
RIMS Kôkyûroku Bessatsu
B95 (2024), 73–92

Notes on bilinear lattice bump Fourier multipliers

By

Tomoya Kato∗, Akihiko Miyachi∗∗ , and Naohito Tomita∗∗∗

Abstract

We consider the bilinear Fourier multiplier operator with the multiplier written as a linear

combination of a fixed bump function. For those operators we prove two transference theorems,

one in amalgam spaces and the other in Wiener amalgam spaces.

§ 1. Introduction

For σ ∈ L∞(Rn × Rn), the bilinear Fourier multiplier operator Tσ is defined by

Tσ(f1, f2)(x) =

∫∫
Rn×Rn

e2πix·(ξ1+ξ2)σ(ξ1, ξ2)f̂1(ξ1)f̂2(ξ2) dξ1dξ2,

x ∈ Rn, f1, f2 ∈ S(Rn),

where f̂1, f̂2 denote the Fourier transforms.

Let X1, X2, and Y be function spaces on Rn equipped with quasi-norms ‖ · ‖X1 ,

‖ · ‖X2
, and ‖ · ‖Y , respectively. If there exists a constant C ∈ [0,∞) such that

‖Tσ(f1, f2)‖Y ≤ C‖f1‖X1
‖f2‖X2

, f1 ∈ S ∩X1, f2 ∈ S ∩X2,

then we denote the smallest possible C by ‖Tσ‖X1×X2→Y . If there exists no such finite

constant C, then we define ‖Tσ‖X1×X2→Y = ∞. We shall simply call ‖Tσ‖X1×X2→Y

the operator norm of Tσ in X1 ×X2 → Y .
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The bilinear Fourier multiplier operator was introduced by Coifman–Meyer [3, 4, 5,

6] and there have been many works. In the present article, we shall be interested in the

multiplier of the following special form. For a ∈ `∞(Zn × Zn) and Φ ∈ C∞
0 (Rn × Rn),

we define

σa,Φ(ξ1, ξ2) =
∑

µ1,µ2∈Zn

a(µ1, µ2)Φ(ξ1 − µ1, ξ2 − µ2), ξ1, ξ2 ∈ Rn.

For notational convenience, we write the corresponding bilinear operator as

Ta,Φ = Tσa,Φ
.

The multiplier σa,Φ can be considered as a test case of more general bilinear Fourier

multipliers. It was discussed in different kinds of context in several papers. In the papers

[14, 15], the authors used the estimates for operators of the form Ta,Φ as key tools to

prove boundedness of bilinear singular integrals with rough kernels. A study wholly

focusing on σa,Φ was given recently by Briánková–Grafakos–He–Honźık [2], where the

authors call σa,Φ the lattice bump multiplier . The main result of [2] gives estimate for

the operator norm of Ta,Φ in Lp1 × Lp2 → Lp, 1/p = 1/p1 + 1/p2, in terms of ‖a‖ℓ∞
and the cardinality of supp a (see Theorem 1.2 and Remark 1.1 of [2]), which generalize

the estimates given in [14, 15]. In [20, 21, 22], the present authors considered bilinear

Fourier multipliers σ satisfying the estimates∣∣∂α
ξ1∂

β
ξ2
σ(ξ1, ξ2)

∣∣ ≤ Cα,βW (ξ1, ξ2)

with a fixed nonnegative function W , and gave some sufficient conditions on W for Tσ

to be bounded in L2-based amalgam spaces and in Wiener amalgam spaces. The results

of [20, 21, 22] imply the estimates for the operator norm of Ta,Φ in terms of the absolute

values |a(µ1, µ2)|, which cover the estimate of [2].

In the present article, we shall not consider any particular estimates of the operator

norm of Ta,Φ but we shall consider some transference theorems for Ta,Φ. The transference

theorem was first given by de Leeuw [7], who proved that, under certain condition on

the multiplier m(ξ) on R, if the Fourier multiplier operator Tm is bounded in Lp(R),
p ∈ [1,∞], then the periodic Fourier multiplier operators T period

m(ϵ·) , ε ∈ (0,∞), are

uniformly bounded in Lp(T), where Tm and T period
m(ϵ·) are defined by

Tmf(x) =

∫
R
e2πixξm(ξ)f̂(ξ) dξ, x ∈ R, f ∈ S(R),

and

T period
m(ϵ·) F (x) =

∑
µ∈Z

e2πixµm(εµ)F̂ (µ), x ∈ T = R/Z, F ∈ C∞(T)
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(F̂ (µ) denotes the Fourier coefficient of F ). The converse to this theorem was given

by Igari [17, Theorem 2] and Stein–Weiss [24, Theorems 3.18 in Chapter VII]. Trans-

ference theorems were also given in several different settings; see [23, 18, 25, 1, 8, 19].

Transference theorems for bilinear Fourier multipliers were given by Fan–Sato [9].

The purpose of the present article is to give two transference theorems for the

bilinear operators Ta,Φ. We shall introduce two other operators associated to Ta,Φ. One

is the bilinear Fourier multiplier operator T period
a that acts on periodic functions and the

other is the bilinear operator Sa that acts on sequence spaces. Under certain conditions

on Φ, we shall prove that Ta,Φ is bounded in amalgam spaces if and only if T period
a is

bounded in corresponding Lp spaces, and Ta,Φ is bounded in Wiener amalgam spaces if

and only if Sa is bounded in corresponding `q spaces. Precise statements will be given

in Theorems 1 and 3.

Most of the techniques used in the present article are in fact well-known in the

theory of transference theorems. To put it clearly, our arguments are modifications of

those given in [20, 21, 22].

Throughout this article, we use the following notations: 〈z〉 = (1 + |z|2)1/2 for

z ∈ Rn; Q = (−1/2, 1/2]n is the unit cube centered at the origin; KQ = (−K/2,K/2]n

forK ∈ (0,∞); the Fourier transform of f ∈ S(Rn) is denoted by f̂ or by Ff ; the inverse

Fourier transform is denoted by F−1; for m ∈ L∞(Rn), the linear Fourier multiplier

operator is defined by

m(D)f(x) =

∫
Rn

e2πix·ξm(ξ)f̂(ξ) dξ, x ∈ Rn, f ∈ S(Rn).

§ 2. The case of amalgam spaces

In this section, we shall give our first main theorem, which concerns the operator

norm of Ta,Φ in amalgam spaces.

We begin with the definition of amalgam spaces. For p, q ∈ (0,∞], the amalgam

space (Lp, `q) is defined to be the set of all measurable functions f on Rn such that

‖f‖(Lp,ℓq) =
∥∥∥∥∥1Q(x− k)f(x)

∥∥
Lp

x(Rn)

∥∥∥
ℓqk(Zn)

=

{ ∑
k∈Zn

(∫
k+Q

|f(x)|p dx
)q/p}1/q

< ∞,

where the representations of ‖ · ‖Lp and ‖ · ‖ℓq need the usual modifications if p = ∞ or

q = ∞. For properties of amalgam spaces, see Holland [16] or Fournier–Stewart [12].

For a complex valued L1-function F on the torus Tn = Rn/Zn, we define its Fourier

coefficient by

F̂ (µ) =

∫
Tn

F (x)e−2πiµ·x dx, µ ∈ Zn.
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(Although we use the same notation ̂ to denote both the Fourier coefficient and the

Fourier transform, we shall use capital letters to denote functions on Tn, which will

help the reader to distinguish the Fourier coefficient from the Fourier transform.) For

a ∈ `∞(Zn × Zn), we define the operator T period
a by

T period
a (F1, F2)(x) =

∑
µ1,µ2∈Zn

e2πix·(µ1+µ2)a(µ1, µ2)F̂1(µ1)F̂2(µ2),

x ∈ Tn, F1, F2 ∈ C∞(Tn).

For any a ∈ `∞(Zn × Zn), the operator T period
a is a bilinear mapping from C∞(Tn) ×

C∞(Tn) to C∞(Tn). For p1, p2, p ∈ (0,∞], we define

‖T period
a ‖Lp1×Lp2→Lp = sup

{
‖T period

a (F1, F2)‖Lp(Tn)

‖F1‖Lp1 (Tn)‖F2‖Lp2 (Tn)

∣∣∣∣ F1, F2 ∈ C∞(Tn) \ {0}

}
.

Finally, to give our theorems, we need some condition that assures the map a 7→
σa,Φ to be injective. For this we introduce the following: we say that a function Φ ∈
C∞

0 (Rd) satisfies the condition (B) if there exists a point ξ0 ∈ Rd such that

ξ0 6∈
⋃

µ∈Zd\{0}

suppΦ(· − µ) and Φ(ξ0) 6= 0.

Now the following is the first main theorem of this article.

Theorem 1. Let Φ ∈ C∞
0 (Rn × Rn) satisfy the condition (B) and let p1, p2, p,

q1, q2, q ∈ (0,∞] satisfy 1/q1 + 1/q2 ≥ 1/q. Then there exists a constant c ∈ (0,∞)

depending only on n, p1, p2, p, q1, q2, q, and Φ, such that

c−1‖T period
a ‖Lp1×Lp2→Lp ≤ ‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq) ≤ c‖T period

a ‖Lp1×Lp2→Lp

for all a ∈ `∞(Zn × Zn).

Before we give the proof of this theorem, we give some remarks.

Remark 2. (1) The amalgam space (Lp, `q) coincides with the Lebesgue space

Lp if p = q. Hence the following assertion is a special case of Theorem 1: If Φ ∈
C∞

0 (Rn×Rn) satisfy the condition (B) and if p1, p2, p ∈ (0,∞] satisfy 1/p1+1/p2 ≥ 1/p,

then there exists a constant c ∈ (0,∞) depending only on n, p1, p2, p, and Φ, such that

c−1‖T period
a ‖Lp1×Lp2→Lp ≤ ‖Ta,Φ‖Lp1×Lp2→Lp ≤ c‖T period

a ‖Lp1×Lp2→Lp

for all a ∈ `∞(Zn × Zn), where the spaces Lp1 , Lp2 , Lp in the quasi-norms of T period
a

and Ta,Φ are the spaces on Tn and on Rn, respectively.
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(2) The latter inequality

‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq) ≤ c‖T period
a ‖Lp1×Lp2→Lp

in the conclusion of Theorem 1 holds for all Φ ∈ C∞
0 (Rn), without the condition (B).

This will be seen from the proof to be given below.

(3) The assumption 1/q1 + 1/q2 ≥ 1/q in Theorem 1 gives no essential restriction.

In fact, Tσ with a nontrivial σ ∈ L∞(Rn×Rn) has a finite operator norm in (Lp1 , `q1)×
(Lp2 , `q2) → (Lp, `q) only if 1/q1 +1/q2 ≥ 1/q. For a proof of this fact, see Lemma 6 in

Appendix.

Now we shall proceed to the proof of Theorem 1. The proof is a modification of

the arguments given in [20, 21]. We shall divide the proof into two parts, proof of the

latter inequality and proof of the former inequality. In the proofs, a(µ1, µ2) denotes an

arbitrary sequence in `∞(Zn × Zn). We use the letter c to denote positive constants

with the same properties as c of the theorem. Notice that c in different places may not

be the same constant.

Proof of the latter inequality of Theorem 1. Here we shall prove the inequality

(2.1) ‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq) ≤ c‖T period
a ‖Lp1×Lp2→Lp .

Here we don’t need the condition (B).

First we follow the methods of Coifman–Meyer [4, 5] to write Ta,Φ as a superposition

of simple operators of product forms.

Take a number K ∈ (0,∞) that satisfies suppΦ ⊂ 2−1KQ × 2−1KQ and take a

function φ such that

φ ∈ C∞
0 (Rn), φ(ξ) = 1 on 2−1KQ, suppφ ⊂ KQ.

Since suppΦ ⊂ 2−1KQ× 2−1KQ we use the Fourier series expansion on KQ×KQ to

write Φ as

Φ(ξ1, ξ2) =
∑

k1,k2∈Zn

b(k1, k2)e
2πiK−1(ξ1·k1+ξ2·k2), (ξ1, ξ2) ∈ KQ×KQ,

where {b(k1, k2)} is a rapidly decreasing sequence. Multiplying this by φ(ξ1)φ(ξ2), we

have

Φ(ξ1, ξ2) =
∑

k1,k2∈Zn

b(k1, k2)e
2πiK−1(ξ1·k1+ξ2·k2)φ(ξ1)φ(ξ2)

=
∑

k1,k2∈Zn

b(k1, k2)(φk1 ⊗ φk2)(ξ1, ξ2),(2.2)
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where

(φk1
⊗ φk2

)(ξ1, ξ2) = φk1
(ξ1)φk2

(ξ2),

φkj (ξj) = e2πiK
−1ξj ·kjφ(ξj), j = 1, 2.

Thus

σa,Φ(ξ1, ξ2) =
∑
k1,k2

∑
µ1,µ2

a(µ1, µ2)b(k1, k2)(φk1
⊗ φk2

)(ξ1 − µ1, ξ2 − µ2)

=
∑
k1,k2

b(k1, k2)σa,ϕk1
⊗ϕk2

(ξ1, ξ2).(2.3)

Since the sequence {b(k1, k2)} is rapidly decreasing, in order to prove (2.1) it is sufficient

to prove the estimate

(2.4) ‖Ta,ϕk1
⊗ϕk2

‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq) ≤ c ‖T period
a ‖Lp1×Lp2→Lp ;

recall that c should not depend on k1, k2.

Now let f1, f2 ∈ S(Rn). To calculate the (Lp, `q)-quasi-norm of a function, it is

convenient to write the variables of Rn as x+ρ with x ∈ Q and ρ ∈ Zn. Thus let x ∈ Q

and ρ ∈ Zn. We have

Ta,ϕk1
⊗ϕk2

(f1, f2)(x+ ρ)

=
∑

µ1,µ2∈Zn

∫∫
ξ1,ξ2∈Rn

a(µ1, µ2)e
2πi(x+ρ)·(ξ1+ξ2)

× φk1
(ξ1 − µ1)φk2

(ξ2 − µ2)f̂1(ξ1)f̂2(ξ2) dξ1dξ2

=
∑

µ1,µ2∈Zn

∫∫
ξ1,ξ2∈Rn

a(µ1, µ2)e
2πi(x+ρ)·(ξ1+µ1+ξ2+µ2)

× φk1
(ξ1)φk2

(ξ2)f̂1(ξ1 + µ1)f̂2(ξ2 + µ2) dξ1dξ2

= (∗).

Here notice that e2πiρ·(µ1+µ2) = 1 since ρ · (µ1 + µ2) are integers. We write

e2πi(x+ρ)·(ξ1+µ1+ξ2+µ2) = e2πix·(ξ1+ξ2)e2πix·(µ1+µ2)e2πiρ·(ξ1+ξ2)

= e2πix·(µ1+µ2)e2πiρ·ξ1e2πiρ·ξ2
∑
α

1

α!
(2πi)|α|xαξα1

∑
β

1

β!
(2πi)|β|xβξβ2 ,

where the sums are taken over all multi-indices α and β. Thus

(∗) =
∑
µ1,µ2

∑
α,β

a(µ1, µ2)
(2πi)|α|

α!

(2πi)|β|

β!
xα+βe2πix·(µ1+µ2)

×
(∫

Rn

e2πiρ·ξ1φk1
(ξ1) ξ

α
1 f̂1(ξ1 + µ1) dξ1

)(∫
Rn

e2πiρ·ξ2φk2
(ξ2) ξ

β
2 f̂2(ξ2 + µ2) dξ2

)
= (∗∗).
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We define Fk1,ρ,α, Gk2,ρ,β ∈ C∞(Tn) so that their Fourier coefficients are given by

(Fk1,ρ,α)
∧(µ) =

∫
Rn

e2πiρ·ξ1φk1(ξ1) ξ
α
1 f̂1(ξ1 + µ) dξ1, µ ∈ Zn,

(Gk2,ρ,β)
∧(µ) =

∫
Rn

e2πiρ·ξ2φk2
(ξ2) ξ

β
2 f̂2(ξ2 + µ) dξ2, µ ∈ Zn.

Then

(∗∗) =
∑
µ1,µ2

∑
α,β

a(µ1, µ2)
(2πi)|α|

α!

(2πi)|β|

β!
xα+βe2πix·(µ1+µ2)(Fk1,ρ,α)

∧(µ1)(Gk2,ρ,α)
∧(µ2)

=
∑
α,β

(2πi)|α|

α!

(2πi)|β|

β!
xα+β T period

a (Fk1,ρ,α, Gk2,ρ,α)(x).

Thus we obtain

Ta,ϕk1
⊗ϕk2

(f1, f2)(x+ ρ)

=
∑
α,β

(2πi)|α|

α!

(2πi)|β|

β!
xα+β T period

a (Fk1,ρ,α, Gk2,ρ,α)(x), x ∈ Q, ρ ∈ Zn.

From the last formula, we have

‖Ta,ϕk1
⊗ϕk2

(f1, f2)‖(Lp,ℓq) =
∥∥∥∥∥Ta,ϕk1

⊗ϕk2
(f1, f2)(x+ ρ)

∥∥
Lp

x(Q)

∥∥∥
ℓqρ(Zn)

=

∥∥∥∥∥
∥∥∥∥∑

α,β

(2πi)|α|

α!

(2πi)|β|

β!
xα+β T period

a (Fk1,ρ,α, Gk2,ρ,α)(x)

∥∥∥∥
Lp

x(Q)

∥∥∥∥∥
ℓqρ(Zn)

≤
{∑

α,β

(
(2π)|α|

α!

(2π)|β|

β!

∥∥∥∥∥T period
a (Fk1,ρ,α, Gk2,ρ,α)(x)

∥∥
Lp

x(Q)

∥∥∥
ℓpρ(Zn)

)ϵ}1/ϵ

= (∗ ∗ ∗)

with ε = min{p, q, 1}. We set 1/q1 + 1/q2 = 1/s. Our assumption implies 1/s ≥ 1/q

and hence the embedding `s ↪→ `q holds. Thus, the definition of ‖T period
a ‖Lp1×Lp2→Lp ,

the embedding `s ↪→ `q, and Hölder’s inequality with exponents 1/q1+1/q2 = 1/s yield∥∥∥∥∥T period
a (Fk1,ρ,α, Gk2,ρ,α)(x)

∥∥
Lp

x(Q)

∥∥∥
ℓqρ(Zn)

≤
∥∥∥∥∥T period

a

∥∥
Lp1×Lp2→Lp

∥∥Fk1,ρ,α

∥∥
Lp1 (Q)

∥∥Gk2,ρ,β

∥∥
Lp2 (Q)

∥∥∥
ℓqρ(Zn)

≤
∥∥∥∥∥T period

a

∥∥
Lp1×Lp2→Lp

∥∥Fk1,ρ,α

∥∥
Lp1 (Q)

∥∥Gk2,ρ,β

∥∥
Lp2 (Q)

∥∥∥
ℓsρ(Zn)

≤
∥∥T period

a

∥∥
Lp1×Lp2→Lp

∥∥∥∥∥Fk1,ρ,α

∥∥
Lp1 (Q)

∥∥∥
ℓ
q1
ρ (Zn)

∥∥∥∥∥Gk2,ρ,β

∥∥
Lp2 (Q)

∥∥∥
ℓ
q2
ρ (Zn)

.
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Hence

(∗ ∗ ∗) ≤
{∑

α,β

(
(2π)|α|

α!

(2π)|β|

β!

∥∥T period
a

∥∥
Lp1×Lp2→Lp

×
∥∥∥∥∥Fk1,ρ,α

∥∥
Lp1 (Q)

∥∥∥
ℓ
q1
ρ (Zn)

∥∥∥∥∥Gk2,ρ,α

∥∥
Lp2 (Q)

∥∥∥
ℓ
q2
ρ (Zn)

)ϵ}1/ϵ

.

Thus, if we prove the estimates∥∥∥∥∥Fk1,ρ,α

∥∥
Lp1 (Q)

∥∥∥
ℓ
q1
ρ (Zn)

≤ c 〈α〉N (1 +K)|α|‖f1‖(Lp1 ,ℓq1 ),(2.5) ∥∥∥∥∥Gk2,ρ,β

∥∥
Lp2 (Q)

∥∥∥
ℓ
q2
ρ (Zn)

≤ c 〈β〉N (1 +K)|β|‖f2‖(Lp2 ,ℓq2 )(2.6)

with N depending only on n, p1, p2, q1, q2, then we obtain

‖Ta,ϕk1
⊗ϕk2

(f1, f2)‖(Lp,ℓq)

≤ c ‖T period
a ‖Lp1×Lp2→Lp‖f1‖(Lp1 ,ℓq1 )‖f2‖(Lp2 ,ℓq2 )

×
{∑

α,β

(
(2π)|α|

α!

(2π)|β|

β!
〈α〉N (1 +K)|α|〈β〉N (1 +K)|β|

)ϵ}1/ϵ

= c ‖T period
a ‖Lp1×Lp2→Lp‖f1‖(Lp1 ,ℓq1 )‖f2‖(Lp2 ,ℓq2 ),

which is the desired estimate (2.4).

Thus our task is to prove (2.5) and (2.6). By symmetry, it is sufficient to prove one

of them. We shall prove (2.5). Here we use the Poisson summation formula∑
µ∈Zn

e2πiµ·xf̂1(ξ1 + µ) =
∑
ν∈Zn

e−2πiξ1·(x+ν)f1(x+ ν)

(for this formula, see for example [24, Chapter VII, Section 2] or [13, Section 3.2.3]).

Using this formula, we can write Fk1,ρ,α(x) as

Fk1,ρ,α(x) =
∑
µ∈Zn

(Fk1,ρ,α)
∧(µ)e2πiµ·x

=
∑
µ∈Zn

e2πiµ·x
∫
Rn

e2πiρ·ξ1φk1(ξ1) ξ
α
1 f̂1(ξ1 + µ) dξ1

=
∑
ν∈Zn

∫
Rn

e2πiρ·ξ1φk1(ξ1) ξ
α
1 e−2πiξ1·(x+ν)f1(x+ ν) dξ1

=
∑
ν∈Zn

F−1
(
φk1(ξ1) ξ

α
1

)
(ρ− x− ν)f1(x+ ν).
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For x ∈ Q and for each N ∈ N, we have∣∣F−1
(
φk1

(ξ1)ξ
α
1

)
(ρ− x− ν)

∣∣ = ∣∣F−1
(
e2πiK

−1k1·ξ1φ(ξ1)ξ
α
1

)
(ρ− x− ν)

∣∣
=

∣∣F−1
(
φ(ξ1)ξ

α
1

)
(K−1k1 + ρ− x− ν)

∣∣
≤ cn,N sup

|γ|≤N

∥∥∂γ
ξ1

(
φ(ξ1)ξ

α
1

)∥∥
L1

ξ1

〈K−1k1 + ρ− x− ν〉−N

≤ cn,N,ϕ 〈α〉N (1 +K)|α|〈K−1k1 + ρ− ν〉−N

and hence

|Fk1,ρ,α(x)| ≤ cn,N,ϕ 〈α〉N (1 +K)|α|
∑
ν∈Zn

〈K−1k1 + ρ− ν〉−N |f1(x+ ν)|

= cn,N,ϕ 〈α〉N (1 +K)|α|
∑
σ∈Zn

〈K−1k1 + σ〉−N |f1(x+ ρ− σ)|.

Set ε1 = min{1, p1, q1} and choose N ∈ N so that ε1N > n. Then∥∥∥∥∥Fk1,ρ,α(x)
∥∥
L

p1
x (Q)

∥∥∥
ℓ
q1
ρ (Zn)

≤ c 〈α〉N (1 +K)|α|

∥∥∥∥∥
∥∥∥∥ ∑

σ∈Zn

〈K−1k1 + σ〉−N |f1(x+ ρ− σ)|
∥∥∥∥
L

p1
x (Q)

∥∥∥∥∥
ℓ
q1
ρ (Zn)

≤ c 〈α〉N (1 +K)|α|

×
( ∑

σ∈Zn

〈K−1k1 + σ〉−ϵ1N
∥∥∥∥∥f1(x+ ρ− σ)

∥∥
L

p1
x (Q)

∥∥∥ϵ1
ℓ
q1
ρ (Zn)

)1/ϵ1

= c 〈α〉N (1 +K)|α|
( ∑

σ∈Zn

〈K−1k1 + σ〉−ϵ1N

)1/ϵ1

‖f1‖(Lp1 ,ℓq1 )

≤ c 〈α〉N (1 +K)|α|‖f1‖(Lp1 ,ℓq1 )(Rn),

which implies (2.5). Now the latter inequality of Theorem 1 is proved.

Next, we prove the former inequality of Theorem 1.

Proof of the former inequality of Theorem 1. Here we shall prove the inequality

(2.7) ‖T period
a ‖Lp1×Lp2→Lp ≤ c‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq).

From the assumption that Φ satisfies the condition (B), there exist a point ξ0 ∈ R2n

and a sufficiently small ε > 0 such that

Φ(ξ0) 6= 0,(2.8)

|ξ − ξ0| < 2ε, µ ∈ Z2n, µ 6= 0 ⇒ Φ(ξ − µ) = 0.(2.9)
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We write ξ0 = (ξ01 , ξ
0
2). We then take functions θ1, θ2 ∈ C∞

0 (Rn) such that

supp θj ⊂ {ξ ∈ Rn | |ξ − ξ0j | < ε},(2.10) ∣∣∣∣ ∫∫
Rn×Rn

e2πix·(ξ1+ξ2)Φ(ξ1, ξ2)θ1(ξ1)θ2(ξ2) dξ1dξ2

∣∣∣∣ ≥ 1 for all x ∈ Q.(2.11)

Hereafter we write

(2.12) g(x) =

∫∫
Rn×Rn

e2πix·(ξ1+ξ2)Φ(ξ1, ξ2)θ1(ξ1)θ2(ξ2) dξ1dξ2.

Take arbitrary F1, F2 ∈ C∞(Tn). We define f1, f2 ∈ S(Rn) so that their Fourier

transforms are given by

f̂j(ξ) =
∑
ν∈Zn

F̂j(ν)θj(ξ − ν), ξ ∈ Rn, j = 1, 2,

or equivalently by

fj(x) =
∑
ν∈Zn

F̂j(ν)e
2πiν·x(F−1θj)(x) = Fj(x)(F−1θj)(x), j = 1, 2

(recall that F̂j denotes the Fourier coefficient of Fj). Then, since Fj is a periodic

function and F−1θj is a function in S, we have

(2.13) ‖fj‖(Lpj ,ℓqj )(Rn) ≤ c‖Fj‖Lpj (Tn), j = 1, 2.

On the other hand, from (2.9) and (2.10), we have

σa,Φ(ξ1, ξ2)f̂1(ξ1)f̂2(ξ2)

=

( ∑
µ1,µ2∈Zn

a(µ1, µ2)Φ(ξ1 − µ1, ξ2 − µ2)

)

×
( ∑

ν1∈Zn

F̂1(ν1)θ1(ξ1 − ν1)

)( ∑
ν2∈Zn

F̂2(ν2)θ2(ξ2 − ν2)

)
=

∑
µ1,µ2∈Zn

a(µ1, µ2)F̂1(µ1)F̂2(µ2)Φ(ξ1 − µ1, ξ2 − µ2)θ1(ξ1 − µ1)θ2(ξ2 − µ2)

and thus

Ta,Φ(f1, f2)(x) =
∑

µ1,µ2∈Zn

a(µ1, µ2)F̂1(µ1)F̂2(µ2)

∫∫
Rn×Rn

e2πix·(ξ1+ξ2)

× Φ(ξ1 − µ1, ξ2 − µ2)θ1(ξ1 − µ1)θ2(ξ2 − µ2) dξ1dξ2

=
∑

µ1,µ2∈Zn

a(µ1, µ2)F̂1(µ1)F̂2(µ2)e
2πix·(µ1+µ2)g(x)(2.14)

= T period
a (F1, F2)(x)g(x).
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From this and (2.11)-(2.12), we have

(2.15) |Ta,Φ(f1, f2)(x)| ≥ |T period
a (F1, F2)(x)|, x ∈ Q.

Now from (2.15) and (2.13), we obtain

‖T period
a (F1, F2)‖Lp(Q) ≤ ‖Ta,Φ(f1, f2)‖Lp(Q) ≤ ‖Ta,Φ(f1, f2)‖(Lp,ℓq)(Rn)

≤ ‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq)‖f1‖(Lp1 ,ℓq1 )(Rn)‖f2‖(Lp2 ,ℓq2 )(Rn)

≤ c‖Ta,Φ‖(Lp1 ,ℓq1 )×(Lp2 ,ℓq2 )→(Lp,ℓq)‖F1‖Lp1 (Tn)‖F2‖Lp2 (Tn),

which implies (2.7). Now the former inequality of Theorem 1 is proved and proof of

Theorem 1 is complete.

§ 3. The case of Wiener amalgam spaces

In this section, we shall give our second main theorem, which concerns the operator

norm of Ta,Φ in Wiener amalgam spaces.

We begin with the definition of Wiener amalgam spaces. Let κ ∈ C∞
0 (Rn) be a

function satisfying ∣∣∣∣ ∑
k∈Zn

κ(ξ − k)

∣∣∣∣ ≥ 1 for all ξ ∈ Rn.

Then for p, q ∈ (0,∞], the Wiener amalgam space W p,q = W p,q(Rn) is defined to be

the set of all f ∈ S ′(Rn) such that

‖f‖Wp,q =
∥∥∥∥∥κ(D − k)f(x)

∥∥
ℓqk(Zn)

∥∥∥
Lp

x(Rn)
< ∞.

It is known that the definition of Wiener amalgam space does not depend on the choice of

the function κ up to the equivalence of quasi-norm. It is also known that the embedding

W p1,q1 ↪→ W p2,q2 holds if 0 < p1 ≤ p2 ≤ ∞ and 0 < q1 ≤ q2 ≤ ∞. For these facts, see

Feichtinger [10, 11], and Triebel [26].

We write X(Zn) to denote the set of all functions b : Zn → C such that b(µ) = 0

except for a finite number of µ ∈ Zn. For a ∈ `∞(Zn × Zn), we define the bilinear map

Sa : X(Zn)×X(Zn) → X(Zn) by

Sa(b1, b2)(µ) =
∑

µ1+µ2=µ

a(µ1, µ2)b1(µ1)b2(µ2),

µ ∈ Zn, b1, b2 ∈ X(Zn).

For q1, q2, q ∈ (0,∞], we define

‖Sa‖ℓq1×ℓq2→ℓq = sup

{ ‖Sa(b1, b2)‖ℓq(Zn)

‖b1‖ℓq1 (Zn)‖b2‖ℓq2 (Zn)

∣∣∣∣ b1, b2 ∈ X(Zn) \ {0}
}
.

The following is the second main theorem of this article.
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Theorem 3. Let Φ ∈ C∞
0 (Rn × Rn) satisfy the condition (B) and let p1, p2, p,

q1, q2, q ∈ (0,∞] satisfy 1/p1 + 1/p2 ≥ 1/p. Then there exists a constant c ∈ (0,∞)

depending only on n, p1, p2, p, q1, q2, q, and Φ, such that

c−1‖Sa‖ℓq1×ℓq2→ℓq ≤ ‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q ≤ c‖Sa‖ℓq1×ℓq2→ℓq

for all a ∈ `∞(Zn × Zn).

Before we give the proof of this theorem, we give some remarks.

Remark 4. (1) The latter inequality

‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q ≤ c‖Sa‖ℓq1×ℓq2→ℓq

in the conclusion of Theorem 3 holds for all Φ ∈ C∞
0 (Rn), without the condition (B).

This will be seen from the proof to be given below.

(2) The assumption 1/p1 + 1/p2 ≥ 1/p in Theorem 3 gives no essential restriction.

Tσ with a nontrivial σ ∈ L∞(Rn×Rn) has a finite operator norm in W p1,q1 ×W p2,q2 →
W p,q only if 1/p1 + 1/p2 ≥ 1/p. For a proof of this fact, see Lemma 7 in Appendix.

In the proof of the latter inequality of Theorem 3, we use the following lemma.

Lemma 5. Let ϕ ∈ C∞
0 (Rn) and let gµ ∈ S ′(Rn), µ ∈ Zn. Suppose the Fourier

transform of each gµ has a compact support and suppose there exists a number K ∈
(0,∞) such that diam ( suppϕ) ≤ K and diam ( supp ĝµ) ≤ K for all µ ∈ Zn. Then for

each p, q ∈ (0,∞] there exists a constant c depending only on n, p, q,K, and ϕ such that∥∥∥∥∥ϕ(D − µ)gµ(x)
∥∥
ℓqµ(Zn)

∥∥∥
Lp

x(Rn)
≤ c

∥∥∥∥∥gµ(x)∥∥ℓqµ(Zn)

∥∥∥
Lp

x(Rn)
.

Proof. We use the following two well known facts. Firstly, if the Fourier transform

of f ∈ S ′(Rn) has a compact support and if R is a positive real number satisfying

diam ( supp f̂) ≤ R then for each r, s satisfying 0 < r ≤ s ≤ ∞, there exists a constant

c depending only on r, s, and n such that

(3.1) Rn/s‖f‖Ls(Rn) ≤ cRn/r‖f‖Lr(Rn).

For a proof of this inequality, see for example [27, Proposition 1.3.2]. Secondly,

(3.2)
∥∥∥‖f(x, y)‖Lp

x

∥∥∥
Lq

y

≤
∥∥∥‖f(x, y)‖Lq

y

∥∥∥
Lp

x

if 0 < p ≤ q ≤ ∞,

which holds for all Lp and Lq quasi-norms defined on any σ-finite measure spaces. The

inequality (3.2) can be easily proved by the use of Minkowski’s inequality for integrals.
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Now let ϕ and gµ be as in Lemma 5. We write

ϕ(D − µ)gµ(x) =

∫
e2πiµ·y(F−1ϕ)(y)gµ(x− y) dy.

From our assumption, the Fourier transform of the function y 7→ (F−1ϕ)(y)gµ(x − y)

has a compact support of diameter not exceeding 2K. Thus by (3.1) we have

|ϕ(D − µ)gµ(x)| =
∣∣∣∣ ∫

Rn

e2πiµ·y(F−1ϕ)(y)gµ(x− y) dy

∣∣∣∣
≤

∫
Rn

∣∣(F−1ϕ)(y)gµ(x− y)
∣∣ dy ≤ cn,ϵ,K

∥∥(F−1ϕ)(y)gµ(x− y)
∥∥
Lϵ

y

for any ε satisfying 0 < ε ≤ 1. Taking ε so that ε ≤ min{1, p, q}, we use (3.2) to obtain∥∥∥∥∥ϕ(D − µ)gµ(x)
∥∥
ℓqµ

∥∥∥
Lp

x

≤ cn,ϵ,K

∥∥∥∥∥‖(F−1ϕ)(y)gµ(x− y)‖Lϵ
y

∥∥
ℓqµ

∥∥∥
Lp

x

≤ cn,ϵ,K

∥∥∥∥∥‖(F−1ϕ)(y)gµ(x− y)‖ℓqµ
∥∥
Lp

x

∥∥∥
Lϵ

y

= cn,ϵ,K
∥∥F−1ϕ

∥∥
Lϵ

∥∥∥∥∥gµ(x)∥∥ℓqµ∥∥∥Lp
x

.

Lemma 5 is proved.

Now we shall prove Theorem 3. The proof is a modification of the argument given

in [22]. We shall divide the proof into two parts, proof of the latter inequality and proof

of the former inequality. In the proofs, we assume a ∈ `∞(Zn × Zn). For nonnegative

quantities A and B, we write A ≲ B if there exists a constant c with the same properties

as the constant c of Theorem 3. Also we write A ≈ B to mean that A ≲ B and B ≲ A.

Proof of the latter inequality of Theorem 3. Here we shall prove the inequality

(3.3) ‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q ≤ c‖Sa‖ℓq1×ℓq2→ℓq .

Here we don’t need the condition (B). By virtue of the embedding W p̃,q ↪→ W p,q, p̃ ≤ p,

it is sufficient to show it in the case 1/p1 + 1/p2 = 1/p.

Take K and φ in the same way as in Proof of the latter inequality of Theorem 1.

In the present case, we take φ so that it satisfies the additional condition∑
m∈Zn

φ(ξ −m) ≥ 1 for all ξ ∈ Rn.

Then we have

‖f‖W r,s ≈
∥∥∥∥∥φ(D − µ)f(x)

∥∥
ℓsµ

∥∥∥
Lr

x

for each r, s ∈ (0,∞].
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We use the same representations as in Proof of the latter inequality of Theorem 1:

Φ(ξ1, ξ2) =
∑

k1,k2∈Zn

b(k1, k2)φk1 ⊗ φk2(ξ1, ξ2),

σa,Φ(ξ1, ξ2) =
∑

k1,k2∈Zn

b(k1, k2)σa,ϕk1
⊗ϕk2

(ξ1, ξ2)

(see (2.2) and (2.3)). Recall that {b(k1, k2)} is a rapidly decreasing sequence. Hence in

order to prove (3.3) it is sufficient to prove the estimate

(3.4)
∥∥Ta,ϕk1

⊗ϕk2

∥∥
Wp1,q1×Wp2,q2→Wp,q ≤ c

∥∥Sa

∥∥
ℓq1×ℓq2→ℓq

(with c independent of k1, k2).

Let f1, f2 ∈ S(Rn). We have

Ta,ϕk1
⊗ϕk2

(f1, f2)(x) =
∑

µ1,µ2∈Zn

∫∫
Rn×Rn

a(µ1, µ2)e
2πix·(ξ1+ξ2)

× φk1(ξ1 − µ1)φk2(ξ2 − µ2)f̂1(ξ1)f̂2(ξ2) dξ1dξ2

=
∑

µ1,µ2∈Zn

a(µ1, µ2) g
1
µ1,k1

(x)g2µ2,k2
(x),(3.5)

where

gjµj ,kj
(x) = φkj (D − µj)fj(x) = e−2πiK−1kj ·µjφ(D − µj)fj(x+K−1kj), j = 1, 2.

Notice that gjµj ,kj
, j = 1, 2, satisfy

suppF(gjµj ,kj
) ⊂ {ζ | |ζ − µj | ≲ 1},(3.6) ∥∥∥∥∥gjµj ,kj

(x)
∥∥
ℓ
qj
µj

∥∥∥
L

pj
x

=
∥∥∥∥∥φ(D − µj)fj(x+K−1kj)

∥∥
ℓ
qj
µj

∥∥∥
L

pj
x

≈ ‖fj‖Wpj,qj ;(3.7)

notice that the quantities in (3.7) do not depend on k1, k2.

From (3.6), it follows that

(3.8) suppF(g1µ1,k1
g2µ2,k2

) ⊂ {ζ | |ζ − µ1 − µ2| ≲ 1}.

Let κ be the function used in the definition of the quasi-norm of Wiener amalgam spaces.

Then, since κ has a compact support, we see that κ(D − µ)
(
g1µ1,k1

g2µ2,k2

)
6= 0 only if

|µ1 + µ2 − µ| ≲ 1. This fact and (3.5) yield

(3.9) κ(D − µ)
(
Ta,ϕk1

⊗ϕk2
(f1, f2)

)
= κ(D − µ)hµ,k1,k2

with

hµ,k1,k2
=

∑
|τ |≲1

∑
µ1+µ2=µ+τ

a(µ1, µ2)g
1
µ1,k1

g2µ2,k2
.
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By (3.8), the Fourier transform of hµ,k1,k2
has a compact support of diameter ≲ 1.

Hence (3.9) and Lemma 5 imply∥∥Ta,ϕk1
⊗ϕk2

(f1, f2)
∥∥
Wp,q =

∥∥∥∥∥κ(D − µ)
(
Ta,ϕk1

⊗ϕk2
(f1, f2)

)
(x)

∥∥
ℓqµ

∥∥∥
Lp

x

=
∥∥∥∥∥κ(D − µ)hµ,k1,k2(x)

∥∥
ℓqµ

∥∥∥
Lp

x

≲
∥∥∥∥∥hµ,k1,k2(x)

∥∥
ℓqµ

∥∥∥
Lp

x

.

Using the definition of ‖Sa‖ℓq1×ℓq2→ℓq and Hölder’s inequality with exponents 1/p1 +

1/p2 = 1/p, we obtain∥∥∥∥∥hµ,k1,k2
(x)

∥∥
ℓqµ

∥∥∥
Lp

x

=

∥∥∥∥∥
∥∥∥∥ ∑

|τ |≲1

∑
µ1+µ2=µ+τ

a(µ1, µ2)g
1
µ1,k1

(x)g2µ2,k2
(x)

∥∥∥∥
ℓqµ

∥∥∥∥∥
Lp

x

≲
∥∥∥∥∥
∥∥∥∥ ∑

µ1+µ2=µ

a(µ1, µ2)g
1
µ1,k1

(x)g2µ2,k2
(x)

∥∥∥∥
ℓqµ

∥∥∥∥∥
Lp

x

≤
∥∥∥‖Sa‖ℓq1×ℓq2→ℓq‖g1µ1,k1

(x)‖ℓq1µ1
‖g2µ2,k2

(x)‖ℓq2µ2

∥∥∥
Lp

x

≤ ‖Sa‖ℓq1×ℓq2→ℓq

∥∥∥∥∥g1µ1,k1
(x)

∥∥
ℓ
q1
µ1

∥∥∥
L

p1
x

∥∥∥∥∥g2µ2,k2
(x)

∥∥
ℓ
q2
µ2

∥∥∥
L

p2
x

.

Now combing the above inequalities with (3.7), we obtain∥∥Ta,ϕk1
⊗ϕk2

(f1, f2)
∥∥
Wp,q ≲ ‖Sa‖ℓq1×ℓq2→ℓq‖f1‖Wp1,q1‖f2‖Wp2,q2 ,

which implies (3.4). Thus the latter inequality of Theorem 3 is proved.

Next, we shall prove the former inequality of Theorem 3.

Proof of the former inequality of Theorem 3. Here we shall prove the inequality

(3.10) ‖Sa‖ℓq1×ℓq2→ℓq ≤ c ‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q .

Since Φ satisfies the condition (B), by the same reason as in Proof of the former

inequality of Theorem 1, we can take ξ0 = (ξ01 , ξ
0
2) ∈ R2n and functions θ1, θ2 ∈ C∞

0 (Rn)

that satisfy (2.8), (2.9), (2.10), and (2.11).

We take a function κ ∈ C∞
0 (Rn) such that∑

µ∈Zn

κ(ξ − µ) = 1 for all ξ ∈ Rn

and

(3.11) |ξ| < 2ε ⇒ κ(ξ − µ) =

1 if µ = 0,

0 otherwise.
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where ε is the number in (2.9). Such a κ certainly exists if ε is chosen sufficiently small.

Now let b1, b2 ∈ X(Zn). We define f1, f2 ∈ S(Rn) through Fourier transform by

f̂j(ξ) =
∑
ν∈Zn

bj(ν)θj(ξ − ν), ξ ∈ Rn.

From (2.10) and (3.11), we have

κ(ξ − ξ0j − µ)f̂j(ξ) = κ(ξ − ξ0j − µ)
∑
ν∈Zn

bj(ν)θj(ξ − ν) = bj(µ)θj(ξ − µ)

and hence

κ(D − ξ0j − µ)fj(x) = bj(µ)e
2πiµ·xF−1θj(x).

Thus

‖fj‖Wpj,qj ≈
∥∥∥∥∥κ(D − ξ0j − µ)fj(x)

∥∥
ℓ
qj
µ

∥∥∥
L

pj
x

=
∥∥∥∥∥bj(µ)e2πiµ·xF−1θj(x)

∥∥
ℓ
qj
µ

∥∥∥
L

pj
x

= ‖bj‖ℓqj ‖F−1θj(x)‖Lpj
x

= c‖bj‖ℓqj .
(3.12)

On the other hand, just in the same way as we obtained (2.14) in Proof of the

former inequality of Theorem 1, we obtain

Ta,Φ(f1, f2)(x) =
∑

µ1,µ2∈Zn

∑
ν1,ν2∈Zn

a(µ1, µ2)b1(ν1)b2(ν2)

∫∫
Rn×Rn

e2πix·(ξ1+ξ2)

× Φ(ξ1 − µ1, ξ2 − µ2)θ1(ξ1 − ν1)θ2(ξ2 − ν2) dξ1dξ2

=
∑

µ1,µ2∈Zn

a(µ1, µ2)b1(µ1)b2(µ2) e
2πix·(µ1+µ2)g(x)(3.13)

with g(x) given by (2.12). Observe that

suppF
(
e2πix·(µ1+µ2)g(x)

)
⊂

{
ξ1 + ξ2 + µ1 + µ2 | ξ1 ∈ supp θ1, ξ2 ∈ supp θ2,

}
⊂

{
ξ01 + ξ02 + ζ + µ1 + µ2 | ζ ∈ Rn |ζ| < 2ε

}
.

Hence our choice of κ (see (3.11)) implies that

µ = µ1 + µ2 ⇒ κ(ξ − ξ01 − ξ02 − µ) = 1 on suppF
(
e2πix·(µ1+µ2)g(x)

)
,

µ 6= µ1 + µ2 ⇒ κ(ξ − ξ01 − ξ02 − µ) = 0 on suppF
(
e2πix·(µ1+µ2)g(x)

)
,

and hence

κ(Dx − ξ01 − ξ02 − µ)
(
e2πix·(µ1+µ2)g(x)

)
=

e2πix·(µ1+µ2)g(x) if µ1 + µ2 = µ,

0 otherwise.
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This relation and (3.13) imply

κ(Dx − ξ01 − ξ02 − µ)Ta,Φ(f1, f2)(x)

=
∑

µ1+µ2=µ

a(µ1, µ2)b1(µ1)b2(µ2) e
2πix·µg(x).

Recall that |g(x)| ≥ 1 on Q (see (2.11)). Hence

‖Ta,Φ(f1, f2)‖Wp,q

≈
∥∥∥∥∥κ(Dx − ξ01 − ξ02 − µ)Ta,Φ(f1, f2)(x)

∥∥
ℓqµ

∥∥∥
Lp

x

=

∥∥∥∥∥
∥∥∥∥ ∑

µ1+µ2=µ

a(µ1, µ2)b1(µ1)b2(µ2) e
2πix·µg(x)

∥∥∥∥
ℓqµ

∥∥∥∥∥
Lp

x

=

∥∥∥∥ ∑
µ1+µ2=µ

a(µ1, µ2)b1(µ1)b2(µ2)

∥∥∥∥
ℓqµ

‖g‖Lp

≥
∥∥∥∥ ∑

µ1+µ2=µ

a(µ1, µ2)b1(µ1)b2(µ2)

∥∥∥∥
ℓqµ

= ‖Sa(b1, b2)‖ℓq .

Combining the above inequalities with (3.12), we obtain

‖Sa(b1, b2)‖ℓq ≲ ‖Ta,Φ(f1, f2)‖Wp,q

≤ ‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q‖f1‖Wp1,q1‖f2‖Wp2,q2

≲ ‖Ta,Φ‖Wp1,q1×Wp2,q2→Wp,q‖b1‖ℓq1 ‖b2‖ℓq2 ,

which implies (3.10). Now the former inequality of Theorem 3 is proved and hence the

proof of Theorem 3 is complete.

§ 4. Appendix

Here we give proofs of the facts mentioned in Remark 2 (3) and Remark 4 (2).

Lemma 6. Let σ ∈ L∞(Rn×Rn), σ 6= 0, p1, p2, p, q1, q2, q ∈ (0,∞], and suppose

Tσ is bounded in (Lp1 , `q1)× (Lp2 , `q2) → (Lp, `q). Then 1/q ≤ 1/q1 + 1/q2.

Proof. Take a function ϕ ∈ S(Rn) such that supp ϕ̂ ⊂ {|ξ| ≤ 1} and |ϕ(x)| ≥ 1

for x ∈ Q. Take a Lebesgue point (ξ0, η0) of σ such that σ(ξ0, η0) 6= 0 and define fϵ and

gϵ for 0 < ε < 1 by

f̂ϵ(ξ) = ε−nϕ̂
(
ε−1(ξ − ξ0)

)
, ĝϵ(η) = ε−nϕ̂

(
ε−1(η − η0)

)
,

fϵ(x) = e2πiξ0·xϕ(εx), gϵ(x) = e2πiη0·xϕ(εx).
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Then 1Q(εx) ≤ |fϵ(x)| = |gϵ(x)| ≲ (1 + ε|x|)−N with any N > 0. From this we

easily see that
∥∥fϵ∥∥(Lp1 ,ℓq1 )

≈ ε−n/q1 and
∥∥gϵ∥∥(Lp2 ,ℓq2 )

≈ ε−n/q2 for 0 < ε < 1.

On the other hand, Tσ(fϵ, gϵ)(x) is written as

Tσ(fϵ, gϵ)(x) =

∫∫
e2πix·(ξ+η)

(
σ(ξ, η)− σ(ξ0, η0)

)
f̂ϵ(ξ)ĝϵ(η) dξdη

+

∫∫
e2πix·(ξ+η)σ(ξ0, η0)f̂ϵ(ξ)ĝϵ(η) dξdη = A+B, say.

Since (ξ0, η0) is a Lebesgue point of σ, the term A tends to 0 uniformly in x ∈ Rn

as ε → 0. For the term B, we have B = σ(ξ0, η0)e
2πix·(ξ0+η0)ϕ(εx)2, and hence our

choice of ϕ implies |B| ≥ |σ(ξ0, η0)|1Q(εx). Hence for all sufficiently small ε we have

|Tσ(fϵ, gϵ)(x)| ≥ 2−1|σ(ξ0, η0)|1Q(εx) and thus

∥∥Tσ(fϵ, gϵ)
∥∥
(Lp,ℓq)

=
∥∥∥∥∥Tσ(fϵ, gϵ)(z + ρ)

∥∥
Lp

z(Q)

∥∥∥
ℓqρ(Zn)

≳
∥∥∥∥∥|σ(ξ0, η0)|1Q

(
ε(z + ρ)

)∥∥
Lp

z(Q)

∥∥∥
ℓqρ(Zn)

≈ |σ(ξ0, η0)| ε−n/q.

If Tσ is bounded in (Lp1 , `q1)× (Lp2 , `q2) → (Lp, `q), then the inequalities obtained

above imply ε−n/q = O
(
ε−n/q1ε−n/q2

)
as ε → 0, which holds only when 1/q ≤ 1/q1 +

1/q2.

Lemma 7. Let σ ∈ L∞(Rn×Rn), σ 6= 0, p1, p2, p, q1, q2, q ∈ (0,∞], and suppose

Tσ is bounded in W p1,q1 ×W p2,q2 → W p,q. Then 1/p ≤ 1/p1 + 1/p2.

Proof. Take ϕ, (ξ0, η0), fϵ, and gϵ in the same way as in Proof of Lemma 6.

To estimate the quasi-norms of fϵ and gϵ in Wiener-amalgam spaces, take a function

κ ∈ C∞
0 (Rn) such that

∑
µ∈Zn κ(ξ − µ) = 1 for all ξ ∈ Rn and that

|ξ| < 1/10 ⇒ κ(ξ) = 1 and κ(ξ − µ) = 0 for µ ∈ Zn \ {0}.

Then, for 0 < ε < 1/10, we have κ(D − ξ0)fϵ = fϵ and κ(D − ξ0 − µ)fϵ = 0 for

µ ∈ Zn \ {0}, and thus∥∥fϵ∥∥Wp1,q1
≈

∥∥∥∥∥κ(D − ξ0 − µ)fϵ(x)
∥∥
ℓ
q1
µ (Zn)

∥∥∥
L

p1
x (Rn)

=
∥∥∥fϵ(x)∥∥∥

L
p1
x (Rn)

=
∥∥∥ϕ(εx)∥∥∥

L
p1
x (Rn)

≈ ε−n/p1 .

Similarly we have
∥∥gϵ∥∥Wp2,q2

≈ ε−n/p2 for 0 < ε < 1/10.

To estimate the W p,q-quasi-norm of Tσ(fϵ, gϵ), we take a function κ̃ ∈ C∞
0 (Rn)
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such that κ̃(ξ0 + η0) 6= 0 and
∑

µ∈Zn κ̃(ξ − µ) ≥ 1 for all ξ ∈ Rn. Then

κ̃(D)Tσ(fϵ, gϵ)(x) =

∫∫
e2πix·(ξ+η)κ̃(ξ + η)σ(ξ, η)f̂ϵ(ξ)ĝϵ(η) dξdη

=

∫∫
e2πix·(ξ+η)

[
κ̃(ξ + η)σ(ξ, η)− κ̃(ξ0 + η0)σ(ξ0, η0)

]
f̂ϵ(ξ)ĝϵ(η) dξdη

+

∫∫
e2πix·(ξ+η)κ̃(ξ0 + η0)σ(ξ0, η0)f̂ϵ(ξ)ĝϵ(η) dξdη = A+B, say.

Since (ξ0, η0) is a Lebesgue point of κ̃(ξ+ η)σ(ξ, η), the term A tends to 0 uniformly in

x ∈ Rn as ε → 0. For the term B, we have B = κ̃(ξ0 + η0)σ(ξ0, η0)e
2πix·(ξ0+η0)ϕ(εx)2

and hence |B| ≥ |κ̃(ξ0 + η0)σ(ξ0, η0)|1Q(εx). Hence for all sufficiently small ε we have∣∣κ̃(D)Tσ(fϵ, gϵ)(x)
∣∣ ≥ 2−1 |κ̃(ξ0 + η0)σ(ξ0, η0)|1Q(εx) and thus∥∥Tσ(fϵ, gϵ)
∥∥
Wp,q ≈

∥∥∥∥∥κ̃(D − µ)Tσ(fϵ, gϵ)(x)
∥∥
ℓqµ(Zn)

∥∥∥
Lp

x(Rn)

≥
∥∥κ̃(D)Tσ(fϵ, gϵ)(x)

∥∥
Lp

x(Rn)
≳

∥∥∥|κ̃(ξ0 + η0)σ(ξ0, η0)|1Q(εx)
∥∥∥
Lp

x(Rn)

≈ |κ̃(ξ0 + η0)σ(ξ0, η0)| ε−n/p.

If Tσ is bounded in W p1,q1 ×W p2,q2 → W p,q, then the inequalities obtained above

imply ε−n/p = O
(
ε−n/p1ε−n/p2

)
as ε → 0, which holds only if 1/p ≤ 1/p1 + 1/p2.
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