDC-II computer62 in HARP-5020 and the flow

diagram of this code is shown in Fig. 23. The numerical value

of G thus obtained and used in the present work is

0.538" ± 0.005.
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). Evaluation of Effect of Target Thickness

As discussed in Chap. II, the thickness of the target was

ieterrnined so that the number of ejected electrons reaching

the detector is as much as possible. The thickness of 75.3

ng/cm2 thus chosen is nearly corresponding to the range of

300-keV positrons in the present experimental geometry. The

ejected electron spectrum observed using this target would be

distorted by the finite thickness effect of the target. In
. MJl-

this section ~ described the procedures to estimate the profile

of the electron spectrum and obtain an analytical expression

for the finite thickness correction factor Ce/Cp in Eq. (67).

In the observed spectrum of the electrons ejected from

the lead target there can be expected a peak due to the

radiationless annihilation process. However, this peak would

be smeared out owing to the effect of the target thickness

(75.3 mg/cm2 ), including degradation of kinetic energies of

incident positrons and ejected electrons in the lead foil.

For estimation of the number of electrons ejected from the

observed curve, consideration for its resonable profile should

be necessary, taking account of the effect of the target

thickness, energy resolution of the solid detector, and the

geometrical arrangement of the target and detector. Since

the rigorous treatment of the problem is very difficult, an

approximate solution has been developed using theoretical and

experimental procedures based upon some appropriate assumptions.
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Assumption adopted to simplify the problem are as follows:

(1) The 300-keV positrons impinge upon the central focus area

(6 rom in diameter) of the lead foil at an angle of incidence

equal to 60°. (2) The target foil is so thin that any appreciable

angular deflection can be neglected for the incident positrons

in the target before the annihilation and for the ejected

electrons before escaping from the target. (3) The angular

distribution of the electron ejected from any pair of shell

electrons by this annihilation process is given by the distribu­

tion function P(~) obtained in the preceding section (See Fig. 22).

The geometry for detecting the ejected shell electrons and

mathematical terms used in the present calculations are shown

schematically in Fig. 24. The incident positrons with kinetic

energy of Eo = 300 keV enter into the target foil at an angle

of incidence of d= 60°. As these positrons penetrate into

the foil their energy and number decrease because of various

interactions with the target atoms, such as annihilation in

flight and inelastic scattering. The number of positrons at

a distance x from the surface of the target can be expressed by

a function N(E,x), where E is the kinetic energy of the positron

at x. Then the number of the electrons, which escape from the

target and are detected by the detector of 2b = 8.0 rom in

diameter placed at a distance a = 1.0 rom from the target, can

be given by (See Appendix IV)
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J
:rIslwt-t~R(1"') dE* ,.k... · /'1(-, x)o-(E)K(E,E; X,II)Pr-)......~b-dE4JE; (72.)

,....-u • 0 .l-{

where the summation is over all the pairs of shell electrons

involved, p(~) is the angular distribution of the ejected

electrons, ~is the angle between the direction of the momentum

of the incident positron and that of the ejected electron, o-{E)

is the total cross section per atom for the radiationless

annihilation of positrons with kinetic energy E, T is a

thickness of the target, n is the number of atoms per unit

volume of the target, and

J:a,.,. ~ =~a.
The electron detection probability, K (E ,E";::c, 9), is defined

as the probability that the electron ejected at ::c as a result

of radiationless annihilation of the positron of energy E

escapes from the target and is detected by the detector with

energy between E" and E" + dE". R(E")dE" given by this expression

represents the energy distribution of the ejected shell electrons

detected by the solid detector.

The energy spectrum of positrons N(E,::c)in Eq. (72) can be

obtained by solving a space-dependent transport equation for

positrons. Generally, it is a linear integro-differential

equation of the form
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~ ;t + IJ(. VN" J!-II = JdE'Idfl('Nc~:l{:,.,;l)1'(£;11-; t= v..), (7J)
E 4~

where t is time, v is the velocity of the positron, N{E,IA.,If",t)

is flux of positron at time t and position t with energies in

the interval (E, E + dE), ~(E) is probability, per unit

path1ength, of an interaction of any type between the positron

and the target, and "hE' , (Lr ; E,Il) is probabi1ity, per unit

path1ength, that a positron with energy E' and direction «I
will, as a result of a collision, acquire an energy in the

interval (E, E + dE) and a direction in the interval (0(, lK +al<) .

It is, however, very difficult to solve this equation even

numerically because of mathematical complexities, which arise

from the large number of variables (up to six) from the

boundary conditions imposed by the experimental configurations

and from a variety of interactions to be taken into account

jointly; elastic scattering by atomic nucleus, inelastic

scattering by atomic electrons, annihilation, and bremsstrahlung.

For this reason, we have attempted to find N(E,x) experimentally

by observing the energy spectrum of positrons passed through

targets of various thicknesses.

using lead foils of thicknesses being 13.1, 26.7, 35.0,

51.6, 65.7, and 75.3 mg/cm2 , energy spectra of positrons passed

through these foils were measured for positrons of incident

energy of 300 keV by attaching them immediately before the
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silicon detector mounted at the focus of the beta-ray

spectrometer. Each positron spectrum thus obtained was

considered to give an approximation to the energy spectrum of

positrons inside the lead target us~d at the corresponding

thickness, neglecting the difference in the boundary condition.

By this procedure we could evaluate N(E,x).

To estimate the electron detection probability, K(E,E"ix,9-),

similar measurements with incident electrons with different

energies were performed by replacing the 22Na source by a 32p

source and using the lead foils of the thicknesses above

mentioned. The minimum energy of ejected electrons from this

annihilation process is easily obtained from Eq. (8) as to be

846 keV, corresponding to the case where the positron of zero

kinetic energy annihilates with the K-K pair, while the maximum

energy is 1290 keV which corresponds to the 300-keV positron

and the L-L pair. Taking account of these values, in the

energy interval from 846 to 1290 keV eleven incident energies

of electrons were choseni 846, 896, 946, 996, 1046, 1096, 1146,

1180, 1218, 1250, and 1290 keV. From experimental data thus

obtained, the electron detection probabi Ii ty for ~ = 0,

K(E,E"i T - x,O), could be evaluated as a ratio of the number

of electrons detected in the channel corresponding to the

kinetic energy of E" to the total number of incident electrons

corresponding to annihilation of positron with kinetic energy E.

Since K(E,E"ix,f) is a function of (T - x)/cos( 6-- r:J.),
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K(E,E":x,9} could be easily evaluated from the experimental

values of K(E,E"i T - x,D} using the Lagrange interpolation

formula for x and 9.

As the total cross section (J(E) in Eq. (72), for K-K pair

we used the values calculated by the method mentioned in

Chap. III (See Fig. 10). For other pairs of shell electrons

it was assumed that energy dependence of the cross section is

the same form as that for the K-K pair. The normalization for

the total cross section for any of the other pairs was made at

the positron kinetic energy of 300 keV using the theoretical

values for ~~ (300 keV) and OK_~(300 keV} calculated in

Chap. III (See Table IV). Then cr-~(E} for arbitrary energy

E is written as

0::.__ (E) = a-~ (30ol<~T) 0- ( )
....-.. 1"'1" • "IC' E

V f(-K (3DO KeV) -
(14)

By the use of these experimental data of N(E,x} and

K(E,E"iX,j.}, and of the calculated values of P(B} and(t(E},

Eq. (72) for R(E"} could be integrated numerically using

KDC-II. 62 By these complicated procedures the expected

spectrum of the ejected shell electrons detected was obtained,

as shown by the solid curve in Fig. 25. It is conceived that

this spectrum may give the reasonable profile expected from

our observation of the spectrum, which is due to the annihilation

process with 300-keV incident positrons. This result was taken

into consideration when the experimental curve in Fig. 19
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was drawn.

If the effect of the target thickness is assumed to be

negligible, we get the following equation (See Appendix IV):

1?J,E'Jdf' 'XA/"TMer}..L ()- (Eo) J~·;E..Ej T, 8-)P(")~#dE:
qU~ ,J..-l

where No is the total number of positrons incident on the

target. This expression gives the energy spectrum of the

ejected electrons when the effect of the target thickness is

neglected. The spectrum obtained by integrating Eq. (75)

numerically is shown by the dashed curve in Fig. 25.

The correction factor for the effect of target thickness,

(7t)

Ce/C,., can be defined as a ratio of the number of detected

electrons estimated from Eq. (75) to that estimated from Eq. (72).

Using these equations, the analytical expression of Ce/C,

can be obtained as (See Appendix IV)

d
N.IALe'"k cr(E.) rE-f~:E.,E;T...)-p(,,),Ai../)IlIUlEh

~,= """ T fit; JE.... H (76)

~I.II[tJC'E1l)o-{EJX(E,E; I" 9)f(I-).4i.ts.d8delfzde" ,
pAlM E... (J 0 J,.-{

In the present work, since the lower limit of the observed

peak portion is chosen at 900 keV for the reason mentioned

before, this energy should be taken as E -...1M. As E 1U« we can

adopt a value for the higher energy end of the expected

spectrum given by Eq. (75), i.e. 1400 keV shown by the dashed
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curve in Fig. 25. The value of Ce/C~ can be estimated by

measuring a ratio of areas under the curves of electron spectra

shown in Fig. 25, but limited within an energy range from 900

to 1400 keV. Moreover, it is noted that the integration of E"

in the numerator in Eq. (76) must be carried out only for the

peak portion of the electron spectrum in this energy region.

The lower energy side of the peak (dashed curve) is presumed as

shown by the dotted curve in Fig. 25. This peak is considered

to be the total absorption peak due to the ejected shell

electrons in the case where no effect of the target thickness

is taken into account. The numerical value of Ce/C, thus

estimated and used in the present work is 1.4 ± 0.1. The

error given is evaluated only from the counting statistics

involved.
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CHAPTER VI

DISCUSSION AND CONCLUSIONS

In this chapter we first discuss the theoretical and

experimental total cross sections for radiationless annihilation

of positrons obtained by the procedures described in Chaps.

III - V, and compare them each other for positrons with

incident energy of 300 keV in lead. The sources of the large

experimental error for our final experimental value are also

discussed.

The Z dependence of the cross section is of great interest

to assist comprehension of this mode of positron annihilation.

With an aim to obtain some information on the Z dependence we

have attempted to observed this process using a thin tantalum

foil as a target under quite similar experimental conditions,

but no experimental evidence has been found. An account of

our experimental work with tantalum is given in Sec. 2.

A conclusion on the Z dependence deduced from this work is

also given in this section.

Finally, the conclusions obtained are given in Sec. 3,

where we add also some reflection on the present work and

point out a few necessary improvements to further the develop­

ment of the experimental study on this particular type of

positron annihilation.

-117-



1. Comparison between Theory and Experiment

In the present experiments, the electrons ejected from

radiation less annihilation by the K-K pair cannot be resolved

out from those by other pairs. Consequently, before the

theoretical calculation can be compared with experiment, the

calculated cross section for various atomic shells must be

summed up to give the total cross section. The total cross

section for radiationless annihilation calculated for positrons

of the kinetic energy of 300 keV is

-26 26';d. = 0.727 X 10 em.

On the other hand, by inserting numerical values of the factors

concerned into the right-hand side of Eq. (67) we have obtained

the experimental total cross section for this annihilation

process of 300-keV positrons in lead as

~ - 0 8 i'O.4 X 10-26 2vJlI1f - • -0.3 em ,

as a sum of those for K-K, K-L, K-M, and L-L pairs of shell

electrons. In the last column of Table IV is given this

experimental result for comparison.

The error shown is mainly ascribed to an uncertainty in

the determination of Ne , caused by the poor statistics of our

measurements. As the numerical value of the denominator of

Eq. (76) for c./c", we adopted the area under the solid curve

between 900 and 1400 keV in Fig. 25. However, examining our

observed spectrum of the ejected electrons shown in Fig. 19,
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a value somewhat smaller than that we adopted may be more

reasonable for the present purpose. This means that a

slightly larger value of Ce /Cp may give a more close

approximation for this correction factor. The asymmetry of

the error, larger "plUS" error, in our experimental cross

section reflects this fact. This value of the total cross

section is about one third of our preliminary resultSl reported

in 1965. This is caused by more careful re-examining of the

experimental data as well as by introducing improved evaluations

of the geometrical efficiency of the detector G and of the

correction factor Ce/Cp • The latter has been estimated by

necessary measurements of the positron and electron energy

distribution in lead foils based upon reasonable assumptions,

as described in the preceding chapter.

Both experimental and calculated results obtained by the

present work agree with each other within the experimental

error.

-119-



2. Radiationless Annihilation in Tantalum

We have also attempted to observe radiationless annihi-

lation in tantalum atom (Z = 73) for 300-keV incident positrons.

A series of experiments were performed by similar procedures.

The lead target was replaced by a tantalum foil, while all

other experimental conditions remained same. The thickness of

the target was determined similar to the case for lead so that

the effective thickness is nearly equal to the range of 300-keV

76positrons. From the table prepared by Nelms, the value of

range in tantalum for this energy of positrons is taken to be

159 mg/cm2 by interpolation technique for Z. Using this value

and taking into account of the incident angle of positrons,

the thickness of the tantalum foil was chosen to be 89.5 mg/cm2 .

The 12-h measurement was repeated 20 times to give the

total time of measurements being 240 h. Carefully examining

the electron spectrum thus observed, we can say with fair

certainty that it looks like there exists no peak in the

ejected electron spectrum at the place where we expect.

There are two reasons why the peak in the electron spectrum

was not observed: (1) The positron spectrum and/or the electron

detection probability in the tantalum foil differ considerably

from those in the lead foil. (2) The Z dependence of the total

cross section for this annihilation process is large. However,

the first one seems very unlikely, since in this region of
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nuclear charge Z neither positron spectra nor various interactions

of ejected electrons with atoms differ so much from those for

lead.

According to the rough estimation using nonrelativistic

formula, the total cross section for radiationless annihilation

is approximately proportional to z2. This fact indicates

that the cross section for tantalum atom is 1.26 times smaller

than that for lead. No experimental evidence for this

phenomenon in tantalum, however, may suggest that Z dependence

of the cross section would be larger than Z2.
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3. Conclusions

When an annihilation process of a positron occurs on

collision of an atomic electron the energy liberated, instead

of appearing as radiation, may be absorbed by another atomic

electron, resulting in its ejection from the atom. The cross

section for this radiationless annihilation process involving

the K electrons of a lead atom for various energies of the

incident positron has been calculated relativistically with

accuracy, taking into account of the repulsive influence of

the nucleus, retardation effect, spin-spin interaction and

electron exchange. Calculations have also been made for the

contributions from other pairs of electrons in the lead atom

for positrons with kinetic energy 300 keV. It is concluded

that the total cross section for radiationless annihilation by

bound electrons in the lead atom is 0.727 X 10-26 crn2 for this

energy of positrons. The numerical results for the K-K pair

in lead agree well with the earier results of Massey and

Burhop.

An attempt to detect this annihilation has also been

performed using a beta-ray spectrometer and a solid state

detector. The 300-keV positrons were focused on a thin lead

target by the use of a beta-ray spectrometer mounted with a

22Na source. The shell electrons ejected from the target were

observed with a lithium-drifted silicon junction detector

placed immediately behind the foil. It is one of the key
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point of this experiment how to evaluate the effect of the

finite target thickness. We have developed a method to

estimate this effect by combining experimental and theoretical

results. The conclusion is reached that we have observed

radiationless annihilation of positrons and that it occurs

. 1 d . h . 0 8 +04 -26 2J.n ea WJ. t a cross sectJ.on, • -0.3 • X 10 em, equal

to the theoretical value within experimental error. No

experimental evidence for this annihilation process in

tantalum atom suggests that Z dependence of the cross section

2would be larger than Z .

The error inherent in the experimental result is rather

large and our calculations are based in part on some untested

assumptions. Nevertheless, the present work has provided the

experimental evidence of this particular mode of positron

annihilation and assisted comprehension of the process.

Reflecting on the present work, it is hoped that a further

experimental study using more elaborate methods with a stronger

positron beam and thinner targets should be made to provide

additional information on this process. Experimental and

theoretical studies on the angular distribution of the ejected

shell electrons and Z dependence of the process would also

be of great interest.
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A.

APPENDIX I

CALCULATIONS OF ANGULAR INTEGRATIONS IN THE MATRIX ELEMENT .B

Calculation of .B
)( I )(... )(" 14

13 is written from Eq. (44a) as the product of two
K, ~...)C~ IC.4

matrix elements as

B - (",,'" ,V"*I 111
3
) ("'1 "j ...... )

K. )(...K.tK4. - I'-IC, 11.. X~ . AK>.I "G ~Kf •

The first matrix element concerning "p: is

(AI-4)

(x::r,:1 X::) = ~ C(J,~ a:jlrf,-7:, ~,) C(l~~ t,;1If3-~ ~J)
~'t'3

K ( 'X~', :x.'t,) fy;'-~1 r.),tt'·(r,)y;'C r.) ~.n.I, (A/-.2)

where the scaler product ('X'9:', X~3) means that X~,*is multi­

plied into '):~'. Using the orthonormal property of :x't',
( A~' 'X 'l'3) = '", 0 'l:, , t'•. ,

and the symmetry rule of the spherical harmonics,

rtt.* "" .., -.., A11. (r.) = (-) I.. (r, )
I £,'

the spin angular matrix element is then

(A1-3)

We use the coupling rule for the spherical harmonics
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y't,-lII,Y"I-~'= I
i, 1,

L

(.21,+t)(21,,+I) ~(J n L· I)

4X: ( .21.J+ f ) L I Jt" ,00/

(Af -4)

where the arguments of the spherical harmonics are the same,

"and multiplication of Eq. (Al-4) by 11." (~) and integration

over the full solid angle Ll, gives

rY"*Y~""Y"'J-t', JrJ,)[J.J ,. A )J 1 '1, IJ, (JIl, = 4~[lJ I... (i,J,P'joo)L(l,J,Ji t,-", III,-t:), (Af-$'

where [Z] = 2Z + 1. Substituting Eq. (Al-41 in Eq. (Al-2)

we obtain the matrix element

where

This

S t'" )I,-t', , . r4( )=L..(-) C(i,~a,j'm,-'C',~,)C(1,~13j)flJ-~'~)\.J,J,ij't;-".,ttI,-«t,.
1:, 78

sum is evaluated using techniques developed by Racah.

The result is expressed in term of Racah coefficient as

From the symmetry property of the parity C-coefficient C(J,J,i;oo) ,
Zl + Z3 + Z must be even integer for the coefficient to be

non-vanishing. The resultant expression for the spin angular

matrix element is

(x., 'Y~I '")' JIll) = (_ )'tIt,+>l / (f.] (j,](I,JCIJ A (1 . )
k, 11 Ak, 4A. (1) I.... ,1,.1 ) 00
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The second matrix element is easily obtained by the

similar procedures to the first one, and the result is

Inserting Eqs. (Al-7) and (AI-a) into Eq. (AI-I), the angular

coupling coefficient BK.lC~)CJ)(4 is given by
-----~---:--;----;-

B = (-) 1Il+1'I.+JII~-+f j(J,Jct~][JJJ(14Jr1.](i~](1,][']C(l,i i·oo)
)C11C~t<"Kof +1:. (1) J }

J( C(lJ.J.ijoo) C (J,1,ij';"'~,7I(,,)C.(1;zj41j-1Il~ m....)

x W( i.i. 1~iJj% l)W(1~i;z ~~1.; /iL )~. _., ,.. ~ (4t~)
, '.. JM.. -JlCf,1I( •

B. Calculation of B ~1)CaK"K.

From Eq. (44b) B~IIC.k,,1<.4is expressed as

(,4 f -9)

Wri ting 8' in a spherical basis, the first matrix element in

Eq • (Al-9) is

(x;"fY.;';"1 X::) = 2.. C(l,X i,; )t1,-~ ~) C(l,X i, j 1tI,- ~3 ?,)
~.'t'J

~ ~ Jy__f:,1f t""-'4 ylll*
)( (It " Qr":.t J) L

1
' un A ( ~) r.l (r.) d,fb, (A f -10),.{., }

where the components of <It' are
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The vector ( x't" <Jt-X't,,) is written in the spherical basis as 79

(x't', <lr";t'l',) = ..2. } 1. 3 2. c.(~ 1;4.' 't; A) ~ ~ (A1-11)
, .2 .t }\ J) 't,~~,+" ~~ ,

where the spherical basis vectors, ~A ' are expressed using

the unit vectors e" ~~, and e 3 along the Cartesian axes as

~, = - Ji (e,+Uf:t),

~o = ~3 ,

~_, = J (Ee, - i. ~:I) .

Substituting Eq. (AI-II) in Eq. (AI-IO) the matrix element is

(it:: Iy,-.:'-, X:;) = [3L C(l,X i,; JM,-~~,) C(1, X-I,; )(,,-~, rc-;t)
~'t',,,,

,., (~ It' • ) " ~ JVJII,-r.* y ...-f} '" y ... 't~
XL 21/:& ) tt, oX t'~, ~+.\ ~" 'J, <r\') r.t~ cr,) '.I Cr.) plJ2, •

Angular integration of product of three spherical harmonics is

done in the similar manner to Eq. (Al-5), and then

(x:,'1 ~-~I XkIlllJ.J) = (-iW/ 3(l](lJ] rt( n "1 ~ /
,~ 4"X:(i,] \"X3 Jt ,jOo)-;:> , (A1-f.2.)

where
/

~ =~c.( i.li I,; )r1.-~-A 4+~) C(13X 13; )ff3- 't~ ~;t)

)< CeX I ~ j 'li,\) C(lJll, j "';r- t'J -»tt) d"'J-lI(, "',-A l", .
Using A..= "', - 1'tJ + '1"t and the contraction of Clebsch-Gordan

coefficients

c.. (1,1.1, j 1tf3 -~) -JlC) C( J,){ ',j .3-1fI - ~ "',- "'J+"'+~")

= 2 ((l,)(f,)~W"(.tlJi,}{j.P,f,) C(ll/( f,jtJl,-?3 ...,-JII.ti-"+~)
-I,

)( C(1.f. i,i -~ JrI,+m)}
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we can sum over '1:J and then

S'= 2. (Ct.](!,);" C(1. I, i, i -tf{ "',+J'( )W(1.1,1: Xj i, I,) ~
-I, ...,- ..." ... '"

)t cel, ~ 1, j m,-?'.J ,",~,"-m,t+~)

'" 2.1, -1 -1 1 \X,., ,
= 1; (-) , , I (CR.](J.JJ L(iJ,t,j-Jtt JH,+?Jf.)W(i./11',}:jJ,f,)

)( ~"'+.--J (C".J (t,lrW( I XJ,l, i)1 /,) C( 1(~ f, j "',"'»1 -"'.I 1f(
1

)

'" 2.IJ+1-2f,(~v 'n • 1 \X-. i; (-) ~](,l,)(IJJCr,JJ V(1iJa',~;1.f,)w(1Yzf,lJ;;At~)

X C(lt",; -tM,",+1tt)C(~,1f,;'lMJ ""+JII-)tf~r~",.+.._...J. (041-13)

From the selection rules contained in angular momentum coupling

coefficients, 21 3 + 1 - 211 must be even. The matrix element

(Al-lO) is obtained in the following form

( X•• ,Vlll"- IIt lII J ) - ( )101 6ale' U,] ,., ( "r;;r=; (. , ,
k, I~ Qj KJ - - ~x. ~ 1,li,jOD)L >J(f.)1Vi.J1J1,~jJ,f.)

f.

xW( 1X f, 1, j){ 1~) ((if. t: j -", ,",+ItI) C(l, 1f. 7"J "'+"-"'J)~ (,41-14)
••+---.., •

The second matrix element is obtained in the similar manner as

( "~(Y'" J 'l'~) J6rl](j..JUJ,., , r.::T1 wCll. " .; fX".L l.t<l1"" 1Lk4 = J/-X \.(.J~JJ~jOD)L,JC:f:A] .t~%) .L .a)
1~

xw(1XfilJ.. j,JiL)C(lf:A': j1Jt ....I.- Jlt)C(t.' fzj M4 'M~-"'-"'-f)~ (Af-f.t)
....-"-...4.

Inserting Egs. (Al-14) and (AI-IS) into Eg. (Al-9) we obtain

B~KIIKJ14 = (-).. ::i.J J(JJ]cJ.Jct~J~] C(.1.J JJ.i OO) C(P4 Jll jlJo)
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)( ~ J(f,](f~J W(11;,i, ~jj,f,) w(lki,,)fjJz£.)W(1 K f, 1,;X t~)
1,t"

)( W ( 1~ ~ 14 j~ ~~) C(1 f, i, j - tM J't,+l'1 ) C(1 f~ i~ j ')rt "'.. - Itt J
)( C( iJ 1/, j ttt, 1r1,..... -JII;,) ~(1~ 1 f~ j WI.. '"1.- '" -.... ) ~ /11 .... 11I- III" ::t ....._IM-~ •

Since the spherical basis vectors are orthonormal according to

If -It'
~ /A' .~}( = (-) ~-#I· ~,u = ~/A:~ )

it follows that

~ .~ _ (_)"'rJl1 -"', ~
~ ..,+..- .." ~".. -IIl-J14 - 0.".+ .... , "'Jf"IM4 •

,/

Using this relation we can obtain the matrix element 13rc,K1'tC
J

K.t. as

B' ..,-.., b(ll f " rf ,.I
Jc,ICl-k,1<c (-) 4'X: (l,](L](aJl(~] L(lJl1,jOO)L{;'ii~;oo)

~ L ICl.J({~] W(lJ3~,X.il.f, )W(JJ4-izX;JJlJ~)W(1~ f,J,ji{i,)
-1.111
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APPENDIX II

CALCULATIONS OF ANGULAR COUPLING COEFFICIENTS IN BB

1) U" . bFrom Eqs. (45a) and (45b) , Dk,I<r.IC,!C4and VIC,Il'.. I<,K. are g~ven y

1) - _ 1I',+IM... 11I+ 1 JCI,](/a](g,](14](t.J('a](~~](1....J riC) J 1. )
..D1C,1C.1C1~ - ( ) +'A. (.lJ L 'J ,00

J{ C(.I~141joo)C(1',1',1j -1M, "J)C(t~i.lj--a)lt.)

x fi J(j,l(f.J W(11. 'J' j 1,f,)W(lJ.i.x j 1,f.)w( IX i,J,j,g'M

X W( 'X f.14 i,}{ 1~)"C(1', f /. ; ...~ '"'+"--:1) C(i41 Iii j WI. Jt.l-"'-~)

X C(ll,/,j -WlIl,+M) C(.If.. ~·:ajM ....-lit) ~ (~,./L)
~III,,,,",~,""~"'+, ~~"

A. Calculation of ]3, Bi
Inserting Eq. (45'a) into Eq. (53), Btl, is written as

,&, 'Bi = (~)a> )a,J(];] CCl, Xi,j 0)11,)

'",IM.. IIlJ - .. 1tl'ii

== (1,](J-;]g~(~;](1~]q.] Jii,](j;](l~i,]a ..JCiJ C(l'~JI; 0 o)C(1.~ijoo)

/I. C(JaJ,JjDO) C(tI.1 j DO) w(t: ,',.I,~j.J.){)v[(i: i,l,i; i :i~)

-130-



)eW( 1·af~Ja.J.. j ljS )W( l~1~~JIf j I.~) > (_)Wl+M
-:-:-----

'", ~.l.It1J l"l4 'IIt.?ii

)( (j(i,~ i. ~ 0 1M,) C(l,~ 1. j 0 ,",) c( t: t~Jj - ..,w,) C(i1~1; -'/lA, '1M3)

It C(~'I ,. i j -til;,"""') C(1~ i. I j -tM;, ..,.) ~~-""'l'\ ~"~III4JIII ~Jfl,jj( • (A2. -1)

This expression contains six C1ebsch-Gordan coefficients

(referred to hereafter as C coefficient)depending on projection

quantum numbers ml' m2' mJ' m4' m, and m. The sums over these

quantum numbers are carried out using various properties of

C coefficients and Racah coefficients.

The relations between C and Racah coefficients allow us

to write

c( a. a') i; -"" JM.,) C('~ ~1; -",~ ~)

i..+ .... ((J):1. ,~
= (-) Cia] 2 ((1J(L)J~W(1'~'J1'~~jiL)CC1'J1'... Lj)lfJ)It..)

L

)( c( i,Li~j -lit, ",,+,"4). (A.2-.2)

Using this expression, the product of six C coefficients can

be written as

) <_)"'+iiiC(l.X "jOJtfI)C(i,~1,jO )rI,) C(i,~~l j - "" )1(,)
11I,11.& lit, ..... 11I101
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The summations over m
J

and m
4

, keeping m
2

fixed and minding

the relation m
1

= m
J

+ m
4

- m
2

, give

L (- );":+trt.. l('~ f~L j '"3 '"-c.)C( i,L1'zj -twf , ,"J+IIt.f)rei ,',[:, -... )I())
"'J"-4

)( C(1',1.1; -"'~ '"4) = (a.1r~i)x- ((L)(lJf w( 1', i. i, i~ j L1 ) bi.,I. (A2 -4)

From the orthogonality relation of C coefficients, the sum over

m1 yields the result

(A.2.-~)

Using Eqs. (A2-4) and (A2-5), and the orthogonal relation of

Racah coefficients, Eq. (A2-3) is expressed as

)t C(1a141 ;- ')fz lr1.) C( a~ i.l j - J'I.I "'4)

= ~~,~ i- (L](l J W ( 1', t~ iJ. i.. j JL) W( i3 ~~/, l:aj L 1) J)C.,lf,

= ~~~ Jk.,if. ~.I,:i • (A 2. - 6)

The resultant expression for 13i.]1' is given by

~~,. - (i,l(i.l(~"J(i.] JO,]fI.J(i,;JU.] C(J,i,ijOO) C(J.l, 1i OD)

]( C(i~J41joo) C(l:&J..ljot» W{ i. t~J,l~jl)1JJ{{i, i,J,j~;i X)

XW(~~,~J~J.j l,x)W( 1~i.J~J.. j..QJ') J.I.,I. (t4)
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B. Calculation of B.: 13a'
Using Eqs. (45'a) and (45'b), ~,tt has the form

'B&.~ = (~~l > J(J.J(J;J C(~.Xd~ j 0 )tt.) C' (i.){ t, j 0 )rf,)
JIl, )(.a l'lJ 1'[.. ". ?H

I

~ BK,K), 1C,1tt 131ft JCa ~3 ~ .

- '(R.](~~~iJ (]j J0;](£·](/,](i.](1,] [~][J.:n:J.,] C(.U,R i 00)

)CC(l~L..R.;00)C(.tJ:iI;j 00) C(I.Iizj 00)W( ~,~',1.1
1

) i~)

,ew( 1),~~J~ 1. j£){) L. J(j.)~] W( 113 a; ~ j 1, f.)
.J,f",

X W (1I:.1':1)i j 1.", fa) W( IX1, ~ j )S.1~) W( 1~ f~ 1:.;,X t~)

)
'lI(~+JfJ+I/I+Ie'

)t (-) (i,}{1IjO""f)C(Jf~1,jo7H1)
"'''olJr'lJ~.1I't

)( l. (~. {Ii; -M. J4,) C( J~ 1~1 j -1It~ 1'4) C(1, , fl j tM
J

l",+ lit -If(~)

)( CJ14 I fz j lt1.t ..z-it-ItI.) C(lf, 1, j -it; m,+JtI)C(11z a~j 7ft 1'tz-lt1)

From the relations between Racah and C coefficients, we can write

C(i,,15. j lrtJ ?'t,+Jtt-,".J) eel f.J;j:"'''' ....-t-M)

= (-,z<-ii-..d, n~1ol/,~(d'w(1r.1i.i f, L)

(A~-?)

-133-



and

eel. f f2j 'Jrt. »t~-ii1-~) r(i t i:lj m J'{~-j;f)

= (_>1-ii-...-J. ((I;~~f>.]l2 (J1fw(I i.1i..j f,t:)
u

(A2-r)

Using the orthogonality relation of C coefficient, the sum

over m, keeping other quantum numbers fixed, gives

, .A ( - 4. - ) ""C n , 1 . - l+L- f (1] "
~ L J, L I ) -M -"',+»t, \.. ...r; L ))11I -"'.a+)It'f:) = (-) (L) th..,L!.
m

The term depending on projection quantum numbers in Eq. (A2-7)

is written as

)( C(1, i, 1. ; -lit, * .. )c(1~ -441 j - "'~ JfI.,)~ J(f;l (/2] (f,)(f~]
~

X wei ~',1 ~'Jj f, L) w(I i~ f t~j f~L) C(1, i .. L j -1M, "(3)
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~ .i+L+f.+f~J - I I J -.; I 1= ~ (-) (a,](i;a](f,]rj..] W( f 11, j ,L)Wi.1. d;a I t.,; JL u)
L

1/. C C(.R,~ i,j 0,..,) c(1;~ r. jO"',) c( ~', f,ij- Jt!t, )143)
"'1 11I.1""*4

From Eq. (A2-6), the summations over m1 , m
2

, mJ , and m
4

give

the result

) C(J,~ i,i 0 lM,) ~(l, ~ f, ; O)ft,) C( i. 1,1.; - tIf, lff,)) C( ia 1~J.j -If(.a 1ft..)
lIl,lM~1IlSill.

(Ll ~
= [l,J ~L,i. ~K•• K, •

(Aj.-11)

Substituting Eqs. (A2-l0) and (A2-ll) into Eq. (A2-7), we obtain

'Bi, Bi = (-) 1+.l 6(':1 (';a] ei31 (t~J(iJ j(l.]ri;a]fiJ]fJ.](I,]rl,J

X C{l,l,J; 00) C(LIi,j 00) C(J;a 1.1; 00) C(I,Il;a j DO)

>tW (i,iJ l,Jj ; iK) W( 1.1i.. lai.,j i;f) 2 (-)f,i-[.({,)({..J
f.f~

)( w(IL l,~;j, f,)w(IJ-; ,..~ jizA) W( 1X i,iJ jX 13)

)( W( 1;i ~J., j~ 1~)W(I a~ 1''Ii 1.11.) W(i 1,1 I'Jj !.£) . (A2- 1.2)

lntroducing the 9-j symbol of Wigner and using the symmetric

properties of the Racah coefficients, we can perform

contraction of Racah coefficients in the following way:
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Similarly

Using the expressions of Eqs. (A2-13a) and (A2-13bl, Eq. (A2-12)

ctr)

'»:'"J:l;.C. Calculation of Vwv,

Bt8~' is given by

lJ; B; = (4~f ) /r1,J(I,] C(l,): I: jO)rt,)CCi:X a; j 0 ,",)

l'II, "'.a _" 1".. ~i1:
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= 3~(iJrl](1:Jei.J J[I.)(1.]CJ3)(I.,J(1,,](~1 C(i,lJ,jbo)Cal.J, jDOJ

)(C(j4i.J~jOO) Cl,4.l i~jOD) C J(f,J(~](J:J( f~J
1.f.. 'l:t

Xw(il, o',}{ j 1. f,)w(J./. ~'ilXj R:J J£) w( 1~ /, JJj)1 JJ)

"W( Ij{ ~l.,.j)t.it) W{I~ 1.~ jl. (, )W(I~--" t:%j i.t l)

xw(' Yz t; 13 jJ' q~)W ( JXL 1., jX~) e-> _
til, )fl~ It'! J)fl+ ')It 1ii

)( C(1,)1: i,j o'Wt.J C(J.~1:; 0711.) C( i~ i I, j 1W..3 ?K,+JIt - t'f.J)

)( c!( ~ f 1~ j Jl't4 JIf~-,"-"'-f) C(RJ, i,j -)11 t't.+") C(1 fJ.J~j m. "'~-IH)

)f C(131 I. j "'J ~,+~ -,..oS) C( 1~ 11: j "'.. '"J.- it; - Jt'of.)

JC eLL it J, j -ii .... +,..,) e(l f~ L.j M IftA-i1) crlll,u'z" "~i"".,.. (A:J.-I4-)

In the similar manner to Eqs. (A2-8) and (A2-9), products of

C coefficients are expressed as

CCiJ 1-J,j M, ~.+JIt-)M.J) C(if,i,j -wt '".+-')

= <_l.t..·--,-f, ((~~(!Jf t;(LJ"w(i. -1.1 i. j J, L1)

)( C( i, i3 L j -)tI, 1M,) e(l L f j -Jrt -1'1'+"'3) (A.2 -1.tt.\)
I
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= (- )1- ..- ...-f. ((t~~f.J)%.2.(L,f vr(J.i. I i.j f~ L,)
L,

)lC(i1l1~L.,j-JI(~tH .. )Cl.lL, 1j?PI. -IPf;a-t"III... )} (A'--/.t~)

rei) 1 j, j 1't" lM.\+iii-IM,,) c(I jt t,; -JM ,",1" "1)

= H1+;;;-..·-J· ((f,gPl~ (!.iJXw( ttl '~j f. L)

xC (1.i,t!; -II.,",) C(IL11 j -"it -)tt.+",.J), (A.t-/ttt)
and

ct a'.. I f~ j >>It JrI,J - 1M -IrI.. ) C(I fll 1~ j )tI "'.J-;;j)

= (_/-"-...-1. ((~~~f.Jl-b(L;fw(h. f i.i £ L~J
,

)( C(~11~L:j-"'~," ..) C(iL; 1 j~ -tfla +)f1.. ). (A2-1~b)

From Eqs. (A2-15) and (A2-16) I the summations over m and m

give

and

,A(l- , ,. - ) "'(1 /1· - ) .l+L'-1 (1] \"
~ \. L J -M "'r 1M, l. L, J)fa ~-"'a = (- J on tJ l!~L: •
~

After the summations over m and ni, the term which depends on

projection quantum numbers can be written by

> C(i,>, i,i OJlfI)C(l,~ j; j 0 ~.) C( 1:.1 f. j t'tt, "'.+)ff-Jff..)
-. III..._ ........ Ii
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f,+l~+r ... t: ....J"I. . ,( )L+1-'
= (-) (~1] (~'](~J(f.J(£.](T,J~1L -

LL!

>lW(i i, 1/3 j J,L) w(liz 1i.j£ L) W(I1,1 i,j i, Lty

xW(I1'~ 1i.; ~ L'') L C(.R,~i,jOWf,)C(l,%. fj OWl.)
tI, ltI... )rIJill"

(A2-/?j

(A.2-/~)

The sums over m
1

, m
2

, m
3

, and m
4

can be performed in the similar

manner to Eq. (A2-6) and give

2 C(l,X i, j Oltf.) C(l,~ t: j IJ ltf.) c! ( ',1~ 1..; -1M, 1M,,)
...1fla1'\. ?7l.t

)( C(iz ~~ L j -,"~ '"4) C(-~, i~ I! j -Jtt, ,",,) C(1~ t~ Lj -,,~ ",..)

= (L] ~ \"
(JI,l L,L' cJK,~IC••

Substituting Eqs. (A2-17) and (A2-18) into Eq. (A2-14), the

. '1).'])' .resultant expressl.on for V.. f l.S

13:B; = (- );+1 36 (1',1 (i2] (~~] (1.](lJ([J J(1,J(1.J CR~] (~J

)( c! (l~J 1.jOO )C(14jl~j OO)C(~1i,j DO) C(J..1Ja ; 00)

)C 2 (-)J,-t/,,-tj;-trCf,JC!z](J,J({;.l W(.l.l
J

1', J& j i, f,)
1,f~ J', f~
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XW(JJ·d~Xj J2f~) W( ,x.f,J,j){a',)W( 1% £Jfi~4~)

xWeI~ it){j i, I,) w(.l~ 1~X jl;, f..) w( I~ l.J3;~ i,)

X W( , K f21. j Xa~) ~ (LJ W(ii, , a'J j f, L)
L

)( w(ii~ 1 ~~j f~ L )w(I i,1isj :I, L)w(ii.l1 G~j ~ L). (A~-/9)

By symmetric properties of Racah coefficients, we can contract

the sum over f 1 , leading to the form of 9-j symbol.

I. (_)1, (f.J W( 1.PJ d',){j },},)w{, }{f,13 jp1'3)W(~ 1,11'3 j I, L)
:I,

Similarly the sums over f 2 , f 1 , and f 2 can be performed.

The final expression for ][B;' is

(.t6)
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APPENDIX III

CALCULATIONS OF ANGULAR COUPLING COEFFICIENTS IN Be

From Eqs. ( 45 a) and (4 Sb), 13 1C.IC~rc.IC.f' 13 ;,IC~IC"IC .. ' CKo,t',a.)(,4'

and c.~,)(.z.}CJ><"are written by

1< = (_)",,"',"~+"-+f JrJ,1(J.z.J(.f,](.t..J("Jrf'aJ(f~](14] C(1.1
J
ljoo)

4-J1C,ka~J1t4 • 41:.(IJ

)( C(12..1.1 j 00) C( 1', l, i; -tit, YK3 ) C( 1'~ ~ 1; -)r1~ Iff .. )

, W( 0',1. 1~J} j;(P)w( iili~ a~j4j~i) r", -Ill l't ~I'f -If! _ (4SA)
, I J ~ 4-,'" )

B/ - - ",-III, 6(1] J 'I

K,lCa tc;sJC4- () 4-"K:. rJ,](J..JC1JJ(j.] C(1,i1, j 00) C(1.1 P~j00)

X 2-JUI](£J W(liJd',X.;1,f,)W(j14a'.z.~j.laf.z.J
J,1~

X w( 1M f, l.Jj/J. J',)W( IX f1 14;){.1~) C(l. 1II j WCJ ",,+"-W4,,)

x C(~~ f t j 111.. Jla -IfI-"'4)C(1 f,1:;-1tf W1,+It) C(...f f~ iIi rrt Itt~-.,)

X i) )It,'H\II1 .1 )"(,+1t14 , (4-1" b)

)t' C(1.z.1 J lj 00) C(11 a~lj-~1 trt..) C( 11 i~l; -'"... "'J)

x w( i, l,1~J..jXl) W(1si1 i.,J, j){l)

(A 3 -1 ct)
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C/ - ,.....-11I 1 6(1) ..
Jt,IC&ICJk4 - (-) -+x. ICiJ](4]Cd,)(i4J c.(~lJ,jOO)C(111izjOo)

1C L J(f,](~J W(114 a', ~ j J,f, )W(li3 {l)1 j i z f... )
f.f1

xW( IX. f,i4)~J~)W( 1,1.2 fz1 3 j}iiJ) C(a~1f,j~"",,+I/It-It1.,.)

~ C( ~'3 1f... j "'3 )ilL-trI - wf;,)C(i f, 3', j -", "',~'") C(.R £l~ j '" 'M
Z
- "')

)( ~",,~lIIaJ1t\»+lH4 (it 3 - 1 b)

A, Calculation of 131. Cl'

B"Ci is expressed in the term of product of :B"'IIolro~nd Cl'lll"'J~S

13.. Ci = (4~t> JrJ,](Ja C{1,Xa',jDP",)C(.R,~r;jO~')
mt )lIl~ ""3)\'14 l'>'l m

(1.1(};) . ,. . L 'T rI( D 1 n )= ClJCIJ (l~](t,](~.f]C~] (t,]lf,](J,,)(R.,J( .1]r..e.,] L .-(, "-,,jOO

~ C(Jz 14 1j 00) C(7,l.Ijoo) C(i.l:1 '£;00)

~ C(i.X. f." j 0 h1,) c'( 1', {,1 j -"', ltt,,) C( 1';a. t~ ij -"'z~)

)l c'(1. 1+1·) -"', tr4) C({,jJ.i. j-ttlz )t1.s)d,"I_III
l

l11 ~1Il"'-'" ii ~UIII III -ttl (A3-:2)
, ... I I a,. ~,
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The sums over projection quantum numbers can be carried out

using the relations of Racah and C coefficients, and the

symmetric properties of C coefficients.

From Eq. (A2-2), we can write

C( t: 131 j -Itt, )Its) C(Q~ G~ 1 j - )tf;a "'4)
i.+.... ((il .;& ~ ~. , , .

= (-) (t~]) ~ (Ci](L]j w(1. /;s da I" ;11.J)

xC( i,a~ L; lit, 1'1..) C(i.. L.1~ j -,.., /MJ-tJt1.. ) • (A 3 - 3 )

Using Eq. (A3-3), the term depending on magnetic quantum numbers is

\ _ "'3+-11'I..-,.11I 1 ...... ." .rI - - )/ (-) L(1,X~,j0)1I)L(1,p1'i()JJl,
)\I,lIt& ltl) )III. III "'"

)( C(i, ~3 1. j -lit, tM J) C( q~ i~J. j -~a "'4) C( 1. f~ £; -111, 11I4)

X C( ~~ 3'3 i j - "'& lt1J )

;( C( i, L o'~ j - tIf, ",,,+)If.. ) cCf, i" 1" j -1ft, ..,.,.)

?> C.(t~t',Ij-"'~ "'3)

= (f:~J)i~ ((i](L1fw(i,t3~ d~; i~) 2. C(~,X J: jOlH,)
L ~,

)( C(l.iitj 0 "I)C.(_/..+tlfJC (d~ i4 L.j "'j '".) C(iL t~j -IWf, "Ji-~)
III~I'IJ"'.

)( C( ~I it I j -It, Itt.,.) C(t~ iJ Ij -.,£ Itt,)
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= ((lJ(~J.l~ (- /-a:-a; (Ci]eLJfwC 1, l~ ,~ Q~ j JL)
Cf,J(a.JI La

)(L C(l,;'.z. i, j 0)11,) cci;x f, j 0 ~, ) L: C(if d~ L j J'( J "'4)
III, "'A. "'311I4

){ C(L J~ i, j 1M3+ III. -MZ) C(41 I, j -1M.. ",.. - ..,) C(a~ 0'2 i j ~J -"2)

= (ll~:] 2.(_/-L(L)w(i, ifJ J~ i.. j iL)W(~~i i. i~ j L.i)
3, L

1l L C(l,~ j.j' "',) C!(J;~ a: j 0 III,) J':,f:
"',

- OJ(11 ~ /-1.. (' I ". rrrI' I 'I. - (i,J \"- el,] ~ (-) (L] W 1334 J,d~J L.l)vV\.~a'd,I~)Ll) (.1,1 (JIC"K,

~ (?J~J (_ti'+h t (_,i.+d.-L (LJw1.M.i.i.; U)

)( w( 4~ iJ d'. iz j L I) . (A 3 - 4)

Applying Racah's sum ru1e* we obtain

I (-t+b-eCeJW( ttbcdjeirw( ba.cdje~)=wc ~ f ~ b j cd)
e .

Eq. (A3-4) becomes

)( C(i2 a~ i; -Iff.. "4) C( 1, ~~ i; -)tt, m.,) C(iI1~1 j -"'~ "1,)

_ (_),+33i-i,. (1J(lJ (' -'.' ')
- (1,] W 1, l.£ 3.. 1 a,1~

57
* There is a mistake in Eq. (6.14) in Rose's text book.

W(agfb;odJ should be replaced by W(afgb;adJ.
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.' .' t Eq (A3-2) ]3. C' has the form
Insert~ng th~s express~on ~n 0 • - (... I

73, Ci = (-) i.1",~+a~+i4 ..1+1.. , (i,](i2](iJ](i~](J.](L] J[JJ](J4](~](4]

It. C(i.i,l; 00) C(i~14J.j 00) C(i,J;..I; 00) C(l..hi;oo)

XW(i,~'~J,i"j l:&.)w(l. 4~i~1. j .£;;.) W(i,f~J.j4j 1 ~)

)( W(~'~ 1',1£J, j J:h.) W( ,',13 i.. 4~; 1£) (r1).

B. Calculations of 13... C;'
From Eqs. (45 I a) and (A3-lb) 13i. Cj is

B,C; = (4~t> J(J,](l.J C(i,~a,;D)tf.)C(I~a:;o'Wf,)
m,Wl.. m)~)!IM

= b(f{J (.i.)(iJ](1~J J(i,]('aJC:l,](.R~](JI](J,.](j~a,J C(l,ij Pj DO)

;( C(i.. .R.iJDO) C(1...1I.;oo) C(~i.ejoo)wC i, I~j.l,ji.)i)

~ W(1~ ~~l~l"j iii) L Jef,](£] W(ll.; i:~jl, f,)W(iJ;l~){ji~f~)
f,f"

xw(,~ f. 14 iX J~)W(';i f.. I,; Xi,) ) (_/'1.1-""+)11'"
III, "'.lilt, '"'" Itt ~
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(A.3 - 6)

In the similar manner to Eqs. (A2-8) and (A2-9), the products

of two C coefficients can be written by

and

C(a~ I I. ;"'.. lM,+ '" -Iff..) c( I {. 1, ; -Itt tr1,+tH )

= (_)1+ ..- ....-J. (C7H,J tL (L)~1iT(j ~ 1i,;f.L )
L

)( C( l 1. L i -.." ~4) C(iL 1 j -,," -'",+ ......) (A 3 -10.)
)

C(j,1 fzj '"3 )rt~-W1-JMJ) c(l j2.a'aj)l1 "'~-K1)

= (-/-j;; -..,-I. ((~~~]i(~ (I!l w(:fi, Ii.; f.~)

xc(i~i~L/j -,"z)fl,) ClItI1; Jt1 -1ffJ.-t"'J) (A3-1h)

From the symmetric properties of C coefficients, the sum over

m yields just the orthonormality relation for C coefficients

2.C(.lL1 ;-ttt -1t1,'t"1Il4)C(i~ fj ~ -"'2.+"3) J""T",~)7J(J't"'''
~

_ ( (1Ja)~ 'i-I-L' _ _
- (L](L:] (-) ~ CU i L j ~-,",+Itf -it)

1M
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By the use of Eqs. (A3-7a), (A3-7b), and (A3-8), the summations

over magnetic quantum numbers can be expressed as

)( c! ( ~,i3 1. j - "',)ff.s) Cl1~ 1'.1j -IftA "'14) c(itt f, j "'. rM, i""t-m..)

J( C( Q~ 1 f~; It'3 JJt.z.-Jtt -IMJ ) C(£f, t ;-,., .".,+WI) C.(1 f2 t~ ; ¥t1 ,".1-"')

x weI 1.1 1i3; f~L) C( .i,;:' J,jo,",) eel%. 1.; 0 ~I)

)( C( i,1~ 1.; -ltC, Wf.1) C( i.. 1.1 j -114.. "1f.) C( 1,14 L>-~, ~..)

The relation between magnetic quantum numbers,

"', + ttf.&. = '"3 -+ tH of ,
can allow us to write

(_)...,&-"', = (_ t,-+rIt,..-, = (_ ) "",+ JII.. -,

Using this expression and Eq. (A3-S), Eq. (A3-9) is

(A3-q)

(A3 -10)

x w(i i.1 1 iJ j {,L) C(l,Xi,jo",) C(j,~ f;; ())H,) C(i,l~ i i - M, ..~)
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l( C(t'~J.. i j -"'.a '""') C(1: I.. L.. j -M,IM.,.) C( i~ ijL ; -"'.a )t(, )

~ I-L- f,- J.a j' (- - · J )= L. (-) (j;J(dl](f,J(f.,] Wi.R d, f d-tj I L
10

X w(IJ';z 1q~ j f~L) C (-)"'~+~-IC('p'~ i.jolt4,)CCP')6[; ;0'",)
11I,)11.1 lit! Ill..

X C( " 1'j i ; - "" 1M3) C(1~ a~.i j -Itt j ~4) C(l1~ L j -"', WI... )

X c' ( ~>i, L; - rH.1 )tt.J)

= L (- )l-L-J,-f.a j(f.](a.l](f.](~J W(I J: 1o~ j J, L)
L

( _. '. { L) (-) ~',1" ~~~ a'J-+J~+j"L'" (iJ(LJ
Jf. W" .R. dol 113) 1.1 (1,]

)( w( j, iJ ~ 1~; iL) J K.,k;

~ (-) l"I~'i.ti.•.hI-I.-f..' {J.;- J(iJCf,J({,]({.] f (L]

)( W(.I 0',1 i.; It L) w(.id~ 11~j ~ LJ) W( 1: l~c~il j 1 ~) J"K.
J

)(.. CAJ -II)

:nserting Eq. (A3-11) into Eq. (A3-6), 13.. Ci' has the form

"6, Ci = (-) ~',-tiz+i3-t f~+ l-tZ-t' b [J,J(~](i3](i..J (11 [(1.J0.11 (JJ](J..](~][l,J

"C(.1, i,J.j 00) CCJz .R41 j 00) CCI.Il, j /) 0) C(.I, Z1.1; fJO )

)( W( i,1~ 1,1, ; I. :4) w( 1~ i. ~1f j LX)L (-)JI+f&(f.](f~]
f,fz
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xwei. ~ 1:~ ;P, f,) W(I~ a~:&j 1afa) w( I~ /. 1.;~ t.)

xW(I~f~iJjX 3'3)2 (LJw(ia', ti4;f,L)
L.

(A3-/2)

The summations over 11 and 12 are performed in the similar

way to Eqs. (A2-13a) and (A2-13b). The resultant expression

for 13i,Ci' is

-, J> la ...) of .i+' /, \. - J -13" Ca' = (-) 0 (~,J(3al(a'](I..Jf.t] (9,](.Q;a]Cf,]fi4](O~aJ

)( C(i,i,.£.; 00) C(j~ 14 ijOo) C(l.,li, j 00) e(l} 11:1, ; 00)

C. Calculation of B:Cj'
Making use of Eqs. (45'b) and (A3-lb),

written by

13( Ci can be

-at C/ = (4'lr/) lei,J(l,] C(1,)41: jom,)C(l.ft j;j01t1,)
)/'I, '"1.m~ ltt.. m ~
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= 3'(lJC~.J(i31(i4JJ(i,J(],J(lofJr1.](1~]r~J CCR.3 1i, ;00)

xC (14il~j DO) eel, II, ;00) c(1~11~ j 00)

)( > 1(f.]Cfz](J;Jrf~] W(ii~l,~jJ.f,)W(11.. izJ.S.jl~t)
f,J~ f, f~

~w(')1. f,l~;:hiJ)W( I~ !zi..i X ~~)w(IJ~ 1. X j.i, f,)

)( W( i L a;,.:& jJ.~ !L) W( Ix1, ~ j ~ I...)W( I)&. Jz jJ j,% I,)

x ) ~ (_)rtt3+tH4-2.W1'C(J,){i,jo7tf,)C.(J)~ t, jO)llf,)
m, m:z. ""J'7tI4 1>tii"

)( ~(iJ' I, j "'of WI, +J't-IHJ ) C(0'. I flo j 1tt4 »f~ -WI -WI.,) C(.R f, a', j - 1M IM,1" 1M)

X C'(I fz J~j '" "'.1.-..) C( it. f 1, j M... 1ft, -U,-Ift...) C( 1~ 1lzjll1 j 1H.l-~ -"'of)

)( C(Z j, 1, ; -;t; ...,+IM ) c(I 1.1. -i~ j ,... '"~- itt) ~ rtt u, WI +ltl (A 3-/3)
tJ I ~J J 4.

Using Eqs. (A2-15a) and (A2-15b), the product of four C

coefficients can be summed over m to give

L C( lJ 1f, j >J't, lt1, ....,-ItfJ ) C!.(.R. I, I,; -~ ,"....~)
""
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Similarly, the summation over m can be done using Eqs. (A3-7a),

(A3-7b), and (A3-8). We obtain

L C(I. f ]; ; "'4 "',+ Wi- ~)C(.l1: d' j - ~ "', i"~ )

'"
x C( 1~ f f~j 1I't, 7M.,.-ii-tI1J) e(I 12 a~j '" "'.&-1;;)

'" Z-tL'-I-JltJ-Itt,-I-J; .
= L (-) , & (j;](1~J(fJ(~J V(l" i: 1d4; fL l!)

C

)( W(I o~ 11'3 j f~ L1) C(t; /.. L' j -'", Jttt.) C( ~~ ~~L!; - "'~ Jt(~J (AJ-/4~)

Using these expressions, Eqs. (A3-14a) and (A3-14b), the term

concerning magnetic quantum numbers. in Eq. (A3-13) is given as

xCc id f';"'J ",,+"-"'~)C(i.1 fzj ~ *cltJ - tI1.) e(i f. i,; -til ",,+,,)

It C(112 d~ j m-.1-" ) C(a... 1I, j "'. M,+»1-I14.,) C(~~ (£ ; m3 ~~-ii-1M)

)( W(i 1', 11~ j f, L) wei d: 1d~j f.a L) w(I j: II~j I, L')

xW(Ia.,. 1t~j f~ L{)2 (-t3"'''''-'C(i,xl,;oJtt,) c(lia;; 0"',)
lll'IIl.ll ....Ifl...

Ii C( a,i,Lj -...,»1,) C(I~t.Lj -)ff.a~) C( l.a~ L/j -»1 , 1ft,,)

(A3-1!")
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~he summations over ml, m2, mJI and m4 can be done in the

similar manner to Eq. (A3-S) and give

)( C' (1~j.,. L j -Wl.1 m.) C(i i .. L! ; -Jt1, ,"4) C(1~ t~ L!j -1ft" }l(J)

= (_l"JA,"I~"L..I''''f (~~lfJ wa1~M,; L1!)~ k.;;<'. (A3 -16)

Then Eq. (A3-lS) is written as

;( C( 1~ 1f,; )f{J JM....II1-'"J)C( ' .. 1£.; "'. 1H~-," ~)C(i f. i,; -M )t.'" »r)

)( c'(1 f,. ~~ ; JrOH.r M) C(d~1j, j '"-f nt, -tii-II1.,.) c(iJ 1f2; '»t J '"~- M - 1111)

)I C(1 1, -1, ; -~ rtf.+.. ) c(,[ £. i~; 'Nt "1.1.-;;) J 1tI,-t»1.> '" + '"
• ,) -#

= (-/. "J~'i,· i. .. it-IT, ..f... f.· T,. £. ('[~ ~.] J(f,J({.J(i,J ( i. ]

X L (L] (Ii] w()~: 113; {, L) W(i d~ 1i, j £L) w( Ii, 1t~j 1, L)
LI1

]I. W (.R 'd~ 1iJ ; 1.1 L/ ) W( II iJ -j.,. i2 ., L l!) . (A3 - /7)

S~stituting Eq. (A3-l7) into Eq. (A3-l3) I B,~~ becomes

"B( Ci = (_l·+6~+i~+if.+R"J-t' 3 6("]('~J (i.1J(~]C£J(iJ (J,][J'f]fl;Jf4J

)( C(ili i, ; 00) ce (141J", j 00) C(1...11. ;00) C(L 11.z j 0 0J
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> f."f£~tl"f:(( (1 7 - ( , ()( (-) 1,J J~](J,J(f~J W lJ~d,)1.; 1'1')
f,t.. J. T~

xW (1.1. ~'J.){; i~ f~) W( J~ f,13 jX iJ)W( IX (z 1.,; X d~)

xW(Il; l,t ; i, f,)W(II; l~X;f~ f~)W( IX f,~;)S~~)

llW( JX f~ .1J j if i~) LCL](L'J wi..f. J; 1i3 j I, L)
LL'

(A3-/7)

-The summation over f 1 is carried out from Eq ~ (l\2 ... 13aI as

follows:

(AJ-I'I)

In the similar way, the summations over 12 , ~, and 12 can

be performed. Using these expressions, we obtain the result

for 13i.Ci in the following form:

12';:;; 1',+~..+i, ..t.+J+l+1 " - J -
V ~ La' = (- ) 36 (i,J [i~][tJ](/4J(Jl(lJ (l,JfJ..](J3](J.J

" C(13 1 J, ; 0 0 ) C(oR., J .Rz j ()0) C(:i, 11, j 00) c(13 I i~ j 00)
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APPENDIX IV

EFFECT OF TARGET THICKNESS

Electron emission from the target of finite thickness by

radiationless annihilation is considered as a two-step process.

A positron incident on the target annihilates with an atomic

electron, then another electron ejected form the atom as a

result of annihilation moves to the other side of the target

with or without scattering, and escapes from it and enters

a detector. When traversing even a thin target, positrons

will make an enormous numbers of collisions that result in

small energy losses and angular deflections and a relatively

small number of catastrophic collisions in which they may lose

a major fraction of their energy or may be turned through

a large angle. Owing to the finite thickness of the target,

attenuation effect and energy degradation of positrons and

electrons in the target must be taken into account. Since

an exact treatment of this effect presents extreme difficulties,

the following simplifying assumptions are made: (1) A mono­

energetic beam of positrons is incident upon a target at the

center with incident angle ~. (2) The target is so thin

that positrons and ejected electrons suffer no collision which

causes appreciable angular deflection.

We assume that geometry is axially symmetric and that

positrons hit the target of infinite radius at the center with
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:mergy Eo. At a distance x from the surface of the target,

the number of positrons with the kinetic energy of E is

~xpressed as a function of E and Xi N(E,x). Let the total

~ross section per atom for radiation less annihilation of

oositrons with kinetic energy E be ~(E)i then the rate for

this annihilation process at which positrons annihilate with

anergy between E and E + dx, in a slab of width dx located

at a distance x from the surface on which positrons impinge,

can be given by

q-(£,X) dE tlx = rl. N(E J x) 0' (E) &1£ ax. , (A4-1 )
where n is the number of atoms per unit volume of the target.

The kinetic energy of the ejected electron by this process is

given according to Eq. (8) by E' = E + 2rnoc2 B. - Bp

where rn o is the rest mass of the electron, and B~ and Bp

are binding energies of the shell electrons concerned.

If 9- is the angle between the direction of momentum of

the incident positron and that of the ejected electron as

shown in Fig. 24, the electron traverses a distance

(T - x)/cos(ff-('j.) beofre escaping the foil. By K(E,E";x,tJ.)

we denote the probability that the electron ejected at x with

initial energy E' escapes from the target and is detected by

the detector with energy between E" and E' + dE". The number

of electrons which escape from the target, enter the detector

of radius b placed at the distance a behind the target and

are detected with energy between E" and E" + dE", can be
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expressed as

rT rE,I(J.:t'~

R(E'JliE' L 1J. k(E,r;'jX,9-) (i(F ,XfP(~).Aio<9-dg.dF.d;(IE:(M-2.)
~ 0 0 r/._V
~ .

where T is the thickness of the target, P(~) is the angular

distribution of the ejected electrons, and the summation is

over all the pairs of shell electrons involved. From Fig. 24

~ and ¥ are given, respectively, by

b+x1M.r:J.
Gt+T-X

b -;t .1M. CJ{

tt+.-X

, (A4 - 3e:t)

(A4 -3 b)

Since in the present case both T and x are very small compared

with a and b, we can write

(A4-4)

Using this relation and Eq. (A4-1), Eq. (A4-2) becomes

7((Joj lif' >t~ ('J~OI~~E ,XJo-(IO) K(fJ f;;C,')1(#)~Kilt: tUtlE~
~t 0 d.-Ii (7!i)
~

If we assume finite thickness effect to be negligible,

the rate for radiationless annihilation at a distance x is

given by the following equation:

(A4-S)

where No is the total number of positrons incident on the
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target. Then the number of the ejected shell electrons detected

in the detector with kinetic energy between E" and E" + dE"

can be expressed by

Tj rJ+d

1?JrE") a~u = 2. [rGoG() K(I'.;fOOjT,8-)Y{~)~8-d6 b:df.:
"1~o J-6
~

Using Eq. (A4-5), this equation can be written by

I
rJ.+l

R.1I(E"Ja~(f- n.A!oT~of.l. 0"-(1=0) K(f"oJ1=;~f9.)r(")AtM".d8-d~':
~ d.-it
~

The correction factor for the effect of finite thickness

of the target is given by the ratio of the number of ejected

electrons detected in the energy region concerned when the

effect of the target thickness is neglected, to that when

the effect is taken into account. From Eqs. (72) and (75),

this correction factor, Ce IC", can be expressed as

(A4-6)

determined from the peak portion of the ejected electron

spectrum.
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Table I. Calculated cross sections ~or rad~ationless annihilation

of positrons by the K-K pair of lead in 10-26 cm2 •

Energy of incident positron
(keV)

100 300 500

Brunings* 5.3 0.21 0.02

I Massey & Burhop**
.....
0'\
U1 r Nonrelativistic approximationI 6.7 0.4 0.05

Plane wave for incident positron 1.6 1.4 0.9

Distorted wave for positron 0.1 0.35 0.2

Present work 0.112 0.323 0.157

* Calculated from Ref. 49.

** Obtained from Ref. 50.



Table II. Cross sections for annihilation of 100-keV

positrons by various pairs of electrons in the lead atom,

calculated using the nonrelativistic approximation.*

Electrons
Cross section

concerned (10- 26 crn2 )

K - K 6.7

K - Ll. 2.5

K - Mr 0.6

L I - L r 0.1

K - L X,1l 4.1

L 1 - Lx,I 1.5

L Jr.1!t - L Jr,llI Very small

* Calculated by Massey and Burhop (Ref. 50).
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Table III. Parameters defining the K-, L-, and M-shell radial

wave functions for the Coulomb field.*

t

Subshell t W- i\. ttl) 0 1 a. 2. Co C, C2. N

K (/_ t;1)>i Y t; 1 0 0 / 0 0
(.z~)i.~

(Z.f(2i+ I)J~

( ,- ~].f C;i};i ~ ,2 (W+I) _~ .2W+1 0 zw &\, 0 (,2~)t+!5L 2 Y+ I tLl ~W w.n'+1 2(2W)t+ ' F(21tl)(:J:V+ 1)

L2 (/-~).f ( ,;")~ ~ 2W ~ 2V-I 0 2.(W--I)
~I 0 (2~»)4)i [ .zf+ I M

2'1T - W.2)'+1
2.(2W-P'ot I 7"(2'1+1 )(2W-15]

L3 (4-~t ..L/ ~ 1 0 0 1 0
~'I+;{

2- £ 0 (.2. r(2.:'I-t I))J!

( 1_~2.)~ z-t-l ~lV" 3A+~ _ 4(~>."~) 4A(A+~) ~-, 4t; al
(~,/tX( (21+ I) (2i+ 2)-Ml (tT+~~ .2+~ 1\ 2-(+1 (.2}'+I)~~2.) 7l. 2i+1 F(2.Y+I)c; (~+A) 32

I
I-'
0'\
..,J
I

* Symbols used in this table are defined in Ref. 58.



Table IV. Calculated values of cross sections for the radiationless annihilation

of 300-keV positrons for K-K, K-L, K-M, and L-L pairs of shell electrons in lead,

and comparison with an experimental total cross section.

Shell electron Kinetic energy of ejected CJ"Z..t
pair shell electrons*

(10-26 cm2)(keV)

....
K - K . 1146.0 0.322

K - LI 1218.1 0.117

K - LJ: 1218.8 0.085

I K - LX 1221. 0 0.080
I-'
0'1 10.727
ex> K - MI 1230.1 0.028I

L1 - L r 1290.2 0.016

L r - L J[ 1290.9 0.037

L1 - L Jl 1293.1 0.042

o-~

(10- 26 cm2 )

0.8 -1-0.4
-0,3

* Calculated by Eq. (8) using binding energies of K-, Lr-, LX -, Lx -, and

MI-shell electrons in lead being 88.0, 15.9, 15.2, 13.0, and 3.9 keV,

respectively (Ref. 63).



CAPTIONS OF FIGURES

Fig. 1. Diagrams for two-quantum annihilation of a free

pair.

Fig. 2. Diagrams for three-quantum pair annihilation.

Fig. 3. Diagram for single-quantum annihilation.

Fig. 4. Diagram for radiationless annihilation of a positron

and the figure illustrating the energy relation between an

incident positron and two shell electrons involved.

Fig. 5. Normalized radial wave functions mUltiplied by p

for K shell in lead. The abscissa gives r in units of ~/mo c.

Fig. 6. Same as Fig. 5 but for L z shell.

Fig. 7. Same as Fig. 5 but for L][ shell.

Fig. 8. Same as Fig. 5 but for L 1Il shell.

Fig. 9. Same as Fig. 5 but for MI shell.

Fig. 10. Calculated cross section for radiationless

annihilation of positrons by the K-K pair of shell electrons

in a lead atom as a function of kinetic energy of incident

positron. Circles are the values calculated by Massey and

Burhop (Ref. 50).
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Fig. 11. Experimental arrangement of a thin lead target and

lithium-drifted silicon junction detector in the beta-ray

spectrometer. Positron trajectories are shown by 01 (distance

from the axis) and 02 (vertical projection). (T) lead target,

(D) silicon detector, (I) insulator, (P) polepiece, (L) lead

shield, (8) spiral baffle, and (C) annular slit.

Fig. 12.

Fig. 13.

Fig. 14.

energy.

Partial decay scheme of 22 Na .

22Observed positron spectrum of Na.

Relationship of pulse height vs incident electron

The solid curve shows that obtained without lead foil.

2
The dotted curve shows that obtained with the 3S.0-mg/cm lead

foil before the silicon detector. The dashed curve shows that

with the 7S.3-mg/cm2 lead foil before the detector.

Fig. IS. Response shape of the solid state detector for

monoenergetic electrons of energy of 1146 keV. The solid curve

shows that obtained with the solid detector at the focus point

of the beta-ray spectrometer. The dotted curve shows that

obtained with the 7S.3-mg/cm2 lead foil before the detector.

Fig. 16. Energy resolution of the solid state detector for

monoenergetic electrons produced by the beta-ray spectrometer.

Fig. 17. Peak-to-total ratio of the solid state detector for

monoenergetic electrons.
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Fig. 18. Solid circles show the electron spectrum in the low

energy region observed by the silicon detector. Open circles

show the background contributions from the strayed gamma rays

and natural background.

Fig. 19. Observed peak of the shell electrons ejected from

a thin lead foil by radiationless annihilation of 300-keV

positrons. A K-shell electron ejected by this process with

another K-shell electron in a lead atom is expected to have

a kinetic energy of 1146 keV.

Fig. 20. Relative angular distribution of single-quantum

annihilation for 300-keV positrons on lead. This curve is

obtained from the theoretical results calculated by Johnson

(Ref. 39).

Fig. 21. Relative angular distribution of K-shell photoelectrons

for 1234-keV photons on lead. This curve is obtained from

the theoretical results calculated by Pratt et aZ (Ref. 76).

Fig. 22. Relative angular distribution of the electrons ejected

from radiationless annihilation for 300-keV positrons by K-K

pair in lead. This curve is obtained using Figs. 19 and 20.

Fig. 23. Flow diagram of geometrical efficiency.

Fig. 24. Schematic diagram illustrating terms used for

evaluation of the effect of the target thickness.
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Fig. 25. The expected spectrum of the ejected shell electrons,

which should be observed with the present experimental system.

The solid curve shows that obtained by taking account of the

effect of the target thickness. The dashed curve shows that

obtained when this effect is not taken into account. A dotted

curve is the presumed slope of the dashed peak representing

the total absorption peak of the ejected shell electrons when

such an effect can be neglected.
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Fig. 6. Lt-shell radial wave function in lead

0.2

-0.2

-0.3

0.1
I • "

0
~ \

rf

I.........

~

co
I

- O. I

5 10 15 20

DISTANCE,r



Fig. 7. L:K -shell radial wave function in lead
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region of electron spectrum
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Fig. 20. Angular distribution of single-quantum

annihilation for 300-keV positrons on lead
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Fig. 21. Angular distribution of K-shell photoelectrons

for 1234-keV photons on lead
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Fig. 22. Estimated angular distribution of electrons

ejected from radiationless annihilation for

300-keV positrons by the K-K pair in lead
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Fig. 23 Flow diagram for geometrical efficiency
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Fig. 24. Definition of terms for the

effect of finite target thickness

oa = 60
T = 75.3 mg/cm2

(6.64 x IO-2mm )

a = 1.0 mm

b = 4.0mm
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