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Preface

These notes are based on lectures given by me at R.I.M.S. during
May and June of 1977. The topic discussed is the theory of stochastic
Ising models and the application of this theory to the study of Gibbs
states. All the material presented has appeared elsewhere in various
papers by R. Holley, T. Liggett, myself and others. My purpose has
been to give a survey of the kinds of problems that one encounters in
this relatively new area of probability theory. I have also tried to
provide an introduction to some of the techniques which have proved
successful in attacking these problems. I do not claim that my treatment
of this subject has been exhaustive in any direction; indeed, an
exhaustive treatment would be foolish at this time since it is still too
early to predict what directions the field will take. My choice of topics
has been guided exclusively by my own prejudices about what is interesting.
T will consider these notes a success if their inadequacy provokes
someone into filling the huge gaps which makes them inadequate.

I would like to thank K. It8 for inviting me to Kyoto and giving me
the opportunity to present this material both in my lectures as well as
in these notes. Also I am grateful to Kotani, Kasahara, Higuchi, and
Asano for transforming my rough notes into the form in which they appear
here.

November 1977 D.W. Stroock



I. Background:

The origin of the interest in this subject lies in the following
formulation of equilibrium statistical mechanics for Ising type models.
(1) Notation : We define,

d
E= ({-1, 1})Z with the product topology,

B = BE’ the Borel field over E.
Elements of E are denoted by n (= {nk ke Zd}). Given A ¢ Zd, let
_ A
E, = {-1, 1}

and let BA(éﬂ) be the inverse image of BE (BE C) under the natural
A A

projection map of E onto EA (EAc). Given A1 and A2 such that

Al n A2 =@, for o ¢ EA and B ¢ EA , define o x B ¢ EA uh by
1 2 172
Oy if k ¢ ./\l
(o x B)y =

Bk if k ¢ AZ'

d

Finally, if A c Z7, let |A| = card (A) and define

n

d .

T >

= {F‘gZ !F| < w}.

If F ¢ E, then Xp * E » {-1, 1} is the function given by

Xg(M) = T ng, n e E.

F keF k
(2) Definition : A potential is a function F - JF on E\{@} into
Rl such that
(3) sup, ) |Jg] < e

kezd p3x  F

Given a potential {JF : F ¢ EN{@#}} and a set A ¢ E\{@}, we define



the conditional energy of the state a ¢ EA given the state B ¢ EAC

by

4 Ug(a 3 B = ) Jxe(ox B).
A Fafgp T
Also, for each B ¢ EAc, define the probability measure uA(- ; B)

on (E ,‘B ) by
A EA

(5) UA({OL} H B) = eXP(' UA(OL; 6))/ZA(B): o € E/\.
where
(6) 2,(8) = I exp(- U, (a; B)).
- OLeEA -
(7) Remark ; Assuming that %T»= 1, the probability measure pA(o 5 B)

is exactly the one prescribed by Gibbs to describe the equilibrium
distribution of the states o « EA when the energy of state a 1is
given by (4). Since we want to interpret UA(u ; B) as the conditional

energy of state o ¢ E given state B e E,c, we would like to think

A A
of UA({@} : B) as the conditional probability of {n : n|A = o}
given that nIAc = B. That it is consistent to do so is the content of

the next statement (cf. Dobrushin, Fnal. Anal. Appl. 2, (1968)).

(8) Proposition : If @ # /\1 chA, e E, oce6E

, BeE , and
2 A1 AZ\A1

Y € ch, then
2

iy, (o} 5 8 )

= a}!{O e E

=y, ({c ¢ E, : g : oo =g} 5 v)
AZ A2 Al A2 /\2\./\1

Thus, there exists a probability measure u on (E, B) with the property

that for every A ¢ EM@} the map B - U (+ ; B) 1is a regular conditional



probability distribution of u given §A (abbreviated by : r. c. p. d.

of u]gA).

(9) Definition : Given J = {JF : F e EN{@}}, let G(J) be the set of

all probability measures u on (E, B) such that, for each A ¢ E\{@},

[ py (¢ 5 B) dsan 1. c.p.d. of u{NA.’ An element of G(J) is
B

called a Gibbs state for potential J.

(10) Proposition : G(J) is a non-empty compact convex set and U e G(J)

if and only if, for each k ¢ Zd, B ~ U{k} (* ;B dis an r. c. p. d.

of u]N' .

B{k}
(11) Remark : The central problem in this field is to study the set
G(J). In particular, one wants to know when G(J) has more than one

element. There are many fascinating aspects of this problem. The tack
that we are going to talk is only one of many, and by means the most

successful.

II. Glauber Type Models
In section I, we introduced the notion of a Gibbs state for a

potential J = {J F ¢ E\{@}}. However, in spite of the fact that a

F
Gibbs state should be the equilibrium state of some sort of dynamical
system, no dynamics has been mentioned yet. What we are about to do
is remedy this situation. The idea is due to Glauber.

Consider a stochastic process n(t), with state space E, having the

following infinitesimal characteristics

) P (e +h) #n (t) In(s), 0ss<t)=nh ¢, (n(x)) + o(h),

k ¢ Zd,



() PM(t +h) #n(t) and np(t +h) # ny(t) [n(s), 0 < s <t)
= o(h), Kk # 2 e 29,

d .
where ¢ : E » (][O, WJ)Z is a continuous function satisfying the

following detailed balance condition :

(3) ¢ ) exp (-Upy(ny 5 7))
)

= ¢, ") exp (U Gy s W)Y,

where kn is the element of E given by

k .
4 Cny = { -y if 2 =k
Ny if L # k,
and ﬁ{k} denotes n| a . An easy formal computation leads to the
Z\{k}

conclusion that any element u ¢ G(J) 1is a stationary (in fact,
reversible) measure for n(t). Rather than carry out this computation,

we will consider a trivial example.

ITTI. The Case of No Interaction :
Suppose that
JF = { a if ]Fl =1

0 otherwise.
Then,

U (#1 ; B) = #a, k ¢ Z and B ¢ E .
t 29\ (k)

Thus the coefficients

an,,
Ck(n)=e 1\, keZd and n ¢ E,



satisfy (3) of section II. C(learly G(J) in this case consists of
exactly one element 1y, namely :

-a a
e O30t +endr 3(0) )zd

ey u= R
53 + €

The Glauber type process in this case has independent coordinates and
each coordinate has transition probability function (abbreviated by :
tr. pr. fn.)

*ta-bt . _*a-bt

(7% £ ™78 1) + (" F e T8 4(0)

b
where b = e + e?. Thus the transition probability function for the
Glauber type process is
2 P(t, M, ) = I Py (e, M, o)
keZ
It is easy to check that the measure u in (1) is a reversible measure

for P(t, n, ¢). Indeed, one need only do so one coordinate at a time.

In spite of the simplicity of the process in this case, it already
indicates some of the pathological characteristics of this sort of

stochastic process. We list some of these below :

i) P(s, n, *) L P(t, n, *) if 0 < s < t,

i) L P(t, m, ) P(t, n', ) if Jlng - npl = e,
k

iii) P(t, n, *) > u, weakly as t - o, but P(t, n, *) 1 U,
iv) there is no reference measure,
V) P(t, n, *) 1is Feller, but not strongly Feller continuous.



IV. A Little Functional Analysis.

In this section we will make the rigorous connection between
Gibbs states for a given potential and Glauber type process satisfying
the detailed balance condition (3) of section II.

For each k ¢ Zd and ¢ € B(E), define
(D 8OO = 6, () = o) - 6(M, n e E.

We denote by D the set of ¢ ¢ C(E) such that ¢,k = 0 for all but
d
a finite number of k's. Given a continuous function ¢ : E »> ([0, m))z s

define the operator
(2) L= }2( cy by -

on D. Throughout this section we will be assuming that there is a
unique Feller semi-group {Tt :t >0} on C(E) such that
t
(3) T.¢ - ¢ = [ T Ld ds, ¢ e D.
t Jo 's

In addition, we will be assuming that if

(n)
L = A,
Ik%Sn Ck k

then
' L M
(4) lle ¢ - Tt¢]|+ 0 as n —» o, d ¢ C(E).
(Here, and throughout, ]k[ = max [k.] and |(¢ H= sup|¢(n)].)
l<j<d n
‘ () e (M
Note that L is a bounded operator and so e is trivially

defined. Moreover, it is easily checked that if

(n)
Tgn) St s,



then {Tin) : t >.0} is a Feller semi-group on C(E).

(5) Definition : Let G(L) denote the set of probability measures U

on (E, B) such that
(6) J oLy du = [ vlé du, ¢, v eD.

(7) Theorem : Given a probability measure W on (E, B), let

Mg ©

are equivalent :

~f
nLk}) denote an r. c. p. d. of “{N{k}' Then the following
B

1) ne 6L,

ii) for each k € Zd,

u{k}({nk}l?ﬁk})ck(n) = u{k}({—nk}lﬁ{k})ck(kn). (a.s. 1),

1
- ’2—2 J qu),kw:k d]..l, (b’ W € D’

LS

1ii) { $Ly du

iv) J $T b du

J VT, 6 du, 9, ¥ e C(B).

In particular, if the cis satisfy condition (3) in II relative to
some potential J, then G(J) ¢ G(L), and if, in addition, ¢ 7 0

for each k ¢ Zd, then G(J) = G(L).

Proof : We first prove that 1i)=1ii) = iii) =>1i).
i)=» ii) : Let ¢(n) = Ny and choose { ¢ D such that w’k = 0.

Then,
Lo = ¥) = oLy + ylLo.

Thus, if w e G(L), then J VLld du = 0. But this means that :



{x}

[ o™ e a i @[ ucen

} ~{k}

- [ e i g 0 R e

for any ¢ ¢ D such that Y,y = 0.

ii)= i1ii) : Let ¢, ¥ ¢ D. Then if p satisfies ii),

[ oLy du = % J c b,y du

{k}

By, % A @R ucan

il

] [ i i

( ~ ~ ~{k}
+ J ¢ (-1 x ' })¢( 1 x n{kj)w,k(—l x n{k})u{k}({-l}in{k‘)u(dn
e, (1% 780, % 75y, a0 AL R  uan

il

i
N;»-a P

; J'ck(n)¢,k(n)w,k(n)u(dn)-

iii)=> i) dis obvious.

i) < iv) : Clearly iv)=1). To prove i) = iv), define
cy if k| <n
O
0 if k] > n.

Then L(n) = z cﬁn)Ak. Since if e G(L) then p satisfies ii)
k

for the «c¢s, it is clear that py e G(L) implies yu satisfies 11i)

k

cﬁn)'s. But ii)=> i), and so e G(L)=3u e G(L™). on the
L

is bounded and e is given by a power series.

for the

other hand, L(n)

Thus

(m)

pect™y= { Ty dy = I ™Mo du, gy e D

Because of (4), it is now clear that i)= iv).



The relationship between G(J) and G(L) is obvious from ii)

together with (10) of section I.

(8) Theorem : For each u e G(L) there is a unique extention of
{Tt': t > 0} to Lz(u). as a semi-group of sélf-adjoint contractions
{TE : t > 0}. Moreover, if {EK : A >0} is the resolution of the

identity in Lz(u) such that

o0
™ - { e MY ¢ >0,
t A

then :

9 J Ad(EYS, 9) %‘E J cldn Pdn, ¢ e L2,
2

Thus, if Z [ ck(|¢,k! + |w,k|2)du < o for some pair ¢, Y € Lz(u),
k

then
I 1 -

Proof : 1In view of 1iv) in the preceding theorem plus the observation

that :

IN

2 ; 2 2
J T 017 du j T, (oD du = J lo1° au,

we need only prove (9).

Clearly, for each n 2 1 the relation

JO ME™Mo, ) = - I o™ ay

1 2
= _2— ‘k%sn J Ckl(b’kl du; ¢ € D’

extends to ¢ € Lz(u). (Here we have used the fact that uy e G(L) =



U oe G(L(n)) and {Ein) : A >0} is defined for {Tin) :t >0} in
the same way as {EK : A >0} is for L.) In particular, if t > 0,

then

R J SRERN ERITE { e P aE ™Mo, 0
0

1 n 2
But for ¢ € Lz(u) and t > 0, we have for any ¢ ¢ D :

® L -2h " e
;{ re M aEMe, 0) - f re” T deege, )
0

< iJ (1 - the—zxt{(Eg )
0

(n), ()
ol e L) - (T, L) |

-2Xt

* lf (1 - 26)e” T [(ELe, @) - (ERW, W] dA| .
0

Since D is dense in Lz(u)s it follows that

J e Mt aEMs, o) f e acEls, ¢
0 0

as n > «. We therefore have :

1 2 )\
5‘% J ¢ I o [T du> JO re M acels, 9

1 2
2§ZJCk|T2¢| du
k
for all ¢ «¢ Lz[u) and t > 0. Letting t ¥+ 0, we get (9).

(11) Corollary : For each u e G(L) the null space N(Lu) of the

generator M of {Tt : t >0} coincides with the set of ¢ ¢ Lz(u)

such that



(12) ) J e | 0, 17 du=o.
L '

Moreover, if

(13) o = inf {] J e |6y 1P du/2lo - Eoll?, o # Ehe)
k L™ (w)

then

(14) EK - ES =0 for 0<)<ay,

and % is the largest number o such that

: ) ot 2
(15) ™ - B! < e "o , t>0 and ¢ e L°(W)
l] t A ”Lz(u) L2(u)
(16) Lemma : Let u e G(L). 1If o >0 for all k € Zd, then
(17 N(Lu) = {¢ € Lz(u) : ¢ is T-measurable. ,
oo A d

where T = /\ B" with A = {k ¢z [k] <n} (i.e. T is the
-

tail field.)fl
Proof : From (12) and the positivity of the ck's, we see that
¢ € Lz(u) is in N(LU) if and only if ¢ € @0, where @0 is the set of
all B-measurable ¢ such that ¢,k =0 (a.s. p) for all k ¢ Zd.
In particular, if ¢ ¢ Lz(u) is T-measurable, then certainly
o € N(Lu). To prove the opposite inclusion, we need only show that

b e ©O:$ ¢ is T-measurable. That is, we must show that if ¢ ¢ @O,

then for all A e E \ {¢}
b = ¢ o HA (a.s. ),

where HA : E>E 1s given by

— 12 —



(]'[An)k={1 if ke A

n if k & A.

To this end, we first observe that ¢ ¢ @0:$ ¢ o HA € @0 for all

A e E\ {g} Indeed, from c, >0, k ¢ Zd, and 1i) of theorem (7),

k
we see that 1 o HAl << u . Thus, since
(¢ o HA)’k = % 0 if ke A
¢’k ° HA if k & A,
it follows that ¢ ¢ ®0:¢ ¢ o HA € @O. Working by induction, we now
see that it is only necessary to check that ¢ « @Ozé ¢ = ¢ o H{k}
(a.s. W) for each k ¢ Zd. But,
1 - nk

1S I B
and so there is nothing more to do.

(18) Lemma : Let u ¢ G(L) and suppose that Vv 1is a probability

measure on (E, B) such that v << p and g%~ is T-measurable.

Then Vv e G(L).

Proof : Let f = Qﬁ_. Given ¢, ¥ ¢ D, note that (f - ¢),k =

f . ¢’k (a.s. 1), and so
2 2
g J ) ((£0)5, + ¥,}) du < =,

Thus



- J oLy dv = - J £+ 9LMy du
A dEY(E -+ 0, 6)

E Jck(f * 9)sy Yy du

! fc ¢y Y,y dv
" k k k

= Nl ——

By theorem (7), thisiproves that v e G(L).

(19) Notation : Let {Pn : n e E} be the Markov family of probability
measures on path space (£, M) determined by the semi-group {Tt :t > 0},

For t > 0, let ©_ : & > Q denote the time-shift operator. Finally,

t

if uw is a probability measure on (E, B), let

P, = J Py p(dn).

(20) Lemma : If 1 e G(L) and N(L“) = {¢ < Lz(u) b o= J ¢ dy (a.s. W1},

then the dynamical system (0, M, et, PU) is ergodic.

Proof : This is a standard argument for Markov processes.

The next theorem summarizes the last few results.

(21) Theorem : Assume that C >0 for all k e Zd. If we G,
then TE - Eu[' I T] strongly in Lz(u). Moreover, the following are
equivalent :

i) 1Y 1is an extreme point of G(L),

i1) T is wu-trivial,

... u 2

1ii) Ejdé = | ¢ du (a.s. W), ¢ e L7(W),

. . 2 2

) T, ¢ > I ¢ du in L@, ¢ e L@,

v) (R, M, Gt, PU) is ergodic.



(22) Remark : Let J = {J F ¢ E\ {#}} be a potential. One of the

F
things that we have just seen is that G(J) = G(L) whenever

k

One such choice of ck's is

L= 2 CkAk with the «c¢,'s positive and satisfying (3) of section II.
k

(23) cg(n) = [1 +exp(2 ) Jp Xg(M1, k€ 79,
Fak

However, there are many others. In fact, if we choose any continuous

d
b i E~ ([0, ®)° so that b, (M) = bk(kn) for all k ¢ z¢ and

also satisfies the detailed balance condition. Unfortunately, there is

no really "canonical" choice of the ck‘s for a given J. It is therefore
of some interest to know what properties all the choices share in common.
Among the few results in this direction are those which can be read off
from equation (9} about the spectral properties of LU. See H and S,

Z. Wahr, 35, (1976) for a further discussion of this and related

matters. Also, see section XII below.

V. The Martingale Problem for L :

We have not as yet discussed how one constructs Markov processes
having given rates - We will do so now.

Let & = D([0, =), E) be the space of right continuous functions

w on [0, «®) > E having left limits and endow § with the usual

Skorohod topology. Given w € @, let n(t, w) denote the position

of w at time t. Let M =B, and for t 20 set M_=o(n(s) ; 0 <s <

Q t



d
Given a continuous function ¢ : E = (][O, Oo))Z , define

L=7 ¢ b on D accordingly. We will say that the probability measure
k

P on (8, M) solves the martingale problem for £_ starting from n

(abbr. P v L starting from n) if :

(1) P(n(0) =mn) =1,

and
t

(2) (d(n(t)) - J Loé(n(s))ds, Mt’ P) is a martingale for all
0

o e D.

The following theorem is easily derived using well-known techniques

from the calculus of martingales.

(3) Theorem : Let D([0, T]) be the set of continuous functions

¢ : [0, T] x E 9—R1 such that %%' exists and is continuous on

[0, T] X E and ¢’k Z 0 for all but a finite number of k's.

If P~ L starting at n, then for all ¢ e D([0, T])
tAT 9
(¢t AT, n(t A T)) - J (§§'+ L) (s, n(s))ds, Mt’ P)
0

is a martingale. Also, if T : @~ [0, «) is a stopping time and
w > P; is an r. c. p. d. of P]MT, then there is a P-null set
N e MT such that for all w ¢ N and all ¢ e D

t
@) - J Lo(n(s))ds, M, P))

T(Ww)

is a martingale after time Tt(w). In particular, for all w % N,
Pt op . 71

» T(w) v L ostarting at n(t(w), w), where 6, : Q > Q 1is the

t

usual time-shift operator (i.e. n(-, Otw) =n( +t, w).



(4) Remark : We want to check that if P ~ [ starting from n, then
P has the infinitesimal characteristics of a Glauber-type process
with rates S To this end, let ¢(n) = %ﬂk. Then, since
t
@Mt + JO n (s)ey (n(s))ds, M, P)

is a martingale, we see that

P(nk(t) # nk(s) for some t ¢ [s, s + h] ] MS)

| EPon((s + by A ) - d(n(s)) | M |

(s+h)AT
EP[(

il

¢ (n(w)du | #_]

= he, (n(s)) + o(h),

where T = inf {t > s : nk(t) # nk(sj}. Next, let w ~ PZ be an

r. c. p. d. of P!MS. Given k # £, set
8, = 7 - M (s, @) (ng - Ny(s, w))
and
T = inf {t > s : nk(t) # nk(s) and nz(t) # ng(s)},

Then

P(ﬂk(t) # ﬂk(s) and nz(t) # nﬁ(s) for some t ¢ [s, s + h] | MS)

| ELo,(n((s + ) A D) | M |

1 pS (s+h)AT
= 5’1 E “[( (e (n(w)) (ny (W) - ny (s, w))

S
o W) n (W - ny(u, w)idu] |

0h?).

H



(5) Example : Suppose that

d
Ck(r\) - ak(l + kaﬂk): k € Z ]

where > 0 and [akl < 1. Define the transition probability

2x
function Pk(t, s ) on {-1, 1} by :

l-d o, ¥l -2a,t 1+a o, t1 -2a t
k k k k k k
Pk(t, * 1’ ') = ( 2 + 2 € )6{1}(') + ( 2 T 2 € )6{_1}(°)

and set
P(E, m, 0 = IR (es o).

For ¢ ¢ D, note that

IA

o+

IA

—
-

U(t, T]) = J Cb(B)p(T - t’ n» dB): 0

is in ©U({0, T]) and that

Ju a
57{"".11—0, 0

A

t < T,

lim u(t, nm) = ¢(n).

tAT
Thus, if P ~ [ starting from n, then

(u{t A T, n(t A T)), M, P)
is a martingale, and so if 0 <t < T :

P

E {o(n(T)) | M3 = u(t, n(t))

= J $(RP(T - t, n(t), dR) (a.s. P).

Combining this with the fact that P(n(0) =n) = 1, we see that P

must be the homogeneous Markov process with transition probability



function P(t, n, *) conditioned to start at n. This example provides
further evidence that solutions to the martingale problem are the

processes for which we are looking.

VI. Existence and Elementary Consequences of Uniqueness
In this section we prove that solutions to the martingale problem
exist for very general coefficients c¢. We also point out that under
very general conditions one can use these solutions to construct a
Markov semi-group {Tt : t >0} on B(E) such that
't
Tt¢ - ¢ = J TSL¢ ds, t >0 and ¢ € D.
0
However, no assertions about the uniqueness of any of these quantities
will be proved here; that will be postponed until the next few sections.
Instead, what we will do here is point out some of the consequences of
uniqueness, with the idea of motivating interest in the problem of
finding conditions under which uniqueness must hold.
First, we are going to state a compactness criterion for probability
measures on {2, M). The proof of this criterion is very similar to

the proof of Prokhorov'’s criterion of compactness in the case of Markov

processes.

(1) Theorem : Let {A, ; k € Zd} be a set of positive numbers and

Al “COTER k

denote by P the set of all probability measures P on (R, M) such

d
that there is an n ¢ E and a continuous function ¢ : E - ([0, Oo])Z

satisfying jc || = A, k e Zd, for which P v ) ¢ A .starting from n.
k k X k7k

Then P is pre-compact (in the weak topology).



(2) Theorem : Let ‘{c(n)}T be a sequence of continuous function
d

c : E~ ([0, OO))Z such that "cén) - Ck" -0 as n - o for each

k e Zd. Finally, for each n, let P(n) v z cﬁn)Ak starting from n(n)
k

and assume that n(n) + n. Then {P(n) :n 21} is pre-compact and

any limit solves the martingale problem for E CkAk starting from .

Proof : The compactness assertion is immediate_from Theorem (1).
1]
Next, suppose that @™y s 4 subsequence of (P} and that
]
P(n ) P. We must show that P~ L = z S starting from n.
k

Clearly P{n(0) = n) = 1, and therefore we need only check that for all
1

0 < tl < tz, all bounded continuous Mt -measurable F : § - R,
1
and all ¢ ¢ D :
t
P P 2
(3) E [(¢(n(ty)) - ¢(n(t))IF] = E [(j Lo(n(s))ds)F].
t'}
But (3) holds when P and L are replaced by P(n) and LLn) = 2 cén)Ak,
k

respectively. Thus, since L(n)¢ -+ L¢ uniformly, (3) follows from
elementary properties about weak convergence of measures on (2, M).

d
(4) Theorem : Let c¢ : E = ([0, w))z be a continuous function and

define L = E ¢, Ay For each n e E, let S(n) be the set of all
probability measures P on (9, M) such that P ~ L starting from n.
Then for each n the set S(n) is a non-empty, compact, convex

subset of the set of probability measures on (R, M). Moreover, there
is a measurable mapping n - Pn e S(n) such that {Pn : n e E} forms
a homogeneous strong Markov family. Finally, if for some nO ¢ E

there is more than one element of S(no), then there are at least two

different measurable mappings n - Pél) e S(n) and n > Péz) e S(n)
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such that (P} . n ¢ E} is a homogeneous strong Markov family for
n g

i=1 and 2.

Proof : That S(n) 1is convex and compact is obvious (cf. Theorem
(2) for compactness). To show that S(n) # @, first observe that there
is hardly anything to do if one knows that ¢ = 0 for all but a finite
number of k's. (Indeed, in this case L is bounded and so one can
easily construct a Markov family having L as its generator. Since it
is easy to check that if {Pn :n e E} is a Markov family with generator
L, then Pn ~ L starting at  n, the proof of existence in this case is

complete.) Next, for N = 1 define

(N)

“k

0 if |k| >N,

J
and set L(N) = Z cﬁk)A We know that for any given n there is a

K

P(N) v L(N) staiting from 1. But, by Theorem (2), {P(N) : N 2 1}

is pre-compact and any limit point P solves the martingale problem for

L starting from mn. Thus existence has been established in general.
The possibility of choosing a map n > Pn e S(n) with the desired

properties, as well as the last part of the theorem, follows from the

techniques of Krylov, Math. U. S. S. R. Izv., 7 # 3 (691-709) (1973)

plus Theorem (Z) above.

d
{5) Theorem : Let c¢ : E = (]O, «0)2 be a continuous function and

define L = EckAk. Assume that for each n ¢ E there is exactly one
k
Pn v L starting from n. Then the family {Pn :n e E} is strongly

Markov and Feller continuous. Moreover, if {c(n)}T is a sequence of



d
continuous functions on E = ([0, oo))Z such that “cﬁn) - ck“ >0 as

(n)

n > o for each k ¢ 74 and if P(nJ ) cﬁn)A starting from n- ’,

k
(n) (n) K
where n > n, then P > Pn.
Proof : All these assertions follow easily from the above.
(6) Remarks : It is clear from Theorem (5) that if the martingale

problem for L is well-posed (ie. if for each n there is exactly

one solution), then there is a Feller semi-group corresponding to L
with the properties required for the development in section IV. On the
other‘hand, in spite of Theorem (4) and its assertion about the existence
of a Markov family associated with L, very little can be said without

the knowledge that the martingale problem is well-posed.

VII. The Question of Uniqueness ; a Counterexample :

(1) Example : Let d =1 and define ck(°) =0 if k <1 and for

n = 0, and for Mk < 2n+1 define :

n+2

=
1 if n = -1 and e [2MD, 2" 0=

ck(n) =

0 otherwise .

Clearly one solution to the martingale problem with these coefficients
starting at n(o) such that néo) = -1 for all k's 1is the probability

measure P such that
_ d
P(nk(-) = -1, keZ) = 1.

We will produce a second solution. Let



N+1

ck(') if k £2
cﬁN)(’) =
0 if ko< 2V
and
-1 if k= 2V1
(N) _
ﬂk =
-1 otherwise.
Let P(N) v LKN} starting from n(N). For 0 € n £ N, define
. .3 n  ,n+l _
T, = inf{t = Tt ke [27%, 29 n (1) = 1},
where TN+1 = 0. - Note that
n
P(N)(T - T >t | M ) = et on {1 , < o}
n n+1 Tn+1 n+i
Thus if tTl = n+i , then
) 2
© N
N +1 N +1
pl )(TO > ) I ~) < pl )(TO > 72 =)
n=0 2 n=0 2~
N) 3 o
<P ((0 £7n £ N) Ty~ Tnsl > tn and Thel < )

A

N [o]
E e—(n+1) < z e~(n+l) _ ezl <1
n=0 n=0

Now let P be any weak limit of {P(N)}ﬁ. Then P~ L starting from

n(O) and
P(n,(4) = -1) < Tm PP @) = -1
1
N->oo
<Tm P >4y < L <1,
0 e-1.
N>
(2) Remarks : By improving on the preceding example, but still using
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the same sort of ideas, one can produce an example of coefficients

c, ¢ D for which the martingale problem has more than one solution and

k

yet the ck's are uniformly positive and uniformly bounded (cf. Holley

and Stroock, Ann. of Prob., vol. 4 # 2 (1976)). Of much greater interest
is an example advertised by L. Gray and to appear in his thesis

(Cornell Univ., 1977). In his example the 's are positive, bounded,

“x
C

. . . . . k .
continuous and "shift invariant' (i.e. ¢ = o S, where S 1is the

0
shift map on E). As we are about to see, there can be no such example

with Cp € D.

VIII. Uniqueness Under Liggett's Condition

In general, one of the better techniques for proving uniqueness
is the following. Given L = E CkAk on D, one finds a class
(E) with the property that [ can be extended to D(L)

@]

D cib(l) c
in such a way that (i) for every f e D(L), Lf ¢ C(E) and
t

(f(n(t)) - J Lf(n(s))ds, M
0

s P

is a martingale for all solutions P to the martingale problem for
L ; and (ii) there is a determining set of ¢'s in C(E) for which

the equation
e8] M- Lf=29¢

admits a solution f e D(L) whenever A is sufficiently large.
If such a class D(L) exists, then one can show that for all P ~ L

starting from n:

(2) BVl J e M gn())dt] = £(n)
0

— 24 —



where f ¢ D(L) is the solution to (1). From (2) one knows that the
l1-dimensional time marginals of P are unique ; and once this is known
it is quite easy to combine the last part of Theorem (3) in section V
with standard '"Markovian" reasoning to obtain the uniqueness of P
itself. We are now going to give an example of conditions on the ¢ 's

for which the above technique works.

Let Cl(E) stand for the class of functions f e C(E) such that
i“flll = Z "f)k” < e °
k
The following lemma is very easily proved.

(3) Lemma : Suppose that L =) CkA < ©, Then
k

L admits a uniqué extention to Cl(E) given by :

J

L on D, where sEpnc

Lf = 1lim ckf;k
Nteo |k]<N

Moreover, L[ : Cl(E) -~ C(E), and if P ~ L, then for all f « Cl(E)
t
(fin(tyy - J Lf(n(s))ds, M_, P)
0
is a martingale.
d
We will say that coefficients ¢ : E - [0, m)z satisfy Liggett's

condition if

i) ¢ 1is continuous
(L. C.)

i) sup Clleglt + fe) < =

Under Liggett's condition, we will now show that (1) admits a solution

f e Cl(E) for all sufficiently large X and all ¢ ¢ Cl(E). Given



¢ : E-JO, oo)Z satisfying (L. C.), define c(n) by :
ey if |k|] <n
N
0 if  |k| > n,

Clearly 1™ 55 bounded and generates a

and 1et L™ - ) c(n)A .

k

(n)
unique Feller semi- group {T( n) :t 20} on C(E) given by T(n) et

Thus Rin) = J e TEn) dt 1is well defined on C(E) into C(E)

for all X > 0, and WRin)¢“ < %ﬂ¢ﬁ,

(4) Lemma : Define
. k
(5) y = inf inf (¢, (n) + ¢, ('n)) - sup ¢
nfnf (o K u Hk“k2”

Then for each A > sup cy and all ¢ « C (E), there is an f ¢ Cl(E)
2

such that Af - Lf = ¢. Moreover,

Proof : Let f(n) = R§D)¢. For any k «¢ Zd,
AT ) = 0, () + ] ™ £y, m.

Since ffg) C(E), E is compact, and fEE) (kﬂ) = - f(n)(ﬂ), we

can find n* ¢ E such that f,(n)(n*) = “f(n)" Thus
S = 6sp )+ LegVeh o
For & # k, we write :

& o = oM el an Ml oo
)

<l ey,

f(n)”

- 26—



since ffﬁ%(n*) = f(n)( n*y - f(n)(n*) < 0. For £ =k, we note that :

Mg, 0 ) = ¢ K e ey - (M e eGY o)
- M+ M)

IA

- inf (™M)« M e

n
Thus :
RN Fatel IR T g lesm e - int ™y + ™ ey e
k
In particular,
® < Nond = L e BT
Now define
aﬁN = supﬂf(n)“

Then, from (8) :
AZu(N) < ¢W + E“C'HQ(N)
£ k m IQ%SNIH d 2
Thus ZuﬁN) < o and, in fact,
k

(N) _ I ol
Eu A - Supmcﬂ”

Since aéN)/ﬂ sup“f( )“, we have now shown that

' (n) li o
9 £, e
(9 % sgp “ “ A - szplcd'

From (9), we can show that {f(n)}T is pre-compact in C(E).

Indeed, given € > 0, choose L 21 so that

sup||f$£%[< £
]k >L n



Let m and n' be elements of E such that n, =n}, |k| <L.

Then it is easy to see that for any ¢ e C(E)
o) - vl < 1 |,
[k|>LII i
In particular, for any m,
1E™m - ™) < T sup e < e
|k|>L n

i 11 bl oo
Since supl[f(m)" < i%&) we now know that {f(m)}l is pre-compact in
m 1 .o o0
C(E). Let {f(n )}1 be a convergent subsequence of {f(m)}l, and let
f be its limit. Using (9) and the Lebesgue dominated convergence

theorem, one can easily see that f ¢ Cl(E) and that
Af - Lf = ¢ .

Finally, we want to show that (6) holds. But letting n + o«

in (7), we see that
. ; . k - ;
MEdl <Tond + T eg i el - 4nf (e ) + ¢ IE, -
2#k n

Summing over k, we obtain :

’ ’ : i . . k

MEN <il ol + suplf ¢l WEN - inf inf (e, () + e (IMIEN.

'3 k n

Since we already know that [ﬂfm < w, this implies (6).

d
(10) Corollary : Let c¢ : E -~ [O, 00)Z satisfy (L, C) and define

L = z CkAk on D. Then for each n ¢ E there is exactly one solution
k
Pn to the martingale problem for [ starting from n. Moreover, the

set {Pﬂ :n e E} form a Feller continuous strongly Markovian family.

Finally, if {Tt : t >0} is the Feller semi-group determined by
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{Pn : n e E}, then Tt maps Cl(E) into itself; and in fact,

3

(1 fireolll < ™Y€ fjol

where vy 1is the number defined in (5).

Proof : The proof of everything except (11) is accomplished in
the way outlined at the beginning of this section. (See Stroock and

Varadhan, Comm. Pure and Appl. Math. 22 (1969) for more details.)

00
To prove (11), let Ry = [ e At T, dt, A > 0. Then it is easy
0

to identify RA¢’ A > supﬂ]czm and ¢ ¢ Cl(E), as the function f in
2

Lemma (4) above. (Simply observe that

A t o
(e” t F(n(t)) + J e S $»(n(s))ds, Mt’ Pn) is a martingale.)
0
Thus, by (6)
ol
Rl < A2y

But it is well-known that

T,¢ = lim e At ¥ (xztR Y'e/nt,
t A
Ao n=0

and so (11) now follows easily.

(12) Corollary (Dobrushin and Sullivan) : Suppose that c¢ : E + [0, )

satisfies (L. C.) and assume that the number <+ in (5) is positiv

: T = 0} be the Feller semi-group described in Cor (10). Then

{Tt :

there is a unique stationary probability measure u for {Tt tt 2

Moreover, for ¢ Cl(E)

an A1y - [ saul s Lo,

- 29—

e.

0}.

d

Let



where M.= supﬂcﬁl;-
k

Proof : From the general theory of Feller semi-groups over a
compact state space, we know that there is at least one stationary
measure WU for {Tt : t > 0}. Moreover, it is obvious that if
¢ € C(E) has the property that Tt¢ converges to a constant as t > o,
then that constant must be [ ¢dy. Thus, it suffices for us to show that
for each ¢ € Cl(E) ‘there is a constant A¢ such that
ﬂTt¢ - A¢" < % e_Yt"]¢m. But for any f € Cl(E), ILel < MI“fm. Thus,

if ¢ e Cl(E), then

t 00
|t ¢ - T = ![ LT ¢ dul =M f e ™Mol du
s s
= M. -Ys)
Y e i¢"| °
Thus, Tt¢ converges in C(E) teo some function w¢ e C(E). Moreover

foll = vinfiT ol = o,
troo
and therefore w¢ is some constant A¢. Finally,
5 ; . M - ;
14 - 1500 = Lim |10 - Teo) < 77 el

(14) Example : One choice of rates S for the classical stochastic

Ising model of Glauber is

-1
c. (M = [1 + exp(2Bn ) n)l .
k K ek]=1 %

If d = 1, then we can write

) =3+ T T oy e .



It is easy to see that

ck(kn) + ck(n) =1

and
0 sinh 48
ng ”ck,kn - 11 + cosh 4B| < 1.

Thus Corollary (12) applies and shows both that there is only one Gibbs
state for the Ising model in l-dimension and that the standard Glauber

model converges exponentially fast to that Gibbs state.

If d = 2, matters are less satisfactory. It is known that
exactly one Gibbs state exists if and only if B < arcsinh 1. Corollary
(12) only tells us that the corresponding Glauber model converges to
that Gibbs state when 8 < (log 3)/4. On the other hand, for

B < (log 3)/4, it does yield exponentially fast convergence.

By entirely different arguments, Holley (Rocky Mount. J. of Math.,
4(1974)) has shown that the standard stochastic Ising model will converge
to the unique Gibbs measure whenever the Gibbs measure is unique.

His result is dimension independent, but gives no rate of convergencé.

(15) Remark : 1In section 5 of Holley and Stroock (Ann. of Prob.,
vol 4#2 (1976)) a quite different proof of the uniqueness part of
Corollary (10) above is given. To facilitate the presentation of the

idea behind that proof, assume ¢ 0 for all k's. It is shown that

if PN L= z CkAk starting from n, then there is a right-continuous
) k
function & : [0, ©) x @ - E having left-limits and a continuous
d
function o : [0, «) x Q ~ [0, w)z such that



i) the distribution of £ under P solves the martingale
problem for ) Ak starting from n,
k
¢ d
ii) Ok(t) = J ck(i o g(u))du, t 20 and k € Z ', where
0

(€ 00} =¢& ° 0
iii) n(*) = g o a(*)

The existence of &(*) and o(*) have nothing to do with the condition
(L. C.), they exist in general. Where (L. C.) plays and important

role is in the proof that if

(16) o, (1) = [Z ¢ (E(o)du, ke 29,
then o(t) must be £&(°)-measurable. Without this last fact, there is
no way of using i), ii) and iii) to prove the uniqueness of P.

The idea used to prove that any solution to (i6) must be &(+)-measurable
is reminiscent of the technique used in It8's approach to stochastic
integral equations with Lipschitz continuous coefficients.

(17) Remark : Suppose that the ck's come from a finite range potential
J. Let {Tt Dt >.0} be the Feller semi-group determined by

L= % ckAk. Then any Gibbs state u with potential J 1is a stationary
measure for {Tt : t > 0}. Now suppose that {Tt it > 0} is ergodic

(i.e. has only one stationary measure), and in addition, satisfies
a1 - [oafsame™, e,

where Ai{¢) 1is some constant depending only on ¢ and o >0 is

independent of ¢. One can then show that y satisfies

A



where Ay = {k ¢ E : |k| <N}, B(¢) is a constant depending only on

d .

¢, and B(¢) > 0 depends only on the size of {k ¢ Z s Z 0}.

For results of this sort, see Holley and Stroock: Comm. Math. Phys.
48(1976) and.Z. Wahr, 35(1976).

Of course, (18) certainly implies that

-ty

(19) .o - J ¢ du <e t =0,
it “Lz(u) |

i
§¢JL2(U)’
because (in the notation of section II) E; - Eg =0 for A < o.

It would be very interesting to know if the existence of a | e G(L)

and an a > 0 for which (19) holds implies, in general, that G(L) = {u};
or, even better, that {Tt : t >0} is ergodic (i.e. has only one

stationary measure).

IX. A Perturbation Technique

d
Z be a continuous function and define L on

Let ¢ : E - [0, «)
D accordingly. As we have seen in section VIII, uniqueness of solutions
to the martingale problem for L can be proved by constructing a
version of a resolvent (AT - L)_1 in such a way that {(AI - L)—l¢ e D(L)
for large A's and ¢} is a determining subset of C(E). When dealing
with various partial differential operators, one of the more successful
approaches to studying resolvents has been through the use of perturbation
theory. Unfortunately, perturbation techniques appear to be less well
suited to the present situation ; although, as we are about to see,
they yeild very good results when they do work.

Let )X denote the Haar measure on E. That is

Zd
Ve gy ey /B
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d
Given ¢ : E =+ [0, m)z , define

) ¢ = J ¢ (MAldn),

and let L = z EkAk be defined on D. We are going to compute
i :

ik = (AL - I)—l in terms of its "Fourier transform'". For this

{Fcz%; [F| <} can be identified with

purpose, recall that E
the character group of E via the map F = Xp> where
(2) Xp(M = T n.

F keF K

The group operation on E is that of symmetric difference. That is,

the "product" of F and G is

(3) FAG=Z1{k ; ke (FuG\NEFA NG
Obviously :
(4) Xpag = X5'Xg

~

Given ¢ ¢ LZ(A), we define ¢ on E by :

) 6y = | roxponcam.

The Fourier inversion formula in this context is

(6) 0= Jn 0(F) Xp

FeE
where the convergence on the right hand side of (6) is in the sense of
LZ(A) convergence of the partial sums :

I o)
FgAN



where AN = {k ; x|

IA

an eigenfunction of L. 1In fact, since

~2 XF
(7 : BeXp =

0
we have
(8) DXp = -2CXgs
where
(9) Cp= ) C.

F keF k

Thus, if
(10) o(D) = {-2¢, ; F < E}

then for X ¢ C\o(L) we have
(AL - L)}(F = (A + ZCF)XF’

and so,

Xg

(1 RyXy = ——
A+20F

AXE

N}. Next observe that for each F ¢ E, ¥

if ke F

if k § F,

F

is

It follows that for A x o(D), ﬁx is well defined as a bounded linear

operator on LZ(A) into itself and that ﬁk is determined by the

equation:

(12) Rom = 28
>\+2cF

€



It is clear f?pm the preceding that ﬁ& is not a compact 6perator
on LZ(X) in most cases. For instance,. if Ek =a >0 for all k,
then E% = aIFI and therefore (A + Zan)_l is an eigenvalue of infinite
multiplicity for each n 2 1. This fact indicates that pertubation
theory will not be very successful in LZ(A). For this reason, we are

~

led to consider the .Banach space L of function ¢ € C(E) such that
(13) toll 7 = Islo®|
FeE

It is clear from (6) that

(14) ¢ < ¢ 7.

A

Moreover, it follows from (12) that for X & o(D) ﬁi is bounded on L

into itself. Finally, if

(15) a = infc, >0,
« K

then for A & 0(L) one can easily see that ﬁ? maps i boundedly into
CI(E). These remarks indicate that E is a good space in which to do
perturbation theory.

We now assume that c¢ : E = [0, oo)Zd is a continuous function such

that

(16) Vle, R <ac,, ke 29,
Fip K k

where 0 < a < 1, Define D(L) to be the set of ¢ € L such that

Ir cplo®) ] < e
FeE

The next Lemma is easi y proved.



(17) Lemma : If ¢ € D(L), then both

) < ¢, and ) c 9,

k k7’k K k" k
are absolutely convergent. Moreover,

lim ) Ek¢’k and limd ) ST

AMZ™ kel MZ™ kel
exist in L. Finally, EXL = p(D).

Because of (12), we can extend the definition of I and L to

D(I). Also, it is clear that as an operator on L with domain D(D)

T is the generator of a strongly continuous contraction semi-group

having resolvent operator ﬁi defined by (12).
(18) Lemma : If A & o(D) and ¢ e L, define
(19) A>\¢ = (L - T)erb.

. A~
Then AA is bounded on L into itself and :

5(C).

I —

(20) KA$IF) =) ] §EsG =2
G#F keG A+2cG

In particular,

(21) HAA¢N£ IO Y L/
where
25%
(22) o(\) = o sup|——|
F#0 >\+2cF

Proof : Let us prove (20)



0 if ké*G
Ak E}\q’ G) =
-2

A+2cG

g(G) if k € G.

Thus, since S T S (H) = ‘ R
Gk(H) if H# 0

L -2¢, (FAG)
(0 - b, BBF) = ] —S—"¢ (0),
G#F X+2cG
Gk
and (20) clearly follows from this. To prove (21), note that :
e TR —,——rz'c AP
AO(E)| < ¢ (G)
A F GEF keg IA*2C |
= 10T T e ra)]) 2le@|
G keG F#G A+2c, l
<ol (o 2@
G keG © |r+2c.|
G
= a X | o@ 1 < e ol
G[ +2¢, l

(22) Lemma : If X ¥ o(D) and p()\) <1, then

-1 _ v n
VEO@-ADT = 1A
n=0

exists as a bounded operator on L into itself and

It

(23) B

~ 1 A~
(24) IB81E < t509 NéllL-

Moreover, if

(25) Ry SRy ©B



~

then RA maps L onto D([) and
(AT - DRy¢ = ¢.

Finally, if H ={X e C\{0} ; X € o() and p()) < 1}, then A - Ry ¢

is analytic on H into L.

d
(26) Theorem : Suppose ¢ : E ~ [0, oo)Z is a continuous function

which satisfies (16) for some 0 < a < 1. Then the martingale problem
for L is well-posed. Moreover, if {Pn ; N e E} is the set of
solutions, then {Pﬂ ; n e E} forms a Feller continuous, strong

Markov family. Finally, if X > 0, then

Ph (e N
(27) E [J. e "o(n(t))dt] = Ryd(n), ¢ €L,
0

where RA is defined by ({(25).

Proof : The theorem follows from the observation that if ¢ ¢ D(D)
and P ~nv L, then

t

(e (t)) - [ Lo(n(s))ds, M., P)
0

is a martingale. Thus, if ¢ € L and A > 0, then

t
(et Ryd(n(t)) =+ J e_xs¢(n(s))ds, M, P)
0

is a martingale.

(28) Lemma : Assume, in addition to (16), that Ek >0 for all k € Zd.

Define AO on L by

€k(FAG) ~
(29) Ro 8F) = - ) ] ——— (6.
G#F keG CG



~

Then A, maps L dinto itself and

0
(30) sup ||A ¢“A < alol|7.
120 ATHL L
. n L ~ _ -
Moreover, if B = ) Ay » then lim HBA¢ - BO¢”L =0 for all ¢ ¢ L
0 AY0
Finally, if m : L = R1 is defined by
(32) o =BF @, ¢l
then
(33) limf|A Ry - w¢“£ =0, ¢ e L.
AYO
Proof : The estimate (30) is derived in the same way as (21).

To prove (31), note first that

e T —— by ~
A - Agd (F) = ] ] & (F LG ————¢(G)
G#F keG CG(A+2cG)
and so,
N A ~
“A)\(b - A0¢”L sa z — lqb(G) [ .
G#9 X+CG

Thus, by Lebesgue's dominated convergence theorem,
“AA¢ - AO¢"£ e\ as A ¥ 0.

Together with (30), it is easy to go from this to (31). Finally, to

prove (33), note that :

ARy - Th = ARy o (Byd - Bod(@)

—— -1 A —N
= B,¢(@P) - B, ¢ (P) + B, ¢ (F)
A 0 F;¢ A2, A



Thus

] A 1B |

I\Ry¢ - mo)|7 = |B.6(®) - B3 @] +
| A ”L A 0 ’ Fig A+2cF
. —— A —
< |B,9(®) - B0 ] + | B ¢(F)|
A 0 ‘ FEQ A+2€% 0
: L 53 - T |
F#0 >\+2cF
LGOI

IA

Byd - Bol|T + ]
I8, odllL v

The first term tends to 0 by (31), and the second one by the dominated

convergence theorem.

d

c : E- [0, OO)Z is a continuous function satisfying

(34) Theorem : If
0 <0<l and if Y
t > 0} determined by L has a unique stationary

v on (E, B)

> 0 for all k, then the Feller

(16) for some

semi-group {Tt ;
measure M. That is, there is a probability measure
such that

T
J T ¢ ds 9'[ ¢ du
g S

uniformly as T 4 « for each ¢ ¢ C(E). Moreover, if ¢ ¢ L, then

3] b

(35) J ¢du = o,
where 7 is defined in (32).
Proof : From the general theory of Feller semi-groups over compact

space, we know that it is enough to check that there is at most one

But if u is stationary for

stationary measure for {Tt ; t > 0},

{Tt ; t > 0}, then

._41_.



}ARA(pdu:[cpdu
for all A >0 and ¢ ¢ L. Hence, since ARX¢ > mp as A+ 0, (35)
holds for any stationary u and all ¢ ¢ L. Clearly this proves that

there is only one stationary u.

(36) Remark : Suppose that, in addition to (16), the coefficient function
c satiéfies (15). One can then show that not only is the essential
semi-group {Tt ; t > 0} ergodic, but also T, converges to
strongly in E at an exponential rate (cf. section 7 of Holly & Stroock,
Anal. of Prob., vol. 4#2(1976)). Since we are going to arrive at this
fact by an entirely deferent approach in the next section, we will not
derive it here.

Perhaps the most significant aspect of the preceding perturbation
method is that it yields a reasonably explicit expression for the
stationary measure in terms of the coefficients. In particular, one

can use the Neumann series defining B, to prove analytic dependence of

0
the stationary measure on the coefficients. See Holly § Stroock, Comm.

Math. Phys., 48(1976) for more details.

(37) Remark : The fact that the XF's are characters of the group E
plays no really essential role in the preceding development. What is

important is that they are the eigenfunctions of the operator L.

With this observation in mind, consider the operator
- a
0 _ k
L= % 5 (1+ uknk) &y s

where {ak ; ko€ Zd} < [0, =) and {ak 5 k e Zd} c [0, 1]. The

eigenfunctions for this operator are the functions

42 —



Ot“’T] ~
k
Xéa)(ﬂ) = 1II a”*;jgs, FeE
keF 7k
and, in fact,
0 (o [0
L = - (T
keF .

We can now carry out the same program as the above for operators
L of the form
= = (o)
L=l a4 7 @ +oym - (1rodn FZ% Yk, Py ()b,
€

where

sup JA|y(k, F)| < 1.
k FeE .

For more details, see Holly § Strook, Comm. Math. Phys., 48(1976).

(38) Remark : We cannot drop the assumption that «o is strictly less
than 1 in Theorem (34). For examples, let ck(n) =1 + Myt kel
Then it is easy to check that both A(°) and the probability measure

I 6{_1} are stationary measures.

X. Dual Processes
74
Suppose that ¢ : E > [0, «) is a continuous function with the

property that

) Jole®| g,  kezd
: F£0
Assume, for the moment, that in addition
2) - (F) 20, ke 79 and ¥ ¢ E\{p}.

d



Given F e E\{@}, we then have :

Lxp(m) = - 2 kZF ¢, M) xp (M
=2 kZF (G;¢ " & @xppg) - (M)
=2 kZF G§¢ - 8B Otppg M - xp(M)
-2 ng (c + G;Zé¢ & (G xp() -

A

That is, if we define L on C(E) by

(3 LEF) =2 § T - &(0)(E(F 4 G) - £(F),
keF G#0

and if V : E » [0, «) is given by

4) V) =2 ] (g + ] §(6),
keF G#0

then

(5 Lxp(n) = L, () - V(R) x (),

~

where Xn : E~» R1 is given by :

(6) X (F) = Xp(n).

Notice that, because of (2), L can be interpreted probabilistically as
coming from a "Q-matrix" for a Markov chain on E, and, because of (1)},
V 2 0. Thus, if we assume that the Markov chain on E determined by

L does not explode and if we denote by {P F ¢ E} the associated

P 5
family of probability measures on D([0, =), E), then (5) would lead

us to believe that :



t
; -J' V(F(s))ds
©) T xp(m = B [y (F(e)e O 1,

where {Tt : t >0} is any Markov semi-group on B(E) satisfying :

H

¢ .
(7 Tt¢ -9 J T, L$ ds, o e D.

0

Once one has (6), it is a simple matter to get :

t
. ; ~J V(F(s))ds

8 TH (F) = B ' [0CF(t))e © ]

for any probability measure U on E simply by integrating both
sides of (6) w. r. t. u. In (8), T; denotes the semi-group on probability

measures given by

T;u = J P(t, n, °)u(dn),

where P(t, n, °) denotes the transition probability function underlying

{T t > 0},

t 5
There are several uses to which (8) can be put. In-the first place,
it shows that there is at most one {Tt : t > 0} satisfying (7). In
conjunction with Theorem (4) of section VI, this proves uniqueness of
solutions to the martingale problem for L. Secondly, (8) is ideally

suited to the study of ergodicity of {Tt : t > 0}. For example, if we

define
T = inf{t =2 0 ; F(t) = 9},

then, since @ 1is an absorbing state of the chain generated by L, we

will have



T

g —J V(F(s))ds

9) lim i (F) = E Fre 70 1, F ¢ E,

t oo
under the asshmption that

~ -J V(F(s))ds
P

0
(10) g Fle

We turn now to a more rigorous development of these ideas. For

each N 2 1, let
d
A= 1k ez k| < N3.
Define L(N) on B(E) by

LE(F) i€ F oAy
(11) 1M ey -

0 otherwise.

Clearly, for each N 2 1, LKN) generates a unique Markov family of

N
{PF

probability measures F e E} on © =D([0, ) x E). Moreover,
if

N el s 0 3 F(o) ¢ At

then for all N =1 and F ¢ E :

(12) e N (O
M_(N N
) C( ) MC( ) o
Thus, for each F ¢ E there is a unique PF on (R, Mg)’ where
(13) ¢ = 1in ¢V,
N4oo
such that



~

(14) Pr - pN)

F

=
v
J—

~ >

MC(N)

M, (N
E[ )
Finally, if f € B(E), then

t A V A ~
(F(E(t)) - J LN e s))as, M, pM)
0

is a martingale, and therefore so is

eag M) .
ere A cMyy [ L£(F(s))ds, M P Y.
0 tAC(N) F

Combining these remarks with (5) and using the martingale version of

the Feynman-Kac formula, we arrive at :

t

; —J V(F(s))ds

_°F 0 (N)
(15) T XM = B 7 {x (F(t))e . T

> t]

L (V)
> ~J V(F(s))ds

P

B N . 0 ) -
+ E [T X (Me s L s t]
t-C(N) F(C(N))

for any Markov semi-group {Tt : t > 0} satisfying (7). From (15) it

is clear that we now have the next theorem.
(16) Theorem : If for each F € E :
~ g
(17) PF([ (1 + V(E(s)))ds < =) = 0,
0

then the martingale problem for L is well-posed. Moreover, in this
case, the Feller semi-group {Tt : t >0} determined by L has the

property that +
; —J V(F({s))ds
0

(18) TR () = B [uF)e Lol



(19) Lemma : If condition (1) is replaced by

— d
(20) Y le,(®| cac,, keZ,
g k k

for some 0 < a < 1, then (17) holds. If, in addition to (20),

(21) g >0, kel

and if

(22) T = (inf{t 2 0 ; F(t) = 91 A T,

then

(23) ;F(J:V(F(s))ds <o T=w® =0, F e E.

Proof : Assume that (20) holds for some O < o < 1. Then it is

easy to see that the operator A(N) given by :
(N) - 1 TN o
A f(F) = V(5 LYV E£(R), F ¢ E,
have the property that :
(N) 1+a -
Thus, if T(t) 1is defined by
T(t)
J (1 + V(F(s)))ds = t, t =20,

0
then for all T >0 and F ¢ E :

1in PV (F(T(1)) § A, for some 0 <t <T) =0,
N>



(N)

P in the same way as the Markov

(N)

since F(t(t)) is distributed under P

chain on E starting at F and having A as its generator. Since

C(N)
J (1 + V(F(s)))ds = inf{t 2 0 ; F(r(t)) ¢ A,
0

this completes the proof of (17) from (20). The derivation of (23)
from (20) plus (21) is similar.

Obviously, Theorem (16) together with Lemma (19) provides us with
another proof of the first part of Theorem (26) in section IX, at
least in the case when (2) obtains. What is more interesting is that
it allows us to make a considerable improvement in our statement of

Theorem (34) in section IX.

(24) Theorem : If (2), (20), and (21) hold and if {Tt :t >0} is
the Feller semi-group determined by L, then {Tt it >0} admits
exactly one stationary measure U and equation (35) of section IX

holds for ¢ « i, Moreover, if ¢ ¢ g, then

(25) “Tt¢ - ﬂ¢“£ - 0 as t 4 o,

and therefore

(26) ||Tt¢ - [ odufj~ 0 as t +

for all ¢ ¢ C(E). Finally, if in addition to (2) and (20) one has
(17) a = inf c, > 0,

then for ¢ e i :

(28) T, - molly = 2¢7 ol ;. t >0,



where
(29) vy =2a(l - a).

In either case, one has T

- - V(F(s))ds
P 0 .

(30) u(E) = E 'fe ], FcE,
where T is defined by (22).

Proof : To prove (25) and (28), we start with the equation
’ t

; —J V(F(s))ds

, F 0
(31) TtXF(n) = E [Xn(F(t))e , T > t].

Since @ 1is absorbing and V(@) = 0, the right hand side of (31) can

be written as

t

(T
g —J V(F(s))ds ; —{ V(F(s))ds
F 0 F 70
E [e , T<t<cg]+E [Xn(F(t))e , T >t
T t
; —I V(F(s))ds B —J V(F(s))ds
- £ e *° ]+ B T (Feee LTt
T
g —J V(F(s))ds
—Ep[e 0 , T > t].

(We have used here the fact that T <t < = ¢ = «».) Thus

T
o - v(F(s)as

F

(32) It oxp - & e *° 1

tXF
t

2 ~J V(F(s))ds

Pe g

< 2E ' [e , T > t].

Assuming (21), we have from (23) and (32)



T o
g —I V(F(s))ds

Xp - E F[e 0 ]” =0, F ¢ E.

(33) lin |1
t oo

Clearly (33) identifies the stationary measure u of {Tt it > 0}

as the one satisfying (30). It is now obvious from (35) of section IX

plus (33) above that (25) and therefore also (26) hold. Also, if (27)

obtains, then V(F) 2 2a(l - o) for all F ¢ E , and so (28)

follows easily from (32).

(34) Remark : The assumption (2) is unnecessary and can be removed by

the following trick. Let « denote an abstract point which is not an

element of Zdw Define
Zd| {eo}
(35) E=({-1, 1H* """ = Ex{-1, 1}
and
(36) E= {7 c 29w ; [F| < o},

d
Given a continuous function c¢ : E - ([0, oo))Z satisfying (1) (but

not necessarily (2)), define v on Zd x (E\ {#}) so that

vk, {=}) = 0 and for F ¢ E \ {8} :

- ék(F) if ¢ (F) <0
vk, F) =
0 if ék(F) > 0
and
"0 if 6k(F) <0
v(k, F uA{=}) =
ék(F) if ék(F) > 0.

_51._



~ Zdu{w}
Next, define c¢ : & ~» [0, =) by

G gyt gyt ke 2¢
F

(37) ¢, (M =

0 ' if k = oo,

(We, of course, mean here that xg(ﬁ) = I ﬁk’ ﬁ e E and F ¢ E.)
keF

If we now replace E by E and E by E, then it is clear that ¢

satisfies both (1) and (2). Moreover,
' ~ d
(38) ck(n) = ck((n, -1)), k € Z and n ¢ E.

Thus, if D = {¢ ¢ C(E) ; ¢’k = 0 for all but a finite number of

k e Zd u {=}} and if [ = Z EkAk is defined on U, then a probability
k

measures P on § = D([0, =), E) = D([0, «) x E) D([0, «), {-1, 1}

solves the martingale problem for T starting at (n, -1} if and only

if
(39) P=PX 6{_1},

where P ~v L starting at n and 6{_1} is the probability measure on

D([0, ), {-1, 1}) such that

i}
o

6{_1}(nm(t) = '1, t = O)

With these remarks in mind, we see that it is possible to remove
assumption (2) by simply moving all our considerations from E  to E.
Thus, after the appropriate changes in their statements have been made,
Theorem (16), Lemma (19), and Theorem (24) can all be extended to the

case in which (2) does not hold. For more details and for further
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applications, see Holly & Stroock, Dual processes and their application

to infinite interacting systems, to appear in Advances in Math.

(40) Remark : Just as in remark (37) of section IX, it should be

pointed out that thefe is no reason to restrict oneself to the XF'S;

one can use equally well the xéa)'s introduced there. Of particular
interest has been the case in which o =1, k € Zd. This case was
studied extensively by Holley and Liggett, Ann. of Prob., 4, (1975)

and Harris, Ann. of Prob., 2, (1974). 1In this connection, there is an
interesting paper by Gray and Griffeath to appear in Ann. of Prob.

Using the technique given above, only now with o = 1, k € Zd, they have

discovered an L for which the martingale problem is well-posed but it

is not true that the closure of
Graph (L) = {(¢, L§) ; ¢ D}

is dense. As far as I know, theirs is the first such example. It

would be most interesting to know if such an example occurs in the context
of diffusion theory. What such examples demonstrate is that, in general,
studying Markov processes from the martingale problem point of view can
give results that purely analytic semi-group considerations cannot

yield.

XI. Free Energy Methods
The method described below was introduced by Holley (Comm. Math.
Phys. 23(1971)) to study certain questions about Glauber type models

Feb\ {g}}.

related to a given potential J = {JF 5

Basically, the idea is to introduce on the space M(E) of



probability measures u on (E, B) a'"Liapounov function'' to study the
"w-1limit set" of an initial distribution 1 under the flow on M(E)
induced by the Glauber fype process. The presentation given here is
adopted from the forthcoming article by Moulin Ollagnier and Pinchon to

appear in Comm. Math. Phys.

Let J = {J FeE\ {p}} be a given potential. Let ¢ : E >

F’
d
([o, oo))Z be a continuous function satisfying the detailed balance

condition (3) of siction II. Assume, in addition, that ¢ satisfies;

(1 - 0 < inf inf ck(n) < sup sup ck(n) < + ®
k n k n
and that
(2) the martingale problem for L = z CkAk is well-posed.
k
Let {Tt ; t > 0} denote the Feller semi-group determined by L.

Throughout this section we will be dealing with the following set-up

The sequence {An ; n 21} is a strictly increasing sequence of cubes

centered at the origin in Zd such that An 4 Zd. For each n 2 1,
define
(3 U () = ) I
n Fel F*F
~n
and for n =1 and u ¢ M(E) ;
) Fan = J U mudn) + J w ([F, A 1)logu([F, A1)

Fch
n
where in (4), and below, we use the notation

(5) [F,A]={neE;nk=1 for k ¢ F and n = -1 for k € M\F}



whenever F € A ¢ E. Finally, given u € M(E), let
(6) b o= TFu

(7) Lemma ; "If u € M(E) has the property that
(8) u([F, Ah]) >0, F c An

then Fn(ut) is continuously differentiable at t = 0 and

dF o) r (k, F)
9 —2— | -1 7 1 P - (k F))log
dt £=0 2 keAn FEAn n n k Tn(k, F)
I' (k, F) T (k, F,)
r : : n not kK
+ RZA FZA a0k POV (e )+ log Sy - 198 G iy
n n
where Fk = F A {k},
(10) I' (kx, F) = { c, (Mu(dn),
8 (P, A1 X
and
(1D Vv (k, F) = -2 ) (»1)IG”(An\F)‘ J
n el G
- n
keG

Proof ; First note that
EJU(Mumm\ = | L (mucen)
dt n t t=0 ~ n
. JCAUMM)=Z I (F) - U (FT (K, F)
kel kk'n keh Fep MK n n
n n n
where
lGn(An\F)I

U () = ) (<D J

Geh
n

G



Since

[Ga(A \F) |

U (B - U (F) = | (-l e g
Gel
n
5 [Ga (A \P) |
=-2) (-1 Jo =V (k, B),
Gel G no
n
Gsk
we now have ;
(12) a%'J U mudm o= I T Vo (k, IIT (k, F).
n - keAn FgAn n n

Next, because of (8),

d
& L velE ADtes v Iy, 1D g
- n

FEA (1 + log u([F, A D J Xgp, 4 3 @0

b log w([F, A DT, (k, F) - T (k, F)),
kel Feh n ® n

since
) [ Lx (Mu(dn) = J Li(m)u(dn) = 0.
Feh_ [F, A]
Thus ;
£ 7 W ([F, A Dlog w ([F, A ])l
at pL, Me bt AplJrog M Uit A dieg
- n

I 1 (T (k, ) - T (k, F))log u([F, A1)

kel Feh
u(lF,, A1)
= Z Z Fn(k, F) log m

keAn FgAn
r (k, F) r (k, Fp)
= Z ) T _(k, F)(log _n_ log n )
keh  Feh n nClE, A D) u(lF, A D
Z Z Fn(k, F)
- T' (k, F) log =————~
keAn FgAn n Tn(k, Fk)



1 r (k, F)

keh FeA K
T (k, F) r ok, Fp)
+ Z T (k, F)(log D log LR ).
kgAn FEAn n U([F,An]) U([st An])

combining this with (12), we arrive at (9).
(13) Lemma : If t >0 and 1 e M(E), then for all F c A ¢ E \ {¢}
(14) u ([F, A1) > 0.

Proof ; Choose 0 < a <b so that

(15) a < ck(°) < b, k € Zd.
d .
For k ¢ Z7, define
1+n, _
. a s (-a+ (bra) = ye (3T
(Pk (.‘t} n) = a + b 5 t 2 0’
and
- + k
Cbk(t; T]) - (bk(t’ n)'
Let
b if N = 1
c;(n) =
a if n, = -1
and
- + k
Ck(ﬂ) - Ck( Tﬂ-
Note that



8¢k

S -{a+b)t
(16) —t--= - G (mne ,
00,
k _ - -(a+b)t
7 -t = S (Mne ,
+ -(a+b)t
(18) Bdy = - me ,
and
- -(a+b)t
(19) Ak¢k = e .
Thus ;
; hd
3(bk + +
(20) ——BTZ- = CkAkd)k, t = 0,
and clearly
N 1 if n = 1
(21) 9. (0, M) =
0 if Ny = +1.

Given a set F ¢ E, let Y = {Yk ; k e Zd} be the element of E such

that Yy = 1 if and only if k € F. For G ¢ E, define

v
(22) belt, = T 6N, m (E1 if G=9).
keG
Then, by (21),
(23) RUA(O, n) = X[F A] (m,
and by (16) - (19),
U Y
kel

Thus, by (24) together with (18) and (19) ;



Ly, (e, m) = ) e (Mbw,(t, n)
kel
X Y _
= -3% + kZA (ckk(n) - ck(n))YknkwA\k(t, nje (a+b)t
Thus ;
op
(25) Ly, > T{c\

since wG 2 0 for all G's and, by (15)
Yk
(e (M - ¢ M)yn =0
Finally, let T > 0 be fixed. Then
tAT 3 _
Wp(T - € AT, n(t AT - JO (52 + DUy(T - s, n(s))ds, M, P
is a martingale, where Pn ~v L ostarting from n.  Hence, by (23) and

(25),

p_ (T
P.(N(T) e [F, AD) = ¥;(T, m) + E “[[chg + L, (T - s, n(s))ds]

[\

W, (T, ).

Because wA(T, n) >0 for all T >0 and n € E, we now have ;

Hp([F, A]) = JwA(T, mu(dn) > 0.

(26) Theorem : Given u e M(E), Mo satisfies (8) for all t >0

and n 2 1 ; and, therefore Fn(ut) is continuously differentiable for
all t >0 and n 2 1. In particular,

t 1
ZF

n
Y

(27) Fou ) - Fi) = J

(0 )ds nz1
2 1 s

1
and O < t1 <t where Fn(ug) is given by the right hand side of (9)



with Ky replacing.. ¢ in (10).
We now make an assumption which isn't entirely necessary but
nonetheless simplifies matters. Namely, we are going to assume that there

is an L 2 2 such that for all k e Zd

(28) Jp=0 if F>k but F¢{fe 24 ;18- k] <

Under the assumption (28), it is obviously possible to find ck's

satisfying the detailed balance condition such that

d

(29) c =0 forall ke Z° and |2 - k| > 1L,

K,

and we will assume that such a choice of the ck's has been made.

Finally, we will from now on take
(30) A = ke 24 ; x| < nL}, nz=1.
We now have the following result.

(31) Theorem : Given u e M(E), define

(32) FOu) = llm T——T F (.
Then, for all 0 < t1 < t2 5
2
(33) Flu, ) - Flu. ) SJ F'(u)ds,
Y Y t) s
where
(34) 2F' (u) = 11m ) {(r (s, k, F) - T (s, k, F}))
ke FEA n k
F (s, k, F)
x log r G K F }



with

(35) T (s, k, F) = J ¢, (M (dn).
n [F, A1 70

In particular, F(ut) is a non-increasing function of t > O.

Proof : First observe that, from (1) and (9), there is a constant

B < © such that
(36) Frn = BlA |

for all n =21 and u ¢ M(E) satisfying (8). Thus, since Fn(ut)
is continuous at t = 0 even if (8) does not obtain, (27) continues to
hoid even at t = 0. Hence, by Fatou's Lemma, all that we need to do

is to prove that

—_— 2 — -1
37 Iim xr Fi(u) < Tim T Yy )Y {(r.(s, k, F) - T (s, k, F,.))
oo “nl nos N> lAn keAn Feh n n K
I, k,7F)

* log T (s, K, F)

for all s > 0. But, from the detailed balance condition plus (29),
it is easy to see that

Pn(k, Fk) Fn(k, F

»
nCrE, oy s

Vn(k, F) = - log m]—)

for all F ¢ An and k € An— Thus the second term on the right hand

1
side of (9) is bounde in absolute value by some constant times
A ANA
1| since ———ﬁ%rl%1£~ +0 as n > », this completes the proof.
n

} An\/\n_

(38) Lemma : Let @ # A c A' ¢ E and suppose that ¢ ¢ C(E) is

~
non-negative. Given some | € E, define



in
=

I'(F) = J d(Mu(dn), F
[F, A]

and

I (F) = { d(Muldn), FcA'.
[F, A']

Assuming that I''(F) # 0 for any F < A', we have for each G ¢ A,

' (F)

(39) L (T'(F) - T'(F))log s
Rl k T (Fk)
FnA=@G
I'(G)
2 (T(G) - T(G,))log writ~
k (Gk)

Proof : Define Y : (0, ®) X (0, ©) = [0, ©) by
X
¥Y(x, y) = (x - y)log;_

Then Y 1is convex and homogeneous of degree 1. Thus, by Jensen's

inequality, for any sequences {ai}? and {bj}? of positive numbers ;
n

Y(a., b.) 2 ¥ a.,
(a;, by) = ¥( ]

j=1 7

n
)
j=1

In particular, for any G < A ;

L@, THED) 2 Y6, TE)).

FcA?
Fnal=G
(40) Definition : Given k € Zd, let Sk : E>E be defined by :
k B d
(5" my = Men L e Z

d
We will say that the coefficients ¢ : E - ([0, w))z are shift invariant

if ¢ = ¢y ° Sk for all k.



d
(41) Ltemma : If c¢ : E > ([0, oo))Z is shift invariant and the martingale

problem for L = 2 CkAk is well-posed, then the Feller semi-group
k

{Tt : t 2 0} determined by L has the property that for all ¢ e C(E)

(42) | Tt(qb ° sk) = (T$) sk t >0 and k e z9,

k d

Proof : Note that L(¢ ° Sk) = (L$) o 8 for all k € Z= and

¢ € D. Thus, if L L starting from n and if Pék) is the distribution

of Skn(‘) under Pn, then Pék) v L starting from SE . Thus

p(K) L

n S
(T, (6 > s =E" [6(eN] = £~ "o(e))]

k
(T, (5.

(43) Theorem : If, in addition to satisfying (1), (2), and (29), the
ck's are shift invariant, then for every shift invariant u e M(E)\G(J)

and all t > 0, we have :
(44 Flu) < Fao.

In particular, the only shift invariant {Tt : t > 0} stationary

measures are in G(J).

Proof : First observe that, by (42), ut is shift invariant if
U is. Moreover, G(J) is closed in M(E) ; and, therefore, U ¢ G(I)
implies B ¢ G(J) for all small enough t > 0. Thus, in view of
Lemma (13), all that we need to do is to show that if u ¢ G(J) is
shift invariant and satisfies (8) for all n = 1, then F'(u) < 0.

To this end, observe that there is a A ¢ EN{@} and an A < A such that

for some £ e A :

_.63_



J ¢ (Muldn) # ( A cz(n)u(dn),
{a, A] [Ag, A
and so
a = (J coMu(dn) - J o cpmuldn)
[A, Al [Ags
J ¢, (n)du
X log (A, A] > 0.
J cz(n)du
[Ag, A

By shift invariance plus Lemma (38), this means that for any n = 1 and

k € An for which there exists a j € Zd such that

(45) s!heh and j+2=k
we have
Tk, F)
FEA (T, ) - Ty By logr gy 2
- n
FnsA=sA

But it is obvious that the ratio of the number of k ¢ An for which
there exists a j « Zd such that (45) is satisfied to the total number of

k's in An tends to one as n - . Thus, F'(u) < -a/2.

XIT 1In One and Two Dimensions, All Stationary Measures are Gibbsian :
Theorem (43) of section XI proves that, under reasonable conditions,

all shift invariant, stationary measures of a Glauber-type model are

Gibbs measures. Although this result is a step in the right direction,

it is far from satisfactory. We are now going to show that, at least when



d=1 or 2, one can remove the assumption of shift invariance.
These results are taken from Holley & Stroock's paper to appear soon in

Comm. Math. Phys..

The assumptions with which we will be working in this section are
the following :

c : E~> (0, W)Zd is chosen to satisfy the detailed balance condition
(cf. (3) of section III) for some given potential J = {JF ; Fe g\{Q}}.
In addition to being continuous, we will assume that (1) and (29) of
section XI are satisfied by c¢. Of course, this means that Liggett's
condition is satisfied and, therefore, that there is a unique Feller
semi-group associated with L = E CkAk' The notation in this section is

the same as in the preceding.

(1) Lemma : If u M(E) is stationary for {T t > 0}, then

£

r &, F)
(2) sz FEA (T (&, F) - T _(k, F))log T T
n n
<x 7 ] oIt 0 By - TGk, B,

kedA  Fch
n n

where K < © 1is independent of 1 and n 2 1, and BAn = An\An-l'

(Here, and throughout, An is defined as in (30) of section XI.)

Proof : First note that, since u = TTU , Lemma (13) of section XI
garantees that (8) of section XI holds to all n = 1. Moreover, since

Fn(ut) = Fn(u) for all t > 0, (9) of section XI allows us to write ;



I (k, F)

) n
® L L Gale D - TG Blesr gy
n - n
Fn(k, F)
T sy o PO D tes iy
n -n N
Ik, F)

—']_Og _“‘_u([Fk', An]) ):

since, as wé already observed in the proof of Theorem (31) of section XI

I_(k, F) r(k, Fk)
VO, F) = - logrrr Ly *los eI W)

for k € aAn—l and F ¢ An. Finally, by an easy change of variables, it

is easy to see that the right hand side of (3) is equal to

] (T (x, F) - T _(k, F,))

kedA Foh M n k
n n r (k, F) I (k, F)
x {Vn(k, F) + log "—"—"ur[ﬁ v - log wu([Fk Iy

Thus (2) holds with

sup ¢y (m
K =2 sup Z !JFI + sup log vﬁir——T-T
k F3k k 12 Cxthn

Before proceeding, we introduce the following notation ;

T (k, F)
4) a (k) = FEA (T (k, F) - T_(k, F)) log —f—(—f—FI—(-)«, kel
- n
and
(5) B (k) = FZA [Fn(k, F) - T (k, pk)l; keh .
- n

By Lemma (38) of secticn XI ;



(6) um(k) < an(k), l1<m<n and k e Am.
(7) Lenma : For mn =21 and k ¢ An ;
/2,

(8) B(K) <2ecC (an(k))l

2
where C” = sup, ||c
k'eZd “ k'“

Proof : If un(k) = 0, then so does Bn(k). Since
there is nothing to prove if un(k) > 2 sup“cl”. If 0 < un(k)
2

If 0 < an(k) < 2 sup HCQH, proceed as follows. Given 0 < g <
2

IA

<

2,

2 szp"cd],
2 supllc i,
2 2

let

Aﬁg) = {F ¢ An ; llog (Tn(k, F)/Fn(k, Fk))] < g} and Bﬁg) = {F ¢ An ;

F ¢ Aﬁg)}. Then

1
Fn(k, F) + E»an(k)

IA-

B (k) £ (e - 1) ZA(E)

Fe
n

IA

2.2 1
ge C” + E~an(k).
In particular, we can take

2 0Ln(k)

and thereby complete the proof.

(9) Lemma : Define
Y oo (k)
I keAl 1
and
Y, = ) a (K), nzx2
kel

— 67 —



Then, for N = 2 :

v <2 eck (21)@-1/2 y(d-13/2 1/2

(10) n N

—1Z

Proof : By (6) and (2) ;

N
Yy, < ) o k) <K ) B.(K).
I " kehy " kean

Thus, since [BANI < (ZLN)d'l, we have from (8)

N
Ty, <eck J  (oqg(0Y? < eck (o (47172 (172,

1 n keBAN

(11) Theorem : If d =1 or 2 and u e M(E) is stationary for

{T,, t > 0}, then u e GJ)

t:

Proof : We first note that because the ck's are positive it is

easy to show that u ¢ G{(J) if and only if Pn(k, F) = Fn(k, Fk)

all n 21 and k ¢ An' Thus, we need only show that Y, = 0 for all

n=1. Set A= eCK L(d‘l)/z. Then by (10)

N
Yy < aN@-1/Z 12 N = 2.
1 n N
Suppose Ya # 0 for some n =21 and let n, be the smallest such n.
N
Define bN = % Yo Then, for N > ng
2 2.d-1
bNbN_1 < bN < A°N (bN - bN_l)
2.d-1 1 1
= A"N b b G— - )
N'N-1 bN~1 bN
Thus,
§ (_.L__l)>l__ 3 _1
M=n +2 bM—l bM AZ M=n0+2 Md_l



for all N =2mn. + 2. On the other hand

0
ool o1, 111
~ b, . b.,’  b_- b Y.
M—n0+2 M-1 M n0+1 N nO
and so
N

1 1 1
IR T I N
Yno A° M=n 1 +2 -1 0

If d =1 or 2, this is impossible, since

o ~18
IH
1
8

XI1I. Open Problems
This field is very new and has too many open problems to make a
complete list., I will wherefore point out only a few, most of which are

already apparent in the preceding sectioms.

(1) In many ways the most disturbing aspect of this theory is that the

link between the original problem of studying Gibbs states and the
stochastic formulation is not very solid. To be precise, let J =

{J F ¢ E\{¢}} be a finite range potential (i.e. satisfy (29) of

F 5
section XI for some L). Then there are infinitely many choices of

d
¢ : E~> (][O0, oo))Z satisfying the detailed balance condition, all of
which are positive and satisfy Liggett's condition. However, there

appears to be no canonical choice among these c's. If one imposes



additional conditions (like shift invariance), the range of reasonable
choices is narrowed to some extent, but there is still much ambiguity.
Thus, the first problemwis to find a sound mathematical way of choosing

the «c¢'s.

(2) Assuming that there is no good answer to (1), the next problem is
to find out whether all reasonable choices of c¢'s, for a given J,
predict the same results about G(J). The motivatioﬁ behind section IV
was to provide a partial answer to this question. Those results say
that the choice of ¢ (so lohg as it is reasonable) is irrelevant so
long as one is looking at the Lz—theory. Unfortunately, it is not
enough to look at the Lz-theory for these semi-groups. Two obvious
questions in this connection are the following

i) If for some U ¢ G(J) one has the existence of an a > 0

for which :

-0t ; 2
0 . b e LA,
” ”L2(u)

o fon] -
L™ (w)
does it follow that G(J) = {u}? Even better, can one show, under the
above hypothesis, that {Tt : t >0} is ergodic?
ii) If G(J) has exactly one element, is {Tt, t > 0} ergodic?
For d =1 or 2, the results of section XII provides us with an

affirmative answer. Is the restriction on dimension necessary?

(3) It seems reasonable to suppose that a statement about the "stability"

of ergodicity ought to be possible. For example, is it true that whenever

one has

-ot

uTt¢ - J ¢du” < Ay e, b e,



for some a > 0, then the semi-group associated with coefficients
"close' to those determining {Tt ; t >0} must also be ergodic (and
converge at an exponential rate)? The most encouraging results in this
direction are those in section IX ; but, of course, the assumptions made

there are very special.

(4) For most applications, the Liggett condition is sufficient.
Nonetheless, it would be interesting to understand better what are the
origins of non-uniqueness for the martingale problem. In his thesis
(Cornell, 1977), L. Gray has developed a technique for proving uniqueness

in a wide range of cases. Any farther information on this subject

would be of considerable interest.

(5) It has been conjectured by several people that when k = 1 and the

coefficients Ck are reasonable (e.g. positive, shift invariant, and

in D), then the associated semi-group {Tt : t > 0} should be ergodic.
As a consequence of section XII plus F. Spitzer's theorem showing that
G(J) has only one member when k = 1, we see that this conjecture is
correct for cf's satisfying the detailed balance condition relative to
some J. On the other hand, if the c's are not associated with some

potential, this conjecture seems to be very difficult to settle. For

example, suppose that we restrict our attention to c's of the form
(M =1 +an +bn , +cnn s kelZ,

where a, b, and ¢ are chosen so that ck(n) > 0 for all n ¢ E.
(Apart from a multiplicative constant, every positive, shift invariant

coefficients depending only on Ny and Mes1 has this form.) Using



techniques of the sprt developed in section X, Holley & Strrock

( "Dual processes ... '" ) have verified the conjecture in all cases

other than when a, b, ¢ all have the same sign or when a and b
have the same sign but < has the opposite sign. It should be mentioned
in this connection that there are rumors of a counter-example to the
general conjecture, but, as far as I know,‘none has as yet appeared in

print.
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