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Notes on bilinear lattice bump Fourier multipliers

By

Tomoya KATO*, AKIHIKO MIYACHI*, and NAOHITO TOMITA***

Abstract

‘We consider the bilinear Fourier multiplier operator with the multiplier written as a linear
combination of a fixed bump function. For those operators we prove two transference theorems,
one in amalgam spaces and the other in Wiener amalgam spaces.

§1. Introduction

For o € L>®(R™ x R™), the bilinear Fourier multiplier operator T, is defined by

To(h, fo)l@) = // 2 (E482) g (g1, €5) f1 (1) fa(E2) dErdEa,
R™ xR™
.CL‘ER”, f17f2€S(Rn)a

where ]?1, fg denote the Fourier transforms.
Let X1, X2, and Y be function spaces on R™ equipped with quasi-norms || - ||x,,
| - | x,, and || - ||y, respectively. If there exists a constant C' € [0, c0) such that

|Ts(f1, f2)ly S Cllfillx. | follxe, FrESNXL, foeSNXy,

then we denote the smallest possible C by || T x, xx,—y - If there exists no such finite
constant C', then we define ||T5 || x, xx,—y = 0o. We shall simply call |75 || x, x x,—v

the operator norm of T, in X7 x Xy — Y.
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The bilinear Fourier multiplier operator was introduced by Coifman—Meyer [3, 4, 5,
6] and there have been many works. In the present article, we shall be interested in the
multiplier of the following special form. For a € ¢*°(Z™ x Z™) and ® € C°(R™ x R"™),
we define

Ua,<1>(§1;§2) = Z a(ﬂl;ﬂ2)q)<£1 — p1,8§2 — MQ)» £1,6 € R™.

H1,p2 €L

For notational convenience, we write the corresponding bilinear operator as

Too =T,

) Oa,d "

The multiplier o, & can be considered as a test case of more general bilinear Fourier
multipliers. It was discussed in different kinds of context in several papers. In the papers
[14, 15], the authors used the estimates for operators of the form Tj ¢ as key tools to
prove boundedness of bilinear singular integrals with rough kernels. A study wholly
focusing on o4, was given recently by Bridnkova-Grafakos-He-Honzik [2], where the
authors call o, ¢ the lattice bump multiplier. The main result of [2] gives estimate for
the operator norm of T, ¢ in LP* x LP> — LP 1/p = 1/p1 + 1/p2, in terms of ||a||s=
and the cardinality of suppa (see Theorem 1.2 and Remark 1.1 of [2]), which generalize
the estimates given in [14, 15]. In [20, 21, 22], the present authors considered bilinear
Fourier multipliers o satisfying the estimates

10802 0(€1,62)| < CagW(£1,E2)

with a fixed nonnegative function W, and gave some sufficient conditions on W for T,
to be bounded in L?-based amalgam spaces and in Wiener amalgam spaces. The results
of [20, 21, 22] imply the estimates for the operator norm of 7, ¢ in terms of the absolute
values |a(f1, p2)|, which cover the estimate of [2].

In the present article, we shall not consider any particular estimates of the operator
norm of T;, ¢ but we shall consider some transference theorems for T,, . The transference
theorem was first given by de Leeuw [7], who proved that, under certain condition on

the multiplier m(§) on R, if the Fourier multiplier operator T, is bounded in L?(R),

T period

m(e) o € € (0,00), are

p € [1,00], then the periodic Fourier multiplier operators

riod
Toiey

uniformly bounded in LP(T), where T}, and are defined by

~

T, f(z) = / FE () f(€)de, zER, [ S(R),

and

TP P(z) = ) e m(ep)F(p), = €T=R/Z, FeC(T)
MEZL
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(F(p) denotes the Fourier coefficient of F). The converse to this theorem was given
by Igari [17, Theorem 2] and Stein—Weiss [24, Theorems 3.18 in Chapter VII]. Trans-
ference theorems were also given in several different settings; see [23, 18, 25, 1, 8, 19].
Transference theorems for bilinear Fourier multipliers were given by Fan—Sato [9].

The purpose of the present article is to give two transference theorems for the
bilinear operators T, &. We shall introduce two other operators associated to T,, &. One
is the bilinear Fourier multiplier operator T,P°"°? that acts on periodic functions and the
other is the bilinear operator S, that acts on sequence spaces. Under certain conditions
on @, we shall prove that T, ¢ is bounded in amalgam spaces if and only if T,Period s
bounded in corresponding L? spaces, and Ty ¢ is bounded in Wiener amalgam spaces if
and only if S, is bounded in corresponding ¢¢ spaces. Precise statements will be given
in Theorems 1 and 3.

Most of the techniques used in the present article are in fact well-known in the
theory of transference theorems. To put it clearly, our arguments are modifications of
those given in [20, 21, 22].

Throughout this article, we use the following notations: (z) = (1 + |z|?)/? for
z € R™; Q = (—1/2,1/2]™ is the unit cube centered at the origin; KQ = (—K/2, K/2|"
for K € (0,00); the Fourier transform of f € S(R™) is denoted by f or by Ff; the inverse
Fourier transform is denoted by F~!; for m € L*°(R"), the linear Fourier multiplier
operator is defined by

~

7MDﬁ@0=/‘¥”“m@)@ﬁm reR", feSR).

n

§ 2. The case of amalgam spaces

In this section, we shall give our first main theorem, which concerns the operator
norm of 7, ¢ in amalgam spaces.

We begin with the definition of amalgam spaces. For p,q € (0, 00|, the amalgam
space (LP,¢?) is defined to be the set of all measurable functions f on R™ such that

q/pN 1/q
e @n) :{ 2 (/Ic+Q|f(x)| dm) } =

kezm

1 lle.eny = |10 (@ = k) f (@)

Lz (R™)

where the representations of || - ||z» and | - ||s« need the usual modifications if p = oo or
q = oo. For properties of amalgam spaces, see Holland [16] or Fournier—Stewart [12].

For a complex valued L!-function F on the torus T" = R"/Z", we define its Fourier
coefficient by

F(p) = / F(z)e ?™"*dy,  ue 7™
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(Although we use the same notation ~ to denote both the Fourier coefficient and the
Fourier transform, we shall use capital letters to denote functions on T", which will
help the reader to distinguish the Fourier coefficient from the Fourier transform.) For
a € 1°°(Z™ x Z™), we define the operator T,Peri°d by

Taperiod (F17 FQ)(%) _ Z €2ﬁi$~(ul+u2)a(ul7MQ)ﬁ(Ml)ﬁ;(/j/z),
H1,pu2 €L

xeT", F,F,eC™(T").

For any a € (*°(Z"™ x Z"), the operator T,P"'°d is a bilinear mapping from C*(T") x
C>°(T™) to C*>°(T"™). For p1,p2,p € (0,00], we define

||Taperiod (F17 FQ)HLP('H‘")
HFl ”LP1 (T™) HF2HLP2 (T™)

|72 | s 7210 = sup { i, Fy € C%(T")\ {0}} .

Finally, to give our theorems, we need some condition that assures the map a —
04, to be injective. For this we introduce the following: we say that a function ® €
Ce°(RY) satisfies the condition (B) if there exists a point £€° € R? such that

¢ |J supp®(-—p) and B(£°) #0.

KEZN{0}

Now the following is the first main theorem of this article.

Theorem 1. Let ® € C°(R™ x R™) satisfy the condition (B) and let p1,p2,p,
q1,92,q9 € (0,00| satisfy 1/q1 + 1/q2 > 1/q. Then there exists a constant ¢ € (0,00)
depending only on n,p1,p2,D, q1,q2,q, and ®, such that

-1 i .
cHNTP Y Loy xpre s 1o < || Ta,oll(Le1 0o )x (Lr2 p02)— (Lo ,0a) < || TRV || o1 s Lp2 1o
for all a € 0>°(Z™ x Z™).
Before we give the proof of this theorem, we give some remarks.

Remark 2. (1) The amalgam space (LP, ¢?) coincides with the Lebesgue space
LP if p = q. Hence the following assertion is a special case of Theorem 1: If & €
C§°(R™ x R™) satisty the condition (B) and if p1, pa, p € (0, 00| satisfy 1/p1+1/p2 > 1/p,
then there exists a constant ¢ € (0,00) depending only on n, p1, p2, p, and @, such that

TP Loy sepos s re < || Tasa e xire oo < | TP Loy x oz s 1o

for all a € (>°(Z™ x Z"), where the spaces LP*, LP? LP in the quasi-norms of 7T Pericd

and T}, ¢ are the spaces on T" and on R", respectively.
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(2) The latter inequality

”Ta@H L1 ,091) x (LP2 092)—(LP,0) < CHTaperiOd HLPl x LP2 —LP
( )x( )= )

in the conclusion of Theorem 1 holds for all & € C§°(R"™), without the condition (B).
This will be seen from the proof to be given below.

(3) The assumption 1/g1 + 1/g2 > 1/q in Theorem 1 gives no essential restriction.
In fact, T, with a nontrivial o € L*°(R" x R™) has a finite operator norm in (LP*, () x
(LP2,092) — (LP,¢9) only if 1/q1 +1/q2 > 1/q. For a proof of this fact, see Lemma 6 in
Appendix.

Now we shall proceed to the proof of Theorem 1. The proof is a modification of
the arguments given in [20, 21]. We shall divide the proof into two parts, proof of the
latter inequality and proof of the former inequality. In the proofs, a(u1, p2) denotes an
arbitrary sequence in ¢°°(Z" x Z™). We use the letter ¢ to denote positive constants
with the same properties as ¢ of the theorem. Notice that ¢ in different places may not
be the same constant.

Proof of the latter inequality of Theorem 1. Here we shall prove the inequality

(2.1) | Ta,@ | (Lor ooy (L9292 )= (1,00) < TR Lo1 v o

Here we don’t need the condition (B).

First we follow the methods of Coifman-Meyer [4, 5] to write T;, ¢ as a superposition
of simple operators of product forms.

Take a number K € (0,00) that satisfies supp® C 271KQ x 271K Q and take a
function ¢ such that

¢ € C¥(R"), ¢(€)=1 on 27'KQ, supp¢ C KQ.

Since supp® C 271 KQ x 271 K(Q we use the Fourier series expansion on KQ x KQ to
write ® as

O(é,6) = > blky, ko)e?™H ™ Erkitéaka) ey g)) € KQ x KQ,
by ka €2

where {b(k1,k2)} is a rapidly decreasing sequence. Multiplying this by ¢(&1)¢(€2), we

have
O(e1,62) = D blky, k)2 K Skirerka) (e ) (gy)
k1,ko€Z™
(2:2) = > bk, ko) (Sky © 1) (61, 62),

k1,ko€Z™
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where
(Dk © Pk, ) (E1,82) = Pk, (§1)Prs (€2),
bry () = TGy, j=1,2
Thus
vaa(&,&) =Y > alu, p2)blkr, ko) (dry @ br,) (€1 — pn, € — pi2)
e
(2.3) = kz; b(k1,k2)0a,6, @n, (§1,62)-

Since the sequence {b(k1, k2)} is rapidly decreasing, in order to prove (2.1) it is sufficient
to prove the estimate
(2.4) ||Ta,¢k1 Rbry || (LP1 £91)x (LP2 ,£92)—(LP £9) S C ||Taperi0d ||LP1 P2 Lp)

recall that ¢ should not depend on kq, k.

Now let f1, fo2 € S(R™). To calculate the (LP,¢7)-quasi-norm of a function, it is
convenient to write the variables of R as z + p with x € @ and p € Z™. Thus let x € @
and p € Z". We have

T, @,k QPk,y f17f2 x—i—p)

— Z // Ml ug) 2mi(x+p)-(§1+E€2)
1,§2€R™

M2 EZ™

X iy (€1 — 111) Py (€2 — p2) f1(€1) fa(E2) dE1dEs

.S / / 0(jin, 1) €20 (€1t +Eatpa)

0w, M2€Zn 17€2€Rn

X bk, (61)Phy (62) F1 (61 + p1) fo (&2 + p12) d1dEs
= (%)
Here notice that 27 (M1+4#2) = 1 since p - (5 + o) are integers. We write

e2mi(@tp) (Crtm+latpz) _ 2miz-(§1+E€2) 2miz(p1+p2) p2mip-(§1+€2)
: ‘ , 1 1
2 . 2 . 2 . . .
= e2mim(itpz) o 2mip-&1 2mip-E2 Z a(%m)'o"xaf‘f‘ Zﬁ: @(%z)'ﬁ'xﬁﬁg,
(0%

where the sums are taken over all multi-indices a and 3. Thus

2mi)ll @ri)Pl s e )
() = a(pi, piz) gt Perma i

([ emreon@e e mds ) ([ o) e+ i)
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We define Fy, , o, Gry.p.8 € C°(T") so that their Fourier coefficients are given by

(Fiy o) (1) = / PTG gy () €0 FuEy + p) ey, pe L,

n

(Ghyp,p) (1) = /n 2T gy (€a) 5 fol&a + p) dEs, pE LM

Then
2ri)lel 2rd)Pl g o
() = 3 i, ) E T B gt 2m i G ) B ) (1) Gt ) ()
pisp2 o, f ’ :
(2mi)lel (2mi)Pl orio
- Z Oé' /8‘ L +B Tap d (Fklvpao” Gk27p705)(x)'
af '

Thus we obtain

T, a, Pk, P, (fb fg)(l’ + ,0)

2m x| 2m 181 .
o Z 2o Tapermd (Fkhpam szypﬂ)(l‘)a reqQ, pel”

From the last formula, we have

‘|Ta7¢k1®¢k2 (fl»f?)H(Lp,f‘?) = HHTCL@M@@Q (fla fg)(ﬂi + p)HLg(Q)

eg(zr)
(27‘—@.)'04 (271—@)',6' o' erio
- | Z Oé' /8' x +6 Tap d (Fk17p7a7 Gk27p7a)(x)
Oé,,@ ) ) Lg(Q) eg(Zn)
(27T)| o (27T |B‘ eriod e
< {Zﬁ: ( ol HHTP (£, Pﬂ’szapa x)HLg(Q) e (zm)
= (% * %)

with € = min{p,q,1}. We set 1/¢q; + 1/g2 = 1/s. Our assumption implies 1/s > 1/q
and hence the embedding ¢* < £ holds. Thus, the definition of || TP || 1oy » o2 10,
the embedding ¢° < (9, and Hoélder’s inequality with exponents 1/¢; +1/q2 = 1/s yield

H ||Taperiod (Fkl,Pya’ G/@,P,Oé)(x)

e(zr)
< H |7 peried o1 w20 | Fhr 0 ‘LPI(Q) HG’%PaﬁHLPQ(Q) 01z
< H HTaperlod HLm % P2 — [,P HF]C17P705 HLpl Q) Hsz»P:ﬁ HLPQ (@) || s (zn)
o

< HTaperlod ||Lp1><LP2—>Lp Hszl,p,a ‘Lpl Q) Zgl (zn) HkaP’B”Lm(Q) é;?(Zn)'
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Hence

ol (9181 .
o) < {3 (COEED et

a,p

ey 1/e
ezz(zn)) } '

(@)™ (1+ K) N full s em),

c(BYN (1 + E) 2l £ra o2

X HHFklvP7aHLl’1(Q) Hsz,P:a”Lm(Q)

et (Zm)
Thus, if we prove the estimates
(2.5) H ”Fkhpﬂ”Lm(Q)

(2.6) HHG’%WHW(Q)

<
et (Z7)

02 (Zm)
with NV depending only on n, p1, p2, q1, q2, then we obtain

||Ta:¢k1®¢k2 (f1, f2) ||(Lp,1zq)

< ||TP | por xpva o || fill (er ey L f2ll (Lp2 002

X {Z ((27r)|a| (2m)18l ()N (1 + K)lelp)N (1 +K)IB|)€}1/6

| |
" a! 51

=c ||Taper10d HLpl X LP2 — P Hle(Lpl ,£(11)Hf2H(LP2 ,092)

which is the desired estimate (2.4).
Thus our task is to prove (2.5) and (2.6). By symmetry, it is sufficient to prove one
of them. We shall prove (2.5). Here we use the Poisson summation formula

Z 2wip- :Ef (51 + 'u) Z e—27ri§1-(m+l/)f1 (I‘ + V)

HEL™ vezLnr

(for this formula, see for example [24, Chapter VII, Section 2| or [13, Section 3.2.3]).
Using this formula, we can write Fi, , () as

Feypa(@) = Z (Fry pa) ()e?mihe

neL™

= ) e / 8 gy (61) €8 (& + p) dé
HEL™
vezLn

= Z F N om (€)M (p—a—v)fi(z +v).

vezn
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For x € Q and for each N € N, we have

1 (0 (€068 (o= = )| = |77 (7R (060 (o — =)
= |F N ($(&)E) (K hr +p— = v)|
< Cn,N |S|11pN Hagl (¢(E1)§‘f) HL% <K_1]€1 +p—x— 1/>_N

YI< 1

< en v ()N (14 K) UK Ry 4+ p— )N
and hence

ey (@) < v ()N (1+ )Y (K k4 p— ) V| file +v)|
vEL™

= cn v, ()N (14 Kl Z (K~'k1 4+ o) N[ fi(z+ p—0)].
ocEL™

Set €; = min{1,p1,q } and choose N € N so that e; N > n. Then

HHFkl,p,a(aﬁ)HLﬁl(@ 091 (zn)

< cla)¥(1+K)

Y (B k4 o) N fi(z +p - o)

Lz (Q)

oczr e ()
< el (1 + k)l
1 N “ e
X ( Z (K™ k1 +0)™ HHﬁ(ax +p— O-)HLgl(Q) Egl(Z”))
oEL™
1/61
=c (Oz)N(l + K)|a| ( Z (K_lkl + U>_61N) | f1ll (21 ear)
leA<YAL
< e ()N (1 + K| fill oo gy ey
which implies (2.5). Now the latter inequality of Theorem 1 is proved. Ol

Next, we prove the former inequality of Theorem 1.

Proof of the former inequality of Theorem 1. Here we shall prove the inequality

(2.7) T2 | Lo xLra 1o < €| Taa

(Pt 001 ) x (L2 g9z )~ (Lp £0)-

From the assumption that ® satisfies the condition (B), there exist a point £ € R?"
and a sufficiently small € > 0 such that

(2.8) o(£%) #0,
(2.9) € —¢&°| <2 peZ p#0 = (¢ —p)=0.
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We write £€° = (€9, £9). We then take functions 6,60, € C$°(R™) such that
(210)  supph; € {€ € R | ¢~ ¢l < o),

ey | [[ e L @)e) dadt| > 1 forall 2 < Q.

Hereafter we write

(2.12) g(x) = //n o 2 (1) B (&1 €501 (&1)02(E2) dErdEs.

Take arbitrary Fy, Fy € C°(T™). We define f1, fo € S(R™) so that their Fourier
transforms are given by

&)=Y FweE-v), €erR", j=12

VEL™

or equivalently by

file) = Y Fi()e*™ s (F710;)(x) = Fy(2)(F10;)(x), j=1,2

vEL™

(recall that f?'; denotes the Fourier coefficient of F}). Then, since F} is a periodic
function and F~16; is a function in S, we have

(2.13) 1illzri en5y@ny < cllFjllpesrny, G =1,2.
On the other hand, from (2.9) and (2.10), we have
00.0(61,&) 1(€1) (&)
= ( Y alp, p2)®(& — pa, & — Mz))

1,2 €EL™
X ( > Fi(v)o(& - Vl)) ( > Ey(va)ba(&a — V2))
Vi EL™ Vo EL™
= > alp, ) Fr () Fa(p2)® (& — pra, & — p12)01 (€1 — p1)02(E2 — 1)
1,2 €™
and thus
Too(f1, f2)(x) = a(p, o) Fi (111) P ) e?rin (b1+¢2)
thezn //RXRH
X ®(&1 — p1, &2 — p2)b1(§1 — p1)02(82 — p2) d€1dés
(2.14) = D alp, ) Fr () Fa(pa)e®™™ 1) g ()

M1, €L™
= TP (Fy, Fy)(z)g(x).
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From this and (2.11)-(2.12), we have

(2.15) Taa(f1, f2)(@)] > [TPY (Fy, Fo)(2)], =€ Q.
Now from (2.15) and (2.13), we obtain
| TP (Fy, F) | o) < [ Twso (f1s f2)llr@) < 1 Two(f1s f2)ll (e coy &)
< Ta,ll(zrr 0 yx (L2 002 )= (L 00y | f1ll (pon ooy @my | foll (2p2 g0z ) (m)
< ¢||Taoll(er ean)x(Lr2,092)— (L2 ) | F1l| Los (o) [ F2 | o2 (),

which implies (2.7). Now the former inequality of Theorem 1 is proved and proof of
Theorem 1 is complete. U

§ 3. The case of Wiener amalgam spaces

In this section, we shall give our second main theorem, which concerns the operator
norm of 7, & in Wiener amalgam spaces.
We begin with the definition of Wiener amalgam spaces. Let k € C5°(R™) be a

function satisfying

> /-f({—k:)‘ >1 forall ¢&eR™

kezn
Then for p,q € (0, 00|, the Wiener amalgam space WP9 = WP4(R") is defined to be
the set of all f € S’(R™) such that

I lwra = 160D = 1) £@) g

< 0.
LE(R™)

It is known that the definition of Wiener amalgam space does not depend on the choice of
the function s up to the equivalence of quasi-norm. It is also known that the embedding
WPLa1 —y JYP2:92 holds if 0 < p; < ps < oo and 0 < ¢ < go < 0. For these facts, see
Feichtinger [10, 11], and Triebel [26].

We write X (Z™) to denote the set of all functions b : Z™ — C such that b(u) =0
except for a finite number of u € Z™. For a € £>°(Z™ x Z), we define the bilinear map
Se: X(Z) x X(Z™) — X(Z™) by

Sabr,bo) () = Y alur, p2)br(p)ba(pa),

p1tpe=p
peEZ" by,by€ X(ZM).

For q1,q2,q € (0, 00|, we define

[Sa (b1, b2)|lea(zn)
b1 ] ear (2162l a2 (2

||Sa||gq1><€‘I2aéq zsup{| ’ bl,bg EX(Z”)\{O}}.

The following is the second main theorem of this article.
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Theorem 3. Let & € C5°(R™ x R™) satisfy the condition (B) and let py,p2,p,
q1,92,q9 € (0,00] satisfy 1/p1 + 1/ps > 1/p. Then there exists a constant ¢ € (0,00)
depending only on n,p1,p2,p,q1,q2,q, and ®, such that

¢ [ Sallens xea o0 < N Tallyyoran xyprozsas s wma < CllSalleas xeaz s ea
for all a € 0>°(Z"™ x Z™).
Before we give the proof of this theorem, we give some remarks.

Remark 4. (1) The latter inequality

1T,

‘W:ol,ql < WP2:92 3 W P.a < CHSa“qu X092 — 04

in the conclusion of Theorem 3 holds for all & € C§°(R"™), without the condition (B).
This will be seen from the proof to be given below.

(2) The assumption 1/p; + 1/p2 > 1/p in Theorem 3 gives no essential restriction.
T, with a nontrivial o € L>(R™ x R™) has a finite operator norm in WPt x Jy/P2:92 —

WP only if 1/p; + 1/p2 > 1/p. For a proof of this fact, see Lemma 7 in Appendix.
In the proof of the latter inequality of Theorem 3, we use the following lemma.

Lemma 5. Let ¢ € C3°(R™) and let g, € S'(R™), p € Z". Suppose the Fourier
transform of each g, has a compact support and suppose there exists a number K &
(0,00) such that diam (supp ¢) < K and diam (suppg,) < K for all € Z". Then for
each p,q € (0, 00| there ezists a constant ¢ depending only on n,p,q, K, and ¢ such that

LZ(R™)

H HSD(D - N)gu(x)Heg(Zn) ) < CHHQM(@HEZ(Z")

L?(Rm

Proof. We use the following two well known facts. Firstly, if the Fourier transform
of f € S§'(R™) has a compact support and if R is a positive real number satisfying

~

diam (supp f) < R then for each r, s satisfying 0 < r < s < oo, there exists a constant
c depending only on r, s, and n such that

(3.1) R™*| fll e @ny < cR™Y7|| fllLrgn).
For a proof of this inequality, see for example [27, Proposition 1.3.2]. Secondly,

(3:2) eI

yo <17, i 0<psase

L%

which holds for all L? and L9 quasi-norms defined on any o-finite measure spaces. The
inequality (3.2) can be easily proved by the use of Minkowski’s inequality for integrals.
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Now let ¢ and g, be as in Lemma 5. We write
o(D — p)gu(z) = / T Y (F o) (y)gu(x — y) dy.

From our assumption, the Fourier transform of the function y — (F~1p)(y)g.(z — y)
has a compact support of diameter not exceeding 2K . Thus by (3.1) we have

DD~ wgu(@) = | [ IE ) )g(a - y) dy

< /n (Fo)W)gu(@ = )| dy < en el |[(F )W) = 9)|[ .,

for any e satisfying 0 < e < 1. Taking € so that ¢ < min{1, p, ¢}, we use (3.2) to obtain

HHS@(D = )9 (@) | 4

Ly
< o | [ 1F )0 @ = )z [ |
< Cn,e,KH||H(‘F_1(p)(y)gu(x - y)“@z HLZIJ . Cn,e,KHf_IQ0| Le ||gu(3§')H£Z o
Lemma 5 is proved. O

Now we shall prove Theorem 3. The proof is a modification of the argument given
in [22]. We shall divide the proof into two parts, proof of the latter inequality and proof
of the former inequality. In the proofs, we assume a € ¢>°(Z"™ x Z™). For nonnegative
quantities A and B, we write A < B if there exists a constant ¢ with the same properties
as the constant ¢ of Theorem 3. Also we write A ~ B to mean that A < B and B < A.

Proof of the latter inequality of Theorem 3. Here we shall prove the inequality

(33) HTa,@

|Wp1,q1 X WP2:92 W P>a < CHSa”ﬁql X £92 —£9 -

Here we don’t need the condition (B). By virtue of the embedding WP < W4 5 < p,
it is sufficient to show it in the case 1/py + 1/p2 = 1/p.

Take K and ¢ in the same way as in Proof of the latter inequality of Theorem 1.
In the present case, we take ¢ so that it satisfies the additional condition

Z ¢ —m)>1 for all £ € R™.

mezZn

Then we have

[ llwee = [[l6(D = w1 (@)

Gllor

for each r, s € (0, 00].
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We use the same representations as in Proof of the latter inequality of Theorem 1:

O(&1,8) = > bk, k2) bk, © Ok, (&1, 62),

k1,ko€Z™

Uavcp(fl,fz) = Z b(k17k2)aa7¢k1®¢k2 (51552)

k1,ko€Zm

(see (2.2) and (2.3)). Recall that {b(kq, k2)} is a rapidly decreasing sequence. Hence in
order to prove (3.3) it is sufficient to prove the estimate

(3'4) ”Ta,(bkl QPry HWm,u < WP2:92 s WP:4q < CHSCL”e«n X 092 — 0q

(with ¢ independent of kq, ks).
Let f1, fo € S(R™). We have

Tason, @on, (1, F2) (@) = > //R ] a(pin, pip)emim (E14€2)
nx n

H1,p2 €EL™

X Oy (€1 — 1) Bry (€2 — p12) 1 (€1) Fo(E2) drdEs
(3.5) = > alpn, p2) Gpy g (T)Gp 1, (2),

K1 2 EZ™

where
Gk, () = 1, (D = ) fi(w) = 27K G(D — pj) fi (@ + K Mhy), j =1,2.
Notice that gij’kj, j = 1,2, satisfy

(36)  suppF(g) x.) CHCIIC—nyl S 13,

CROT [ ] 1 [ R ACES Sl P

Ly = il

T

notice that the quantities in (3.7) do not depend on ky, k».
From (3.6), it follows that

(3.8) SUPD F (9,1, krTong k) © LC 1 = pa — po| S 13

Let k be the function used in the definition of the quasi-norm of Wiener amalgam spaces.
Then, since x has a compact support, we see that k(D — pu) (gllilvklg/2112yk2) # 0 only if
|1 + pe — p| < 1. This fact and (3.5) yield

(3'9) ’%<D - :LL) (Ta»¢k1 QPrs (fl; f2)) = IQ(D - /’L)hﬂykl’kQ

with

_ Z 12
h/j,,kl,kg = § a(:“b:“?)gm,klguz,kz'
|7|<1 p1tpe=p+T
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By (3.8), the Fourier transform of hy, i, r, has a compact support of diameter < 1.
Hence (3.9) and Lemma 5 imply

| Ta.61, @61, (F1 F2)|| o = H”"i(D — 11)(Ta, 1, 90, (f1,f2))($)HgZ

— H HK(D — M)hp,kn,kz (I)Hﬂﬁ

L

L? 5 HHh#akl,kz(‘r)ng Lg.

Using the definition of ||Sg||¢e1 x a2 —ea and Holder’s inequality with exponents 1/p; +
1/p2 = 1/p, we obtain

H Hhu»klakz (z) Hzg

L%
= Z Z a(ul,M2)g,1¢1,k1(35)952,k2(33)
17|<1 w1 +pa=ptT Gillpe
S./ Z a’(“l)/’Lz)gil,kl(x)giz,kg(x)
— Zq
H1tp2=p mllLp
< || ISallens serz ol gy ey (@)l NGz pa @ llegz ||,

< |ISallear xeaz —s¢a

Hgim’w (x)”éZZ

Hgllihkl (x)Hﬁzl 5

11kt LP2

Now combing the above inequalities with (3.7), we obtain

| Te60, @60, (F1s f2) o S 1Sallens seaz o | frllwrrar |l follwozias

which implies (3.4). Thus the latter inequality of Theorem 3 is proved. O

Next, we shall prove the former inequality of Theorem 3.

Proof of the former inequality of Theorem 3. Here we shall prove the inequality

(3.10) 1Sallear xcea2 00 < €l|Ta,@|lyyp1a1 scyrez.az s wwoa -

Since @ satisfies the condition (B), by the same reason as in Proof of the former
inequality of Theorem 1, we can take £ = (£9,£9) € R?" and functions 6;, 6, € C3°(R™)
that satisfy (2.8), (2.9), (2.10), and (2.11).

We take a function x € C§°(R™) such that

Z/ﬁ({—u)zl for all £ € R"
HEL™

and

1 it p=0,
(3.11) €] < 2¢ = K(E— ) = |
0 otherwise.
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where € is the number in (2.9). Such a k certainly exists if € is chosen sufficiently small.
Now let by,be € X(Z™). We define fi, fo € S(R™) through Fourier transform by

= > b0 —v), E€R"

vezn

From (2.10) and (3.11), we have

R(E— € — W Fi(€) = k(€€ — 1) Y bi()0;(€ —v) = bj(1)0; (€ — p)

vVEL™
and hence
k(D — & — ) fi(z) = bj(n)e*™ ™ * F10;(x).
Thus
1Fillwesas = ||6(D = € = wfi@ll o ||

_ H Hbj(ﬂ)@%wmfflgj(x)||ng .

(3.12)
= (1l ges |7~ 16; ()

Ipzs = cllbjlleas

On the other hand, just in the same way as we obtained (2.14) in Proof of the
former inequality of Theorem 1, we obtain

Too(fi, fo) (@)= > > alm,p2)bi(v1)ba(va) // 27T (E1+62)
nXRn

M1,p2 €Z™ v,V €L

X P& — p1, & — p2)01 (&1 — v1)02(&2 — o) dE1dEs
(3.13) = Z a(pe1, p2)br (p1)b2(p2) €2m$'(m+m)9($)

M1, €Z™

with g(z) given by (2.12). Observe that

supp F (2™ mtr2) g(2)) € {& + & + p + p2 | & € supp b, & € suppb, }
C{O 4+ +CHpm+pa | CER™ |¢] <26}

Hence our choice of k (see (3.11)) implies that

p=pntpy = K(E—E - —p) =1 on suppF (e Itr)g(y)),
pAFmtpe = R(E—E& =€ —p) =0 on supp F (2" Watr)g(r)),

and hence

eQwix-(ulJer)g(g;) if gy + pe = p,

otherwise.

B(De — € — € — p) (3 1t g 1)) =
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This relation and (3.13) imply

K(Dy — 5(1) - 53 - H)Ta@(fla f2)(m)
= 3 a2y (p)ba(ji) 7 g ().

H1+pa=p

Recall that |g(x)| > 1 on @ (see (2.11)). Hence

HTCL,@(fb f2>HWP»q
~ |6 = & — & = W Tua (1, f2) ()] 0

L%

> alpn, p2)by (pa)ba(p2) €™ g(x)

pitpe=p EZ Lg
— Z a(p, p2)bi(p1)ba(p2)||  |lgllee
H1+p2=p b
>N a(ur p2)br(ua)ba(pa)|| = [Sa(br,b) o
H1t+p2=p b

Combining the above inequalities with (3.12), we obtain

150 (b1, b2)|[ea S | Ta,0(f15 f2) [ we.a
< | Taallwerar xwre.az swoa || f1l|wera || fol[wee-az
S 7o

|Wp1yq1 X WP2:92 - WP:q ||b1 ||eq1 ||b2||gfI2 )

which implies (3.10). Now the former inequality of Theorem 3 is proved and hence the
proof of Theorem 3 is complete. O

§4. Appendix

Here we give proofs of the facts mentioned in Remark 2 (3) and Remark 4 (2).

Lemma 6. Leto € L>(R"xR"), 0 # 0, p1,p2,P,q1,92,9 € (0,00], and suppose
T, is bounded in (LP*,¢9) x (LP2,£92) — (LP £7). Then 1/q < 1/q1 + 1/qa.

Proof. Take a function ¢ € S(R™) such that suppp C {|¢] < 1} and |p(z)] > 1
for z € Q). Take a Lebesgue point (&g, 19) of o such that o(&y,7m9) # 0 and define f. and
ge for 0 < e <1 by

f© =M€= &), Ge(n) =€ "B(e (n—m0)),
fela) = ™0 %p(ex),  ge(z) = T (ex).
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Then 1g(ex) < |fe(z)] = |ge(z)] S (1 + €|z|)™Y with any N > 0. From this we
easily see that HfGH(Lm par) & e~ "/a and ||g6H(Lp2 paz) & e /% for 0 < e < 1.
On the other hand, T, (f., g¢)(x) is written as

T, (f., 90)(z) = / / 2 ) (56 ) — o0, 10)) (€)G () dédy
4 / / 275 (60 o) FL(€)Ge (n) dédn = A+ B, say.

Since (&g,m0) is a Lebesgue point of o, the term A tends to 0 uniformly in z € R”
as € — 0. For the term B, we have B = (&, no)e? @ (oFm0)p(ex)2, and hence our
choice of ¢ implies |B| > |o(&0,m0)|1g(ex). Hence for all sufficiently small ¢ we have

Ty (fe 90)(@)] = 27 (0, m0)| 1g(ex) and thus

7o Cer 86 gm0y = 17 (e 80z + D) 5

~ —’I’L/q
iy €0

2 ||llo (€. m0) 10 (e(=+ )l 2

If T, is bounded in (LP*, £9) x (LP2,¢92) — (LP,¢7), then the inequalities obtained
above imply e~"/4 = O(e_”/qle_”/q2) as € — 0, which holds only when 1/¢ < 1/¢; +
1/qs. O

Lemma 7. Leto € L*°(R"xR"), 0 #0, p1,p2,D,¢1,92,q € (0,00], and suppose
T, is bounded in WPLIt x WP292 — WP4, Then 1/p < 1/p; + 1/p2.

Proof. Take ¢, (£0,m0), fe, and g. in the same way as in Proof of Lemma 6.
To estimate the quasi-norms of f. and g. in Wiener-amalgam spaces, take a function
r € C3°(R™) such that 3 7. k(§ —p) =1 for all { € R™ and that

€] <1/10 = k(§) =1 and k({ —pn) =0 for pue 2™\ {0}.

Then, for 0 < ¢ < 1/10, we have k(D — &) fe = fe and k(D — & — p)fe = 0 for
we Z™\ {0}, and thus

1 Fellwonan = |60 = 60 = 1)@l i31

= |[#e@)]

Similarly we have HgEHWPM2 ~ e /P2 for 0 < e < 1/10.

To estimate the WP-9-quasi-norm of T,(fe, g.), we take a function k € C5°(R")

LY (Rn)
~ e_n/pl .
LYY (Rn)

LPL(R™) - H(p(ex))
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such that &(§o +m0) # 0 and 7. K(§ — p) > 1 for all £ € R™. Then

(D) (for 90) (& / / iz (EDE(¢ 1 n)o (€,1) L (€)F (1) dédy

~

_ / / (2w (E+1) {%(5 +m)o(€.n) — F(& +10)a (€0 m0) | F.(€)F: () dedn
+ / / 2mia (€47 (€ + 1) (€0, m0) F(€)G () dédn = A+ B, say.

Since (€o,mo) is a Lebesgue point of k(& +n)o(&,n), the term A tends to 0 uniformly in
r € R™ as € — 0. For the term B, we have B = & (& + 1n0)0 (&0, 10) 2™ (CoFm0) o (ex)?
and hence |B| > [k(& + 10)0o(€0,m0)| 1 (ex). Hence for all sufficiently small € we have

|%(D

)Tg(fe,ge)(x)} > 271 R (& + no0)a (€0, m0)| Lo (ex) and thus

||T0(f€7g€)HWP7‘1 ~ HH:‘%(D — M)Tg(feagé)(x)HgZ(Zn)

Lz (R™)

> H%(D)Ta(feage)(fﬁ)HLg(Rn) z H“%(go + 170)0'(507770” ]_Q(Ex)’
~ [R(& + 10)a (€0, m0)| € /P

If T, is bounded in WPr% x WP2:92 — WP then the inequalities obtained above

Lz (R™)

imply e /P = O(e_”/ple_”/m) as € — 0, which holds only if 1/p < 1/p1 + 1/ps. O
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